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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâå

ÓÄÊ 517.9

Àëüòåðíàòèâíûå ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ïëîòíîñòè äèñëîêàöèé äëÿ êðóòèëüíîé
æ¼ñòêîñòè ñòåðæíåé
c⃝ Ñ. Í. Àëåêñååíêî 1, Ñ. Í. Íàãîðíûõ 2

Àííîòàöèÿ. Íà îñíîâå äèôôóçèîííîé òåîðèè óïðóãîñòè âûâåäåíû äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, îïèñûâàþùåå äèíàìèêó êðóòèëüíîé æåñòêîñòè ñòåðæíåé. Èçëîæåíà ïðèíöèïèàëüíàÿ
ñõåìà ïðèìåíåíèÿ ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà ê íåëèíåéíîìó äèôôåðåíöèàëüíîìó
óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, ïðåäíàçíà÷åííîìó â ðàìêàõ äàííîãî
ïîäõîäà äëÿ îïèñàíèÿ ñòàöèîíàðíûõ äèññèïàòèâíûõ ñòðóêòóð

Êëþ÷åâûå ñëîâà: ïëîòíîñòü äèñëîêàöèé, äèôôóçèîííàÿ íåóïðîóãîñòü, íåëèíåéíîå óðàâ-
íåíèå ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà

Èçâåñòíî, ÷òî óïðóãàÿ êðóòèëüíàÿ æåñòêîñòü (ÊÆ) òîíêèõ ñòåðæíåé âû÷èñëÿåòñÿ
êàê êîëè÷åñòâî âÿçêîé æèäêîñòè, ïðîòåêàþùåé ÷åðåç òðóáó ñîîòâåòñòâóþùåãî ñå÷åíèÿ
[1]. Ðîëü òàêîé æèäêîñòè â òâ¼ðäîì ïîëèêðèñòàëëè÷åñêîì ñòåðæíå ìîãóò èãðàòü äèñ-
ëîêàöèè - ýëåìåíòàðíûå íîñèòåëè äåôîðìàöèè, äèíàìèêîé êîòîðûõ îïèñûâàþò ìíîãèå
ìåõàíè÷åñêèå ñâîéñòâà [1].

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ìåòîäà âû÷èñëåíèÿ ÊÆ òîíêèõ ñòåðæ-
íåé íà îñíîâå äèôôóçèîííîé äèñëîêàöèîííîé ìîäåëè [3] è òåîðèè óïðóãîñòè [1].

Äèôôóçèîííàÿ ìîäåëü äèñëîêàöèé îñíîâàíà íà êèíåòèêå ñêàëÿðíûõ ïëîòíîñòåé ñêîëü-
çÿùèõ νδ è ïåðåïîëçàþùèõ ν äèñëîêàöèé [3]:

ṅuδ = G− aδνδ − bνδν, (1.1)

ṅu = bνδν − aM(ν)ν + Sdiv[(νκ − ν)∇ν], (1.2)

ãäå νκ, G, aδ, b, S - ïîñòîÿííûå âåëè÷èíû, aM(ν) - ñòîê ïåðåïîëçàþùèõ äèñëîêàöèé, ∇ -
òð¼õìåðíûé ãðàäèåíò. ×åðåç νδ, ν îïðåäåëÿþòñÿ äåôîðìàöèÿ, íàïðÿæåíèå ìàòåðèàëà, à
òàêæå â òî÷êå ïåðåêëþ÷åíèÿ νδ = aMb

−1 îêîëî îäíîðîäíîãî ðåøåíèÿ îïðåäåëÿåòñÿ çà-
ðîæäåíèå ïðîäîëüíûõ è ïîïåðå÷íûõ òðåùèí, êàê íåóñòîé÷èâûé ðîñò ν äî êðèòè÷åñêîãî
çíà÷åíèÿ νκ ïðè ðàâåíñòâå íóëþ ïîòîêîâ íà âíåøíåé ïîâåðõíîñòè ñòåðæíÿ

∂ν

∂z
|
z = 0
z = l

= 0,
∂ν

∂r
|r=R = 0. (1.3)

ãäå l - ðàññòîÿíèå âäîëü îñè, R - ðàäèóñ ñòåðæíÿ. Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ
âîçìîæíîñòè ðàñùåïëåíèÿ ðåøåíèÿ ñèñòåìû (1.1) - (1.2)

ν(x, y, z) = ν̃(x, y) + ν̄(z) (1.4)
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â ñòàöèîíàðíîì ñëó÷àå.
Ïîäñòàâèâ (1.4) â (1.1) - (1.2) è èñêëþ÷èâ νδ , ïîëó÷èì

Sνκ∆(ν̄+ν̃)−S(ν̄+ν̃)∆(ν̄+ν̃)−S(∇(ν̄+ν̃))2+

[
bG

aδ + b(ν̄ + ν̃)
− aM(ν̄ + ν̃)

]
(ν̄+ν̃) = 0. (1.5)

Â ïåðâîì âàðèàíòå ðàñùåïëåíèÿ âèäà (1.4) äîïóñòèì, ÷òî ν̃ óäîâëåòâîðÿåò óðàâíåíèþ
Ïóàññîíà

∆ν̃ = −1, (1.6)

ãäå ν̃ = const íà êîíòóðå ñå÷åíèÿ ñòåðæíÿ ðàäèóñà R . Îñòàâøèåñÿ ñëàãàåìûå â (1.5)
ñîñòàâÿò óðàâíåíèå

−Sνκ+Sνκ∆ν̄−S(ν̄+ν̃)∆ν̄+S(ν̄+ν̃)−S(∇(ν̄+ν̃))2+

[
bG

aδ + b(ν̄ + ν̃)
− aM(ν̄ + ν̃)

]
(ν̄+ν̃) = 0.

(1.7)
Ïðèìåì â ðàìêàõ ýòîãî ïîäõîäà, ÷òî ν̃ << ν̄, ïîýòîìó ñëàãàåìûìè ñ ν̃ â (1.7) ìîæíî

ïðåíåáðå÷ü. Òîãäà ïîëó÷èì

−Sνκ + Sνκ∆ν̄ − Sν̄∆ν̄ + Sν̄ − S(∇(ν̄))2 +

[
bG

aδ + bν̄
− aM(ν̄)

]
ν̄ = 0. (1.8)

Ïðåäïîëàãàÿ, ÷òî νκ >> ν̄ è (∇ν̄)2 = (C2
1 + 2C1δν̄

′)(1 − δ2)−1 , ãäå C1, δ - ïîñòîÿí-
íûå, ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ áèôóðêàöè-
åé Áîãäàíîâà - Òàêåíñà [4]:

ν̄ ′′ − (µ1 + µ2ν̄)ν̄
′ + f1(ν̄) = 0, (1.9)

ãäå µ1 :=
2C1δ

(1−δ2)νκ
, µ2 :=

4C1δ
(1−δ2)ν2κ

, f1 := Aν̄ +Bν̄2 − C2, A,B,C2 - ïîñòîÿííûå.

Âû÷òÿ èç (1.5) óðàâíåíèå (1.7), ïîëó÷èì

(△ν̃ + 1)(νκ − ν) = 0. (1.10)

Âûðàæåíèå (1.10) îïèñûâàåò äâà ñîáûòèÿ: ëèáî âîçíèêíîâåíèå ðàñïðåäåëåíèÿ äèñëîêàöèé
ïðè óïðóãîì êðó÷åíèè, ëèáî ïðè íåóïðóãîì êðó÷åíèè. Ïîñëåäíåå ïðîèñòåêàåò ââèäó çà-
íóëåíèÿ êâàçèëèíåéíîé äèôôóçèè äèñëîêàöèé ñðàçó ïî äâóì ïðè÷èíàì: ðàâåíñòâî íóëþ
êîýôôèöèåíòà äèôôóçèè è ëàïëàñèàíà îò ν . ×òîáû ðàçäåëüíî èññëåäîâàòü ðîëè òîãî è
äðóãîãî ÿâëåíèÿ, äîïóñòèì ν ≈ νκ. Çíà÷åíèå ñèìâîëà νκ ñîñòîèò â òîì, ÷òî ïëîòíîñòü
äèñëîêàöèé èìååò êðèòè÷åñêîå çíà÷åíèå, ïðè êîòîðîì ìàòåðèàë ñòåðæíÿ òå÷¼ò ïîäîá-
íî æèäêîñòè. Â [3] èññëåäîâàëîñü äèñëîêàöèîííîå çàðîæäåíèå òðåùèí ïðè öèêëè÷åñêîì
êðó÷åíèè ñòåðæíåé, ïðè÷åì ν⊤κ èìåë ñìûñë êðèòè÷åñêîé ïëîòíîñòè äèñëîêàöèé, âûçûâà-
þùåé çàðîæäåíèå ïðîäîëüíûõ èëè ïîïåðå÷íûõ òðåùèí â ñòåðæíå. Âîîáùå, νκ ÿâëÿåòñÿ
óíèâåðñàëüíîé âåëè÷èíîé âî âñåõ ïðîöåññàõ ñòèìóëèðîâàííîé äèôôóçèè [3]. Ýòèì è îáú-
ÿñíÿåòñÿ îñîáûé èíòåðåñ èçó÷åíèÿ êâàçèëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.2),
êîãäà ν äîñòàòî÷íî áëèçêî ê νκ .

Òàê ÷òî, áåðÿ â äðóãîì âàðèàíòå ðàñùåïëåíèÿ â (1.5) ν̃(x, y) + ν̄(z) ≈ νκ , ïðèä¼ì ê
óðàâíåíèþ:

S(∇(ν̄ + ν̃))2 =

[
bG

aδ + b(ν̄ + ν̃)
− aM(ν̄ + ν̃)

]
(ν̄ + ν̃). (1.11)

Äîïóñêàÿ, êðîìå òîãî, ÷òî ν̃ >> ν̄, ðàñêëàäûâàÿ ïðàâóþ ÷àñòü (1.11) â ðÿä Òåéëîðà ïî ν̄
âáëèçè ν̃ è îãðàíè÷èâàÿñü ÷ëåíàìè ïåðâîãî ïîðÿäêà ìàëîñòè ïî ν̄ , ïîëó÷èì:

(∇ν̃)2 = f(ν̃)ν̃, (1.12)
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(
dν̄

dz

)2

= Φν̄, (1.13)

ãäå

f(ν̃) =
1

S

[
bG

aδ + bν̃
− aM(ν̃)

]
,

Φ = f ′(νκ)νκ + f(νκ), f
′(νκ) = − 1

S

[
b2G

(aδ+bνκ)2
− a′M(νκ)

]
.

Îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà (1.13) ïðè íà÷àëüíîì
óñëîâèè ν̄|z=0 = ν̄20 = const > 0 èìååò ðåøåíèå

ν̄ =

(√
Φ

2
z ± ν̄0

)2

. (1.14)

Ñèñòåìà óðàâíåíèé (1.6), (1.9) îòíîñèòñÿ ê óïðóãîìó êðó÷åíèþ ñî ñëàáîäèññèïàòèâíîé
äèíàìèêîé ν̄ âäîëü îñè êðó÷åíèÿ [4]. Óðàâíåíèå (1.12) îïèñûâàåò äâèæåíèå ν̃ ñ äèññèïà-
òèâíîé äèíàìèêîé, ò.ê. â ñîîòâåòñòâèè ñ [5] âåëè÷èíà (∇ν̃)2 õàðàêòåðèçóåò äèññèïàöèþ.

Ñîãëàñíî [1] ÊÆ C ïðè ìîäóëå ñäâèãà µ áóäåò ðàâíà:∫
S̃

µ(∇ν̃)2dxdy = C. (1.15)

Ó÷èòûâàÿ îïðåäåëåíèå âåêòîðà Áþðãåðñà b⃗ â [1]:∫
S̃

ν̃dxdy = b⃗,

èìååì óïðóãóþ C ëèáî êâàçèóïðóãóþ C̃ ÊÆ â ëèíåéíîì ïî ν̃ ïðèáëèæåíèè: C =

µπR4

2
, C̃ = 1

S

(
bG
aδ

− aM

)
b⃗. Ìîìåíò êðó÷åíèÿ M = τC ïðè τ = const áóäåò îïðåäåëÿòü

óïðóãîå ëèáî íåóïðóãîå êðó÷åíèå. Â îáùåì ñëó÷àå ÊÆ C èç (1.15) âû÷èñëÿåòñÿ íà îñíîâå
ðåøåíèÿ óðàâíåíèÿ (1.12).

Ñôîðìóëèðóåì èòîã âûøåïðèâåäåííûõ âûêëàäîê â âèäå ñëåäóþùåãî óòâåðæäåíèÿ: Åñ-
ëè â òî÷êå ïåðåêëþ÷åíèÿ νδ = aM(ν)b−1, ν = ν̃ + ν̄, ν̃|S ̸= 0, ν̄(z0) ̸= 0, òî ñòàöèîíàðíîå
òð¼õìåðíîå óðàâíåíèå ñòèìóëèðîâàííîé äèôôóçèè (1.2) ïðè ν ≈ νκ, ν̃ >> ν̄ ñâîäèòñÿ
ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ (1.12)
è â îáûêíîâåííûõ ïðîèçâîäíûõ (1.13), à ïðè ν̃ << ν̄ << νκ ñâîäèòñÿ ê ñèñòåìå äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà â ÷àñòíûõ ïðîèçâîäíûõ (1.6) è â îáûêíîâåííûõ
ïðîèçâîäíûõ (1.9).

Êðîìå Â.È.Òàëàíîâà â öèòèðîâàííîé âûøå ðàáîòå [5], âåëè÷èíó (∇ν̃)2 îïðåäåëÿëè êàê
äèññèïàöèþ ß.Á.Çåëüäîâè÷ [2]è äðóãèå àâòîðû. Òàê ÷òî ìû ìîæåì ñ ïîëíûì îñíîâàíè-
åì íàçûâàòü óðàâíåíèå (1.12), ïîëó÷åííîå â äàííîé ðàáîòå, óðàâíåíèåì ñòàöèîíàðíûõ
äèññèïàòèâíûõ ñòðóêòóð.

Ïðèìåíèì äëÿ èññëåäîâàíèÿ óðàâíåíèÿ (1.12) ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà
(ÌÄÀ) [6, 7, 8], êîòîðûé äà¼ò âîçìîæíîñòü àíàëèçèðîâàòü óñëîâèÿ ñóùåñòâîâàíèÿ ðå-
øåíèé è ñòðîèòü ÷èñëåííûå ðåøåíèÿ â èñõîäíûõ êîîðäèíàòàõ. Îïèøåì ïðèíöèïèàëüíóþ
ñõåìó èññëåäîâàíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1.12) ñ ïîìîùüþ ÌÄÀ.

Òàê êàê óðàâíåíèå (1.12) ðàññìàòðèâàåòñÿ â êðóãå x2 + y2 ≤ R2 ñ äîïîëíèòåëüíûìè
óñëîâèÿìè íà îêðóæíîñòè, òî âíà÷àëå ïåðåéä¼ì ê ïîëÿðíûì êîîðäèíàòàì. Îáîçíà÷èâ
u(r, φ) = ν̃(x, y), ïîëó÷èì óðàâíåíèå(

∂u

∂r

)2

+
1

r2

(
∂u

∂φ

)2

= f(u)u (1.16)

Æóðíàë ÑÂÌÎ. 2011. Ò. 13, � 1



48 Ñ. Í. Àëåêñååíêî, C. Í. Íàãîðíûõ

ñ íà÷àëüíûì óñëîâèåì
u|r=R = g(φ), (1.17)

ïðè÷åì ôóíêöèþ g(φ) íå áóäåì ïðåäïîëàãàòü ïåðèîäè÷åñêîé ïî φ , ýòèì ñàìûì ó÷èòûâàÿ
â ïëîñêîé çàäà÷å èçìåíåíèå óñëîâèé âäîëü ñòåðæíÿ.

Ïðåîáðàçóåì óðàâíåíèå (1.16) ê ñèñòåìå êâàçèëèíåéíûõ óðàâíåíèé. È, ÷òîáû íå ìåíÿòü
ñòðóêòóðó ÌÄÀ, ñäåëàåì â çàäà÷å (1.16)-(1.17) çàìåíó íåçàâèñèìîé ïåðåìåííîé: ρ = R−r.
Â ðåçóëüòàòå ïðèäåì ê çàäà÷å Êîøè:(

∂u

∂ρ

)2

+
1

(R− ρ)2

(
∂u

∂φ

)2

= f(u)u, (1.18)

u|ρ=0 = g(φ). (1.19)

Äàëüíåéøèå ïðåîáðàçîâàíèÿ íåëèíåéíîãî óðàâíåíèÿ (1.18) çàâèñÿò îò ïðåäïîëîæåíèé
î çíàêàõ ∂ρu è ∂φu . Â äàííîé ðàáîòå áóäåì èñõîäèòü èõ òîãî, ÷òî â íàïðàâëåíèè îò
ãðàíèöû âãëóáü ñòåðæíÿ ν̃ óìåíüøàåòñÿ. Òîãäà èç (1.18) ñëåäóåò

∂u

∂ρ
= −

√
f(u)u− 1

(R− ρ)2

(
∂u

∂φ

)2

. (1.20)

Îáîçíà÷èâ q = 1
R−ρ

∂u
∂φ

è ïðîäèôôåðåíöèðîâàâ (1.18) ïî φ , ïîëó÷èì

∂2u

∂ρ∂φ
=
f ′(u)u ∂u

∂φ
+ f(u) ∂u

∂φ
− 2q ∂q

∂φ

−2
√
f(u)u− q2

.

Ðàçäåëèâ ïîñëåäíåå ðàâåíñòâî íà R− ρ è ó÷èòûâàÿ, ÷òî

1

R− ρ

∂2u

∂ρ∂φ
=

∂

∂ρ

(
1

R− ρ

∂u

∂φ

)
− 1

(R− ρ)2
∂u

∂φ
,

ïðèäåì ê óðàâíåíèþ

∂q

∂ρ
− q

(R− ρ)
√
f(u)u− q2

∂q

∂φ
= −

[
f ′(u)u+ f(u)

2
√
f(u)u− q2

− 1

R− ρ

]
q. (1.21)

Îáîçíà÷èâ
A(ρ, u, q) =

q

(R− ρ)
√
f(u)u− q2

,

B(ρ, u, q) =
f ′(u)u+ f(u)

2
√
f(u)u− q2

,

ïåðåïèøåì óðàâíåíèå (1.21)â âèäå:

∂q

∂ρ
− A(ρ, u, q)

∂q

∂φ
= −

[
B(ρ, u, q)− 1

R− ρ

]
q. (1.22)

C ó÷åòîì (1.20) "ñêîíñòðóèðóåì"óðàâíåíèå äëÿ u ñ òåì æå ñàìûì äèôôåðåíöèàëüíûì
îïåðàòîðîì:

∂u

∂ρ
− A(ρ, u, q)

∂u

∂φ
= −

√
f(u)u− q2 − A(ρ, u, q)q. (1.23)
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Èç (1.17) äëÿ u(ρ, φ) âûòåêàåò íà÷àëüíîå óñëîâèå

u|ρ=0 = g(φ). (1.24)

Ñîîòâåòñòâåííî, äëÿ u(ρ, φ) â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ âîçüì¼ì

q|ρ=0 =
1

R
g(φ). (1.25)

Ñîñòàâèì äëÿ çàäà÷è (1.22) - (1.25) ðàñøèðåííóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó ñ äî-
ïîëíèòåëüíûì àðãóìåíòîì:

dη(s, ρ, φ)

ds
= A(s, w1, w2), η|s=ρ = φ, (1.26)

dw1(s, ρ, φ)

ds
= −

√
f(w1)w1 − w2

2 − A(s, w1, w2)w2, (1.27)

w1|s=0 = g(η(0, ρ, φ)), (1.28)

dw2(s, ρ, φ)

ds
= −

[
B(s, w1, w2)−

1

R− s

]
w2, (1.29)

w2|s=0 =
1

R
g′(η(0, ρ, φ)). (1.30)

Ïðåäïîëîæèì, ÷òî

f(g(φ))g(φ)− (g′(φ))2

R2
> 0 (1.31)

äëÿ âñåõ φ ∈ (−∞,∞) .
Ïðåîáðàçóåì çàäà÷ó (1.26) - (1.30) â ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé. Òàê êàê â ïðà-

âóþ ÷àñòü (1.26) èñêîìàÿ ôóíêöèÿ η(s, ρ, φ) íå âõîäèò, òî äëÿ íå¼ ïîëó÷èì íå óðàâíåíèå,
à âûðàæåíèå. Â ðåçóëüòàòå ïðèä¼ì ê ñèñòåìå äâóõ èíòåãðàëüíûõ óðàâíåíèé:

w1(s, ρ, φ) = g(φ−
∫ ρ

0

A(ν, w1, w2)dν)−
∫ s

0

[√
f(w1)w1 − w2

2 − A(τ, w1, w2)w2

]
dτ, (1.32)

w2(s, ρ, φ) =
g′(φ−

∫ ρ

0
A(ν, w1, w2)dν)

R− ρ
exp

(
−
∫ s

0

B(τ, w1, w2)dτ

)
(1.33)

îòíîñèòåëüíî äâóõ íåèçâåñòíûõ ôóíêöèé w1(s, ρ, φ), w2(s, ρ, φ).
Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ëîêàëüíîãî ðåøåíèÿ ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé

(1.32) - (1.33) è ïîñòðîåíèå äëÿ íå¼ ÷èñëåííîãî ðåøåíèÿ â äîñòàòî÷íî óçêîé ïîëîñêå âáëèçè
îêðóæíîñòè x2 + y2 = R2 ìîæåò áûòü îñóùåñòâëåíî ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëü-
íûõ ïðèáëèæåíèé. Ïóòåì íåïîñðåäñòâåííûõ îöåíîê äîêàçûâàåòñÿ, ÷òî ñóùåñòâóåò òàêàÿ
ïîñòîÿííàÿ âåëè÷èíà T , ÷òî ïðè 0 < ρ ≤ T ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ñõîäÿòñÿ.
Äèôôåðåíöèðóÿ ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ìîæíî
óáåäèòüñÿ, ÷òî ïðè äîñòàòî÷íî ìàëîì T ðåøåíèå ñèñòåìû (1.32) - (1.33) áóäåò äèôôå-
ðåíöèðóåìî ïî âñåì ñâîèì àðãóìåíòàì. Ôóíêöèè u(ρ, φ) = w1(ρ, ρ, φ), q(ρ, φ) = w2(ρ, ρ, φ).
äàäóò ðåøåíèå çàäà÷è Êîøè (1.22) - (1.25), à ôóíêöèÿ u(ρ, φ) áóäåò íåïðåðûâíî äèôôå-

ðåíöèðóåìûì ðåøåíèåì çàäà÷è (1.18) - (1.19), ãäå f(u) = 1
S

[
bG

aδ+bu
− aM(u)

]
.

Ò å î ð å ì à 1.2. Ïóñòü aM äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ,
g(φ) ∈ C2(−∞,∞) , âûïîëíåíî óñëîâèå (1.31). Òîãäà çàäà÷à (1.16) - (1.17) èìååò íåïðå-
ðûâíî äèôôåðåíöèðóåìîå îãðàíè÷åííîå ðåøåíèå u(ρ, φ) â îáëàñòè R− T ≤ r ≤ R,−∞ <
φ <∞ , ãäå ÷èñëî T îïðåäåëÿåòñÿ ÿâíûì îáðàçîì èç èñõîäíûõ äàííûõ.
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Alternative systems of the dislocation density partial
di�erential equation for the torsional sti�ness of rods
c⃝ S. N. Alekseenko3, S. N. Nagornyh4

Abstract. On the base of the theory of elasticity, the equations governing a dynamics of
the dislocation density for the torsional sti�ness of rods is obtained. In is presented a basic
scheme to apply the method of additional argument for solving a �rst-order nonlinear partial
di�erential equation assigned within the framework of an approach under consideration to describe
pseudoequilibrated dissipative structures.

Key Words: dislocation density, di�usion unelasticity, nonlinear �rst-order partial di�erential
equations, method of additional argument.
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