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ãàçîãèäðàòíûõ ïðîöåññîâ â ïîðèñòîé ñðåäå
c⃝ Ã. È. Êàçàêåâè÷1, Ë. Â. Êëî÷êîâà2, Þ. À. Ïîâåùåíêî3, Â.Ô. Òèøêèí4

Àííîòàöèÿ. Â íàñòîÿùåå âðåìÿ ãàçîâûå ãèäðàòû ðàññìàòðèâàþòñÿ êàê ïîòåíöèàëüíûå èñ-
òî÷íèêè óãëåâîäîðîäîâ. Ìåòîäàìè ìàòåìàòè÷åñêîé ôèçèêè èññëåäîâàíà ñèñòåìà ìàññîâûõ è
ýíåðãåòè÷åñêèõ áàëàíñîâ, îïèñûâàþùàÿ äèíàìèêó ôëþèäîâ: ñîâìåñòíîãî ïîâåäåíèÿ ñâîáîä-
íûõ ãèäðàòîâ, âîäû, ãàçà è èõ ýíåðãåòè÷åñêîå âçàèìîäåéñòâèå ñ íåïîäâèæíûì ñêåëåòîì. Â
ðåçóëüòàòå èñõîäíàÿ êðàåâàÿ çàäà÷à ðàñùåïëåíà íà îñíîâíîå äèññèïàòèâíîå óðàâíåíèå òåîðèè
ãèäðàòîâ, îïðåäåëÿþùåå "òåðìîäèíàìè÷åñêóþ" ýâîëþöèþ ïàðàìåòðîâ ñèñòåìû, è ñàòóðàöè-
îííóþ ÷àñòü, îïèñûâàþùóþ "ãèïåðáîëè÷åñêîå" ïîâåäåíèå ñðåäû, íàñûùåííîé ãèäðàòîì è
ôëþèäàìè.

Êëþ÷åâûå ñëîâà: ãàçîâûå ãèäðàòû, óãëåâîäîðîäû, ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè

1. Ââåäåíèå

Ãàçîâûì ãèäðàòàì óäåëåíî áîëüøîå âíèìàíèå â ëèòåðàòóðå [1]. Ïî èìåþùèìñÿ äàííûì
îáúåì óãëåâîäîðîäíîãî ãàçà, ñîäåðæàùåãîñÿ â ãèäðàòàõ, çíà÷èòåëüíî ïðåâîñõîäèò îñòàëü-
íûå åãî çàïàñû. Â îñíîâå ìàòåìàòè÷åñêîãî îïèñàíèÿ ïðîöåññîâ äèññîöèàöèè ãàçîâûõ ãèä-
ðàòîâ â ïîðèñòîé ñðåäå [2] - [4] ëåæàò óðàâíåíèÿ ìåõàíèêè ñïëîøíîé ñðåäû, âûðàæàþùèå
çàêîíû ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè.

Èñõîäíûå óðàâíåíèÿ íåðàçðûâíîñòè (ïî êîìïîíåíòíûé ìàññîâûé ôëþèäîáàëàíñ â ñâî-
áîäíîì è ñâÿçàííîì ñîñòîÿíèÿõ) ìîãóò áûòü çàïèñàíû â ôîðìå

∂

∂t
{m (SνSwρw + (1− Sν) ρνβw)}+ div

[
ρw

→
Vw

]
+ qw = 0, (1.1)

∂

∂t
{m (Sν(1− Sw)ρg + (1− Sν) ρν(1− βw))}+ div

[
ρg

→
Vg

]
+ qg = 0. (1.2)

Çäåñü èíäåêñû g , w , ν s � îòíîñÿòñÿ ê ãàçó, âîäå, ãèäðàòó, ñêåëåòó ïîðèñòîé ñðåäû,
ò.å. ñîîòâåòñòâóþùèå ôàçå l ; P � äàâëåíèå, Sw � âîäîíàñûùåííîñòü, ν � ãèäðàòîíàñû-
ùåííîñòü, Sν = 1 − ν � ðàñòåïëåííîñòü, ρl(P, T ) � ïëîòíîñòè ôàç, βw � ìàññîâàÿ äîëÿ
âîäû â ãèäðàòå, r⃗ � ðàäèóñ-âåêòîð, t � âðåìÿ, qg(t, r⃗, Sw, Sv, P ) , qw(t, r⃗, Sw, Sv, P ) � ïëîò-

íîñòè èñòî÷íèêîâ ñîîòâåòñòâóþùèõ ôàç,
→
Vw ,

→
Vg � ñêîðîñòè ôèëüòðàöèè âîäû è ãàçà,

îïðåäåëÿåìûå çàêîíîì Äàðñè ñ ó÷åòîì ãðàâèòàöèè â ñðåäå ñ îáùèì äàâëåíèåì P :

V⃗w = −kkrw
µw

(∇P −Gρwk⃗), (1.3)
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V⃗g = −kkrg
µg

(∇P −Gρgk⃗), (1.4)

ãäå k⃗ � âåðòèêàëüíûé êîîðäèíàòíûé îðò, G � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, k(r⃗, sν , P )
� àáñîëþòíàÿ ïðîíèöàåìîñòü, krg(Sw) , krw(Sw) � ôàçîâûå ïðîíèöàåìîñòè, µg(P, T ) ,
µw(P, T ) � âÿçêîñòè, m(r⃗, P ) � ïîðèñòîñòü.

Ñèñòåìó óðàâíåíèé (1.1)�(1.2) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ îïðåäåëÿþùèõ òåðìî-
äèíàìè÷åñêèõ ïåðåìåííûõ áóäåì íàçûâàòü ñàòóðàöèîííûì áëîêîì, èìåÿ â âèäó, ÷òî ýòè
óðàâíåíèÿ ñëóæàò äëÿ îïðåäåëåíèÿ âëàãîíàñûùåííîñòè Sw è ðàñòåïëåííîñòè Sν .

Âíóòðåííÿÿ ýíåðãèÿ ãèäðàòà âûðàæàåòñÿ ÷åðåç ýíåðãèè ñîçäàþùèõ åãî ãàçà è âîäû
ñëåäóþùèì îáðàçîì:

βwiw + (1− βw)ig = iν + h, (1.5)

ãäå h � ñêðûòàÿ òåïëîòà ôàçîâîãî ïåðåõîäà åäèíèöû ìàññû ãèäðàòà, ig , iν � ýíòàëüïèè
ãàçà è âîäû ñîîòâåòñòâåííî.

Ïóñòü l � èíäåêñ, óêàçûâàþùèé ôàçó, òî il = εl + P/ρl � ýíòàëüïèè ôàç, εl(P, T ) �
âíóòðåííèå ýíåðãèè ôàç; λl(P, T ) � êîýôôèöèåíòû òåïëîïðîâîäíîñòè ôàç.

Óðàâíåíèå ýíåðãèè èìååò âèä:

∂

∂t
{m(Sν(Swρwεw + (1− Sw)ρgεg) + (1− Sν)ρνεν) + (1−m)ρsεs}+

+div
{
ρwεw

→
Vw +ρgεg

→
Vg +P (

→
Vw +

→
Vg)
}
+ div

→
W +qε = 0,

(1.6)

ãäå
→
W = − (m (Sν (Swλw + (1− Sw)λg) + (1− Sν)λν) + (1−m)λs)∇T.

2. Ïîñòàíîâêà çàäà÷è

Ñîñòîÿíèå ãèäðàòà îïèñûâàåòñÿ ñîîòíîøåíèåì ôàçîâîãî ðàâíîâåñèÿ

T = A lnP +B, (2.1)

ãäå A è B � ýìïèðè÷åñêèå êîíñòàíòû.
Â ñèëó ýòîãî ñîîòíîøåíèÿ, â âûðàæåíèÿõ äëÿ âñåõ ïàðàìåòðîâ, ãäå âñòðå÷àåòñÿ çàâè-

ñèìîñòü îò T , åå ìîæíî ñâåñòè ê çàâèñèìîñòè îò P .
Âûøå ïðèâåäåííàÿ ñèñòåìà (1.1)�(1.6) ÿâëÿåòñÿ ñëîæíîé êâàçèëèíåéíîé ñèñòåìîé

óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè ñìåøàííîãî òèïà. Äëÿ ìàòåìàòè÷åñêîãî èññëåäîâà-
íèÿ è ÷èñëåííîãî ðåøåíèÿ â ñëó÷àå äâóõôàçíîé ôèëüòðàöèè ïðèìåíÿåòñÿ ðàñùåïëåíèå åå
íà óðàâíåíèå îòíîñèòåëüíî íàñûùåííîñòè îäíîé èç ôàç è óðàâíåíèå äëÿ äàâëåíèÿ [5]. Â
ðàññìàòðèâàåìîé çàäà÷å òàêæå óäàåòñÿ ïðîâåñòè ïîäîáíîå ðàñùåïëåíèå.

3. Îáùèé ïîäõîä ê ðåøåíèþ ñèñòåìû (1.1)�(1.6)

Ñèñòåìà (1.1)�(1.6) ñîñòîèò èç ôóíêöèîíàëüíîãî áëîêà, îòâå÷àþùåãî çà õàðàêòåðèñòè-
÷åñêèé ïåðåíîñ ñàòóðàöèîííûõ âîçìóùåíèé (â ìàòåìàòè÷åñêîì ïëàíå � ýòî ãèïåðáîëè÷-
íîñòü â íåçàâèñèìûõ ïåðåìåííûõ Sν , Sw íà ôîíå ôèêñèðîâàííûõ äàâëåíèé P ) è ôóíê-
öèîíàëüíîãî áëîêà, îïèñûâàþùåãî äèññèïàòèâíûå õàðàêòåðèñòè÷åñêèå ãèäðàòíûå ïðîöåñ-
ñû ïåðåíîñà, îáóñëîâëåííûå íåñòàöèîíàðíûì âî âðåìåíè äàâëåíèåì P (ïåðâîãî ïîðÿäêà
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(
∂

∂t

)
íàä ïðîñòðàíñòâåííûìè äèôôåðåíöèàëüíûìè îïåðàöèÿìè âòîðîãî ïîðÿäêà â òåð-

ìèíàõ âåêòîðà ∇ ). Â ïîñëåäíåì ñëó÷àå íåçàâèñèìîé ïåðåìåííîé ÿâëÿåòñÿ äàâëåíèå P
ïðè ôèêñèðîâàííûõ ñàòóðàöèÿõ Sν è Sw .

Îêàçàëîñü, ÷òî ïîëó÷åííîå äèññèïàòèâíîå ãèäðàòíîå óðàâíåíèå ñîäåðæèò â ñâîåé
ñòðóêòóðå "òåðìîäèíàìè÷åñêèå" áëîêè ñ íåêîòîðûìè èíòåãðèðóþùèìè ìíîæèòåëÿìè
ψ

mρν
è δε â âèäå ñêà÷êîâ óäåëüíûõ (íà åäèíèöó ìàññû) îáúåìîâ è âíóòðåííåé ýíåðãèè

ïðè ôàçîâîì ïåðåõîäå. Ýòè íåîòðèöàòåëüíûå ìíîæèòåëè èëè èõ àääèòèâíûå êîìïîíåí-
òû, îòñóòñòâóþùèå â èñõîäíîé äèâåðãåíòíîé ôîðìå çàïèñè ãèäðàòíûõ óðàâíåíèé (1.1) �
(1.6), ìîãóò áûòü èñïîëüçîâàíû êàê äëÿ êîððåêòíîãî ôèçè÷åñêîãî àíàëèçà ïàðàìåòðîâ
çàäà÷è (íàïðèìåð, (Sw)min , (Sw)max äëÿ îòíîñèòåëüíûõ ôàçîâûõ ïðîíèöàåìîñòåé), òàê è
äëÿ ÷èñëåííîãî ÿâíîãî âûäåëåíèÿ ýâîëþöèîííî óñòîé÷èâûõ àïïðîêñèìèðóåìûõ áëîêîâ.

4. Âûâîä äèññèïàòèâíîãî óðàâíåíèÿ òåîðèè ãèäðàòîâ

Èç óðàâíåíèé ìàññîâûõ ôëþèäîáàëàíñîâ (1.1) � (1.2) ñëåäóåò

Sw

ρw

∂

∂t
(mSνρw) +

1− Sw

ρg

∂

∂t
(mSνρg) +

(
βw
ρw

+
1− βw
ρg

)
∂

∂t
[m(1− Sν)ρν ] +DIG = 0, (4.1)

ãäå

DIG =
1

ρw
div
(
ρw

→
Vw

)
+

1

ρg
div
(
ρg

→
Vg

)
+

(
qw
ρw

+
qg
ρg

)
. (4.2)

Èç óðàâíåíèÿ áàëàíñà âíóòðåííåé ýíåðãèè (1.6) ñèñòåìû (1.1) � (1.6) ñ ó÷åòîì (1.1) �
(1.2)àíàëîãè÷íî ñëåäóåò

mSv

[
Swρw

∂εw
∂t

+ (1− Sw)ρg
∂εg
∂t

]
+
∂

∂t
[m(1− Sν)ρνεν + (1−m)ρsεs]−

− [εwβw + εg(1− βw)]
∂

∂t
[m(1− Sν)ρν ] +DIGε = 0,

(4.3)

ãäå

DIGε =
[
div
(
ρwεw

→
Vw

)
− εwdiv

(
ρw

→
Vw

)]
+
[
div
(
ρgεg

→
Vg

)
− εgdiv

(
ρg

→
Vg

)]
+

+div
[
P
( →
Vw +

→
Vg

)]
+ div

→
W +(qε − εwqw − εgqg) =

= ρw
→
Vw ∇εw + ρg

→
Vg ∇εg + div

[
P (

→
Vw +

→
Vg)
]
+ div

→
W +(qε − εwqw − εgqg) .

(4.4)

Â óðàâíåíèÿõ (4.1), (4.3) âëàãîíàñûùåííîñòü Sw óæå íå ñîäåðæèòñÿ ïîä çíàêîì äèô-
ôåðåíöèðîâàíèÿ ïî âðåìåíè.

Äåéñòâóÿ àíàëîãè÷íûì îáðàçîì è ââîäÿ ïðè ôàçîâîì ïåðåõîäå íåîòðèöàòåëüíûå:
� ñêà÷îê óäåëüíîãî îáúåìà (íà åäèíèöó ìàññû)

ψ

mρν
=

(
φ− 1

ρν

)
≥ 0, φ =

βw
ρw

+
1− βw
ρg

; (4.5)

� ñêà÷îê óäåëüíîé âíóòðåííåé ýíåðãèè (íà åäèíèöó ìàññû)

δε = βwεw + (1− βw)εg − εν ≥ 0, (4.6)

èñêëþ÷èì èç ïîä çíàêà äèôôåðåíöèðîâàíèÿ ïî âðåìåíè â óðàâíåíèÿõ (2.1), (4.2) è
âòîðóþ ñàòóðàöèîííóþ ïåðåìåííóþ � ðàñòåïëåííîñòü Sv . Ïîëó÷èì
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mδε

{
Sν

[
Sw

(ρw)t
ρw

+ (1− Sw)
(ρg)t
ρg

]
+ (1− Sν)

(ρν)t
ρν

+
mt

m

}
+

+
ψ

mρν
{m{Sν [Swρw(εw)t + (1− Sw)ρg(εg)t] + (1− Sν)ρν(εν)t}+ [(1−m)ρsεs]t +

+δεDIG+
ψ

mρν
DIGε = 0.

(4.7)

Âûðàæåíèå (4.7) � îñíîâíîå äèññèïàòèâíîå óðàâíåíèå òåîðèè ãèäðàòîâ äëÿ îïðåäåëå-
íèÿ äàâëåíèÿ P .

Òàêèì îáðàçîì, ñèñòåìà ñâåëàñü ê ñàòóðàöèîííîìó áëîêó (4.1), (4.3) è äèññèïàòèâíîìó
óðàâíåíèþ (4.7).

Ïðè ÷èñëåííîì ðåøåíèè ýòîé ñèñòåìû äëÿ ñàòóðàöèîííîãî áëîêà ìîæíî àäàïòèðîâàòü
ìåòîäû, ðàçðàáîòàííûå äëÿ ñèñòåì ãèïåðáîëè÷åñêîãî òèïà, à äëÿ äèññèïàòèâíîãî óðàâíå-
íèÿ � ìåòîäû ðåøåíèÿ ïàðàáîëè÷åñêèõ óðàâíåíèé.

5. Çàêëþ÷åíèå

Òåîðåòè÷åñêè ìåòîäàìè ìàòåìàòè÷åñêîé ôèçèêè èññëåäîâàíà ñèñòåìà ìàññîâî-
ýíåðãåòè÷åñêèõ áàëàíñîâ, îïèñûâàþùàÿ ôëþèäîäèíàìèêó ñîâìåñòíîãî ïîâåäåíèÿ ñâîáîä-
íûõ ãèäðàòîâ, âîäû, ãàçà è èõ ýíåðãåòè÷åñêîå âçàèìîäåéñòâèå ñ íåïîäâèæíûì ñêåëåòîì.
Â ðåçóëüòàòå èñõîäíàÿ êðàåâàÿ çàäà÷à ðàñùåïëåíà íà îñíîâíîå äèññèïàòèâíîå óðàâíåíèå
òåîðèè ãèäðàòîâ, îïðåäåëÿþùåå "òåðìîäèíàìè÷åñêóþ" ýâîëþöèþ ïàðàìåòðîâ ñèñòåìû, è
ñàòóðàöèîííóþ ÷àñòü, îïèñûâàþùóþ "ãèïåðáîëè÷åñêîå" ïîâåäåíèå íàñûùåííîñòåé ñðåäû
ãèäðàòîì è ôëþèäàìè. Ðåçóëüòàòû ýòèõ èññëåäîâàíèé äàþò âîçìîæíîñòü êîððåêòíî ñòðî-
èòü âû÷èñëèòåëüíûå àëãîðèòìû äëÿ ñîîòâåòñòâóþùèõ òèïîâ çàäà÷ ìàòåìàòè÷åñêîé ôè-
çèêè è àäàïòèâíî ïðèâëåêàòü ðàíåå ñóùåñòâîâàâøèå íàðàáîòêè â âû÷èñëèòåëüíîé ôèçèêå
ïðèìåíèòåëüíî ê ÷èñëåííîìó ìîäåëèðîâàíèþ ãèäðàòíî-ôëþèäîäèíàìè÷åñêèõ ïëàñòîâûõ
ÿâëåíèé.
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Mathematical research of system of equations of processes
in the porous environment
c⃝ G.I. Kazakevich5, L.V Klochkova6, J.A. Poveshchenko7, V.F. Tishkin8

Abstract. Now gas hydrates are considered as potential sources of hydrocarbons. Methods of
mathematical physics investigate the system of mass and power balances describing dynamics of
�uids: joint movement of free hydrates, water, gas and their power interoperability with a stationary
skeleton. As a result the initial boundary value problem is split on the core dissipation equation of
the hydrates theory, de�ning "thermodynamic" evolution of system parameters, and a saturations
part describing "hyperbolic" movement of environment, saturations by hydrate and �uids.

Key Words: gas hydrates, hydrocarbons, mathematical physics methods.
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