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ôåðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ íåîòðèöàòåëüíîé õàðàêòåðèñòè÷åñêîé ôîðìîé
ñïåöèàëüíîãî âèäà. Óêàçàíû âîçìîæíûå îáîáùåíèÿ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Ñ. Ë. Ñîáîëåâà, àïðèîðíûå îöåíêè, òåîðèÿ ïñåâäîäèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ, ëåâûé ïåðàìåòðèêñ.

Áóäåì èñïîëüçîâàòü îáùåïðèíÿòûå îáîçíà÷åíèÿ èç ðàáîò [1], [2]. Ïóñòü Rn -n - ìåðíîå
åâêëèäîâî ïðîñòðàíñòâî òî÷åê x = (x1, ..., xn), n > 1, x′ = (x2, ..., xn), ξ = (ξ1, ..., ξn) ∈
Rn , ξ′ = (ξ2, ..., ξn), i−ìíèìàÿ åäèíèöà ( i2 = −1), xξ = x1ξ1 + · · · + xnξn. Åñëè α =
(α1, . . . , αn) - ìóëüòèèíäåêñ ñ öåëî÷èñëåííûìè íåîòðèöàòåëüíûìè êîîðäèíàòàìè è k−
öåëîå íåîòðèöàòåëüíîå ÷èñëî, òî ïîëîæèì

∂αx f(x) =
∂|α|

∂xα1
1 . . .∂xαn

n

f(x), |α| = α1 + · · ·+ αn,

∂kj f(x) =
∂kf(x)

∂xkj
, Dk

j f(x) = (−i)k∂kj f(x), j = 1, . . . , n.

Ðàâåíñòâàìè

V̂ (ξ) =

∫
e−ixξV (x)dx, V̂ (x1, ξ

′) =

∫
e−ix′ξ′V (x)dx′

îïðåäåëÿåì ïðåîáðàçîâàíèÿ Ôóðüå V̂ (ξ), V̂ (x1, ξ
′) ôóíêöèè V (x) ïî ïåðåìåííûì x, x′

ñîîòâåòñòâåííî.
Äàëåå, ÷åðåç [A,B] = AB − BA êîììóòàòîð îïåðàòîðîâ A,B. Íàêîíåö, áóêâîé C ,

÷àñòî ñ èíäåêñàìè, áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå, âîçíèêàþùèå â íåðà-
âåíñòâàõ â êà÷åñòâå êîýôôèöèåíòîâ. Èõ ñóùåñòâîâàíèå áóäåò âûòåêàòü èç êîíòåêñòà. Ïðè
ýòîì îñîáûå ñëó÷àè îãîâàðèâàþòñÿ.

Ïóñòü t, ρ, δ - âåùåñòâåííûå ïîñòîÿííûå. Ïóñòü ôóíêöèÿ (ñèìâîë) p(x, ξ) ∈ C∞(Rn ×
Rn) è äëÿ âñåõ ìóëüòèèíäåêñîâ α, β , êàæäîãî êîìïàêòà K ⊂ Rn ñïðàâåäëèâû íåðàâåí-
ñòâà

|∂αξ ∂βxp(x, ξ)| ≤ Cα,β,K(1 + |ξ|)t−ρ|α|+δ|β|(ξ), x ∈ K. (1.1)

Åñëè ïðè ýòîì 1 ≥ ρ > δ ≥ 0, òî, ñëåäóÿ ðàáîòå [4], áóäåì ãîâîðèòü, ÷òî ñèìâîë p(x, ξ)
ïðèíàäëåæèò êëàññó St

ρ,δ(R
n) . Îòíåñåì ê êëàññó St

δ(R
n) âñå ôóíêöèè p(x, ξ) , äëÿ êî-

òîðûõ ñïðàâåäëèâî (1.1) ïðè 1 > ρ = δ ≥ 0. Ñèìâîëó p(x, ξ) ∈ St
ρ,δ èëè St

δ îòâå÷àåò
ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð p(x,D) , îïðåäåëåííûé ïî ôîðìóëå:

p(x,D)V (x) = (2π)−n

∫
eixξp(x, ξ)Ṽ (ξ)dξ.

1Äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; gsmolkin@mail.ru
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×èñëî t íàçûâàåòñÿ ïîðÿäêîì îïåðàòîðà p(x,D) .
Ïóñòü s ∈ R, âåùåñòâåííàÿ ôóíêöèÿ g(ξ) íà Rn òàêîâà, ÷òî íàéäóòñÿ ïîñòîÿííûå

Lj , ïðèíàäëåæàùèå îòðåçêó [0, 1], j = 1, ..., n è ñóùåñòâóþò ïîëîæèòåëüíûå êîíñòàíòû
C1, C2, íå çàâèñÿùèå îò ξ ∈ Rn òàêèå, ÷òî

C1(1 +
n∑

j=1

|ξj|Lj) ≤ g(ξ) ≤ C2(1 +
n∑

j=1

|ξj|Lj).

Îïðåäåëèì íîðìó ∥gs(D)V ∥ ôóíêöèè V (x) èç C∞
0 (Rn ðàâåíñòâîì

∥gs(D)V ∥ = (

∫
|Ṽ (ξ)|2g2s(ξ)dξ)1/2.

Ïîïîëíåíèå ïðîñòðàíñòâà C∞
0 (Rn) ïî íîðìå ∥gs(D)V ∥ íàçîâåì îáîáùåííûì ïðî-

ñòðàíñòâîì Ñ.Ë.Ñîáîëåâà ñ âåñîâîé ôóíêöèåé g(ξ) . Â ñëó÷àå êîãäà Lj = 1, j = 1, ..., n,
âìåñòî ∥gs(D)V ∥ ïèøåì, êàê îáû÷íî ∥V ∥s, à ñàìî ïðîñòðàíñòâî îáîçíà÷àåì Hs(Rn).

Äàëåå âñþäó ïðåäïîëàãàåì, ÷òî ôóíêöèÿ H ∈ C∞
0 (| x1 |≤ 2), 0 ≤ H(x1) ≤ 1, H(x1) =

1, åñëè | x1| ≤ 1, H ÷åòíàÿ è ïîëàãàåì h0 = h0(x) = H(|x′|)H(x1), h1 = h0(x/4) , h2 =
h0(x/8), h(x1) = H(4x1),

p(x,D) = D2
1 + x2m1 (D2

2 + · · ·+D2
n),

ãäå m -öåëîå íåîòðèöàòåëüíîå ÷èñëî. Â êà÷åñòâå âåñîâîé ôóíêöèè g(ξ) ÷àùå âñåãî áóäåì

ðàññìàòðèâàòü ôóíêöèè λ(ξ) = (1 + |ξ|2)1/2, Λ(ξ) = (1 + ξ
2(m+1)
1 + |ξ′|2)1/2/(m+1), q(ξ′) =

(1 + |ξ′|2)1/2/(m+1).
Îñíîâíûìè ðåçóëüòàòàìè äàííîé ðàáîòû ÿâëÿþòñÿ, èçëàãàåìûå íèæå, òåîðåìû 1-2.

Ñîäåðæàíèå ýòèõ òåîðåì ñîñòàâëÿþò ñëåäóþùèå îöåíêè íîðì.

∥D1h0U∥2 + ∥h0U∥21/(m+1) ≤ C1(Re(p(x,D)h0U, h0U) + ∥h0U∥2), (1.2)

∥h0U∥s+2/(m+1) ≤ C2(∥h0p(x,D)U∥s + ∥h1U∥s+1/(m+1)), s ∈ R, (1.3)

∥qs+2(D′)h0U∥ ≤ C3(∥qs(D′)h0p(x,D)U∥+ ∥a(D)h1U∥), s ≥ 0, (1.4)

∥Λs+2(D)h0U∥ ≤ C4(∥Λs(D)h0p(x,D)U∥+ ∥Λs+1(D)h1U∥), s ≥ 0, (1.5)

ãäå êîíñòàíòû C1, ..., C4 , íå çàâèñÿò îò U ∈ C∞(Rn),
a(ξ) = (1 + ξ21 + |ξ′|2M)(s+1)/2/M/(m+1), M = [s] + 2.

Âêðàòöå îáñóäèì ýòè íåðàâåíñòâà è ìåòîäû èõ äîêàçàòåëüñòâà.
Òàê êàê

p(x, ξ) = ξ21 + x2m1 |ξ′|2 =
n∑

j=1

(Xj, ξ)
2,

ãäå âåêòîðíûå ïîëÿ

X1 = (1, 0, . . . , 0), X2 = (0, xm1 , 0, . . . , 0), . . . , Xn = (0, . . . , 0, xm1 )

îïðåäåëåíû íà Rn , òî îïåðàòîð p(x,D) ïðèíàäëåæèò êëàññó îïåðàòîðîâ, èññëåäîâà-
íèþ êîòîðîãî ïîñâÿùåíû ðàáîòû [2], [3], [5]. Ïîñêîëüêó àëãåáðà Ëè, ïîðîæäåííàÿ ïîëÿ-
ìè X1, . . . , Xn íàä C∞(Rn), ñîâïàäàåò ñ ïðîñòðàíñòâîì âñåõ âåêòîðíûõ ïîëåé íà Rn ,
òî èç [2], [5] âûòåêàåò ñïðàâåäëèâîñòü îöåíêè âèäà (1.2), â êîòîðîé âìåñòî ∥D1h0U∥2 +
∥h0U∥21/(m+1) ôèãóðèðóåò ∥h0U∥2ν , ν - íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî. Âïîëíå î÷åâèäíî,
÷òî äâå ëþáûå áëèçêî ëåæàùèå òî÷êè x, y èç Rn ìîæíî ñîåäèíèòü äóãàìè èíòåãðàëüíûõ
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ëèíèé ïîëåé X1, . . . , Xn è èõ ëèíåéíûõ êîìáèíàöèé, ïðè ýòîì ñóììà äëèí äóã íå ïðåâû-
øàåò const · |x− y|1/(m+1) . Ïîýòîìó èç [3] ñëåäóåò, ÷òî ìàêñèìàëüíîå âîçìîæíîå çíà÷åíèå
ν = 1/(m + 1) . Çàìåòèì, ÷òî äîêàçàòåëüñòâà ñîîòâåòñòâóþùèõ íåðàâåíñòâ, ïðèâåäåííûõ
â ðàáîòàõ Ë. Õåðìàíäåðà [5], Å.Â. Ðàäêåâè÷à [2], àâòîðà [3], èç êîòîðûõ ñëåäóåò îöåíêà
(1.2), ÿâëÿþòñÿ äîñòàòî÷íî ñëîæíûìè.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ñïåöèàëüíûé âèä îïåðàòîðà p(x,D) ñ ñèìâîëîì
p(x, ξ) = ξ21 +x

2m
1 |ξ′|2, ïîçâîëÿåò óêàçàòü ïðîñòîå íåïîñðåäñòâåííîå äîêàçàòåëüñòâî îöåíêè

(1.2), îïèðàþùååñÿ íà ðàâåíñòâî Ïàðñåâàëÿ è ôîðìóëó Íüþòîíà-Ëåéáíèöà (áîëåå ïîäðîá-
íî ñì. âûâîä òåîðåìû 1) .

Îöåíêè (1.3), (1.4) ïîëó÷àþòñÿ çàòåì èç (1.2) ñðåäñòâàìè èñ÷èñëåíèÿ ïñåâäîäèôôðåí-
öèàëüíûõ îïåðàòîðîâ è íåðàâåíñòâà Øâàðöà. Îïåðàòîð a(D) â (1.4) ïðè ýòîì ÿâëÿåòñÿ
âñïîìîãàòåëüíûì è ââåäåí òîëüêî èç-çà òîãî, ÷òî qs(ξ′) íå ïðèíàäëåæèò íè îäíîìó èç
êëàññîâ St

ρ,δ(R
n) . Âàæíî, ÷òî íåðàâåíñòâî (1.4) ïîçâîëÿåò îöåíèâàòü ïðîèçâîäíûå ôóíê-

öèè U âäîëü êàñàòåëüíûõ íàïðàâëåíèé ê ïëîñêîñòè {x : x1 = 0} . Íàêîíåö, îöåíêà (1.5)
ÿâëÿåòñÿ îáîáùåíèåì îöåíêè (1.3). Äîêàçàòåëüñòâî (1.5) îïèðàåòñÿ íà ëåììó 2 è îäíó
êîíñòðóêöèþ, ÷àñòî èñïîëüçóåìóþ ïðè ïîñòðîåíèè ïàðàìåòðèêñîâ äëÿ ïñåâäîäèôôåðåí-
öèàëüíûõ îïåðàòîðîâ.

Â íàøè öåëè ðàáîòû íå âõîäèò îõâàò êàê ìîæíî áîëåå øèðîêîãî êëàññà äèôôåðåíöè-
àëüíûõ è ïñåäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ, äëÿ êîòîðûõ íåðàâåíñòâà òèïà (1.2)-(1.5)
ïîëó÷àþòñÿ ìåòîäàìè ýòîé ñòàòüè. Íàîáîðîò, ðàññìîòðåí ïðîñòîé îïåðàòîð p(x,D) . Åãî
èññëåäîâàíèå âïîëíå ïðîÿñíÿåò ñóòü äåëà è äåìîíñòðèðóåò îäíó èç ìåòîäèê ïîëó÷åíèÿ
îöåíîê âèäà (1.2)-(1.5) äëÿ äèôôåðåíöèàëüíûõ è ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ.

Òåì íå ìåíåå óêàæåì íà íåêîòîðûå âîçìîæíûå îáîáùåíèÿ. Ðåçóëüòàòû ñòàòüè ìîæíî
îáîáùèòü íàïðèìåð, íà êëàññ âûðîæäàþùèõñÿ êâàçèýëëèïòè÷åñêèõ îïåðàòîðîâ ïî ÷àñòè
ïåðåìåííûõ êàê ñî çíàêîîïðåäåëåííîé õàðàêòåðèñòè÷åñêîé ôîðìîé, òàê è ñî çíàêîïåðå-
ìåííîé õàðàêòåðèñòè÷åñêîé ôîðìîé. Õàðàêòåðíûì ïðèìåðîì çäåñü ÿâëÿþòñÿ îïåðàòîðû
âèäà:

p1(x,D) = a1(x)D
2ν1
1 + a2(x)x

2m1
1

n1∑
j=2

D
2νj
j + a3(x)x

2m2
1

n2∑
j=n1+1

D
2νj
j + · · · ,

p2(x,D) = a1(x)D
2ν1−1
1 + ia2(x)x

2m1+1
1

n1∑
j=2

D
2νj
j + ia3(x)x

2m2+1
1

n2∑
j=n1+1

D
2νj
j + · · · ,

ãäå a1(x), ...− ïîëîæèòåëüíûå ôóíêöèè,÷èñëà ν1, ...− íàòóðàëüíûå, à m1, ...− öåëûå è
íåîòðèöàòåëüíûå.

Äëÿ îïåðàòîðà p2(x,D) âîçìîæíûå îöåíêè íîðì ôóíêöèè h0U â ïðîñòðàíñòâàõ
Ñ.Ë.Ñîáîëåâà ÷åðåç ñîîòâåòñòâóþùèå íîðìû ôóíêöèè h0p2(x,D)U ïîëó÷àþòñÿ èç íåðà-
âåíñòâà

Re(p2(x,D)h0U,D1h0U) ≥

≥ C6(∥a1/21 (x)Dν1
1 h0U∥2 +

n1∑
j=2

∥xm1
1 a

1/2
2 (x)D

νj
j h0U∥2 + · · · ).

Ìåòîäû, èçëîæåííûå â äàííîé ðàáîòå, ïîçâîëÿþò, êðîìå òîãî, ïîëó÷èòü ýíåðãåòè÷å-
ñêèå è àïðèîðíûå îöåíêè â Rn è â òîì ñëó÷àå, êîãäà â îïåðàòîðå p(x,D) âìåñòî x2m1
èñïîëüçóåòñÿ ïðîèçâîëüíàÿ ôóíêöèÿ F 2(x1) , íå ðàâíàÿ òîæäåñòâåííî íóëþ íè â îäíîì
èíòåðâàëå, íî äëÿ êîòîðîé íóëü ìîæåò áûòü êàê èçîëèðîâàííîé òî÷êîé, òàê è ïðåäåëüíîé
òî÷êîé íóëåé, à ïîðÿäîê íóëÿ íåîáÿçàòåëüíî êîíå÷íûé.
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Íàì ïîòðåáóþòñÿ ñëåäóþùèå èçâåñòíûå ëåììû 1, 2, (ñì. [1], [5]).
Ëåììà 1. Ïóñòü a(x, ξ) ∈ Sm1

ρ,δ (R
n) , b(x, ξ) ∈ Sm2

ρ,δ (R
n), φ(x) ∈ C∞

0 (Rn) ,
c(x,D) = a(x,D)φ(x)b(x,D) , (φ(x)a(x,D))∗ - ôîðìàëüíî ñîïðÿæåííûé îïåðàòîð ê îïåðà-
òîðó φ(x)a(x,D). Òîãäà c(x, ξ) ∈ Sm1+m2

ρ,δ (Rn), (φ(x)a(x, ξ))∗ ∈ Sm1
ρ,δ (R

n),

c(x, ξ) =
N∑

|α|=0

(−i)|α|

α!
∂αξ a(x, ξ)∂

α
x (φ(x)b(x, ξ)) + r1,N(x, ξ),

(h(x)a(x, ξ))∗ =
N∑

|α|=0

(−i)|α|

α!
∂αξ ∂

α
xφ(x)a(x, ξ) + r2,N(x, ξ),

ïîðÿäêè îïåðàòîðîâ r1,N(x,D), r2,N(x,D) ñòðåìÿòñÿ ê −∞ ïðè N → +∞.
Ëåììà 2. Åñëè a(x, ξ) ïðèíàäëåæèò êëàññàì ñèìâîëîâ St

δ(R
n), St

ρ,δ(R
n), òî äëÿ âñÿ-

êîãî êîìïàêòà K ⊂ Rn ñóùåñòâóåò íå çàâèñÿùàÿ îò U = U(x) ∈ C∞
0 (K) òàêàÿ ïîñòîÿííàÿ

CK , ÷òî
∥a(x,D)U∥s ≤ CK∥U∥t+s.

Òåîðåìà 1. Ñóùåñòâóåò, íå çàâèñÿùàÿ îò âûáîðà ôóíêöèè U = U(x) ∈ C∞(Rn), òàêàÿ
ïîñòîÿííàÿ C, ÷òî âåðíî íåðàâåíñòâî

∥D1h0U∥2 + ∥h0U∥21/(m+1) ≤ C(Re(p(x,D)h0U, h0U) + ∥h0U∥2).

Äîêàçàòåëüñòâî. Ïóñòü µ = (1 + |ξ′|)−1/(m+1), V = V (x) = h0U(x) . Èç ðàâåíñòâà

Re(p(x,D)V, V ) = ∥D1V ∥2 +
n∑

j=2

∥xm1 DjV ∥2

è ðàâåíñòâà Ïàðñåâàëÿ èìååì

∥D1V ∥2 +
∫ ∫

x2m1 |ξ′|2|V̂ (x1, ξ
′)|2dx1dξ′ ≤ C1Re(p(x,D)V, V ). (1.6)

Ïîýòîìó ñóùåñòâóþò òàêàÿ ïîñòîÿííàÿ C2, çàâèñÿùàÿ îò C1 è äèàìåòðà íîñèòåëÿ
ôóíêöèè V̂ (x1, ξ

′) ïî ïåðåìåííîé x1 , ÷òî∫ ∫
x2m1 (1 + |ξ′|)2|V̂ (x1, ξ

′)|2dx1dξ′ ≤ C2(Re(p(x,D)V, V ) + ∥V ∥2). (1.7)

Òàê êàê ïî ïîñòðîåíèþ H ∈ C∞
0 (| x1 |≤ 2), H(x1) = 1 ïðè |x1| ≤ 1, òî èç ôîðìóëû

Íüþòîíà-Ëåéáíèöà è íåðàâåíñòâà Øâàðöà èìååì∫
|x1|≤µ

µ−2|V̂ (x1, ξ
′)|2dx1 ≤

∫
|x1|≤µ

µ−2|H(x1µ
−1)V̂ (x1, ξ

′)|2dx1

=

∫
|x1|≤µ

µ−2|
∫ x1

−2µ

∂t(H(tµ−1)V̂ (t, ξ′))dt|2dx1 ≤ C3

∫
|∂t(H(tµ−1)V̂ (t, ξ′))|2dt

≤ C4(

∫
|x1|≥µ

µ−2|V̂ (x1, ξ
′)|2dx1 +

∫
|∂tV̂ (t, ξ′)|2dt).

Ñëåäîâàòåëüíî, èç íåðàâåíñòâà∫
|x1|≥µ

µ−2|V̂ (x1, ξ
′)|2dx1 ≤

∫
x2m1 (1 + |ξ′|)2|V̂ (x1, ξ

′)|2dx1
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ïîëó÷àåì∫
µ−2|V̂ (x1, ξ

′)|2dx1 ≤ C5(

∫
x2m1 (1 + |ξ′|)2|V̂ (x1, ξ

′)|2dx1 +
∫

|∂tV̂ (t, ξ′)|2dt).

Ýòèì, â ñèëó îöåíîê (1.6), (1.7), çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû 1.
Òåîðåìà 2. Ñóùåñòâóþò êîíñòàíòû C1 = C1(s), C2 = C2(s), C3 = C3(s) , íå çàâèñÿùèå

îò U ∈ C∞(Rn) è òàêèå, ÷òî

∥h0U∥s+2/(m+1) ≤ C1(∥h0p(x,D)U∥s + ∥h1U∥s+1/(m+1)), s ∈ R, (1.8)

∥qs+2(D′)h0U∥ ≤ C2(∥qs(D′)h0p(x,D)U∥+ ∥a(D)h1U∥), s ≥ 0, (1.9)

∥Λs+2(D)h0U∥ ≤ C3(∥Λs(D)h0p(x,D)U∥+ ∥Λs+1(D)h1U∥), s ≥ 0, (1.10)

ãäå ôóíêöèè h0, h1, q, λ,Λ, a îïèñàíû âî ââåäåíèè.
Äîêàçàòåëüñòâî. Ïóñòü, ëèáî µ(ξ) = λs+1/(m+1)(ξ), ëèáî µ(ξ) = a(ξ).
Èç òåîðåìû 1 ñëåäóåò íåðàâåíñòâî

∥λ1/(m+1)(D)h1µ(D)h0U∥2 ≤ C4(Re(p(x,D)h1µ(D)h0U, h1µ(D)h0U)

+∥h1µ(D)h0U∥2). (1.11)

Òàê êàê hk(x) = 1 â îêðåñòíîñòè íîñèòåëÿ ôóíêöèè hk−1(x), k = 1, 2, òî

(p(x,D)h1µ(D)h0U, h1µ(D)h0U) = (h1µ(D)h2p(x,D)h0U, h1µ(D)h0U)

+([h2p(x,D), h1µ(D)]h0U, h1µ(D)h0U)

= (h1µ(D)h0p(x,D)U, h1µ(D)h0U)

+(h1µ(D)[h2p(x,D), h0]h1U, h1µ(D)h0U)

+([h2p(x,D), h1µ(D)]h0U, h1µ(D)h0U). (1.12)

Çàìåòèì, ÷òî ãëàâíûå ñèìâîëû îïåðàòîðîâ

[h1p(x,D), h0(x)], [(h2p(x,D), h1µ(D)]

÷èñòî ìíèìûå. Ïîýòîìó, èñïîëüçóÿ ëåììó 1, íåòðóäíî äîêàçàòü íåðàâåíñòâî

|Re(h1µ(D)[h1p(x,D), h0(x)]h1U, h1µ(D)h0U)|
+|Re([(h2p(x,D), h1µ(D)]h0U, h1µ(D)h0U) ≤ C5∥µ(D)h1U∥2,

îòêóäà, ó÷èòûâàÿ (1.12), íà îñíîâàíèè ëåììû 1 (î ñèìâîëå ñîïðÿæåííîãî îïåðàòîðà) è
íåðàâåíñòâà Øâàðöà èìååì

Re(p(x,D)h1(x)µ(D)h0U, h1µ(D)h0U)

≤ C6|Re(λ−1/(m+1)(D)h1µ(D)h0p(x,D)U, λ1/(m+1)(D)h1µ(D)h0U)|
+C7∥µ(D)h1U∥2 ≤ (1/2/C4)|λ1/(m+1)(D)h1µ(D)h0U∥2

+C8∥λ−1/(m+1)(D)h1µ(D)h0p(x,D)U∥2 + C9∥µ(D)h1U∥2.

Ñëåäîâàòåëüíî, èç (1.11) ïîëó÷àåòñÿ íåðàâåíñòâî:

∥λ1/(m+1)(D)h1µ(D)h0U∥2

≤ C10(∥λ−1/(m+1)(D)h1µ(D)h0p(x,D)h1U∥2 + ∥µ(D)h1U∥2),
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èç êîòîðîãî ñëåäóåò

∥λ1/(m+1)(D)µ(D)h0U∥2

≤ C11(∥λ−1/(m+1)(D)µ(D)h0p(x,D)h1U∥2 + ∥µ(D)h1U∥2).

Òåïåðü, åñëè ïîëîæèòü µ(ξ) = λs+1/(m+1)(ξ) , òî ïðèäåì ê îöåíêå (1.8).
Åñëè æå µ(ξ) = a(ξ) , òî îöåíêà (1.9) âûòåêàåò èç íåðàâåíñòâ

λ1/(m+1)(ξ)µ(ξ) ≥ C12q
s+2(ξ′), λ−1/(m+1)(ξ)µ(ξ) ≤ C13q

s(ξ′).

Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû 2 ïðè m = 0, òàê êàê â ýòîì ñëó÷àå îöåíêà
(1.10) ñîâïàäàåò ñ îöåíêîé (1.8).

Òåïåðü ïóñòü m > 0. Ïîëîæèì

p1(x, ξ) = p(x, ξ) + λ2/(m+1)(ξ), aj(x, ξ) = Λs+2−jλj/(m+1)(ξ)p−1
1 (x, ξ),

ãäå j− öåëîå íåîòðèöàòåëüíîå ÷èñëî. Ëåãêî ïðîâåðèòü, ÷òî

∂αx p(x, ξ) = 0 ïðè |α| > 2m,

|∂αξ Λ(ξ)| ≤ CαΛ
1−|α|(ξ), (1.13)

|∂αξ ∂βxp1(x, ξ)| ≤ Cα,β,xp1(x, ξ)λ
(|β|−|α|)/(m+1)(ξ), (1.14)

ïîñòîÿííûå Cα, Cα,β,x ïðè ëþáûõ ìóëüòèèíäåêñàõ α, β íå çàâèñÿò îò ξ ∈ Rn, Cα,β,x <∞
ïðè |x| <∞. Ïîýòîìó èç ëåììû 1 (î ñèìâîëå êîìïîçèöèè îïåðàòîðîâ) èìååì

h0Λ
s+2−jλj/(m+1)(D) = h1aj(x,D)h0p1(x,D)

−h0(x)qj(x,D)− t1,j(x,D) + r1,j(x,D), (1.15)

h0qj(x,D) = h1qj(x,D)h0 − t2,j(x,D) + r2,j(x,D) (1.16)

ãäå

qj(x, ξ) =
N∑

|α|=1

(−i)|α|∂αξ aj(x, ξ)∂αx p1(x, ξ)/α!,

t1,j(x, ξ) =
N∑

|α|=1

(−i)|α|∂αξ aj(x, ξ)[∂αx , h0(x)]p1(x, ξ)/α!,

t2,j(x, ξ) =
N∑

|α|=1

(−i)|α|∂αξ qj(x, ξ)∂αxh0(x)/α!,

÷èñëî N âûáèðàåì òàê, ÷òîáû âûïîëíÿëèñü íåðàâåíñòâà:

∥r1,j(x,D)h1U∥+ ∥r2,j(x,D)h1U∥ ≤ C1,j∥Λs+1h1U∥.

.
Ñëåäîâàòåëüíî, èç ðàâåíñòâ (1.15)-(1.16) ïîëó÷àåì

∥h0Λs+2−jλj/(m+1)(D)h1U∥
≤ C14(∥h1(x)aj(x,D)h0p1(x,D)h1U∥+ ∥h1(x)qj(x,D)h0U∥

+∥t1,j(x,D)h1U∥+ ∥t2,j(x,D)h1U∥+ ∥Λs+1h1U∥). (1.17)
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Èñïîëüçóÿ íåðàâåíñòâà (1.13)-(1.14), ïðîñòîé ïðîâåðêîé óáåæäàåìñÿ â òîì, ÷òî ñèìâî-
ëû

aj(x, ξ)Λ
−s+j(ξ)λ−j/(m+1)(ξ), qj(x, ξ)Λ

−s−1+j(ξ)λ−(j+1)(m+1)(ξ),

t1,j(x, ξ)Λ
−s−1+j(ξ)λ−j/(m+1)(ξ), t2,j(x, ξ)Λ

−s−1+j(ξ)λ−j/(m+1)(ξ)

ïðèíàäëåæàò êëàññó S0
1/(m+1)(R

n).

Ïîýòîìó íà îñíîâàíèè ëåìì 1, 2, îïðåäåëåíèÿ ôóíêöèè p1(x, ξ) ïîëó÷àåì èç îöåíêè
(1.17) íåðàâåíñòâà:

∥h0Λs+2−jλj/(m+1)(D)h1U∥ ≤ C15(∥Λs−jλj/(m+1)(D)h0p(x,D)U∥
+∥Λs−jλj/(m+1)(D)h0λ

2/(m+1)(D)h1U∥
+∥Λs+1−jλ(j+1)(m+1)(D)h0U∥+ ∥Λs+1h1U∥),

∥Λs+2−jλj/(m+1)(D)h0U∥
≤ C16(∥h0Λs+2−jλj/(m+1)(D)h1U∥+ ∥Λs+1h1U∥),

∥Λs−jλj/(m+1)(D)h0λ
2/(m+1)(D)h1U∥

≤ C17(∥Λs−jλ(j+2)/(m+1)(D)h0U∥+ ∥Λs+1h1U∥),

èç êîòîðûõ ñëåäóåò

∥Λs+2−jλj/(m+1)(D)h0U∥ ≤ C18(∥Λs(D)h0p(x,D)U∥
+∥Λs+2−(j+1)λ(j+1)/(m+1)(D)h0U∥+ ∥Λs+1h1U∥).

Ïîâòîðÿÿ ýòó îöåíêó äëÿ j = 0, . . . , [s] + 2, ïîëó÷èì

∥Λs+2λj/(m+1)(D)h0U∥ ≤ C19(∥Λs(D)h0p(x,D)U∥
+∥λ(s+2)/(m+1)(D)h0U∥+ ∥Λs+1h1U∥).

Èç ýòîé îöåíêè â ñèëó (1.8) ñëåäóåò îêîí÷àíèå äîêàçàòåëüñòâà òåîðåìû 2.

Ñïèñîê ëèòåðàòóðû

1. Åãîðîâ Þ.Â. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ãëàâíîãî òèïà.// - Ì.: Íàóêà,
1984. - 360 ñ.;

2. Ðàäêåâè÷ Å.Â. Ãèïîýëëèïòè÷åñêèå îïåðàòîðû ñ êðàòíûìè õàðàêòåðèñòèêàìè// Ìàò.
ñá. - 1969. - Ò.79. - Ñ.193-216.;

3. Ñìîëêèí Ã.À. Àïðèîðíûå îöåíêè, ñâÿçàííûå ñ äèôôåðåíöèàëüíûìè îïåðàòîðàìè
òèïà Êóïöîâà - Õåðìàíäåðà. Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2004. Ò.40. N 2. Ñ. 242-
250.;

4. Õåðìàíäåð Ë. Ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû è ãèïîýëëèïòè÷åñêèå óðàâíå-
íèÿ// Ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû. - Ì.: Ìèð, 1967. - Ñ.297-367.;

5. Õåðìàíäåð Ë. Ãèïîýëëèïòè÷åñêèå äèôôåðåíöèàëüíûå îïåðàòîðû âòîðîãî ïîðÿä-
êà// Ïåðèîäè÷åñêèé ñá. ïåð. èíîñòðàííûõ ñò.-1968. - Ò.12. - �2.: Ìàòåìàòèêà. - Ñ.88
- 109.;

MVMS journal. 2011. V. 13, No. 1



78

A priori estimates for degenerate elliptic operators in
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Abstract. In this paper we �nd a priori estimates in Sobolev spaces for second order di�erential
operators with nonnegative characteristic form of a special form. The possible generalizations.
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