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Àííîòàöèÿ. Èçëàãàåòñÿ ìåòîä ðàçíîñòíîé àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ
äëÿ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèåì.
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1. Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íåëèíåéíûå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ïðî-
öåññàìè â íåîäíîðîäíûõ àíèçîòðîïíûõ ñðåäàõ. Óïðàâëÿåìûå ïðîöåññû îïèñûâàþòñÿ êðà-
åâûìè çàäà÷àìè äëÿ êâàçèëèíåéíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà. Ñòàâÿòñÿ è èññëå-
äóþòñÿ çàäà÷è äëÿ ñîñòîÿíèÿ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè. Ïîäîáíûå
çàäà÷è äëÿ ñîñòîÿíèÿ âîçíèêàþò ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè è îïòèìèçàöèè ïðî-
öåññîâ òåïëîïåðåäà÷è, äèôôóçèè, ôèëüòðàöèè è äð. Ïîñòðîåíû è èññëåäîâàíû êîíå÷íî-
ìåðíûå ðàçíîñòíûå àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåññàìè, îïèñû-
âàåìûìè óðàâíåíèÿìè ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðàçðûâíûìè ðåøåíèÿìè. Ïîëó-
÷åííûå ðåçóëüòàòû ìîãóò íàéòè ïðèìåíåíèå è ïðè ðåøåíèè îáðàòíûõ çàäà÷ òåïëîîáìåíà,
ðàññìàòðèâàåìûõ â âàðèàöèîííîé ïîñòàíîâêå.

2. Ïîñòàíîâêà çàäà÷ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿ-

ìè äëÿ ñîñòîÿíèÿ. Êîððåêòíîñòü ïîñòàíîâêè

Ïóñòü Ω =
{
x = (x1, x2) ∈ R2 : 0 ≤ xα ≤ lα, α = 1, 2

}
� ïðÿìîóãîëüíèê â R2 ñ ãðàíèöåé

∂Ω = Γ . È ïóñòü îáëàñòü Ω ðàçäåëåíà ïðÿìîé x1 = ξ , ãäå 0 < ξ < l1 (¾âíóòðåííåé
ãðàíèöåé¿ S =

{
x1 = ξ, 0 ≤ x2 ≤ l2

}
, ãäå 0 < ξ < l1 ) íà ïîäîáëàñòè Ω1 ≡ Ω− =

{
0 < x1 <

ξ, 0 < x2 < l2} è Ω2 ≡ Ω+ =
{
ξ < x1 < l1, 0 < x2 < l2} (íà ëåâóþ è ïðàâóþ ïîäîáëàñòè

Ω− è Ω+ ) ñ ãðàíèöàìè ∂Ω1 ≡ ∂Ω− è ∂Ω2 ≡ ∂Ω+ . Òàê ÷òî îáëàñòü Ω ñîñòîèò èç äâóõ
÷àñòåé Ω1 è Ω2 ñ ãðàíèöàìè ∂Ω1 è ∂Ω2 , Ω = Ω1 ∪Ω2 ∪ S , à S = Ω1 ∩Ω1 � îáùàÿ ÷àñòü
ãðàíèö ∂Ω1 è ∂Ω2 . Ñëåäîâàòåëüíî, Ω åñòü îáúåäèíåíèå îáëàñòåé Ω1 è Ω2 è âíóòðåííèõ
òî÷åê ¾êîíòàêòíîé ãðàíèöû S ¿ ïîäîáëàñòåé Ω1 è Ω2 , à ∂Ω � âíåøíÿÿ ãðàíèöà îáëàñòè
Ω (â îòëè÷èå îò S -âíóòðåííåé ãðàíèöû îáëàñòè Ω ). Äàëåå, áóäåì îáîçíà÷àòü ÷åðåç Γk

� ãðàíèöû îáëàñòåé Ωk áåç S , k = 1, 2 , òàê ÷òî ∂Ω1 = Γ1 ∪ S , ∂Ω2 = Γ2 ∪ S , ãäå ÷àñòè
Γk , k = 1, 2 � îòêðûòûå íåïóñòûå ïîäìíîæåñòâà â ∂Ωk , k = 1, 2 (Γk � îñòàâøàÿñÿ ÷àñòü
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∂Ωk ïîñëå âû÷åòà S ), Γ1 ∪ Γ2 = ∂Ω = Γ . ×åðåç nα , α = 1, 2 áóäåì îáîçíà÷àòü âíåøíþþ
íîðìàëü ê ãðàíèöå ∂Ωα îáëàñòè Ωα , α = 1, 2 . Ïóñòü, äàëåå, n = n(x) � åäèíè÷íàÿ
íîðìàëü ê S â êàêîé-ëèáî åå òî÷êå x ∈ S , îðèåíòèðîâàííàÿ, íàïðèìåð, òàêèì îáðàçîì,
÷òî íîðìàëü n ÿâëÿåòñÿ âíåøíåé íîðìàëüþ ê S ïî îòíîøåíèþ ê îáëàñòè Ω , òî åñòü
íîðìàëü n íàïðàâëåíà âíóòðü îáëàñòè Ω (n = n(x) � åäèíè÷íûé âåêòîð íîðìàëè ê S
ñ âûáðàííîé îðèåíòàöèåé íà S ). Çàìåòèì, ÷òî ïîñêîëüêó âåêòîðû n1(x) è n2(x) , x ∈
S ïðîòèâîïîëîæíî îðèåíòèðîâàíû íà S , òî n(x) = n1(x) = −n2(x) íà S . Íèæå ïðè
ïîñòàíîâêå êðàåâûõ çàäà÷, S � ýòî ïðÿìàÿ, âäîëü êîòîðîé ðàçðûâíû êîýôôèöèåíòû è
ðåøåíèÿ êðàåâûõ çàäà÷, êîòîðûå â îáëàñòÿõ Ω1 è Ω2 îáëàäàþò íåêîòîðîé ãëàäêîñòüþ. Â

äàëüíåéøåì íà êóñêàõ
◦
Γk , k = 1, 2 ãðàíèö ∂Ωk ïîëîæèòåëüíîé ìåðû áóäóò çàäàâàòüñÿ

ãðàíè÷íûå óñëîâèÿ îïðåäåëåííîãî òèïà.
Ïðåäïîëîæèì, ÷òî óñëîâèÿ ôèçè÷åñêîãî ïðîöåññà ïîçâîëÿþò ìîäåëèðîâàòü åãî ñëåäóþ-

ùåé çàäà÷åé, à èìåííî, ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó â îáëàñòè Ω = Ω1∪Ω2∪S ,
ñîñòîÿùåé èç äâóõ ïîäîáëàñòåé Ω1 è Ω2 , ðàçáèòîé íà ÷àñòè âíóòðåííåé ãðàíèöåé S.

Çàäà÷à À. Òðåáóåòñÿ íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω âèäà u(x) = u1(x) ,
x ∈ Ω1 = Ω− , u(x) = u2(x) , x ∈ Ω2 = Ω− , ãäå êîìïîíåíòû u1(x) è u2(x) óäîâëåòâîðÿþò
ñëåäóþùèì óñëîâèÿì:
1) Ôóíêöèÿ u1(x) , îïðåäåëåííàÿ íà Ω1 = Ω1 ∪ ∂Ω1 , óäîâëåòâîðÿåò â Ω1 óðàâíåíèþ

L1u1 = −
2∑

α=1

∂

∂xα

(
k(1)α (x)

∂u1
∂xα

)
+ d1(x)q1(u1) = f1(x), â Ω1, (2.1)

à íà ãðàíèöå ∂Ω1 \ S = Γ1 óñëîâèþ

u1(x) = 0, x ∈ Γ1 = ∂Ω1 \ S, (2.2)

2) Ôóíêöèÿ u2(x) , îïðåäåëåííàÿ íà Ω2 = Ω2 ∪ ∂Ω2 , óäîâëåòâîðÿåò â Ω2 óðàâíåíèþ

L2u2 = −
2∑

α=1

∂

∂xα

(
k(2)α (x)

∂u2
∂xα

)
+ d2(x)q2(u2) = f2(x), â Ω2, (2.3)

à íà ãðàíèöå ∂Ω2 \ S = Γ2 óñëîâèþ

u2(x) = 0, x ∈ Γ2 = ∂Ω2 \ S, (2.4)

3) Èñêîìûå ôóíêöèè u1(x) è u2(x) óäîâëåòâîðÿþò åùå äîïîëíèòåëüíûì óñëîâèÿì íà S ,
ïîçâîëÿþùèì ¾cøèòü¿ ðåøåíèÿ u1(x) è u2(x) âäîëü êîíòàêòíîé (âíóòðåííåé)ãðàíèöû S
îáëàñòåé Ω1 è Ω2 , ñëåäóþùåãî âèäà:

g(x) = k
(1)
1 (x)

∂u1
∂x1

= k
(2)
1 (x)

∂u2
∂x1

= θ(x2) (u2(x)− u1(x)) , x ∈ S. (2.5)

Çàäà÷ó (2.1) − (2.5) ìîæíî ïåðåïèñàòü â áîëåå êîìïàêòíîì âèäå. Ðàññìîòðèì ôóíêöèè
âèäà

u(x) =

{
u1(x), x ∈ Ω1;
u2(x), x ∈ Ω2,

(2.6)

kα(x), d(x), f(x), q(ξ) =

{
k
(1)
α (x), d1(x), f1(x), q1(ξ), x ∈ Ω1;

k
(2)
α (x), d2(x), f2(x), q2(ξ), x ∈ Ω2, α = 1, 2.

(2.7)
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Òîãäà ïîñòàâëåííóþ âûøå çàäà÷ó À ñ ðàçðûâíûì ðåøåíèåì ìîæíî ñôîðìóëèðîâàòü â
ñëåäóþùåì áîëåå êîìïàêòíîì âèäå:

Òðåáóåòñÿ íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω , óäîâëåòâîðÿþùóþ â êàæäîé èç
îáëàñòåé Ω1 è Ω2 êâàçèëèíåéíîìó óðàâíåíèþ

Lu(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
+ d(x)q(u) = f(x), x ∈ Ω1 ∪ Ω2,

ãðàíè÷íûì óñëîâèÿì íà âíåøíåé ãðàíèöå ∂Ω (íà ãðàíèöå ðàçäåëà îáëàñòåé Ω1 è Ω2 )

u(x) = 0, x ∈ ∂Ω = Γ1 ∪ Γ2 = (∂Ω1 \ S) ∪ (∂Ω2 \ S) ,

è óñëîâèÿì ñîïðÿæåíèÿ íà âíóòðåííåé ãðàíèöå S (íà ãðàíèöå ðàçäåëà îáëàñòåé Ω1 è Ω2 )[
k1(x)

∂u

∂x1

]
= 0, g(x) =

(
k1(x)

∂u

∂x1

)
= θ(x2)[u], x ∈ S,

ãäå [u] = u2(x)−u1(x) = u+−u− � ñêà÷îê ôóíêöèè u(x) íà S , à k
(1)
α (x), k

(2)
α (x), d(x), f(x) è

q(ξ) , α = 1, 2 � ôóíêöèè, îïðåäåëÿåìûå ïî-ðàçíîìó â Ω1 è Ω2 , îáëàäàþùèå íåêîòîðûìè
óñëîâèÿìè ãëàäêîñòè â ñîîòâåòñòâóþùèõ îáëàñòÿõ Ωk , k = 1, 2 , ïðåòåðïåâàþùèìè ðàçðûâ
íà S ïåðâîãî ðîäà k

(1)
α (x) ̸= k

(2)
α (x) , d1(x) ̸= d2(x) , f1(x) ̸= f2(x) , q1(ξ) ̸= q2(ξ), x ∈ S .

Â äàëüíåéøåì, îòíîñèòåëüíî çàäàííûõ ôóíêöèé áóäåì ïðåäïîëàãàòü:

kα(x) ∈ L∞(Ω1)× L∞(Ω2), 0 < νpα ≤ k
(p)
α (x) ≤ νpα, α, p = 1, 2, x ∈ Ω1 ∪ Ω2,

d(x) ∈ L∞(Ω1)× L∞(Ω2), 0 ≤ d0 ≤ d(x) ≤ d0, x ∈ Ω1 ∪ Ω2,

θ(x2) ∈ L∞(S), 0 < θ0 ≤ θ(x2) ≤ θ0, x ∈ S, f(x) ∈ L2(Ω1)× L2(Ω2);

(2.8)

ôóíêöèè qα(ξ) îïðåäåëåíû íà R ñî çíà÷åíèÿìè â R è óäîâëåòâîðÿþò óñëîâèÿì:

qα(0) = 0, 0 ≤ q0 ≤ qα(ξ1)− qα(ξ2)

ξ1 − ξ2
≤ Lq <∞, äëÿ âñåõ ξ1, ξ2 ∈ R, ξ1 ̸= ξ2. (2.9)

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî V (Ω0) , Ω0 = Ω1 ∪ Ω2 ïàð ôóíêöèé u(x) =
(u1(x), u2(x)) :

V (Ω0) =
{
u(x) = (u1(x), u2(x)) ∈ W 1

2 (Ω1)×W 1
2 (Ω2)

}
. (2.10)

Çäåñü W 1
2 (Ωk) , k = 1, 2 � Ñîáîëåâñêîå ïðîñòðàíñòâî ôóíêöèé, çàäàííûõ â ïîäîáëàñòÿõ

Ωk , k = 1, 2 , ñ ãðàíèöåé ∂Ωk , k = 1, 2 è íîðìîé [1]

∥uk∥W 1
2 (Ωk) =

∫
Ωk

[ 2∑
α=1

(
∂u

∂xα

)2

+ u2k

]
dΩk, k = 1, 2. (2.11)

Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(u, ϑ)V = (u1, ϑ1)W 1
2 (Ω1) + (u2, ϑ2)W 1

2 (Ω2), ∥u∥2V =
2∑

k=1

∥uk∥2W 1
2 (Ωk)

, (2.12)

V = V (Ω0) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.
Ìîæíî ïîêàçàòü, ÷òî â ãèëüáåðòîâîì ïðîñòðàíñòâå V (Ω0) ìîæíî ââåñòè ýêâèâàëåíò-

íóþ íîðìó

∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +
2∑

k=1

∫
Γk

u2k dΓk +

∫
S

[u]2 dS. (2.13)
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Ïóñòü
◦
Γk � ÷àñòü ∂Ωk . ×åðåç W 1

2

(
Ωk;

◦
Γk

)
îáîçíà÷èì çàìêíóòîå ïîäïðîñòðàíñòâî ïðî-

ñòðàíñòâà W 1
2 (Ωk) , ïëîòíûì ìíîæåñòâîì â êîòîðîì ÿâëÿåòñÿ ìíîæåñòâî âñåõ ôóíêöèé èç

C1(Ωk) , ðàâíûõ íóëþ âáëèçè
◦
Γk⊂ ∂Ωk , k = 1, 2 � êàêîãî-ëèáî ó÷àñòêà

◦
Γk ãðàíèöû ∂Ωk .

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
◦
V Γ1,Γ2 (Ω0) ïàð ôóíêöèé u(x) = (u1(x), u2(x)) :

◦
V Γ1,Γ2 (Ω0) =

{
u(x) = (u1(x), u2(x)) ∈ W 1

2 (Ω1; Γ1)×W 1
2 (Ω2; Γ2)

}
(2.14)

ñ íîðìîé (2.13) :

∥u∥ ◦
V Γ1,Γ2

= ∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +

∫
S

[u]2 dS. (2.15)

Îáîáùåííûì ðåøåíèåì çàäà÷è À áóäåì íàçûâàòü òàêóþ ôóíêöèþ u(x) ∈
◦
V Γ1,Γ2 (Ω0) , êî-

òîðàÿ óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

Q(u, ϑ) =

∫
Ω1∪Ω2

[ 2∑
α=1

kα(x)
∂u

∂xα

∂ϑ

∂xα
+ d(x) q(u)ϑ

]
dΩ0 +

∫
Ω1∪Ω2

θ(x)[u][ϑ]dS =

=

∫
Ω1∪Ω2

f(x)ϑdΩ0 = l(ϑ), ∀ϑ ∈
◦
V Γ1,Γ2 (Ω0).

(2.16)

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíåíû óñëîâèÿ (2.8) , (2.9) . Òîãäà ñóùåñòâóåò åäèí-
ñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è À â ñìûñëå îïðåäåëåíèÿ (2.16) . Çàäà÷à î íàõîæäå-
íèè îáîáùåííîãî ðåøåíèÿ èç (2.16) ýêâèâàëåíòíà ðåøåíèþ ëèíåéíîãî îïåðàòîðíîãî óðàâ-

íåíèÿ Au = F , ãäå íåëèíåéíûé îïåðàòîð A :
◦
V Γ1,Γ2→

◦
V Γ1,Γ2 îïðåäåëÿåòñÿ ðàâåíñòâîì

(Au, ϑ) ◦
V Γ1,Γ2

= Q(u, ϑ) , ∀u, ϑ ∈
◦
V Γ1,Γ2 (Ω0) , à ïðàâàÿ ÷àñòü F ∈

◦
V Γ1,Γ2 (Ω0) îïðåäåëÿåòñÿ

ñîîòíîøåíèåì (F, ϑ) ◦
V Γ1,Γ2

= l(ϑ) , ∀ϑ ∈
◦
V Γ1,Γ2 (Ω0) , ïðè÷åì ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

∥u∥ ◦
V Γ1,Γ2

≤ C

2∑
k=1

∥fk(x)∥L2(Ωk)
.

3. Ðàçíîñòíàÿ àïïðîêñèìàöèÿ çàäà÷è äëÿ ñîñòîÿíèÿ ñ ðàçðûâíû-

ìè êîýôôèöèåíòàìè è ðåøåíèåì. Êîððåêòíîñòü

Ðàññìîòðèì çàäà÷ó À ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðàçðûâíûì ðå-
øåíèåì. Äëÿ àïïðîêñèìàöèè çàäà÷è À è èññëåäîâàíèÿ ñõîäèìîñòè ðàçíîñò-
íûõ àïïðîêñèìàöèé íàì ïîíàäîáÿòñÿ íåêîòîðûå ñåòêè íà [0, lα] , α = 1, 2
è â Ω [2] - [5] . Ââåäåì â ðàññìîòðåíèå îäíîìåðíûå íåðàâíîìåðíûå ñåòêè

ω̂1 =
{
x
(i1)
1 ∈ [0, l1] : i1 = 0, N1, x

(0)
1 = 0, x

(N1)
1 = l1, h1i1 = x

(i1)
1 − x

(i1−1)
1

}
, ω̂2 ={

x
(i2)
2 ∈ [0, l2] : i2 = 0, N2, x

(0)
2 = 0, x

(N2)
2 = l2, h2i2 = x

(i2)
2 − x

(i2−1)
2

}
, à òàêæå ââåäåì

íåðàâíîìåðíóþ ñåòêó ïî x1 è x2 â îáëàñòü Ω = Ω1 ∪ Ω2 ∪ S : ω̂ = ω̂1 × ω̂2 . Î÷åâèäíî,
âñåãäà ìîæíî ïîñòðîèòü ñåòêó ω̂1 òàê, ÷òîáû òî÷êà x1 = ξ áûëà åå óçëîì.

Ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ öåëåñîîáðàçíî âûáèðàòü â îáëàñòÿõ Ω1 è Ω2 ðàâ-
íîìåðíûå øàãè h

(1)
1 è h

(2)
1 ñîîòâåòñòâåííî, è, èñõîäÿ èç ïîëîæåíèÿ òî÷êè x1 = ξ , ÷èñëî

óçëîâ íàõîäèòü èç ïðåäïîëîæåíèÿ h
(1)
1 ≈ h

(2)
1 .
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Îáîñíîâàíèÿ ðàçíîñòíûõ ñõåì íà íåðàâíîìåðíûõ ñåòêàõ äëÿ äàííîé çàäà÷è À íå íî-
ñèò ïðèíöèïèàëüíîãî õàðàêòåðà, è â äàëüíåéøåì äëÿ íàãëÿäíîñòè èññëåäîâàíèÿ âî âñåé
îáëàñòè Ω ñåòêó ïî x1 è x2 áóäåì ñ÷èòàòü ðàâíîìåðíîé, ïîëàãàÿ x

(i1)
1 − x

(i1−1)
1 =

h1, i1 = 1, N1, è x
(i2)
2 − x

(i2−1)
2 = h2, i2 = 1, N2 . Çíà÷åíèå x1 â òî÷êå x1 = ξ îáî-

çíà÷èì ÷åðåç xξ , à ñîîòâåòñòâóþùèé íîìåð óçëà îáîçíà÷èì ÷åðåç N1ξ , 1 < N1ξ <

N1 − 1 . Ââåäåì ñåòêè óçëîâ: ω
(1)
1 =

{
x
(i1)
1 = i1h1 ∈ [0, ξ] : i1 = 0, N1ξ, N1ξh1 = ξ

}
, ω

(2)
1 ={

x
(i1)
1 = i1h1 ∈ [ξ, l1] : i1 = N1ξ, N1, N1h1 = l1

}
; ω

(1)
1 = ω

(1)
1 \ {x1 = 0, x1 = ξ} , ω

(2)
1 =

ω
(2)
1 \ {x1 = N1ξ, x1 = l1} ; ω2 =

{
x
(i2)
2 = i2h2 ∈ [0, l2] : i2 = 0, N2, N2h2 = l2

}
, ω2 =

ω2 \ {x2 = 0, x2 = l2} ; ω1 = ω
(1)
1 ∪ ω

(2)
1 , ω1 = ω

(1)
1 ∪ ω

(2)
1 ; ω(1) = ω

(1)
1 ∪ ω2 , ω

(2) =

ω
(2)
1 ∪ ω2 ; ω

(1) = ω
(1)
1 ∪ ω2 , ω

(2) = ω
(2)
1 ∪ ω2 , ωh = ω(1) ∪ ω(2) =

(
ω
(1)
1 ∪ ω(2)

1

)
× ω2 ={

x
(i1)
1 = i1h1, i1 = 0, N1, N1ξh1 = ξ , (N1 −N1ξ)h1 = l1 − ξ, 1 < N1ξ < N1 − 1} × ω2 � ñåòêà

â Ω , ω
(1)+
1 = ω

(1)
1 ∩ (0, ξ] , ω

(1)−
1 = ω

(1)
1 ∩ [0, ξ) , ω

(2)−
1 = ω

(2)
1 ∩ [ξ, l1) , ω

(1)(+1) = ω
(1)+
1 × ω2 ,

Sξ =
{
x1 = ξ, x2 = h2, 2h2, . . . , (N2 − 1)h2

}
=
{
x1 = ξ, x

(i2)
2 = i2h2, i2 = 1, N2 − 1

}
,

γ(1) = ∂ω(1) \ Sξ , γ
(2) = ∂ω(2) \ Sξ , ω

(1)+
1 × ω2 = ω(1) ∪ Sξ = ω(1) \ γ(1) .

Ïðè èññëåäîâàíèè ñõîäèìîñòè ðàçíîñòíûõ àïïðîêñèìàöèé íàì ïîòðåáóþòñÿ ñêàëÿðíûå
ïðîèçâåäåíèÿ, íîðìû è ïîëóíîðìû ñåòî÷íûõ ôóíêöèé, çàäàííûõ íà ðàçëè÷íûõ ñåòêàõ.

Ìíîæåñòâî ñåòî÷íûõ ôóíêöèé y1(x) , çàäàííûõ íà ñåòêå ω(1) = ω
(1)
1 × ω2 ⊂ Ω1 = Ω−

îáîçíà÷èì ÷åðåç H(1)(ω(1)) , à ìíîæåñòâî ñåòî÷íûõ ôóíêöèé y2(x) , çàäàííûõ íà ñåòêå

ω(2) = ω
(2)
1 × ω2 ⊂ Ω2 = Ω+ îáîçíà÷èì ÷åðåç H(2)(ω(2)) . Ìíîæåñòâî H(k)(ω(k)) , k = 1, 2 ,

ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(yk, ϑk)L2(ω(k)) =
∑

x∈ω(k)

yk(x)ϑk(x)~1~2, ∥yk∥L2(ω(k)) = (yk, yk)
1/2

L2(ω(k))
, (3.1)

îáîçíà÷èì L2(ω
(k)) , k = 1, 2 . ×åðåç W 1

2 (ω
(1)) è W 1

2 (ω
(2)) îáîçíà÷èì ïðîñòðàíñòâà ñåòî÷-

íûõ ôóíêöèé, çàäàííûõ íà ñåòêàõ ω(1) è ω(2) , ñî ñêàëÿðíûìè ïðîèçâåäåíèÿìè è íîðìàìè:

(y1, ϑ1)W 1
2 (ω

(1)) =
∑

ω
(1)+
1 ×ω2

y1x1ϑ1x1h1~2 +
∑

ω
(1)
1 ×ω+

2

y1x2ϑ1x2~1h2 + (y1, ϑ1)L2(ω(1)),

(y2, ϑ2)W 1
2 (ω

(2)) =
∑

ω
(2)+
1 ×ω2

y2x1ϑ2x1h1~2 +
∑

ω
(2)
1 ×ω+

2

y2x2ϑ2x2~1h2 + (y2, ϑ2)L2(ω(2)),

∥∇y1∥2 =
∑

ω
(1)+
1 ×ω2

y21x1
(x)h1~2 +

∑
ω
(1)
1 ×ω+

2

y21x2
~1h2,

∥∇y2∥2 =
∑

ω
(2)+
1 ×ω2

y22x1
(x)h1~2 +

∑
ω
(2)
1 ×ω+

2

y22x2
~1h2,

∥yk∥2W 1
2 (ω

(k)) = ∥∇yk∥2 + ∥yk∥2L2(ω(k)) , k = 1, 2.

(3.2)

×åðåç V = V (ω(1,2)) îáîçíà÷èì ïðîñòðàíñòâî ïàð ñåòî÷íûõ ôóíêöèé y(x) = (y1(x), y2(x)) ,
îïðåäåëÿåìîå ñîîòíîøåíèåì

V ≡ V (ω(1,2)) =
{
y(x) = (y1(x), y2(x)) ∈ W 1

2 (ω
(1))×W 1

2 (ω
(2))
}
. (3.3)

Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(y, ϑ)V = (y1, ϑ1)W 1
2 (ω

(1)) + (y2, ϑ2)W 1
2 (ω

(2)), ∥y∥2V =
∑2

k=1 ∥yk∥2W 1
2 (ω

(k))
,

y(x), ϑ(x) =

{
y1(x), ϑ1(x), x ∈ ω(1),
y2(x), ϑ2(x), x ∈ ω(2),

(3.4)
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V = V (ω(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.
Â ãèëüáåðòîâîì ïðîñòðàíñòâå V (ω(1,2)) ìîæíî ââåñòè ýêâèâàëåíòíóþ íîðìó:

∥y∥2∗ = ∥∇y1∥2 + ∥∇y2∥2 + ∥y1∥2L2(γ(1)∩Γ1)
+ ∥y2∥2L2(γ(2)∩Γ2)

+ ∥[y]∥2L2(Sξ)
, (3.5)

ãäå

∥y1∥2L2(γ(1)∩Γ1)
=
∑
x2∈ω2

y21(0, x2)~2(x2) +
∑

0≤x1≤ξ

y21(x1, 0)~1(x1) +
∑

0≤x1≤ξ

y21(x1, l2)~1(x1);

∥y2∥2L2(γ(2)∩Γ2)
=
∑
x2∈ω2

y22(l1, x2)~2(x2) +
∑

ξ≤x1≤l1

y22(x1, 0)~1(x1) +
∑

ξ≤x1≤l1

y22(x1, l2)~1(x1),

[y]|Sξ
= y2(x) − y1(x) , x ∈ Sξ , � ñêà÷îê ôóíêöèè y(x) íà Sξ , ∥[y]∥2L2(Sξ)

=∑
x2∈ω2

(y2(ξ, x2)− y1(ξ, x2))
2 h2 , Γ1 = ∂Ω1 \ S , Γ2 = ∂Ω2 \ S , Sξ =

{x1 = ξ, x2 = h2, 2h2, . . . , (N2 − 1)h2} .

Ïóñòü
0
γ(k) � ÷àñòü ∂ω(k) . ×åðåç W 1

2

(
ωk),

0
γ(k)
)

îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàí-

ñòâà ñåòî÷íûõ ôóíêöèé W 1
2

(
ω(k)

)
, îáðàùàþùèõñÿ â íóëü íà

0
γ(k) .

Çàìåòèì, ÷òî äëÿ ñåòî÷íûõ ôóíêöèé yk(x) ∈ W 1
2

(
ω(k),

0
γ(k)
)

ñïðàâåäëèâî íåðàâåíñòâî

∥yk∥2L2(ω(k))
≤ C

ω(k),
0
γ(k)

[
∥∇y1∥2 + ∥∇y2∥2

]
. (3.6)

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
0

V γ(1),γ(2) (ω(1,2)) ïàð ñåòî÷íûõ ôóíêöèé y = (y1, y2) :

0

V γ(1),γ(2) (ω(1,2)) =
{
y(x) = (y1(x), y2(x)) ∈ W 1

2 (ω
(1), γ(1))×W 1

2 (ω
(2), γ(2))

}
(3.7)

ñ íîðìîé (3.5)

∥y∥20
V

γ(1),γ(2)

= ∥y∥2∗ =
2∑

k=1

∥∇yk∥2 + ∥[y]∥2L2(Sξ)
. (3.8)

×åðåç
0

V γ(1) (ω(1,2)) îáîçíà÷èì ïðîñòðàíñòâî ïàð ñåòî÷íûõ ôóíêöèé y(x) = (y1(x), y2(x)) :

0

V γ(1) (ω(1,2)) =
{
y(x) = (y1(x), y2(x)) ∈ W 1

2 (ω
(1), γ(1))×W 1

2 (ω
(2)
}
, (3.9)

ñ íîðìîé (3.5)

∥y∥20
V

γ(1)

= ∥y∥2∗ =
2∑

k=1

∥∇yk∥2 + ∥y2∥2L2(γ(2)∩Γ2)
+ ∥[y]∥2L2(Sξ)

. (3.10)

Äèôôåðåíöèàëüíîé çàäà÷å À (ñì. (2.1) − (2.5) ) ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùóþ ñå-
òî÷íóþ çàäà÷ó Ah .

Çàäà÷à A h . Òðåáóåòñÿ íàéòè ôóíêöèþ y(x) = (y1(x), y2(x)) , îïðåäåëåííóþ íà ω =
ω(1) ∪ ω(2) , y(x) = y1(x) , x ∈ ω(1) , y(x) = y2(x) , x ∈ ω(2) , ãäå êîìïîíåíòû y1(x) è y2(x)
óäîâëåòâîðÿþò óñëîâèÿì:
1) Ñåòî÷íàÿ ôóíêöèÿ y1(x) , îïðåäåëåííàÿ íà ω(1) = ω(1) ∪ ∂ω(1) , óäîâëåòâîðÿåò â ω(1)

óðàâíåíèþ

L1y1(x) = −
(
a
(1)
1h (x)y1x1

)
x1

−
(
a
(1)
2h (x)y1x2

)
x2

+ d1h(x)q1(y1) = f1h(x), x ∈ ω(1), (3.11)
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à íà ãðàíèöå ∂ω(1) \ Sξ = γ(1) óñëîâèþ

y1(x) = 0, x ∈ γ(1); (3.12)

2) Ñåòî÷íàÿ ôóíêöèÿ y2(x) , îïðåäåëåííàÿ íà ω(2) = ω(2) ∪ ∂ω(2) , óäîâëåòâîðÿåò â ω(2)

óðàâíåíèþ

L2y2(x) = −
(
a
(2)
1h (x)y2x1

)
x1

−
(
a
(2)
2h (x)y2x2

)
x2

+ d2h(x)q2(y2) = f2h(x), x ∈ ω(2), (3.13)

à íà ãðàíèöå ∂ω(2) \ Sξ = γ(2) óñëîâèþ

y2(x) = 0, x ∈ γ(2); (3.14)

3) Èñêîìûå ôóíêöèè y1(x) è y2(x) ñâÿçàíû ìåæäó ñîáîé äîïîëíèòåëüíûìè óñëîâèÿìè
íà Sξ , ïîçâîëÿþùèìè ¾cøèòü¿ ðåøåíèÿ y1(x) è y2(x) âäîëü ñåòî÷íîãî ìíîæåñòâà Sξ :

a
(1)
1h (x)y1x1(x)−

h1
2

[(
a
(1)
2h (x)y1x2

)
x2

(x)− d1h(x)q1(y1) + f1h(x)

]
=

= θh(x2) (y2(x)− y1(x)) , x ∈ Sξ = {x1 = ξ, x2 ∈ ω2} ,
(3.15)

a
(2)
1h (x1 + h1, x2)y2x1(x) +

h1
2

[(
a
(2)
2h (x)y2x2

)
x2

(x)− d2h(x)q2(y2) + f2h(x)

]
=

= θh(x2) (y2(x)− y1(x)) , x ∈ Sξ = {x1 = ξ, x2 ∈ ω2} ,
(3.16)

Çäåñü ÷åðåç a
(α)
1h , a

(α)
2h , α = 1, 2 , dαh , fαh , α = 1, 2 , θh îáîçíà÷åíû óñðåäíåíèÿ ôóíêöèé

k
(α)
1 , k

(α)
2 , α = 1, 2 , dα , fα , α = 1, 2 , θ ïî Ñòåêëîâó [2]− [5] .

Çàïèøåì ðàçíîñòíóþ ñõåìó (3.11)− (3.16) â âèäå:

A(1)y1 = A
(1)
1 y1 + A

(1)
2 y1 = φ1(x), x ∈ ω(1) ∪ Sξ, (3.17)

y1(x) = 0, x ∈ ∂ω(1) \ Sξ = γ(1); (3.18)

A
(1)
1 y1(x) =


−
(
a
(1)
1h y1x1

)
x1

(x) +
1

2
d1h(x)q1(y1), x ∈ ω(1);

2

h1

[
a
(1)
1h (x)y1x1(x) + θh(x2)y1(x)

]
+

1

2
d2h(x)q2(y2), x ∈ Sξ,

(3.19)

A
(1)
2 y1(x) = −

(
a
(1)
2h y1x2

)
x2

(x) +
1

2
d1h(x)q1(y1), x ∈ ω(1) \ Sξ, (3.20)

φ1(x) =

 f1h(x), x ∈ ω(1);

f1h(x) +
2

h1
θh(x2)y2(x), x ∈ Sξ,

(3.21)

ãäå ñåòî÷íàÿ ôóíêöèÿ y2(x) , x ∈ ω(2) = ω(2) ∪ ∂ω(2) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî
îïåðàòîðíîãî óðàâíåíèÿ:

A(2)y2 = A
(2)
1 y2 + A

(2)
2 y2 = φ2(x), x ∈ ω(2) ∪ Sξ, (3.22)

y2(x) = 0, x ∈ ∂ω(2) \ Sξ; (3.23)

A
(2)
1 y2(x) =


−
(
a
(2)
1h y2x1

)
x1

(x) +
1

2
d2h(x)q2(y2), x ∈ ω(2);

− 2

h1

[
a
(2)
1h (x1 + h1, x2)y2x1(x)− θh(x2)y2(x)

]
+

1

2
d2h(x)q2(y2), x ∈ Sξ,

(3.24)
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A
(2)
2 y2(x) = −

(
a
(2)
2h y2x2

)
x2

(x) +
1

2
d2h(x)q2(y2), x ∈ ω(2) \ Sξ, (3.25)

φ2(x) =

 f2h(x), x ∈ ω(2);

f2h(x) +
2

h1
θh(x2)y1(x), x ∈ Sξ,

(3.26)

Ðàññìîòðèì òåïåðü H(1)(ω(1)) � ìíîæåñòâî ñåòî÷íûõ ôóíêöèé y1(x) , çàäàííûõ íà ñåòêå

ω(1) = ω
(1)
1 × ω2 . ×åðåç H(1)(ω(1),

0
γ (1)) îáîçíà÷èì ïîäìíîæåñòâî H(1)(ω(1)) , ñîñòîÿùåå èç

ñåòî÷íûõ ôóíêöèé y1(x) , x ∈ ω(1) , îáðàùàþùèõñÿ â íóëü íà
0
γ (1) ⊆ γ(1) = ∂ω(1) \ Sξ .

Äàëåå, íà ìíîæåñòâå ñåòî÷íûõ ôóíêöèé y1(x) , çàäàííûõ íà ñåòêå ω
(1) è îáðàùàþùèõñÿ

â íóëü íà ∂ω(1) \ Sξ = γ(1) , îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå

(y1, ϑ1)L2(ω(1)∪Sξ)
=
∑

x∈ω(1)

y1(x)ϑ1(x)h1h2 +
1

2

∑
x∈Sξ

y1(x)ϑ1(x)h1h2 =

= (y1, ϑ1)L2(ω(1)+×ω2), y1, ϑ1 ∈ H(1)(ω(1), γ(1)).

(3.27)

Äàëåå, ñêàëÿðíîå ïðîèçâåäåíèå (3.27) èíäóöèðóåò íîðìó

∥y1∥L2(ω(1)∪Sξ)
= ∥y1∥L2(ω(1)+×ω2) = (y1, ϑ1)

1/2

L2(ω(1)∪Sξ)
. (3.28)

Íîðìà (3.28) , ïîðîæäàåìàÿ ñêàëÿðíûì ïðîèçâåäåíèåì (3.27) , ïðåâðàùàåò ýòî ìíîæåñòâî
â íîðìèðîâàííîå ïðîñòðàíñòâî, êîòîðîå îáîçíà÷èì ÷åðåç L2(ω

(1) ∪ Sξ) ≡ L2(ω
(1)+ × ω2) .

Àíàëîãè÷íî ââîäÿòñÿ H(2)(ω(2)) , H(2)(ω(2),
0
γ (2)) , ãäå

0
γ (2) ⊆ γ(2) = ∂ω(2)\Sξ , L2(ω

(2)∪Sξ) =

L2(ω
(2)−
1 × ω2) .
Óìíîæèì òåïåðü (3.17) ñêàëÿðíî (·, ·)L2(ω(1)∪Sξ)

íà ñåòî÷íóþ ôóíêöèþ ϑ1(x) ∈
H(1)(ω(1), γ(1)) . Òîãäà ïîëó÷èì(

A(1)y1, ϑ1

)
=
(
A

(1)
1 y1, ϑ1

)
+
(
A

(1)
2 y1, ϑ1

)
= (φ1, ϑ1), ∀ϑ1 ∈ H(1)(ω(1), γ(1)). (3.29)

Àíàëîãè÷íî èìååì(
A(2)y2, ϑ2

)
=
(
A

(2)
1 y2, ϑ2

)
+
(
A

(2)
2 y2, ϑ2

)
= (φ2, ϑ2), ∀ϑ2 ∈ H(2)(ω(2), γ(2)). (3.30)

Èñïîëüçóÿ ñîîòíîøåíèÿ (3.17)−(3.21) , (3.22)−(3.26) , à òàêæå ðàçíîñòíûå ôîðìóëû Ãðè-
íà, ïîñëå äîâîëüíî äëèííûõ ïðåîáðàçîâàíèé, íàéäåì, ÷òî äëÿ ñîîòíîøåíèé (3.29) , (3.30)
ñïðàâåäëèâû ïðåäñòàâëåíèÿ:∑

ω
(1)+
1 ×ω2

a
(1)
1h y1x1 ϑ1x1h1h2 +

[ ∑
ω
(1)
1 ×ω+

2

a
(1)
2h y1x2 ϑ1x2h1h2 +

1

2

∑
ω+
2

a
(1)
2h (ξ, x2) y1x2(ξ, x2)×

×ϑ1x2(ξ, x2)h1h2

]
−
∑
ω2

θh(x2) (y2(ξ, x2)− y1(ξ, x2))ϑ1(ξ, x2)h2+

+

[∑
ω(1)

d1h(x) q1(y1(x))ϑ1(x)h1h2 +
1

2

∑
ω2

d1h(ξ, x2) q1(y1(ξ, x2))ϑ1(ξ, x2)h1h2

]
−

=

[∑
ω(1)

f1h(x)ϑ1(x)h1h2 +
1

2

∑
ω2

f1h(ξ, x2)ϑ1(ξ, x2)h1h2

]
, ∀ϑ1 ∈ H(1)(ω(1), γ(1)),

(3.31)
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∑
ω
(2)+
1 ×ω2

a
(2)
1h y2x1 ϑ2x1h1h2 +

[ ∑
ω
(2)
1 ×ω+

2

a
(2)
2h y2x2 ϑ2x2h1h2 +

1

2

∑
ω+
2

a
(2)
2h (ξ, x2) y2x2(ξ, x2)×

×ϑ2x2(ξ, x2)h1h2

]
+
∑
ω2

θh(x2) (y2(ξ, x2)− y1(ξ, x2))ϑ2(ξ, x2)h2+

+

[∑
ω(2)

d2h(x) q2(y2(x))ϑ2(x)h1h2 +
1

2

∑
ω2

d2h(ξ, x2) q2(y1(ξ, x2))ϑ2(ξ, x2)h1h2

]
+

=

[∑
ω(2)

f2h(x)ϑ2(x)h1h2 +
1

2

∑
ω2

f2h(ξ, x2)ϑ2(ξ, x2)h1h2

]
, ∀ϑ2 ∈ H(2)(ω(2), γ(2)).

(3.32)

Ñîîòíîøåíèÿ (3.31) è (3.32) ïîçâîëÿþò îïðåäåëèòü ðåøåíèå ñåòî÷íîé çàäà÷è Ah èëè
(3.17) - (3.26) ñëåäóþùèì îáðàçîì.

Î ï ð å ä å ë å í è å 3.1. Ïîä ðåøåíèåì ñåòî÷íîé êðàåâîé çàäà÷è Ah ïîíèìàåì
ñåòî÷íóþ ôóíêöèþ y(x) = y−(x) ≡ y1(x) ∈ W 1

2 (ω
(1), γ(1)) , y(x) = y+(x) ≡ y2(x) ∈

W 1
2 (ω

(2), γ(2)) , óäîâëåòâîðÿþùóþ ñóììàòîðíûì òîæäåñòâàì (3.31) - (3.32) äëÿ âñåõ
ôóíêöèé ϑ = ϑ−(x) ≡ ϑ1(x) ∈ W 1

2 (ω
(1), γ(1)) , ϑ = ϑ+(x) ≡ ϑ2(x) ∈ W 1

2 (ω
(2), γ(2)) .

Ñóììàòîðíûå òîæäåñòâà (3.31) , (3.32) ìîæíî ïåðåïèñàòü â ñëåäóþùåì êîìïàêòíîì âèäå:{ ∑
ω
(1)+
1 ×ω2

a
(1)
1h y1x1 ϑ1x1h1h2 +

( ∑
ω
(1)
1 ×ω+

2

a
(1)
2h y1x2 ϑ1x2h1h2 +

1

2

∑
ω+
2

a
(1)
2h (ξ, x2) y1x2(ξ, x2)×

×ϑ1x2(ξ, x2)h1h2

)}
+

{ ∑
ω
(2)+
1 ×ω2

a
(2)
1h y2x1 ϑ2x1h1h2 +

( ∑
ω
(2)
1 ×ω+

2

a
(2)
2h y2x2 ϑ2x2h1h2+

+
1

2

∑
ω+
2

a
(2)
2h (ξ, x2) y2x2(ξ, x2)ϑ2x2(ξ, x2)h1h2+

)}
+

{∑
ω2

θh(x2) [y(ξ, x2)] [ϑ1(ξ, x2)]h2

}
+

+

{(∑
ω(1)

d1h(x) q1(y1(x))ϑ1(x)h1h2 +
1

2

∑
ω2

d1h(ξ, x2) q1(y1(ξ, x2))ϑ1(ξ, x2)h1h2

)
+

+

{(∑
ω(2)

d2h(x) q2(y2(x))ϑ2(x)h1h2 +
1

2

∑
ω2

d2h(ξ, x2) q2(y2(ξ, x2))ϑ2(ξ, x2)h1h2

)
=

=

(∑
ω(1)

f1h(x)ϑ1(x)h1h2 +
1

2

∑
ω2

f1h(ξ, x2)ϑ1(ξ, x2)h1h2

)
+

+

(∑
ω(2)

f2h(x)ϑ2(x)h1h2 +
1

2

∑
ω2

f2h(ξ, x2)ϑ2(ξ, x2)h1h2

)}
.

(3.33)

Èç (3.33) ïðè ϑ+(x) = ϑ2(x) = 0 ñëåäóåò (3.31) , à ïðè ϑ−(x) = ϑ1(x) = 0 ñëåäóåò
ñîîòíîøåíèå (3.32) .

Ââåäåì â ðàññìîòðåíèå ñêàëÿðíûå ïðîèçâåäåíèÿ:(
yα, ϑα

](α)
2

=
∑
ω
(α)
1

∑
ω+
2

yα(x)ϑα(x)h1h2 +
1

2

∑
ω+
2

yα(ξ, x2)ϑα(ξ, x2)h1h2, α = 1, 2. (3.34)

Íåòðóäíî âèäåòü,÷òî (3.34) ìîæíî çàïèñàòü â âèäå:(
yα, ϑα

](1)
2

=
∑
ω
(1)+
1

∑
ω+
2

y1(x)ϑ1(x)~1h2,
(
y2, ϑ2

](2)
2

=
∑
ω
(1)−
1

∑
ω+
2

y2(x)ϑ2(x)~1h2. (3.35)
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C ó÷åòîì (3.27) , (3.34) ñóììàòîðíîå òîæäåñòâî (3.33) ïåðåïèøåì â ñëåäóþùåì âèäå:{ ∑
ω
(1)+
1 ×ω2

a
(1)
1h y1x1 ϑ1x1h1h2 +

(
a
(1)
2h y1x2 , ϑ1x2

](1)
2

}
+

{ ∑
ω
(2)+
1 ×ω2

a
(2)
1h y2x1 ϑ2x1h1h2+

+
(
a
(2)
2h y2x2 , ϑ2x2

](2)
2

}
+

{(
d1hq1(y1), ϑ1

)
L2(ω(1)∪Sξ)

+
(
d2hq2(y2), ϑ2

)
L2(ω(2)∪Sξ)

}
+

+
∑
ω2

θh(x2) [y(ξ, x2)] [ϑ1(ξ, x2)]h2 =

{(
f1h, ϑ1

)
L2(ω(1)∪Sξ)

+
(
f2h, ϑ2

)
L2(ω(1)∪Sξ)

}
.

(3.36)

èëè â âèäå

2∑
α=1

{ ∑
ω
(α)+
1 ×ω2

a
(α)
1h yαx1 ϑαx1h1h2 +

(
a
(α)
2h yαx2 , ϑαx2

](α)
2

}
+

2∑
α=1

(
dαh qα(yα), ϑα

)
L2(ω(α)∪Sξ)

+

+
∑
ω2

θh(x2) [y(ξ, x2)] [ϑ(ξ, x2)]h2 =
2∑

α=1

(
fαh(x), ϑα(x)

)
L2(ω(α)∪Sξ)

.

(3.37)
Â ñèëó òîæäåñòâà (3.37) , ðåøåíèå ñåòî÷íîé êðàåâîé çàäà÷è Ah ìîæíî ñôîðìóëèðîâàòü
â ñëåäóþùåì áîëåå êîìïàêòíîì âèäå.

Î ï ð å ä å ë å í è å 3.2. Ïîä ðåøåíèåì ñåòî÷íîé êðàåâîé çàäà÷è Ah áóäåì ïîíè-

ìàòü ñåòî÷íóþ ôóíêöèþ y(x) = (y1(x), y2(x)) ∈
0

V γ(1)γ(2) (ω(1,2)) , êîòîðàÿ óäîâëåòâîðÿåò
ñóììàòîðíîìó òîæäåñòâó:

Qh(y, ϑ) =
2∑

α=1

{ ∑
ω
(α)+
1 ×ω2

a
(α)
1h yαx1 ϑαx1h1h2 +

(
a
(α)
2h yαx2 , ϑαx2

](α)
2

}
+

+
2∑

α=1

(
dαh qα(yα(x)), ϑα(x)

)
L2(ω(α)∪Sξ)

+
∑
ω2

θh(x2) [y(ξ, x2)] [ϑ(ξ, x2)]h2 =

=
2∑

α=1

(
fαh, ϑα

)
L2(ω(α)∪Sξ)

= lh(ϑ), ∀ϑ = (ϑ1, ϑ2) ∈
0

V γ(1)γ(2) (ω(1,2)).

(3.38)

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ (2.8) , (2.9) . Òîãäà ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå ñåòî÷íîé çàäà÷è (3.38) . Çàäà÷à î íàõîæäåíèÿ ðåøåíèÿ ðàçíîñòíîé
ñõåìû èç ñóììàòîðíîãî òîæäåñòâà (3.38) ýêâèâàëåíòíà ðåøåíèþ îïåðàòîðíîãî óðàâ-

íåíèÿ Ah y = Fh , ãäå Ah � ðàçíîñòíûé îïåðàòîð, äåéñòâóþùèé èç
◦
V γ(1),γ(2) (ω(1,2)) â

◦
V γ(1),γ(2) (ω(1,2)) è ñåòî÷íàÿ ôóíêöèÿ F ∈

◦
V γ(1),γ(2) (ω(1,2)) îïðåäåëÿþòñÿ ðàâåíñòâàìè

(Ah y, ϑ) ◦
V

γ(1),γ(2)

= Qh(y, ϑ) , (Fh, ϑ) ◦
V

γ(1),γ(2)

= lh(ϑ) , ∀y, ϑ ∈
◦
V γ(1),γ(2) (ω(1,2)) , ïðè÷åì ñïðà-

âåäëèâà àïðèîðíàÿ îöåíêà ∥y∥ ◦
V

γ(1),γ(2)

≤ C
2∑

k=1

∥fkh∥L2(ω(k)∪Sξ)
.

4. Ïîñòàíîâêà çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Êîððåêòíîñòü ïî-

ñòàíîâîê

Ïóñòü óïðàâëÿåìûé ïðîöåññ îïèñûâàåòñÿ â Ω êðàåâîé çàäà÷åé A ñ ðàçðûâíûìè êîýô-
ôèöèåíòàìè è ðåøåíèåì, â êîòîðîé kα(x) , d(x) , q(ξ) , θ(x2) , f2(x) � çàäàííûå ôóíêöèè,
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à ôóíêöèÿ g(x) = f1(x) , x ∈ Ω1 = Ω− âûñòóïàåò â êà÷åñòâå óïðàâëåíèÿ. Áóäåì ïðåäïî-
ëàãàòü, ÷òî çàäàííûå ôóíêöèè óäîâëåòâîðÿþò óñëîâèÿì (2.8) , (2.9) .

Ââåäåì ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé

U =
{
g(x) = f1(x) ∈ L2(Ω1) : ξ1 ≤ f1(x) ≤ ξ1 ï.â. íà Ω1

}
, èëè (4.1)

U =
{
g(x) = f1(x) ∈ L2(Ω1) : ∥g∥L2(Ω1) ≤ R1

}
, (4.2)

ãäå ξ1 , ξ1 , R1 � çàäàííûå êîíñòàíòû, ï.â. - ïî÷òè âñþäó.
Çàäàäèì ôóíêöèîíàëû öåëè g → J(g) ñëåäóþùèõ âèäîâ

J(g) =

∫
Ω1

∣∣∣u(x, g)− u
(1)
0 (x)

∣∣∣2 dΩ1, èëè (4.3)

J(g) =

∫
Ω2

∣∣∣u(x, g)− u
(2)
0 (x)

∣∣∣2 dΩ2, èëè (4.4)

J(g) =

∫
Ω1∪Ω2

|u(x, g)− u0(x)|2 dΩ0, (4.5)

ãäå u
(k)
0 (x) ∈ L2(Ωk) , k = 1, 2 , u0(x) ∈ L2(Ω1)× L2(Ω2) � çàäàííûå ôóíêöèè.

Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîÿò â òîì, ÷òîáû íàéòè òàêèå óïðàâëåíèÿ g∗ ∈ U
â ñîîòâåòñòâóþùèõ çàäà÷àõ, êîòîðûå ìèíèìèçèðóþò íà ìíîæåñòâå U ôóíêöèîíàë öåëè
g → J(g) îäíîãî èç âèäîâ (4.3) , (4.4) , (4.5) . Òî÷íåå, íà ðåøåíèÿõ u(x) = u(x, g) çàäà÷è
Ah , îòâå÷àþùèõ âñåì äîïóñòèìûì óïðàâëåíèÿì f1 = g ∈ U , òðåáóåòñÿ ìèíèìèçèðîâàòü
îäèí èç ôóíêöèîíàëîâ öåëè (4.3) - (4.5) .

Ò å î ð å ì à 4.1. Ïóñòü ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé U çàäàíî ñîîòíî-
øåíèåì (4.1) , u(x, g) ≡ u(x, f1) � ðåøåíèå çàäà÷èA , îòâå÷àþùåå óïðàâëåíèþ g(x) =
f1(x) ∈ U , à ôóíêöèîíàë öåëè g → J(g) çàäàåòñÿ ôîðìóëîé (4.3) . Òîãäà ñóùåñòâóåò, ïî
êðàéíåé ìåðå, îäíî îïòèìàëüíîå óïðàâëåíèå g∗(x) = f1∗(x) ∈ U , ò.å. J∗ = inf

{
J(g) : g ∈

U
}
> −∞ , U∗ =

{
g∗ ∈ U : J(g∗) = J∗

}
̸= ∅ , ïðè÷åì U∗ ñëàáî êîìïàêòíî â H = L2 (Ω1)

è ëþáàÿ ìèíèìèçèðóþùàÿ ïîñëåäîâàòåëüíîñòü
{
g
(n)
∗
}∞
n=1

⊂ U ôóíêöèîíàëà J(g) ñëàáî
â H ñõîäèòñÿ êî ìíîæåñòâó U∗ .

5. Ðàçíîñòíûå àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ

Ðàññìîòðèì ñëåäóþùóþ ïîñòàíîâêó çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ.
Çàäà÷à F1 . Íà ðåøåíèÿõ u(x) = u(x, g) çàäà÷è A , îòâå÷àþùèõ âñåì äîïóñòèìûì

óïðàâëåíèÿì g(x) ≡ f1(x) ∈ U ⊂ H = L2(Ω1) , ãäå ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé
U èìååò âèä (4.1) , òðåáóåòñÿ ìèíèìèçèðîâàòü ôóíêöèîíàë öåëè g → J(g) , g ∈ U âèäà
(4.3) .

Çàäà÷å F1 ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùèå ðàçíîñòíûå àïïðîêñèìàöèè: ìèíèìè-
çèðîâàòü ñåòî÷íûé ôóíêöèîíàë

Jh(Φh) =
∑

x∈ω(1)∪Sξ

∣∣∣y1(x,Φh)− u
(1)
0h (x)

∣∣∣2 ~1h2 =
=
∑

x∈ω(1)

∣∣∣y1(x,Φh)− u
(1)
0h (x)

∣∣∣2 h1h2 + 1

2

∑
x∈Sξ

∣∣∣y1(x,Φh)− u
(1)
0h (x)

∣∣∣2 h1h2 =
=
∥∥y1(x,Φh)− u

(1)
0h (x)

∥∥2
L2(ω(1)∪Sξ)

=
∥∥y1(x,Φh)− u

(1)
0h (x)

∥∥2
L2(ω(1)+×ω2)

,

(5.1)

Æóðíàë ÑÂÌÎ. 2011. Ò. 13, � 1



43

ïðè óñëîâèÿõ, ÷òî ñåòî÷íàÿ ôóíêöèÿ y(x) = (y1(x), y2(x)) = (y1(x,Φh), y2(x,Φh)) =

y(x,Φh) ∈
◦
V γ(1),γ(2) (ω(1,2)) , íàçûâàåìàÿ ðåøåíèåì ðàçíîñòíîé êðàåâîé çàäà÷è, óäîâëåòâî-

ðÿåò äëÿ ëþáîé ñåòî÷íîé ôóíêöèè ϑ(x) = (ϑ1(x), ϑ2(x)) ∈
◦
V γ(1),γ(2) (ω(1,2)) ñóììàòîðíîìó

òîæäåñòâó

Qh(y, ϑ) =
(
Φh, ϑ1

)
L2(ω(1)∪Sξ)

+
(
f2h, ϑ2

)
L2(ω(2)∪Sξ)

, ∀ϑ = (ϑ1, ϑ2) ∈
0

V γ(1)γ(2) (ω(1,2)), (5.2)

à ñåòî÷íûå óïðàâëåíèÿ Φh(x) òàêîâû,÷òî

Φh(x) ∈ Uh ⊂ Hh = L2(ω
(1) ∪ Sξ),

Uh =
{
Φh(x) ∈ L2(ω

(1) ∪ Sξ) : ξ1 ≤ Φh(x) ≤ ξ1, x ∈ ω(1) ∪ Sξ

}
.

(5.3)

Çäåñü u
(1)
0h � ñåòî÷íàÿ àïïðîêñèìàöèÿ ôóíêöèè u

(1)
0 , îïðåäåëÿåìàÿ ÷åðåç óñðåäíåíèå ïî

Ñòåêëîâó [2]− [5] . Ñïðàâåäëèâà ñëåäóþùàÿ

Ò å î ð å ì à 5.1. Çàäà÷à äëÿ ñåòî÷íîãî ñîñòîÿíèÿ (5.2) îäíîçíà÷íî ðàçðåøèìà
äëÿ ∀Φh ∈ U , ïðè÷åì ñïðàâåäëèâà àïðèîðíàÿ îöåíêà∥∥y(x,Φh)

∥∥
0
V

γ(1)γ(2)

≤ C

[∥∥Φh(x)
∥∥
L2(ω(1)∪Sξ)

+
∥∥f2h(x)∥∥L2(ω(1)∪Sξ)

]
. (5.4)

Äëÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ F1 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

Jh∗ = inf
{
Jh(Φh) : Φh ∈ Uh

}
> −∞, Uh∗ =

{
Φh∗ ∈ Uh : Jh(Φh∗) = Jh∗

}
̸= ∅.

Àíàëîãè÷íûå óòâåðæäåíèÿ ñïðàâåäëèâû è ïðè äðóãèõ çàäàíèÿõ ôóíêöèîíàëîâ öåëè âèäà
(4.4) , (4.5) è ìíîæåñòâ äîïóñòèìûõ óïðàâëåíèé âèäà (4.1) , (4.2) .

Èññëåäîâàíû âîïðîñû ñõîäèìîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ è ôóíêöèîíàëó. Íà
îñíîâå ìåòîäà À.Í. Òèõîíîâà [6] , [7] , [4] ïðîâåäåíà ðåãóëÿðèçàöèÿ àïïðîêñèìàöèé.
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Di�erence approximations of optimal controlling problems
for quasi-linear elliptic equation with discontinuous
coe�cients and solutions
c⃝ F. V. Lubyshev4, A. R. Manapova5, M. E. Fairuzov6

Abstract. Method of di�erence approximation of optimal controlling problem for quasi-linear
elliptic equations with discontinuous coe�cients and solution is stated.

Key Words: optimal control, elliptic equation, operator, di�erence approximation, functional,
minimizing sequence.
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