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O BbIUMCJIeHNN KPATHBIX (PPEAroJbMOBBIX TOYEK
JUCKPETHOTO CIEKTPa JMHENHBIX onepaTop-dyHKIimii
METO/IOM JIOXKHBIX BO3MYILEHUMN

© M. I'. Paxumos'

Annoranms. B pabore paccmarpuBaercsi HaxXoxk aeHne GpearoahMOBRIX TOYEK JUCKPETHOTO CIEK-
TPa JWHEWHBIX OnepaTop-GYyHKIWHA W COOTBETCTBYIOIMMX COOCTBEHHBIX BEKTOPOR, IJIS yMPOIIE-
HUsI BBIYUCJIEHHUH, ClIENUANbHBIM 00pa30oM CTPOMTCS OHEPATOP, JJi KOTOPOrO MCXOOHOE KPATHOE
cOOCTBEHHOE 3HAYEHHME OKAXKETCHA MPOCThIM COOCTBEHHBIM 3Ha4YeHueM. [Ipemmaraercs takxke 6osee
YIPOIIEHHBIH BADUAHT HAXOXIEHUS COOTBETCTBYIOMIMX COOCTBEHHBIX BEKTOPORB.

Kurouerbie cioBa: JIuckperTHBIH CIEKTp, METOH JIOXKHBIX Bo3Mmyinenwnii, meton Creddencena,
OTIEPATOP JIOXKHOTO BO3MYIIIEHHS.

1. BBeaenmne

B paborax [2] - [3] paccmarpuBanack 3a1a4a yroyHeHHsI MPUOIMIKEHHO 33JAHHBIX KPAT-
HBEIX COOCTBEHHBIX 3HAYEHUH U COOTBETCTBYIOIMX COOCTBEHHBIX BEKTOPOB JTUHEHHBIX ONEpaTOp-
dyHKIMi CHeKTpanbHOrO IMapaMeTpa MEeTOIOM JOXKHBIX BO3MYINEHHH C TOCIeLyIOMHAM IIpUMe-
neanem merona Creddencena st KpaTrHbIX KOpHEH. 37ech [jist 3TOi 3a/1a49u CTPOUTCS BO3MY-
IIEHHBIA ONEepaTop, AJis KOTOPOro MCKOMOE KPATHOE COOCTBEHHOE 3HAYEHME OKA3hIBAETCH TPO-
CThIM. Hpe,HJIO)KeH TaK>Ke prO]J_[eHHbIﬁ BapHUaHT ONpeacjJaceHnd COOTBETCTBYIOIIUX CO6CTBeHHbIX
BEKTOPOB. TeM caMbIM JaHO PA3BATHE METOIA JIOKHBIX BO3MyIIeHui [1].

2. IlocTanoBka 3aga4n

B 1961 romy M.K.['aBypuH mpeaioXXua METOH, YTOYHEHHS NPHUOJIMKEHHO 3aJaHHBIX COO-
CTBEHHBIX YHCEJ M CODCTBEHHBIX BEKTOPOB CAMOCOINPSIXKEHHBIX ONEPATOPOB B I'MJIBOEPTOBOM
NPOCTPAHCTBE OCHOBAHHBIN HA BBEJIEHUM ONEPATOPA JIOXKHOrO Bo3myinenust (JIB), takoro, 4ro
NPUOJIVXKEHNS K COOCTBEHHBIM YWCJIAM W 3JIEMEHTAM CTAHOBWJINCH TOYHBIMHU JIJIST BO3MYIIEH-
HOro oneparopa. B panbreiimem JIB meron moayumn pasButue it ONEPATOPOB W ONEPATOP-
dbyHKIWI cIeKTPAIRHOrO NapaMeTpa B 6aHAXOBBIX MPOCTPAHCTBAX (CM. 0630pHYIO cTaThio [8]).
B Hacrosimei pabore nmpemyiaraercs pueM, MO3BOJSIOMIAN CBECTH 3a1a4y ONMpeIeIeHus KPaT-
HOTO CODCTBEHHOTO 3HAYEHMS] W OTBEYAIOIINX €My COOCTBEHHBIX 3JIEMEHTOB K CJIYYalO MPOCTOrO
cOOCTBEHHOTO 3HAYeHHMsl. VICIOIh30BaHbl TEPMUHAIOTHH U 0003Ha4eHus [6],[8].

[Iycte A\ - w3osmpoBaHHast (QPEAroJbMOBCKAsl TOYKA JIMCKPETHOTO CHEKTPA J0CTATOY-
HO MIagKoil mo ¢ B Hekoropoit obsactm G C C oneparop-dbyukiun T(t) € L(E, Es)
Ey, E5 - mexkoropwie GanaxoBel npocrpanctBa; N(T(N)) = span{pi,...,on}, N(T*(N)) =
span{in, ..., ¥, }, npudem k = det|| (T"(N)pi, ¥;) || # 0. IlycTh H3BECTHBI JOCTATOYHO XOPOTIHE
IpUOIVIKEHUS ©;0, Yio © A K cODCTBEHHBIM 3JI€MEHTaM ©;, Y;,1 = 1,2,...,n U COOCTBEHHOMY
YUCJIy A , COOTBETCTBEHHO:

e — @joll <&, llb; —joll e, | A =A< e

1Benymuit Hay49HbIH COTPYIHUK, HCTHTYT MATEeMATHKH ¥ HHMOPMAIMOHHLIX TEXHOIOTHH AKameMun HayK
Pecnybnvku Yabekucran, r. Tamkent; Davranaka@yandex.ru.
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B kauecrBe npubismxkenust )\ BeIOMpaeM TPUOJIMKEHHOE 3HAYEHWE OJHOTO W3 PereHuit
yPABHEHHS

FO(t = A) = f°(t) = det | (T(#)pi0, o) | = 0, (2.1)
MMEIOIIEro B OKPeCTHOCTH A 1 GJIM3KHX 110 MOIYJIIO KOPHEH.

JeticTBurenbHO, st hyHKIHIH <1>§.§.’) = (T(t)(wio—i), Yjo) —(T'(t)pi, ¢ —1j0) cupaBemamBa
omerka | ) (t) [< (|| vy |l T(t) | + || T(t)gi [))e. Hpumensisi neparencrso Amamapa,
onpesesisieM nocrostaHyio C' | Takyio, 9TO HA HEKOTOPOM KOHType [' | comepskaiiem BHyTpH
cebst TOUKM A U A , Ipy JOCTATOYHO MAJIOM &

| (1) |= det| @ (1)|| =| /() = 9(t) |< eC < p = inf | g(1) <] 9(0) |

rne g(t) = det || (I'(t)pi, ;) || . Torma cornacuo Teopeme Pyme [5] ypaBuenne (2.1) Buytpu I,
MMEET CTOJIBKO K€ KOpHEd, cKobko dyakuus ¢(t), 11si KOTOPO# 10 yCa0BHIO

gD\ =0,i=0,1,...,n—1, ¢™\) =k #£0.

B cuny mamoctu e
ko = det||(T"(Xo)io, 1jo) || # 0. (2.2)

[To3TromMy GMOPTOTOHAJILHBIE CHCTEMBI 3JIEMEHTOB K {@i0}] n {1in}} MoxkHO nocrponTh ciey-
I0muM 00pazoM:

V0 = T ZKOT* (Xo)®io, Zjo = ZK (Xo)¥so,

rne K. - anreGpamueckoe pomonnenue snementa kb, = (T'(\o)ps0, Vi) . Taxk kak k # 0,
Hafizercst Homep iy , Takoit uro kY, = (T"(Xo)@10, tig0) # 0.

Ie/ibio paboThI SIBJISIETCS CBEJICHUE 33124k JIOXKHOI0 BO3MYIIEHHUs! JUIi KPATHOTO COOCTBEH-
HOT'O 3HAYEHUS K CJIy4ai0 MPOCTOTO COBCTBEHHOrO 3HAYEHUS.

3. CBegeHme K OOHOMEPHOMY CJIydYalo

n
Beenem oneparop-dyakuuio 1T(t) = T(t) + > (-, Vs0) Zs0-
5=2
Teopewma 38.1. Tounoe cobecmsennoe snavenue \ onepamopa T (t) saeasemca npo-
cmoti u30AuPo8aHHotl Ppedz0abmosoli moukoli duckpemnozo cnexkmpa onepamopa T'(t), npuvem
coomsemcmayrouue cobemeennbili 6ekmop u dedekmuoill GYHKYUOHAA UMEWOTN BUOD

= @1+ Z CsPs, 77[}100 + Z dsts. (31)

5=2 s#ig

IIpu smom snemernmot P19, Vi, 0KA3BLEAOMEA JOCMATNOYHO TOPOUWUMU TPUOAUNCEHUAMIU S0€-
MEHO8 © U 1.

HokazaTenasbcTBo. PpearoibMOBOCTh ONIEPATOPA ()\) cnexyer u3 Teopembl C.M.
Hukonwckoro [6]. 113 ero onpenenenns caemyer, aro N(T'(\)) € N(T(N)) wu mynm omeparopa
T(\) moxHO uckarh B Buze (3.1).

Torpa

n

T\ ¢ = Z(@l,%o)Zso + Z Z%(%%fho)%o =0,

s=2 s=2 k=2
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OTKYyJIa B CHJLy JIMHEHHOW HE3aBHCHMOCTH CHCTEMBI BEKTOPOB {Z;}} BO3HMKaeT cucrema

ch<¢k7780> = _<S017750>7 s = 27 n, (32)
k=2

perienusi KOTOpoit onpenensitorest o popmynam Kpawmepa. /IBoiictBeHHBIM 00pa3oM ycTaHaB-
quBaercst, 9ro gedextHpiit dynknponan T(N\) wmeer Bux (3.1), rme koadbdunmenTs dy
onpezessitorcst w3 cucrembl Bupa (3.2) mo Kpawmepy. Ilockoneky tpu j # @ [(@), Vio)| =
{©; — @jo,vio)] < € ||violl u coorBercTBenHO |(2i0,%;)| < € ||Zi0|| ,T0 W3 Buma pemenmii
cucremsl (3.2) cnenyer, uro |cx|, |dp] < Ke, k = 2,n. DneMeHTs 910, Vip0 ABIAIOTCS MPH-
6mmxermsvu ¢ € N(T(N)) u ¢ € N(T*()\)), tak kak |[pi0 — @ < (1+(n—1)K)e,

‘%0 - @H <(I+Mnr-1K)e .

B cuiy Manoctn kKodadbbumuento ¢, dy, k= 2,n, k = (T"(\)@,1) # 0.
HOMEPHOM BapMaHTe K 331a49e

s yrouHeHus: cOOCTBEHHOTO 3HAYEHUSA A TMPUMEHUM METO]I JIOKHBIX BO3MYIIEHUR B Of1-

T(t)z = 0. (3.3)

C TIOCJIE Y IOTMM MCTIOJIB30BAHHEM UTEPAIMOHHOTO nporecca Jiitkena-Creddencena [7] k ypas-

nernto  f(t) = (T'(¢)p10, Yigo) = 0:
A = X [ oMY FAm) = 0,1,2,.. 0O = A (3.4)
rne O(t) =t — f(t), f(t,¢") = (f(t') = ")/ (" =1").

Teopewma 3.2. Ecau HauarvHbie npubAudCEHUA 00CTNATNONHO TOPOWL, MO HATIOYm-

—1
cavucaa C,Cy, L1 u K maxue, wmo npu h = Ce (|kio| — Cie)” (1+ L) K < 1 ypashe-
nue f(t) =0 umeem edurncmeennvili KOpeHs, KOMOPULT MONCHO HATIMU € NOMOULLIO HOPMYADL

(3.4).

JokaszaTeahbhcTBO. 3aMeruM, 91O <m>, =T, (W)l = T"(t).

a) f(8) = (T(N)p0, Yigo) = (T(A)pr0 — T(N)@, tigo) =
— (TN (10 = @) + (TTA) = TON)@, Yoo, LF ()] < & | TA)|| -+ sup T7(A+0(x — A)) = Ce.

0e[0;1]

b)f(t/,t//) — f/(t//) + f// (t// + e(t/ _ t//)) (t/ _ t//) — f/()\)_l_

+f” ()\ +91(t// _ )\)) (t” _ )\) _|_ f// (t” +6(t/ _ t”)) (t/ _ t”),
rne f" = (Yigo, T"(t)p10) ,

[F(#87)] = TKigol = LF" (A + 018" = A))[ |t = A[ =
— 1@+ 0 = ")t = "] = [kigol — 3Che,
rae Cy = sup 77 (t);
teCo
c) &(t) =t —f(t), &', 1") =1 = f(¥',1"), |2, ") <1+ [f(#',1")] < 1+ Ly;
d) |®(t,7t”) _ @(t”,tlﬂ)l — |f(t,7t”) _ f(t//7t///)| S L2 (l t/ _ t/, | + | t/, _ t/// |) — K | t, _ t/// | .

Teneps, ecmn h = Ce (|kiyo| — 3C1e) " (1 + L) K < 1, 10 ypasuerme f(t) =0 wumeer exun-

CTBEHHBIH KOPEHb, KOTOPBIH MOXKHO Haiitn Meromom Jittkena-Creddencena (3.4) ( em.[7] ).
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Onpenenum 37eMeHTHI
o = 1/kin T*(Xo)vigo € E*, % = 1/kinT'(No)p10 € F

OMOPTOTOHAJIBHBIE K (019 M 1,0 COOTBETCTBEHHO.
[TocTpoum orepaTop JIOXKHOTO BO3MYILEHHUST B BUIE

Doz = (x,5)TNo) 10 + (z, T*(Xo)1in0) Zo0

Tor,na Ker(T(/\O) — DQ) = {9010}7 KGT’(T*()\Q) — DS) = {1/)1‘00}.

[Mpumenss nemmy Imuara [6] cBomum (3.3) Kk cucreme

—¢ [1+F_O<DO+W—W)]_I%O,
&= (x,%)-

-1

3mecy T = [T(/\O) — Do+ <-,%>50]
[MoxcraBnsisi iepBoe ypaBHeHue (3.5) BO BTOpOE, MOJIYYAM YPABHEHHE DA3BETBIEHUS, TIPO-
CTBIM KOPpHEM KOTOPOT'O ABJIAETCA UCXOOHOE CO6CTBeHHO€ 3HaA4YEHUeE A:

F(t =)= (Do + T ~TO) |1+ To(Do+ TE ~TO)|  pro ) =0 (36)

Teopewma 3.3. Ecau HauanroHbie npubiuscenus 00CMAmMouHo TOpow, mo K ypas-
Henuto (3.6) mootcho npumenums memod limrena-Cmeddercena (8.4).

HokazaTenbcTBo. [IpoBepum ycnoBus npumerumoctu Meroga Creddencena:

a) f(Ao) = (DolI + ToDo] ™ ¢0,%0)), |f (M)l < || Doll [IToll [T = IToll 1 Doll] ™" = Cr(l| Dol));
) If (") =] ko | =C2 (| Dol ;)
Ca (I1Doll s&) = La |Toll 1 Dol [ = [[Toll | Doll]™* {1+ [1 = IToll [ Doll} ™"} +
+% {2 (Lo +2L3 [Toll [L = IToll (| Dolt + L)) ™) [ — [|Toll (| Dol + L)}

+eLy + 6Ly Lo ||To|| [L — |[Tol| (| Doll + L))"
+6L3 ||Tol” [L = |[Toll (I Doll + L)) [1 = ||Toll (| Dol| + eL1)] 2} ;
L, =sup HT‘”(t)H ,i1=1,2,3;
e

)(t) =t —g(t), |2(¢',1")] < Cs, Cy = Ly [L — |ITol| (| Dol +eL1)]
d) |(I)(t/,t”) . (I)(t//,t/”” _ |f// (t// + e(t/ _ 25//)) (t/ i t//)—
_f/l (t// + el(t/// . t”)) (t/// . t//)l < C4(||D0|| ,g) (|t/ . t”| + |t” . tml) <
<K |t/ . t”l| ,t,,t”,tm € Go,
Ca(llDoll ) = [1 = IToll (| Doll + L1)]™* { Lo + 2L3 [|To|l [L — [|To |l (Dol + L))} -

Teneps, ecm h = C1C5K (| ko | —Cy)™" < 1, 10 A\ MOxkHO BBrancimTs u3 ypasrenns (3.6)
meronom Creddencena (3.4), 1jis peanu3anuu KOTOPOro TPeOYeTCsl PENMUTH JBA JHHEHHBIX

ypaBHeHusI [T(A(m)) + (. %)20] z =%, [T @A) + (-, %)20] y = %.
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Teopewma 3.4. Cobcmeennvie sexkmopa p;, V;, © = 1,2,....n coomsemcmesyroujue
cobcmeennomy sHnaueruto A onepamopa T(\) A6aAOMCcA PEUWEHUAMU YPABHEHUT]

T\ + Z(w%o>2i0] T = Zjo,

1=1

T*(\) + Z<Zi0’ ->’yi0] Yy ="j0,j = 1,n. (3.7)

i=1
Hoxkaszarensbctso. K ucxomuoit 3agade T(\)x = 0 npuMeHsieM MeTO JIOYKHBIX
BO3MYINEHUHM, /I 9€r0 BBOJAUM OINEPATOP JIOKHOTO BO3MYIIEHUS:

n

Dy = — Z<'7%’0>T()\)S0i0-

=1

Torpa npubsmxenust vy, ¢ = 1,2,...,n okaxyrcs Hyasimu oneparopa 1'(\) + Dy.
Banumewm ypasuenne T'(A\)z =0 B Buze

T(A) + Do+ Z<'7%0>Zm x = Dor + Z<$7%0>Zio

i=1 i=1
nJIin

=3 &I —ToDo] " 00,
=1

fi = <$771'0>7i = 17”7

rne o =[T(A) + Do+ > i (-, Yio)zio] . TogcTaBss nepoe BO BIOPOE MOJIy9HM

> Gai; = &(ToDo[I = ToDo] " 0, vj0) =0, j =T,
=1 =1

[To ycaoBuio 3Ta cucrema uMeer 1. JIMHEHHO HE3aBUCUMBIX PEIEHUH, T.e. PAHT MATPHUIIBI COCTAB-
JIEHHO# 13 K03ddunmenToB, paser Hyaio. Clie10BaTe/IbHO, CACTEMA pa3perMa st JIIOObIX &;,
n @; MOXHO BbI6paTb B BHUJE

i =T —ToDo] ' 10, i=1,2,...,n,

KOTODBIE SIBJISIFOTCSI PENeHnsIMU ypaBHerust (3.7).

4. Cuay4ait kpaTHoro cobcrBennoro 3uadenus ¢ O2KH.

[Iycte A - m3oampoBaHHast ppeIroJbMOBCKAs TOYKA JHMCKPETHOTO CIEKTPa ONepaTop-
dyukmun T'(t) € L(F,, Ey)— ananutudeckoit no ¢t B HekoTopoit obmactu G C C, KerT(\) =

i N () J=2,pi () J=2,pi
{@i}r, KerT*(\) = {u}7 {gp,; } : {wi‘ } __ COOTBETCTBYIOHIME WM TPHCOETHHEH-
i=1,n ) i=1,n
uele 3nemenTsl. Yepes {7;}] m {z;}] 0003HAYMM CHCTEMBI BEKTOPOB, GHOPTOTOHATBHBIE K

{@i}7 m {¢;}} coorBeTcTBEHHO.

S
[IpeanmonarafoTcss 3BECTHBIMH HEKOTOPHBIE JOCTATOYHO XOPOMIME MpuHONMmKeHus:: A, 9050),

v A =A< e | o — o) < e ol — v lI< e
Kak u BhITIEe BBEIEM OnepaTop

S

T(t) =T(t) +Z<';%0>2i0, (4.1)
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371€Ch Yepe3 {7} 0b03HAYEHA cHCTEMA BEKTOPOB, OMOPTOrOHAIRHBIX K {0 }T, avepe3 {zi}7
- GHOPTOrOHANBHBIX {0 }T.
Be3 orpanndeHnsi 0OMIHOCTH MOXKHO MPEANOJOKATh, 9TO D = max p;. Torga oneparop
Stsn

T()\) mmeer oamH cCOOCTBEHHBIH BEKTOD BUA

. n .
¥ pi TIPUCOEIMHEHHBIX 31eMenTOR Bruma GU) = gp&j )+ > digogj ), JlokazaTeihCTBO TTPO/IE/IBIBAET-
i=2
Cs1 aHAJIOTMYHO J0KA3aTeJIhCTBY Teopembl 1. BBuay manoctn koaddumuentos d;, ¢ = 1,n, B Ka-

gecTRe IpnOIKernit K G n PY) j =2 p;, MOXKHO GpaTh NPUOIIMKEHAST V1) ¥ o1, 7= 2,pi,
COOTBETCTBEHHO.

MbI HAXOIMMCS B YCIOBHSIX 33/a9d, PACCMOTDEHHOH B pabore [8], mmst omeparopa T(\).
Kaxk u B [8] npumensisi k oneparopy T()\) npouecc InHeapU3aLyK, 331a49y CBOIUM K JIHHEHHOMN
3ajia4ye, PACCMOTPEHHOU TaM Ke. VIcnob3ys J1ajibiie MeTo/I JIOXKHBIX BO3MYIIEHUH K JINHEAPU30-
BAHHOW 33/1a9€ HAXOAUM COOCTBEHHOE 3HAYEHWE A\ W COOTBETCTBYIOIIME COOCTBEHHBIH 3JIEMEHT
(0 ¥ TIPUCOETUHEHHBIE K HEMY 3JIEMEHTHI gb(j)7 j=2,p.

Onpenenus A COOTBETCTBYIOIINE COOCTBEHHBIE 3JIEMEHTHI (;, 4 = 1,7, HAXOIUM KaK pelie-
HUA ypaBHEHUN:

n
T\ + E (vio, )zio | © = zjo, 7 =1,2,...,n.
i=1
[IpucoequHEeHHBIE 3JIEMEHTHI ONPEAEISIOTCS U3 PEKKYPEHTHON CHCTEMBI:

T(A) + Z(%’O, -)Zi() xs = Zﬂxs+1_j7 S = 27])1-71‘1 — 902.7 x8+1 — S02(.5)7 Z — 17n‘
1=1 j=1
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On the calculation of multiple Fredholm’s points of
discrete spectra of linear operator functions by
pseudoperturbation methods.

© D. G. Rakhimov?

Abstract. In present work considered a problem of finding multiple eigenvalues and corresponding
eigenvectors of linear operator functions by pseudoperturbation method, in which process
calculations eigenvalues became to finding roots with the same multiplicity of nonlinear equation.
For this they apply Stephensen’s method. In work for the simplification of calculations, specially
constructed operator,for which initial eigenvalue is simple. We also suggest simpler variant for
finding corresponding eigenvectors.

Key Words: Discrete spectra, pseudoperturbation method, Stephensen’s method,
pseudoperturbation operators.

REFERENCES

1. Gavurin M. K. On pseudoperturbation metod for eigenvalues determination, J. Computing Math and
Math Physics, 1961, 1, Ne5, 757-770 p. Russian, Engl. transl.

2. Loginov B. V., Rakhimov D.G. Reguliration questions for eigenvalue problems, Tashkent, 2008, 132 p.
Russian.

3. Rakhimov D. G. On the finding eigenvalues and eigenvectors of linear operator-functions by a
pseudoperturbation metod, Book "Partial differential equations and its applications Tashkent, 1977, 107-
120 p.Russian.

4. Rakhimov D. G. Reguliration eigenvalue problems nolinear concerning spectral parameter of operator-
functions by a method linearization, Uzbek Mathematical Journal, Ne3, 2009, p.163-170. Russian.

5. Shabat B. V. Introduction to complex analysis, M., Nauka, 1969, 576 p. Russian.

6. Vainberg M. M., Trenogin V. A. Branching Theory of solutions of nonlinear equations, M., Nauka, 1969,
528 p.; Engl. transl.Volters-Noordorf Int.Publ., Leyden, 1974.

7. Ostrovsky A. M. Solutions equations and sistems equations, M., IL, 1963, 220 p.Russian

8. Loginov B. V., Rakhimov D. G., Sidorov N. A. Development of M. K. Gavurin’s Pseudoperturbation
Method, Fields Inst. Communic., 2000, v.25, p. 367-381.

28enior scientist, Institute of Mathematics and information texnologies of Academy scientifics of the Republik
of Uzbekistan, Tashkent; Davranaka@yandex.ru

MVMS journal. 2010. V. 12, No. 2



