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2Kypnaa CpeaHeBOKCKOTO MaTEMAaTUIeCKOTO OOIecTBa

Hayumbrit xxKypraau
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I Ne @CT77-71362 or 17 okrsibpst 2017 1.
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Abstract. We describe the continuous operator method for solution nonlinear operator equations
and discuss its application for investigating direct and inverse scattering problems. The continuous
operator method is based on the Lyapunov theory stability of solutions of ordinary differential
equations systems. It is applicable to operator equations in Banach spaces, including in cases when
the Frechet (Gateaux) derivative of a nonlinear operator is irreversible in a neighborhood of the
initial value. In this paper, it is applied to the solution of the Dirichlet and Neumann problems for
the Helmholtz equation and to determine the wave number in the inverse problem. The internal and
external problems of Dirichlet and Neumann are considered. The Helmholtz equation is considered
in domains with smooth and piecewise smooth boundaries. In the case when the Helmholtz equation
is considered in domains with smooth boundaries, the existence and uniqueness of the solution
follows from the classical potential theory. When solving the Helmholtz equation in domains with
piecewise smooth boundaries, the Wiener regularization is carried out. The Dirichlet and Neumann
problems for the Helmholtz equation are transformed by methods of potential theory into singular
integral equations of the second kind and hypersingular integral equations of the first kind. For an
approximate solution of singular and hypersingular integral equations, computational schemes of
collocation and mechanical quadrature methods are constructed and substantiated. The features of
the continuous method are illustrated with solving boundary problems for the Helmholtz equation.
Approximate methods for reconstructing the wave number in the Helmholtz equation are considered.
Key words: Helmholtz equation, Dirichlet and Neumann boundary values, inverse problems,
continuous method for solving operator equations
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1. Introduction

The continuous operator method for solving nonlinear operator equations was proposed
in [1]. It proved to be useful not only as a numerical technique of solving nonlinear
problems which does not require any derivative calculations, but also as a tool of theoretical
investigation which made possible to prove some existence theorems for the solutions of such
problems [2].

Even though the full strength of the continuous operator method emerges in nonlinear
problems, some linear problems — such as wave scattering — provide an instructing illustration
of the method and its possible applications. In this paper we apply the method to boundary
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problems for the Helmholtz equation on the base of integral equations of the first and second
kind. Besides, we apply the method to inverse problem for Helmgoltz equation.

In [3] it is noted that equations of the first kind are practically not used to solve the
Helmholtz equation.

Traditionally, diffraction problems are modeled by Fredholm boundary integral equations
of the second kind. As noted in [4], this approach does not allow simulating wave diffraction
on thin screens, since this requires the fulfillment of the boundary condition on both sides
of the surface.

Recently, hypersingular integral equations of the first kind [5; 4; 6; 7] have been involved
in solving scattering problems. In the papers [6; 7], when solving the Helmholtz equation,
the singularities of the hypersingular integral are regularized and the collocation method is
applied to equations with weakly singular and smooth kernels.

In the work [4], when constructing a computational scheme, a feature of the kernel
of the hypersingular operator is used. In this case, authors write down the corresponding
hypersingular integral equation in the form

1 g 0 1

(e

1 o 9 [eklt—l 1

+E x(T) {871,58717 [ T T T|” dr = f(t),t € o,
[eg

where z(t) is the required function; f(¢) is the given function; n; and n, are unit normals.

In this paper, to solve the Helmholtz equation with the Dirichlet and Neumann boundary
conditions, integral equations of both the first and second kind are used. A comparison (in
terms of accuracy) of the results obtained is carried out. A numerical experiment is carried
out for solving the Helmholtz equation in a domain with a piecewise-smooth boundary using
Wiener regularization. A comparison is made of the results of solving the Helmholtz equation
in a domain with a piecewise smooth boundary with and without Wiener regularization.

The aim of the work is: construction, on the basis of a continuous method for solving
operator equations, numerical methods for solving the Helmholtz equation, represented by
integral equations of the first and second kind, comparison in accuracy of solutions of
boundary value problems for the Helmholtz equation modeled by integral equations of the
first and second kind, construction of a new method of justification approximate methods
for solving hypersingular integral equations. Besides we solve the problem of restoration the
wave number of Helmgoltz equation.

We shall see that for more singular problems the continuous operator method not only
converges to the solution, but can also outperform direct solvers.

2. Continuous operator method

Consider an equation

A(z)— f =0, (2.1)

where A(x) is a nonlinear operator mapping from Banach space X to X.

Let x* be a solution of the equation (2.1). In [1] the connection between stability of
solutions of operator differential equations in Banach spaces and resolving operator equations
of the form (2.1) has been established. Here we shall summarize the results on the method.
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Let B be a Banach space, a,z € B, K be a linear operator mapping from B to B, A(K)
be the logarithmic norm [8] of the operator K, and I be the identity operator. We shall use
the following notation:

B(a,7)={z€ B :||z—a| <r},
S(a,r)={z€ B:|z—a| =r},
ReK = Kr = (K + K*)/2,
ACK) = lim(| 1+ hE] = 1)/

Logarithmic norm examples. Let a complex matrix A = {a;;}, 4,5 = 1,2,...,n, be given
in n-dimensional space R™ of vectors x with the norms

n
lzlly =) lewl,
k=1

n

]2 = le 2,

and
Jalls = max fo

The corresponding logarithmic norms of the matrix A then read [9]:

Av(4) = max(Re(azg) + 3 lais]);
i=1,i#j
2

T
AQ(A) = )\max (M> P

n

A3(A) = miax(Re(aii) + Z |a”|)
j=1,j#i
Here Apmax(Z) stands for the real part of the largest real part eigenvalue of the matrix Z.
Let us associate the equation (2.1) with the following Cauchy problem

dx(t)
dt

= A(z(t)) - £, (2.2)
2(0) = xo. (2.3)

Theorem 2.1 (Boikov, [1|) Let the equation (2.1) have a solution z* and on any
differentiable curve g(t) in Banach space B the inequality is valid

t

lim ! A(A (g(7))dr < —ay, ay > 0. (2.4)

t—oo t
0

Then the solution of the Cauchy problem (2.2)—(2.3) converges to the solution z* of the
equation (2.1) for any initial approximation.
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Theorem 2.2 (Boikov, [1]) Let the equation (2.1) has a solution x* and for any
differentiable curve g(t) in a ball B(xz*,r) the following conditions are satisfied:
1) for any t(t > 0)
t

A(A'(g(T))dr < 0; (2.5)

2) the inequality (2.4) is valid.
Then the solution of the Cauchy problem (2.2)—(2.3) converges to a solution of the
equation (2.1).

Notation 2.1 In the inequality (2.4) it is assumed that the constants ag > 0 can
differ for different curves g(t).

Notation 2.2 From inequalities (2.4)—(2.5) it follows that the logarithmic norm
A(A'(g(7)) can be positive for some values of T; i.e. the Frechet derivative A’'(g(7)) can
degenerate into an identically zero operator along the curve.

Notation 2.3 An example in [2] (an approzimate solution of a hypersingular
integral equation) has demonstrated convergence of an iterative process based on a continuous
operator method when the Frechet derivative vanishes at the initial approrimation.

Notation 2.4 Logarithmic norm has the property which is very useful for
numerical analysis.

Let A, B be square matrices of order n with complex elements and © = (z1,...,z,),
y= (1, yn), £ = (&,---,&), n = (M,...,nn) are n-dimensional vectors with complex
components. Let us consider the following systems of algebraic equations: Ax = £ and
By = n. The norm of a vector and its subordinate operator norm of the matrix are fixed;
the logarithmic norm A(A) corresponds to the operator norm.

Theorem 2.3 (Lozinskii, [10]) If A(A) < 0, the matriz A is non-singular and
A=Y < 1/|A(A)].

Theorem 2.4 (Lozinskii, [10]) Let Ax =&, By =n and A(A) <0, A(B) < 0. Then

l¢=nll , A= B
A) T ACHAE)]

[z =yl <

Main properties of the logarithmic norm are given in [8].

N otation 2.5 Thelogarithmic norm of the operator K can have different (positive
or negative) values in different spaces.

Described above continuous method for solving nonlinear operator equations admits the
following generalization.

Let us return to the equation (2.1). Denote by A’(zg)z the Gateaux (Frechet) derivative
on a element xy. We introduce the equation

(A'(20))" A(z) — (A'(20))"f = 0. (2.6)
Equation (2.6) is associated with the Cauchy problem
PO (A w0)) Alw) — (A 0))" D) (2.7
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x(0) = xo. (2.8)

If As(A'(20))*A'(xo)) > 0, then in some neighborhood B(xg,r) of the element x
logarithmic norm Ag(A’(x9))*A’(x)) will be positive. Therefore, there is a time interval
[to, t1] in which [Jz(t1)| < ||z(0)] for to < t < ¢;. Here z(t) is the solution to the Cauchy
problem (2.7)—(2.8).

For ¢t > t1, consider the Cauchy task

di(t) _
dt

—((A' (1)) A(2(t)) — (A'(21))" f), 21 = x(t1), (2.9)

I(tr) = x(t1) (2.10)

and define the segment [t1, t2], in which Ao ((A'(Z(t1)))*A(Z(t))) > 0 and ||z(t2)]] < ||z (t1)]|-

Continuing this process, we have lim ”‘“(t)“

= 0 and therefore hm z(t) = a*.
t—o0

Theorem 2.5 Let equation (2.6) have a solution x* and for any differentiable curve
in B the inequality

[ sl alr)y A a()yar > (211)

Then the solution of the Cauchy problems ((2.7)—(2.8)), ((2.9)—(2.10)), etc. converges to the
solution x* of the equation (2.6).
If the conditions of Theorem 2.5 are not satisfied, the regularization is carried out

PO — —alt) — (A ()" Al) — (A (0)" )

on segments [tg,tx+1],k = 0,1,..., in which As((A'(z(tx)))* A (x(t))) > 0,t € [t trr1]-
Here « is a parameter of regularization.

3. Integral equations of the first kind
Consider the Helmholtz equation
Au + k*u =0, (3.1)

where k = || k|| > 0 is the wave number corresponding to some wave vector k.
We look for the solutions that can be presented as a superposition of an incident plane
wave and a scattered wave
u = ug(z; k) + a.

ug is a plane wave, 4 is a the scattered spherical wave satisfying the radiation condition.
The interaction of an incident wave with a scatterer can be modelled with homogeneous
boundary conditions that lead to standard boundary problems for a domain D with
a boundary 9D € Cs.
Dirichlet interior problem. Find u € C?(D) N C(D) satisfying the Helmholtz’s equation
in D and the boundary condition

U= f|0D, (3.2)

where f is a given continuous function.
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Dirichlet exterior problem. Find u € C?(R*\D) N C(R*\D) satisfying the Helmholtz’s
equation in R?\ D, Sommerfeld’s radiation condition at infinity, and the boundary condition

u= flop, (3.3)

where f is a given continuous function. -
Neumann interior problem. Find u € C?(D) N C(D) having the normal derivative
everywhere on 0D, satisfying the Helmholtz’s equation in D, and the boundary condition

du

= = flop, (3.4)

where f is a given continuous function, n is the unit normal vector.
Neumann exterior problem. Find u € C%(R?\D) satisfying the Helmholtz’s equation,
Sommerfeld’s radiation condition, and the boundary condition

du
= flop, (3.5)

where f is a given continuous function, n is the unit normal vector.
Let ®(x,y) be the fundamental solution of the Helmholtz’s equation in R3:
1 etklz—yl
@ Zz, 7k = T T
(@,y:k) = P

z, y € R3, or for z, y € R?
i
e,y k) = (Hy' (Kl —yl).
where Hél)(z) stands for the Hankel function of the first kind. The following statements
hold [3].

Theorem 3.1 (see D. Colton and R. Kress, [3]) A simple-layer potential

ulz) = / B(z, y: K)p(y)ds(y), « € RO\AD, (3.6)
oD

with continuous density ¢ solves the Dirichlet problems (3.2) and (3.3), if ¢ is a solution of
the integral equation

/ B(x, y; K)p(y)ds(y) = f(x), = € OD. (3.7)

oD

Theorem 3.2 (see D. Colton and R. Kress, [3]) A double-layer potential

uw) = [ FEEE sty « € R\0D (3.5)

with density ¢ solves the Neumann problems (3.4) and (3.5), if ¢ is a solution of the singular

integral equation
0 / 0P (x,y; k)
on(x) on(y)
aD

o(y)ds(y) = f(x), © € dD. (3.9)
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Notation 3.1 Theorems 3.1 and 3.2 are valid under the assumption that the
boundary 0D belongs to the space C?. If this condition is wviolated, it is necessary to
construct a generalized solution. One of the ways to construct generalized solutions is
Wiener regularization. It is as follows. Let us describe the Wiener reqularization of interior
problems with Dirichlet and Neumann boundary conditions. Since the construction of the
reqularization is carried out in the same way for the Dirichlet and Neumann boundary
conditions, we will dwell on the consideration of the Helmholtz equation with Dirichlet
boundary condition. Let {D,,} be a sequence of domains with infinitely smooth boundaries
that approzimates the domain D, and D,, C D,,41 C --- C D. This inclusion implies
that any point P € D for sufficiently large m belongs to D,,. Let F(x) be a continuous
function in D that coincides with f(x) on the boundary dD. Let us denote by um,(z) the
solution of the Dirichlet problem for the Helmholtz equation under the boundary condition
Um (2)|op,, = F(x). It follows from Theorem 3.1 that such a solution exists. The Wiener
generalized solution to problem (3.2) is the limit uy(x) = limy,—oo Um(x),z € D if such
a limit exists and does not depend on the choice of the sequences D,, and the way to build
them.

A large number of works have been devoted to the construction of generalized solutions
of equations of mathematical physics, of which we will present review works: [11-12].

4. Numerical approach and illustrations

Let us apply the method to the Dirichlet problem for the Helmholtz equation in R2.
i
1 [ H e = De)asty) = £(a). x € 0D, (@)
oD

where D is a closed bounded domain.
Consider a set of points x;, [ = 1,...,n distributed over the surface 9D. An approximate
solution of the equation (4.1) is sought as

en(y) = anti(y),
k=1

where 1, (y) are basic functions defined on 9D and, possibly, localized in the vicinity of the
points x;, [ =1,...,n.

We associate the following system of approximate collocation equations with the
equation (4.1):

S
> aig / HEY (Ko — yl); (y)ds(y) = f(x1), (4.2)
7=t D
l=1,...,n.
Here z;, I = 1,...,n are the collocation points.

Replace integrals in the left-hand side of eq. (4.2) with a quadrature formula. Finally, it
yields the system of equations

> Rija;=f(m),l=1,...,n, (4.3)
J=1
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where R;; = Z va (k|wl Yu|)¥;(yo). Here p,,v =0,...,n4 and y,,v =0,...,n4 are

the weights and nodes of the quadrature formula.
According to the continuous operator method, we associate the equation (4.3) with the
following system of differential equations

do‘l ZRU% @), l=1,...,n. (4.4)

The values of
B = _etarg(Ru) Jl=1,. (4.5)

are chosen so that the logarithmic norms A; or A3 are minimized.

Negative logarithmic norm of the matrix in the right hand side of (4.4) guarantees that
the solution of the differential equations system converges to the solution of the system (4.3)
as t — oo.

The system (4.4) can be solved by any numerical method. Model examples are solved by
Euler or Runge-Kutta methods.

Computational schemes for solving the Helmholtz equation with other boundary
conditions are constructed similarly.

Let us stay in more detail on the construction of a spline-collocation computational
scheme with zero-order splines for solving the 3D Dirichlet problem for the Helmholtz
equation

1 etklz—yl

To g PWdsy) = f(@), x €D (46)

Without loss of generality, we will assume that D is a star-shaped surface centered
at a point x* € D.

Let’s triangulate the surface D with triangles «close» to equilateral. When constructing
a triangulation, we require that the vertices of the triangles lie on the surface dD. Let
us denote these nodes as xp,k = 1,2,..., Ng. Triangulation algorithms are described in
sufficient detail in the works [13], [14].

As a result, the surface 9D is approximated by the surface 9Dy, and the equation (4.6)
is approximated by the equation

ik|z—yl
& | Goreast) = fe). o, @)
ODn

An approximate solution to the equation (4.7) will be sought in the form of a function

N
y) = arti(y), (4.8)
k=1

where A
_ Y € A,
1/%(1/)—{ 0, yeaDN\Ak,

k=1,2...,N; A is a element of the surface 0D .
Denote by Zx a point belonging to Ag. As such a point, you can take the center of a circle
inscribed in a triangle Ag.
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The coefficients oy, of the function (4.8) are determined from the system of linear algebraic
equations

N . —
1 ezk|xj—y|
- - d = f(z* 4.9
3 [ o dst) = 1) (19)
=15,

j=1,...,N.

Here the point z7 is intersection of the straight line passing through the points z* and
x; with the surface Aj.

A simpler, but less accurate computational scheme has the form

N .
1 etk1Zi—uil 1 etk Z;—yl .
121 meS(Az)JrM/ajﬁjde(y) = f(Z5), (4.10)

j=1,...,N.
N
Here mes(A,;) denote the square of the triangle A; and by >/ is indicated that [ # j.

=1
We will demonstrate the method of substantiating the spline collocation method using

the computational scheme (4.9).

T heorem 4.1 Let the following conditions be satisfied:

1) The equation (4.6) has a solution p*(x) for the given right-hand side;

2) The logarithmic norm of the matrix An on the left-hand side of the system of equations
(4.9) is negative in the metric of some Banach space B and A(An) < —vo for all N > Npy;
3) D is a star-shaped surface centered at a point x* € D;

4) The solution p*(y) of the equation (4.6) belongs to the class of functions W2(M) having
continuous derivatives of the first order and piecewise continuous derivatives of the second
order bounded in modulus by the constant M ;

5) The surface D is a Lyapunov surface.

Then the system of equations (4.9) has a unique solution @i (y) converging to ¢*(y) for
N — oo.

Remark 4.1 Note that, in contrast to the many well-known methods of
substantiating approzimate methods for solving integral equations, here only the solvability
of the considered equation with the given right hand part is required.

Proof.

Since the logarithmic norm A(Ay) of the matrix Ay is negative for N > Ny, the
Theorem 2.3 implies the unique solvability of the system of equations (4.9).

Let us denote by ¢*(z) a solution of the equation (4.6). Then

1 etklz—yl

oy Wdsy) = fl@), zeID. (4.11)

Draw planes from the point z* through the vertices xj of the triangles Ay to the
intersection with the surface dD. The surfaces that cut out the constructed planes from
dD are denoted by Dy, k=1,2,...,N.

Then the equation (4.11) can be represented as

pikla— y|

Z —— " (y)ds(y) = f(z), =z €D, (4.12)
Am Iw e
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At the points z},j =1,2,..., N we have

zk:\z

472/ G 7y| (y)ds(y) = f(z5), j=12,...,N. (4.13)

The difference between the equations (4.9) and (4.13) can be represented as follows

N ik|z;—y|
1 eririTy s
in ﬁ(@zv(y) — @1 (y))ds(y) =
=14, i~y
1 N eik|fj—y| . d
= i 2 m‘ﬂl (y)ds(y)— (4.14)
- 1
&tk1Z5 —yl .
— e (y)ds(y)| . j=1,....N
|5Cj =yl

)

Here ¢ (y) is the linear function taking values ¢*(y) at the vertices of the triangle
Al=1,2,...,N.
We introduce the notations

N —

1 ezk\;cj y| ~
95 = 1= - @1 (y)ds(y
J 4 lzzl |xj — y‘ l( ) ( )

i
4.15
eikla; =l (4.15)
|.’Z'>’f y| 90 (y)ds(y) ) .] - 17 7N
J

8D,

Let’s start evaluating the expression ¢2¥.

Without loss of generality, we can assume that the function ¢*(y) has continuous second-
order partial derivatives in the domain D, bounded in modulus by the constant M.

Starting to estimate g]N , we first estimate the term

L[ ity - = [ S yisty)
11:—/ _7¢*ydsy——/ — ¢ (y)ds(y).
Am Ja, |25 =yl Am Jop, 1Z5 —yl

Without loss of generality, we can assume that the triangle A; lies on the plane OXY.

Let be x = (21,72, 73),y = (Y1, Y2,Y3)-

We will assume that the surface 0D); is described by a function ys3 = ¥;(y1, y2), (y1,y2) €
S A]a.] = 1727 . 7N7¢j(y17y2) S WLl(M)-
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Then

ik|Z;—y|

" (y)ds(y)|+

1 oikE Ul _
L=t /' -
w) o

D;

+|L/eik\ozj—y\ LI
dm 1z -yl

1z; -yl

! ) " (y)ds(y) |+

aD;
1 / k1% —yl 1 ekl 25—yl
+|— %w*ydsy——/i ds
5 ] o e - g [ e W)l =
aD; A
= I + o + I13.
It is not hard to see that
(y ds( C
I, < *\ / i‘;‘— ﬁ’
||z —|z5 —yll
I, < C| / ds(y)| <
|75 *yII%*yI
Ixz —zr(DINZ; () — wal + 12:(5) — il )Y/2
< / - ds(y)| <
|Z5 — yllz; —
C
= 1/2| _ 1/2 _ <5
=N \x yI va y = N

Here we have used folowing notations z; = (Z1(j), Z2(j), Z3(J))-

Let us introduce the notation v = (v1,v2,v3),v1 = y1,v2 = Ya,v3 = ¥ (Y1, Y2)-
We transform the integral
1 eik|ij7y|
— | T W)ds(y)| =
5 [ e )
oD;
1 eik\ijfﬂ aw 81/) o1
— * /2
= |— T E— v + dS
3 | T 0+ G + (G st
Aj
Then
1 eik\a’cj—v| _ eik|§:j—y| 8’(/) 8’¢
Liy=|— - W)L+ (5—)% + (7)) 2ds(y)|+
i l‘”A/ T WL (G + (5 s ()
| 1 I R
H— [ Myl - = WA+ () + ()2 +
3 [ e e O G (G

A

1 eiklz;—yl ) oY, 87111)2)1/2 1

+—= | = +(5—)"+ *(v)ds(y)|+
) T e G "))l
! ciklzj—ul o
+|ﬁdf T @ (v) = &7 (y))ds(y)| =
= Iiz1 + -+ liaa.

(4.16)

(4.17)

(4.18)

(4.19)
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Let’s estimate each term separately:

(3277 + (52
8 1 0
Iy < Olla — o] - —y|||/ e sy)| <
(4.20)
C ds(
< N| f |r,—y1))| z5
T;—v|—|z; —yl|ds
T <C‘/ 1z |, y”; y1|)| W) _
j
|1/) y1,92) |1/2(|$3( D +123() — ¥y, y2)]) ' *ds(y)
<C| - = (4.21)
75 —yllz; — vl '
C
<C
'/ il S W
C ds(y) C
Iigs < N/ 7, — ol < Nz (4.22)
Aj
C ds(y) C
Ly < N_/ 75 — ] < Nz (4.23)
A
From the inequalities (4.19) - (4.23) we have
C
L < e (4.24)
Collecting estimates (4.17)—(4.18), (4.24), we arrive at the inequality
C
L<. (4.25)
Let us estimate the summ
N .
1 ezklxj—y|
I,=— — & (y)ds(y)—
2= D V) m=a® (y)ds(y)
=115 |§,

/ ik|z;—y| (0)ds(y)

- — " (y)ds(y)|,7=1,...,N.
]z =yl

oD,

Repeating the above reasoning, we arrive at the following estimate I < C—7
From estimates for Iy, Is we have gJ < Cm

It is not hard to see that limy o maxi<j<n |g] (z)| = 0. Hence and from the inequality
|A7Y| < 1/]y0| implies the estimate limy_, max;j—12...n, lon(y) — &5 (y)| = 0.

Since the surface D is Lyapunov, and the function ¢(x) € W?(M), then
limy oo max;j=12. .~ |pn(Yy) — 5 (y)] = 0.

The Theorem is proved

N1/2
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The computational scheme for the external Dirichlet problem is substantiated in a similar
way. For internal and external Neumann problems the unique solvability of the spline-
collocation method with zero-order splines is proved.

The system of equations (4.10) is solved by the continuous method of solving operator
equations. Its implementation is described above when considering 2D and 3D problems.

Let us present the results of numerical simulation of the solution of the Helmholtz
equation in domains with a smooth boundary.

Let us present the results of solving the internal and external 3D Dirichlet task for the
Helmholtz equations with boundary condition f(x,vy,2) =5 on the sphere 22 + 2 + 22 = 1.
Also we will present the results of solving the internal and external 3D Neumann problems
for the Helmholtz equations with boundary condition Jf(z,y,2)/0v = 5 on the sphere
22 + 4% + 22 = 1. Here ¥ is unit normal vector to the sphere z? + y? + 22 = 1. The problem
was solved in a spherical coordinate system. The grid of nodes (R, 0, ¢1), k =0,1,...,n1,l =
0,1,...,n9, was introduced. Through the nodes (R, 0k, ),k =0,1,...,n1,1 =0,1,...,no,
parallels and meridians were drawn. As a result, the sphere is covered by N = nins regions

Ak, 1l =0,1,...,n. The centers of the regions Ay ;,k =0,1,...,n1,0l =0,1,...,n9, are
taken as collocation nodes.
The results of calculations for the Dirichlet problem are given in Table 4.1.
Table 4.1. Internal and External 3D Tasks for Dirichlet Problem
Tabauna 4.1. 3D BHyTpenHue u BHerrHue 3a1a4un upuxiie
Dirichlet problem Internal task External task
k N €1 135 €1 2
0.5 80 0.0165725 | 0.00796006 | 0.00155752 0.00962531
0.5 240 | 0.00806834 | 0.00366256 | 0.000599909 | 0.00360849
1 80 0.0186016 | 0.00824733 | 0.00191118 0.00343365
1 240 | 0.00946607 | 0.00376398 | 0.000733595 | 0.00116734
5 80 0.210381 0.0423799 0.0089195 0.0037427
5 240 | 0.0482807 | 0.0120712 | 0.00375413 0.00158744
10 80 0.720814 0.173546 0.0254282 0.00325667
10 240 | 0.473627 0.089815 0.0148006 0.000953392
50 80 - - 0.318658 0.00518162
50 240 - - 0.158777 0.00692083

The results of calculations for the Neumann problem are given in Table 4.2.

By 1 we denote the error obtained when solving the Dirichlet problem for the Helmholtz
equation by the method of hypersingular integral equations of the first kind, €5 denotes
the error obtained when reducing the Dirichlet and Neumann problems for the Helmholtz
equation to the Fredholm equation of the second kind. The modulus of the wave number is
denoted by k.

I. V. Boykov, V. A. Roudnev, A.I. Boykova, N.S. Stepanov. Continuous operator method application for . . .



260

Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

Table 4.2. Internal and External 3D Tasks for Neumann Problem
Tabaurna 4.2. 3D BHyTpenHue u BHemHue 3a1aun Heitmana

Neumann problem Internal task | External task
k N €9 €9
0.5 80 1.03246 0.000587054
0.5 240 0.395273 0.000223925
1 80 0.0875912 0.000558534
1 240 0.0310176 0.000188801
5 80 0.0155207 0.000359148
5 240 | 0.00659237 0.000160749
10 80 0.0185102 0.000674467
10 240 0.0092024 0.000289515
50 80 0.0276603 0.000625453
50 240 | 0.00851501 0.00163204

Let us present the results of solving the Helmholtz equation in domains with piecewise
smooth surfaces. Regularization was carried out by the Wiener method.

Internal and external Dirichlet problems on a plane was reduced to hypersingular integral
equations of the first kind and, using the method of double layer potentials, to the Fredholm

equation of the second kind. The calculation results are presented in the Table 4.3.

Table 4.3. The Internal Dirichlet Problem on the Square €2

Tabsua 4.3. Bayrpennss 3anaqda upuxie B kBagpare 2.

Dirichlet | Internal
problem task
d n €1 13} €1 Sp]
0.1 10 0.00213411 | 0.000224903 0.0128316 0.0126578
0.1 20 0.00184517 | 0.000105285 0.0122158 0.0120572
0.1 50 0.00391174 | 8.24397e-05 0.0108303 0.0106801
0.01 10 0.0110965 0.0110993 0.0107978 0.010798
0.01 20 0.0110512 0.011053 0.00891222 0.00891234
0.01 50 0.00391174 0.00391142 0.00449703 0.00449608
0.001 10 0.00612334 0.00612343 0.00751996 0.00751996
0.001 20 0.00633153 0.00633159 0.00554193 0.00554193
0.001 50 0.00139693 0.00139699 0.00281375 0.00281374
0.0001 10 0.0055992 0.0055992 0.00717709 0.00717709
0.0001 20 0.00585335 0.00585335 0.00585333 0.00585333
0.0001 50 1.48831e-05 | 1.48831e-05 | 0.000112018 | 0.000112018
Note: Here Q = [—1,1]?, d is the rounding radius at the corners of the square, n is the number of

segments into which each side of the square is divided, and €1, 2 are errors in the metric of space
C(92). Here e is error when the boundary condition is approached as the value is displaced from
the nearest boundary, 5 is the error when the boundary condition is approached as the average
value over 5 points of the border. Exact solution is u*(z,y) = (x + 1)coskz + 2sinkz), k = 1.

Ipumenanue: 3mecn Q = [—1, 1]27 d - pagnyc OKpyrJIeHus yIJIOB KBaJpaTa, N - KOJUIECTBO CETMeH-
TOB, HA KOTODBIE JIEJIUTCS KaXKasi CTOPOHA KBaJpaTa, a £1,E2 - MOIPEITHOCTH PENIeHUsT yPaBHEHUS
B MeTpuke npocrpancTsa C(€2). 37ech £1 - MOrPEIIHOCTD PEIIEHHs IPU ANIPOKCUMAIMH IPAHUIHO-
ro yCJIOBHsI B TOYKE HA IVIQJIKON IpaHuUIlle 3HAYEHUEM B OJIMKANIIENl TOYKe MCXOJHON IPAHUILBI, £2 -
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MOT'PENTHOCTD TIPU aIlITPOKCUMAIIIN FPAHTYIHOTO yCIOBUS B TOYKE Ha TJIAKOH IPaHUIle CPEIHUM 3Ha-
YeHMeM 110 5 TOUKaM MCXOLHON rpanunbl. Tounoe pemenne: u*(z,y) = (z+1) coskz+2sinkz, k = 1.

The internal Neumann problem on the plane solved by the method of double layer
potentials. The calculating scheme was constructed for the Fredholm equation of the second
kind. The calculation results are presented in the Table 4.4.

Table 4.4. Method of hypersingular integral equations of the second kind for internal Neumann
problem

Tabauna 4.4. Pemenne BayTpenneit 3amaan Heiimana. MeTon rumepcHHTy TSI pHBIX
MHTErPAJILHBIX YPaBHEHN BTOPOTO PO

Neumann problem | Internal task
d n €1 €9
0.1 10 0.0203548 | 0.00835932
0.1 20 0.0340605 0.0305454
0.1 50 0.0418156 0.0406616
0.01 10 0.0760089 0.0759413
0.01 20 0.0423401 0.0422682
0.01 50 0.00932829 | 0.00927824
0.001 10 0.0894408 0.0894401
0.001 20 0.0548243 0.0548236
0.001 50 0.0258951 0.0258947
0.0001 10 0.0929163 0.0929163
0.0001 20 0.0579243 0.0579243
0.0001 50 0.0296693 0.0296692
Note: Here Q = [—1, 1]2, d is the rounding radius at the corners of the square, n is the number of

segments into which each side of the square is divided, and €1, &2 are errors in the metric of space
C(Q2). Here €1 is error when the boundary condition is approached as the value is displaced from
the nearest boundary , €2 is the error when the boundary condition is approached as the average
value over 5 points of the border. Exact solution is u*(z,y) = (z + 1)coskx + 2sinkz, k = 1.

Ipumenanue: 3nech Q = [—1, 1]2, d - paguyc oKpyrJieHHsI yIJI0B KBaJipaTa, Nl - KOJUIEeCTBO CErMeH-
TOB, Ha KOTOPBIE HNEJIUTCA KaKJas CTOPOHA KBaJpaTa, & €1,€2 - IOIPEIIHOCTHU PEIIEHUsI ypABHEHUS
B Merpuke npocrpancTsa C(§2). 31€ech €1 - HOTPEIIHOCTD PEIleHUs] IIPH ANIPOKCHMAIMN IPAHIYIHO-
rO yCJIOBHUS B TOYKE HA TVIQJIKON IpaHuUIle 3HAUECHUEM B OJIMKAUIIENl TOYKE MCXOMHON TDAHUIIBI, £2 -
MIOTPEITHOCTD IIPU alllIPOKCUMAIINN I'PAHNYHOI'O yCJIOBUsA B TOYKe Ha IVIa KO IpaHUIle CPeTHUM 3Ha-
YEeHHeM 110 5 TOYKaM MCXOAHON rpanuisl. Tounoe pemenue: u*(z,y) = (x+1) cos kx+2sinkz, k = 1.

Internal 3D Dirichlet problem was reduced to hypersingular integral equations of the
first kind. Also internal 3D Dirichlet problem was solved by the method of double layer
potentials. The calculating scheme was constructed for the Fredholm equation of the second
kind. Results of calculation are given in the Table 4.5.
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Table 4.5. 3D Internal Dirichlet Problem in Cube Q2
Tabauna 4.5. 3D BuyTpennsist 3amada Jupuxie B kybde ()

Dirichlet problem | Internal task
d n €1 E2
0.1 5 0.00110805 | 0.00529278
0.1 8 0.000426094 | 0.00204103
0.1 10 0.00251942 0.0034902
0.01 5 0.0029991 0.00581462
0.01 8 0.00301313 | 0.00608984
0.01 10 0.000544667 | 0.00152193
0.001 5 0.0036374 0.00586556
0.001 8 0.00117232 | 0.00238229
0.001 10 0.000680864 | 0.00153978
0.0001 5 0.00385141 | 0.00587077
0.0001 8 0.00124549 | 0.00238498
0.0001 10 0.000724935 | 0.00154162
Note: Here Q = [—1,1]3, d is the rounding radius at the corners of the cube, n is the number of

segments into which each side of the cube is divided, and e1,e2 are errors in the metric of space
C(92). Here €, is error when the boundary condition is approached as the value is displaced from the
nearest boundary , €2 is the error when the boundary condition is approached as the average value
over 5 points of the border. Exact solution is u*(z1,z2,z3) = (c0s0.7z1 + 2sin0.7x1)(cos 0.6x2 +
25in 0.6x2)(cos v/15z3 + 2sin v1523), k = 1.

Ipumenanue: 3aecy Q = [—1, 1]3, d - paguyc OKpyIJIeHns BEPIIUH Ky0a, N - KOJIMIECTBO CEIMEHTOB,
Ha KOTODbIE JIEJINTCS KaKJasi CTOPOHA Kyba, a €1,£2 - TOYHOCTH PEIIEHUs] yPABHEHUsI B METPUKE
npocrpanctia C(). 3/1€Ch €1 - MOrPENIHOCTD PEIIEHUs] TP AMTPOKCUMAIAN TPAHUYHOTO YCJIOBUS B
TOYKE Ha TJIAJKOW IPAHUIE 3HAYEHUEM B OJIMKAMIIEl TOYKEe MCXOMHONW TPAHUIIBI, £2 - MTOTPENTHOCTD
[IPU AMMIPOKCUMAIIMY MPAHUYHOIO yCJIOBUS B TOYKE HA TJIAJIKONW IPAHUIE CPEJIHUM 3HAYEHHEM 110 H
TOYKAM UCXOAHOW rpanunsl. Tounoe pemenue: u* (21, x2,x3) = (cos0.7x1 + 2sin 0.721)(cos 0.6z2 +
2sin 0.6x2)(cos V15z3 + 2sin \/ﬁl‘g), k=1.

Internal 3D Neumann problem solved by the method of double layer potentials. The
calculating scheme was constructed for the Fredholm equation of the second kind. The
calculation results are presented in the Table 4.6

Table 4.6. Method of Double Layer Potentials for Internal Neumann Problem in the Cube 2

Tabuauna 4.6. MeTos TOTEHITUAIOB JBOWHOrO CJI0sI JIJIsI BHYTPEHHEH 3a/1a9u
Heiimana B kybe (2

Neumann problem | Internal task
d n €
0.01 5 0.194361
0.01 10 0.158837
0.001 5 0.187427
0.001 10 0.123524
0.0001 5 0.184671
0.0001 10 0.115699
0.00001 5 0.184395
0.00001 10 0.119485
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Note: Here Q = [~1,1], d is the rounding radius at the corners of the cube, n is the number
of segments into which each side of the cube is divided, and € is error in the metric of space
C(Q). Exact solution is u* (x1, z2,z3) = (cos 0.7x1 +2sin 0.7x1)(cos 0.6z2 + 2 5in 0.622) (cos v 15x3 +
2sin \/ﬁibg), k=1.

Ipumevanue: 3xecs Q = [—1,1)%, d - paguyc okpyryieHus Bepmu Ky6a, N - KOJIAYECTBO CEIMEHTOB,
Ha KOTOPBIE JICIUTCS KaxKJ1asi CTOPOHA Kyba, a €1, €2 - omMOKM B MeTpuke npocrpanctsa C(Q). 3necn
€1 - MOIPENIHOCTD PEIIeHUsI IPY AIIPOKCUMAIUMH IPAHIMYHOIO YCJIOBHUSI B TOYKE Ha [IAJIKON IDaHU-
I[e 3HAYEHHEM B OJirzKaifineil TOYKe MCXOJHON TDAHUIBI, £2 - IIOTPEIIHOCTH IIPH AIIIPOKCHMAIAN
IPAHIYHOrO yCJIOBHs B TOYKE Ha IVIAJIKON I'DAHUIE CPEIHUM 3HAYEHUEM I10 5 TOYKaM HCXOJIHON Ipa-

uunpl. Toanoe pemenne: u* (1, T2, 23) = (cos0.721+2sin 0.721)(cos 0.622+2 sin 0.622) (cos v/ 15x3+
2sinv/15x3),k = 1.

The above theorems on the application of the Fredholm integral equations of the first
and second kind to the solution of the Helmholtz equation with the Dirichlet and Neumann
boundary conditions are valid when the equations are defined in domains with smooth
surfaces or, after Wiener regularization, to equations defined in domains with piecewise
smooth surfaces.

Therefore, it is of interest to study the applicability of the operator method in the case
of piecewise smooth surfaces without any regularization.

It is the most instructive to compare the Dirichlet and the Neumann problems with
respect to solving them with the continuous operator method. For this purpose we discuss
the example of a plane wave scattering off a regular triangle.

The Dirichlet problem features a weakly singular integral kernel (logarithmic divergence),
which warrants resolvability of the problem. The continuous operator method, though,
converges slowly and only for a limited range of sufficiently small wave numbers.
Minimization of the logarithmic norm by normalizing the phase appropriately (4.5) makes
it possible to extend the range of convergence, but only marginally. For example, for kK = 1.7
minimization of the logarithmic norm makes the continuous operator method converge.
Indeed, with £ =1 A; = 0.929, A3 = 0.929 and A; = 0.195, and no convergence is observed.
Choosing (; appropriately we get Ay = 0.927, A3 = 0.927 and Ay, = —0.004, the latter
ensures the convergence. For higher wave numbers the method does not converge for the
Dirichlet problem even with this log-norm minimization trick.

In contrast, the Neumann problem integral kernel is strongly singular (quadratic
singularity), which requires a special treatment of the singular kernel (see [2]). With this
stronger singularity of the kernel for the Neumann problem all the logarithmic norms of
the operator remain negative for any value of the wave number. The appropriate choice of
the phase factor (4.5) becomes even more critical in this case, as it is the diagonal element
which determines the logarithmic norm, and neglecting the phase normalization could just
ruin the convergence. It is worth noticing, that for denser grids the continuous operator
method requires even a smaller number of arithmetic operations than solving the equations
directly by gaussian elimination. This is illustrated in Table 4.7, where we show the number
of matrix multiplication calls required to achieve a given accuracy for a plane wave scattered
off a regular triangle. For the both types of boundary condition we employ the 2-nd order
Euler method and the 4-th order Runge-Kutta method with identical — though non-optimal
— time steps h = 0.125. We see clearly that a very rapid convergence is observed in the case
of strongly singular Neumann problem.
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Table 4.7. Convergence table for £k = 1.7 for a weakly (Dirichlet problem) and a strongly singular
(Neumann problem) integral kernels.

Tabnuna 4.7. Tabuuna cxogumoctu npu k = 1.7 cabo (rpaHundHoe yciaoBue
Jlupuxse) u CUIBHO CHHTYJIAPHBIX (rpanngnHoe ycnosue Heiimana) MHTErpasbHBIX

Anep.
Residue Matrix multiplication calls
Euler(RK4)
norm Dirichlet problem | Neumann problem
101 3126(4028) 4(44)
102 4679(6468) 6(56)
1074 9178(36716) 9(76)
10-6 N/A 12(N/A)

Note: The problem corresponds to a plane wave scattering off a regular triangle. The matrix rank
is n = 150, the time step for solving the differential equation (4.4) is fixed to h = 0.125.
Ipumevarue: 3amada paccessHUs IJIOCKOM BOJIHBI Ha IIPABUJILHOM TPEYrOJIbHUKE. PaHr MaTpuiisr
n = 150, mar no Bpemenn pemenns guddepennmanbaoro ypasuenns (4.4) pasen h = 0.125.

The solutions of the Helmholtz equation are shown in Figs. 4.1 and Figs. 4.2. For the

both cases the wave vector is chosen as k = (—1.7,0)7, and the triangle is slightly tilted
with respect to the incoming wave direction.

k=(—1.7,0)7, solution amplitude k=(—1.7,0)7, solution phase

-50 =25 0.0 2.5 5.0 -50 =25 0.0 2.5 5.0
X1 X1
a) b)
Fig 4.1. The amplitude (a) and the phase (b) of the solution in the vicinity of a scatterer,
Dirichlet boundary conditions. The arrow is the wave vector

Puc. 4.1. Avnnmryaa (a) u dasa (b) perieHns B OKpeCTHOCTH I'DaHULBL
(rparmanoe ycmosue Jupuxie). Crpenkoit 0603HAYEH BOJTHOBOM BEKTOD
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k=(—1.7,0)7, solution amplitude
N

k=(—1.7,0)7, solution phase

4 4
2 2
g o0 g0
-2 -2
4 l 4
=50 =25 0.0 2.5 5.0 -5.0 72I.5 0.0 2.5 5.0
X1 X1
a) b)

Fig 4.2. The amplitude (a) and the phase (b) of the solution in the vicinity of a scatterer,
Neumann boundary conditions. The arrow is the wave vector

Puc. 4.2. Ammnryna (a) u dasa (b) pelneHus: B OKPECTHOCTU IPAHULBI
(rpannunoe ycioeue Heiimana). Crpesnkoit 0603HAUEH BOJIHOBOH BEKTOD

5. Inverse tasks

Consider the Helmholtz equation
Au + k*u =0, (5.1)

where k = || k|| > 0 is the wave number corresponding to the wave vector k.

The equation (5.1) is defined in the domain D with the boundary 9D € C5. The solution
of the equation (5.1) is a superposition of an incident plane wave and a scattering wave
u = ug(x, k) + @, where ug(z, k) is a plane wave; & — scattering wave.

Modeling the interaction of an incident wave with a scattering surface leads to equations
of the form (5.1) with the Dirichlet and Neumann boundary conditions.

Let’s construct a computational scheme for determining the wave number. For
definiteness, we restrict ourselves to considering the internal problem in the three-
dimensional case.

Let the values of u(x) and Ou/0v are known on the boundary 0D, where v is the unit
outward normal vector. To construct a computational scheme, we will use the formula [3]

ik|lz—y| ik|lz—y| _
1 [ 0 e ou, e ] s(y)—{ u(z), =x€D,

ar Jop uy)au(y) |z — 5| A |z — 9| 0, x¢€ R3\D.

Let at some point * € D the solution u(x) of the equation (5.1) is known under known
boundary conditions.
Then

1 0 6ik|a:*fy| ou 6ik|z*fy|
) s ot )
ov(y) |lz* —yl v |a* —yl

= —u(z*), z*eD.

J astn -

47 oD
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To find the wave number k, we use a continuous method for solving nonlinear operator
equations

dk(t)

=
1 9 eik(t)\m*fytf ou ekBlz" =yl . (5.2)

where 8 = 41 and is chosen so that the logarithmic norm of the derivative of the operator

9 etkWlz"—yl gy etk -yl
H(k) = /8D [u<y)8y(y) iz — g - &/(y)M} e(y)ds(y)

was negative.
To build a computational circuit, the integral

o eRWlz"=yl gy eik‘(t)x*—y:|
u ~ ) S | ey)ds
[ 05 T~ 30 gy | pests

is approximated by a cubature formula.
The differential equation (5.2) is solved by Euler’s method. As a result, we arrive at the
following iterative process

o  ethmlz =yl 9y etkmlzT—yl

b =+ 00 (g [ ) s o = G T st + (e
(5.3)

where h is the step of the Euler method.
But if 0D is piecewise smooth, then instead of the classical solution we will consider the
generalized by Wiener solution of the equation (5.1).

_ 0
Let F(x) and G(z) be continuous functions in D that coincide with u and 2 on oD,
v
respectively. Let us denote by u;(z) the solution of the equation (5.1) in D; satisfying the

Ou;
condition w;|,, = F and —— =G.

ov
oD;
Suppose the equation (5.1) is solvable in the domains D;. Using the Wiener generalized
solution to the equation (5.1) in the domain D we mean the function u(z) = lim u;(z),
1—> 00

x € D, if such a limit exists and does not depend on the choice of the sequence of domains
D; and on the way of constructing the functions F' or G.

Thus, the computational scheme (5.3) for a piecewise-smooth region will have the
following form

s = ﬁh<1/ {F )t G<>eikm$*yl]d<> ( >)
m+1 = km + — ——— — —— | ds(y) +u;(z*) ) .
o 17 Jop, |V ovly) o~y P R

Let us give a model example illustrating the effectiveness of the method.

Let be D = [-1,1]3. Exact solution of the Helmholtz equation (5.1) in D is equal
u(z,y,2) = (cos0.7z; + 2sin0.721)(cos 0.6z2 + 2sin 0.622)(cos V15 + 2sin/15), k? = I?+
+m2+7r2,1=0.7,m=0.6,r = V15.

Instead of the initial boundary of the region 0D, we will consider the following sequence

of surfaces 0D; = {U?:1 L;;u U;; Sij U Uj-:l R;; }, where L;; are planes with indents from
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the edges at a distance d;, S;; are cylindrical surfaces indented from the ribs by a distance
d; with radius d; and a height equal to 2 — d;, R;; is spherical surfaces indented from the
vertices by a distance d; for each variable and with radius d;.

The calculation results for the inverse problem of wave detection are shown in the
Table 5.1. Here k* is the exact value of the wavenumber, d; is the rounding radius of the
vertices and edges of the cube, M is the number of iterations of the Euler method, ¢ is the
determination error, 1 is the residual.

Table 5.1. Reconstruction of the wavenumber
Tabauna 5.1. BoccranoBjieHne BOJITHOBOIO YHCIIa

k* dl M e €1

0.5 0.001 200 5.27961e-05 1.55197e-07
0.5 0.0001 200 5.35118e-06 1.55116e-07
0.5 0.00001 200 6.343e-07 1.55108e-07
1 0.001 200 6.0594e-05 1.64743e-14
1 0.0001 200 6.05479e-06 1.68754e-14
1 0.00001 200 6.05292e-07 1.73196e-14
5 0.001 200 6.00708e-05 0.000559045
5 0.0001 200 5.19241e-05 0.000559247
5 0.00001 200 5.22667e-05 0.000559268

6. Discussion

The paper demonstrates the application of a continuous method for solving nonlinear
operator equations to direct and inverse problems of solving the Helmholtz equation. In the
case of linear equations, the method is of theoretical interest, since allows one to justify
approximate methods for solving operator equations without invertibility of the initial
operator. In the case of nonlinear equations, the method is realizable when the Frechet
(Gateau) derivative is uninvertible in the neighborhood of the initial value.

Analysis of the solution of model examples allows us to make the following conclusions:

1) The accuracy of solving the 3D internal and external Dirichlet problems is of the same
order, both when using hypersingular integral equations of the first kind, and when applying
weakly singular integral equations of the second kind;

2) The computational scheme for solving hypersingular integral equations constructed in
the article diverges when solving the 3D Neumann problem. This is due to the fact that the
piecewise constant approximation of the desired solution is insufficient in 3D hypersingular
integral equations;

3) When solving 2D of the Dirichlet problem in a domain with a piecewise smooth
boundary, the superiority of the method of hypersingular integral equations of the first kind
is obvious;

4) When solving the 3D Neumann problem in a domain with a piecewise smooth surface,
the method of hypersingular integral equations diverges.

It is obvious that there is a need to develop numerical methods for solving 3D
hypersingular integral equations by spline-collocation methods with splines of the first and
higher orders.

In the fifth section, the continuous operator method is applied to solving the problem of
reconstructing the wave number for the Helmholtz equation. The efficiency of the proposed
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computational scheme is demonstrated.

It is of considerable interest to extend the results obtained above to other formulations
of inverse scattering problems.
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Opueuua,/wuaﬂ cmamva

VIIK 519.63

ITpumeneHne HeNPepPbHIBHOTO METOA PEeHIeHUS

HEJIMHEIHBIX OINepPATOPHbIX YPaBHEHU K IIPSIMbBIM U

06paTHbIM 3aJlavdaM paccedHnmnd

n.B. BoﬁKOBl, B. A. Py,z:[HeBz, A.N. BoﬁKOBal, H. C. Crenanos!

T Mensencrud 2ocydapemeennvidll yrusepcumem (2. Iensza, Poccutickas Pedeparun)
2 Canxm-Ilemepbypeacruti 2ocydapcmeennovli yrusepcumem (2. Canrkm-ITemepbype,
Poccutickan Pedeparus)

Annoranus. Jlano o6061eHre HEIPEPHIBHOTO METO/IA PEIIEHUST HEJIMHEHHBIX OIIEPATOPHBIX ypaBHe-
HUIl B 6aHAXOBBIX IPOCTPAHCTBAX U OIIMCAHO €0 IPUMEHEHNUE JJIsl UCCIIEIOBAHUS IPSIMBIX U OOPATHBIX
3a7ad Teopuu paccesiHus. HenmpepbIBHBIN METO peleHnsI HeJIMHEHHBIX OIIePATOPHBIX YPaBHEHHUI OC-
HOBaH Ha JIAIyHOBCKOI TeOpUH yCTONYUBOCTU PEIIEHNM CUCTEM OOBIKHOBEHHBIX TuddDepeHITnaIbHbIX
ypaBHeHuii. OH IPUMEHUM K OIEPATOPHBIM YPABHEHUSIM B OAHAXOBBIX IIPOCTPAHCTBAX, B TOM YHUCJIE,
1 B ciydasx, Korga npoussosnnas ®@pemte (FaTo) menuneitnoro oneparopa HeobpaTuMa B OKPECTHO-
CTH HaIaJIbHOrO 3HadeHus. B pabore on mpuMmensiercs K pemrenuio 3amad Jupuxmie u Helimanna s
ypaBHeHus1 I'elbMrosiplia u JUIst OIpeJiesIeHUs BOJIHOBOI'O 4HCja B oOpaTHOU 3ajade. PaccMoTpeHbl
BHyTpeHHUe u BHelnHue 3a1a4u Jupuxie n Hefimanna st ypaBHeHus: ['esibMrosibia, ornpeaeaeHHoro
B 06JIaCTSAX C IVIQIAKUME U KYyCOYHO- IVIQIKUMM MpaHunaMu. B ciaydae, korna ypasHeHue [eabMross-
a paccMaTpUBAETCs B OOJIACTH C IVIAQJIKON I'DAHMIIEl, CyIIeCTBOBAHUE U €JUHCTBEHHOCTH DEIeHUs
cJlefyeT U3 KJIaCCUIECKOil Teopun norennuaia. [1pu pemennn ypasuenus ['espMrosbiia B 061aCTIX C
KYCOYHO IVIQIKUMH MPAHUIIAMU IPOBOIUTCS BUHEPOBCKas peryispusanus. 3agaquu Jupuxie u Heii-
MaHHA [JIs1 ypaBHeHUs ['eIbMrosblia MeTOZaMy T€OPUH IIOTEHIHAJIA TPAHC(POPMUPYIOTCS B CHHIY-
JISIPHBbIE HHTETrPaJIbHble YPABHEHUS BTOPOI'O POJia U B TMIIEPCHHIYJISIDHbIE NHTErDAJIbHbIE YPaBHEHU
1epBoro poza. Jljisi npubJINKEHHOrO DPEeIIleHUs] CUHIYJISPHBIX M I'MIEPCUHTYJISPHBIX UHTErDAJIBHBIX
YPpaBHEHUsI TIOCTPOEHBI M OOOCHOBAHBI BBIYHUCIUTEILHBIE CXEMBI METOIOB KOJIJIOKAIIMY U MEXaHHIe-
ckux KBaaparyp. OcoGeHHOCTH HENPEPBIBHOIO METO/A UJIIOCTPUPYIOTCH PEIIEHUEM KPAaeBbIX 3a/1a9
nyst ypaBHeHusi 'esbMrosbma. PaccMOTpeHBI MpHUO/IMKEHHBIE METOBI BOCCTAHOBJICHHUSI BOJIHOBOT'O
4qucia B ypaBHeHuu [esibMrosbria.

KuroueBblie ciioBa: ypaBHeHnue [eqbMroibiia, rpaandnbie yeiiosust Jupuxie u Helimana, obparHbie
3a/la4¥, HEIPEPBIBHBIN METOJI PEIIeHNsI OIIEPATOPHBIX yPaBHEHMIT
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0]4) YCTOﬁqHBOCTH II0 9aCTH IIepeMeHHbIX HEeaBTOHOMHOM
CHUCTEMBbI B IINJINHAPNYIECKOM (l)aSOBOM IIPOCTpPaHCTBE
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Axademunecrku auyed TowlTY um. Heaama Kapumosa (2. Tawxenm, Yzbewu-
cman)
2 . o

Iorcusakcerutds nosumexnuveckutds uncmumym (2. Jowcusak, Ysbexucman)

Ansoranus. Crarbs MOCBsilIeHa 3a1a49e 00 yCTORIMBOCTU cUCcTeMbl JuddepeHnnatbHbIX ypaBHe-
HUl ¢ IPaBO# YACTBHIO, NEPUOAMIECKOH 110 YacTu $Ha30BbIX (YIVIOBBIX) KOOpAMHAT. Takue cucreMbl
yIA06HO pacCMaTpUBATh B UJIMHAPUIECKOM (Pa30BOM IIPOCTPAHCTBE, IO3BOJISIOIEM IPOBOAUTE Gostee
[IOJIHBIA U KaYeCTBEHHBIN aHa/IN3 UX penieHuii. B pabore npemjaraercs ucciaegoBaTh IUHAMUAYECKUE
CBOMCTBa peIIeHNnit HEABTOHOMHOM CHCTEMBI C YIVIOBBIMHM KOODZAMHATAMHU HA OCHOBE IIOCTPOEHHS ee
TOITOJIOPUYECKON JUHAMHUKH B TAKOM IIPOCTPAHCTBE. BBIBOAMTCS COOTBETCTBYIONIEE CBOHCTBO KBa-
3UMHBAPUAHTHOCTH IIOJIO?KUTEJILHOIO IIPEJEIbHOIO MHOXKECTBA OIPAHUYEHHOI'O PEIIEHUs] CHCTEMBI.
3agada 06 yCTOWYHMBOCTH IO YaCTU IIEPEMEHHBIX HCCIEIYeTCsl Ha OCHOBE BEKTOpDHOI dyukuuu Jlsa-
IIyHOB& C NPUHIMIIOM CPABHEHUSI W IOCTPOEHHOW TOIMOJOrUYecKOi aunHamuku. Jlokazana Teopema
THUIIa NPUHIUIA KBA3UMHBAPDUAHTHOCTH C BEKTODPHOH dyHKimeil JlsamyHoBa 1uisi paccMaTpuBaeMo-
ro kyacca cucreM. JlokasaHbl J[Be T€OPEMbI 00 aCHMIITOTUYECKONH yCTOWUMBOCTH HYJIEBOI'O PEIIEHUS
[0 9aCTH TEePEeMEHHBIX (HeyTJIOBBIM KoopauHaTaM). HOBH3Ha JAHHBIX TEOPEM COCTOMT B TpeGOBa-
HUH JIMIIb yCTOWYUBOCTH CHCTEMBI CDABHEHUS, B OTJINYNE OT KJIACCHYECKUX PE3YJILTATOB C YCIOBHEM
COOTBETCTBYIOIIEH aCHMITOTHYECKOH ycroiiunBocTu. [losydyenHble B paboTe pe3ysbTaTbl MO3BOJIST
pacCIIMPUTH IPUMEHEHHUE MIPSIMOTo MeToa JISmyHoBa B pelleHuy psifia MPUKJIATHBIX 3a1ad.
KurroueBble cjioBa: HeaBTOHOMHAasi CUCTEMA, LUIMHAPUYECKOe (Pa30BOE IPOCTPAHCTBO, yCTONYH-
BOCTb 10 YacTH NepeMeHHbIX, dyHKIus JIsmyHoBa

Jas nurupoBanusi: Bypanos 2K.U., Xycanos /1. X. O6 yCTORYMBOCTH MO YaCTU IIEPEMEHHBIX
HEaBTOHOMHOI CHCTEMbI B IUIMHAPUIECKOM (azoBoM npocrpancTse // 2Kypuasn CpelHEBOIKCKOrO
Maremarndeckoro obmecrsa. 2021. T. 23, Ne 3. C. 273-284. DOI: https://doi.org/10.15507/2079-
6900.23.202103.273-284

1. Bsenenmue

Jocrarodano mmpokuit Kjaace quddepeHnnagibibIX ypaBHEHH, N3y TaeMbIX TTPU MOJIEJH-
POBaHUU Psifia 3389 MEXaHUKU, (DU3UIECKUX MTPOIECCOB, CUCTEM aBTOMATUYIECKOTO PEryJIn-
POBaHUSsI, COCTABJISIOT YPABHEHUsI C YIVIOBBIME KoopjamHaTtamu. VcciieoBanne Takux ypas-
HeHMil yZI00HO NIPOBOJWUTH Ha OCHOBE IMJIMHApPHYEcKOro asosoro npocrpadcrsa [1]. DTo
IIPOCTPAHCTBO MTO3BOJISIET B YACTHOCTH BBLISBUTH BaXKHbIE OCOOEHHOCTH TPUMEHEHUS IIPSIMO-
ro meroza Jlsmynosa B 3ajadax 06 ycrofiunsocru [1-2]. Beigeaum HEKOTOPbIE PE3YJILTATHI
B 9TOM HAIIPABJIEHUH, OTHOCSIINECS HEIIOCPEJICTBEHHO K JAaHHON paboTe.

Pazsutne teopemnr Bapbaruna-KpacoBCcKoro o moHOM acHMITOTUYECKON yCTONINBO-
cru [3] u upunmna nasapuanTHoctu Jla-Casuist [4] Ha cuCTEMBI ¢ YITIOBBIME KOOD/IMHATAMUI
B aBTOHOMHOM CJIydae CO CKaJjsipHoil dyukimeir JIsmyHoBa, MMeoeil 3HAKOIOCTOSHHYIO
IPOU3BOJIHYIO, IIpUBEeHo B paborax [5-6], a B HeaBTOHOMHOM cilydae ¢ Takoil ke pyHK-
nueit Jlanynosa — B pabore [7]. Ono 103BOJIMIO TONYYUTh 3(DDEKTUBHBIE KPUTEPUH TJI0-
GaJTBHON YIIPaBJISIEMOCTH MEXaHMIeCKUX cucreM [5], cuerem daszopoil cuaxpoHusanum (6],
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JI00AJIBHOTO OTCJICXKUBAHUS TPAEKTOPUN MHOTO3BEHHOT'O MAHUITYJISITOPA, C IIMJINHIPUIECKHU-
MU mapHupamu [7].

Bosbiioe Mecto B Teopum yCTONYIMBOCTH 3aHMMAIOT METOJ| BEKTOPHBIX (dyHKIwmil JIs-
IIyHOBa U IIPOOJIEMa YCTONIMBOCTH O YaCTU MIEPEMEHHBIX, OCHOBHBIE MOJIOXKEHUST KOTOPBIX
npescTaBiensl B Tpyaax [8-11]. Illmpokoe mpuMeHEHNE COOTBETCTBYIONNX PE3YIBTATOR B Pe-
IIEHUHN ITPUKJIAIHBIX 3329 IPOJIOJIKAET CTUMYJINPOBATH NHTEHCHUBHbBIE UCCJIEIOBAHUS ITHX
HarnpasJieHnii reopun ycroitansoctu [12-16]. K unciy nepcrieKTuBHBIX HAIIpaBJIEHU nccie-
JIOBAHUS JACTUIHON YCTOWYINBOCTH HEJIMHEWHBIX CUCTEM MOXKHO OTHECTH IIOJIXOJ, OCHOBAH-
HBIl HA aCHMOTOTHYECKUX Merojax [17].

Ilesnpbio nacTosiieit pabOTHI SBJISETCA M3YyU€HNE MAJIOUCCIEIOBAHHON 33841 O YaCTHI-
HO¥1 ycToYnBOCTH cucTeMbl nddepeHIalbHbIX YPABHEHNH € YIJIOBBIMU KOODNHATAMU HA
OCHOBe BeKTOpHOI dyHukIun JIamyHosa.

Bo BTOpoM paszzesie paboThl paccMaTpUBAETC MOCTPOEHUE TOIOJIOIMIECKON JMHAMUKH
CHCTEMBI yDABHEHUIT B IIUJIMHIPUIECKOM (pa30BOM IPOCTPAHCTBE. B TpeTheM pasiese uccie-
JIyeTcst IPUMEHeHe BeKTOPHON dyHKun JIamyHoBa ¢ IPUHIUIIOM CPABHEHUS JIJIA PENTEHUS
uccaemayemMoit 3amadu. JlokaspiBaeTcs TeopeMa O JIOKAJU3AINH ITOJI0XKUTEIHHOIO Mpeesb-
HOIO MHOKECTBa OTPDAHWYEHHOI'O DEIeHUs] CUCTEMBI. J{0Ka3bIBAIOTCS TEOPEMBI O IJI06aIh-
HO ACUMIITOTHYIECKOH YCTOMUIMBOCTH 110 YaCTU IEPEMEHHBIX, O YACTUIHON aCHMITOTHIECKO
YCTOIYMBOCTU C IPUTSKEHUEM 110 HEKOHTPOJIUPYEMbIM KoopaunaraMm. HoBusna teopem co-
CTOUT B IIPE/IITOJIOKEHNN JIAIIb CBONCTBA YCTONINBOCTU CUCTEMBI CpaBHEHUs. B 3aK/ouennn
[IPEJICTABJICH KPATKAN aHAJIM3 [TOJLyI€HHBIX PE3yJIbTATOB.

2. TonoJiorndyeckast ANMHaMHUKa CUCTEMBI

Pacemorpum cucremy mudpdepennua bHbIX ypaBHEHUI
i=X(tz), X(t0)=0, (2.1)

e v € R", X(t,z) = (X1 (t,7), Xo(t, ). .., Xn(t,z))T (unmexc T o3HAUAET TPAHCTIOHUPO-
Banue), Bemecrsennbie byuxknun X;(t, ), i = 1,2,...,n, oupenesennl B obgactu R X R™ u
TAKOBBI, 9TO MepeMeHnyto ¥ MoxkHo pasgemnts z1 = (y7,27), y € R™, 2 € R*, m+s=n
TakuM 06pazoM, uro dbyskius X (¢, ) aBisercsd 27-IepUOANIecKOil 10 ePeMEeHHOR Z, T.
e. X(t,y,z +27l;) = X(t,y,2), (2 +27L;) = (21,22,.--12j-1,2) + 2T, Zj41,. -, 25) ",
j=1,2,...,s. Pemenus 3Toii cucTeMbl MOXKHO PacCMaTpUBATh B IUJIMHIPHIECKOM (Pa3zoBoM
npocrparctBe R X R™ x P*, PP ={z e R°: —n<z;<m j=1,2,...,s) [1].

Iycrs ||y|| ects mexkoropas mopma BekTopa y B R™; ||2|| — nopma BekTopa z B R®;
||| = ||yl| + ||z|]; L' — xmace dymxmmit A : R — R, HHTerpupyeMbIx JOKATLHO.

Beesem muOKecTBO F' byukiuit f: R X R™ — R", mepnojiuaecKux 10 2z ¢ MePUOIOM 27
anajornaao pyuknuu X, HenpepbIBHBIX 110 = € R™ npu dbukcupoBantoM ¢ € R, ©3MepUMbIX
10 ¢ ipu PUKCUPOBAHHOM & € R™ U yIOBJIETBOPSIONIMX CJIELY IOIIAM yCIOBUIM: JIJIsl KAXK0T0
KOMIAKTHOro Muoxkectsa K C R™ cymecrByior dbyuxuun A = Ay (¢, f, K) u A = A (¢, f, K)
(A, A2 € LY) makwme, uro s seex (t,2), (t,2M), (t,2?) € R x K x P* somomemns:
HepaseHcTBa [1§]

|‘f(t>x)|| < )\l(tﬂfﬂK)y

£t 2®) = f(t,2O)]] < Aolt, £, 5|2 — 2O, (2:2)

upu sroM byukiws A1 (t, f, K) paBHOMepHO HenpepbiBHA B cpefueM Ha R, a Aq(t, f, K)
PaBHOCTEIIEHHO OrpaHuYeHa Ha R, a MMeHHO:
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1) mis e > 0 maiigercs 3apucumoctsb v = v(e, K) > 0, Takas 4To IS KaXKJ0r0 MHOXKe-
crBa E C [t,t+ 1] (t € R — mo6oe) ¢ Mepoit (u(E) < v BBIIOJIHEHO HEPABEHCTBO

//\1(7', f, K)dr < &; (2.3)

E

2) cymecrsyer 4uciao N = N(K) > 0, takoe 910 1yt Kaxxaoro t € R

t+1
/)\2 7, [, K)dr < N(K). (2.4)
t
s kaxk ot dyukium f € F' MOXKHO OINPEJIEUTh CUCTEMY YPAaBHEHUH
z = f(t,x), (2.5)
pelllennsi KOTOPOil MOXKHO paccMaTpuBarh B mpocrpaHcTtBe R X R™ X P® upum sTtoMm mjis
KaxKJI0il HavasbHOW# Toukm (tg,Yo,20) € R X R™ x P*® pemenne x = z(t,tg,z9) =

(y(t, to, Yo, 20), 2(t, to, Yo, 20)) T ByIeT cymecTBOBATE, ABIATHCS €MHCTBEHHBIM 1 TPOJIOJIAKH-
MbIM Ha HeKoTOpoM unTepBase («(f, to, zo), B(f, to, o)), a < tg < [, Tak, 4TO ecam o > —00
(mmm f < 00), 10 ||y(t,to,z0)|| — oo upu t — « (coorsercrBerHo, ||y(t,to,x0)|| — oo mpm
t—f).

Canenyst pabore [18], BBeieM CXOIMMOCTB: TIOCJIENOBATENBHOCTD { fi, € F'} cxomurest K
f* € F, ecoim st kaxkzoro t € R u kaxjoro ¢ = (y,z) € R™ x P*

t

/ (F® (r, ) — f*(r,2))dr || = 0
0

npu k — oo.

Ha ocHoBanum [18] MOXKHO yTBEP:KIATH, UTO IPOCTPAHCTBO F € TAKOH CXOIUMOCTHIO
METPU3YeMO B KOMIIAKTHO.

IIpemmomnoxkum, aro dyaknus X uCxoAHOM cucreMsl (2.1) mpuHAIEKAT MHOXKeCTBY F,
X € F. 3naunr, cucreme (2.1) MOXKHO COOCTABATH CEMEHCTBO IIPEAEIbHBIX cucreM [18]

t=X"(t,z), X*=— lim /X ti + T, x)dT, (2.6)
dt tp—>00
rae dyuknusa X * € F onpeesnsieTcs B 3aBUCUMOCTH OT TIOCJIEI0BATEIBHOCTH ty, — 00.
Beemem  cremyiomee  ompejiesieHre  TOJIOKHUTEJBHOTO — TPEJIEHHOIO  MHOXKECTBA
wh(z(t, to, o)) pemenuss v = w(t,tg,zg) cucremur (2.1), momaras, 9To Z €CTb MHOKE-
CTBO IEJIBIX YHCEL.

Onpemeaenune 2.1 Toukap= (p(l),p(Q)) € R™ x P® nasvisaemcsa nosoxHcu-
meavrol npedeavrott moukol pewenus x = x(t, ty, To) cucmemv, (2.1), ecau cywecmeyrom

nocaedosamenviocmu t, — oo u LK) = (lgk),lék),...,lgk)), lj(k) e ZMW, j =1,2,...,s,
maxue 4mo

y(tg, to, xo) — p(l), 2(tg, to, xo) — 2r L) — p(z) npu k — oo. (2.7)

Mmnoorceemso wt (z(t,to, z0)) 6cexr maxux mouex ecmv NOAOHCUNEALHOE NPEJEALHOE
MHOIHCECTNEO.
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Onpepnemenune 2.2 Muoswecmso M C R™ x P® nazueaemcs xk6a3uun6apu-
anmavim no ommowenuro % cucmeme (2.1), ecau ¥p = (p), p®) € M natidemea npedenn-
naa cucmema (2.6), maxas wmo ee pewenue x = x(t,0,p) maxoso, wmo x(t,0,p) € M
Vt € (a,B) (e <0< ), 2de (c, B) — unmepsan onpedeserus ImMo20 PeUWEHU.

Samerum, aro M C R™ X P°® u CBOHCTBO KBa3MMHBAPUAHTHOCTHU IOAPA3YMEBAET, UTO
cymecrByer nocneposarensocts LK) € ZF raxas wro (y(t,0,p), z(t,0,p) — 2nLF) € M
JUtst Beex t € (v, ).

CupaBeyiBO cJiejyioriee yTBep:K/IeHIe JMHAMIIECKOTO THIIA.

Teopema 2.1 ITycmoxz = x(t,tg,x0) ecmv nekomopoe pewerue cucmemuvs (2.1),
oeparuyernoe no Yy xomnaxmom K C R™ npu ecex t > to. Toeda noaroorcumenvroe npedeno-
Hoe mHodicecmeo pewenusa T = (t,ty, To) C6A3HO, KOMNAKMHO U KEA3UUNEAPUGHITIHO.

HHoxkaszaTeabcTBO.

Cesiznoctb 1 KoMnakTHocTh w (2 (¢, to, To)) JTOKasbIBaeTCs anagornano pagore [19] ¢ yde-
TOM OPAHHYEHHOCTH 10 Z B cuity 21 — nepuogmanoctu Gy X = X (¢, ) mo nepemen-
HBIM Z.

JlokazkeM CBOICTBO KBa3zuMHBApUAHTHOCTH MHOXKecTBa w™ (x(¢, Lo, T0)).

IIyctb p € w(tg,x0), p € R™ x P* ecTb monoxuTebHast IpejiebHAass TOUYKA ITOTO
pellieHnsi, TaK YTO CYMECTBYIOT TOCTe0BaTebiocTH {ty € R", tp — oo} m {L*) ¢ Z*},
TaKHe YTO BBIIOJHEHbI COOTHOIIEeHUs (2.7).

U3 mocneiopaTetbHOCTH {1} BHIGEPEM TIOIIOCTe0BATeTbHOCTD {t); } C {tx} (s ymo6-
CTBA M3JIOXKEHUsI Oy/IeM CUYATATH, YTO ITO Ta Ke Camasl HOCIeI0BATENBHOCTL {ty}), s
KOTODOii onpejesisieTcs: pejienabHast cucrema (2.6). Bymem TakKe cauTaTh, 4TO MOCIIEI0BA~
remprocts bynkumii (y*) (t), 2F) (1)), onpenensemas pasencreamu yF) (t) = y(ty 4, to, o),
2F)(t) = 2(ty, +t,to, 20) — 27 L) cxomures pasromepwo o t € [T, T ms kaskgoro T > 0
K z*(t) = (y*(t), 2*(t)). [Ipr 5TOM MMEeM IOCIIEIOBATENIBHO CJIE/YIOIIHAE COOTHOIICHHS:

x = a(t) = x(t, to, m0) = x(to) + /X(T,x(T))dn

e () = x(ty +1) = x(t) + /X(tk + 7,28 (7))dr.
0

13 sroro cjeayer, 9To

t
s 0 = y(t) + [ XOry® (7). 20 — 2L D),
0

t
20 (8) = 2(ty,) — 20 L™ 4 / X® (7, y®) (1), 20 — 27 L)) dr,
0

Hepexo,zgﬂ B 9TUX COOTHOHMICHUSAX K IIpEIeJy IIpu tk — 00, IIOJIYIUM PDAaBEHCTBO
t
2 (t) = p+ /X*(T,x*(T))dT.
0
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Takum 06paszom, 2 = x*(t) stBJIsIeTCsI pelleHneM HEKOTOPOIl IpeesbHON cucteMbl (2.6),
yaoBserBopsifomM yesosuio 2*(0) = p. IIpu sT0oM 110 TI0CTpOEHNIO 2 () MOYKHO IIepeoIpeie-
JIUTH ¢ yaeroM 2m-nepuogmanoctu (2.6) rax, uro {z*(t),t € R} C w™(x(t,to, xo)). Teopema
JIOKa3aHa.

ITocTpoeHHAs TONOJOTUYECKAA TUHAMUKA ABJIACTCA PA3BUTHEM PE3YJIBTATOB KJIACCHYE-
CKOro XapakTrepa pabor [18-19] mist cucrem ¢ numuHIPpUIeCKIM (HA30BBIM IPOCTPAHCTBOM.

3. Teopembl 06 ycToitumBocTU

Bsenewm ciemyrorue Kaacchl GyHKITAIA.

1. Knace Kp Bexropubix dynkuuit V = (VL V2 ... V)T V : Rx R* — R", apnus-
IOMIMXCS OIPAHUYEHHBIME U PABHOMEDHO HellpepbIBHBLIMU Ha KasKJIoM MHOxKecTBe R x K,
e Ky = {z € R": ||z|| < Hy = const > 0}.

2. Knace Ko Bexropubix dynkmmit U : RT x R™ — R", orpaHI¥eHHBIX U PaBHOMEPHO
HENPEPBIBHBIX Ha KaxkaoM mHoxkectse Ko = {u € R : ||u|| < Hy = const > 0}.

3. Knace K3 BexTopbix dynxnuit W : RT x R™ x P*x R" — R", 27 — NeproAntuecKuX 1o
TPETbeMy apryMeHTY, OrPAHUYEHHBIX M PABHOMEPHO HEIPEPLIBHBIX HA KayKJIOM MHOXKECTBE
R x Ky x P® x Ks.

MOo2KHO BBECTH COOTBETCTBYIOINE (DYHKIIMOHAJIBHBIE TPOCTPAHCTBA HENPEPBIBHBIX BEK-
ropubix yurmuit Fy = {V : Rx R" — R"}, Fo ={U : Rx R — R}, F3 = {W :
R x R™ x P* x R" — R"} ¢ OTKDPBITO-KOMIAKTHOH Tomosorueii [19].

Cewmeiicrsa capuros {V,(t,x) = V(1 + t,x), 7 € R}, {U;(t,u) = U(T + t,u), 7 €
€ RY} AW, (t,z,u) = W(T + t,z,u), 7 € R} dbynkumit V € K1, U € Ko, W € K3 6yayr
IPEJKOMIIAKTHBI COOTBETCTBEHHO B FY, Fy, F3 [19].

Taxkum o6pasom, MOKHO onpesennts cemeiictsa {V*}, {U*}, {W*} coorsercrByiomux
npesenbHbIX QYHKINIA, 8 TakKe MpefebHble coBokymHocTr { X *, V* U* W*} [19].

ITycrb mus cucremst (2.1) Hafizercs: HenpepbiBHO muddepernupyemas byakmus V € K,
IPOU3BOJIHASL KOTOPO B CHJLY 9TO cucTeMbl IIpejcTaBuMa B Buje [15; 20]

Vt,2) = U, V(t,x)) + W(t,z,V(t,x)),

V(£,0) =0, U(£,0) = 0, W({,0,0) = 0, (3.1)

rie byuxmus U = U(t, u) mpunaggexxut knaccy Ko, U € Ky, n aBJIsieTcst KBa3UMOHOTOHHOH
u HenpepbiBHO juddepenuupyemoit no u € R", dyukuus W = W (¢, z,u) upunaijiexur
kiaccy Kz, W € Ks, u ynosiersopsier nepasercrsam Wj(t,z,u) <0 (j = 1,2,...,7) mia
mobbix (t,x,u) € RY x R™ x P* x R".

U3 pasencrsa (2.5) ciaenyer, aro dyukims V (¢, z) asiasgercs BeKTop-dyHKIMEH cpaBHe-
HHUS, 8 CACTEMA,

u=U(t,u) (3.2)
ABJIAETCA CUCTEMOIl CpABHEHUS.

Ecom V. = V(t,z) ecrb dyukums, yaosiersopsiiomas ypasHeruio (3.1), npu sTom
V(to,z0) = Vo, au = u(t, tg, Vo) ects perenne (3.2), onpeiesieHHOe Ha nHTEpBaJe [tg, to+/5),
B >0, To nuist Beex t € [tg, to + ) Ha pemenun x = x(t,tg, o) cucremsl (2.1) BBIIOIHSIETCS
HepaBeHcTso [12]

V(t,:ﬂ(t,to,l’o)) S U(t,to,‘fo). (33)

Hockoubky U € Ka, T0 cucrema (3.2) sgBiisiercst NPEIAKOMIIAKTHON 1 JIJIsl HEé CyIIECTBYeT
CceMeiCTBO MPeIeJILHBIX CHCTEM CPaBHEHUS

i=U*(t,u), U* € F. (3.4)
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PaccmarpuBast ycsoBust OTHOCUTENBHO Tipasoil wactu U = U(t, u) cucremsr (3.2), momy-
9uM, 4TO KaxkJoe pemerne u = u(t,to,ug) 9TOH cucreMbl HepepbiBHO auddepeHImpyeMo
1o (tg,ug) € R x R™, ipu 3T0M 13 cBoiicTha HeybbiBanust dynxiun u(t, tg, ug) 110 nepeMeH-
HOIT g CJIEJLYeT, 9TO MaTpUIia

8U(t to U())
®(t,t0,uo) = T(;
SIBJISIETCSL HEOTPHIATEIBHON 1 HOpMHUPOBaHHOIL, T. €. (®(t,t0,u0));1 > 0 (j,l = 1,2,...,7),

®(to, to, uo) = 1.

IIpeamomnozxkum, aro auist moboro Komnakra Ko = {u € R" : ||u|| < Hz > 0} cymecrBytor
wncna M(Ks) n a(Ky), takue uro marpuna ® mas mobeix (t,tg,ug) € RT x RT x Kj
YZAOBJIETBOPSET yCIIOBHAM

||(I)(t,t0,U0)H < M(KQ), det (I)(t,to,UQ) > OZ(KQ) > 0. (35)

Hmeer MecTO cie/Iyiomast TeopemMa O JOKATU3AIUI TI0J0KUTEIbHOTO TIPE/IeILHOTO MHO-
xkecrBa w (z(t, to, o)) pemenus cucrembr (2.1).

Teopewma 3.1 Jonycmum, wmo x = x(t,t9,To) ecmvb Hekomopoe pewenue cu-
cmemnt (2.1) u natidemes sexmopras gyrkyus Janynosa V € K1, makxas wmo

1) ||V (t,y,2)|| = oo pasromepro no (t,z) € R x P* npu ||y|| — oo;

2) V(t,y, z) oepanuuena npu |ly|| < H = const > 0, |V (t,y,2)|| < m(H) Y(t,y,z) €
e R x{y: |lyll < H} x P*;

3) npouseodnas 1% ydosaemeopsem pasencmsy (3.1);

4) pewerus cucmemuvi cpasrerus (3.2) ydosaemesopsrom yeaosuto (3.5);

5) pewenue u(t, to, Vy) cucmemnv cpasnenus (3.2), 2de Vo = V(to,x0) oeparnuueno npu
ecex t > tg.

Tozda evinoansemcs coomuowenue w™ (x(t, tg,xg)) C M, 2de M — makcumarvroe uh-
sapuarmmoe nodmmootcecmeo muooicecmea {W*(t, z, u*(t)) = 0}, u*(t) ecmo pewerue co-
omeememeyrowel, npedeavroli cucmemsvs cpasHerus (3.4) ¢ nauarvrom yeaosuem u*(0) =
= V*(0,p) daa evibpannot mouku p € w (x(t, to, xo)).

Hdoxkaszareascrtso. [lyers o = x(t, 1o, zo) ecTb Kakoe-1uOO peIIeHNE YPABHEHUS
(2.1). Ono ompejesieHo N0 KpaifHel Mepe Hpu HEKOTOPBIX ¢ € [tg — a,tg + 3), a, 8 > 0.
Ipu srom x(t,tg, xg) yaosiaerBopser nepaserctBy (3.3). Omnako Torga us yeaosuii 1, 2 u 5
TEOPEMBI CJIEJIyeT, ITO 3TO PelleHne SBISETCA OTPAHUTIEHHBIM II0 Y U ONPEJIEIEHO IIPHA BCEX
t > tg, TaK 9TO CymecTByeT Takoe H > (), 9TO BBIIOJIHEHO COOTHOIICHHUE

Z‘(t,to,xo) S {yERm: Hy” SH}QPS YVt > tg.

W3 pasencrsa (3.1) umeem npu Bcex ¢ > tp ClIeAyIOIIee COOTHOIICHHE MEXKJY 3aBUCH-
mocteio V(t,z[t]) = V (¢, 2(t,to,z0)) u pemenunem u = ult] = u(t, to, Vo), Vo = V(to, o)
cucreMsl cpasrenus (3.2) [15; 20]

V(t, x[t]) = ult] —I—/<I>(t,7',V(T,I[T]))W(T,I[T},V(T,x[r]))dT. (3.6)

to
Cuenys [15; 20], MOXKHO 110Ka3aTh, YTO U3 ITOIO PABEHCTBA CJIEIyeT

lim W (t,z[t], V(t,z[t])) = 0. (3.7)

t—o0
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ITo Teopeme 2.1 nosoxKuTEILHOE MIPEIeIbHOE MHOKecTBO W (2(t, to, T0)) Gy/eT CBA3HDIM,
KOMITAKTHBIM U KBa3UUHBAPUAHTHBIM.

st ipesiesibHoit Touku p € wt (x(t, o, 20)) onpenenum npejenbayio cucremy (2.6) u ee
pemenue x = x*(t), *(0) = p, upenenabuyio cucremy cpapuenus (3.4) u ee pemienue u =
u*(t) = u*(t,0,ul), uy = V*(0,p), a rakke npegensbuyio dbyuxmus W* (¢, z, u). I3 paBencrs
(3.6) u (3.7) BBIBEIEM

V*(t,x*(t) = u*(t), W*(t,z"(t),u"(t)) =0.

YTO U JOKA3EIBAET TEOPEMY.
B coorsercTBue BekTOpHOH bynkmmm V = (VI V2 ... V")
IIIIO

T BBemeM ckaaapHyio ByHK-

V(t,z) = Z VI(t, x).

Beegem kiace K4 HenpepbiBHbIX (byHKumit tuna Xana a; : RT — RT, a;(0) = 0, a;
CTPOro MOHOTOHHO Bo3pactaer, i = 1,2 [21].

Teopewma 3.2 IIpednonoocum, wmo das cucmemuvi (2.1) mootcro Hatmu eexmop-
nyto gynxyuro V.=V (t,x), maxyro wmo:

1 ar(llyll) < V(t,2) < as(|[z]]) Y(t,, 2) € R x B™ x P*, a,a3 € Ka, ar(a) = 00 npu
a — 00;

2) swinoanens, yeaosus 8 u 4 meopemv, 3.1;

3) pewenue u =0 cucmemuv, cpaguerus (3.2) pasromepro Yemoiuueo;

4)  Oan  xwaorcdol  mpedeavnoli  cosokynmocmu  {X*V* W* U*}  mmoorcecmso
{WH(t, z,u*(t)) = 0} N {V*(t,x) > 0} ne codeporcum ueavx pewenuti cucmemvi (2.6), 2de
u*(t) # 0 ecmo a0boe nenyaesoe pewenue cucmemvs (3.4).

Tozda pewenue x = 0 cucmemuvt (2.1) 2406a4bHO PABHOMEPHO GCUMNMOMUNECKY, YCMOT-
YUBO MO Y.

HdoxaszarTeuancTts o. I3 ycnosuit 1-3 Teopemsr caemyer, uro pemrenue r = (0
cucrembl (2.1) pasHOMepHO ycroitauso 1o y [11; 13]. Uz yenosus V (¢, ) > a1 (||y||) u 27 —
nepuoandIHOCTH cucteMbl (2.1) 10 z HAXOAWM, UTO PENIeHUsI ITOH CHCTEMBI PABHOMEPHO
orpanuyenbl. I3 ycioBus 4 Teopembl Haiijem, 9To st Jjioboro pertenns x = x(t,to, o)
cucrembl (2.1) dynkuus V' takosa, 410

V(t,z(t,to, o)) — O mpu £ — 0o

pasrOMepHO 110 (tg, ) € RT x {y € R™: |ly|| < H} x P*.

Opmako Toryia w3 yemosus V(t,x(t tg,w0)) > ai(||y(t to,x0)||) cremyer, wuro
[ly(t,to,x0)|| — O mpu t — oo pasrOMepHO 10 (tg,70) € RT x {y € R™ : ||y|| < H} N P*.
Teopema jokazana.

B psse npukIa EbIX 33029 cucreMa tuna (2.1) MoKeT mMeTh Ha MHOXKeCTBE {z € R™ :
y =0, z € P*} unble nosnoxenus pasuosecusi, Kpome x = 0. Tyisg Takux cucrem abdbekTuBHA
CJIEYIOIIAs TeOpeMa.

Teopewma 3.3 IIpednoaooicum, wmo das cucmemos (2.1) moorcro natimu eexmop-
nyro gynxyuro V=V (t,x), maxyro wmo evnoanens, ycaosus 1-3 Teopemvr 3.2, a makoice:
4)V(t,0,z24+271;)=0,j=1,2,...,s;
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5) Oan  kaocdol  nmpedeavholi  cosokynmwocmu  {X* V* W* U*}  wmmoorcecmeo
{(W*(t,z,u*(t)) = 0} \{z € R" : y = 0, z = 7L} ne codeporcum pewenuti cu-
cmemnt (2.6), 2de u*(t) # 0 ecmov ar0boe nenyaesoe pewerue cucmemvs (3.4).

Tozda:

1) pewenue x = 0 u coomeemcmeento mrodtcecmeo nosodcenuti pashosecun {x € R™ :
y=0, z= 27TL(k)} cucmemvs (2.1) PaBHOMEPHO ACUMNIMOMUMECKY YCMOTHUBLL N0 Y;

2) mmooicecmeo noaoscenuti pasnosecun {x € R™ . y =0, z = 7L®™} cucmemw (2.1)
ABAAEMCA 24000ADHO TPUMALUCAIOUWUM O Y.

HoxkaszaTeunbcTso. Kak m B caydae TeopeMbl 3.2, u3 ycaoBuit 1-3 TeopeMbl
olpeJie/isieM CBORCTBO PAaBHOMEPHOH ycroiiuuBoctu 1o y pemtenus = 0 cucrembr (2.1),
a ¢ mmM Beero MuOKecTBa {x € R™ : y = 0, z = 2rL®} B cuny yenosus 4. U3 stux
e yeaoBuit 1-3 mMeeM CBOWCTBO pABHOMEDHO!H OrDAHWYEHHOCTH permeHuii cucremsl (2.1).
Orcroa 1 U3 ycjoBus 5 HA OCHOBAHMM TeopeMbl 2.1 1oJiydaeM BTOPOil BBIBOJ TEOPEMBI.

4. 3akJjouyeHue

Teopema 3.1 mpescraBiser cobofl TPUHIUI KBA3SUUHBAPUAHTHOCTHU JJisi HEABTOHOMHOM
CHUCTEMBI C IUJINHIPUIECKUM (Pa30BBIM IIPOCTPAHCTBOM HA OCHOBE IIPUMEHEHUsI BEKTOPHOM
dbyuarnun JIgmyHoBa ¢ IPUHIMIIOM CPaBHEHUs. ¥ KA3aHHBIE BO BBEJICHUU PE3YJIBTATHl PabOT
[6-7] mast TaKMX cHCTeM SIBJIAIOTCS ee YaCTHBIM ciydaeM. Teopembl 3.2-3.3 upejcraniis-
I0T COOOH TOCTATOIHDIE YCIOBHUS ACHMIITTOTUIECKONW YCTONIMBOCTH MCC/IEIYEMOI CUCTEMBI 110
HEYTJIOBBIM KOOpJIMHATAM, TJTIOOAIBLHOMN 110 TeopeMe 3.2, HEJIOKAILHOM C TPUTAXKEHNEM TI0 yT-
JIOBBIM KOOPJMHATaM coryiacHO TeopeMe 3.3. OHU pa3BUBAOT U 000DIIAIOT COOTBETCTBYOIINE
pesysbrarel pabor [10; 16; 20; 22] u npeacraBiagoT cobOil JOCTATOYHBIN HHTEPEC IPUMEHU-
TeJIbHO K 33/la9aM MEXaHUKU M aBTOMATHIECKOTO PETyJINPOBAHUS.
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O COXpaHEeHUNn YCTOﬁqHBOCTH PaBHOBECHA HeJIMHEIHbIX

OCIIIJIJIATOPOB IIPU KOHCEPBATUBHBIX BO3MYIIIE€HMNAX
A.A. KocoB

Hruemumym dunamurxyu cucmem u meopuu ynpasaenus um B. M. Mampocosa

CO PAH (HJICTY CO PAH)(e. Hpxymcx, Poccutickas Pedepayus)

Awnnoranus. Paccmarpusaerca 3amada FO. H. Bubukosa o coxpanennu yCcTOWUIMBOCTH TOJIOKEHUS
PaBHOBECHSI ABYX B3aMMOCBSI3aHHBIX HEJIMHEMHBIX OCIUJIJISITOPOB NPH NEHCTBHU MAJIBIX B OIIpEe-
JIEHHOM CMBICJIE KOHCEPBATHUBHBIX BO3MYIIAIOMMUX CuJI. [Ipu pasHbIX crocobax CBENEHUS CHCTEMbBI
K TaMUJIBTOHOBOH (DOpME BLISIBJIEHBI HEKOTODPBHIE OCOOEHHOCTH ISl CJIytasi, KOILJa BO3MYIIAIOIINe
CHJIBI B3aMMOJIEHCTBHS ABYX OCIUJIISITOPOB SIBJISIIOTCS HOTEHIINAIBHBIME. 110y deHbl ycIoBus coxpa-
HEHUS YCTOMYIUBOCTU M HEYCTORYUHUBOCTHA PABHOBECHS ABYX OCLU/UIATOPOB AJISL CIydasl JOCTATOYUHO
MaJIbIX BO3MYIIAONUX CHJI. 3a7a4da O COXPAHEHNN YCTONYIUBOCTU PABHOBECHUS IIPU KOHCEPBATHBHBIX
BO3MYIIIEHUAX PACCMOTPEHA TaKKe B GoJiee 0OOIIell CUTyaluu MpOU3BOIBLHOTO YUCIA OCIHUIIISTOPOB
CO CTEIIeHHBIMU IIOTEHIMAIAMY C PAIMOHAJIBHBIMA IIOKA3aTEISIMU CTEIEHH, ITO IPUBOIUT K CJIy9IaiO0
06OOIIEHHO OJHOPOJHOrO IMOTEHIMAIa HEBO3MYIIEHHO cucTteMbl. Ha mpumepe mokaszaHa MpPUMEHU-
MOCTb IIPEJJIO’KEHHOrO IOAX0Aa U B CJIytae, KOIIa IMOPI0K MaJOCTH BO3MYIIAIOMINX CHJI COBIIAAeT
C TOPSIKOM MAJIOCTH HEBO3MYIIEHHOIO FaMHJIbTOHUAHA.

KuroueBble cJI0Ba: HEJIMHEHHBIE OCHUJUIATOPDI, TAMUJIBTOHOBA CUCTEMA, YCTONINBOCTD

st muruposBaHusi: Kocos A. A. O coxpaHeHUH yCTORYMBOCTU PABHOBECHS HEJIMHEHHBIX OCIMILIISI-
TOPOB IIPH KOHCEPBATUBHBIX Bo3Mylnenusax // 2Kypuan CpesHeBOIKCKOTO MaTEMaTHIECKOT'O 001Iie-
crBa. 2021. T. 23, Ne 3. C. 285-294. DOI: https://doi.org/10.15507/2079-6900.23.202103.285-294

1. IlocraHoBKa 3ajJa4n

PaCCManHBaeTCH MeXaHn1YeCKasd CHUCTeMa, COCTOANIad U3 IBYX HE CBA3aHHBIX yCTOfI‘IH—
BbIX HEJIMHENHBIX OCIIAJIJIATOPOB

mix; + aixzn"*l =0, m; >0, a; >0, n;>1, i=1,2. (11)

i
Cucrema (1.1) umeer ycroitunsoe mo JIsamyHoBy mnosioxkenue paHoecust x; = 0, i = 1,2,
a1 9y, 2 2ng .
ITOCKOJIBKY TOTeHInaIbHas sHeprus 11y = 5 11 + oy, F2 . MMEET B OTOH TOYKe M30MH-
niy n2
poBaHHbIi MuauMyM. B pafore [1] 6buia nocrasieHa 3a7a4a 0 COXPAHEHUU YCTOHYUBOCTH
IIOJIOXKEeHUsI PABHOBECHUSI IIPY KOHCEPBATUBHBIX BO3MYIIEHUSIX.

Bsenem oboznauenns
A1 2

A
HO = ﬂ (x?nl + nly%) — TM (l»gnz + nQy%) .

,‘,tl _ Ty A —
yl*)\la Y2 = )\2, T

Torma cucremy (1.1) MOXKHO HepenucaTh B raMUJILTOHOBOI hopme

OHy . OH,
A 1.2
=gy Y oz, (1.2)
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IMosnoxkeHne paBHOBECHsI B Hadase KOOpAWMHAT cucTeMbl (1.2) yeTOHUMBO, MOCKOIBKY THM
cBoiicTBoM o0usiaziaer ucxoznas cucreMa (1.1). FO. H. Bubukos paccmarpusaer B padore [1]
BO3MYIIIEHHYIO TAaMUJIBTOHOBY CHCTEMY

OH . OH
_67:/./1'7 yi__aixiv H—Ho(x,y)—i—Hl(x,y) (13)

T

U 3a7a4y HAXOXKJIEHWs YCJIOBHI Ha BO3MYIIEHMs, OpoxKaaemble dyukuueir Hi(x,y), upu
BBIIIOJIHEHUN KOTOPBIX PABHOBECHE B HadaJe KoopjauHat cucreMbl (1.3) Gyzer ycroiiuuso mo
JLsmynosy.

O6o3HaunM HamMeHblnee obiee KpaTHoe umced n u ng depes N = HOK(nj, ng) =
= n1k; = noke, Tae k1 u ka B3aUMHO TIPOCTBIE TIEJIble YnCJa. BBejeM mpenonaokerns [1]
o ceoiicrBax dyukimu Hy(z,y).
(Yeqoust (B)):
Hy = Hi(z1,22,y1,Yy2) ananurudeckas (QYHKIUsS BCEX CBOUX apryMEHTOB, Da3JIOXKEHUe
KOTODO#i B DsiJi HE COJEPXKUT YWICHOB Iopsika Huke deM Np = 2N + |k — ko| + 1, ecan
x; canTarh mopsiaka k;, a y; — nopsagka N. OTMeTuM, 9TO B COOTBETCTBUH C paboToii [2]
dyuxus Hy = Ho(z1,%2,Y1,Y2) gBisieTcss 06001meHHO onHopoHoil Kiuacca (ki, ko, N, N)
nopsifka 2N, MOCKOJIbKY VJIOBJIETBOPSIET TOXKJIECTBY

Hy (01“9017 Cszﬂz,CNyl»CNyQ) =N Hy (x1,22,91,52), Vc€ER.

Yeaopust (B) o3Ha9aoT, YTO KaxKAbli MOHOM B paszjioxkeHnn &yHkuun H; =
Hi(x1,%2,Y1,Y2) B CTENEHHOH Dsiji sABIgETCS OOOOIMIEHHO OXHOPOIHON dyHKIMEH Kiacca
(k1, ko, N, N) nopsnka se nmke yeM N = 2N + |k; — k2| + 1, 910 BbIIIE TIOpAIKA MAJIO-
ctu 2N ucxomsoro ramuibronnana Hy = Ho(z1, T2, Y1, y2). B ciydae pasimdHbix creneHei
N1 # ng B coorBercTBuH ¢ ycaoBusamu (B) B okpecTHOCTH OJI02KEHNS PABHOBECUST BO3MYIIIE-
uue ramusiabronnana Hy = Hy (21, 22,91, Y2) SOJKHO UMETh MOPSIIOK MAJIOCTU CYIIECTBEHHO
Boiie (Ha 2 u Gostee eauHuNpl) 10 cpasHeHuto ¢ Hy = Ho(x1, 22, y1,Y2).

Np—1
H1=0<<|x1|1/k1+|x2|1/k2+|y1|1/N+|yz|1/N) >,

2N
Ho= O ((ja% 4 Jaal! = 5 i/ + oY) ™)
B patore [1] FO. H. BubukoBbiM GbLIN J0KA3aHBI CJIELYIONIIE YTBEPIKIEHMUSI.

Teopewma 1.1 Ecauny # ng, soamywenue Hy = Hy(z1, 22, y1,Y2) ydossemeso-
paem ycaosuam (B), mo pasnosecue x =y =0 cucmemw (1.3) yemotduuso no Jlanynosy.

Teopema 1.2 Ecauny = ne, sosmywernue Hy = Hi(z1,22,Y1,Y2) ydosaemeso-
paem yeaosuam (B), mo pasnosecue x =y = 0 cucmemw (1.3) yeaosno yemotinueo no om-
HOWEHUIO K HAYAABHBIM GOBMYUEHUAM, YO08AEMBOPAIOUWUM Yeaosuto H (x1, T, y1,y2) # 0.

Kak ormeueno BubukoBbiM, 1ipu 11 = no 6€3yC/IOBHAs YCTOWIUBOCTH IPHU ITPOU3BOIHHBIX
YJIOBJIETBOPSIONNX yeaorio (B) BOBMyIIEHUSX HE 2apaHmMuposana.
PacemorpuM mpuMeHUMOCTD TAHHBIX TEOPEM B CJIydae MOTEHIINAIBHBIX BO3MYIIEHUH

. oIl
miii + aig? T = Fy(zy, x0) = _Tl’ i=1,2. (1.4)
L

A. A. Kosov. On maintaining the stability of the equilibrium of nonlinear oscillators under conservative. ..
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B ramusbroHoBo# hopme cucrema (1.4) Gyer mpezcTaBIeHa CIIEIYIONUM 00pa3oM:

0Hy 0Hy
1= 3> T2 = 75—
oy y2
0Hy 1 0H, 1
= —— Fi(xy,x jg = ——— — Fs(x1,x2).
Y1 o1, i 1(71,72), Y2 07y oA 2(71,72)
CJIQ,ZLOB&TGJII)HO, BO3MyHIeHue raMujibTOHHaHa JOJIZKHO YJIOBJIETBOPATH PaBE€HCTBaM
OH, 1 1 oom oHy 1 1o,
8331 - ml)\l ! ml)\l 81‘17 81‘2 mg)\g 2 mz/\g 8.132.

HuddepeHrupys mepBoe paBeHCTBO IO Ty, BTOPOE MO X1 W BBIUUTAs W3 MEPBOIO BTOPOE,

HaXOJI1M
1 1 01
+ L —o.
ml)\l 777,2>\2 8;1018352

Orcrona naxomum 111 (21, 22) = f1(21) + f2(22) — ecTb cyMMa IPOM3BOIBHBIX JBAXKIBI Jub-
depennupyembix dyuknuii. Onnako B 3roM ciaydae cucreMa (1.4) OMUCBIBAET HECEA3AHHbIE
OCIUJIIATOPBI!
mzwz + ai.T?niil = Fi(.’lfl, 372) = —M, 1= 1, 2.
5:%
Takum obpazom, Teopembl 1.1 u 1.2 HeMPUMEHUMBI /I aHAJIN3a YCTOWIMBOCTU ITOJTOXKE-
HUsI PABHOBECHSI B3AMMOCBSI3aHHBIX HEJIMHENHBIX OCIUJIISITOPOB IIPHU ITOTEHINAJIBHBIX CAJIAX
Ol (21, 22)
81‘,‘

CaenoBaresibHo, nocrasiennyio HO. H. BubukoBbiM 3aa4y 0JIyYeHUs yCJIOBUN COXpa-
HEHMsl YCTONUMBOCTU HEJMHENHBIX OCIUUISITOPOB DU KOHCEPBATUBHBIX (B T. Y. HOTEHIU-
AJILHBIX) CHJIAX B3AUMOJIEHCTBIS HEOOXOAUMO PACCMATPUBATH 3aHOBO. AHAJIOrMYHAS 334498
MIPEJICTABJISET UHTEPEC B OTHOIIEHNN COXPAHEHHUS HEYCTONIMBOCTH, KOTOPAs IPOSBIISIETCS B
ciIydae, KOTIa XOTs Obl ofnH 13 KoM PUIneHTos orpurarenet a; < 0.

Heobxonumo 0TMETHTD, YTO YCTOWYMBOCTH MOJIOXKEHUSI PABHOBECHS MaMIJIBTOHOBOI CH-
CTeMBI C JByMsl CTereHsIMu cBoGob! Tuna (1.3) B ciydae, KOrja OJHO U3 IHCET N, Ny PABHO
1, nccnenoBasach B paborax [3; 4; 5]. IIpu sToM, Kak ykasbiBajaock B [6; 7], B mepBoHavaib-
Hble POPMYJIUPOBKU PE3YIBTATOB U JOKA3ATEIBCTBA MOTPEOOBAIOCH BHOCUTH KOPPEKTUBHI.
Curyuaii, Korma oba uucia np, ny Gosbine 1, Buepsble usyvascd B [1].

BlaumMogeiicreus F;(xy, ze) =

2. VYcioBus coOXpaHeHUsI yCTOMYIMBOCTU (HEYCTONYMBOCTH)

Bgenem obo3nauenus

air 9 az o I 1 5
— "+ " — 2]+ —25.

21 =midy, 2z = moda, ho
277,2 2m1 2m2

277,1
Torma cucremy (1.1) MOXKHO HepenucaTh B raMUJILTOHOBOM (hopme

. Ohy . Ohg

i 8@-

ITonoxkenne paBHOBecHs B Hadajle KOOPAUHAT CHCTEMBI (2.1) yCcTOHINBO, OCKOILKY (DYHK-
st ho (2, 2) TOTIOKUTENBLHO onpesenenHas (B ormane ot Hy(x, y), KOTopast 3HAKOIepeMeH-
HA) ¥ IIOCKOJIbKY STHUM K€ CBOHCTBOM 00JiasiaeT ucxomHasi cucrema (1.1).

A. A. KocoB. O coxpaHeHHH yCTOHIHBOCTH PABHOBECHSI HEIHHEHHDIX OCILHJ/IISITOPOB IIPU KOHCEPBATHUBHBIX . . .
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Ormerum, uro dyuKIwms hg = ho(z1, T2, 21, 22) sBIsIETCs 0GOBIEHHO OJHOPOHON KIacca
(k1, k2, N, N) nopsizika 2N, IOCKOJIBKY yJOBJIETBODPSAET TOKJIECTBY

ko N N

k 2N
ho (c lxq,c™xg, ¢ 21, C ZQ)ZC ho (z1,x2,21,22), VceR.

Paccmorpum Bo3mytiennyio cucremy (2.1)

oh . Oh

i?i = — Zi = ———
82’1" 8.’L‘i7

h(z, 2) = ho(z, 2) + ha(z, 2). (2.2)

B wacrHOCTH, B Cilyuae, KOTJa CUJIBI B3AUMOZEHCTBIs OCuuIsiTOpoB B cucreme (1.4) moren-
a—xl, BO3MYIIAIOMIUI TaMUJIbTOHNAH uMeeT B hi (z, z) = Iy (z).

Beezem npezmonomemmZ o cpoiicTBax dbyukimu hq(x, z) (yeaosusa (A)): Oyuxius hy =
= hi(z1, 22,21, 22) daBisercd ABaxkabl ubdEpPeHIUPYEMOil U YIOBJIETBOPSIET B MaJIOi
OKDECTHOCTH TI0JIOXKEHUsI PABHOBECHsI OIIEHKe

N
hi=o0 ((ml/kl + |3732|1/k2 + |y1|1/N + |y2|1/N) ) .

uuasbhel F(z1,22) = —

YesoBust (A) 6yayT 04eBUHO BBIOJIHEHBL, eciau hy = hy (1, T2, 21, 22) €CTh aHAJIUTHYECKAS
pyHKIIUS BCeX CBOUX apI'yMEeHTOB, pa3JIoyKeHue KOTOPOil B Psjl He COIEPKUT YJICHOB MOPSIKa
nmke, 9eM N4 = 2N + 1, econ x; cauTaTh HOpsAIKa k;, a z; CIATATh HOpsiaka N.

Takum 06pazoM, Jyia DYHKIUIA OJHUX U TeX Ke apryMeHToB yciaosud (B) ssisiorcs
Gosiee kecTKUMH, YeM ycaoBus (A). B ciydae pasimdHbIX crereHeil ny # mo HOPSIIOK Ma-
JocTy Bo3Mylenus B yciaosusax (B) ma |k; — ko|, T. e. MUHUMYM Ha eIUHUIYY BBIIIE, YeM B
yenosusax (A).

VenoBust coxpaneHnsl yCTONUINBOCTH B3aUMOIEHCTBYIONINX OCIUJIATOPOB IIPU KOHCEpBa-
TUBHBIX BO3MYIIEHUAX JAIOTCS CJIELYIONAM YTBEPKICHIEM.

Teopema 2.1 FEcaua; > 0,1 =1,2 u eosmywenue hy = hy(x1,x2,21,22) ydo-
saemsopsem ycaosusm (A), mo nosoorcenue pasnosecus = z = 0 cucmemovi (2.2) yemot-
wugo no Jlanynosy.

Vcii0Bust cOXpaHeHnsi HEYCTONINBOCTH B3aNMO/IEHCTBYIONINX OCIAJIJIITOPOB IIPU KOHCEP-
BaTUBHBIX BO3MYIIEHUAX JAIOTCS CJIEAYIONIUM yTBEPKICHUEM.

Teopema 2.2 Eciu zoma 6v. 0dun u3 xoapduyuenmos ompuyamener a; < 0,
sosmywerue hy = hy(x1, 22, 21, 22) ABAAEMCA aGHAAUMUNECKOT GynKULed U Ydosaemeopaem
yeaosuam (A), mo nonoowcenue pasnosecus © = z = 0 cucmemvr (2.2) Heycmotivuso no
Jlanynosy.

HoxkazarenbcTBa TeopeM 2.1 n 2.2 He NMPUBOAATCH, T. K. B CJIEAYIONIEM pa3fiesie JOKa3aHbI
6oJtee 0O0ITME yTBEPXKIEHUS JJIs IPOM3BOJILHOIO UUC/Ia HEJTMHEHHBIX OCIIUJIISTOPOB.

Ormerum, uro Teopema 2.1 npumennMma K cucreme (1.4) ¢ HOTEHIAIBHBIMI BO3MY IIIEH-
sIMI, K KOTOPOIi, KaK ObLIIO [TOKa3aHO BbIle, HellpuMeHuMbl Teopembr 1.1 n 1.2 FO. H. Bubuko-
Ba [1]. TlockoabKy ycsosus (B) siisirorest Gosiee kecTKUME, YeM yciaosust (A), To cozaercst
BIleYaT/IeHUE, 9TO yTBepxKIeHus TeopeM 1.1 u 1.2 npecraBisior coboit TpocToe CJIeJICTBIE
teopemsl 2.1. Oxuako sTo He Tak, Teopemsl 1.1 u 1.2 FO. H. BubukoBa u teopema 2.1 sBiis-
I0TCsl HE3aBUCUMBIMU PE3YJILTATAMU.

A. A. Kosov. On maintaining the stability of the equilibrium of nonlinear oscillators under conservative. ..
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Heso B ToM, uro mepemenHble (2,y) u (X, z) CBA3AHBI JUHEHHBIM COOTHOIIEHUEM Y] =
21 22
y Y2 = —

" W KOTOpOE TIEPEBOIAT TaMIUJIGTOHOBY HEBO3MYTIEHHYIo cucremy (1.2) ¢ ra-
MusibToHnaHOM Ho (2, y) B raMWILTOHOBY HEBO3MYIIEHHYIO cucTeMy (2.1) ¢ raMUIbTOHMAHOM
ho(z,2), n 5T CUCTEMBI IMEIOT YCTONYMBLIE PABHOBECHs B Havase koopauHaT. OmHako Ta
3aMeHa [IEPEMEHHBIX He ABJIAETCH KAHOHMYECKOMN, O3TOMY He MEPEBOJUT BO3MYIIEHHYIO I'a-
MUJIBTOHOBY cucremy ¢ ramusbroanadom H = Hy(xy, xa,y1,y2) + Hi(x1, 22,91, Y2) B BO3MY-
HIEHHYO0 TAMUJIBTOHOBY CUCTEMY C FaMUJIbTOHUAHOM h = ho (1, T2, 21, 22) +h1 (21, T2, 21, 22),
a MEePEBOJUT B HEKOTOPYIO HEraMHIJILTOHOBY cucreMy. IlosTomy u3 Teopemsl 2.1 He ciemyor
TeopeMbl 1.1 u 1.2, a u3 Teopem 1.1 u 1.2 ne ciieryer Teopema 2.1.

3. O06o06mieHMe Ha ciaydail IIPON3BOJILHOTIO YHCJIA OCIUJIJISTOPOB

PaCCl\lOTpI/II\I Tellepb MEeXaHU1I€eCKYIO CUCTEMY, COCTOANILYIO U3 1 Z 2 He CBsI3aHHBIX yCTOI7I—
YUBBIX HEJTUHEHHBIX OCIIUJLIIATOPOB

. b, .
m&; + ez =0, m; >0, a; >0, b;>0, i=12,...,n (3.1)
b
Baech b; = — — palMOHAJILHbIE YHCJIa C HEYeTHLIMU YUCJINTEISMU P; U 3HAMEHATEJsIMH
qi

@;- OTMeruM, 9TO B 9aCcTHOM ciydae, Korma n = 2, ¢; = 1, p; = 2n; — 1, i = 1,2, (3.1)
nepexoyut B cucreMy (1.1). Cucrema (3.1) mmeer ycroitumpoe 1o JISIyHOBY HOJIOXKEHHE

paBHOBecus z; =0, 1 =1,2,...,n, TOCKOJIbKY IMOTEHITNAJIbHAS SHEPTUS
ai by+1 a2 ba+1 Qn
My= B g+t 92 ghtiy oy On

MMeeT B 3TOHM TOYKEe M3OJUMPOBAHHBIN MUHUMYM. PaccMOTpuM 3aady O COXpaHEeHUH YCTOU-
YUBOCTH IIOJIO2KEHNsI PABHOBECUS IIPU KOHCEPBATUBHBIX BO3MYIIIEHUAX.

O6o3HaunM  HamMeHbIllee  OD0Iee  KpPaTHOE  YUCES % qepes N =
Di + i .
HOK 5 t= 1,2,...,n|. Torma 2N = (p; + ¢;)k;, tme k; — HaTypaJbHbBIE YHC-
J1a, HAMOOIBINUHM OO JIeTUTETh KOTOPBIX paBeH 1.
BBenem oboznadenus z; = m;t;, 1 = 1,2,...,n,
O N S R B S| an_ b+t L o L,
ho=——abtttp 2 _gbetl R bl — 24 4 22
O b 41t by+1"2 by +1°" 2m, ! 2m,, "
Torma cucremy (3.1) MOXKHO IepenucaTh B raMUJILTOHOBOM (hopme
Ohyg Ohg
g, =2 5 3.2
! 82’7 ! (9561 ( )

ITosioxkeHue paBHOBeCHsl B Havase KOOPJAMHAT CHCTeMBI (3.2) yCTOHYMBO, TOCKOJILKY (DyHK-
uust ho(z, 2) — HOJIOKUTEIHHO OIPEIEICHHAS .

Ormerum, aro dyuxnus hg = hg (X1, ..., Zn, 21, .., 2y) ABIAAETCS 060OIIEHHO OIHOPOJI-
Hoit knacca (k1q1, ..., kngn, N,..., N) nopsaiaka 2N, HOCKOJIbKY YIOBJIETBOPSIET TOXKIECTBY
ho (ckl‘“ml, sty N chn) =c*ho(z,2), VeeR.

Paccmorpum Bo3mytieHHyio cucremy (3.2)

oh . oh

T

A. A. KocoB. O coxpaHeHHH yCTOHIHBOCTH PABHOBECHSI HEIHHEHHDIX OCILHJ/IISITOPOB IIPU KOHCEPBATHUBHBIX . . .
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B gacTHOCTH, B Cilyuae, KOTJIa CUJIBI B3AUMOZEHCTBIS OCIMIUISITOPOB B cucreMe (3.3) moreH-
[UAIBHBI, BO3MYIIAONHUH raMuIbToHnal uMeer suj hy(z, z) = I ().

BaejieM npe/ionozkenust o cpoiicrBax dyHkimn hi(x, z) (yeaoeus (A)): dyukius hy =
= hi(z, z) aBagerca aBaxapl auddepeHnupyeMoii 1 YI0BJIeTBOPsIeT B MaJIOi OKPECTHOCTH
HOJIOYKEHH PABHOBECHS OIleHKE

2N
= (oo o o Y Y)Y

Yenoust (A) GymyT 0YeBHAHO BBIIOJIHEHBI, eciud hy = hi(x,z) ecTb aHajIuTHYeCKast
yHKIUA BCEX CBOMX apryMEHTOB, Da3JIOKEHHE KOTOPOHl B Psji HE COJEPXKHUT WIEHOB IO-
psaka nuke ueM Ny = 2N + 1, ecsin x; cautaTth nopsaka k;q;, a z; — nopsiaka N. YcaoBust
COXpaHEHHsI YCTOWIMBOCTH B3AMMOEHCTBYIONUX OCIHJIIISITOPOB IIPH KOHCEPBATUBHBIX BO3-
MYIIEHHUSAX ONHCHIBAIOTCS CJIEYIOMIUM YTBEDIK ICHIEM.

Teopema 3.1 Fcaua; >0,i=1,2,...,n, u 6osmywernue hy = hy(x,z) ydosae-
meopsiem ycaosusm (A), mo noaoocernue pasnosecus x = z = 0 cucmemws (3.3) yemotinueso
no Jlanynosy.

HJoxkaszaTeuasbcrT B o [ammwibronosa cucrema (3.3) mMeer IepBbI HHTErpas
h = ho(z,z) + hi(z,2) = const. s npoussoxuoil B cuiry cucreMsl (3.3) mMmeer MecTo

PaBEHCTBO = 0. Pyuxuus ho(z,z) ABIgETCS HOMOKUTEILHO OIIPEIEIEHHOI, IOITOMY

E|(3.3)

1o cBoiicTBaM 06OBINEHHO OJHOPOAHBIX (BYHKIHM [2] cupaBemiuBa OleHKA

2N
ho(,2) 2 M (Jaa[41% o a0 g YV YY)

rae M > 0 ectb Hekoropas nocroguuas. 1lo ycmosuio (A) miua dynkuuu hi(z,z) crupa-
BeyIuBa, OlleHKa (3.4), I09TOMY B HEKOTODOH OKPECTHOCTHU HyJIEBOIO DEIEHUs] CIPABEJINBA
OIIEHKA JIJIsl CYyMMBI

M 2N
b= hO +h1 > 7 (|{E1|1/k1 + ‘.’E2|1/k2 + |y1‘1/N + |y2‘1/N)

CrpaBeyIMBOCTD yTBEPZKIEHUA TeopeMbl 3.1 Tenepb BBITEKaeT U3 TeopeMbl JIgmynosa o6
YCTOMUIMBOCTH € y9IETOM MOJIOKUTENBHOM onpeesnernHoctr dbyHkuun h = ho(z, z) + hi (2, 2).
JokazaTeabCTBO 3aBepIleHo.

VenoBus coxpaHeHHs HEYCTONYUBOCTH B3aMMOAEHCTBYIOMMX OCIIIIATOPOB IIPU KOHCEP-
BATUBHBIX BO3MYIIEHUAX JAIOTCA CICLYIOIUM YTBEPKICHAEM.

Teopewma 3.2 Ecau xoma 6v. odun u3d koapuyuenmos ompuyamenern a; < 0,
sce anamenamenn ¢; = 1,1 = 1,...,n, u osmywenue hy = hi(x,z) asasemca anasumu-
weckoll Pynryuet u ydosaemeopaem ycaosuam (A), mo noaoocenue pasrosecus x = z =0
cucmemt (3.3) neyemotivueo no Jlanynosy.

CrpaBe/I/TIBOCTb 3TOTO yTBepK/leHus BhITeKaeT u3 Teopembl B. B. Kosznosa o meycroiiuu-
BoctH [8] ¢ y4yerom nosyksasuogHopoaHoctu dyukimn h = ho(x, z) + hi(z, 2).

TMokakeM Ha TPUMEpE, ITO yCJIOBUST COXPAHEHUST YCTONIMBOCTH MOTYT OBITH MOJIyIEHBI
U B cjlydae, KOTJla HOPSAJI0K MaJIOCTH HOTEHIUAJLHBIX BOZMYIIEHUI COBHAJAET € MOPSIKOM
MaJIOCTH HEBOZMYIIEHHOIO MOTEHIINAJIA.

A. A. Kosov. On maintaining the stability of the equilibrium of nonlinear oscillators under conservative. ..
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IIlpumep 3.1 PaccMOTpUM CHUCTEMY, COCTOSAIILYIO U3 JIBYX OCITUJIISITOPOB

- oIl
m;E; + CLZ‘J}Z@ 0/ = —87;, ar >0, ax>0, =12 (35)

4

1 1
SBmecn 117 =k (xl/q — xz/q> , k<0,g=1wmm q=31lpu k = 0 ocimyIATOPHI HE CBIA3AHDI
MeK/ Ty coOOlt 1 IOJIOKeHne PABHOBECH KaKJ0r0 U3 HUX ycroitunBo. Haltiem MakcumasbHOe
sHauenne k; < 0 rtakoe, uto npu Bcex k € (k1,0) yCTONIMBOCTD MOJIOYKEHWs] PABHOBECHSI

x = 0 cucremsl (3.5) coxpaHsieTcs.
1/q

%

, TOTJIa TIOTEeHIUAIbLHAS SHEprus OyJIeT OJIHOPOAHON hOpMOil deTBep-
roit crenern I1(uq, ug) = q% uf Jrqc%2 ug +k(u1 —up)*. s mosmyaenns obmacTi, B KOTOPOIT
COXpaHSIeTCs YCTOMYMBOCTH HAJ0 YCTAaHOBUTHL, pu KakuxX k < 0 sta dopma 4-if cremenn
OCTAETCs TOJIOKUTEIHLHO ONPEEJICHHOMN.
Dty dopmy zanumenm B Buge 1(uy, ug) = u3Fy(v), v = %, rie Fy(v) ectb mosmHOM 4-i
2

Fi(v) = g5 o' + 5 + k(v — ).

Dopwma I1(ug, us) MOIOKUTEIBHO OIPEIEJIEHa TOT/IA U TOJIBKO TOTIa, KOTIa y oanHoMa, Fy (v)
HeT BeIeCTBeHHbIX KopHel. IuckpumuaanT noimHoMa Fy(v) ectb mosmHOM 3-#f cremeHn
OTHOCHTEJILHO K

ITosoxxum u; = x

CTeIIeHn

3 1
A3 313 4 2 247.2 5.2 2 6 3 3
Dy =4¢°(a1 + a2)’k” + 3¢ a1a2(ay — Taras + a3)k” + 14 ajaz(ar + az)k + 16 9 “192:
O6o3HaunM HaubOJIBINUI OTPUIATEILHBIN KOpeHb ojiuHoMa Dy depes kg. CBOOOIHBII 1jIeH
9TOTO IIOJAMHOMA MOJIOXKATENEeH, nodromy Ha uHTepBase k € (ko,0) Gyaer Dy > 0. 3uaunr,
JIJIS 9TOrO MHTEpBaJa Bee 4 KopHs nosmHoMa Fy(v) pasiudasl u Jubo BCe BEeCTBEHHbIE,
Jbo Bece KoMiutekcHble. Ecym y noaunoma Fy(v) deTbipe pa3jinuHbIX BEIeCTBEHHBIX KOPHS,

TO y €ro IPOU3BOJHONI

d
Fy(v) = qaiv® + 4k(v — 1)3

F3(v) = o b

JIOJIZKHO OBITH 3 PA3JIMYHBIX BEIIeCTBEHHBIX KOpHs. Ho muckpumunanT nosmaoma F3(v) ecrnb
D5 = —432q2a%k2 < 0. Caenosaresnbro, y noauHOoMa F3(v) TOMBKO OJMH BeIeCTBEHHBI
KOpeHb. DTO 3HAUWT, 4TO y mojnHoMa Fy(v) Bee 4 KopHst KomiuiekcHble n dbopma I1(uq, ug)
SIBJIFIETCS MIOJIOXKUTEHLHO OlpejiesieHHoi pu Beex k € (kg, 0). Takum o6pa3oM yCTaAHOBJIECHO,

9TO yCTONYMBOCTL coxpangerca B uarepsaie k € (ki,0), rue k1 = ko ectb nHanbGosbiimii
OTPUIATEILHBIN KOPEeHb moJinHOMa Dy.
Ormerum, 9ro B ciyuae ¢ = 1 HoTeHIUMasbHAs SHEPrust i cucreMsbl (3.5) sBiser-

Csl OJTHOPOJHOM (POPMOIT YETBEPTON CTENEHU OT HCXOJHBIX KOOPJIUHAT, KOTOpas MPU JIO-
6oM k < kg MOXKeT IpUHUMATH OTPUIATE/IbHbIE 3HAaUeHUsI. 1109TOMYy NpUMEHUMa TeopeMa
B. B.Kozsosa [8], u3 KoTopoii cieiyer HeyCTONYUBOCTH paBHOBecus. B ciaydae xe ¢ = 3
IIPUMEHUTH 3Ty Teopemy (GOPMAaIbHO HEBO3MOXKHO, MTOCKOJIBKY IMOTEHIINAIbHAST SHEPIHUS He
SABJISETCS TOJIMHOMOM.

Baaromapuocru. Pabora soinosnena npu nojguep:kke PODU (mpoext Ne 19-08-00746).
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O HerumnepboJMYIeCKUX aJIredOpanmdecKnx aBTOMOp@du3Max
JABYMEPHOT'O TOpa
C.B. CI/I,Z[OPOBI, E.E. Ynnuna?

L oraoy Bo «Havyuonarvhoi uccaedosamenwvcerxuts Huotcezopodckutl eocydapemeen-
noull ynusepcumem um. H. H. Jlobauescrozos (2. Huowenuii Hoezopod, Poccuiickas
Dedepayun)

2 Hayuonanronoili uccaedosamenvekutl ynusepcumem «Buicuwas wkoia 5K0HOMUKUS
(2. Huotenuti Hoszopod, Poccutickas ®Pedepavun,)

AnHoTauus. /lanHasi paboTa COIEPXKUT IOJHYIO KJIACCU(PUKAINIO ajredpandecKux HerunepooJim-
9eCKUX aBTOMOPGMU3MOB JAByMEpPHOro Topa, anoHcupoBannyo C. Barrepconom B 1979 r. Takue aB-
TOMOP(MU3MBI BKJIIOYAIOT B cebsi BCe MepuoindecKue aBToMopdusmbl. VX kiaccudukalys uMeer
HEIIOCPEICTBEHHOE OTHOIIIEHUE K TOIOJIOTMYECKON KJIacCUMUKAIMU IPAJIUEHTHO-TION00HBIX Juddeo-
MOP(U3MOB ITOBEPXHOCTEI, T. K. coryiacHO pe3ysnbraram B. 3.I'puneca u A. H. Besnenexubix, jir060i
IpaJueHTHO-II0/I00HBII COXPaHSIONNI OpreHTAINIO JTruddeoMopdu3M MOBEPXHOCTU IIPEICTABIISETCS
KaK CYIIEePIO3UIMs CABUIa HA €JUHUILY BPDEMEHU I'DAIMEHTHO-IIOOOHOr0 IIOTOKA U HEKOTOPOIO IIepH-
oauyeckoro romeoMopdusma. . HunbceHoMm HalijieHbl HEOOXOIMMBIE U JIOCTATOYHbBIE YCJIOBUS TOIO-
JIOTUYECKON COIPSI?KEHHOCTU COXPAHSIONUX OPUEHTAIUIO MEPUOAUIECKUX T'OMEOMOP(MU3IMOB OPHUEH-
TUPYEMBIX HOBEPXHOCTEN MOCPEJICTBOM COXPAHSIIOIIMX OPUEHTAIMIO0 roMeoMOpdu3MOB. PesysbrarTh
HaCTOSIIEN pabOThI MO3BOJISIOT B CJIy4Yae TOPa IMOJHOCTHIO PENIUTD 3aJ[ady Peain3alliy BCeX KJIacCOB
TOTIOJIOPUYECKON COIPSIXKEHHOCTHU HE TOMOTOITHBIX TOXK/IECTBEHHOMY IIEPUOIMIECKUX OTOOparkKeHuit. A
MMEHHO, U3 HACTOAIIEH PabOThI CJIEIyeT, YTO €CJIU HECYIasi TIOBEPXHOCTD EPUOINIECKUX TOMEOMOP-
bU3MOB SIBJISIETCS JIByMEPHBIM TOPOM, TO CYIIIECTBYET B TOYHOCTU CEMb TAKUX KJIACCOB, KaXK/Iblil U3
KOTOPBIX TPEJICTABJISIETCS aJIrebpandecKuM aBTOMOP(MU3MOM ABYMEPHOTO TOPa, WHIYIMPOBAHHBIM
HEKOTOPOU IIEePUOJIMIECKON MaTPHUIIEH.

KiroueBbie cjioBa: nepuoguyecKkue romeoMopdusMbl, ABYMEPHBIH TOP, aJrebpandeckuii aBTOMOP-
buzm

Has nuruposanusi: Cugopos C. B., Yununa E. E. O merunepbonndeckux anrebpan<decKux aBTO-
Mopdusmax asymepHoro topa // ZKypuan CpeaHeBo/KCKOro mareMarudeckoro obmecrsa. 2021.
T. 23, Ne 3. C. 295-307. DOI: https://doi.org/10.15507/2079-6900.23.202103.295-307

1. Bsenenue

a b
IIycts A = <c d

Broporo mopsnka u det A = +1. Torma oma muAymupyer orobpaxkemme fu : T2 — T2,
3a/1aHHoe (hopMyJIOit

) € Gl(2,Z), to ectb A — 1NeJOYKUCIICHHAs] KBaJpaTHas MaTPUIA

T=azx+by (mod1l)

fa: y=cr+dy (mod1),

KOTOpOE ABJISETCS ajrebpanveckKuM aBTOMOP(U3MOM ABYMEPHOI'O Topa.

Ecsn coberBennbie 3uadenus: marpuiibl A € GI(2,7) He paBHBI 110 MOJYJIIO €IUHUALE, TO
anrebGparmdecKkuii aBTOMOPMU3M JBYMEPHOIO TOPa, WHLYIUPOBAHHBII MaTpuleil A, Ha3biBa-
eTcd runepOoJIMYecKUM ajirebpandecKuM aBTOMOP(U3MOM JIByMEpHOIro Topa. B nporus-

© C. B. Cudopos, E. E. Huaura

KoutenT gocrynen no jgunensuu Creative Commons Attribution 4.0 International License.
This is an open access article distributed under the terms of the Creative Commons
Attribution 4.0 International License.
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HOM ciiydae aBroMopdusM f4 OylaeM Ha3bIBaTh HETHIIEPOOIUYECKUM ajre0pandecKuM
ABTOMOP(MU3MOM JIBYyMEPHOI'O TOPA.

JBa asrebpamyeckux aBroMopdusmMa Topa f U g HA3BIBAIOTCH COMPSI2KEHHBIMU, €CJITU
CyIIecTByeT Takoil aproMopdusM h, uro g = hfh L.

IIycrs f — anreGpanaeckuit asromopdusm ropa. Muoxkecrso K¢ = {hfh~! | h — anre6-
pandeckuii aBTOMOPGU3M TOpa} HA3BIBAETCS KJIACCOM COIPSIYKEHHOCTU aBTOMOPdU3-
ma f.

0O603HauNM uepe3 Z2*2? MHOKECTBO NEJIOYHUCJICHHBIX MATPHI] Hopsaka 2. Marpuma B €
€ Z2*? nazpiBaerca momobHoMH MaTpure A € Z2%? man 7, ecnm cymecTByeT TaKas MATPHIA
S € Gl(2,Z), ato B = S7'AS. Ecrm A € Z**2, 1o muokectBo Ky = {S71AS | S €
€ Gl(2,Z)} nasbBaerca KiaaccoM nomobusi Mmarpuusr A.

TaxkuMm 06pazoM, 3a71a9a 0 HAXOXKICHAHN KJIACCOB COPIKEHHOCTH HEMAIIEPOOTUISCKIX aJl-
rebpandeckux aBTOMOPMU3IMOB JBYMEPHOTO TOPa CBOJAUTCS K 3aJ[a9e O HAXOXKJIEHUH KJIACCOB
OJI00MST MEJIOYUCIIEHHBIX YHUMOYJISPHBIX MaTPUI] BTOPOTO MOPSIKA, COOCTBEHHbIE 3HAYE-
HUsI KOTOPBIX PABHBI 110 MOJIYJIIO eJMHUIE. Perlenne 3aa9u 0 HAXOXK IEHUU KJIACCOB MO100us
[EJIOYUCIIEHHBIX YHUMOJIYJISIPDHBIX MATPHI] BTOPOTO TOPsJIKA, CODCTBEHHBIE 3HATEHUS KOTO-
PBIX SIBJISTIOTCS KOPHSAMY U3 €IMHUIIBI, ObIJIO AHOHCUPOBAHO B [1] B BUIE CoteTyoIeit JJeMMBL.

Jlemma 1.1 (Jlemma Barrepcona [1|) ITycmo A € GI(2,Z) u oba ee cobemeen-
HOLT BHAYEHUA ABAAIOMCA KOPHAMU U3 edunuydt. Toeda A nodobra nad Z 6 mowrnocmu 00HOT
U3 CAEOYIOUUT MATMPUY,:

GG 5656 )
(_01 é)(_ol _11>((1) 11>,me{0,1,2,...}.

B pazznene 2 ycranosseno, uro yrBepxkienue jieMMbl 1.1 nmeer mecto st 60s1ee o0Ieit
CUTyaluu, Korja coocTBeHHbIe 3Hauenust Marpuiibl A € GI(2,7Z) paBHbI 10 MOJLYJIIO €IUHUIIE,
U [OPUBEJIEHO HOJIHOE JI0KA3aTesbCTBO JieMMbl 1.1, Tak kak B pabore [1| aBrop ocrasiser
YacTb JOKA3ATEIbCTBA JJI IUTATEJIs.

IlBa romeomopdusMa f ¥ g HA3BIBAIOTCH TOMOJOTUYECKU COIIPS>KEHHBIMU, €CJIU CY-
IIECTBYeT TaKoi romeoMopdusM h, uro g = hfh 1.

B npennoxkennn 3.2 pasmena 3. mpuBeaeHa KaacCuUKAIMS MEPUOSMICCKUX aarebpan-
9ecKuX aBTOMOP(MU3MOB AByMepPHOro Topa. Kpome Toro, B mpemjiokennn 3.3 yCTAHOBJIEHO,
9TO KaXKIbIH KJIACC TOIIOJIOTUYIECKOH COIPSKEHHOCTH HE TOMOTOIHBIX TOXK/IECTBEHHOMY CO-
XPAHAONNX OPHUEHTAIUIO [IEPUOJINYECKUX I'OMeOMOP(MHU3MOB JBYMEDPHOIO TOPa COIEPIKUT
aredpanvIecKuii aBTOMOPMU3IM.

2. Jlemma Barrepcona

B pa6ore [1] C. Barrepcon upu mokasaresbcrse JieMMbl 1.1 OIyckaeT HaXOXKIEHHE
BCEX BO3MOXKHBIX COOCTBEHHBIX 3HAYEHHUIl, KOTOpble MOXKeT uMeTh Marpuna A € Gl(2,Z).
ABTOp NPUBOAUT pACCYXKIEHUS JJIsI CJIydasi, KOrja 0b6a COOCTBEHHBIX 3HAYEHUs] MATPUIIBI
A € Gl(2,7) pasubl 1, ocHoBbiBasich Ha Teopeme I11.12 u3 kuurn [2]. He npusosst mokasza-
TEJIbCTBO I CJIydaeB, Korua 00a coOCTBeHHbIX 3Hadenus Marpunbl A € GI(2,7) pasabr —1
WIu OfiHO paBHO 1, a apyroe —1. ABTOp yTBep:Kaer, 9TO OHU AHAJOTHIHBI CJIYIAl0, KOTJIA
06a cobcrBenHbIx 3HadeHust Marpunbl A € GI(2,Z) pasubt 1. Ha camom mese B ciydae,

S. V. Sidorov, E. E. Chilina. On non-hyperbolic algebraic automorphisms of a two-dimensional torus
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KOrzia OfHO cobeTBeHHOe 3HaveHne marpunbl A € GI(2,7) pasHo 1, a apyroe —1, mokasa-
TEJLCTBO TPEOYET HEKOTOPBIX JONOJHUTEILHBIX paccy K iennil. B kadecTBe nmoKasarTesbeTsa
JUIS CIIydas, KOrua coOCTBeHHbIe 3Hadenus Marpulibl A € GI(2,7) aBasgioTcs KOMIIEKCHBIME
qucsamu, C. Barrepcon cebunaerca ua reopemy 111.13 u3 kauru [2] u pesysabrarst paborst (6],
KOTOPbIE HAIPSIMYIO HE CBSA3AHBI C XOJOM PACCYKJCHHs JIOKA3aTeIbCTBA JeMMbL. 110 9Toii
[PUYHIHE JOKA3aTEIHLCTBO 9TOMW YACTU JIEMMBI OCTAETCs HE JI0 KOHIA SICHBIM YUTATEJIO.

B nannom pasjesne npesoxenne 2.1 ycTaHABINBAET, YTO yTBEPK/IeHNE JJeMMbI 1.1 Tak-
JKe MMEET MECTO JIJIsl CIIydas, KOrja coocTBenHble 3nadenus Marpunpl A € GI(2,7) paBHbI 110
Mmoo 1. Kpome Toro, B X071 €ro Joka3areabCTBa HAMIEHbI BCE BOBMOXKHBIE CODCTBEHHBIE
3HAYEHUsI, PABHbBIE [I0 MOJIYJIIO 1, KOTOpbIe MOTYT cooTBeTcTBOBaTh Marpuie A € GI(2,Z),
U JIOKA3aHO, YTO JIpYTUX HeT. B pasjiesie mpejcTaBieHo MoTHOe JJ0Ka3aTeIbCTBO JIEeMMbI bat-
TEPCOHA, KOTOPOe OIMPAETCs Ha Pe3yJIbTaThl paBoTh [7].

CHauaJia npuBejieM Bce HEOOXOIUMBIE JJIsl JJOKA3aTeIbCTBA MIPEIJIOKEHIS.

Ilpenanoxenune 2.1 [lyemv cobcmeentvie 3HAMEHUA A1, A2 MAGMPUUDL
A € Gl(2,Z) pasrv, no modyaro eduruye. To2da oMU ABAANOMCA KOPHAMU U3 eOUHUUDL U
UME0M 6ud, COOMBEMCMBYNULUL, 0OHOMY U3 CAEOYIOULUL:

1A\ =X=1

2. A =Xy =—1.
3. A =1, =1
4o A =i, Ay = —i.

1 V3, 1
5. )\1—§+7Z,)\2—§—

| S

1 1 3
6. M= —5+ i, Agz—i—%i.

“[$

JokxazaTeabcCcTso.

a b
HyCTbA—<C d

f()\) — ee xapaxTepuctmaeckuit muorodien. Torma A = ad —be = £1, f(A) = A2 = \a+d)+
+ad — be.

Haitnem cobcTBeHHBIe 3HAUEHNST A1,2 MATPHUIBLI A:

)\1’2 = %(a—kdi \/(a— d)2 +4bC)

ITo ycmoBuio numeeM |Aq| = [Ag] = 1.
Ecmu (a — d)? + 4bc > 0, o A1 2 € R. Iockoabky My = ad —be = A = +1 u [\ | =
[A2] =1, 10 A1, Ay € {1, —1}. IIpu 9TOM BO3MOXKHBI TPHU CJIyUasT:

) € Gl(2,7). Yepez A obozaaumM opeemrens MaTpuisl A, a yepes

LA =X=1
2. M =X =—1
3.0 =1 =1

C. B. Cuziopos, E. E. Yumuna. O HerunepboJndecKux ajarebpandecKux aBTOMOP@HU3Max JABYMEPHOI'O TOPa
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1
Ecn (a — d)? + 4be < 0, 10 A1 2 = i(a +d £ i/|(a —d)? +4bc|) ¢ R. IIpeacrasus
KOMIUIEKCHOE 9HCJIO \; B TpUroHOMeTpudeckoil dopme samucu A; = |A;|(cos ¢ + isin¢),
d
nomyunm Red; = |Aj|cos¢ = cos¢p = 454 Umeem |cos¢| = |Red;| = |%| < 1. Ilpm

yenosnn a,d € Z nomyunwm, uro |Re)j| € {0, 1,1}

Ecmm |Re);| = 1, o [Im);| = (a — d)? + 4bc = 0 — nporusopeune ¢ yciaosueM (a—

|57

1
—d)? 4+ 4bc < 0. Ecin |ReX;| = 0, To |[Im)A;| = 1. Ecin |Re);| = 50 TO [ImA;| =

Yunrsisas, aro koaddurmenTsr MEOTOWIeHa f(\) — BellleCTBEHHBIE YHCIIA, TO TIPH yCJIOB
aro |Re;| € {0, 3} u |A;| = 1, Bo3MOXKHBI TONBKO TPH CIlyyast:

ISEN

u,

LA =4, Ay = —i

1 3. 1
2. )\1:54’%7],)\2:57

1 3 1
3. )\1:_54‘%2,)\2:_5—

o[%

|5

Kaxxnoe u3 HailfieHHBIX 3HAYCHUH \; dABJIAETCA KODHEM M3 €IUHHUILI, CJICJ0BaTE/IbHO,
YTBEp:KJIeHNE MPEJJIOKEeHNsT BepHO. B o0IieM ciiyuae yTBEpXKJEHHEe O TOM, YTO €CJId BCe
KOPHU II€JIOYUCJIEHHOTO MHOTOWIEHA CO CTapInuM KoadduimenToM 1 paBHBI IO MOLYJIIO €1~
HHUIIE, TO OHU SIBJISIIOTCS KOPHAME M3 €JIMHUIIBL, JI0Ka3aHo B pabore [8].

HanomunM, uTo MHOTOUIEH HeHyIeBoi crenenn f € Q[A] ¢ parmonansabiME K03bbUIN-
eHTaMU Ha3blBaeTcs HempuBoaUMbIM Had Q, eciu ero Hejb3si IPEJICTABUTH B BHUJE IIPO-
u3BesieHnsl MHOrOWIeHOB 13 Q[A], cTeneHb KaXKJOro M3 KOTOPBIX CTPOIO MEHBIIE CTEIeHU
MHOrOwIeHa f.

IMIpennoxenune 2.2 (Teopema 3us|[7]). Hycmob xapaxmepucmuseckud mHo-
eounen mampuuvt, A € Z2*2 umeem eud f(\) = (A= —a)?, 2de a € Z. Tozda mampuya A
n0006Ha 1ad 7, 6 mouHocmu 00HOT Mampuye 6uda:

a m
<O a),mG{O,l,Z,...}.

IIpexnoxenune 2.3 (Teopema 4 us [7]). Hycmob xapaxmepucmuseckud mHo-
eounen mampuyvt A € Z2%2% umeem eud f(\) = (A= —a)(A\— ), 2de o, B € Z, B > .. Tozda
mampuua A nodobra wad Z 6 mounocmu 00nol mampuue suda:

a m b —«
(O ﬂ>,me{0,...,[ . H
IIpennoxenune 2.4 ITycmo yeaouucienias mompuya A umeem nenpucodu-

mouti nad Q xapaxmepucmuneckuti mmozouaen f(N) = N2 —tA+1, 2de t € {—1,0,1}. Tozda

_ba),aZO, b >a+1,ld>a+1.

A nodobha nad Z, nexomopotli mampuue ((Cl .

JNokaszaTenbcTso. Ilycrs A — nenouncnennas marpuna u f(\) = A2—tA+1. Torma
citen, MmaTpupl A (CyMMa ee JMaroHaJbHBIX 2JeMeHTOB) paseH t, a det(A) = 1, mosromy
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T .
A= ( y E He ywmenbras obraocTr, MOXKHO cunTarh, uro x > 0. IeiictBurenHo,

z t—
0 1 , moryauM P~YAP = t-z 2 ,t—x>t+12>0.
1 0 Y T

1. Ecm |y| > 2+ 1, |2| > 2 + 1, To A umeer uckombrit us (A = E~1AE).
2. Eciu |y| < x, T0O pasjenuM & Ha Y ¢ OCTATKOM, HOJYIuM & = yq1 +71, tae 0 < rp < |y|.

Torpa nia T' = ( L 0) nmeeM Ay, = T 1AT = <T1 Yy

ecn x < 0, To B3aIB P = (

—q1 1 C1 t—r 1 '

3. Ecim |z| < 2, TO pasgenum & Ha z ¢ OCTATKOM, TIOJIYIUM & = 2qy + 72, e 0 < ro < |z|.
Torma ast S = (1 q2> umeem Az = ST1AS = (TQ b2 > .

0 1 z t—ry

ITocste BbINOSIHEHMS JIEHCTBUI BO BTOPOM UJIM B TPETHEM CJIYUasiX JIJIsi HOBOI MaTPHUIIBI
(Ao mim Ag) 6o cpasdy Oyzuer cupaBeyiuB ciaydail 1, mubo cHOBa OyJeT CIpaBeiiuB Cydail
2 nim cayqait 3. Torma ¢ KaXKIbIM IMATOM 9JIEMEHT T B JIEBOM BEPXHEM YIUIy MATPHIILI OyeT
YMEHBINATHCA. B CHly ero HeOTpHIIATEIPHOCTH 38 KOHETHOE IHCJIIO IIAroB MOIYYNM CIIydail
1.

HDpenanoxenue 2.5 [Tyemv f(A) =N2 —tA+1, 2det € {—1,0,1} — zapax-
mepucmuseckuti mnozouaen mampuub, A. Tozda

1) ecau f(N) = A2+ 1, mo A nodobna nad Z mampuye (_01 [1)) .

2) ecau f(A) = A2 — X+ 1, mo A nodobna nad 7. mampuue (_01 D .

3) ecau f(A) = A2+ X+ 1, mo A nodobra nad Z mampuue (_01 _11> .

JokaszareanbcTso. U3 npegmoxenus 2.4 MOXKHO CIATATH, YTO MaTpuIia A numeer
B A = (CCL tba) ,tnet € {—1,0,1}, —a®> +at —bc=1,a >0, || >a+1, |c| >a+ 1.
Bamernm, ato be = —a’ +at —1 <O0mpu t € {—1,0,1}.

IMockonbky be < 0m |b| > a+1, |c| > a+1, 0 —bc=|b| - |c| n

a> —at+1=—bc=|b|-|c|>(a+1)2=a®+2a+1,

9TO PABHOCHIBHO HepaseHCTBY a(t+2) < 0. Ecsmn a > 0, To nmeem t+2 < 0 — npoTusopeune
¢ ycaosueM t € {—1,0,1}. CaenosarenbHo,

a=0, bc=—1, A=<O b>7
c t

IpUIeM MOXKHO CIUTaTh, YTO b = 1, ¢ = —1, MOCKOIbKY jjist P = (

(0 b
T \—c t )
Takum obpazom,
1) ecim t =0, 10 A = (0 1),

_01 ?) umeem P~1AP =

-1 0
0 1
2) ecm/It—l,ToA—(_l 1),

C. B. Cuziopos, E. E. Yumuna. O HerunepboJndecKux ajarebpandecKux aBTOMOP@HU3Max JABYMEPHOI'O TOPa



300 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

0 1
3)ecimt=—1,10 A= (_1 _1> .

Tlepeiinem Kk goKa3aTEIHLCTBY JIEMMBI BaTTepcoHa.

JdoxazaTeabcCcTBo.

[Iycrs M € GI(2,Z). Coryacuo npeiioxKenuto 2.1 paccMOTPUM BCe BO3MOXKHBIE CJIydan
COOCTBEHHBIX 3HAYECHUH A1, Ao MaTpuibl M.

1. A1 = XA = 1. B sToMm ciaygae xapakTepucTHIecKnii MHOrOWwIeH MaTpursl M nmeer BU
f(\) = (A —1)2. Uz npenyiorkenns 2.2 marpurna M 1mo06Ha Haj Z B TOTHOCTH OHOM
MaTpHIlEe BUJA!

1 m

Mi(m) = (0 1>,m€{0,1,2,...}.

2. A1 = Ag = —1. B sroM ciyuae XapaKTEpPUCTUIECKUI MHOTOUIEH MAaTpuilbl M mmeer
sz f(\) = (A + 1)2. Us npenyoxenns 2.2 marpuna M 1monobHa Haj Z B TOTHOCTH
OJIHOI MaTpuIile BUJIA:

-1 m

My (m) = (0 1) ,me{0,1,2,...1.

3. A1 =1, Ay = —1. B aTOoM citydae XxapaKTepuCTHIeCKA MHOTOWIeH MaTpuilsl M umeer
sun f(A) = (A+1)(A — 1) = A\? — 1. Us npemyioxkenns 2.3 marpuna M monobma mHa
7, B TOYHOCTHU OJHOM MATpPHIlEe BUIA:

Ml (m) = (‘01 ”f) me{0,1).

Paccmorpum siBe marpunpsr Mg = (é 01> My = (é 11>.

Ipu m = 0 mmeem Mz = S™LM4(0)S, roe S = ((1) é) . Ciieposarenbuo, marpuria M3
noo6aa Hag Z marpune M;(0).
[pu m = 1 mmeem My = ST1M4(1)S, toe S = (; 1). Crnenosarensno, marpura My

nono6ua uaz Z marpune M5(1).

Taxum obpazom, Korja ogHO coOCTBeHHOE 3HaudeHme Mmarpuribl M paBuO 1, a mapyroe
—1, M momobHa Haa Z B TOYHOCTHA OJHON U3 MATPHIIL:

1 0 11
= )= )

4. A\y =i, Ay = —i. B aT0M cityyae XxapaKTepuCTHIeCKUl MHOTOUYJIEH MaTpuilbl M paBeH
fO) = A +i) (X —1i) = A2 + 1. CnenosarenbHo, n3 npejioxkenns 2.5 marpuna M
noaobHa HaI 7, MaTPUIE

0 1
My = .
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1 V3

. 1 3.
> A1:§+7“2:§_§Z

punptr M pasen f(\) = <)\ — (1 + \/§Z)> ()\ — (1 — \/§)> = A? — X\ + 1. CuesioBa-

. B aTom ciyuyae xapaKTepUCTHYECKN MHOTOUJIEH MaT-

2 2 2 2
, 0 1
TeJIbHO, U3 IpeJyIoKeHud 2.5 marpuiia M nonobHa Han Z marpune Mg = 1)

-1
0 -1 o 11
Paccvorpum marpuiy Mg = 1 1) Torna Mg = ST MgS, rne S = 1 o)

Crenosaresnbho, marpuna Mg 110106Ha Hag Z Marpuie M.

V3 1 V3

1
Takum obpazoMm, B cityuae A\; = 3 + 71’, Ao = 5~ 72 nmostygaeM, 9Tto M 1momobHa

0 -1
= (0.

V3 1 V3

6. \{ = —— 4+ —1, 2 = —= — —1i. B aTOM ciydae xapaKTepUCTHIECKUIT MHOTOYICH

2 2
marpuipl M pasen f(A\) = ()\ (; + ?z)) (/\ <; - ?Z)) =N+ A+1

CiteroBaresibHO, U3 Tpe toykenus 2.5 marpuria M monobHa Haj 7 MaTpuie

0 1
= (0 4)

HaJl 7 MaTpUIe

Jlemma Barrepcona mokaszama.

3. Kuaccel Herunepo6o/nieckux aBToMop@u3MOB AByMEPHOTIO TOpa
N3 nemmbr Barrepcona 1.1 u nipeioxkenus 2.1 ciemyer.

IMIpeagnoxenue 3.1 Kaxtcowi xaacc CONPAHCEHHOCTIU HE2UNEPOONUNECKUT
aA2E6PAUMECKUT ABMOMOPPHUSMOE J8YMEPHO20 MOPA 3a0aEMCA 6 MOUHOCTU 00HOT U3 Cae-
JYWUT MATPUL:

=5 7) = (3 %) (3 %) 1)

0 1 0 1 0 -1
M5—(_1 0),M6—(_1 _1>7M7—<1 1>,m€{0,1,2,...}.

OTMaHbBI OT TOXKIECTBEHHOTO, ajaredpandeckuii aBToMOpdu3M JIByMEPHOro Topa f Ha-
30BEM MEPUOAUYECKUM, eciau cyiectByer takoe n € N, uro f™ = id. Hanmenbinee u3
TaKUX N Ha3biBaeTcsd mepuogoM f. Bepmo ciemyromee ciencrBue n3 upeajioxenns 3.1.

CanengcrBue 3.1 Cywecmsyem 6 xaaccos nepuoduyeckur anr2ebpauseckur a6-

MOMOPPUIMOE IBYMEPHO20 MOPa, KaHCOLIT U3 KOMOPVIT 360aH 68 MOUHOCTIU 00HOT U3 cae-
JYOWUT MAMPUL:
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-1 0 1 0 11
M2(0><0 —1)’M3(0 —1)’M4(0 —1>’

0 1 0 1 0 -1
= (B )= (5 2= (1)

Marpuupst Ms(0), M5, Mg, M7 uuaynupyior coXpaHsIonye OPHEHTAIUI0 aBTOMOP(hU3MbI
JIByMEpHOTO Topa mepuoja 2, 4, 3 u 6, coorBercTBenno. Marpunst M3, My nHAyIupyIoT He
COXPAHSIIOIINE OPUEHTAIINI0 ABTOMOP(U3MBI JIBYyMEPHOI'O TOPa IIepuojia 2.

B patore [4] f1. HunbceHOM GbLIM M3y 9I€HBI COXPAHSIONINE OPUEHTALINIO [IEPHOITIECKIe
rOMeOMOP(MU3MBI OPUEHTUPYEMBIX TTOBEPXHOCTEH. YCTAHOBJIEHO, UTO KAXKJIOMY COXPAHSIO-
IeMy OPUEHTAINIO TOMeOMOpGdU3MY f Hepruojia 1 OPUEeHTUPYEMON TIOBEPXHOCTH POJA P CO-
ITOCTABJISIETCS MHOXKECTBO TOYEK romMeoMopdu3Ma f, Mepuoi KOTOPBIX CTPOrO MEHbBIIE .
9T0 MHOXKeCTBO JiOO IIycTOo, Jub0 cocTouT u3 KoHeyHoro ducia opout O1,...,0, k > 1,
nepuoza ng, i € {1,...,k}. B okpecrrocTr 10601t Toukn opbursl O; CylecTByeT mpocTast
3aMKHYyTasl MHBAPUMAHTHAs OTHOCUTEJIBHO ToMeoMmopduama f™ kpusas [;. Bosee Toro, mis
JII00Or0 N; CYIMIECTBYET YHCJIO d;, TAKOE UTO Jyra, MPUHAJJIeXkKAIas KPUBOii [;, paccMaTpu-
BaeMasl B HAIIPABJIEHUU MTPOTHB YaCOBOW CTPEJIKU ¥ 3aKJIIOUEHHAST MEXKLy TOYKAMU & € [; u
fridi(z) € I;, me comepKuT APYTEX TOYEK OPOUTH TOUYKM . B cmity pesymbraros $1. Hub-
ceHa [4] aBa COXPaHSIIOIMX OPUEHTAIMI0 TOMEOMOPGhU3MA TOMOJOINIECKH COIPSIYKEHBI MO~
CPEJICTBOM COXPAHSIIONIEr0 OPUEHTAIINI0 TOMEOMOPMU3Ma TOTJA W TOJBKO TOIJIA, KOIIa UM
COOTBETCTBYET OJMH U TOT K€ HABOP JAHHBIX (1, D, N1, ..oy Ny A1, -oey di).

B paGore [5] Takoil HabOp JAHHBIX HA3BAH [OJHON XapAKTEPUCTUKON U 0DO3HAYEH de-
pe3 k. Bomee Toro, B mamboit pabore ObLIM HalIEHBI BCE JIOMYCTUMBIE IOJTHBIE XapaKTe-
PUCTHKM COXPAHSIIOIINX OPUEHTAIMIO EPUOINIECKUX IOMEOMOPMU3MOB JIByMEPHOI'O TOPA.
ITepuommueckue ajrebpamdeckre aBTOMOPGMU3MBI JIBYMEPHOTO TOPa, WHIAYIUPYIOT E€PUOIHU-
yeckue roMeoMopdu3Mbl. TakuM 06pa3zoM, HHTEPEC MPEJICTABIAET HAXOXKICHIE KJIACCOB CO-
MPSIZKEHHOCTH TIEPUOJMIECKUX COXPAHSAIONTIX OPUEHTAIINIO aBTOMOP(MU3MOB JIBYMEPHOTO TO-
pa MOCPEeICTBOM COXPAHSIOINIETO OPUEHTAIIIO aBToMopdu3Ma. Iy 3Toro pazodbbeM Kaacchl
110/106MsT MaTPUIl, WHIYIUPYIOIIe KJIACCHI COXPAHAIONINX OPUEHTAINIO IEPUOINIECKUX aB-
TOMOP(MU3MOB JIByMEPHOI'O TOPA, Ha KJIACCHI OJ00MSI C IIOMOIIBIO MaTPHUIIBI, OIPEIEIUTE b
KOTOpPOI paBeH eIUuHUIIE.

Beesem na MuoXKeCTBE OTHOINIEHNE SKBUBAJIEHTHOCTH ~, 38J]aHHOE CJIEJYIOIIM
obpasom: marpumsl A € Z2*% u B € 7Z?*? maxonarca B orHomennu ~ (A ~ B) Torma
U TOJIBKO TOTJA, KOTJa CylecTByer Takas mMarpuna T € Z2%2 urodetT = 1u A =T 'BT.

JokazkeM, 9TO KazKIblii Kjaacc mogoous matpul K 4 pacnagaercs He Oojiee YeM Ha IBa
KJIACCa 9KBUBAJIEHTHOCTH IO OTHOIIEHUIO ~.

IIpeanosozkum poruBnoe. [lycThb cymecTByer 6osiee IByX KJIaCCOB SKBUBAJIEHTHOCTH 110
OTHOIIIEHUIO ~ Ha MHOXKecTBe K 4. PaccMoTpuM Tpu pasyimdHbIX KJIACCA SKBUBAJEHTHOCTH
110 OTHOIIIEHUIO ~ Ha MHOXKecTBe K 4, KoTopble obosnadnM 1depe3 Ny, No, N3. Paccmorpum
marpunibl A; € N1, Ay € Ny, A3 € N3. Ilockonbky Aq, As, A3 € K 4, TO CYIIECTBYIOT TaKue
marpunel D € GI(2,Z) w H € GI(2,7), ato Ay = D *A;D u Ay = H 'A3H. Omnako
T. K. MaTpuiibl Ay u As, Ay u Az npuHAJIERKAT PA3JIMIHBIM KJIACCAM SKBUBAJIEHTHOCTH
no ornomenuio ~, To det D = —1 uw det H = —1. Ilpu stom A; = D 'H 1A3sHD =
= (HD)'A3sHD u det HD = det H - det D = (1) - (=1) = 1, 1. e. Ay ~ A3 u MaTpHILI
Ay n Az npuHaJJIeXKAT OJHOMY KJIACCy 9KBUBaJIeHTHOCTHU. llojiyuniin mpoTuBopedne.

Ilepeiiem K pa3bUeHUI0 KaXKJIONO U3 KJIACCOB IMOMOOHBIX MATPHUIL, WHIYIUPYIOMIAX CO-
XPAHSIOIINE OPUEHTAIUIO TIEPUONIECKHAE ABTOMOP(MU3MBI JIBYMEPHOTO TOPA, Ha, KJIACCHI K-

Z2><2
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BUBAJIEHTHOCTH 110 OTHOIIEHUIO ~.
-1 0
0 _1> .Ecm X € KM2(Q),
TO CyIIeCTBYeT Takas yHUMOyaapHas matpuna T € Z2%2 aro X = T~ My(0)T. ITockons-
Ky M3(0) = —E, 10 X = T 'ET = —F.

Crenosarenbio, Kjacc mogobus K,y COCTOMT U3 €JWHCTBEHHOII MaTpHUIIbI
M5(0).

Paccmorpum xitace mopobus Ky, o) Marpumpst My (0) =

0 1
Pacemorpum kiace nomobust Ky, marpunsl Ms = (1 0> . Kaxjtast u3 marpury My
= (00 K 6
u My~ = |, | | conepxurca B kacce Ky, T K. 0Oe OHII IMEIOT XapaKTepHCTH'e-

cxuit MmOorowren A2 + 1. JlokakeMm, 4T0 MaTpuibl M u My ! npunanmexkar pasnamuu-
HBIM KJIacCaM 3KBUBAJIEHTHOCTH IO BBEJEHHOMY OTHOIIEHUIO ~. [Ipemamosioxkum mpo-

d

detT = 1, uro My =T"'M; 1T, TlepeMHOKIB MATPUIBI ¥ IPUPABHSIB COOTBETCTBYIOILHE
9JIEMEHTBHI, TIOJTYIUM:

a b
tuBHOe. IIycThb CyIIecTByeT TaKasl IeJOUNCIeHHAas MaTPHUIA BTOPOro Iopsiaka 1 = (C ) ,

0=—ab—cd
1=-b%—d?
—1=a?+¢?
0=ab+cd

ITockobKy JlaHHasi CHCTeMa PABEHCTB He OOpallaeTcsi B BEpHbIE TOXKIECTBA, HU IIPU KAKUX
—1
TeJIOYNCIEHHBIX 3HAYCHUAX a, b, ¢, d, To IpeamonokeHne o ToM, 9To Ms ~ M7 ", HeBepHO.

0 1
Paccmorpum kinace nomobust Ky, marpunsr Mg = (1 1> . Kaxmas uz matrpur, Mg

1 0
muorousied A2 4+ A+ 1. JTokaxkem, uro MaTpuibl Mg u Mg ! MIPUHAJIEXKAT PaA3ITUIHBIM
KJIacCcaM 3KBUBAJIEHTHOCTH II0 BBEJICHHOMY OTHOINEHUIO ~. [Ipeamonokum mpoTuBHOE.

b

a
IIycts cymiecTByeT Takas 1eJIOMUCIEHHAsT MATPUIIA BTOPOTO THopsiaka 1T = . d>7 detT =

_ -1 -1
u Mg 1 ( comepakures B Kinacce Ky, T. K. 00e OHU IMEIOT XapaKTePUCTUIECKUN

1, uro Mg = T~ 1My 17, TlepeMHOXKIB MATPHIILI 1 IPUPABHSIB COOTBETCTBYIOIIIE SI€MEHTHI,
TOJTY YHM:

0=—ad—ab—cd
1= —db—b*>—d?
—l=ac+a®+c?
—1l=bc+ab+cd
Paccmorpum pasenctso —1 = ac + a? + ¢. C onnoit croponsl, a? + ¢ = —1 — ac > 0,

nosromy ac < 0. C apyroit, (a + ¢)? = ac — 1 > 0, cienosatensro, ac > 0. Takum obpaszom,
TOJTy YN TPOTHBOPETHe. SHAYNAT, IPEeIIOoI0KeHne 0 ToM, 910 Mg ~ Mg ! mesepHo.

0 _1> . Kaxass u3 marpur My

Paccmorpum kitace nogobust Ky, marpunst My = (1 1

1 1 1 .
uM; = (_1 0) comepkuTcd B Kinacce Kz, , T. K. 06 OHU HMEIOT XapaKTePUCTUYCCKU

C. B. Cuziopos, E. E. Yumuna. O HerunepboJndecKux ajarebpandecKux aBTOMOP@HU3Max JABYMEPHOI'O TOPa



304 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

muorowten A2 — X\ + 1. Jlokaxkem, urto MaTpuibl M; u M{l ONpuHaAJIe’KaT pa3jind-
HBIM KJIacCcaM 3KBUBAJIEHTHOCTHU II0 BBEJEHHOMY OTHOIIEHHIO ~. IIpesamosoxkmm mpo-

a b
tuBHOE. IIyCTh CylmecTByeT Takas IeJOYNCICHHAs MaTPHUILA BTOPOro mopanka 1’ = (c ) ,

d

detT = 1, 9ro M; =T ‘M5 LT, TlepeMHOKUB MATPUIIBI U IPHPABHSB COOTBETCTBYIOILHE
9JIEMEHTBI, TTOJTY IUM:

0=ad+ ba + dc

—1=db+b*+d?
1=—ac—a®—c?
1= —bc—ab—cd
AHaJIOrn4HO, PaccMOTPeB paBeHCTBO 1 = —ac — a® — ¢? , IOJIyYUM, YTO OHO HE BBIIIOJ-

HSIETCST HU TIPU KaKUX [EJOYUCICHHBLIX 3HAYCHUAX @, C. SHAYHUT, IPE/IIOJIO0KEHNE O TOM, UTO
My ~ M7_17 HEBEPHO.

ITepeoGosuanm MaTpuIB! ciaegyomuM obpazom: A; = My(0), Ay = Mg 1Ay = Mg,
Ay = M7, As = M{l, Ag = M517 A7 = M;. Torma B cuily BBIIECKA3aHHOIO BEPHO CJIELY-
OITee TIPEJITIOXKEHNE.

IIpeaganoxeunue 3.2 Kadcowii nepuoduueckuti COTPAHAIOWUT OPUCHTNAUUIO
a8MOMOPPHUIM 08YMEPHO20 MOPA CONPANCEH, C NOMOULBIO COTPAHANOULE20 OPUEHMAUUI AN~
2e0pauneckozo a8momopPu3Ma 08YMepHo20 Mopa 8 MOYHOCTU € 00HUM ABMOMODHUIMOM
fa;, undyyuposarmoim mampuueti A; (j = 1,7):

-1 0 -1 -1 0 1 0 -1 1 1
Al - ( 0 1)7 A2 - ( 1 0 ); A3 - (1 1)7 A4 - (1 1 )7 A5 - (1 0)7
0 -1 0 1

AGZ( ),A7: 1 0/

1 0

B pabote [5] j0Ka3aHO, YTO MHOXKECTBO BCEX HE TOMOTONHBIX TOXKJECTBEHHOMY COXPa-
HSIOIINUX OPUEHTAINIO [TEPHOAMIECKIX roMeOMOPGMHU3MOB TOpa Pa30MBAETCS B TOYHOCTU HA
CeMb KJIaCCOB TOTIOJIOTMYECKOH COMpszKeHHOCTH H; TakmM 06pa3oM, 9TO JTI00bIe 1Ba TOMEOo-
Mopdu3Ma, MPUHAIJIEIKAIIIX OJHOMY KJIACCY TOIOJOTUYIECKH COIPSZKEHHBIX COXPAHSIONIX
OPHUEHTAITNIO TOMEOMOPMU3IMOB 1 00/1IAI0T B TOYHOCTHU O/THOM TTOJTHON XapaKTePUCTUKON 13
MHOXkKeCTBa kj (j = 1,7):

l.keirn=2,p=Lk=4n=n=nzg=ny4=1,dy =do =d3 =dy = 1;
2. keon=3,p=L k=3 n=n=n3=1,d =dy=ds=1;

3. kaxn=3,p=1L k=3, ni=ny=ns=1,dy =ds =d3 =2;

4. ky:n=6,p=1, k=3, n1=3,n=2,n3=1,dy =dy =d3 =1;

5. ks:n=06,p=1 k=3, n=3,n=2n3=1,dy =1,dy, =2, d3 =5;
6. kg:n=4,p=1k=3,n =2, npo=n3=1,dy =dy =d3z=1;

7. ken=4p=1k=3n =2 n=n3=1,d, =1,dy =d3z = 3.
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Kpowme Toro, B pabore [5] Tak:ke I0Ka3aHO, ITO MOJTHASI XAPAKTEPUCTUKA ABTOMOPDOU3MA
fAj, uHgynuposannoro Marpuneit A; (j =1,7) pasna k;.

O6ozraunM 1gepes C; MHOXKECTBO aJredpaldecKuX aBTOMOPMI3MOB JBYMEPHOTO TOpa,
COTPSI?KEHHBIX C ITOMOIIBIO COXPAHSIONIET0 OPUEHTAIINIO aBTOMOP(PU3Ma, IBYMEPHOTO TOPA,
¢ apTromopdusmom fa, (j = 1,7).

IIpeannoxenune 3.3 Cnpasedauso caedyrouee sxarouenue C; C Hj.

HJokaszaTeuabctTso. Bcury [4] mosHast XapaKTePUCTUKA SIBJISIETCS] OJIHBIM TO-
ITOJIOTUYECKNM WHBAPUAHTOM B KJIACCE COXPAHSIONINX OPUEHTAIINIO MEPUOIUIECKAX TOMEO-
MOP(U3MOB 3aMKHYTHIX OPUEHTHPYEMbBIX ITOBEPXHOCTEH TTOCPEICTBOM COXPAHSIONNX OPUEH-
tanuio romeomopduamos. Crenosarensho, mo6oit apromopdusm muoxkecrsa C; (j = 1,7)
uMeeT TIOJIHYIO XapaKTePUCTHKY, PaBHYIO ;. TakuMm o6pasoM, aBTOMOPGMU3MBI MHOXKECTBA,
Cj ABIAIOTCA NPEICTABUTE/IAME KJlacca ToMeoMopdu3MoB Hj.

Baarogapuocru. [ly6inkanus noaroTossieHa mo pesyabraram ucciaegosanus (Ne 21-04-
004) B pamkax nporpammbl «Hayunbiit doug HanuonagabHOro uecsiesoBaTebeKoro yHuBep-
curera «Beicmas mkosa skonomukny (HITY BIID)» B 2021-2022 rr. ABTops! 61arogapst
B.3. I'puneca u O.B. TlounHKy 3a MOCTAHOBKY 3aJIa9U U TOJE3HbIE 00CY XK ICHUS.
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MaremaTrndeckoe MoAeIMPOBaHNE 3aKPyYEHHOI CTpyu B
MPUJIOXKEHUAX K MaJIOOMUCCUOHHOMY CXKUTAHUIO

HN3KOCOPTHBIX TOIILJINB
VY. . Musxep, B. H. KoBanasuoros, II. A. Beasmucos

OI'BOY BO <«Yavanosckull 20cydapcmeertbill METHUMECKUT  yHUBEPCUMEm»
(2. ¥Yavanosck, Poccutickas Pedepavua,)

Amnnoranus. ITouck HOBBIX perreHuit B 00JIaCTH 9HEPreTUKHY, IIPEIOTBPAINAIONINX HETATHBHOE BO3-
neficTBHE Ha OKPYZKAIOIIYIO CPeJy, SBJSIeTCA OJHON U3 NMPUOPUTETHBIX 3aJa4d COBPEMEHHOrO O0Iie-
crBa. YcroituuByto nosunuio norpebuocru EDC Poccun B opranndeckoM TONJIMBE 3aHUMAET IIPUPOJI-
HBIN ra3. BO3MOXXHBIM aJIbTEPHATUBHBIM TOILIMBOM, IOOBIBAEMBIM U3 OPIaHUYECKUX OTXOJOB, sIBJIf-
ercst 6uora3. Bruoras mmeeT HMOBBIIEHHOE COmEprKaHMe JUOKCHIA YIVIEPOZA, BIIHMSIOIIEE HA CKOPOCTH
pPacIpoCTpaHeHusI IJIAMEHH, U IIOHUKEHHOE COIEPKAaHNe METaHa, CHIKAIOIIEE TEIJIOTY €r0 CTOPaHUS.
OpHako KOMOMHMPOBAHHOE CXKUTAHWE IIPUPOIHOrO ra3a W OMora3a ImpHU yCJOBHHM XOPOIIETO CMeIe-
HHSI CMECH TOIIMBA C OKUCJIUTEJIEM MOXKET IO3BOJIUTh, C OJHON CTOPOHBI, — CHU3UTH MAKCHMAJILHYIO
aanabaTHIeCKyI0 TeMIEepaTypy B KaMmepe cropaHusi sHeprerundeckux koriioB TOC, a ¢ npyroit —
YBEJIMYUTH CTaOUJIBHOCTD TOpeHust Obuorasa. J[yisi KOMOMHUPOBAHHOIO CXKUTaHUs IIPUPOJIHOIO ra3a U
6uoraza B 9KCIUIyaTUPYEMBbIX SHEPreTUIECKAX KOTJIAX HEOOXOIUMO MPOBECTU PEKOHCTPYKIMIO UMEIO-
IIUXCS. TOPEJIOYHBIX YCTPOUCTB. J[JIsi KaueCTBEHHONW PEKOHCTPYKIMHU MOPEJIOYHBIX YCTPONUCTB, CIIOCO0-
HOI 06eCednTh CTabUILHOE U MAaJIOTOKCUIHOE TOPEHHE TOIINBA, BaXKHO 00JIaJaTh TEOPETHIECKUMUI
JAHHBIMU O BJIMSIHUU FOPEHUs] KOMOMHAIMI OPTraHUYeCKUX TOILJINB Ha PACIIPe/ieJIeHHEe TeMIIEPATY DI B
30HE I'OPEHNs U €€ MaKCUMAaJIbHOrO 3HadeHus. B qaHHO# paboTe MOy YeHbl aBTOMO/IEJIbHBIE PEIIECHUS
YPaBHEHUS] SHEPIHH OCECUMMETPUYIHOIO JABHXKEHUS KUJAKOCTU (rasa) B MOJEIM BA3KOH HECKUMae-
MOH CpeJbl, Ha OCHOBE KOTOPBIX IIOCTPOEHO CTAIMOHAPHOE II0JI€ TEMIIEPATYD B 3aKPYIEHHBIX CTPYIX.
Ha ocuose nporpammuoro pemarens ANSYS Fluent myisi momenupoBanusi U MCCIEIOBAHUAS TEILIIO-
BBIX M T'a30MHAMUYECKUX IIPOIECCOB B KaMepe cropanusi. Ha ocHoBe momenu TypOysieHTHOCTH K - €
(realizable) nmpoBeseHO MOAEIMPOBAHKE IIPOLIECCA TOPEHUS 3aKPYIEHHON TOIINBO-BO3YIIHON CMECH.
IIpuBeieHb! pe3ysIbTaThl AHAJIUTUYECKOT'O U YUCJIEHHOTO UCCJIEJOBAHNS] PACIIPEIEIEHUs] TEMIIEPATY PbI
¥ YTJIEKUCJIOTO ra3a B CTpye

KiiroueBble cJI0Ba: ra30MHAMUKA, BBIOPOCHI, TEMIIEPATYPa, SHEPTETUIECKHUI KOTEJ, IPUPOIHBIH
ra3, 6uoras, KOMOMHUPOBAHHOE FOPEHUE

dna uuruposanusi: Musxep V. /1., Kosansuoros B. H., Bensmucos I1. A. Maremarndeckoe Mo-
JeJIMPpOBaHNe 3aKPYYEHHON CTPYH B IPUJIOYKEHUSIX K MAJIOIMUCCUOHHOMY CXKUTAHUIO HU3KOCOPTHBIX
romus // 2Kypuan CpeaeBoskckoro MareMarudeckoro obmecrsa. 2021. T. 23, Ne 3. C. 308-317.
DOI: https://doi.org/10.15507/2079-6900.23.202103.308-317

1. Bsenenue

B Poccun, kak u B 60JBIINHCTBE CTPAH MUPA, B HACTOsIIIEe BpeMsi OJIHO u3 1eJieil rocy-
JIAPCTBEHHON TOJINTUKU SIBJISIETCS CHUYKEHHME HETATHUBHOIO BJIMSIHUsI Ha aTMOCKhEpPHBIN BO3-
IlyX B HaceJeHHbIX HyHKTax [1]. TlosroMy Ha 3aKOHOIATEILHOM YPOBHE YCTAHOBJIEHBI HU3KUE
YPOBHHU IIPEJIENIBHO fomycTuMbix KounerTpanuii (IT/IK) 3arpssHSONmMX BEMECTB B BO3LyXe:
OKCHJIOB a30Ta, OKCHUJIOB Cepbl, JeTydeil 30ibl, Gens(a)uupena u 1. 1. OJHAM U3 OCHOBHBIX

© V. . Musxzep, B. H. Kosaavhozos, Il. A. Beavmucos

KonTenr gocrynen no junensun Creative Commons Attribution 4.0 International License.
This is an open access article distributed under the terms of the Creative Commons
Attribution 4.0 International License.
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HUCTOYHUKOB 3aIPsi3HEHUST aTMOC(EPHOTO BO3JIyXa SIBJIAIOTCS SHEPIeTUIECKIE IIPEIIPUATHSI,
a MIMEHHO yXOJIsIie JBIMOBBIE ra3bl SHEPreTHIECKUX KOTIOB TeriosHeprocranimii (TOC).
Corytacuo pabore [2] ycrofiuusyro mozunuio norpebHocTu B opranmdeckoM romiuse EDC
Poccun 3annMaer nMEHHO Ta3, UMEIOIINI PsiJi TPEUMYIIECTB [epe T IPYTUMU BUJAMU Opra-
HUYECKOT'O TOIIUBA, B T. 9. U IKOJOIHIECKOTO XapPAKTEPA.

O/ tHUM U3 TTEPCIEKTUBHBIX U YKOJOTMIHBIX METOJIOB CKUTAHUS [TPUPOHOTO Ta3a siBJis-
ercsi ero KOMOMHUPOBAaHHOe CxKuranue ¢ 6uorazom. OCHOBHON OCOOEHHOCTBIO OMOrasa Kak
TOILINBA, SIBJISIETCS TIOHUYKEHHOE, 110 CPABHEHUIO C MPUPOIHBIM T'a30M, COJEPXKAHIE METAHA
U HAJUYKE JUOKCUJIA YTJIepoia B GOJBIINX KOJUIECTBAX, UYTO BJIUIET HA CKOPOCTH PACIIPO-
CTpaHeHUs IUIAMEHU M IOHUKAET TEIUIOTY cropanus ouorasa. B patore [3] MucruryTom rasa
HAH VYxpaunsl B 1a60paTOPHBIX YCJIOBUSX OBLIA OIEHEHBI MEPCIEKTHBBI JIAHHOTO METO/IA
U CIIeJIaH BBIBOJ O TOM, UTO OHOra3 siBJISIETCsl OJJHMM U3 YKOJOTMYECKU OE30IACHBIX BHJIOB
TOIL/IUBA.

B nmannoit crarbe st H3yYeHUs MPOIECca TOPEHNsT UCITONb3yeTcs «[IporpaMMHbIi KOM-
IJIEKC JIJIsT UCCJIEIOBAHIS CTAIIMOHAPHBIX MA30[MHAMIYIECKUX U TEILJIOBBIX IIPOIECCOB B KaMe-
pe cropanusi ¢ aBTOMATU3UPOBAHHOM MMOIINOTOBKON T€OMETPUYECKUX U TPAHUYIHBIX YCJIOBHIA
MO/IeJIn» [4]7 BBUJLY €ro HNIMPOKHX BO3MOXKHOCTEN Ipru MOJAEJIMPOBaHUU IIPOIECCOB I'OpEeHU A
roruB. VccleqoBaHre TEIJIOBBIX U Ta30[MHAMUYECKUX IIPOIECCOB B paboTe OCHOBAHO HA
npuMenenun mogesu TypOysnentnoctu k-¢ (realizable), mossossiomeil MoIeIUPOBaTH IPO-
IeCC TOPEHNs TOILINBO-BO3LYIIHOM cMmecH [5-6].

IIpuBeieHbr pe3yabTATHl AHATUTUIECKOTO U YUCJIEHHOTO UCCJEIOBAHUS PACIIPEIe/IeHUS
remnepatypsl (1) u yruekucsoro raza (COsz) B cTpye.

2. AHanuTndeckoe ncciieagoBaHnue

VYpaBHeHre SHEPIUU OCECUMMETPHYHOIO JIBUXKEHUs! XKUJIKOCTH (ra3a) B MOJENH BSA3KOM
HeCKUMaeMoii cpejipl nMeer Buj, [7-§]

1
pcy(Ty + uTy +vT) = ATow + T + T ) + pd. (2.1)

3necy u manee: u(x,r,t), v(z,rt), w(x,r,t) — npomonbHas (BIOIb TOPU30HTAIBHOMN
ocu Oz), monepevnas (paauaabHasi, TEpHeHUKYIsApHas ocu Ox) U TaHTeHIHATLHAS (Bpa-
miaTesbHas) COCTABJIAIONME BekTopa ckopoctu V' xuakocru; T(x,r,t) — Temueparypa;
p, 1,V = pp~ ' — IIOTHOCTH, THHAMHYTECKAS W KWHEMATHUECKAs BI3KOCTH CPEDL; Cy, A —
K03(P(DUIIUEHTHI TeILIOEMKOCTH U TeILIONPOBOIHOCTH CpPeJbl; T, T — IUJIUHIPHICCKUEe KOOp-
JUHATDBI; t — BpeMH; MHJIEKChI CHI/ISY 0603HaanOT JaCTHbIE IIpOI/ISBO):LHbIe. ﬂI/ICCI/IHaTI/IBHaH

dbyurnus $ ompeesisiercsi BhIpaskKeHHeM

o= Kag(z>)2+ (3g<y>)2+ (832))2} + (an + 3V<y>) +
T Yy z
+(3V<m> + 3V<z>)2 + (3V<y> + 3V<z>>27

rae Vigy, Viyy, V(z) — mpoekmuu BeKTOpa V Ha OCH JIeKapTOBOIi CHCTeMEI KOOPIHHAT I, ¥, 2, TIPH
9TOM MMEET MECTO CJIEJIYIONasl CBA3b MEXKy HPOEKIHUSIMHA BEKTOPA CKOPOCTH B JIEKapPTOBOIt
7 TMMITHIPUTIECKOI crucTeMax KOOPIAWHAT:

(2.2)

Vizy = u, Viy) = vsing + wcos ¢, Viz) =vcos¢ — wsin ¢.

V. /1. Musxep, B. H. Kosasabroros, II. A. BeabmucoB. Maremarudeckoe MOJE/IUPOBAHAE 3aKPYYEHHOH . . .
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dx dr d
3 V= g WS gy Tu dTOM T ¢ — TOJSPHBIE KOOPJUHATHI B ILJIOCKOCTH,
nepreHauKyisapuoii ocu Oz (y = rsin g, z = rcos @).

IpescTaBuM TeMuepaTypy W IIPOEKIMHE BEKTOPa CKOPOCTH B BUjie pas3soxenuii [9-10]

3nech u =

o0
T - TO = Z Tk(‘rar*7t)€k_17
! (2.3)
up(z,re, ) v =€ 3 (@, i, )T w =3 we(x, T, )€k
k=1

18
18

u =

k=1

k=1

3aech r = er,, TJe € — MaJblii HapaMerp, ONpeJe/IsAonuil MOPsiIoK BEJIMINHBl KIHEMATH-
deckoit BasKocTH v (V = €2V,), TP 9TOM HOBas TEPEMEHHAs T, U MOCTOSAHHASA Vi, WMEIOT
nopsiok euannbl. Hogcrasiss (2.3) B (2.1)—(2.2) u 3a1aBast JONOTHATENIBHO Ap~ T = €2\,

u3 (2.1) npu € — 0 nosyunm jist Ty ypaBHEeHHe

co(Try +urThe +01Thy,) = M(Thr, . + iTm) + vui, (2.4)
Dyuxuu ug, v, umeor Bu [9-10]
w = via= f (1), o= v g(n),
fn) = 29%7 g(n) = 77277(1 - 372772)7 29

T
e n = P aBTOMO/IEIbHA ITlepeMenHasd, § = 1+ %72172, a IIOCTOAHHAA 7y — IIPOU3BOJIbHAS.

PaccmoTpuM cranoHapHble TedeHus, TOria B ypapHeHun (2.4) cieyer olyCTUTb IPOU3-
BOJIHYIO 110 BpeMeHn t. Pemenve ypasaerust (2.4) mist Temueparypst T (2, r,) B 9TOM ciaydae
Oy/eM MCKATh B BUJIE

Ty (z, ) = 2z 2H(n). (2.6)
Husa dyakuuu H (n) mosydunm u3 obbikaoBeHHOE b depeHInaibHoe yPaBHEHNE:

o [f2H 4 nH) — gH'] = (0 + LH')+ (). (2.7)

*

Ob6miee pemenne ypasaerns (2.7) npu A, = 0 onpeessiercsi BBIpazkKeHneM

6092 32
T 1pa

i 15¢,m*0

rjie ¢p — MPOM3BOJIbHAS HOCTOsIHHAsL. VI3 yCJIOBUST KOHEYHOCTH 3HAYEHMII TeMIEpaTyphbl Ha
ocu Oz (n — 0, r — 0) HaxOIUM o = Tor/a (2.8) IpUHUMAET BH

H(n) = (156% — 246 + 10), (2.8)

_ 32
15¢,
32

H(p) = ——2
() 15¢,0%n*

(60° — 1567 + 246 — 10). (2.9)
IIpu n — 0 umeem

2% +0(Y))
3c, 04

Paccmorpum teneps ypasaerue (2.7) mpu A, # 0. C yaerom(2.5) 3anumemM ero B BUJIE

H(n) =

8,2
(nH' + %H) = i—:(H” + %H’) — 41)677 : (2.10)

e
0
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BBesieM HOBYIO HE3aBUCHUMYIO IIEDEMEHHYIO

1,22
S (2.11)
1+ 1’72772
Ypasuenue (2.10) npumer Bu
! 1 /\* " / 4 3
—c,(2yH' +4H) — 35 [2y(1—y)H" + (2 — 4y)H'] = 16v"y(1 — y)°. (2.12)
Yacruoe pemienue ypaBaenus (2.12) GyjaeM uckarb B BUE MHOIOYJIEHA
H(y) = a+ by + cy?® + dy® + ey (2.13)
JIJ1st IOCTOSTHHBIX @, b, ¢, d, e oJiydnM cucreMy ajrebpanvecKux ypaBHEHUI
As Ax As
(552 —=3c,)e=—4y', (6= —5c,)d =8¢ + 247"
Vs Vs Vs
Ax Ax Ax Ax A
(6= —8cy)e=9""d—48y*, (== —3c,)b=2""c+8y!, —dc,a= "),
Vy Vy * Vy Vy

13 KOTOPOI TTOC/Ie0BATEIbHO HAXOIATCA €, d, ¢, b, a.
Takum 06pasoM, paclpe/iejieHre TEMIIEPATYPBI B CTpye omnpegessiercs: hopmyoi (2.6),
rie H(n) samaercst dopmysoit (2.9) npu A = 0 u dbopmysamu (2.11); (2.13) upu A, # 0.
Pacupesnenenne (2.6) ucnosnb3yercst B pa3pabOTAHHOM IIPOIPAMMHOM KOMIUIEKce [4] Kak
[epBoe MPUOJIMIKEHNE JIJI UCCJIEOBAHIS TEIJIOBBIX U Fa30IMHAMUYECKUX IPOIECCOB B KaMe-
pe cropaHust. DTO MO3BOJISIET YCKOPUTDH MPOIECC pAcUeTa 33/1a9i U MOJYyIUTh DoJiee TOUHbIe
PE3YJIbTATHI PACIETA.

3. KowmnbrorepHasi MOiesb

JJtst MOJTeTMPOBAHUS TTPOTIECCa TOPEHUS 3aKPYIEHHOTO TOILTUBO-BO3/LYIITHOIO TTIOTOKA, UC-
HOJIB3YIOTCs ypaBHeHus HepaspbiBaoctu, Hasbe-Crokca u sneprun [11-13].

div(pV) = 0,

¥ 0 2 0 'y o Lo/
div(puV) = f% + div(u grad u) + < (gl; ) . (fgﬁy”) N (pgzw )) |

dy

1oyl 2 1o
div(pvV) = o + div(p grad v) + (a(pat;v ) + 8(22 ) n a(pgzw )) ’

Iy i 2
div(pwV) = _% + div(p grad w) + (3(,DUU) N d(pv'w’) N d(pw )) |

ox dy 0z

oT oT ory . Cplit
pCp [u% + va—y + wa} = dw{()\ + P—n)grad T} + Sh.
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371€ech U, v, W — KOMIIOHEHTHI CKOPOCTH 110 OCH (I, Y, Z) TOCIeJ0BATEIBHO; P — JIABJICHUE; P
— IJIOTHOCTD, ( —pu'2, —pv'2, —pw'2, —pu'v’, —pu'w’, —pv’w’) — HanpsizkeHust PeftHosbica; (4
— JIMHAMHUYECKas BA3KOCTD; [y — TYPOYJIEHTHAA BA3KOCTD; 1’ — TeMIepaTypa; ¢, — yJeJbHas

TEIIOEMKOCTD; A — TEILIOIPOBOIHOCTD; Pry — TypbynentHoe yucso [Ipanaris; S;, — Briroga-

€T TEIJIOTY XUMHUIECKOH PEaKIUH U JIIOObIe Apyrue 00 beMHbIe HCTOYHUKY Teria; V — BEKTOP
CKOPOCTH:
V =i+ vj + wk.
Corutacuo pabore [5], ypaBHeHnus momesu TypOyJI€HTHOCTH k—€ Jjisi ONUCAHUS IIPOLECCa
TOPEHUS JIJIsT CTAIMOHAPHOTO TIOTOKA MPUMYT BH/I

div(ka) = div[(u + %)gmd k] + Gy + Gy — pe — Yy + S,

div(peV) = div K,u + &)gmd e} + pC1S. — pCy

€

62 €
m + ClEECSEGb + Se»

rae

CCq1 = max [0.437 L}, C3. = tanh‘E
n+95 U

Tocrostaubie Mogenu Cic,Co, 0 U 0. UMEIOT [0 yMOJUAHUIO CJIeJyIoline 3HadeHus [5]:
Cie =1,44,C5 = 1,9,0 = 1,0 = 1,2 , k — KuHeTH4IeCKas SHePTUsd TYyPOYJIEHTHOCTH; € —
CKOPOCTD Juccunanui; Gy — UCTOYHUK 38 CIET IPaJIneHTa CpejiHeil ckopocT; G, — MCTOYHUK
3a CYET apXUMEIOBBIX CHJI (BaXKHO JIJIsi KOHBEKTHBHBIX Te4YeHUil); Yy, — [IPeJCTaBIIsIeT CO-

k
9 77:‘517
€

60it BKJIa1 DIyKTyupyIoIieil JUIaTaliil B C2KIMaeMOoil TypOYyJIeHTHOCTH B ODIILYIO0 CKOPOCTh
nuccunaryy; Cy u Che — HOCTOSIHHBIE; 0 U 0, — TypOynenTHble uncia [Ipamgmis mis k u
€, COOTBETCTBEHHO; S, S — OIpe/iessieMble TI0Ib30BaTeIeM UCTOYHUKN; S — TEH30D cpejHeit
ckopocru nedopMmanuu; (i; — TypOysieHTHast (WM BUXPEBasi) BA3KOCTb, BBIYUCIIAETCS ILyTEM
obbenHeHNs k 1 € CITeIyTIONMIM 00Pa3oM:
ki2
Ht = pcu?a

rae C), — smmupudeckuii Koacpunuent, pasusiit C,, = 0, 09.

4. Pe3yabTaThbl UCCJIEI0OBAHUN U 3aKJII0YEHUE

Kawmepa cropamnus npeacrasiser cob0il MUINHID € 33JaHHON TOCTOSHHON TeMIIepaTy POl
creankn 1T, = 617 K u pasmepamu: L = 7,3 m; D = 4 M. Temneparypa CTeHKH KaMmepbl
Cropanus I0J00paHa UCXO/(d U3 YCJIOBUM TEMIIEPATYPBHI TENJIOHOCUTENS B 9KPAHHBIX TPybax
SHEPIeTUYIECKOTO BOIOTPYOHOTO GapabaHHOIO KOTJIA.

Kawmepa cropanug (Puc. 4.1) umeer onHy KOMOMHUPOBAHHYIO FOPEJIKY, MO3BOJIAIONLYIO
00ecrenTh OJTHOBPEMEHHOE CXKUTAaHWE KaK IIPUPOIHOrO ra3a, Tak u bmorasa. lopesgodnoe
YCTPOMCTBO C LIEHTPAJILHOI I10/1adeil ra3a COJAEPKUT KaHaJ JJId IIOJABOJIa IIPUPOIHOIO Ira3a
Sepa = 0,00125M2, Kamasg JuIst OABOA GHorasa Shiogas = 0,078M? ¥ KaHAJ /IS IIOIBOA
Bo3ayxa Sgir = 0,234M2. B Xo/e mcciie[0BaHIA MOJIEIUPOBAIOCH KAK COBMECTHOE T'OpEHUe
CMecHu TIPUPOJHOrO ra3a u Omoras3a, Tak W pasjejbHoe ropenme Toraus. Ha puc. 4.2-4.5,
[IPEJICTABICHBI PE3YJIbTaThl TOPEHNsI KOMOWHAIINN TOILIUB C 3aKpyTKO# Bo3myxa w = 300
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[Bxox]

Puc. 4.1. Cxema KaMepbl CrOpaHust
Fig 4.1. Combustion chamber diagram

paz/c, TeMiepaTypoil Bo3ayxa Ha BXOJE B ropejiodHoe yerpoucTso T, = 583 K. Monenn-
PYeEMBII pacxXo/I TOILINB Yepe3 TOPEIKY IPU COBMECTHOM CXKUTAHUU MIPUPOTHOTO Ta3a Michy =
= 0,2 xr/c, 6uorasa Mpioges = 0,3 Kr/c. Momenupyemblii Pacxoz Uepe3 rOPeIKy HIPH CKI-
PaHMH TOJBKO IIPUPOIHOTO ra3a Meps = 0,4 Kr/c, IPU C2KUTAHUN TOJIBKO OHOTa3a Mpyiogas =
= 0,59 KF/C. PeSyJ'H)TaTLI TropeHund MpeJCTaB/JI€Hbl B BEPTHUKaJIBHOM CEYCHUU IIJIAaMEHU IIPpU
z=1mMuz=>5M or amOpa3ypbl KOMOMHUPOBAHHOI'O TOPEJIOYHOIO YCTPOICTBA.
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Puc. 4.2. Ilpoduns temneparypsr T'(1,y,0), cpaBreHne TOpeHus: 6Grorasa, rOpeHus
MIPUPOJIHOTO Ta3a ¥ KOMOMHMPOBAHHOTO TOPEHUsl IPUPOJIHOTO Ta3a u buorasa
Fig 4.2. Temperature profile T'(1,y,0), comparison of biogas combustion, natural
gas combustion and combined combustion of natural gas and biogas
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Puc. 4.3. Ilpoduns remueparypst T'(5,y,0), cpaBrenne ropenus: 6morasa, ropeHust
[IPUPOHOrO ra3a ¥ KOMOMHIPOBAHHOI'O FOPEHUs IPUPOHOrO ra3a u Guorasa
Fig 4.3. Temperature profile T'(5,y,0), comparison of biogas combustion, natural
gas combustion and combined combustion of natural gas and biogas

V. /1. Musxep, B. H. Kosasabroros, II. A. BeabmucoB. Maremarudeckoe MOJE/IUPOBAHAE 3aKPYYEHHOH . . .



314 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

s 2
}.Ml‘S ’\I/(./
1€
0.5 ——

-
PE————

0
-0.5

q. T ===
1 e !\—
.

15 \. b}
]
2 "

0.1 0.15 0.2 0.25
coz

® ® ® TOpEHHe [IPHPOJHOTOrasa @= == TOpeHHE GHorasa

KUMGHH}IPOEHHHUE TOpEHHE

Puc. 4.4. Conepxanne yriekucaoro raza (COz) B IPOAyKTax CrOPAHUS TOIIABA
npuzx =1wM
Fig 4.4. Carbon dioxide (CO2) content in fuel combustion products at x =1 m
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Puc. 4.5. Conepxkanne yriekucaoro raza (COz) B IPOAyKTax CrOPAHUS TOIIABA
npu & =95 M
Fig 4.5. Carbon dioxide (CO2) content in fuel combustion products at x = 5 m

Wcxons 3 Moy eHHbIX Pe3Y/IbTaTOB, MPOBEICHHBIX € UCIIOJIL30BAHIEM pa3paboTaHHOTO
OPOrPAMMHOIO KOMILIEKCa [4], ciie/yer OTMETUTh CHIKEHUE TeMIIEPATYPhI B [IEHTPE IIJIaMe-
HU TIPU CKUTAHUHU OMOTra3a, SBJISIONeecss OCHOBHBIM KPUTEPHUEM HMHTEHCHBHOCTH OOPA30BAHMS
okcnzo azora (NOx) B Tonke sueprerudeckux KoraioB. CHUKEHME TeMIIepaTypbl B 30HE aK-
TUBHOTO TOPEHUsT 00bSICHsIETCs] HAJIMIneM B 6uorase yruekucsoro rasza (COs), 9To sBisiercst
OTJIMYUTEILHON OCOOEHHOCTBIO JIAHHOI'O BUJIa, TOILINBA.

BuiaromaprocTu. Pabora BbinosiHeHa mpu GpuHAHCOBOI mojiep:xkke rpanramu PODOU
u YibsiHoBckoit obinacru (poekTnr Ne 18-41-730015, Ne19-41-730006), rpantom IIpesumenta
P® (upoexr HITI-2493.2020.8).
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Mathematical modeling of a swirling jet in applications

to low-emission combustion of low-grade fuels
U. J. Mizher, V. N. Kovalnogov, P. A. Velmisov

Ulyanovsk State Technical University(Ulyanovsk, Russian Federation)

Abstract. The search for new solutions in the field of energy, preventing negative impact on the
environment, is one of the priority tasks for modern society. Natural gas occupies a stable position in
the demand of the UES of Russia for fossil fuel. Biogas is a possible alternative fuel from organic waste.
Biogas has an increased content of carbon dioxide, which affects the speed of flame propagation, and
a lower content of methane, which reduces its heat of combustion. However, the combined combustion
of natural gas and biogas, provided that the mixture of fuel and oxidizer is well mixed, can, on the
one hand, reduce the maximum adiabatic temperature in the combustion chamber of power boilers at
TPPs, and, on the other, increase the stability of biogas combustion. For the combined combustion of
natural gas and biogas in operating power boilers, it is necessary to reconstruct the existing burners.
For a high-quality reconstruction of burners capable of providing stable and low-toxic combustion of
fuel, it is important to have theoretical data on the combustion effect of combustion of combinations
of organic fuels on the temperature distribution in the combustion zone and on its maximum value.
In this paper, self-similar solutions of the energy equation for axisymmetric motion of a liquid (gas) in
a model of a viscous incompressible medium are obtained. Basing on them, a stationary temperature
field in swirling jets is constructed. A set of programs based on the ANSY'S Fluent software solver has
been developed for modeling and researching of thermal and gas-dynamic processes in the combustion
chamber. On the basis of the k - € (realizable) turbulence model, the combustion process of a swirling
fuel-air mixture is simulated. The results of an analytical and numerical study of the temperature
and carbon dioxide distribution in the jet are presented.

Key Words: gas dynamics, emissions, temperature, power boiler, natural gas, biogas, combined
combustion
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MATEMATUYECKAS »KU3Hb

K 80-JIETUIO
NJIbU BJAJVMMNPOBNYA BOMKOBA

Boiikos Unba Baamumuposua poguicsa 19
mapra 1941 r. 8 CCCP (na Teppuropun cospe-
MeHHOUW YkpawHbl — B I Kpemenuyre Ilosras-
CKoii obsacTn).

B 1963 r. oxomumn Ilensenckuii mosmrex-
HUYeCKU{l WHCTUTYT 10 crenuajabHocTu «Ma-
TeMATHYEeCKEe U CYETHO-PEIIAONNe MAIIUHbl 1
ycrpoiicrBas. Ilocie okonuanuss mucTnTyTa 1.
B. Boiikop g0 1965 r. paboTaj HH>KEHEPOM-
HasmaTankoM Ha [lemsenckom 3aBome «B9OM», a
¢ 1965 mo 1968 rr. — crapmum umkenepom llen-
3€HCKOI'0 HayYHO-MCCJIEIOBATEIHCKOIO HHCTUTY-
Ta MaremMarudeckux maimuH. OIHOBPEMEHHO C
1964 o 1968 rr. oH y4micd Ha 3a0YHOM OT-
JIeJIEHUN MEXaHUKO-MATEeMAaTHIeCKOr0 (haKy/Ib-
Teta KazaHckoro rocymapCcTBEeHHOTO YHUBEDCHU-
teta uM. B. U. Yiabsanosa-Jlennna, KoTopblii 3a-
KOHYMJI C OTJIMYUEM 110 clienuajbHocTu «Mare-
MaTHKa» U IOCJe ITOro ObLI OCTABJIEH B acCIlu-
paHType mpu Kadeape MaTeMaTuaecKoro aHaJIu-
3a. B craryce acttupanTa 1. B. Boiikos Bezmer ak-
TUBHYIO HAYIHYIO JeATEIbHOCTH B 00/IacTH (DY H-
JTAMEHTAJIbHON U BBIMUCJIUTENHHON MaTeMaTUKU

“u il
e |
et - |
SRR

i

U UX IIPUJIOXKEHUL.

B 1971 r. 1. B. Boiikos Hauas paborars B [leH3eHCKOM MOJUTEXHUIECCKOM MHCTUTYTE B
JOJKHOCTH accucrenTa Kadenpsl «Boicimas MaremaTukas (B HacTosIIee BpeMs — «Boicias
U IPUKJIAIHAT MaTeMaTHKa» ). 3areM, B 1972 1., OblI IIepeBelieH HA JOJKHOCTH CTAPIIEro
npenogasaressi. B arom xe roxy U. B. BoiikoBbiM OblLita 3ammuiinena KaHInIaTCKasA JIUCCEP-
TaIys 110 crenuaidbHocTH « Maremarndeckuit anaius» (Ha Temy «IIpuOJIKeHHOE pelleHue
CHHI'YJIIPHBIX MHTErPAJIbHBIX ypaBHenuii» ). B. 1973 r. yuenslit cran gomeHToM 3Toit kKade-
pol, a B 1974 1. ObLT n30paH 3aBE Iy IOIIIM.

B 1991 r. Bo BII CO AH CCCP . B. BoiikoBbIM 0blLiIa 3allMIIEHa JOKTOPCKAs IHC-
cepTalus [0 CIeIUAJbLHOCTU «Bhranciaurespuas MareMarukay (Ha TeMy «OnTHMaIbHBIE 110
TOYHOCTH aJITOPUTMbI BBIYUCJICHUA CUHTYJ/IAPDHBIX MHTErPaJIOB U PpENIeHudA CUHI'YJIAPHBIX WH-
TerpajbHbIX yPABHEHUN» ).

K ocmoBrbIM HayunbIM moctrzkenusM M. B. BoitkoBa oTHOCATCS:

— OOt METOJ MOCTPOEHNS ONTUMAJBHBIX AJTOPUTMOB BBIYUC/IEHUS CHHTYJISIPHBIX U
rUnepCuHTyaspHbIX nHTerpasnos [1-3]. Ha ocmoBe sTOr0 Meroma mM GBUIM MOCTPOEHBI OM-
THMaJIbHbIE, aCHMITOTUYECKH ONTHMAJIbHbIE W ONTHUMAJIbHBIE II0 IOPSIKY KBaJIpaTypHBIE
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(bOpMy.HbI BbITUCJIEHNA MHOTI'MX KJIaCCOB CHHI'YJIAPDHBIX, IOJUCUHTYJ/IAPHBIX, MHOI'OMEPDHBIX
CHUHTYJISPHBIX WHTErpajioB M IOJIydeHbl 00O0OINeHusT 9TuX (POPMYJI HA THIIEPCUHTYJIsIPHBIE,
[TOJTUTUIIEPCUHTYJISIPHBIE U MHOTOMEDHbBIE TUIIEPCUHTYJISIPDHBIE MHTETPAJIBI;

— MOCTpOEHrEe M OOOCHOBAHME MTPOEKIIMOHHBIX METO/IOB PEIeHUs] HEeJIMHEHHBIX CAHTYJISID-
HBIX WHTETPAJbHBIX ypaBHEeHW [4-7];

— pemenne 9-it u 18-it 3ama4, chopmynmupoBanubix K. 1. Babenko B 1985 1. B cTrarhe
«O HEKOTOPBIX 3a/[a9ax TeOpUH MpUOIMKenuii u ducaennoro anaausa> (YMH. 1985. T. 40,
Boir. 1 (241). C. 3-27), B pagy 19 3a1a4, UMEOMUX, 10 MHEHUIO ABTOPA CTATHH, MCKJIIO-
YUTEIFHOE 3HAYEHUE I YMCJIEHHOTO aHAJIM3a U Teopun npubankenns dynxmmii. [lepBas
3aj1a4a ObLIa IMOCBAIIEHa aCHMITOTHAKE INCIECHHOrO perrenus 3aaadu Jupuxite s ypasme-
nus Jlamraca, Bropass — BeraucjieHuio nomnepedHnkos Kosmoroposa n Babenko s Kiraccos
bYHKIMIA, MOJLYJIA IPOU3BOIHBIX KOTOPBIX PACTYT, KaK CTEIleHHbIe (DYHKIIMH PACCTOSHUS OT
TOYKH J10 rpanunpl obnactu [8-9]. IMocienusis 3amaua Gbliia 0600meHa Ha Goslee MUpPOKHe
KJtaccel dbyHKumii [9];

— perrerne Tpobsiembr KosMoroposa o CyImmecTBOBaHAN aHATUTAIECKUX (DYHKIMI MHOTHTX
IIeEpEMEHHBIX, He IIPEICTABUMBIX HEIPEPHIBHO IuddepeHnupyeMbIMU DYHKIIUSIMUA MEHBIIIEr0
qucsa nepeMeHHsx [9];

— 0600I11IeHrEe TIEPBOIO MeTO/Ia JIAIyHOBA Ha CHUCTEMbI HEJIMHEHBIX OOBIKHOBEHHBIX (-
depeHnraIbHbIX yPABHEHNIT U YPABHEHUIN B YACTHBIX ITPOU3BOIHBIX MAPAOOJIAIECKOTO TUIIA
[10], pemenue npobiembr Bpokerra o crabuinsaiuu pemenuii cucreM auddepeHIuaaIbHbIX
ypaBHeHwii, pemenne mpobaembl AfisepMaHa JyIst OMHOTO YacTHOTO ciry4ast [10].

Ilonyyenmble TeOpeTHYECKHE PEIYIHTATHI OBLIIN UCIOIB30BAHBI IIPU PEIIEHUH CJIE LY IOIITIX
[IPUKJIAIHBIX ITPOOJIEM:

— IIOCTPOEHHE ONTHMAJIBHBIX METOJIOB AIlIIPOKCUMAIUY TOTEHIMANBHBIX ToJiei [11];

— mocTpoeHne u 0OOCHOBAHME UTEPAITNOHHO-TTPOEKITNOHHBIX METO0B PEIleHnsi OOPATHBIX
3a71a4 rpaBupasseaku [11];

— IIOCTPOEHUE ONITUMAJIBHBIX METOJIOB AIIPOKCUMAIMY TEIUIOBBIX ToJteit [12];

— IOCTPOEHNE aHAJMTUYECKUX U YUCJEHHBIX METOJOB OJHOBPEMEHHOI'O BOCCTAHOBJIEHUSI
IJIyOMHBI 3aJIeraHusl, IIJIOTHOCTH U YPaBHEHUs TIOBEPXHOCTH B OOPATHBIX KOHTAKTHBIX 3318~
gax JIorapudMUIECKOro U HLIOTOHOBCKOTO morernuasa [13];

— [MOCTPOEHUE YUCJIEHHBIX METOOB UACHTU(DUKAINY JHHAMAIECKAX CHCTEM C COCPEIOTO-
YEeHHBIMU ¥ PACTIPEJIETIEHHBIME TTapameTpamu |14].

Hayunas pabora 1. B. Boiikosa 0bL1a mojgep2kana AByMs rpanTaMu MexK1yHapoHOTO
Hay4vHOrO (POHJA, TpeMs I'paHTamu Poccuiickoro dpona GyHIaMeHTAJIbHBIX UCCIIEI0BAHMIA,
tpemst rpanTtamu MwunaBy3sa P®, rpanrom Poccuiickoro mHaydHOro rymaHuTapHOro (boHIA.
Hpaxaer . B. BoiikoB 6611 yaocroen ['ocymapcTBeHHON HAyIHONW CTUMEHIWH TS BBIIAIO-
mxcst yaeasix P@, a 8 1999 r. 661 u3bpan CopocoBcKuM mpodeccopoM.

. B. Boiikos siBisteTcst aBTOpoM 8 u coaBTopoMm 4 MoHorpaduii. Im omybimkoBano 6osee
500 crareii, 6osiee 60 u3 KoTOphIX MpouHIekcupoBarbl B Web of Science u Scopus; moJryueHo
6 aBTOPCKHX CBUJETEILCTB, 2 IaTeHTa, cienano cosee 100 TOKIIAI0B HAa MEXKIYHAPOIHBIX
U peciryomKaHCKUX KoHepennusax u cemuaapax. B 2010 r. crares U. B. BoiikoBa B coas-
topcrie ¢ D. C. Berrnesiem u A. W. Boitkosoit «An approximate solution of hypersingular
integral equations» (Applied Numerical Mathematics. 2010. Vol. 6. pp. 607-628) 3ausuia
3-e MecTo cpean crareil B kypHaJsie Applied Numerical Mathematics, usmasaemom IMACS
(International Association for Mathematics and Computers in Simulation). 1. B. Boiikos
yaocroet 3Banust [Togernerit wien IMACS 2011.

B paszubie roger 1.B. BoitkoBbiM ObLIO N34AHO IECATH YI€OHBIX TOCOOMIT IO PAIMIHBIM
paszesiaM MaTeMaTUKW U OIUH KOHCIIEKT JIEKITUI.
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1. B. DBoiikoB sBiisieTcsd pyKOBOJHUTEEM ACIUPAHTYPHI U JIOKTOPAHTYPHI 110 CIEIUAJIb-
HOCTSIM «BbraucimresbHas MaTeMaTnkay u «Maremarndeckoe MOJEJIMPOBaHUE, YNCIEHHBIE
METOJbI I KOMILIEKCHI TporpaMms [1of ero pyKoBOACTBOM OBLIO 3AIUIIEHO CEMHA AT KAH-
aumarckux guccepraruii. Kpome aroro, yueHbIM co3maHa HaydHAasT MIKOJIA « AHaTUTHIECKUE
U 9HCJIEHHBIE METObI PEIeHUs YPAaBHEHU! MaTeMaTWdecKOoil (bU3MKH», KOTOPasi IIHPOKO
M3BECTHA B MUDE.

Bonabmoe Bunmanue 1. B. BoiikoB yiesnser MaTeMaTnvIecKOMy 00pa30BaHUIO B TOPOJIE U
obstactu. B 1974, 1975, 1977, 19831986, 1994-1995 n 1998-2011 rr. oH 3aHNMAJI TIOCT IPEI-
cenarenss [ocyrapcTBeHHOM SK3aMeHAIMOHHON Komuccenu B [IleH3€HCKOM TOCYIapCTBEHHOM
megarorndeckom yuuBepcurere uM. B. I'. Besmnckoro, a ¢ 2003 mo 2013 rr. — npeacenaress
00JIaCTHOM ITPEIMETHON KOMUCCHUU 110 IIPOBEIEHNI0 EMHOro rocy1apcTBEHHOrO 9K3aMeHa, 110
MareMaTuke B IleH3eHCKOI 00J1aCTH; HEOHOKPATHO OBbLI IIpeJicelaTesieM XKIOPH 00JIaCTHBIX
U PECILyOJIMKAHCKUX OJIMMITHA] 110 MATEeMAaTHKE.

. B. BoiikoB 6oJibllioe BHUMaHUE YT MOMYISPU3alii HAYIHBIX PE3yJIbTaTOB, I10-
JIyIYEHHBIX COTPyIHHKaMu Kadeapol u yausepcurera, B Poccun u 3a pybexom. Ilox ero py-
KOBOJICTBOM ezkerofHo Haumuas ¢ 2007 r. mpoBOmATCs /Be MeXKIyHapOIHble KOH(MEPEHIINN
110 aKTyaJIbHBIM BOIIpOCaM IIpI/IKJ'Ia.):LHOfI MaTeMaTUKU 1 MaTeMaTUIeCKOro MOJIe/IMPOBaHUA.

VdeHbIil sIBJIsIETCS YJEHOM PEIAaKIIMOHHBIX KOJIJIernii KypHasoB «lI3BecTusi BbICIIHX
yueOnbIx 3aBefieHnii. [loBosnkckuii pernon» u «2Kypuan CpeaHeBO/KCKOrO MareMaTude-
CKOrO 00IIecTBay, OMUIMAIBHBIM PEIEH3eHTOM MEXKIYHAPOIHBIX KypHasoB Mathematics,
Symmetry, Zentralblatt fur Mathematik (Springer), Mathematical Review (AMS) u psua
JIPYTUX.

. B. BoiikoBa cBsi3bIBaroT j10Jrue rojpl corpynandectsa co Cpene-Bokckum maTe-
MaTUIEeCKUM ODIIECTBOM. Y YEHBIH BO3TJIABJISIET TIEH3€HCKOE OTEJIeHNE ODIIECTBA; SBJISIETCS
AKTHUBHBIM yYACTHUKOM HAYIHBIX KOH(MEPEHIHH U TITKOJI-CEMUHAPOB 10 JuddepeHmaabHbIM
YPaBHEHUSAM U MaTeMaTHIecKOMy MojeaupoBannio, mpoBoguMbix MI'Y um. H. I1. Orapésa
comecTHO co Cpenne-Boszkckum Maremarudeckum obmmecrsom u UIIM um. M. B. Kei-
aeima PAH. Heckonbko actimpanTos M. B. BoiikoBa mpormm 3aiuTy B JUCCEPTAIMOHHOM
cosere MOPIOBCKOTO TOCYJIAPCTBEHHOIO YHUBEPCUTETA; B 9TOM YK€ COBETE YUEHBIN BBICTYIIAJ
B KavuecTBe O(UITNAIBHOIO OMIOHEHTA.

Hayunaa u memarormueckas pesarensuocts V. B. BoiikoBa mosmyumia npusnanme mu-
POBOTO HAYYHOTO COOOINECTBA: OH SIBJISIETCS UJIEHOM AMEPUKAHCKOTO MaTEeMATHIeCKOro 00-
mecTsa, EBpOIENiCKOro MareMaTndecKoro ODOIIECTBA, UJIEHOM HCCJIEI0BATEIHCKOIO COBETA
AMepruKaHCKOro OGHMOrpauvIecKoro MHCTUTYTa. Buorpadusi 3TOro BBIIAONIETOCS HUCCTIEN0-
BaTeJisl BKJIOUYEHA B JIECSITOK MEXKIYHAPOIHBIX CIIPABOYHUKOB, BKiodasi « Who is Who in
the World» (c 1994 r.) u «Kro ects k10 B Poccun».

. B. Boiikos asrsercsa [ToueTHbiM pabOTHUKOM BBICIIETO TPOMECCHOHATLHOTO 00pa30-
Banus Poccnn (2001 1.).

Cepueuno nosapasiisieM b Biaguvuposrda ¢ robuiieeM u 2kejiaeM J00poro 3110poBbsi,
CEMEWHOro CYaCThsl U JAJbLHEAIINX TBOPYECKUX YCIIEXOB!

II. A. Beavmucos, B. 3. I'punec, P. B. 2Kaanun, E. B. Kysneuos,
T. @. Mamedosa, II. B. Cernun, JI. A. Cyzapes, B. @. Tuwrun,
HU. U. Yyuaes, II. A. Illamanaes, O.C. SHszo6uesa
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I[TOSIPABJIAEM
HIABKATA ABJIVJIJTAEBUYA AIOIIOBA

IloznpaBnsieMm 4ieHa peJIAKIMOHHON KOJUIETHM JKypHajga — JIOKTOpa (DHU3UKO-
MaTeMaTUIeCKnX HayK, mpodeccopa, akameMuka AkagemMun HayK PecryOauku ¥Y36ekucraH,
nupekTopa Mucruryra maremarnku Akanemun nayk Ysoekucrana [llaBkara AGmysiaeBuda
AronoBa ¢ nupucsoenuem 3Banus «Y36ekucron Kaxpamonu» («Iepoit Y3bexucranas) u Bpy-
YeHueM BbICIero 3uaka — Megauan «Ourrud oiy3» («3osoras 3Be3uay ). 2Kenaem [askary
AbryninaeButy Kperkoro 3/10pOBbsi, OJaPEHHBIX YIEHUKOB U HOBBIX YCIIEXOB B HayKe!

Pedxonnezus orcyprana
Cpedne-Boaotcckoe mamemamuyeckoe o6uecmeo

Koanexmue Hayuonanrvnozo uccaedosamennvckozo Mopdosckozo
20cydapcmeennozo yrusepcumema um. H. I1. Ozapésa

CONGRATULATIONS TO SHAVKAT ABDULLAEVICH AYUPOV
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IIpaBusa odpopmiieHus pykKorucei

Penaxknums »xypHaja npuHIMAET PYKOIUCH Ha PYCCKOM U QHIVIMIACKOM SI3bIKAX, HE OIyOJIMKOBaH-
HBbIE U He IpeJHa3HAYeHHbIE K YOJIUKAIMN B JPYTOM M3IAHHUM.

Crarbst TOJKHA COJIEPXKATD CJIELYIOIINE Pa3esibl Ha PYCCKOM UM QHIVIMICKOM S3BIKAaX:

— YK (Tonmbpko Ha PycCKOM);

— MSC2020 (rosbKo Ha aHIIHIICKOM);

— Ha3BaHNE CTATbU;

— adpdunamua aBropa(-oB);

— uadopmanms 06 asrope(-ax);

— aHHOTAIWS;

— KJIIOYEBBIE CJIOBA;

— TEKCT CTaThby (Ha PYCCKOM WJIM AHIJVIUICKOM);

— CIIMCOK JIMTEPATYPHI.

VYOK. Yuusepcanpuas necarunanasa knaccudukanusa (Y IK) sasiaserca cucremoit Knaccuduka-
uu nHQOPMAIUH, IMUPOKO UCHOJIb3yEeTCsl BO BCEM MUPE JIJIsl CUCTEMATU3AIUY IPOU3BEICHNAN HAY KM,
JINTEPATypPhl U UCKYCCTBA, IIEPUOIMIECKON ITeIaTH.

MSC2020. Ungekc npeamernoii knaccudukammm (Mathematics Subject Classification) ncmoss-
3yercs ISl TeMATUYIEeCKOI'o pas/leJIeHUsl CChLIOK B JBYyX pedeparuBHbix 6a3ax — Mathematical
Reviews (MR) AwmepukaHckoro maremarmdeckoro obmiecrsa (American Mathematical Society,
AMS) u Esponeiickoro maremarudeckoro cowosa (Zentralblatt MATH, zbMATH).

Cupasounuku kozoB YK u MSC2020 moxkno ckadarsb u3 paszena Ilosiesnblie maTepuasibl
menio /151 aBTopa Ha caiiTe KypHaJja.

Addunanmusa aBropa(-0B): Ha3BaHUE OPraHU3AIMHA [0 MECTY OCHOBHOW PabOTBI MM OPTaHH-
3amyu, T/e IPOBOIMIINCH UCCJIEIOBAHUSI, TOPOJI, CTPAHA.

Nudopmanmst 06 aBrope(-ax). Paszes cogepkur cieayromue cBeleHus 110 KazKJI0My aBTODY:

a) @ammms Vms Orgecrso (11t paszpena Ha pyc.), Ums O. @amuius (i pasjesia Ha aHLIL);

6) JMOJIKHOCTD, Tofpas/eseHne (YKa3bIBAETCs IPU HAJIUYINE);

B) addunmanusa aBTopa: Ha3BaHUE OPTAHU3AIUY [0 MECTY OCHOBHOI PabOThI MM OpraHU3allny,
r7ie TPOBOMJIMCH UCCJIEIOBAHNSI;

I') IOYTOBBII aJpec yKa3bIBAeTCsa B BUJE: MHJIEKC, CTPaHa, FOPOJ, yiula, 1oM (Ha pyc.) U J0M
yJIMIA, TOPOJ MHEKC, CTpaHa (Ha aHIJL);

J1) ydeHast CTeleHb (YKa3bIBACTCs [IPH HAJMYHE);

e) ORCID. [dns nosydenns unenruduramonaoro Homepa ORCID neobxoauMo 3aperucTpupo-
BaTbCs Ha caiite https://orcid.org/;

2K) 9JIEKTPOHHASI [TOYTA ABTODA.

AnBOTanys 10/KHA OBITH Y€TKO CTPYKTYPHUPOBaHA, H3JI0KEHNE MATepUaJIa, JI0JI2KHO CJIeI0BaTh
JIOTMIKE OIIMCAHUs PEe3yJIbTAaTOB B CTaThe. 1EKCT JOJIKEH OBITh JIAKOHWYEH M UEeTOK, CBODOIEH OT
BTOPOCTENEHHON MHMOPMAIUN, OTINIATHCS YOeIUTEIbHOCTHIO (DOPMYIUPOBOK.

O0beM aHHOTAUI HA PYCCKOM U aHIVIMACKOM sI3bIKaX JOJIKHBI OBITH B cpejHeM oT 150 mo
250 cios.

Pekomenyercs BK/OYaTh B AHHOTAIUIO CJIEYIONIME ACHEKTHI COJEPXKAHUS CTATHH: MPEIMET,
eI paboThl, METO/T WJIM METOJIOJIOIMIO IIPOBEIEHUs PAOOTHI, Pe3yJIbTaThl paboThl, 06JACTh ITpUMe-
HEHUsI PE3YJIbTATOB, BHIBOJIBI.

TIpenmer u neab paboThl yKA3bIBAIOTCS B TOM CJIydae, €CJIM OHU HE SICHBI U3 3alJIaBUs CTATbU;
MeTOJI WJI METOJIOJIONHIO IIPOBEJIeHNsI pabOThI 11€71eCO00PAa3HO OIUCHLIBATH B TOM CJIy4ae, €CJIM OHHU
OTVIMYAIOTCSI HOBU3HOM MJIM IIPE/ICTABIISIIOT HHTEPEC C TOUYKY 3PEHUs JAHHON PabOTHI.

Epununpsr dusudeckux BeJUYUH ClleyeT TPUBOAUTH B MexayHapomuoit cucreme CU. domyc-
KaeTCsl IPUBOJUTHL B KPYIJIBIX CKOOKaX PsiioM ¢ BejawmduHOil B cucreMe CU 3HatveHMe BeJIMYMHBI B
CHCTEME €IUHUI], UCIOJIb30BAHHON B MCXOJHOM JOKYMEHTE.

B amnOoTanuu He J€IAI0TCH CCHIJIKM HA HOMED IIyOJIMKAIIMKM B CIIHCKE JINTEPATYPhI K CTaThe.

IIpu Hanucanny aHHOTAIMN HEOOXOAMMO IIOMHUTH CJIEJYIOIINE MOMEHTHI:

IIpaBuia oopmieHHsT pyKOITHCETt



324 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

— HEOOXO/MMO CJIe/IOBATH XPOHOJIOTMH CTATbU U HCIOJIb30BATH €€ 3ar0JIOBKH B KadeCTBE PYKO-
BOJZICTBA;

— HMCHOJIb30BATh TEXHUYECKYIO (CIEIMAIbHYIO) TEPMUHOJIOIHMIO Balllell JUCIUILIMHBL, 9€TKO M3-
Jlarasi CBOe MHEHUE M UMesl TAKKe B BUJLY, YTO BbI HUIIETE JJIs MEXK/[yHAPOIHON ayIuTOPUH;

— TEKCT JIOJI2KEH OBITH CBA3HBIM C HCIIOJIB30BAHUEM CJIOB «CJIEOBATEIBHO», «D0OjIee TOroy, «Ha-
npuMep», «B pesyJbTares u T.J. («consequently», «moreover», «for example», «the benefits of this
study», «as a result» etc.), 160 paspo3HeHHbIE H3JIaracMble HOJIOXKEHUS JOJIKHBL JIOTUYIHO BBITE-
KaTb OJHO U3 APYroro;

— HEeOOXOIMMO MCIIOJIb30BaTh aKTUBHBIN, a He IMacCUBHBIM 3aj0r, T. e. «The study tested», HO He
«It was tested in this study».

Tlepeuncanm obsi3aTebHbIe KAUeCTBA AHHOTAIMN HA AHIVIMHCKOM sI3bIKE K DYCCKOSI3bIYHBIM CTa-
ThbM. AHHOTAIIUU JOJI?KHBI ObITh:

- nHGOPMATUBHBIMHA (He COAEPKaTh OOLIMX CJIOB);

- OpUTWHAJBHBIME (HE OBITH KAJBKOW PYCCKOA3BITHON AHHOTAIUM);

- comepKaTeIbHBIMU (OTPaXKaTh OCHOBHOE COJEPXKAHKE CTATbU U PE3yJIbTaThl HCCJIEI0BAHNUI);

- CTPYKTYPUPOBAHHBIMH (CJIEJOBATH JIOTUKE OIUCAHUS PE3YJILTATOB B CTATHE);

- "aHrosi3praHbIMT " (HATMCAHBI KAYECTBEHHBIM AHIVIMACKUM SI3BIKOM).

KurroueBsbie cioBa. Kirouesbie ciioBa, COCTABIISIONINE CEMAHTUYECKOE SJIPO CTATHH, SBJISTIOTCS
[IepevYHeM OCHOBHBIX IOHSTHN W KaTErOPHil, CIIYKAIlUX JJIsI OMMCAHUS HCCJIEIYeMON MPOOJIEeMBI.
OTu €0Ba CILyKAT OPUEHTUPOM JIJIsl YUTATEJIS U UCIOJIb3YIOTCS JIJIsl [IOUCKA CTATEH B 9JIEKTPOHHBIX
6a3ax, [MO9TOMY JOJIKHBI OTParkaThb JUCHUILIMHY (06/1acTh HAyKHM, B PAMKaX KOTOPOH HAIMCAHA
CTaTbsl), TEMY, IeJIb U OOBLEKT HCCIIECIOBAHMUS.

B kavecTBe KJIIOYEBBIX CJIOB MOTYT MCIIOJIL30BATHCA KAK OJMHOYHbBIE CJIOBA, TAK U CJIOBOCOYETAa~
HUsl B €JIMHCTBEHHOM YKCJIE U UMEHUTEJIBHOM ajleXKe. PeKoMeH IyeMoe KOJIMYecTBO KIII0YEBbIX CJIOB
— 5—7 Ha pyCCKOM M AHIVIMIICKOM $I3bIKaX, KOJUYIECTBO CJIOB BHYTPH KJIOUYeBON ¢pa3bl — He Hostee
Tpex.

Tekcr crarbu. [Ipu u3/102KEHUN TEKCTA CTATHU PEKOMEHJIYEeTCsl IPUIEPIKUBATBCS CJIEIyTOIei
CTPYKTYPBI.

— Bsedenue. B sTom pazmerne ciemyer onncaTb mpobiieMy, ¢ KOTOPOU CBSI3AHO WMCCJIE/IOBAHUE;
puBecT 0030D JINTEPATYPHI 110 TEMe UCCIIE/IOBAHUs; YKA3aTh 3aJadl, PEeIleHne KOTOPLIX He W3-
BECTHO Ha CErOJHSNIHUI JE€Hb M DENIEHUIO KOTOPBIX IOCBAIIEHA 3Ta PYKOINCH; cOPMYINPOBATH
eI U 33J(@491 UCCICIOBAHNS, & TAK¥Ke [M0KAa3aTh UX HOBU3HY U MPAKTUYECKYIO 3HAYUMOCTD.

— Teopemuueckue ocno6vl, memodo, pewenus 3adayu u npukamsie donywenus. B arom pasmese
110/IpOGHO IIPUBOAMTCS ODINAsI CXeMa MCCIEJOBAaHUsI, B JETAJISIX OIMCHIBAIOTCS METO/bI M IIOJXO/bI,
KOTOPBIE UCIOJIb30BAJIUCH JJId MOy YeHHs] PE3yJIbTaTOB.

IIpu ucnonp3oBaHuu CTaHAAPTHBIX METOJOB U IPOIEAYD JIyUIle CIeJaTh CChUIKH HA COOTBET-
CTBYIOIIHE MCTOYHUKH, HE 3a0bIBasi ONMCATH MOAUMUKAIMKA CTAHIAPTHBIX METOJIOB, €CJIM TaKOBbLIE
uMesuch. e ke ucosb3yercs cOOCTBEHHbBINA HOBBIN METOI, KOTOPBIH elle Hurje paHee He my6Jiu-
KOBAJICs, BayKHO JIaTh BCe HeOOXoauMble jerann. Eciamu panee MeTo1 611 OIyOIMKOBaH B N3BECTHOM
JKypHaJIe, MOXKHO OTPDAHUYNATHCA CCHIIKOM. OIHAKO PEKOMEH IyeTCsl TOJTHOCTBIO IIPEICTABUTD METO/T
B DYKOIIUCH, €CJIU paHee OH ObLI OIyOJIMKOBAH B MAJIOM3BECTHOM YKYyDHAJIE U HE HA AHJIUHACKOM
SI3BIKE.

— Pesyavmamut. DTO OCHOBHOHN pa3zesi, B KOTOPOM H3JIaraeTcsl aBTOPCKUIl OPUTMHAJIBHBIN Ma-
TepuaJl, COIEPKAINUN MOJyYEeHHBIE B XOJ€ UCCJIEIOBAHUS TEOPETUUECKHUE MU IKCIEPUMEHTAIbHDBIE
nanuble. [To oGbeMy 3Ta 4yacTh 3aHMMAET IEHTPAJbHOE MECTO B HAYJHON cTaTbe.

Pesynprarer npoBeseHHOrO mccaeqOBaHUS HEOOXOMMO OINUCHIBATH JOCTATOYHO IIOJIHO, ITOOBI
YUTATEb MOT [IPOCJIEIUTH €r0 3Talbl U OUEHUTh 0OOCHOBAHHOCTD CJIEJIAHHBIX aBTOPOM BBIBOJIOB.

Pesynprars! npu HeOGXOAMMOCTH IIOATBEPXK AIOTCS UILTIOCTPalusiMu — Tabininamu, rpadukaMu,
PUCYHKaMH, KOTOPBIE IPEICTABIISIOT UCXOQHBIN MaTepra WiN J0KA3aTeJbCTBA B CBEDHYTOM BHUJIE.

FEcin pykonuch HOCUT TEOpeTUYIECKHiT XapaKTep, TO B 3TOM pasfiejie MPUBOJIATCI MaTeMaTude-
CKUE BBIKJIAJIKU C TAKON CTEIeHbIO TTOAPOOHOCTH, YTOOBI MOXKHO OBIIIO KOMIIETEHTHOMY CIEIHAUCTY
JIETKO BOCIIPOM3BECTH MX U NMPOBEPHUTDH IPABUJILHOCTD IIOJIYIE€HHBIX PE3yJILTATOB.
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— Ob6cyorcienue U aHAAU3 TVONYHEHHDLT PE3YALTNATNOE U CONOCTMABAECHUE UT C PAHEE U3BECTVHDL-
MU. DTOT pa3Mes COMEPKUT MHTEPIPETAIMIO HOJYIEHHBIX PE3YJIBTATOB UCCIEIOBAHUS, [IPEIIT0JIO-
2KEHUS O TOJIy9IeHHbIX (aKTax, CPABHEHUE I[TOJIyY€HHBIX COOCTBEHHBIX PE3YJIbTATOB C Pe3yJIbTaTaMu
JIDYTUX ABTOPOB.

— Bakamouenue. 3aKIIOYEHNE COMEPKUT TJIABHBIE HJIEU OCHOBHOI'O TEKCTa CTaThbu. PexomeH-
JIyeTCsl CPaBHUTDH IIOJIyY€HHBbIE PEe3yJIbTaThbl C TEMHU, KOTOPbIE IUIAHUPOBAJIOCH IOJIYYUTh. B KOHIE
[IPUBOJISATCSI BBIBOJBI U PEKOMEH/IAINY, OIPE/IEJISIFOTCS OCHOBHBIE HAIIPABJIEHUsI JaJbHERIIIX UCCIIe-
JOBaHUN B JAHHOW OOJIACTH.

— Baazodaprocmu. B maHHOM paselie IPUHATO BbIpazkaTh 6JIaroJapHOCTh KOJIJIEraM, KOTOPbIE
OKa3bIBAJIM [OMOIIb B BBIIOJHEHUN HCCJIEIOBAHMS WJIA BBICKA3BIBAJIA KPUTHUYECKUE 3aMEYaHUs B
azgpec Bamell crarbu. Tak ke yKa3blBAIOTCS MCTOIHUKY (DUHAHCHPOBAHUS HMCCJIEJIOBaHUs (TPAHT,
rOCYJJAPCTBEHHOE 33/[aHKE, MOCYJAPCTBEHHDI KOHTPAKT, CTUIIECHAUS M T.1. ).

Crmcok JimrepaTryphbl JIOJIZKEH COJEPKATh TOJBKO T€ NCTOUHUKY, Ha KOTOPBIE UMEFOTCSI CChLII-
KU B TEKCTe paboThl. VICTOYHUKY pacoiaralorcs B MOPsIJIKE UX YIOMUHAHUS B CTATHE.

Crucok Jiureparypbl HA PYCCKOM sI3bIKE OOPMIISIETCS B COOTBETCTBUU C TPEOOBAHUSIMU
I'OCT P 7.0.5.-2008 Bubauoepaguueckasn ccounka. VIx MOKHO ckadaTb u3 paszena Ilosie3Hbie
marepuaJsbl MeHio st aBropa Ha caiiTe XKypHaJia.

CHmcok Jureparypbl Ha PYCCKOM sI3bIKE Tak ke Heobxomumo odopmurhb B (hopmare AMSBIB
(cM. HMXKe) U NPUBECTH B 3aKOMMEHTHDOHHOM BHJIE IIOCJIE CIIUCKA, OOPMIIEHHOIO O CTAHAAPTY
I'OCT.

Crucok Jureparypbl HA AHIVIMMCKOM SI3bIKEe OQOPMJISIETCS COIMJIACHO CTHJIIO IUTHPOBA-
HUSsI, TIPUHSTOMY JIJIsl UCIIOJIb30BAHUS B 00JIACTA MaTeMaTUKH AMEPUKAHCKUM MAMEMAMUYECKUM
obwecmeom (American Mathematical Society) u Eeponelickum mamemamuueckum obuLecmeom
(European Mathematical Society). Hua sroro ucnonbsyercsa dpopmar AMSBIB, peanusoBasublil B
CTHJIEBOM TakeTe svimobib.sty. D9ToT maker paspaboraH Ha ocHOBe makera amsbib.sty.

Onucanme cxeMm 6ubsimorpadudecKnx CChbLIOK AJist pasgesa References.

Ecin crarbs wiam KHUra Ha pYyCCKOM sI3bIKE W HET IaPAJUIEJIbHOIO 3arjiaBUsl Ha aHIJIMICKOM
S3BIKE, TO HEOOXOAMMO MPUBECTU B KBAJIPATHBIX CKOOKAX MEPEeBOJI 3arJIaBhsi HA AHTVIMACKUN sI3BIK.

Cmamvu 6 dicyprane Ha PYCCKOM A3bIKE:

— Asrop(s1) (Tpancinrepanus);

— ITapaJutesbHOE 3arvIaBre CTATLU HA AHIVINHCKOM si3bIKe (6€3 KBaJIpaTHBIX CKOOOK) HIIH [[IepeBoj
3aryIaBusl CTAThYU HA AHIVIMIACKOM sI3bIKEe (B KBaJPATHBIX CKOOKAX)|;

— HasBauue pycCKOsI3BITHOIO NCTOYHUKA (TPAHCIUTEPAIs);

— |IIepeBox Ha3sBaHUSI NCTOYHMKA HA aHIVIMHCKUIL S3bIK — napadpa3s (JUIs *KyPHAJIOB MOXKHO HE
Jiesars)|;

— BoixonHble naHHBlEe ¢ 0603HAYEHUSIMUA HA AHIVIMHACKOM sI3bIKE, MO0 TOJIBKO IudpoBble (1o-
cJlejiHee, B 3aBUCHMOCTHU OT IIPUMEHSIEMOIO CTAHJAPTa OLUMCAHNUS);

— VYkaszanue Ha s13bIK crarbyu (in Russ.) mocse onucanust crarbu.

Knueu (monoepaduu u cbopruku) na pycckom asvike:

— Aprop(sl) (TpanciuTEpanUs);

— [IlepeBox Ha3BaHUsT KHUTM HA AHIVIMICKOM A3bIKE B KBAIPATHBIX CKOOKaX|;

— BpIxomHble JaHHBIE: MECTO W3JaHMs HA AaHIVIMACKOM s3blke (Hanpumep, Moscow, St.
Petersburg); m3zarenbcTBo Ha aHIIMACKOM sI3BIKE, ecJu 3To opraHusanusi ((Hanpumep, Moscow
St. Univ. Publ.) u TpancauTepamus ¢ yka3aHueM Ha AHIVIMACKOM, 9TO 9TO U3JATEIBCTBO, €CJIU
U3/1aTeILCTBO UMeeT cobcTBeHHOe Haspauue (Hanpumep, Nauka Publ.);

— KonmuecTBo crpaHull B u3gaHu;

— VYkaszanue Ha s13bIK (in Russ.) nocie onncanusi kuurn.

st TpaHCaMTEpan  PYyCcCKOro ajidaBUTa JIATHHUIEH MOXKHO BOCIHOJB30BATHCS CANTOM
hitps:/ /translit.ru/ru/bgn/. 3nech Heobxomumo ucnosb3oBaTh cucremy BGN (Board of Geographic
Names).
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ITpumepsr opopmirenusi Gubauorpaduuecknx CCbLIOK Jist paszaesa References.

CraThbu B >XKypHaJlaXx HA PYCCKOM SI3bIKE.

a) OTCYTCBYeT NapaJljie/IbHOe Ha3BaHUe Ha aHIVIMICKOM si3bIKe:

P.A. Shamanaev, “[On the local reducibility of systems of differential equations with
perturbation in the form of homogeneous vector polynomials|”, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145-151 (In Russ.).

6) mapaJ/uieJbHOE HA3BAHUE HA AHTJIMHACKOM SI3BIKE MMEETCSI:

P. A. Shamanaev, “The branching of periodic solutions of inhomogeneous linear differential
equations with a the perturbation in the form of small linear term with delay”’, Zhurnal SVMO,
18:3 (2016), 61-69 (In Russ.).

CraThbu B >XKypHaJlaxX Ha aHIVINICKOM sI3bIKE.

M. J. Berger, J. Oliger, “Adaptive mesh refinement for hyperbolic partial differential equations”,
Journal of Computational Physics, 53 (1984), 484-512.

CraThbu B 9JIEKTPOHHOM >KypHaJjle Ha PYCCKOM f3bIKe.

M.S. Chelyshov, P. A. Shamanaev, “An algorithm for solving the problem of minimizing a
quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction”,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-
zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-
metoda-ortogonalnoj-ciklicheskoj-redukecii

CraTrbu B COOpHHKaX Ha PYCCKOM fI3BIKE.

A.V. Ankilov, P. A. Velmisov, A.V. Korneev, “[Investigation of pipeline dynamics for delay of
external influences|”, Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics],
10, UIGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Kuuru (moHorpadum u cGOpHUKM) Ha PYCCKOM SI3BIKE.

B.F. Bylov, R. E. Vinograd, D. M. Grobman, V. V. Nemyitskiy, Teoriya pokazateley Lyapunova
i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents and its applications
to stability problems], Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Crarbu B MaTepuajiaXx KOH(MEPEHIMI HA PYCCKOM sI3bIKE.

P. A. Shamanaev, “[On the question of the perturbation of a linear equation by two small
linear terms|”, Mezhdunarodnoy konferentsii po differentsial’'nym uravneniyam i dinamicheskim
sistemam [International Conference on Differential Equations and Dynamical Systems], Tezisy
dokladov [Abstract] (Suzdal, 6-11 July 2018), 218-219 (In Russ.).

Ilogpobuble TexHUYECKHE HHCTPYKIMUA 1O OPOPMIIEHHIO PYKOIHCEH COMEPKATCA B MaTepuaJse
IIpaBuiia BepcTku pykormuceii B cucreme LaTex.
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The rules of article design

The editorial staff accepts manuscripts in Russian and English that are not published and not
intended for publication in another edition.

The article should contain the following sections in Russian and English:

— UDC (only in Russian);

— MSC2020 (only in English);

— article title;

— affiliation of the author(s);

— information about every author(s);

— abstract;

— keywords;

— text of the article (in English);

— references.

UDC. The Universal Decimal Classification (UDC) is a system for classifying information widely
used all over the world to systematize works of science, literature and art, periodicals.

MSC2020 codes The Subject Classification Index (MSC 2020) by AMS is used for thematic
link separation in two abstract databases — the Mathematical Reviews (MR) of the American
Mathematical Society (AMS) and Zentralblatt MATH (zbMATH) of the European Mathematical
Union. The directories of MSC 2020 codes can be downloaded from the Useful Materials section
of the For Authors section of the journal website.

The UDC and MSC2020 codes can be downloaded from the Useful materials section of the
For author menu on the journal’s website.

Affiliate author(s): the name of the organization at the place of main work or organization
where the research was carried out, city, country.

Information about the author(s). The section contains the following information for each
author:

a) Surname, First name, Patronymic (for the section in Russian); First name, P., Surname (for
the section in English);

b) Position, Department (indicated if available);

c) the affiliation of the author: the name of the organization at the place of the main work or
organization where the research was conducted;

d) the postal address is indicated in the form: postcode, country, city, street, house (in Russian)
and house street, postcode, country (in English);

e) academic degree (indicated if available);

f) ORCID. To obtain an ORCID, you must register at https://orcid.org/.

g) email of the author.

Abstract should be clearly structured, the material presentation should follow the logic of
the result description in the article. The text should be concise and clear, free from background
information, and have convincing wording.

bf The volume of annotations in Russian and English should be on average bf from 150 to 250
words.

It is recommended to include in the abstract the following aspects of the article’s content: the
subject, purpose of the work, method or methodology of the work, the results of the work and the
scope of their application, conclusions.

The subject and purpose of the work are indicated if they are not clear from the title of the
article; the method or methodology of the work should be described if they show some novelty or
they are of interest from the point of view of this work.

Units of physical quantities should be given in the international SI system. It is allowed to give
the value of the physical quantity in original system of units in parentheses next to its value in the
SI system.

IIpaBuia oopmieHHsT pyKOITHCETt



328 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

The abstract should not contain references to the publication numbers in the article’s
bibliography.

When writing annotations author(s) should remember the following points:

— it is necessary to follow the article’s chronology and to use its headings as a guide;

— do not include non-essential details;

— use the technical (special) terminology of your scientific area, clearly expressing your opinion
and bearing in mind that you write for an international audience;

— the text should be connected by the use of words «consequently», «moreover», «for examples,
«as a result», etc., or separate statements should logically follow from one another;

— it is better to use active voice rather than passive, i.e. «The study tested», but not «It is
tested in this study».

Keywords. The keywords that make up the semantic core of the article are a list basic concepts
and categories that serve to describe the problem under study. These words serve as a guide for the
reader and are used to search for articles in electronic bases, therefore, should reflect the discipline
(the field of science within which the article), topic, purpose and object of research.

As keywords, both single words and nominative and singular phrases. Recommended the number
of keywords — 5-7 in Russian and English, the number of words within a key phrase - no more than
three.

Text of the article.When presenting the text of the article, it is recommended to adhere to
the following structure.

— Introduction. In this section, you should describe the problem with which the research is
connected; review the literature on the research topic; indicate the problems, the solution of which
is not known today and the solution of which this manuscript is devoted to; to formulate the goals
and objectives of the study, as well as to show their novelty and practical significance.

— Theoretical foundations, methods of solving the problem and accepted assumptions. This
section details the general design of the study, detailing the methods and approaches that were
used to obtain the results.

When using standard methods and procedures, it is best to refer to relevant sources,
remembering to describe modifications of standard methods, if any. If you use your own new method,
which is still has not been published anywhere before, it is important to give all the necessary details.
If previously the method was published in a well-known journal, you can limit yourself to a link.

— Results. This is the main section that sets out the author’s original material containing
theoretical or experimental data obtained in the course of the research. In terms of volume, this
part is central to the scientific article.

The results of the study must be described in sufficient detail, so that the reader can trace its
stages and assess the validity of the conclusions made by the author.

The results, if necessary, are confirmed by illustrations - tables, graphs, figures, which present
the original material or evidence in a collapsed form.

If the manuscript is of a theoretical nature, then this section provides mathematical calculations
with such a degree of detail that a competent specialist can easily reproduce them and check the
correctness of the results obtained.

— Discussion and analysis of the obtained results and their comparison with the previously known
ones. This section contains the interpretation of the obtained research results, assumptions about
the obtained facts, comparison of the obtained results with the results of other authors.

— Conclusion. The conclusion contains the main ideas of the main text of the article. It is
recommended to compare the results obtained with those that it was planned to receive. At the
end, conclusions and recommendations are given, and the main directions for further research in
this area are determined.

- Thanks. In this section, it is customary to express gratitude to colleagues who assisted with
research or criticized your article. The sources of research funding (grant, state assignment, state
contract, scholarship, etc.) are also indicated.
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References formatted according to the citation style adopted for use in mathematics
American Mathematical Society (American Mathematical Society) and European Mathematical
Society (European Mathematical Society). To do this, use the AMSBIB format, implemented in
the svmobib.sty style package. This package is developed based on the amsbib.sty package.

References should contain only those sources that are referenced in the text of the work.
Sources are arranged in the order of their mention in the article and their number should not
exceed 20.

Description of the bibliographic reference schemes for the References section.

Articles in the journal in Russian:

— Author(s) (transliteration);

- Parallel title of the article in English (without square brackets) or [translation of the title of
the article in English (in square brackets)|;

— The name of the Russian-language source (transliteration);

— [Translation of the source name into English — paraphrase (for journal one may not do it)];

— Output data with notation in English, or only digital (the latter, depending on the description
standard used);

— An indication of the article language (in Russ.) after the article’s description.

Books (monographs and collections) in Russian:

— Author(s) (transliteration);

— title of the book (transliteration);

— [Translation of the book’s name in square brackets];

— Imprint: place of publication in English — Moscow, St. Petersburg; English name of publishing
house if it is an organization (Moscow St. Univ. Publ.) and transliteration, if the publisher has its
own name, indicating in English that it is a publisher: Nauka Publ.;

— The number of pages in the book;

— Reference to the language (in Russ.) after the description of the book.

For transliteration of the Russian alphabet in Latin it is necessary to use the BGN (Board of
Geographic Names) system. On the website https://translit.ru/ru/bgn/ you can use the program of
transliteration of the Russian alphabet into the Latin alphabet for free.

Examples of bibliographic references for the section References.

Journal articles in Russian.

a) there is no parallel name in English:

P.A. Shamanaev, “[On the local reducibility of systems of differential equations with
perturbation in the form of homogeneous vector polynomials|”, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145-151 (In Russ.).

b) a parallel name in English is available:

P. A. Shamanaev, “The branching of periodic solutions of inhomogeneous linear differential
equations with a the perturbation in the form of small linear term with delay”, Zhurnal
Srednevolzhskogo matematicheskogo obshchestva, 18:3 (2016), 61-69 (In Russ.).

Journal articles in English:

M. J. Berger, J. Oliger, “Adaptive mesh refinement for hyperbolic partial differential equations”,
Journal of Computational Physics, 53 (1984), 484-512.

Articles in the electronic journals in Russian:

M.S. Chelyshov, P. A. Shamanaev, “[An algorithm for solving the problem of minimizing a
quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction]”,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-
zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-
metoda-ortogonalnoj-ciklicheskoj-redukcii
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Articles in collections in Russian:

A.V. Ankilov, P. A. Velmisov, A.V. Korneev, “Investigation of pipeline dynamics for delay of
external influences|”, Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics],
10, UIGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Books (monographs and collections) in Russian:

B.F. Bylov, R. E. Vinograd, D. M. Grobman, V. V. Nemyitskiy, Teoriya pokazateley Lyapunova
i ee prilozheniya k voprosam ustoychivosti [The theory of Lyapunov exponents and its applications
to stability problems|, Nauka Publ., Moscow, 1966 (In Russ.), 576 p.

Conference proceedings in Russian:

P. A. Shamanaev, “[On the question of the perturbation of a linear equation by two small
linear terms]”, Mezhdunarodnoy konferentsii po differentsial’'nym uravneniyam i dinamicheskim
sistemam [International Conference on Differential Equations and Dynamical Systems|, Tezisy
dokladov [Abstract] (Suzdal, 6-11 July 2018), 218-219 (In Russ.).

Detailed technical instructions on the design of manuscripts are contained in the Rules for the
layout of manuscripts in the LaTex system.
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IIpaBusa BepcTtku pykonuceii B cucreme LaTex

Obpawaem Bawe eHumanue HG MO, 4YMO YKA3AHHBIE HUNCE NPABUAL OOAHCHBL BVINOAHATIDOCA
abcomommo mouno. B cayuae, ecau npasusa opopmaerus pykonucu ne 6yoym ewvinoamnens,, Bawa
cmamovs 6ydem 6ozepawena Ha dopabomry.

Kommuasuio crarbn HEeoOX0auMo mpoun3BoauTh ¢ momornnbio maketa MiKTeX, muctpubyrus
KOTOPOTO MOXKHO IOJIYYUTh Ha ObUIHaTIbHOM caiite — http://www.miktex.org.

st BepCcTKU PyKOIMCH UCIOJIB3YIOTCA ciieaytoniue daiyibl: daiti-nipeambyia, daita-madsioH,
CTHJIEBBIE TAKETHI SVINO.sty u svmobib.sty. Vx MoxkHO mostyunTs Ha caiite »xypHasa B pa3zaene IIpa-
Busia opopMiteHust pyKonucei. Ajpec nocryna: hitp: //www.journal.svmo.ru/page/rules. Texcr
PYKOIIMCH JOJIZKEH OBITH MOMEIeH B (hait-mabision ¢ umeneMm < PavmmusaliO >.tex. On BKitOUaeTCst
komanzoit \input B daitir-npeamtyny. Hanpumep, \input{shamanaev.tex}

Conep:kanune daiina-npeamOyJibl U CTUJIEBLIX AKETOB U3MEHsTh Hejb3sd. OnpejesieHne HOBBIX
KOMaHJ| aBTOPOM CTaTbH HE JIOIyCKAeTCs JJIsl IPEyIpeKIeHns] KOH(IINKTOB UMEH C KOMaHIaM,
KOTOpBIE MOIIA ObI GBITH OIPE/IEIEHBl B CTAThIX APYIUX aBTOPOB.

OdopmiieHne 3aroJIOBKOB CTAaTbU. EC/IU CcTaTbsi HA PYCCKOM $3bIKE, TO I O(OPMJIIEHUS
3ar0JIOBKOB CTAaThH Ha PYCCKOM M AHIVIMIICKOM si3bIKe CJIe/lyeT MCII0JIb30BaTh KomaH bl \headerRus
u \headerEn, coorsercrBeHHO.

Komanga \ headerRus nmeer cienyromme aprymentsr: { YK} {Hassanue crarsu} {Asrop(sr)}
{ABrop(bI) co cHockamu Ha opraausaiun} {Opranusanun (Ha3BaHHUe, FOPOJ, CTPAHA) CO CHOCKAMMU
Ha aBropoB} {Annoranusi} {Kiouesnbie cioa} {Haspanue crarbu Ha aHrimiickoMm si3bike} {Asb-
TOp(bl) Ha AHIVIMIACKOM sI3BIKE }

Komanga \headerEn nmeer cienytompe apryments:: {MSC 2020} {Hassauue crarsu} {As-
rop(st)} {ABrop(sl) co cHOCKamu Ha opranuzanun} {Opranuzanuu (HasBaHHE, TOPOJ], CTPAHA) CO
cHockaMmy Ha aBTopoB} { AnHoranusa} {Kiodesble cioBa}

Ecau  orce cmamova wa  aHeaulckoMm  A3vike, MO OAA IM020 UCTOADIYEMCA KOMAHOA
\headerFirstEn ¢ maxumu osice napamempamu, xax oas xomandw, \headerEn.

Odopmirenne Tekcra crarbu. CTaThbsi MOXKET CONEPKATDH MOI3ArOJOBKHU JIFO00M BIIOXKEHHO-
cru. [ToA3aro0BKy caMOro BEpXHEro yPOBHS BBOJSATCS IIPU IIOMOIIMM KOMAH/BI \Sect ¢ OJHMM Ia-
pamerpoM: \sect{3arosoBok}

Ionzaronosku 6osee HU3KUX yPOBHEH BBOJATCA Kak OObIMHO KoMaHmamu \subsection,
\subsubsection u \paragraph.

Crenyer nMerb B BUJY, YTO BHE 3aBHCHMOCTU OT YPOBHSI BJIOKEHHOCTH I10/I3aI0JIOBKOB B Ba-
mieil cratbe, Hymepanusa o0beKToB (bopMys1, TeopeM, JIEMM U T.JI.) BCErza OyleT JBOWHON m Oymer
[IOJIYMHEHA TIO/3aI0JIOBKAM CAMOI'O BEPXHET'O YPOBHSI.

st opopmiteHns 3aHyMEPOBAHHBIX (POPMYII CJIEJIyeT NCI0JIb30BaTh OKpy»KeHne equation. Hy-
MEpOBATh HY>KHO TOJILKO Te (DOPMYJIBI, Ha KOTOPBIE €CTh CCHIIKM B TEKCTE CTATHH. JlJIsT OCTaIbHBIX
dopMyJ1 cllelyeT UCIOIbL30BaTh OKpYykKeHue equation™®.

st HymepoBaHust GOPMYJI M CO3/aHMUsI IIOCIIELYIONINX CChLIIOK Ha 9TH (DOPMYJIbI HEOOXOIMMO HC-
nosb30BaTh coorBercTBeHHO KoMauabl \label{merka} u \eqref{merka}, rue B kauecTBe MeTKH
HY?KHO HCIIOJIb30BaTh CTPOKY ciaemyiomero suga: Pavumaus_ AsropaHomep ®Popmyssr’. Hampn-
mep, dopmyny (14) B crarbe MBanosa Hy»kHO nomeruts \label{ivanov14}, reopemy 5 u3 sroii
crateu — \label{ivanovt5} u T. m. ([ns cchuok Ha TEOPEMBI, JIEMMBI B IPYTHE OOBHEKTHI, OTINT-
HbIE 0T (POPMYJI, HY?KHO UCIIOIb30BaTh KoMaHay \ref{merka}).

st opopmiennst TeopeM, JieMM, TPEJJIOXKEHU, CJIEJICTBU, OIpeJe/IeHUi, 3aMeYaHuil U Ipu-
MEpOB CJIEIIyeT MCIOJb30BaTh COOTBeTCTBeHHO OKpyxKenusi Th, Lemm, Prop, Cor, Defin, NB u
Example. Eciu B Barmeii craTbe IpuBOIsTCS T0KA3aTEILCTBA YTBEPXKIAECHUN, UX CJIEIYeT OKPYKUTH
komangamu \proof u \proofend (115 nosyvenns crpok *Jlokasarenscrso.” un ’JlokasaTeabCTBoO 3a-
KOHYEHO. COOTBETCTBEHHO ).

st obopmiteHnst TabJINIL CIIEIyeT UCIIOJIb30BaTh OKpyKeHue table ¢ BIIOKEHHBIM OKPY2KEHHEM
tabular:

IIpaBuia Bepctku pykoruceii B cucreme LaTex



332 Zhurnal Srednevolzhskogo Matematicheskogo Obshchestva. 2021. Vol. 23, No. 3.

\begin{table}[h!]

\caption{HasBanme Tabimuper Ha pycckom s3bike \\  \textbf{Table
\ref{shamanaevtablel}.} Ha3sBanue Ha aHrINHCKOM s3bIKE }

\label{shamanaevtablel}

\begin{center}

\begin{tabular}{|C{6cm}|C{6cm}|}

\hline

Hassanue nepsoro cronbua & Hassanue Broporo croabna \\

Hazpanue nepsoro crtoJidna Ha aHrjmiickoM sa3bike & HasBaHme BTOpOro croséna
Ha aHIVIANCKOM s3bIKe \\

\hline

1& 2\\

\hline

3 & 4\\

\hline

\end{tabular}

\end{center}

\end{table}

Odopmirenne pucyHKOB. [[jis1 BCTaBKU B TEKCT CTATbU PUCYHKOB HEOOXOJIMMO I0JIb30BATHCS
CJIEYIOIUMU KOMAHIAMI:

&) BCTaBKa 3aHYMEPOBAHHOI'O PUCYHKa C IIOAIINCBHIO

\insertpicturewcap {merka} {ums_daiina.eps} {moamuce mox_pucynkom} {mon-
MUCh_TI0J,_ PUCYHKOM Ha _aHIJIMHACKOM _sI3BIKE }

6) BCTaBKa 3aHYMEPOBAHHOI'O PUCYHKa C IIOAIIMCBIO U C YKa3aHUEM CTEIIeHU C2KaTOCTU

\insertpicturecapscale{merka}{umsa daiina.eps}{crenens cxkarus}{nognuce} {moza-
IUCh _TI0J PUCYHKOM Ha aHIJIMHACKOM _sI3bIKe }

B) BCTaBKa JIBYX PUCYHKOB C JIBYMsl IIOIHUCSIMU TI0J PUCYHKAMU U OBIIEH IOIIUCHIO

\inserttwopictures {merxa} {umsi_caiima.eps} {mommuce mnox puc} {moamuce
Mo pUC_HAa _AHIJIMACKOM _s3bIKe} {umsa daiina.eps} {moanuce _mox_ puc}
{moanuce mox_puc_ Ha aHriuiickom sispike} {obmas moanuck} {obmias mon-
MUCh _HA_aHTJIMACKOM _A3bIKE}

I') BCTaBKa JBYX PUCYHKOB C JBYMs IOANUCSIMHU II0J] PUCYHKAMH, C YKa3aHUEM CTEIIeHH CXKATHs
KaXKJ[0TO PUCYHKA U OOIIe#l MOAIUCHIO.

\inserttwopictureswithcompression {merka}{ums_caiina.eps}{nognuce_moz
puc\\IoAmuck IOA,_ PpHUC _HAa AaHIJIMICKOM _s3biKe}{cTemenb cxkatusi} {umsa daii-
na.eps} {moammck mop  puc\\moamuck Ha aHIrIMicCKoOM _si3pike} {cTemeHs cxkarus}
{o6maa moamuce} {oGias moAmMCE HA _aHIVIMICKOM _A3bIKe}

J1) BCTaBKa JIByX PUCYHKOB TOJIBKO C OOINEH MOJIIACHIO IO/ PUCY HKAMHU.

\inserttwopictureswithonecaptiononly {merka} {umsi _caiina.eps} {ums_ aii-na.eps}
{obmas_moamucek} {o6Giasi mOAMNCHL HA aHIIUWCKOM _sI3bIKE}

€) BCTaBKa JIBYX PUCYHKOB TOJIBKO C OOINEH TOMNUCHIO MOJ, PACYHKAMH W C YKA3aHUEM CTEICHU
cxKaTud KayKJIO0ro PUCYHKA.
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\inserttwopictureswithonecaptiononlywithcompression {merka} {umsa daii-
na.eps} {crenens cxarusa} {ums daina.eps}{crenens cxkarus}{obmas nox-
nuchk mozx_ pucyHkoM} {obluasi  MMOAINCH HA AHIVIMICKOM _sI3bIKe}

2K) BCTaBKA TPEX PUCYHKOB TOJIBKO € OOLIEH MOINCHIO TIOM PUCYHKAMHU.

\insertthreepictures{merka}{ums daiina.eps} {ums_daiina.eps} {ums_ aii-na.eps}
{ob6masi_moanucek} {o6IIasi MmOANNMCHL Ha aHIJIMACKOM _sI3bIKE}

3) BCTaBKa TPEX PUCYHKOB TOJIBKO C OOIIEH MOJINCHIO O PUCYHKAMU U C YKA3aHUEM CTEIEHU
CcxKaTus KayKJO0ro PHCYHKA.

\insertthreepictureswithcompression{merxa}{umsa daiina.eps}{cremenp cxa-tus}
{umsa_daiima.eps} {cremennr cxxatua} {umsa daiina.eps} {cremenn cxka-Tus}
{ob6mas_moanucek} {o6iiasi moANNCHL Ha aHIIMACKOM _sI3bIKE}

Bce BcTaBsieMble KADTUHKH JIOJIZKHBI HAXOUThea B daitax B dopmare EPS (Encapsulated
PostScript).

Odopmiienne cruckos Jjiureparypsbl. s ohopMiieHnsl CIIMCKOB JINTEPATYPbI HA PYCCKOM U
AHIVIMICKOM $I3BIKaX CJIelyeT MCIoIb30BaTh okpykeHus thebibliography u thebibliographyEn,
COOTBETCTBEHHO.

Kaxmass pycckossbranas 6ubmorpadudeckasi CChblIKa 0POPMIISIETCsT KOMAHIOM

\RBibitem{merka nJjisi cCBLIIKM HA UCTOYHUK },

a aHTJIOA3bIYHAs 6uOIMorpadmIecKas CChLIKA — KOMAHION

\Bibitem{merka s CCBIIKM HA MCTOYHUK }.

Hastee st onncanust 6nbrorpadrIecKoil CChUIKY CIEAYeT NUCIOIb30BATH KOMAH/IbI, PEasIn3y-
rompe dpopmar AMSBIB u orHOCsImuecst K crusieBoMy nakery svmobib.sty. OcHoBoit sToro maxe-
Ta sIBJIsIeTCs CTUIIEBOM daitin amsbib.sty. Bosee moapobuo stu KOMaH/BI ONMUCAHBI B WHCTDYKIUH
amsbib.pdf.

st CCBIOK Ha MCTOYHWKM U3 CIUCKA JIATEPATYPbl HEOOXOAMMO MCIIO/IB30BATh CJIELYIONIUe KO-
Mauapl: \cite, \citetwo, \citethree, \citefour, \citetire, \pgcite (nmapamerpsr cm. B daiise-
npeam0yiie). B kadecTBe HMEHM METOK Jylsi PYCCKOSI3BIUHBIX OHOUIMOrpadUuecKuX CCBHITIOK HYYKHO
ncronb30BaTh ' PavmmmnsaRBibHomepCcebinku’, a st aHMI0S3BIYHBIX OMOUINOTrpadUIeCKIX CCHLTOK
— "PavmmusaBibHomepCebriku’.

MeTku Bcex 0OBEKTOB CTATbU JOJIYKHBI OBITH YHUKAJIBHBIMIA.

IIpumepsr odopmiieHus: 6ubanorpaduIecKuX CChIJIOK C IIOMOMIbI0O KOMAaHJ, U3 CTH-
JieBoro makera svmobib.sty

CraTbu B XXypHaJlaX HA PYCCKOM SI3bIKE
B pasgene thebibliography:

\RBibitem{shamanaevBibl}

\by II. A. Illamanaes

\paper O JOKaNTbHON NMPUBOIMMOCTH cHCTeM JuddEpEHINANBHBIX YPABHEHUH C BO3MYIICHUEM B
BU/JIE OJJHOPOJIHBIX BEKTOPHBIX [TOJIMHOMOB

\jour Tpyzasr CpeIHEBOIKCKOIO MaTEMATHIECKOIO OOIIECTBA

\yr 2003

\vol 5

\issue 1

\pages 145-151
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B pazpgesnie thebibliographyEn:

\Bibitem{shamanaevBib1En}

\by P. A. Shamanaev

\paper [On the local reducibility of systems of differential equations with perturbation in the form
of homogeneous vector polynomials]

\jour Trudy Srednevolzhskogo matematicheskogo obshchestva

\yr 2003

\vol 5

\issue 1

\pages 145-151

\lang In Russ.

Crarbu B >KypHajax Ha aHriuiickom s3bike (B pasgenax thebibliography u
thebibliographyEn odopMiisitoTcst 0aMHAKOBO):

\Bibitem{shamanaevBib2}

\by M. J. Berger, J. Oliger

\paper Adaptive mesh refinement for hyperbolic partial differential equations
\jour Journal of Computational Physics

\yr 1984

\vol 53

\pages 484-512

CraTbu B 9JIGKTPOHHOM >KyPHaJie Ha PYCCKOM sI3bIKE
B pazgese thebibliography:

\RBibitem{shamanaevBib3}

\by M. C. Yensmmos, II. A. IITamanaes,

\paper AJITOpUTM peIIeHnst 387491 MUHUMHU3AIUN KBAJAPATHIHOTO (DYHKIIMOHAJA ¢ HEJTMHEHHBIMA
OTrPAHUYEHUSIMH C UCIIOJIb30BAHHEM METO/Ia OPTOTOHAJIBHOM IIUKJINYIECKOH pelyKINn

\jour Orapég-online

\vol 20

\yr 2016

\elink TocrynHo no axpecy: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

B pasgese thebibliographyEn:

\Bibitem{shamanaevBib3En}

\by M.S. Chelyshov, P. A. Shamanaev,

\paper [An algorithm for solving the problem of minimizing a quadratic functional with nonlinear
constraints by the method of orthogonal cyclic reduction]

\jour Ogarev-online

\vol 20

\yr 2016

\lang In Russ.

\elink Available at: http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii
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Crarbu B COOpHUKaX Ha PYCCKOM fI3bIKE:
B pasgese thebibliography:

\RBibitem{shamanaevBib4}

\by A. B. Aukuios, II. A. Besbmucos, A. B. Kopuees

\paper UccienoBanue quHaMuKy TpyGOIPOBO/ia IPU 3ala3/bIBAHIN BHEIIHUX BO3AeHCTBUH
\inbook IlpukianHas MareMaTUKa U MEXaHUKA

\publaddr Yabazosck

\publ YaI'TVY

\yr 2014

\issue 10

\pages 4-13

B pasgesie thebibliographyEn:

\Bibitem{shamanaevBib4En}

\by A.V. Ankilov, P. A. Velmisov, A.V. Korneev

\paper [Investigation of pipeline dynamics for delay of external influences|

\inbook Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics]
\publaddr Ulyanovsk

\publ UIGTU Publ.

\yr 2014

\issue 10

\pages 4-13

\lang In Russ.

Kuuru (MoHorpadumn u cGOpHUKM) HA PYCCKOM sI3BIKE:
B pasgese thebibliography:

\RBibitem{shamanaevBib5}

\by 0. H. Bubuxos

\book Kypc 06bikHOBEeHHbBIX nuddepeHnalbHbIX yPaBHEHHH
\publaddr M.

\publ Bercm. mk.

\yr 1991

\totalpages 303

B pazpesie thebibliographyEn:

\Bibitem{shamanaevBib5En}

\by Yu.N. Bibikov

\book Kurs obyknovennykh differentsial’'nykh uravneniy [The course of ordinary differential
equations|

\publaddr Moscow

\publ Visshay shkola Publ.

\yr 1991

\totalpages 303

\lang In Russ.

Crarbu B MaTepuajiax KOH(PEPEHIMI HA PYCCKOM sI3bIKE:
B pasgesie thebibliography:

\RBibitem{shamanaevBib6}
\by B.T. Manusos
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\paper HenpepbIBHBI!l METO MUHUMU3AIMHA BTOPOIO MOPSI/IKA C OLEPATOPOM [POEKIUH B [IepEMeH-
HOU MeTpUuKe

\inbook VIII MockoBckas MeK 1yHapogHas KoHdepeHiwms 1o uccaenoBanunio onepanuii (ORM2016):
Tpynbt

\bookvol II

\procinfo Mocksa. 17-22 okrsa6ps 2016 r.

\yr 2016

\pages 48-50

\ publ OUIL] 1Y PAH

\publaddr M.

B pasgesie thebibliographyEn:

\Bibitem{shamanaevBib6En}

\by V.G. Malinov

\paper Continuous second order minimization method with variable metric projection operator
\inbook VIII Moscow International Conference on Operations Research (ORM2016): Proceedings
\bookvol II

\procinfo Moscow, October 17-22, 2016

\yr 2016

\pages 48-50

\publ FRC CSC RAS Publ.

\publaddr Moscow
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The rules for article layout in the LaTex system

Please note that the rules below must be strictly followed. In case the rules are not fulfilled, your
manuscript will be returned for revision.

The article should be compiled using the MiKTeX package. The distribution kit of this package
can be downloaded from the official website — http://www.miktez.org.

The following files are used for manuscript layout: the preamble file, the template file and style
package svmo.sty and svmobib.sty. They can be downloaded from the website of the journal in the
section Rules for Manuscripts: http://www.journal.svmo.ru/page/rules. The article text should
be placed in a template file named <LastName>.tex. It is enabled with the command \input in
the preamble file. For example, \input{shamanaev.tex}

The contents of the preamble file can not be changed. The definition of new commands by the
author of the article is not allowed to prevent name conflicts with commands that could be defined
in articles of other authors.

Design of article titles. If the article is in Russian, then the following commands should
be used to format the article headings in Russian and English \headerRus and \headerEn,
respectively.

The command \headerRus has the following arguments: {UDC} {Article title} {The
author(s)} {The author(s) with footnotes to organizations} { The organizations (name, city, country)
with footnotes to authors} {Abstract} {Keywords} {Title of the article in English} {Author(s) in
English}

The command \headerEn has the following arguments: {MSC 2010 } {Article title} {The
authors)} {The author(s) with footnotes to organizations} {The organizations (name, city, country)
with footnotes to authors} {Abstract} {Keywords}

If the article is in English, then the title of the article is in English only. To do this, use the
command \headerFirstEn with the same parameters as for the command \headerEn.

Design of the article text. The article may contain subheadings of any nesting. Top-level
subheadings are entered using the command \sect with one parameter:\sect{Header}

Subheadings of lower levels are entered as usual by commands \subsection, \subsubsection
and \paragraph.

It should be borne in mind that regardless of the nesting level of subheadings in your article, the
numbering of objects (formulas, theorems, lemmas, etc.) will always be double and will be subject
to the subheadings of the highest level.

To design numbered formulas, use the environment equation. Numbering is needed only for
those formulas that are referenced in the text of the article. For other formulas, use the equation*®
environment.

For numbering formulas and creating subsequent references to these formulas authors must
use the commands \label{label} and \eqref{label}, where the following string must be used
as a label: ’Author’sLastNameFormulaNumber’. For example, formula (14) in Ivanov’s article
should be marked \label{ivanov14}, Theorem 5 of this articles — \label{ivanovt5}, etc.
(For references to theorems, lemmas and other objects other than formulas, one need to use the
command \ref{label}).

For the design of theorems, lemmas, sentences, corollaries, definitions, comments and examples
the authors should use corresponding environments Th, Lemm, Prop, Cor, Defin, NB and
Example. If the article provides evidences of the statements, they should be surrounded by
commands \ proof and \proofend (to get strings 'Evidence.” and ’The proof is complete.’
respectively).

To format tables, use the table environment with the nested tabular environment:

\begin{table}[h!]

\caption{Table name \\ \textbf{Table \ref{shamanaevtablel}.} Table name in
English} \label{shamanaevtablel}
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\begin{center}
\begin{tabular}{|C{6cm}|C{6cm}|}

\hline

First column name & Second column name \\
First column name in English & Second column name in English \\
\hline

1& 2\

\hline

3 & 4\\

\hline

\end{tabular}

\end{center}

\end{table}

Design of pictures. To insert pictures into the text of an article, one must use following
commands:
a) insert a numbered picture with the signature

\insertpicturewcap {label} {file name.eps} {caption of the figure} {caption
of the figure in English}

b) insert a numbered picture with a caption and indicating compression ratio

\insertpicturecapscale {label} {file__name.eps} {degree of compression}
{caption_of the figure} {caption of the figure in English}

¢) insert two pictures with two captions under the pictures and common caption

\inserttwopictures {label} {file_name.eps} {caption of the figure}
{caption _of the figure in English} {file name.eps} {caption_of the
figure} {caption of the figure in English} {common _caption} {common

caption in _English}

d) insert two pictures with two captions under the pictures, the compression ratio of each picture
and common caption

\inserttwopictureswithcompression  {label}  {file name.eps} {caption of the
figure \\ caption of the figure in English} {degree of compression} {file
name.eps} {caption of the figure \\ caption of the figure in English}
{degree of compression} {common caption} {common caption in English}

e) insert two pictures with common caption only

\inserttwopictureswithonecaptiononly {label} {file name.eps} {file name.eps}
{common _caption} {common_caption in_ English}

f) insert two pictures with common caption and the compression ratio of each picture

\inserttwopictureswithonecaptiononlywithcompression {label} {file_name.eps}
{degree of compression} {file_name.eps} {degree of compression}
{common caption} {common caption in English}

g) insert of three pictures with common caption only
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\insertthreepictures {label} {file name.eps} {file name.eps} {file name.eps}
{common _caption} {common caption in English}

h) insert of three pictures with common caption and the compression ratio of each picture

\insertthreepictureswithcompression {label} {file_name.eps} {degree of
compression}  {file name.eps} {degree of compression} {file name.eps}
{degree of compression}{common_caption}{common caption in_ English}

All inserted images must be in EPS format (Encapsulated PostScript).

Design of references. For design of references in Russian and in English authors should use
the environment thebibliography and thebibliographyEn, respectively.

Each Russian bibliographic reference is made by a command

\RBibitem{label for a link to the source },

and every English reference — by a command

\Bibitem{label for a link to the source }.

Further, to describe the bibliographic reference, authors must use the commands that implement
the AMSBIB format and refer to the svmobib.sty style package. The basis of this package is the
amsbib.sty style file. These commands are described in more detail in the amsbib.pdf instruction.

To make the reference to element of the reference list in the article text authors must
use the commands \cite, \citetwo, \citethree, \citefour, \citetire, \pgcite (parameters,
see the preamble file). For the name of tags for Russian-language bibliographic references,
use the ’LastNameRBibNumberOfReference’, and for English-language bibliographic references -
"LastNameBibNumberOfReferences’.

Labels of all article’s objects must be unique.

Examples of bibliographic references’ using commands from the svmobib.sty
package

Journal articles in Russian:

\Bibitem{shamanaevBib1En}

\by P. A. Shamanaev

\paper [On the local reducibility of systems of differential equations with perturbation in the form
of homogeneous vector polynomials]

\jour Trudy Srednevolzhskogo matematicheskogo obshchestva

\yr 2003

\vol 5

\issue 1

\pages 145-151

\lang In Russ.

Journal articles in English:

\Bibitem{shamanaevBib2}

\by M. J. Berger, J. Oliger

\paper Adaptive mesh refinement for hyperbolic partial differential equations
\jour Journal of Computational Physics

\yr 1984

\vol 53

\pages 484-512
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Articles in the electronic journals in Russian

\Bibitem{shamanaevBib3En}

\by M.S. Chelyshov, P. A. Shamanaev,

\paper [An algorithm for solving the problem of minimizing a quadratic functional with nonlinear
constraints by the method of orthogonal cyclic reduction]

\jour Ogarev-online

\vol 20

\yr 2016

\lang In Russ.

\elink  Available  at:  http://journal.mrsu.ru/arts/algoritm-resheniya-zadachi-minimizacii-
kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-ispolzovaniem-metoda-ortogonalnoj-
ciklicheskoj-redukcii

Articles in collections in Russian:

\Bibitem{shamanaevBib4En}

\by A.V. Ankilov, P. A. Velmisov, A.V. Korneev

\paper [Investigation of pipeline dynamics for delay of external influences]

\inbook Prikladnaya matematika i mekhanika [Applied Mathematics and Mechanics|
\publaddr Ulyanovsk

\publ UIGTU Publ.

\yr 2014

\issue 10

\pages 4-13

\lang In Russ.

Books (monographs and collections) in Russian:

\Bibitem{shamanaevBib5En}

\by Yu. N. Bibikov

\book Kurs obyknovennykh differentsial’'nykh uravneniy [The course of ordinary differential
equations]

\publaddr Moscow

\publ Visshay shkola Publ.

\yr 1991

\totalpages 303

\lang In Russ.

Conference proceedings in Russian:

\Bibitem{shamanaevBib6En}

\by V.G. Malinov

\paper Continuous second order minimization method with variable metric projection operator
\inbook VIII Moscow International Conference on Operations Research (ORM2016): Proceedings
\bookvol II

\procinfo Moscow, October 17-22, 2016

\yr 2016

\pages 48-50

\publ FRC CSC RAS Publ.

\publaddr Moscow
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B 2008 r. ra XVI MexaynapoanHoii mpodeccnoHaabHOI
BbicTaBke «IIpecca» kypuan «Tpyabl CpeaHeBOJI2KCKOTO
MaTeMaTUYeCKOro OOIIecTBa» YJAOCTOEH J3HAaKa OTJINYUMI

«3omoToit doua npecco-2008» B mHommHamum <«Hayka,
TEXHUKAa, HAYIHO-TIOILyJISPHas Ipeccas.

KYpHan

«Tpyas CpenHeBOMKCKOrO
Marematuueckoro Obuiectsan

C 2009 roga kypHaJ HocuT Ha3zBaHme «2Kypuaa Cpes-
HEBOJIZKCKOT'O MaTeMaTHUYeCKOTro obIecTBay.
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