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ÏÈ � ÔÑ77-71362 îò 17 îêòÿáðÿ 2017 ã.
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ñòâà¿ ïóáëèêóåò îðèãèíàëüíûå íàó÷íûå ñòàòüè è îáçîðû ïî ôèçèêî-ìàòåìàòè÷åñêèì è
òåõíè÷åñêèì îòðàñëÿì íàóê, îáçîðíûå ñòàòüè, îòðàæàþùèå íàèáîëåå çíà÷èìûå ñîáûòèÿ
â ìàòåìàòè÷åñêîé æèçíè â Ðîññèè è çà ðóáåæîì.

Îñíîâíûå ðóáðèêè æóðíàëà:
� ¾Ìàòåìàòèêà¿,
� ¾Ïðèêëàäíàÿ ìàòåìàòèêà è ìåõàíèêà¿,
� ¾Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è èíôîðìàòèêà¿.
Ðóáðèêè ñîîòâåòñòâóþò ñëåäóþùèì ãðóïïàì ñïåöèàëüíîñòåé íàó÷íûõ ðàáîòíèêîâ:

01.01.00 Ìàòåìàòèêà, 01.02.00 Ìåõàíèêà, 05.13.00 Èíôîðìàòèêà, âû÷èñëèòåëüíàÿ òåõíèêà
è óïðàâëåíèå.
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(zbMATH). Ñòàòüè, îïóáëèêîâàííûå â æóðíàëå, ïðèðàâíèâàþòñÿ ê ïóáëèêàöèÿì â èç-
äàíèÿõ, âõîäÿùèõ â Ïåðå÷åíü ÂÀÊ ( ñîãëàñíî çàêëþ÷åíèþ ïðåçèäèóìà ÂÀÊ îò 29 ìàÿ
2015 ã. � 15/348).
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ó÷åíûõ � Ðîññèéñêèé èíäåêñ íàó÷íîãî öèòèðîâàíèÿ (ÐÈÍÖ).

Ïîäïèñêà íà æóðíàë îñóùåñòâëÿåòñÿ â ëþáîì îòäåëåíèè ïî÷òîâîé ñâÿçè íà òåððèòî-
ðèè Ðîññèéñêîé Ôåäåðàöèè. Ïîäïèñíîé èíäåêñ èçäàíèÿ â Îáúåäèíåííîì êàòàëîãå ¾Ïðåññà
Ðîññèè¿ � 94016.

Ìàòåðèàëû æóðíàëà ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿ äîñòóï-
íû ïî ëèöåíçèè Creative Commons ¾Attribution¿ (¾Àòðèáóöèÿ¿) 4.0 Âñåìèðíàÿ.

Ó×ÐÅÄÈÒÅËÈ: ìåæðåãèîíàëüíàÿ îáùåñòâåííàÿ îðãàíèçàöèÿ ¾Ñðåäíå-Âîëæñêîå ìàòåìàòè÷åñêîå îáùå-
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äàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68).
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Î ìåòîäå ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å îá

óñòîé÷èâîñòè èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

òèïà Âîëüòåððà

c⃝ À.Ñ. Àíäðååâ 1, Î.À. Ïåðåãóäîâà 2

Àííîòàöèÿ. Â ñòàòüå ðàññìîòðåíà çàäà÷à î ïðèìåíåíèè ìåòîäà ôóíêöèîíàëîâ Ëÿïóíîâà
â èññëåäîâàíèè óñòîé÷èâîñòè íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðàâàÿ
÷àñòü êîòîðûõ ïðåäñòàâëÿåò ñîáîé ñóììó ñîñòàâëÿþùèõ ìãíîâåííîãî äåéñòâèÿ, à òàêæå ñ
êîíå÷íûì è áåñêîíå÷íûì çàïàçäûâàíèåì. Àêòóàëüíîñòü çàäà÷è ñîñòîèò â øèðîêîì ïðèìåíå-
íèè òàêèõ ñëîæíûõ ïî ñâîåé ñòðóêòóðå óðàâíåíèé â ìîäåëèðîâàíèè ñèñòåì óïðàâëåíèÿ ìåõà-
íè÷åñêèìè ñèñòåìàìè ïðè ïîìîùè èíòåãðàëüíûõ ðåãóëÿòîðîâ, áèîëîãè÷åñêèõ, ôèçè÷åñêèõ è
äðóãèõ ïðîöåññîâ. Ïðîâåäåíî ðàçâèòèå ìåòîäà â íàïðàâëåíèè âûÿâëåíèÿ ïðåäåëüíûõ ñâîéñòâ
ðåøåíèé ïîñðåäñòâîì ôóíêöèîíàëîâ Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîäíîé. Äîêàçàíû
òåîðåìû î êâàçèèíâàðèàíòíîñòè ïîëîæèòåëüíîãî ïðåäåëüíîãî ìíîæåñòâà îãðàíè÷åííîãî ðå-
øåíèÿ, îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè (â òîì ÷èñëå, ðàâíîìåðíîé) íóëåâîãî ðåøåíèÿ. Ðå-
çóëüòàòû îñíîâàíû íà ïîñòðîåíèè íîâîé ñòðóêòóðû òîïîëîãè÷åñêîé äèíàìèêè èññëåäóåìûõ
óðàâíåíèé. Äîêàçàííûå òåîðåìû ïðèìåíÿþòñÿ â ðåøåíèè çàäà÷è îá óñòîé÷èâîñòè äâóõ ìî-
äåëüíûõ ñèñòåì, ïðåäñòàâëÿþùèõ ñîáîé îáîáùåíèÿ ðÿäà èçâåñòíûõ ìîäåëåé åñòåñòâîçíàíèÿ
è òåõíèêè.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ôóíêöèî-
íàë Ëÿïóíîâà, óñòîé÷èâîñòü, òîïîëîãè÷åñêàÿ äèíàìèêà, ïðåäåëüíîå óðàâíåíèå.

1. Ââåäåíèå

Ðàáîòû Â. Âîëüòåððà ïî èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì [1] ïîëîæèëè
îñíîâó äëÿ áîëüøîãî ñîâðåìåííîãî ðàçäåëà òåîðåòè÷åñêîé è ïðèêëàäíîé ìàòåìàòèêè �
òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé è åå ïðèëîæåíèé â åñòåñòâîçíà-
íèè è òåõíèêè. Îñíîâíûì ìåòîäîì èññëåäîâàíèÿ çàäà÷ îá óñòîé÷èâîñòè ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ ìåòîä ôóíêöèîíàëîâ Ëÿïóíîâà, âïåðâûå ïðåä-
ñòàâëåííûé â êîíöå 50-õ ãîäîâ XX âåêà â ðàáîòàõ Í.Í. Êðàñîâñêîãî [2]. Ñ òåõ ïîð òåîðå-
òè÷åñêîìó è ïðèêëàäíîìó ðàçâèòèþ ýòîãî ìåòîäà áûëî ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî
ðàáîò. Àêòèâíûå èññëåäîâàíèÿ â ýòîì íàïðàâëåíèè ïðîäîëæàþòñÿ è â íàñòîÿùåå âðåìÿ
(ñì., íàïðèìåð, [3]).

1Àíäðååâ Àëåêñàíäð Ñåðãååâè÷, çàâåäóþùèé êàôåäðîé èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè
óïðàâëåíèÿ, ÔÃÁÎÓ ÂÎ ¾Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (432017, Ðîññèÿ, ã. Óëüÿíîâñê, óë.
Ë. Òîëñòîãî, ä. 42.), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0002-9408-0392,
asa5208@mail.ru

2Ïåðåãóäîâà Îëüãà Àëåêñååâíà, ïðîôåññîð êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè
óïðàâëåíèÿ, ÔÃÁÎÓ ÂÎ ¾Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò¿ (432017, Ðîññèÿ, ã. Óëüÿíîâñê,
óë. Ë. Òîëñòîãî, ä. 42.), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-0003-2701-
9054, peregudovaoa@gmail.com
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Îòñóòñòâèå óíèâåðñàëüíîãî àëãîðèòìà ïîñòðîåíèÿ ôóíêöèîíàëà Ëÿïóíîâà äëÿ ðàç-
ëè÷íûõ êëàññîâ çàäà÷ ñòèìóëèðóåò èññëåäîâàíèÿ ïî ìîäèôèêàöèè è îáîáùåíèþ øèðîêî
èçâåñòíûõ, ñòàâøèõ êëàññè÷åñêèìè, òåîðåì [4], [5], [6]. Ýôôåêòèâíûìè â ïðèëîæåíèÿõ
ïðåäñòàâëÿþòñÿ îáîáùåíèÿ, çàêëþ÷àþùèåñÿ â âûâîäå äîñòàòî÷íûõ óñëîâèé àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè ïîñðåäñòâîì ôóíêöèîíàëà Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîäíîé.
Äëÿ àâòîíîìíûõ è ïåðèîäè÷åñêèõ ïî âðåìåíè, íåàâòîíîìíûõ óðàâíåíèé ñ êîíå÷íûì çà-
ïàçäûâàíèåì òàêèå óñëîâèÿ âûâåäåíû â [2]�[7]. Âàæíîé îñîáåííîñòüþ äîêàçàííûõ òåîðåì
ÿâëÿåòñÿ èñïîëüçîâàíèå äèíàìè÷åñêèõ ñâîéñòâ ðåøåíèé ýòèõ óðàâíåíèé. Ñëîæíîñòü âû-
âîäà ïîäîáíûõ ðåçóëüòàòîâ äëÿ óðàâíåíèé ñ áåñêîíå÷íûì è ñ íåîãðàíè÷åííûì çàïàçäû-
âàíèåì ñîñòîèò, ïðåæäå âñåãî, â ïîñòðîåíèè ôóíêöèîíàëüíûõ ïðîñòðàíñòâ ðåøåíèé ýòèõ
óðàâíåíèé.

Ïðîáëåìà àêñèîìàòè÷åñêîãî ïîñòðîåíèÿ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ áåñêîíå÷íûì çàïàçäûâàíèåì âî ìíîãîì
ðåøåíà [8], [9]). Ýòî ðåøåíèå ïîçâîëèëî âûÿâèòü îñîáåííîñòè îïðåäåëåíèé óñòîé÷èâî-
ñòè äëÿ òàêèõ óðàâíåíèé, ïðîâåñòè ñîîòâåòñòâóþùåå ðàçâèòèå ìåòîäà ôóíêöèîíàëîâ
Ëÿïóíîâà [8], [10], [11].

Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ òèïà Â. Âîëüòåððà ñîñòàâëÿþò îïðåäåëåííûé
êëàññ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé îáùåãî òèïà. Ïîýòîìó ê íèì øèðîêî
ïðèìåíèìû ñîîòâåòñòâóþùèå îáùèå ìåòîäû èññëåäîâàíèÿ óñòîé÷èâîñòè. Îäíàêî ðåøåíèÿ
ýòèõ óðàâíåíèé èìåþò îïðåäåëåííûå êà÷åñòâåííûå ñâîéñòâà [12], ïîçâîëÿþùèå ñóùåñòâåí-
íî ðàñøèðèòü ïðèìåíåíèå ôóíêöèîíàëîâ Ëÿïóíîâà [13]�[16].

Â íàñòîÿùåé ñòàòüå ïðåäñòàâëåíî ðàçâèòèå ìåòîäà ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å
îá óñòîé÷èâîñòè èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèé, âêëþ÷àþùèõ ÷ëåíû ñ êîíå÷íûì
è áåñêîíå÷íûì çàïàçäûâàíèåì. Ïðåäñòàâëåíû òåîðåìû î ïðåäåëüíîì ïîâåäåíèè, àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè, â òîì ÷èñëå, ðàâíîìåðíîé. Îñíîâó äëÿ òàêîãî ðàçâèòèÿ ñîñòàâèëî
ïîñòðîåíèå òîïîëîãè÷åñêîé äèíàìèêè óðàâíåíèé (ïàðàãðàô 2). Â ïàðàãðàôå 4 ïîëó÷å-
íû óñëîâèÿ ðàâíîìåðíîé àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèñòåì óðàâíåíèé, ÿâëÿþùèõñÿ
îáîáùåíèåì öåëîãî ðÿäà ìîäåëåé åñòåñòâîçíàíèÿ è òåõíèêè.

2. Òîïîëîãè÷åñêàÿ äèíàìèêà óðàâíåíèé

Ðàññìîòðèì íåëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå òèïà Âîëüòåððà, âêëþ-
÷àþùåå â ñåáÿ ñîñòàâëÿþùèå ñ êîíå÷íûì è íåîãðàíè÷åííûì çàïàçäûâàíèåì

ẋ(t) = f (1)(t, x(t))+f (2)(t, x(t−µ(1)(t))+

t∫
t−µ(2)(t)

g(1)(t, s, x(t), x(s))ds+

t∫
t0

g(2)(t, s, x(t), x(s))ds,

(2.1)
ãäå x ∈ Rn , Rn � n−ìåðíîå ëèíåéíîå äåéñòâèòåëüíîå ïðîñòðàíñòâî ñ íåêîòîðîé íîðìîé
|x| , ôóíêöèè µ(j)(t) , f (j)(t, x) è g(j)(t, s, x, y) ( j = 1, 2 ) òàêîâû, ÷òî µ(j) ∈ C1(R+ →
[0, µ0], µ0 = const > 0) , f (j) ∈ C(R+ ×D → Rn) , g(1) ∈ C(R+ × [−µ0,∞)×D ×D → Rn) ,
g(2) ∈ C(S+×D×D → Rn) , ãäå D ⊂ Rn åñòü íåêîòîðàÿ îáëàñòü, S+ = {(t, s) : t ∈ R+, 0 ≤
s ≤ t} .

Ïîëàãàåì, ÷òî äëÿ ïðîèçâîäíûõ ôóíêöèé µ(j)(t) ( j = 1, 2 ) ïðè âñåõ t ∈ R+ èìåþò
ìåñòî íåðàâåíñòâà

µ2 ≤
dµ(j)(t)

dt
≤ 1− µ1, µ2 = const, 0 < µ1 < 1, µ1 = const, (j = 1, 2).

À.Ñ. Àíäðååâ, Î.À. Ïåðåãóäîâà. Î ìåòîäå ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å îá . . .



262 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3

Îñòàëüíûå ôóíêöèè îãðàíè÷åíû è óäîâëåòâîðÿþò îòíîñèòåëüíî êàæäîãî êîìïàêòíîãî
ìíîæåñòâà K ⊂ D óñëîâèÿì Ëèïøèöà ñëåäóþùåãî âèäà

|f (j)(t, x)| ≤ m1, |f (j)(t, x(2))− f (j)(t, x(1))| ≤ L1|x(2) − x(1)|

∀(t, x), (t, x(1)), (t, x(2)) ∈ R+ ×K,

|g(t, s, x, y)| ≤ m1, |g(t2, s2, x(2), y(2))− g(t1, s1, x
(1), y(1))| ≤

≤ L2(|x(2) − x(1)|+ |y(2) − y(1)|+ |t2 − t1|+ |s2 − s1|)

∀(t, τ, x, y), (t1, τ1, x(1), y(1)), (t2, τ2, x(2), y(2)) ∈ S+ ×K ×K

mj = mj(K), Lj = Lj(K) (j = 1, 2).

(2.2)

Ïîëîæèì òàêæå, ÷òî ôóíêöèÿ g(2)(t, s, x, y) íà êàæäîì êîìïàêòíîì ìíîæåñòâå K ⊂
D ×D óäîâëåòâîðÿåò íåðàâåíñòâàì

|g(2)(t, s, x, y)| ≤ g0(s− t,K) ∀(t, s, x, y) ∈ S+ ×K,
0∫

−∞
g0(ν,K)dν ≤ m(K) < +∞.

(2.3)

Ââåäåì ôàçîâîå ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé Cµ = {φ : [−µ0, 0] → Rn} ñ
íîðìîé ∥φ∥ = sup(|φ(s)|, −µ0 ≤ s ≤ 0) .

Äëÿ íåïðåðûâíîé ôóíêöèè x : R → Rn îïðåäåëèì ôóíêöèè: xµt ∈ Cµ , xµt = x(t+ s) ,
−µ0 ≤ s ≤ 0 ; xt = x(t+ s) , −∞ < s ≤ 0 .

Èç óñëîâèé (2.2) è (2.3) ñëåäóåò, ÷òî äëÿ êàæäîé íà÷àëüíîé òî÷êè (α, φ) ∈ R+ × Cµ :
φ(0) = x0 ∈ Rn , áóäåò ñóùåñòâîâàòü åäèíñòâåííîå ðåøåíèå x = x(t, α, φ) óðàâíåíèÿ (2.1),

óäîâëåòâîðÿþùåå óñëîâèþ x
(0)
α = x(α + s) = φ(s) , µ(α) ≤ s ≤ 0 .

Äëÿ ðåøåíèÿ óðàâíåíèÿ (2.1), îãðàíè÷åííîãî ïðè âñåõ t ≥ t0 − µ(t0) êîìïàêòîì K ⊂
Rn , áóäåì èìåòü îöåíêó

|x(t2, t0, x0)− x(t1, t0, x0)| ≤ (2m1(K) + 2m2(K))|t2 − t1| ∀t1, t2 ≥ t0 + µ0.

Ïóñòü C∞ åñòü ìíîæåñòâî ôóíêöèé ψ = ψ(t) , îïðåäåëåííûõ è íåïðåðûâíûõ ïî t ∈
(−∞, 0] . Äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè ÷èñåë {rj} , òàêîé, ÷òî 0 < r1 < r2 < . . . <
rk < . . . , rk → ∞ ïðè k → ∞ , âûäåëèì ïîäìíîæåñòâà Kj ⊂ C∞ ôóíêöèé ψ = ψ(τ)
òàêèõ, ÷òî ∀τ, τ1, τ2 ∈ R âûïîëíåíû íåðàâåíñòâà

|ψ(τ)| ≤ rj, |ψ(τ2)− ψ(τ1)| ≤ (2m1(K) +m2(K))|t2 − t1|.

Ìíîæåñòâî Γ =
∞∪
j=1

Kj ñ íîðìîé |||ψ||| = sup(|ψ(s)|, −∞ < s ≤ 0) áóäåò ÿâëÿòüñÿ

ïîëíûì ñåïàðàáåëüíûì áàíàõîâûì ïðîñòðàíñòâîì.
Â ñèëó óñëîâèé (2.2) ñåìåéñòâà ñäâèãîâ

F (j) = {f (j)
τ (t, x) = f(τ + t, x), τ ∈ R}, j = 1, 2,

G(j) = {g(j)τ (t, s, x, y) = g(j)(τ + t, τ + s, x, y), τ ∈ R}, j = 1, 2,

M(j) = {µ(j)
τ (t) = µ(j)(t+ τ), τ ∈ R}, j = 1, 2

ÿâëÿþòñÿ ïðåäêîìïàêòíûìè â íåêîòîðûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ [4], [17]: F =
{f : R×D → Rn} , G = {g : S ×D ×D → Rn} , M = {µ : R → [0, µ0]} .

À.Ñ. Àíäðååâ, Î.À. Ïåðåãóäîâà. Î ìåòîäå ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å îá . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3 263

Íàçîâåì (f
(j)
∗ , g

(j)
∗ , µ

(j)
∗ ) , j = 1, 2, ïðåäåëüíîé ñîâîêóïíîñòüþ, åñëè ôóíêöèè f

(j)
∗ , g

(j)
∗ ,

µ
(j)
∗ , j = 1, 2 ÿâëÿþòñÿ ïðåäåëüíûìè äëÿ îäíîé è òîé æå ïîñëåäîâàòåëüíîñòè tk → ∞ ,

ñîãëàñíî [4], [17], ñîîòâåòñòâåííî

f (j)
∗ (t, x) =

d

dt
lim

tk→+∞

t∫
0

f (j)(tk + τ, x)dτ,

g(j)∗ (t, s, x, y) = lim
tk→+∞

g(j)(tk + τ, tk + s, x, y),

µ(j)
∗ (t) = lim

tk→+∞
µ(j)(tk + t).

Ìíîæåñòâî òàêèõ ñîâîêóïíîñòåé îïðåäåëèì êàê îáîëî÷êó H+(f, g, µ) .

Äëÿ êàæäîé ïðåäåëüíîé ñîâîêóïíîñòè (f
(j)
∗ , g

(j)
∗ , µ

(j)
∗ ) ∈ H+(f, g, µ) , j = 1, 2 ìîæíî

ââåñòè ïðåäåëüíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

ẋ(t) = f
(1)
∗ (t, x(t)) + f

(2)
∗ (t, x(t− µ

(1)
∗ (t)))+

+
t∫

t−µ
(2)
∗

g
(1)
∗ (t, τ, x(t), x(τ))dτ +

t∫
−∞

g
(2)
∗ (t, τ, x(t), x(τ))dτ (2.4)

ñ îáëàñòüþ îïðåäåëåíèÿ R× Γ .
Èç ýòîãî ïîñòðîåíèÿ ñëåäóåò, ÷òî äëÿ êàæäîé íà÷àëüíîé òî÷êè (α, ψ) ∈ R × Γ ðå-

øåíèå x = x∗(t, α, ψ) óðàâíåíèÿ (2.4), óäîâëåòâîðÿþùåå óñëîâèþ x∗α(α, ψ) = ψ , áóäåò
åäèíñòâåííûì ( x∗α(α, ψ) = x∗(α + s, α, ψ) , −∞ < s ≤ 0 ).

Î ï ð å ä å ë å í è å 2.1 Ïóñòü x = x(t, α, φ) åñòü íåêîòîðîå ðåøåíèå óðàâíåíèÿ
(2.1), îïðåäåëåííîå äëÿ âñåõ t ≥ α − h . Ôóíêöèÿ ψ ∈ Γ íàçûâàåòñÿ ïîëîæèòåëüíîé
ïðåäåëüíîé òî÷êîé ýòîãî ðåøåíèÿ, åñëè ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè tm → ∞ è
Tm → ∞ , òàêèå ÷òî x(tm + s, t0, φ) → ψ(s) ðàâíîìåðíî ïî s ∈ [−Tm, 0] ïðè m → ∞ .
Ìíîæåñòâî âñåõ òàêèõ òî÷åê îáðàçóåò â Γ ïîëîæèòåëüíîå ïðåäåëüíîå ìíîæåñòâî
Ω+(α, φ) .

Ñëåäóÿ [15], [16], ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó.

Ò å î ð å ì à 2.1 Ïóñòü x = x(t, t0, x0) åñòü ðåøåíèå óðàâíåíèÿ (2.1), îãðàíè÷åí-
íîå êîìïàêòîì K ⊂ D ïðè âñåõ t ≥ t0 . Òîãäà äëÿ êàæäîé ïðåäåëüíîé òî÷êè ψ ∈ Ω+

ñóùåñòâóåò ñîâîêóïíîñòü (f
(j)
∗ , g

(j)
∗ , µ

(j)
∗ ) ∈ H+(f, g, µ) , j = 1, 2 , òàêàÿ, ÷òî ðåøåíèå

x = x∗(t, 0, ψ) óðàâíåíèÿ (2.4) ñîäåðæèòñÿ â Ω+ , ò.å. x∗t (0, ψ) ∈ Ω+ ïðè t ∈ R .

3. Òåîðåìû îá óñòîé÷èâîñòè

Ââåäåì ôóíêöèîíàë Ëÿïóíîâà, îïðåäåëÿåìûé âäîëü ïðîèçâîëüíîé ôóíêöèè x ∈
C1([t0 − µ0,+∞) → D) ðàâåíñòâîì

V (t) = V (0)(t, x(t)) +
2∑

j=1

t∫
t−µ(j)(t)

V (j)(t, s, x(t), x(s))ds+

+
t∫

t−µ0

t∫
s

V (3)(t, s, ν, x(t), x(s), x(ν))dνds+
t∫

t0

V (4)(t, s, x(t), x(s))ds+

+
t∫

t0

t∫
s

V (5)(t, s, ν, x(t), x(s), x(ν))dνds,

(3.1)
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ãäå V (j) (j = 0, 1, . . . , 5) � ñêàëÿðíûå ôóíêöèè, îïðåäåëåííûå è íåïðåðûâíî äèôôåðåí-
öèðóåìûå â îáëàñòÿõ çàäàíèÿ ñâîèõ ïåðåìåííûõ â ñîîòâåòñòâèè ñ óðàâíåíèåì (2.1). Ïðè
ýòîì ôóíêöèè V (4) è V (5) òàêîâû, ÷òî ôóíêöèîíàë V (t) ñóùåñòâóåò.

Äîïóñòèì, ÷òî ïðîèçâîäíàÿ ôóíêöèîíàëà (3.1) âäîëü ðåøåíèÿ x = x(t, α, φ) óðàâíåíèÿ
(2.1) óäîâëåòâîðÿåò ïðè t > α + µ0 íåðàâåíñòâó

V̇ (t) ≤ −W (0)(t, x(t))−
2∑

j=1

W (j)(t, x(t− µ(j)(t)))−

−
t∫

t−µ0

W (3)(t, s, x(t), x(s))ds−
t∫

t0

W (4)(t, s, x(t), x(s))ds−

−
t∫

t0

t∫
s

W (5)(t, s, ν, x(t), x(s), x(ν))dνds,

(3.2)

ãäå W (j) (j = 0, 1, . . . , 5) � ñêàëÿðíûå íåîòðèöàòåëüíûå ôóíêöèè ñî ñâîéñòâàìè òèïà
(2.2), ïðåäïîëàãàþùèìè ïðåäêîìïàêòíîñòü ñåìåéñòâ èõ ñäâèãîâ ïî t , (t, s) , (t, s, ν) è
ñóùåñòâîâàíèå äëÿ W (4) è W (5) îöåíêè òèïà (2.3).

Òåì ñàìûì ìîãóò áûòü ïîñòðîåíû ïðåäåëüíûå ñåìåéñòâà {µ(j)
∗ , f

(j)
∗ , g

(j)
∗ ,W

(k)
∗ } , j = 1, 2 ,

k = 0, 1, . . . , 6 . Äëÿ ôóíêöèîíàëîâ W
(4)
∗ è W

(5)
∗ èìååò ìåñòî ñóùåñòâîâàíèå èíòåãðàëîâ

âèäà
t∫

−∞

W (4)
∗ (t, s, x(t), x(s))ds,

t∫
−∞

t∫
s

W (5)
∗ (t, s, ν, x(t), x(s), x(ν))dνds,

åñëè x(t) ∈ K ⊂ D , ∀t ∈ R .
Ìîæåò áûòü äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 3.1 Ïðåäïîëîæèì, ÷òî:
1) ñóùåñòâóåò ôóíêöèîíàë V = V (t, xt) ≥ 0 âèäà (3.1), ïðîèçâîäíàÿ êîòîðîãî âäîëü

êàæäîãî ðåøåíèÿ óðàâíåíèÿ (2.1) óäîâëåòâîðÿåò íåðàâåíñòâó (3.2);
2) ðåøåíèå x = x(t, α, φ) óðàâíåíèÿ (2.1) îãðàíè÷åíî íåêîòîðûì êîìïàêòîì K ⊂ Rn

ïðè âñåõ t ≥ t0 .
Òîãäà ïîëîæèòåëüíîå ïðåäåëüíîå ìíîæåñòâî Ω+(α, φ) ìîæåò áûòü ïðåäñòàâëåíî

â âèäå îáúåäèíåíèÿ ïî âñåì ïðåäåëüíûì ñîâîêóïíîñòÿì (f
(j)
∗ , g

(j)
∗ ,W

(k)
∗ ) , j = 1, 2 , k =

0, 1, . . . , 5, ðåøåíèé x = x∗(t, 0, ψ) ïðåäåëüíûõ óðàâíåíèé (2.4), òàêèõ ÷òî

W
(0)
∗ (t, x∗(t, 0, ψ)) ≡ 0, t ∈ R;

W
(j)
∗ (t, x∗(t− µ

(j)
∗ (t), 0, ψ)) ≡ 0, t ∈ R j = 1, 2;

W
(3)
∗ (t, s, x∗(t, 0, ψ), x∗(s, 0, ψ)) ≡ 0, t ∈ R, t− µ0 ≤ s ≤ t;

W
(4)
∗ (t, s, x∗(t, 0, ψ), x∗(s, 0, ψ)) ≡ 0, t ∈ R, −∞ < s ≤ t;

W
(5)
∗ (t, s, ν, x∗(t, 0, ψ), x∗(s, 0, ψ), x∗(ν, 0, ψ)) ≡ 0, t ∈ R, −∞ < s ≤ ν ≤ t.

(3.3)

Ç à ì å ÷ à í è å 3.1 Òåîðåìà 3.1 ïðåäñòàâëÿåò ñîáîé òåîðåìó òèïà ïðèíöèïà
êâàçèèíâàðèàíòíîñòè äëÿ óðàâíåíèÿ (2.1) [4], [18].

Èññëåäóåì çàäà÷ó îá óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ (2.1), ïîëàãàÿ, ÷òî
f (1)(t, 0) ≡ 0 , f (2)(t, τ, 0, 0) = 0 , g(j)(t, τ, 0, 0) ≡ 0 , j = 1, 2 . Äëÿ ýòîãî ââåäåì îáîçíà÷åíèå
÷åðåç ai : R+ → R+ äëÿ ôóíêöèè òèïà Õàíà, i = 1, 2, 3 [19].
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Ò å î ð å ì à 3.2 Ïðåäïîëîæèì, ÷òî ìîæíî íàéòè ôóíêöèîíàë âèäà (3.1), òàêîé
÷òî V1(t, x) ≥ a1(||x||) ∀(t, x) ∈ R+ × D , à åãî ïðîèçâîäíàÿ âäîëü ðåøåíèÿ óðàâíåíèÿ
(2.1) óäîâëåòâîðÿåò íåðàâåíñòâó (3.2). Ïðè ýòîì äëÿ ëþáîé ïðåäåëüíîé ñîâîêóïíîñòè

(f
(j)
∗ , g

(j)
∗ ,W

(k)
∗ ) , j = 1, 2 , k = 0, 1, . . . , 5, íå ñóùåñòâóåò ðåøåíèé ïðåäåëüíîãî óðàâíåíèÿ

(2.4), òàêèõ ÷òî èìåþò ìåñòî òîæäåñòâà (3.3), êðîìå íóëåâîãî x = 0 .
Òîãäà ðåøåíèå x = 0 óðàâíåíèÿ (2.1) àñèìïòîòè÷åñêè óñòîé÷èâî.

Ò å î ð å ì à 3.3 Ïðè äîáàâëåíèè â óñëîâèÿ òåîðåìû 3.2 óñëîâèÿ V (0)(t, x) ≤
a2(|x|), |V (j)(t, τ, x, y)| ≤ a2(|x| + |y|) , j = 1, 2, ïîëó÷èì ðàâíîìåðíóþ àñèìïòîòè÷åñêóþ
óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ x = 0 óðàâíåíèÿ (2.1).

Ñîîòâåòñòâóþùèìè âèäîèçìåíåíèÿìè ìîãóò áûòü äîêàçàíû òåîðåìû îá àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè, ðàâíîìåðíîé ïî x0 , î íåóñòîé÷èâîñòè.

4. Ïðèìåðû

Ï ð è ì å ð 4.1
Ïóñòü x′ = (y′, z′)′ , y ∈ Rl , z ∈ Rm , l +m = n , m ≥ l , (·)′ � îïåðàöèÿ òðàíñïîíè-

ðîâàíèÿ. Ðàññìîòðèì ñèñòåìó óðàâíåíèé âèäà

ẏ(t) = A(11)(t, x(t))
∂Π(x(t))

∂y
+ A(12)(t, x(t))

∂Π(x(t))

∂z
,

ż(t) = A(21)(t, x(t))
∂Π(x(t))

∂y
+ A(22)(t, x(t))

∂Π(x(t))

∂z
+

+B(t, x(t))
∂Π(x(t− µ(2)(t)))

∂z
+

t∫
t−µ(2)(t)

G(1)(t, s)
∂Π(x(s))

∂z
ds+

t∫
t0

G(2)(t, s)
∂Π(x(s))

∂z
ds,

(4.1)
ãäå Π ∈ C2(Rn → R) åñòü íåêîòîðàÿ ñêàëÿðíàÿ ôóíêöèÿ, òàêàÿ, ÷òî

∂Π(x(0))

∂x
= 0;

∣∣∣∣∂Π(x)∂y

∣∣∣∣ ≥ a1(|y|),

a2(|z|) ≤
∣∣∣∣∂Π(x)∂z

∣∣∣∣ ≤ a3(|z|) ∀x ∈ Rn,
(4.2)

ôóíêöèè µ(j) ∈ M , ìàòðèöû A(ij) , B , G(j) äëÿ âñåõ (t, x, y) ∈ R+×R2n óäîâëåòâîðÿþò
óñëîâèÿì òèïà (2.2) è (2.3), à òàêæå èìåþò ìåñòî íåðàâåíñòâà

y′(A(11)(t, x) + (A(11)(t, x))′)y ≤ 0, |D(t, x)| ≥ d0 = const > 0 ∀(t, x) ∈ R+ × Rn, (4.3)

ãäå D(t, x) � êàêîé-ëèáî ìèíîð ïîðÿäêà m ìàòðèöû A(21) = −(A(12))′ .
Äëÿ ðàññìàòðèâàåìîé ñèñòåìû (4.1) â ñîîòâåòñòâèè ñ ï. 2 âûïîëíåíû âñå óñëîâèÿ

åå ïðåäêîìïàêòíîñòè, ïðåäåëüíûå ñèñòåìû èìåþò ñëåäóþùèé âèä

ẏ(t) = A(11)
∗ (t, x(t))

∂Π(x(t))

∂y
+ A(12)

∗ (t, x(t))
∂Π(x(t))

∂z
,

ż(t) = A(21)
∗ (t, x(t))

∂Π(x(t))

∂y
+ A(22)

∗ (t, x(t))
∂Π(x(t))

∂z
+

+B∗(t, x(t))
∂Π(x(t− µ

(2)
∗ (t)))

∂z
+

t∫
t−µ

(2)
∗ (t)

G(1)
∗ (t, s)

∂Π(x(s))

∂z
ds+

t∫
−∞

G(2)
∗ (t, s)

∂Π(x(s))

∂z
ds,

(4.4)

À.Ñ. Àíäðååâ, Î.À. Ïåðåãóäîâà. Î ìåòîäå ôóíêöèîíàëîâ Ëÿïóíîâà â çàäà÷å îá . . .



266 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3

ãäå ìàòðèöû A
(ij)
∗ , B∗ , G

(i)
∗ ( i, j = 1, 2 ) ÿâëÿþòñÿ ïðåäåëüíûìè äëÿ ñîîòâåòñòâóþùèõ

ìàòðèö èç (4.1) ñîãëàñíî ïðåäñòàâëåííîìó äëÿ óðàâíåíèÿ (2.1) ïîñòðîåíèþ. Â ÷àñòíî-
ñòè,

A(ij)
∗ (t, x) =

d

dt
lim

tk→∞

t∫
0

A(ij)(tk + τ)dτ,

G(j)
∗ (t, s) = lim

tk→∞
G(j)(tk + t, tk + s),

ìèíîð D∗(t, x) ìàòðèöû A
(21)
∗ (t, x) , ñîîòâåòñòâóþùèé D(t, x) , óäîâëåòâîðÿåò óñëîâèþ

|D∗(t, x)| ≥ d0 = const > 0. (4.5)

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ x = 0 ñèñòåìû âûáåðåì ôóíêöè-
îíàë Ëÿïóíîâà ñëåäóþùèì îáðàçîì: âäîëü x ∈ C1([t0,+∞) → Rn)

V (x(t)) = Π(x(t)) +

t∫
t−µ(1)(t)

(
∂Π(x(s))

∂z

)′

P (1)∂Π(x(s))

∂z
ds+

+

t∫
t−µ(2)(t)

t∫
s

(
∂Π(x(ν))

∂z

)′

P (2)∂Π(x(ν))

∂z
dνds+

t∫
t0

(
∂Π(x(s))

∂z

)′

P (3)(t, s)
∂Π(x(s))

∂z
ds,

(4.6)

ãäå P (j) ∈ Rm×m , (P (j))′ = P (j) , z′P (j)z ≥ 0 ∀z ∈ Rm , j = 1, 2, 3 ; z′(∂P (3)(t, s)/∂t)z ≤ 0
(= 0 ⇔ z = 0) .

Äîïóñòèì, ÷òî ìàòðèöû P (j) , j = 1, 2, 3, ôóíêöèîíàëà (4.6) ìîãóò áûòü ïîäîáðàíû
òàêèìè, ÷òî

z′
(
1

2

(
A(22)(t, x) + (A(22)(t, x))′

)
+ P (1) +

1

4µ1

B(t, x)(P (1))−1B′(t, x) + µ(2)P (2)+

+
1

4µ1

t∫
t−µ(2)(t)

G(1)(t, s)(P (2))−1(G(1)(t, s))′ds+ P (3)(t, t)+

+
1

4

t∫
t0

G(2)(t, s)(P
(3)
t (t, s))−1(G(2)(t, s))′ds

 z ≤ −γ1|z|2 ∀z ∈ Rm,

(4.7)

ãäå γ1 = const > 0 .
Ïðè âûïîëíåíèè óñëîâèé (4.7) äëÿ ïðîèçâîäíîé ôóíêöèîíàëà (4.6) áóäåì èìåòü îöåíêó

V̇ (t, x(t)) ≤ −W0(x(t)) ≡ −γ1
∣∣∣∣∂Π∂z (x(t))

∣∣∣∣2 ≤ 0. (4.8)

Ìíîæåñòâî {∂Π(x(t))/∂z = 0} = {z(t) = 0} ìîæåò ñîäåðæàòü ëèøü òå ðåøåíèÿ
(y(t), z(t)) = (y(t), 0) ñèñòåìû (4.4), äëÿ êîòîðûõ

A(21)
∗ (t, x(t))

∂Π(x(t))

∂y
≡ 0,

÷òî âîçìîæíî â ñîîòâåòñòâèè ñ íåðàâåíñòâîì (4.5), åñëè òîëüêî ∂Π(x(t))/∂y ≡ 0 èëè
y(t) ≡ 0 .

Èç òåîðåìû 3.3 ñëåäóåò, ÷òî ïðè óñëîâèÿõ (4.2) è (4.3) ðåøåíèå x(t) = 0 ñèñòåìû
(4.1) ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî.
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Ï ð è ì å ð 4.2
Ðàññìîòðèì ñèñòåìó óðàâíåíèé

dx(t)
dt

= D(x(t))(C(t) + A(t)F (x(t)) + B(t)F (x(t− µ(1)(t)))+

+
t∫

t−µ(2)(t)

G(1)(t, s)F (x(s))ds+
t∫

t0

G(2)(t, s)F (x(s))ds),
(4.9)

ãäå x ∈ Rn ; µ(j) ∈ M ; âåêòîð-ôóíêöèÿ F : Rn → Rn , ìàòðè÷íûå ôóíêöèè D =
diag(d1(x1), d2(x2), . . . , dn(xn)) , C,B : R+ → Rn×n , G(j) : R+ × R+ → Rn×n óäîâëåòâî-
ðÿþò óñëîâèÿì (2.2) è (2.3).

Äîïóñòèì, ÷òî äëÿ íåêîòîðîãî âåêòîðà x(0) ∈ Rn
+ , Rn

+ = {x ∈ Rn : xk > 0, k =
1, 2, . . . , n} èìåþò ìåñòî òîæäåñòâà

C(t) + (A(t) +B(t) +

t∫
t−µ(2)(t)

G(1)(t, s)ds+

t∫
t0

G(2)(t, s)ds)F (x(0)) ≡ 0,

òàê ÷òî ñèñòåìà (4.9) èìååò ïîëîæåíèå ðàâíîâåñèÿ x = x(0) .
Ðàññìîòðèì çàäà÷ó îá óñòîé÷èâîñòè ýòîãî ïîëîæåíèÿ îòíîñèòåëüíî íà÷àëüíûõ âîç-

ìóùåíèé (α, φ) ∈ R+ × C+
µ , C+

µ = {φ ∈ Cµ : φ(s) > 0, −µ0 ≤ s ≤ 0} .
Ïîëîæèì y = x− x(0) è ââåäåì óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ

dy(t)

dt
= D̃(y(t))(A(t)F̃ (y(t)) +B(t)F̃ (y(t− µ(1)(t)))+

+

t∫
t−µ(2)(t)

G(1)(t, s)F̃ (y(s))ds+

t∫
t0

G(2)(t, s)F̃ (y(s))ds),
(4.10)

ãäå D̃(y) = diag(d1(x
(0)
1 + y1), . . . , dn(x

(0)
n + yn)) , F̃ (y) = F (x(0) + y) .

Ïîëîæèì

F (0) = 0, |F (y)| ≥ a(|y|), dk(0) = 0, dk(xk) > 0 ïðè xk > 0,

0∫
1

dν

dk(ν)
= ∞,

ñóùåñòâóåò ñêàëÿðíàÿ ôóíêöèÿ Π = Π(y) , òàêàÿ ÷òî

Π(0) = 0,
∂Π(y)

∂y
= (D̃(y))−1F̃ (y), Π(y) → ∞ ïðè |y| → ∞.

Èç ýòèõ óñëîâèé ñëåäóåò ïîëîæèòåëüíàÿ ïîëóèíâàðèàíòíîñòü îáëàñòè Rn
+ è åäèí-

ñòâåííîñòü ïîëîæåíèÿ ðàâíîâåñèÿ y = 0 .
Ñèñòåìû, ïðåäåëüíûå äëÿ (4.10), èìåþò âèä

dy(t)

dt
= D̃(y(t))(A∗(t)F̃ (y(t)) +B∗(t)F̃ (y(t− µ(1)

∗ (t)))+

+

t∫
t−µ

(2)
∗ (t)

G(1)
∗ (t, s)F̃ (y(s))ds+

t∫
t0

G(2)
∗ (t, s)F̃ (y(s))ds).

(4.11)
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Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè x = x(0) ñèñòåìû (4.9) èëè y = 0 ñèñòåìû (4.10)
âûáåðåì ôóíêöèîíàë Ëÿïóíîâà â âèäå

V (x(t)) = Π(x(t)) +
t∫

t−µ(1)(t)

(F̃ (y(s)))′P (1)F̃ (y(s))ds+

+
t∫

t−µ(2)(t)

t∫
s

(F̃ (y(ν)))′P (2)F̃ (y(ν))dνds+

+
t∫

t0

(F̃ (y(s)))′P (3)(t, s)F̃ (y(s))ds.

(4.12)

Äîïóñòèì, ÷òî ìàòðèöû P (j) ∈ Rm×m , j = 1, 2, 3, èìåþò òàêèå æå ñâîéñòâà, ÷òî
è â (4.6), è ìîãóò áûòü ïîäîáðàíû òàê, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

y′(
1

2
(A(t) + A′(t)) + P (1) +

1

4µ
B(t)(P (1))−1B′(t) + µ(2)P (2)+

+
1

4µ1

t∫
t−µ(2)(t)

G(1)(t, s)(P (2))−1(G(1)(t, s))′ds+ P (3)(t, t)+

+
1

4

∞∫
t0

G(2)(t, s)(P
(3)
t (t, s))−1(G(2)(t, s))′ds)y ≤ −y′Ly ≤ 0,

ãäå L ∈ Rm×m , L′ = L = const .
Òîãäà äëÿ ïðîèçâîäíîé ôóíêöèîíàëà (4.12) áóäåì èìåòü îöåíêó

V̇ (t) ≤ −(F̃ (y(t)))′LF̃ (y(t)) ≤ 0.

Ïî òåîðåìå 3.2 êàæäîå ðåøåíèå ñèñòåìû (4.10) áóäåò íåîãðàíè÷åííî ïðèáëèæàòüñÿ
ïðè t → +∞ ê ìàêñèìàëüíî êâàçèèíâàðèàíòíîìó ïî îòíîøåíèþ ê ñåìåéñòâó ïðåäåëü-
íûõ ñèñòåì (4.11) ïîäìíîæåñòâó ìíîæåñòâà {LF̃ (y) = 0} .

Åñëè ìíîæåñòâî {LF̃ (y) = 0} íå ñîäåðæèò äðóãèõ ðåøåíèé ñèñòåìû (4.11), êðî-
ìå y = 0 , òîãäà ñîãëàñíî òåîðåìå 3.3 ðåøåíèå y = 0 ñèñòåìû (4.10) èëè ïîëîæåíèå
ðàâíîâåñèÿ x = x(0) ñèñòåìû (4.9) ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî.

5. Çàêëþ÷åíèå

Ðåçóëüòàòû ðàáîòû ïðåäñòàâëÿþò ñîáîé ðàçâèòèå ìåòîäèêè âûâîäà ïðåäåëüíûõ ñâîéñòâ
ðåøåíèé äèôôåðåíöèàëüíûõ è ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ïðåäïî-
ëîæåíèè ñóùåñòâîâàíèÿ ôóíêöèè è ôóíêöèîíàëà Ëÿïóíîâà ñî çíàêîïîñòîÿííîé ïðîèçâîä-
íîé. Îñíîâíîå ñîäåðæàíèå ìåòîäèêè ïðåäñòàâëåíî â ðàáîòàõ [4], [6], [18]. Ïðîâåäåííîå â
ðàçäåëå 1 ïîñòðîåíèå òîïîëîãè÷åñêîé äèíàìèêè äîïîëíÿåò ñîîòâåòñòâóþùèå ïîñòðîåíèÿ,
ïðåäñòàâëåííûå â ðàáîòàõ [8]�[10]. Òåîðåìû 3.1 �3.3 îáîáùàþò òåîðåìû êëàññè÷åñêîãî òè-
ïà èç [8], [11]. Ïðèìåðû, ïðåäñòàâëåííûå â ðàçäåëå 4, ÿâëÿþòñÿ îáîáùåííûìè ìîäåëÿìè
ôèçè÷åñêèõ è ýêîíîìè÷åñêèõ ïðîöåññîâ, áèîëîãè÷åñêîãî âçàèìîäåéñòâèÿ ïîïóëÿöèé [20].

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðà-
çîâàíèÿ è íàóêè ÐÔ â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ïî ÍÈÐ [9.5994.2017/Á×] è ÐÔÔÈ
[18-41-730022].
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On the Lyapunov functionals method in the stability

problem of Volterra integro-di�erential equations

c⃝ A. S. Andreev1, O.A. Peregudova 2

Abstract. In this paper, we consider the problem of applying the method of Lyapunov functionals
to investigate the stability of non-linear integro-di�erential equations, the right-hand side of which
is the sum of the components of the instantaneous action and also ones with a �nite and in�nite
delay. The relevance of the problem is the widespread use of such complicated in structure equations
in modeling the controllers using integral regulators for mechanical systems, as well as biological,
physical and other processes. We develop the Lyapunov functionals method in the direction of
revealing the limiting properties of solutions by means of Lyapunov functionals with a semi-de�nite
derivative. We proved the theorems on the quasi-invariance of a positive limit set of bounded
solution as well as ones on the asymptotic stability of the zero solution including a uniform one. The
results are achieved by constructing a new structure of the topological dynamics of the equations
under study. The theorems proved are applied in solving the stability problem of two model systems
which are generalizations of a number of known models of natural science and technology.

Key Words: nonlinear systems of integro-di�erential equations, Lyapounov functional, stability,
topological dynamics, limiting equation
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Î ðîæäåíèè ñèíôàçíîãî ïðåäåëüíîãî öèêëà â àíñàìáëå

âîçáóæäàþùå ñâÿçàííûõ ýëåìåíòîâ ÔèòöÕüþ-Íàãóìî

c⃝ À.Ã. Êîðîòêîâ1, Ò.À. Ëåâàíîâà2

Àííîòàöèÿ. Â ðàáîòå ïðåäëîæåíà è èññëåäîâàíà ýôôåêòèâíàÿ ñ âû÷èñëèòåëüíîé òî÷êè
çðåíèÿ ôåíîìåíîëîãè÷åñêàÿ ìîäåëü àíñàìáëÿ äâóõ íåéðîíîïîäîáíûõ ýëåìåíòîâ ÔèòöÕüþ-
Íàãóìî, ñâÿçàííûõ ñ ïîìîùüþ ñèììåòðè÷íûõ ñèíàïòè÷åñêèõ âîçáóæäàþùèõ ñâÿçåé. Èñïîëü-
çóåìàÿ â ðàáîòå ñâÿçü ìåæäó ýëåìåíòàìè çàäàåòñÿ ôóíêöèåé, çàâèñÿùåé îò ôàçû àêòèâíîãî
ýëåìåíòà è ÿâëÿþùåéñÿ ãëàäêîé àïïðîêñèìàöèåé ïðÿìîóãîëüíîé èìïóëüñíîé ôóíêöèè, ÷à-
ñòî èñïîëüçóåìîé ïðè ìîäåëèðîâàíèè ñâÿçè ìåæäó ýëåìåíòàìè. Äàííàÿ ôóíêöèÿ çàâèñèò
îò òðåõ óïðàâëÿþùèõ ïàðàìåòðîâ, çàäàþùèõ íà÷àëî àêòèâàöèè ýëåìåíòà, äëèòåëüíîñòü åãî
àêòèâàöèè è ñèëó ñâÿçè. Â ðàáîòå ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ ïîêàçàíî ñó-
ùåñòâîâàíèå â ôàçîâîì ïðîñòðàíñòâå èññëåäóåìîé ìîäåëè ñèíôàçíîãî ïðåäåëüíîãî öèêëà,
îòâå÷àþùåãî ðåãóëÿðíûì êîëåáàíèÿì, ïðè êîòîðûõ ôàçû è ÷àñòîòû îáîèõ ýëåìåíòîâ ñîâ-
ïàäàþò. Äîêàçàíî, ÷òî äàííûé öèêë âîçíèêàåò â ðåçóëüòàòå ñóïåðêðèòè÷åñêîé áèôóðêàöèè
Àíäðîíîâà-Õîïôà. Íà ïëîñêîñòè ïàðàìåòðîâ ìîäåëè, çàäàþùèõ íà÷àëî àêòèâàöèè ýëåìåí-
òà è äëèòåëüíîñòü àêòèâàöèè, ïîñòðîåíà êàðòà ðåæèìîâ àêòèâíîñòè è îïðåäåëåíû ãðàíèöû
áèôóðêàöèé, ïðèâîäÿùèõ ê ðîæäåíèþ ýòîãî öèêëà.

Êëþ÷åâûå ñëîâà: ñèñòåìà ÔèòöÕüþ-Íàãóìî, íåéðîííûé àíñàìáëü, âîçáóæäàþùàÿ ñâÿçü,
ñèíôàçíàÿ ñïàéêîâàÿ àêòèâíîñòü, áèôóðêàöèÿ Àíäðîíîâà-Õîïôà.

1. Ââåäåíèå

Îäíîé èç çàäà÷ íåéðîäèíàìèêè ÿâëÿåòñÿ èçó÷åíèå ìîäåëåé, îïèñûâàþùèõ ïîâåäå-
íèå êàê îòäåëüíûõ íåéðîíîâ, òàê è áîëüøèõ íåéðîííûõ àíñàìáëåé. Òàêèå ìàòåìàòè÷åñêèå
ìîäåëè ìîãóò áûòü ðàçäåëåíû íà äâà êëàññà: ðåàëèñòè÷íûå áèîëîãè÷åñêèå è ôåíîìåíî-
ëîãè÷åñêèå ìîäåëè. Â ïåðâîì ñëó÷àå ðàçëè÷íûå áèîëîãè÷åñêèå äàííûå è áèîôèçè÷åñêèå
ïðèíöèïû [1]�[2] äîëæíû áûòü ó÷òåíû ìàêñèìàëüíî ïîäðîáíî. Ê òàêèì ìîäåëÿì îòíî-
ñèòñÿ, íàïðèìåð, èçâåñòíàÿ ìîäåëü Õîäæêèíà-Õàêñëè [3] è åå ðàçëè÷íûå ìîäèôèêàöèè.
Â ñëó÷àå ñîçäàíèÿ ôåíîìåíîëîãè÷åñêèõ ìîäåëåé òðåáóåòñÿ âîñïðîèçâåäåíèå êîíêðåòíîãî,
íàáëþäàåìîãî â ýêñïåðèìåíòå áèîëîãè÷åñêîãî ÿâëåíèÿ, è ìîäåëü êîíñòðóèðóåòñÿ ñ ó÷åòîì
ýòîãî áåç ðàññìîòðåíèÿ ëèøíèõ áèîëîãè÷åñêèõ íþàíñîâ. Íåêîòîðûå èç íèõ ïðåäñòàâëÿþò
ñîáîé ðåäóêöèþ èñõîäíûõ ðåàëèñòè÷íûõ áèîëîãè÷åñêèõ ìîäåëåé, êàê, íàïðèìåð, øèðîêî
èñïîëüçóåìàÿ ìîäåëü ÔèòöÕüþ-Íàãóìî [4].

Ïðè ñîñòàâëåíèè ìîäåëè ñ÷èòàåòñÿ, ÷òî ñâÿçü, ñ ïîìîùüþ êîòîðîé ïåðåäàåòñÿ ïîòåíöè-
àë äåéñòâèÿ (èìïóëüñ) îò ïðåñèíàïòè÷åñêîãî íåéðîíà (àêòèâíîãî) ê ïîñòñèíàïòè÷åñêîìó
(àêòèâèðóåìîìó), îïðåäåëÿåòñÿ óðàâíåíèåì âèäà:

Isyn(t) = −g(t) · (V (t)− Vrev),

1Êîðîòêîâ Àëåêñàíäð Ãåííàäüåâè÷, àñïèðàíò, êàôåäðà òåîðèè óïðàâëåíèÿ è äèíàìèêè ñèñòåì,
Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. È.
Ëîáà÷åâñêîãî (603950, Í. Íîâãîðîä, ïð. Ãàãàðèíà, ä. 23), ORCID: https://orcid.org/0000-0002-9256-1643,
koralg81@gmail.com

2Ëåâàíîâà Òàòüÿíà Àëåêñàíäðîâíà, àññèñòåíò, êàôåäðà òåîðèè óïðàâëåíèÿ è äèíàìèêè ñè-
ñòåì, Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. È. Ëîáà÷åâñêîãî (603950, Í. Íîâãîðîä, ïð. Ãàãàðèíà, ä. 23), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ
íàóê, ORCID: https://orcid.org/0000-0003-2034-7346, tatiana.levanova@itmm.unn.ru
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ãäå Isyn(t) � ñèíàïòè÷åñêèé òîê; Vrev � ðåâåðñèâíûé ïîòåíöèàë; g(t) � ñèíàïòè÷åñêàÿ
ïðîâîäèìîñòü; V (t) � ìåìáðàííûé ïîòåíöèàë ïîñòñèíàïòè÷åñêîãî íåéðîíà [5]� [6]. Ñóùå-
ñòâóþò ðàçëè÷íûå ñïîñîáû ó÷åòà âëèÿíèÿ ýòèõ ïðîöåññîâ â ìàòåìàòè÷åñêîé ìîäåëè. Ýòî
ìîæíî ñäåëàòü ñ ïîìîùüþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ [7], ñ èñïîëüçîâàíèåì óðàâíå-
íèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì [8]�[9] èëè òàê íàçûâàåìîé α -ôóíêöèè [10], [11]. Ïðè
èñïîëüçîâàíèè α -ôóíêöèè ñèíàïòè÷åñêèé òîê ðàñ÷èòûâàåòñÿ ïî ñëåäóþùåé ôîðìóëå:

Isyn(t) = −g · α(t− t0) · (V (t)− Vrev),

ãäå g � ïèêîâàÿ ñèíàïòè÷åñêàÿ ïðîâîäèìîñòü; t0 � âðåìÿ íà÷àëà âçàèìîäåéñòâèÿ;

α(t) =
t

τ
exp(− t

τ
) � α -ôóíêöèÿ ñ ïàðàìåòðîì τ , îïðåäåëÿþùèì õàðàêòåðèñòè÷åñêîå

âðåìÿ âçàèìîäåéñòâèÿ ìåæäó ïðå- è ïîñòñèíàïòè÷åñêèì íåéðîíàìè.
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ àíàëèòè÷åñêîå èññëåäîâàíèå âîçìîæíîñòè âîçíèê-

íîâåíèÿ íåéðîíîïîäîáíîé àêòèâíîñòè â ìîäåëè äâóõ âîçáóæäàþùå ñâÿçàííûõ ýëåìåíòîâ
ÔèòöÕüþ-Íàãóìî. Ïðè ýòîì îñîáîå âíèìåíèå áóäåò óäåëåíî àíàëèçó áèôóðêàöèé ðîæ-
äåíèÿ ïðåäåëüíîãî ñèíôàçíîãî öèêëà, íà êîòîðîì îáà ýëåìåíòà ñîâåðøàþò ïåðèîäè÷åñêèå
êîëåáàíèÿ è èìåþò îäèíàêîâóþ ôàçó. Â äàííîé ðàáîòå òàêæå ïðåäëîæåí ïðîñòîé, ñ âû÷èñ-
ëèòåëüíîé òî÷êè çðåíèÿ, ñïîñîá ôåíîìåíîëîãè÷åñêîãî ìîäåëèðîâàíèÿ ñèíàïòè÷åñêîé ñâÿ-
çè ìåæäó ýëåìåíòàìè. Ñ ó÷åòîì ýòîé ñâÿçè äëÿ ìîäåëèðîâàíèÿ àíñàìáëÿ èìïóëüñ îò ïðå-
ñèíàïòè÷åñêîãî ýëåìåíòà ïðèõîäèò íà ïîñòñèíàïòè÷åñêèé ýëåìåíò, êîãäà ïîëÿðíûé óãîë
ïðåñèíàïòè÷åñêîãî ýëåìåíòà ëåæèò â äèàïàçîíå, çàäàâàåìîì äâóìÿ ïàðàìåòðàìè ìîäåëè.

2. Ìîäåëü àíñàìáëÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ àíñàìáëü èç äâóõ âîçáóäèìûõ íåéðîíîïîäîá-
íûõ ýëåìåíòîâ ÔèòöÕüþ-Íàãóìî [4], ñâÿçàííûõ ñèììåòðè÷íûìè âîçáóæäàþùèìè ñâÿçÿ-
ìè, êîòîðûå, â ñîîòâåòñòâèè ñ îáùèìè ïðèíöèïàìè, îïèñàííûìè, íàïðèìåð, â [12], çàäà-
þòñÿ ôóíêöèåé âèäà:

I(ϕ) =
g

1 + ek(α−ϕ) + ek(ϕ−β)
. (2.1)

Çäåñü ïàðàìåòð g õàðàêòåðèçóåò ñèëó ñâÿçè ìåæäó ýëåìåíòàìè. Ïðè äîñòàòî÷íî áîëü-

øîì çíà÷åíèè ïàðàìåòðà k ôóíêöèÿ, çàäàþùàÿ ñâÿçü I(ϕ), ãäå ϕ = arctan
y

x
1, ÿâëÿåòñÿ

ãëàäêîé è õîðîøî àïïðîêñèìèðóåò ïðÿìîóãîëüíóþ èìïóëüñíóþ ôóíêöèþ.
Ïåðåäà÷à àêòèâíîñòè îò îäíîãî ýëåìåíòà äðóãîìó ïðîèñõîäèò ñëåäóþùèì îáðàçîì. Ïðè

äîñòèæåíèè ôàçîé ϕ àêòèâíîãî ïðåñèíàïòè÷åñêîãî ýëåìåíòà çíà÷åíèÿ α íà ïîñòñèíàï-
òè÷åñêèé ýëåìåíò ïîäàåòñÿ òîê ïîñòîÿííîé àìïëèòóäû. Âðåìÿ åãî âîçäåéñòâèÿ çàäàåòñÿ
ðàçíîñòüþ δ = β − α, òî åñòü âîçäåéñòâèå ïðåêðàùàåòñÿ, êàê òîëüêî èçîáðàæàþùàÿ òî÷-
êà ïðåñèíàïòè÷åñêîãî ýëåìåíòà íà ôàçîâîé ïëîñêîñòè (xi, yi) àêòèâíîãî i -ãî ýëåìåíòà
(i = 1, 2) âûéäåò èç ñåêòîðà, çàêëþ÷åííîãî ìåæäó óãëàìè α è β. Åñëè â ìîìåíò íà÷àëà
àêòèâàöèè ïîñòñèíàïòè÷åñêèé ýëåìåíò áóäåò íàõîäèòüñÿ â ñîñòîÿíèè, áëèçêîì ê ñîñòîÿ-
íèþ ïîêîÿ, òî â ñèñòåìå âîçíèêíåò îòêëèê. Îïèñàííûé ìåõàíèçì ñõåìàòè÷íî ïðèâåäåí íà
ðèñ. 1 a. Íà íåì èçîáðàæåíà ïðîåêöèÿ ïðåäåëüíîãî öèêëà íà ôàçîâóþ ïëîñêîñòü ýëåìåíòà.
Êîãäà èçîáðàæàþùàÿ òî÷êà íàõîäèòñÿ â ñåêòîðå, çàêëþ÷åííîì ìåæäó óãëàìè α è α + δ
(÷àñòü ïðîåêöèè ïðåäåëüíîãî öèêëà, ïîïàäàþùàÿ â ýòîò ñåêòîð, èçîáðàæåíà êðàñíûì öâå-
òîì), íà äðóãîé ýëåìåíò ïîäàåòñÿ àêòèâèðóþùèé èìïóëüñ. Íà ðèñ.1 b ïðèâåäåí ãðàôèê
ôóíêöèè I(ϕ).
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Ðèñ. 1: (a) Ìåõàíèçì ïåðåäà÷è àêòèâíîñòè îò îäíîãî ýëåìåíòà äðóãîìó. (b) Ãðàôèê çàâè-
ñèìîñòè ôóíêöèè àêòèâàöèè I îò ôàçîâîãî óãëà ϕ .

Òàêèì îáðàçîì, àíñàìáëü èç äâóõ ñâÿçàííûõ íåéðîíîïîäîáíûõ ýëåìåíòîâ çàäàåòñÿ ñëå-
äóþùåé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé:

ϵ
·
x1 = x1 − x1

3/3− y1 + I(ϕ2),
·
y1 = x1 − a,

ϵ
·
x2 = x2 − x2

3/3− y2 + I(ϕ1),
·
y2 = x2 − a,

(2.2)

ãäå ϕi = arctan
yi
xi

(i = 1, 2).

Çàìåòèì, ÷òî óêàçàííàÿ ñèñòåìà ÿâëÿåòñÿ èíâàðèàíòíîé îòíîñèòåëüíî çàìåíû
x1 ↔ x2, y1 ↔ y2. Â ðåçóëüòàòå òàêîé ñèììåòðèè äëÿ êàæäîé òðàåêòîðèè ñèñòåìû
(x∗1(t), y

∗
1(t), x

∗
2(t), y

∗
2(t)) ëèáî ñóùåñòâóåò ñèììåòðè÷íàÿ îòíîñèòåëüíî èíâàðèàíòíîé ïëîñ-

êîñòè {P : x1 = x2, y1 = y2} òðàåêòîðèÿ (x∗2(t), y
∗
2(t), x

∗
1(t), y

∗
1(t)), ëèáî ýòà òðàåêòîðèÿ

ñèììåòðè÷íà ñàìîé ñåáå (â ÷àñòíîñòè, ëåæèò â èíâàðèàíòíîé ïëîñêîñòè P ).
Äàëåå çàôèêñèðóåì ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ: a = −1.01 (ýëåìåíòû íàõîäÿòñÿ

â âîçáóäèìîì ðåæèìå), ϵ = 0.01, k = 50, g = 0.1. Èç ôèçè÷åñêîãî ñìûñëà ïàðàìåòðà δ,
çàäàþùåãî äëèòåëüíîñòü àêòèâàöèè ýëåìåíòîâ, ñëåäóåò, ÷òî δ > 0, òî åñòü α < β. Â
ïîñëåäóþùèõ ðàçäåëàõ èññëåäóåì âëèÿíèå ïàðàìåòðîâ ñâÿçè α è δ íà äèíàìèêó àíñàì-
áëÿ (2.2).

3. Àíàëèòè÷åñêèå èññëåäîâàíèÿ ìîäåëè

Â ýòîì ðàçäåëå ìû ïðèâåäåì àíàëèòè÷åñêèå ðåçóëüòàòû èññëåäîâàíèÿ áèôóðêàöèé
ñîñòîÿíèÿ ðàâíîâåñèÿ â èññëåäóåìîé ñèñòåìå è ïîêàæåì, ÷òî ïðè íåêîòîðûõ çíà÷åíèÿõ ïà-
ðàìåòðîâ èç íåãî ðîæäàåòñÿ ñèíôàçíûé ïðåäåëüíûé öèêë â ðåçóëüòàòå ñóïåðêðèòè÷åñêîé
áèôóðêàöèè Àíäðîíîâà-Õîïôà.

Ñîñòîÿíèÿ ðàâíîâåñèÿ â ñèñòåìå îïðåäåëÿþòñÿ èç ñîîòíîøåíèé

1 Â ýòîé ôîðìóëå y ìîæåò áûòü ïðèáëèæåííî âûðàæåíî ÷åðåç x ñëåäóþùèì îáðàçîì: åñëè èçîáðà-

æàþùàÿ òî÷êà íàõîäèòñÿ â îáëàñòè ìåäëåííûõ äâèæåíèé, òî y ≈ x− x3/3 , èíà÷å y = ±2

3
.
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
x1 − x1

3/3− y1 + I(ϕ2) = 0,

x1 − a = 0,

x2 − x2
3/3− y2 + I(ϕ1) = 0,

x2 − a = 0,

Îòñþäà íàéäåì x1 = x2 = a è ïîëó÷èì ñèñòåìó äëÿ íàõîæäåíèÿ y1 è y2 :y1 = a− a3/3 + I(arctan
y2
a
) = Ĩ(y2),

y2 = a− a3/3 + I(arctan
y1
a
) = Ĩ(y1).

(3.1)

Ðåøåíèÿìè ýòîé ñèñòåìû ÿâëÿþòñÿ íåïîäâèæíûå òî÷êè è òî÷êè ïåðèîäà 2 îòîáðàæå-
íèÿ ȳ = Ĩ(y). Êàæäîé íåïîäâèæíîé òî÷êå y0 ñîîòâåòñòâóåò ñîñòîÿíèå ðàâíîâåñèÿ
O(a, y0, a, y0) ñèñòåìû (2.2), à ïàðå òî÷åê ïåðèîäà 2 y10 = Ĩ(y20) è y20 = Ĩ(y10) � ïàðà
ñîñòîÿíèé ðàâíîâåñèÿ O1(a, y10, a, y20) è O2(a, y20, a, y10). Ìàòðèöà ßêîáè ñèñòåìû (2.2)
èìååò âèä 

1− x1
2

ϵ
−1

ϵ

∂I(ϕ2)

ϵ∂x2

∂I(ϕ2)

ϵ∂y2
1 0 0 0

∂I(ϕ1)

ϵ∂x1

∂I(ϕ1)

ϵ∂y1

1− x2
2

ϵ
−1

ϵ
0 0 1 0


Ñëåäîâàòåëüíî, õàðàêòåðèñòè÷åñêîå óðàâíåíèå ìîæåò áûòü çàïèñàíî â âèäå

(
λ

(
λ− 1− x1

2

ϵ

)
+

1

ϵ

)(
λ

(
λ− 1− x2

2

ϵ

)
+

1

ϵ

)
−
(
Ix1

ϵ
λ+

Iy1
ϵ

)(
Ix2

ϵ
λ+

Iy2
ϵ

)
= 0. (3.2)

Â ñîñòîÿíèè ðàâíîâåñèÿ O(a, y0, a, y0) äëÿ ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè ñâÿ-
çè I(ϕ) âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ: Ix1(a, y0) = Ix2(a, y0) = Ix,
Iy1(a, y0) = Iy2(a, y0) = Iy. Òîãäà õàðàêòåðèñòè÷åñêîå óðàâíåíèå (3.2) ìîæåò áûòü
ïðåîáðàçîâàíî ê âèäó (

λ

(
λ− 1− a2

ϵ

)
+

1

ϵ

)2

−
(
Ix
ϵ
λ+

Iy
ϵ

)2

= 0.

Íàéäåì êîðíè óêàçàííîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ:
λ1,2 =

1− a2 + Ix ±
√
(1− a2)2 + 2(1− a2)Ix + Ix

2 − 4ϵ(1− Iy)

2ϵ
,

λ3,4 =
1− a2 − Ix ±

√
(1− a2)2 − 2(1− a2)Ix + Ix

2 − 4ϵ(1− Iy)

2ϵ
.

Òàêèì îáðàçîì, ñîñòîÿíèå ðàâíîâåñèÿ O(a, y0, a, y0) ïðåòåðïåâàåò áèôóðêàöèþ
Àíäðîíîâà-Õîïôà ïðè âûïîëíåíèè îäíîãî èç äâóõ óñëîâèé:{

1− a2 + Ix = 0,

(1− a2)2 + 2(1− a2)Ix + Ix
2 − 4ϵ(1− Iy) < 0

(3.3)

èëè
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{
1− a2 − Ix = 0,

(1− a2)2 − 2(1− a2)Ix + Ix
2 − 4ϵ(1 + Iy) < 0.

(3.4)

Óñëîâèÿ (3.3) è (3.4) ìîæíî ïðèâåñòè ê âèäó{
1− a2 + Ix = 0
Iy < 1

èëè

{
1− a2 − Ix = 0
Iy > −1

(3.5)

Äàëåå îïðåäåëèì ÷àñòíûå ïðîèçâîäíûå Ix è Iy îò ôóíêöèè ñâÿçè, çàäàííîé óðàâíå-
íèåì (2.1): 

∂I

∂x
=

gky
(
ek(arctan

y
x
−β) − ek(α−arctan y

x
)
)

(x2 + y2)
(
1 + ek(α−arctan y

x
) + ek(arctan

y
x
−β)
)2 ,

∂I

∂y
= −

gkx
(
ek(arctan

y
x
−β) − ek(α−arctan y

x
)
)

(x2 + y2)
(
1 + ek(α−arctan y

x
) + ek(arctan

y
x
−β)
)2 = −x

y

∂I

∂x
.

(3.6)

Èñïîëüçóÿ ñîîòíîøåíèå (3.6) è óñëîâèÿ (3.5), ìîæíî ïîëó÷èòü ñëåäóþùèå âûðàæåíèÿ: Ix = a2 − 1
a(1− a2)

y0
< 1

èëè

 Ix = 1− a2

a(1− a2)

y0
< 1

(3.7)

Ïîñêîëüêó 0 < I(ϕ) < g, òî a− a3

3
< Ĩ(y) < a− a3

3
+ g. Òîãäà èç ñèñòåìû (3.1) ñëåäóåò,

÷òî a− a3

3
< y0 < a− a3

3
+ g. Ïðè âûáðàííûõ çíà÷åíèÿõ ïàðàìåòðîâ a è g èç ïîñëåäíåãî

íåðàâåíñòâà ñëåäóåò, ÷òî y0 < 0, à çíà÷èò, íåðàâåíñòâî a(1−a2)
y0

< 1 âûïîëíåíî. Â èòîãå,

â óñëîâèÿõ (3.7) îñòàþòñÿ òîëüêî ðàâåíñòâà. Äîïîëíèâ ýòè ðàâåíñòâà ñîîòíîøåíèåì äëÿ
îïðåäåëåíèÿ êîîðäèíàòû y0 ñîñòîÿíèÿ ðàâíîâåñèÿ O a − a3/3 − y0 + I(arctan y0

a
) = 0,

ïîëó÷èì äâà óñëîâèÿ, îïðåäåëÿþùèõ áèôóðêàöèè Àíäðîíîâà-Õîïôà:{
Ix = a2 − 1,

a− a3/3− y0 + I(arctan y0
a
) = 0

(3.8)

èëè {
Ix = 1− a2,

a− a3/3− y0 + I(arctan y0
a
) = 0.

(3.9)

Äàëåå îïðåäåëèì óñëîâèÿ âîçíèêíîâåíèÿ ñèíôàçíîãî öèêëà êà÷åñòâåííûìè ìåòîäàìè.
Äëÿ ñèíôàçíîãî ïðåäåëüíîãî öèêëà âûïîëíÿþòñÿ óñëîâèÿ x1(t) = x2(t) = x(t) è y1(t) =
y2(t) = y(t). Òîãäà ñèñòåìà (2.2) ïðèíèìàåò âèä{

ϵ
·
x = x− x3/3− y + I(ϕ),

·
y = x− a.

Ïðè äîñòàòî÷íî ìàëîì I(ϕ) íåÿâíàÿ ôóíêöèÿ y(x), çàäàâàåìàÿ ðàâåíñòâîì

F (x, y) = x− x3/3− y + I(ϕ) = 0, (3.10)

èìååò 2 ýêñòðåìóìà. Áèôóðêàöèÿ, â ðåçóëüòàòå êîòîðîé ðîæäàåòñÿ ñèíôàçíûé öèêë, ïðî-
èñõîäèò, êîãäà ôóíêöèÿ y(x) èìååò ýêñòðåìóì ïðè x = a : y′(a) = 0 (ðîæäåíèå ïðåäåëü-
íîãî öèêëà ïðîèñõîäèò ïðè ïåðåõîäå òî÷êè ìèíèìóìà âëåâî îò ïðÿìîé x = a, â ïðîòèâíîì
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ñëó÷àå öèêë ïðîïàäàåò). Íàéäåì ïðîèçâîäíóþ ôóíêöèè, íåÿâíî çàäàííîé ñîîòíîøåíèåì

(3.10):
dy

dx
=

1− x2 + Ix
1− Iy

. Â èòîãå êðèâàÿ áèôóðêàöèè ðîæäåíèÿ öèêëà íàõîäèòñÿ èç óñëî-

âèÿ {
1− a2 + Ix = 0,

a− a3/3− y0 + I(arctan
y0
a
) = 0,

êîòîðîå ñîâïàäàåò ñ óñëîâèåì (3.8) áèôóðêàöèè Àíäðîíîâà-Õîïôà.
×òîáû èç ýòèõ æå ñîîáðàæåíèé ïîëó÷èòü óñëîâèå (3.9), íóæíî çàìåòèòü, ÷òî äëÿ ôóíê-

öèè ñâÿçè I(ϕ;α, β) âûïîëíÿåòñÿ ðàâåíñòâî I(ϕ;α, β) ≈ g−I(ϕ; β, α+2π) (ïðè÷åì âûïîë-
íÿåòñÿ ðàâåíñòâî lim

k→+∞
(I(ϕ;α, β) + I(ϕ; β, α + 2π)) = g). Òîãäà íåÿâíàÿ ôóíêöèÿ y(x) çà-

äàåòñÿ ðàâåíñòâîì x−x3/3−y+g−I(ϕ) = 0, à åå ïðîèçâîäíàÿ èìååò âèä
dy

dx
=

1− x2 − Ix
1 + Iy

.

Òîãäà êðèâàÿ áèôóðêàöèè ðîæäåíèÿ öèêëà áóäåò çàäàâàòüñÿ ñèñòåìîé{
1− a2 − Ix = 0,

a− a3/3− y0 + I(arctan y0
a
) = 0.

Ýòî óñëîâèå ñîâïàäàåò ñ óñëîâèåì (3.9).
Òàêèì îáðàçîì, ïîêàçàíî, ÷òî â ðåçóëüòàòå áèôóðêàöèè Àíäðîíîâà-Õîïôà ðîæäàåòñÿ

óñòîé÷èâûé ïðåäåëüíûé ñèíôàçíûé öèêë. Àíàëèòè÷åñêèì ïóòåì íàéäåíû áèôóðêàöèîí-
íûå êðèâûå, ñì. áèôóðêàöèîííóþ äèàãðàììó íà ðèñ. 2.

0 100 200 300 360
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Ðèñ. 2: Áèôóðêàöèîííàÿ äèàãðàììà è åå óâåëè÷åííûé ôðàãìåíò.

Îòìåòèì, ÷òî íà ïîñòðîåííîé áèôóðêàöèîííîé äèàãðàììå îáëàñòü, îòâå÷àþùàÿ ñóùå-
ñòâîâàíèþ óñòîé÷èâîãî ñèíôàçíîãî öèêëà, çàêëþ÷åíà ìåæäó äâóìÿ ïî÷òè âåðòèêàëüíûìè
ëèíèÿìè (îáëàñòü D íà ðèñ. 2 b). Â îáëàcòÿõ A , C è E àòòðàêòîðîì ÿâëÿåòñÿ ñîñòî-
ÿíèå ðàâíîâåñèÿ. Â îáëàñòè D ñóùåñòâóåò óñòîé÷èâûé ñèíôàçíûé ïðåäåëüíûé öèêë, à
ñîñòîÿíèå ðàâíîâåñèÿ ÿâëÿåòñÿ ñåäëî-ôîêóñîì. Â îáëàñòè B ñîñòîÿíèå ðàâíîâåñèÿ òàêæå
ÿâëÿåòñÿ ñåäëî-ôîêóñíûì, îäíàêî, ìû íå ìîæåì óòâåðæäàòü, ÷òî çäåñü òàê æå êàê è â
îáëàñòè D âîçíèêàåò óñòîé÷èâûé ñèíôàçíûé öèêë. Áèôóðêàöèè â ýòîé îáëàñòè òðåáó-
þò äîïîëíèòåëüíûõ èññëåäîâàíèé. Ïðè ýòîì â îáëàñòè B (òàê æå, êàê â D ) ñîñòîÿíèå
ðàâíîâåñèÿ ñèñòåìû ÿâëÿåòñÿ ñåäëî-ôîêóñíûì. Îäíàêî ìû íå ìîæåì óòâåðæäàòü, ÷òî â
äàííîì ñëó÷àå òàêæå ðîæäàåòñÿ óñòîé÷èâûé ñèíôàçíûé öèêë. Áèôóðêàöèè â ýòîé îáëà-
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ñòè òðåáóþò äîïîëíèòåëüíîãî èçó÷åíèÿ. Ìû ïëàíèðóåì ïðîâåñòè òàêèå èññëåäîâàíèÿ â
ïîñëåäóþùèõ ðàáîòàõ.

4. Çàêëþ÷åíèå

Â ðàáîòå ïðîâåäåíû èññëåäîâàíèÿ ðîæäåíèÿ ðåæèìà êîëåáàòåëüíîé íåéðîíîïîäîá-
íîé àêòèâíîñòè â ìîäåëè äâóõ âîçáóæäàþùå ñâÿçàííûõ ýëåìåíòîâ ÔèòöÕüþ-Íàãóìî. Îñ-
íîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ àíàëèòè÷åñêîå äîêàçàòåëüñòâî âîçíèêíîâåíèÿ ñèí-
ôàçíîãî ïðåäåëüíîãî öèêëà, ïðè äâèæåíèè ïî êîòîðîìó îáà ýëåìåíòà ñîâåðøàþò ïåðèî-
äè÷åñêèå êîëåáàíèÿ, îñòàâàÿñü â îäíîé ôàçå. Íà ïëîñêîñòè ïàðàìåòðîâ, çàäàþùèõ ñâÿçü
ìåæäó ýëåìåíòàìè, ïîñòðîåíû áèôóðêàöèîííûå êðèâûå, îòâå÷àþùèå âîçíèêíîâåíèþ òà-
êîãî ðåæèìà.

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÍÔ �17-72-
10228.

Ñïèñîê ëèòåðàòóðû

1. C. Koch, Biophysics of computation: information processing in single neurons, Oxford
University Press, 2004.

2. E. De Schutter, ed., Computational neuroscience: realistic modeling for experimentalists,
CRC Press, 2000.

3. A. L. Hodgkin, A. F. Huxley, “A quantitative description of membrane current and its
application to conduction and excitation in nerve”, The Journal of Physiology, 117:4
(1952), 500–544.

4. H. P. Schwan, ed., Biological engineering, McGraw-Hill Companies, 1969.

5. E. De Schutter, ed., Computational modeling methods for neuroscientists, The MIT Press,
2009, 432 p.

6. J. Baladron, D. Fasoli, O. Faugeras, J. Touboul, “Mean-field description and propagation
of chaos in networks of Hodgkin-Huxley and FitzHugh-Nagumo neurons”, The Journal
of Mathematical Neuroscience, 2:1 (2012), 10.

7. J. P. Keener, J. Sneyd, Mathematical physiology, Springer, New York, 1998.

8. O. Valles-Codina, R. Mobius, S. Rudiger, L. Schimansky-Geier, “Traveling echo waves
in an array of excitable elements with time-delayed coupling”, Physical Review E., 83:3
(2011), 036209.

9. D. Rankovic, “Bifurcations of Fitzhugh-Nagumo excitable systems with chemical delayed
coupling”, Matematickiy vesnik, 63:2 (2011), 103–114.

10. W. Shin, S. G. Lee, S. Kim, “Stochastic excitation of coherent dynamical states of two
coupled FitzHugh-Nagumo neurons”, Journal of the Korean Physical Society, 48 (2006),
179–185.

11. D. Hansel, G. Mato, C. Meunier, “Phase dynamics for weakly coupled Hodgkin-Huxley
neurons”, EPL (Europhysics Letters), 23:5 (1993), 367.

À.Ã. Êîðîòêîâ, Ò.À. Ëåâàíîâà. Î ðîæäåíèè ñèíôàçíîãî ïðåäåëüíîãî öèêëà â . . .



280 Zhurnal SVMO. 2018. Vol. 20, No. 3

12. A. Destexhe, Z. F. Mainen, T. J. Sejnowski, “An efficient method for computing synaptic
conductances based on a kinetic model of receptor binding”, Neural Computation, 6:1
(1994), 14–18.

Ïîñòóïèëà 11.05.2018

MSC2010 34C23,34C25,34C26

On born of in-phase limit cycle in ensemble of excitatory

coupled FitzHugh-Nagumo elements

c⃝ A.G. Korotkov1, T.A. Levanova2

Abstract. We proposed and studied numerically e�cient phenomenological model of ensemble of
two FitzHugh-Nagumo neuron-like elements that are coupled by symmetric synaptic excitatory
coupling. This coupling is de�ned by function that depends on phase of active element and that
is smooth approximation of rectangular impulse function. Above-mentioned coupling depends on
three parameters that de�ne the beginning of element activation, the duration of the activation and
the coupling strength. We show analytically that in the phase space of the model there exists stable
in-phase limit cycle that corresponds to regular oscillations with equal phases and frequencies of
elements. It is proved that this limit cycle is a result of supercritical Andronov-Hopf bifurcation.
The chart of activity regimes is depicted on the plane of parameters that de�ne beginning and
duration of activation. The boundaries of bifurcations that lead to birth of this cycle are found.

Key Words: FitzHugh-Nagumo system, neural ensemble, excitatory coupling, in-phase spike
activity, Andronov-Hopf bifurcation.
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Îá àíàëèòè÷åñêîì ðåøåíèè îäíîé çàäà÷è ïîëçó÷åñòè

c⃝ Å.Á. Êóçíåöîâ1, Ñ. Ñ. Ëåîíîâ2

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ àíàëèòè÷åñêîå ðåøåíèå îäíîé íà÷àëüíîé çàäà÷è äëÿ
ñèñòåìû äâóõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùåé ïðîöåññ ðàçðóøå-
íèÿ ìåòàëëè÷åñêèõ êîíñòðóêöèé ïðè íåîäíîðîäíîì íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè
â óñëîâèÿõ ïîëçó÷åñòè. Ïîäîáíûå çàäà÷è âîçíèêàþò ïðè ðàñ÷åòå ïðî÷íîñòíûõ õàðàêòåðèñòèê
è îöåíêå îñòàòî÷íûõ äåôîðìàöèé ïðè ïðîåêòèðîâàíèè ÿäåðíûõ ðåàêòîðîâ, â ñòðîèòåëüíîé è
àýðîêîñìè÷åñêîé îòðàñëÿõ, ìàøèíîñòðîåíèè. Áîëüøîå çíà÷åíèå äëÿ ïðàêòèêè èìååò ðàçðå-
øèìîñòü èñïîëüçóåìîé ñèñòåìû îïðåäåëÿþùèõ ñîîòíîøåíèé ïîëçó÷åñòè. Âîçìîæíîñòü ïîëó-
÷åíèÿ òî÷íîãî àíàëèòè÷åñêîãî ðåøåíèÿ ïîçâîëÿåò çíà÷èòåëüíî óïðîñòèòü êàê èäåíòèôèêà-
öèþ õàðàêòåðèñòèê ïîëçó÷åñòè, òàê è ïðîöåññ èññëåäîâàíèÿ ìîäåëè. Ñ èñïîëüçîâàíèåì òåî-
ðåìû ×åáûøåâà îá èíòåãðèðîâàíèè áèíîìèàëüíîãî äèôôåðåíöèàëà ïîëó÷åíû íåîáõîäèìûå
è äîñòàòî÷íûå óñëîâèÿ èíòåãðèðóåìîñòè íà÷àëüíîé çàäà÷è, íàêëàäûâàåìûå íà ïàðàìåòðû
ìîäåëè. Äàíû ðåêîìåíäàöèè ïî ÷èñëåííîìó ðåøåíèþ ðàññìàòðèâàåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ïîëçó÷åñòü, ðàçðóøåíèå, äëèòåëüíàÿ ïðî÷íîñòü, ïàðàìåòð ïîâðåæäåííî-
ñòè, áèíîìèàëüíûé äèôôåðåíöèàë, çàäà÷à Êîøè, ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé.

1. Ââåäåíèå

Íà÷èíàÿ ñî âòîðîé ïîëîâèíû XX â. çíà÷èòåëüíî âîçðîñ èíòåðåñ ê çàäà÷àì îïðå-
äåëåíèÿ äåôîðìàöèîííî-ïðî÷íîñòíûõ õàðàêòåðèñòèê ýëåìåíòîâ êîíñòðóêöèé, ðàáîòà-
þùèõ â óñëîâèÿõ ñëîæíîãî íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïðè ðàçëè÷íûõ
òåìïåðàòóðíî-ñèëîâûõ âîçäåéñòâèÿõ. Ýòî ñâÿçàíî ñ ïîÿâëåíèåì íîâûõ çàäà÷ â àýðîêîñìè-
÷åñêîé îòðàñëè (íàïðèìåð ðàñ÷åò õàðàêòåðèñòèê ëîïàòîê è äèñêîâ òóðáèí àâèàöèîííûõ
äâèãàòåëåé), ìàøèíîñòðîåíèè, ïðîåêòèðîâàíèè çäàíèé è ÿäåðíûõ ðåàêòîðîâ. Ïîýòîìó çíà-
÷èòåëüíîå ìåñòî çàíèìàëè è ïðîäîëæàþò çàíèìàòü èññëåäîâàíèÿ ïîâåäåíèÿ ìåòàëëîâ.

Â áîëüøèíñòâå ñëó÷àåâ äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ìåòàëëîâ è äðóãèõ ìàòåðèàëîâ
(òàêèõ êàê áåòîí) â õîëîäíîì ñîñòîÿíèè äîñòàòî÷íî ó÷èòûâàòü òîëüêî óïðóãóþ è ïëàñòè-
÷åñêóþ äåôîðìàöèè. Îäíàêë ïðè ðàñ÷åòå êîíñòðóêöèé, ðàáîòàþùèõ ïðè âûñîêèõ òåìïå-
ðàòóðàõ, íåîáõîäèì òàêæå ó÷åò ïîëçó÷åñòè ìàòåðèàëà.

Òåðìèíîì ¾ïîëçó÷åñòü¿, ñîãëàñíî èçâåñòíîé ìîíîãðàôèè Þ. Í Ðàáîòíîâà [1, ñ. 9], ¾áó-
äåì íàçûâàòü âñþ ñîâîêóïíîñòü ÿâëåíèé, êîòîðûå ìîæíî îáúÿñíèòü, äîïóñòèâ, ÷òî çàâè-
ñèìîñòü ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè ñîäåðæèò âðåìÿ, ÿâíî èëè ÷åðåç ïîñðåä-
ñòâî íåêîòîðûõ îïåðàòîðîâ¿. Áîëåå óçêîå îïðåäåëåíèå äàåò Í. Í. Ìàëèíèí: ¾íàïðÿæåíèÿ
è äåôîðìàöèè, âîçíèêøèå ïðè íàãðóæåíèè äåòàëåé, èçìåíÿþòñÿ âî âðåìåíè, äàæå åñëè
íàãðóçêè îñòàþòñÿ ïîñòîÿííûìè. Ýòî ÿâëåíèå íàçûâàþò ïîëçó÷åñòüþ ìàòåðèàëà. Îäíó

1Êóçíåöîâ Åâãåíèé Áîðèñîâè÷, ïðîôåññîð êàôåäðû ¾Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì¿,
ÔÃÁÎÓ ÂÎ ¾Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò)¿
(125993, Ðîññèÿ, ã. Ìîñêâà, Âîëîêîëàìñêîå ø., ä. 4), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID:
https://orcid.org/0000-0002-9452-6577, kuznetsov@mai.ru

2Ëåîíîâ Ñåðãåé Ñåðãååâè÷, äîöåíò êàôåäðû ¾Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì¿, ÔÃÁÎÓ ÂÎ
¾Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò)¿ (125993, Ðîññèÿ, ã.
Ìîñêâà, Âîëîêîëàìñêîå ø., ä. 4), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: https://orcid.org/0000-
0001-6077-0435, powerandglory@yandex.ru
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ñòîðîíó ýòîãî ÿâëåíèÿ � èçìåíåíèå âî âðåìåíè äåôîðìàöèé � íàçûâàþò ñîáñòâåííî ïîëçó-
÷åñòüþ èëè ïîñëåäåéñòâèåì, à äðóãóþ � èçìåíåíèå âî âðåìåíè íàïðÿæåíèé � ðåëàêñàöèåé¿
[2, ñ. 241].

Íà ðèñ. 1 ïðèâåäåíû êðèâûå, èçîáðàæàþùèå çàâèñèìîñòè äåôîðìàöèè îò âðåìåíè ïðè
ðàçëè÷íûõ íàïðÿæåíèÿõ. Íà êðèâîé ε(t) , ñîîòâåòñòâóþùåé íàïðÿæåíèþ σ2 , ìîæíî âû-
äåëèòü òðè ÷åòêî âûðàæåííûõ ó÷àñòêà (ñòàäèè ïîëçó÷åñòè) [3, ñ. 20]:

I � íåóñòàíîâèâøàÿñÿ ïîëçó÷åñòü, ò. å. ó÷àñòîê, íà êîòîðîì ñêîðîñòü ïîëçó÷åñòè ìîíî-
òîííî óìåíüøàåòñÿ äî ñâîåãî íàèìåíüøåãî çíà÷åíèÿ,

II � óñòàíîâèâøàÿñÿ ïîëçó÷åñòü, ò. å. ó÷àñòîê, íà êîòîðîì ñêîðîñòü ïîëçó÷åñòè ñîõðàíÿåò
ïîñòîÿííîå íàèìåíüøåå çíà÷åíèå,

III � ó÷àñòîê óñêîðÿþùåéñÿ ïîëçó÷åñòè, ïðåäøåñòâóþùèé ðàçðóøåíèþ.

Ðèñ. 1: Çàâèñèìîñòè äåôîðìàöèè ε îò âðåìåíè t

Â ïðåäïîëîæåíèè, ÷òî âðåìÿ íàãðóæåíèÿ äî çàäàííîãî çíà÷åíèÿ íàïðÿæåíèÿ ìàëî ïî
ñðàâíåíèþ ñ äëèòåëüíîñòüþ èñïûòàíèÿ, êðèâûå ε(t) íà÷èíàþòñÿ ñî çíà÷åíèÿ äåôîðìàöèè
ε0 , ñîîòâåòñòâóþùåãî ìãíîâåííîìó íàãðóæåíèþ. Ìãíîâåííàÿ äåôîðìàöèÿ ñêëàäûâàåòñÿ
èç óïðóãîé εe è ïëàñòè÷åñêîé εp ñîñòàâëÿþùèõ. Ðàçíîñòü ìåæäó ïîëíîé è ìãíîâåííîé
äåôîðìàöèåé åñòü äåôîðìàöèÿ ïîëçó÷åñòè εc (â äàëüíåéøåì âåðõíèé èíäåêñ c ïðè îáî-
çíà÷åíèè äåôîðìàöèè ïîëçó÷åñòè áóäåò îïóñêàòüñÿ) [3, ñ. 19�20].

Â çàâèñèìîñòè îò âåëè÷èíû íàïðÿæåíèÿ, íà êðèâîé ε(t) ìîãóò îòñóòñòâîâàòü íåêîòî-
ðûå ñòàäèè ïîëçó÷åñòè êàê ýòî ïîêàçàíî íà ðèñ. 1.

Äîâîëüíî ñëîæíîé çàäà÷åé ïðè ðàñ÷åòå ýëåìåíòîâ êîíñòðóêöèé íà ïîëçó÷åñòü è äëè-
òåëüíóþ ïðî÷íîñòü ÿâëÿåòñÿ âûáîð îïðåäåëÿþùèõ ñîîòíîøåíèé ïîëçó÷åñòè èëè êðèòåðèÿ
äëèòåëüíîé ïðî÷íîñòè. Â îáçîðàõ À.Ì. Ëîêîùåíêî [4]�[6] ïðèâåäåíî ìíîæåñòâî îïðåäåëÿ-
þùèõ ñîîòíîøåíèé è êðèòåðèåâ äëèòåëüíîé ïðî÷íîñòè äëÿ îäíîìåðíûõ, ïëîñêèõ è ïðî-
ñòðàíñòâåííûõ çàäà÷ ïîëçó÷åñòè. Ïðè îïèñàíèè ïðèêëàäíûõ çàäà÷ áîëüøîå çíà÷åíèå èìå-
åò èíòåãðèðóåìîñòü îïðåäåëÿþùèõ ñîîòíîøåíèé. Íàëè÷èå àíàëèòè÷åñêîãî ðåøåíèÿ çíà÷è-
òåëüíî îáëåã÷àåò èññëåäîâàíèå ðàññìàòðèâàåìîé çàäà÷è, à òàêæå èäåíòèôèêàöèþ õàðàê-
òåðèñòèê ïîëçó÷åñòè (ìàòåðèàëüíûõ êîíñòàíò, âõîäÿùèõ â îïðåäåëÿþùèå ñîîòíîøåíèÿ).
Íî â áîëüøèíñòâå ñëó÷àåâ îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîëçó÷åñòè ÿâëÿþòñÿ íåëèíåéíûìè
îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè è ïðîèíòåãðèðîâàòü èõ óäàåòñÿ ëèøü
â ÷àñòíûõ ñëó÷àÿõ.
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Â äàííîé ñòàòüå äëÿ îäíîãî êëàññà îïðåäåëÿþùèõ ñîîòíîøåíèé ïîëçó÷åñòè, îïèñûâà-
þùèõ îäíîìåðíûé ïðîöåññ ïîëçó÷åñòè ìåòàëëè÷åñêèõ êîíñòðóêöèé ïðè ÷èñòîì ðàñòÿæå-
íèè ñ ïîñòîÿííîé íàãðóçêîé, äàíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ èíòåãðèðóåìîñòè,
â çàâèñèìîñòè îò çíà÷åíèé ìàòåðèàëüíûõ êîíñòàíò. Ïðåæäå ÷åì ïåðåõîäèòü ê ïîñòàíîâêå
çàäà÷è è ôîðìóëèðîâêå ðåçóëüòàòîâ, ïîäðîáíåå îñòàíîâèìñÿ íà èñïîëüçóåìûõ îïðåäåëÿ-
þùèõ ñîîòíîøåíèÿõ ïîëçó÷åñòè.

2. Îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîëçó÷åñòè

Âïåðâûå ïîëçó÷åñòü íàáëþäàëàñü åùå â íà÷àëå XIX âåêà â ýêñïåðèìåíòàõ
Ê.Ë.Ì.À. Íàâüå (1826), Ã. Ã. Êîðèîëèñà (1830) è Ë.Æ. Âèêà (1834). Íî ñèñòåìàòè÷å-
ñêèå èññëåäîâàíèÿ ïîëçó÷åñòè ìåòàëëîâ íà÷àëèñü òîëüêî â 40-õ ãîäàõ ïðîøëîãî âåêà. Â
êîíöå 50-õ ãîäîâ XX âåêà Ë.Ì. Êà÷àíîâ [7] è Þ.Í. Ðàáîòíîâ [8] ïðèøëè ê âûâîäó, ÷òî
èñïîëüçóþùèõñÿ â òî âðåìÿ òåðìèíîâ ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà (òåíçîðû
íàïðÿæåíèé è äåôîðìàöèé, âåêòîð ïåðåìåùåíèé) íåäîñòàòî÷íî äëÿ îïèñàíèÿ ïðîöåññà
äëèòåëüíîãî ðàçðóøåíèÿ ìàòåðèàëîâ è ýëåìåíòîâ êîíñòðóêöèé â óñëîâèÿõ ïîëçó÷åñòè.
Èìè áûë ïðåäëîæåí íîâûé ïîäõîä ê èññëåäîâàíèþ äëèòåëüíîé ïðî÷íîñòè, íàçâàííûé
êèíåòè÷åñêèì. Ýòîò ïîäõîä îñíîâàí íà èñïîëüçîâàíèè ââåäåííîãî ïàðàìåòðà ïîâðåæäåí-
íîñòè ω . Èñõîäíîìó ñîñòîÿíèþ ìàòåðèàëà (ïðè t = 0 ) ñîîòâåòñòâóåò çíà÷åíèå ω = 0 ,
ïðè ðàçðóøåíèè ïàðàìåòð ω ñòàíîâèòñÿ ðàâíûì åäèíèöå. Ýòîò ïîäõîä â äàëüíåéøåì áûë
ðàçâèò â ìîíîãðàôèè Þ.Í. Ðàáîòíîâà [1] è ïîëó÷èë íàçâàíèå êèíåòè÷åñêîé òåîðèè ïîë-
çó÷åñòè.

Ïðè èñïîëüçîâàíèè óðàâíåíèé êèíåòè÷åñêîé òåîðèè ê ðàñ÷åòó ïîëçó÷åñòè è äëèòåëüíîé
ïðî÷íîñòè êîíñòðóêöèè çàäà÷è îïðåäåëåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ è
äëèòåëüíîé ïðî÷íîñòè ñîâìåùàþòñÿ. Îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ ïîäõîäîâ ê ìî-
äåëèðîâàíèþ ïðîöåññîâ ïîëçó÷åñòè è ðàçðóøåíèÿ ìåòàëëè÷åñêèõ êîíñòðóêöèé ÿâëÿåòñÿ
èñïîëüçîâàíèå óðàâíåíèé òåîðèè ñòðóêòóðíûõ ïàðàìåòðîâ Þ.Í. Ðàáîòíîâà [1, ñ. 363-364],
êîòîðûå â îäíîìåðíîì ñëó÷àå ñ îäíèì ñêàëÿðíûì ïàðàìåòðîì ïîâðåæäåííîñòè ìîæíî
çàïèñàòü â âèäå ñèñòåìû, ñîñòîÿùåé èç îïðåäåëÿþùåãî óðàâíåíèÿ, ñâÿçûâàþùåãî äåôîð-
ìàöèþ ïîëçó÷åñòè ε ñ äåéñòâóþùèì íàïðÿæåíèåì σ , âèäà

dε

dt
=
f1(σ, T )

Ψ(ω, T )
(2.1)

è ýâîëþöèîííîãî óðàâíåíèÿ, îïèñûâàþùåãî ðàçâèòèå ïîâðåæäåííîñòè â êîíñòðóêöèè, âè-
äà

dω

dt
=
f2(σ, T )

Ψ(ω, T )
. (2.2)

Çäåñü t � âðåìÿ, T � òåìïåðàòóðà, σ � â îáùåì ñëó÷àå ïåðåìåííîå äåéñòâóþùåå íàïðÿ-
æåíèå, ôóíêöèîíàëüíûå çàâèñèìîñòè, âõîäÿùèå â ïðàâûå ÷àñòè óðàâíåíèé (2.1) è (2.2),
îïðåäåëÿþòñÿ ïî ðåçóëüòàòàì ýêñïåðèìåíòà.

Â ñëó÷àå ïîñòîÿííîé òåìïåðàòóðû T = const , çàïèøåì óðàâíåíèÿ (2.1) è (2.2) â âèäå
ñèñòåìû 

dε

dt
=
f1(σ)

Ψ(ω)
,

dω

dt
=
f2(σ)

Ψ(ω)
.

(2.3)

Â êà÷åñòâå íà÷àëüíûõ óñëîâèé äëÿ ñèñòåìû ÎÄÓ (2.3) áåðóòñÿ îäíîðîäíûå

ε(0) = 0, ω(0) = 0. (2.4)
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Èñêîìûìè ôóíêöèÿìè â çàäà÷å (2.3)-(2.4) ÿâëÿþòñÿ ε(t) è ω(t) , σ(t, ε) � èçâåñòíàÿ
íåïðåðûâíàÿ ôóíêöèÿ âðåìåíè è äåôîðìàöèè ïîëçó÷åñòè, â ÷àñòíîñòè ïîñòîÿííàÿ âåëè÷è-
íà. Ðåøåíèå çàäà÷è èùåòñÿ â îáëàñòè V = {(ε, ω, t) | 0 ≤ ε ≤ ε∗, 0 ≤ ω ≤ 1, 0 ≤ t ≤ t∗} , ãäå
ε∗ � çíà÷åíèå äåôîðìàöèè ïîëçó÷åñòè â ìîìåíò ðàçðóøåíèÿ, t∗ � äëèòåëüíàÿ ïðî÷íîñòü
êîíñòðóêöèè.

Îòìåòèì íåêîòîðûå îñîáåííîñòè ñèñòåìû (2.3). Ðàññìàòðèâàþòñÿ ïðîöåññû äåôîðìè-
ðîâàíèÿ, äëÿ êîòîðûõ ε̇ ≥ 0 è ω̇ ≥ 0 , ò. å. ïðîöåññû äåôîðìèðîâàíèÿ è íàêîïëåíèÿ
ïîâðåæäåíèé â ìàòåðèàëå ïðåäïîëàãàþòñÿ ìîíîòîííûìè. Ôóíêöèè f1(σ) è f2(σ) áóäåì
ñ÷èòàòü íåïðåðûâíûìè, ìîíîòîííûìè è ïîëîæèòåëüíûìè. Äîïîëíèòåëüíî áóäåì ïîëà-
ãàòü, ÷òî f1(σ) = φ(t) · ψ1(ε) è f2(σ) = φ(t) · ψ2(ε) , ãäå φ(t), ψ1(ε) è ψ2(ε) ÿâëÿþòñÿ
ïîëîæèòåëüíûìè è íåïðåðûâíûìè ôóíêöèÿìè ñâîèõ àðãóìåíòîâ. Â êà÷åñòâå Ψ(ω) áóäåì
ðàññìàòðèâàòü íåîòðèöàòåëüíûå ôóíêöèè, ïðè÷åì äëÿ íåóïðî÷íÿþùèõñÿ ìàòåðèàëîâ, ò. å.
òàêèõ ìàòåðèàëîâ, äëÿ êîòîðûõ ñòàäèÿ íåóñòàíîâèâøåéñÿ ïîëçó÷åñòè îòñóòñòâóåò, áóäåì
ïðèìåíÿòü ìîíîòîííî óáûâàþùèå ôóíêöèè, òàêèå ÷òî Ψ(1) = 0 , à äëÿ óïðî÷íÿþùèõñÿ
ìàòåðèàëîâ íåìîíîòîííûå óíèìîäàëüíûå ôóíêöèè, äëÿ êîòîðûõ Ψ(0) = 0 è Ψ(1) = 0 .

Ïî àíàëîãèè ñî ñòàòüåé [9] äîêàæåì, ÷òî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ñóùåñòâó-
åò åäèíñòâåííîå ðåøåíèå çàäà÷è (2.3)-(2.4). Ïîäåëèì ïåðâîå óðàâíåíèå ñèñòåìû (2.3) íà
âòîðîå è ðàçäåëèì ïåðåìåííûå

ψ2(ε)

ψ1(ε)
dε = dω.

Èíòåãðèðóÿ ýòî ñîîòíîøåíèå, ïîëó÷èì âûðàæåíèå äëÿ ïàðàìåòðà ïîâðåæäåííîñòè

ω =

ε∫
0

ψ2(ε)

ψ1(ε)
dε = H(ε). (2.5)

Ïîäñòàâèâ âûðàæåíèå (2.5) â ïåðâîå óðàâíåíèå ñèñòåìû (2.3) è ðàçäåëèâ ïåðåìåííûå,
ïîëó÷èì ñîîòíîøåíèå

Ψ [H(ε)]

ψ1(ε)
dε = φ(t) dt.

Ïîñëå åãî èíòåãðèðîâàíèÿ, ïîëó÷èì íåÿâíîå âûðàæåíèå äëÿ äåôîðìàöèè ïîëçó÷åñòè

ε∫
0

Ψ [H(ε)]

ψ1(ε)
dε =

t∫
0

φ(t) dt èëè G(ε) = Φ(t).

Îñòàëîñü ïîêàçàòü, ÷òî ñóùåñòâóåò îáðàòíàÿ ôóíêöèÿ G−1(τ) . Îòìåòèì ñíà÷àëà,
÷òî ïðîèçâîäíàÿ H ′(ε) = ψ2(ε)/ψ2(ε) > 0 , ò. å. ìåæäó çíà÷åíèÿìè äåôîðìàöèè
ïîëçó÷åñòè ε è ïàðàìåòðà ïîâðåæäåííîñòè ω ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñî-
îòâåòñòâèå. Ïî òåîðåìå î íåÿâíîé ôóíêöèè [10, ñ. 312] ñóùåñòâóåò îáðàòíàÿ ôóíê-
öèÿ H−1(ω) = ε . Ïî àíàëîãèè ìîæíî ïîëó÷èòü è âûðàæåíèå äëÿ âðåìåíè t =
Φ−1 [G(ε)] . Òàê êàê ïðîèçâîäíàÿ G′(ε) = Ψ [H(ε)] /ψ1(ε) ïîëîæèòåëüíà â îòêðûòîé îá-
ëàñòè V0 = {(ε, ω, t) | 0 < ε < ε∗, 0 < ω < 1, 0 < t < t∗} , òî â íåé ñóùåñòâóåò îáðàòíàÿ
ôóíêöèÿ G−1(τ) . Ó÷èòûâàÿ, ÷òî íà÷àëüíûé ìîìåíò âðåìåíè îäíîçíà÷íî îïðåäåëÿåòñÿ
íà÷àëüíûìè óñëîâèÿìè, à ìîìåíò ðàçðóøåíèÿ çíà÷åíèÿìè ω = 1 , ε = ε∗ = H−1(1) è
t = t∗ = Φ−1 [G(ε∗)] , ìîæíî ïðîäîëæèòü îáðàòíóþ ôóíêöèþ G−1(τ) íà âñþ îáëàñòü V .
Òàêèì îáðàçîì, âûðàæåíèå äëÿ äåôîðìàöèè ïîëçó÷åñòè ïðèìåò âèä

ε = G−1 [Φ(t)] , (2.6)
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à äëèòåëüíàÿ ïðî÷íîñòü êîíñòðóêöèè âû÷èñëÿåòñÿ ïî ôîðìóëå

t∗ = Φ−1
{
G
[
H−1(1)

]}
. (2.7)

Ðåøåíèå çàäà÷è Êîøè (2.3)-(2.4) äàåòñÿ ñîîòíîøåíèÿìè (2.5)-(2.7). Íî äëÿ ïîëó÷åíèÿ
àíàëèòè÷åñêîãî ðåøåíèÿ íóæíî âû÷èñëèòü èíòåãðàëû, âõîäÿùèå â íèõ. Ýòî óäàåòñÿ ñäå-
ëàòü íå âñåãäà, â îñîáåííîñòè ïðè ãðîìîçäêîé ïðàâîé ÷àñòè ñèñòåìû (2.3). Ïðîèëëþñòðè-
ðóåì ïðîöåññ ðåøåíèÿ íà çàäà÷å äåôîðìèðîâàíèÿ òðóá÷àòûõ îáðàçöîâ èç íåðæàâåþùåé
ñòàëè Õ18Í10Ò ïîä äåéñòâèåì ïîñòîÿííîé îäíîîñíîé ðàñòÿãèâàþùåé íàãðóçêè ïðè ïîñòî-
ÿííîé òåìïåðàòóðå â óñëîâèÿõ ïîëçó÷åñòè âïëîòü äî ðàçðóøåíèÿ. Óñòàíîâèì óñëîâèÿ åå
èíòåãðèðóåìîñòè.

3. Ïîñòàíîâêà çàäà÷è ðàñòÿæåíèÿ îáðàçöîâ èç ñòàëè Õ18Í10Ò

Äëÿ îïèñàíèÿ ðàñòÿæåíèÿ îáðàçöîâ èç íåðæàâåþùåé ñòàëè Õ18Í10Ò áóäåì èñïîëü-
çîâàòü óðàâíåíèÿ òåîðèè ñòðóêòóðíûõ ïàðàìåòðîâ Þ.Í. Ðàáîòíîâà âèäà (2.3), êîòîðûå,
â ñëó÷àå îòñóòñòâèÿ óïðî÷íåíèÿ, çàïèøåì â ôîðìå [11]

dε

dt
=

A · σn

(1− ωr)n
,

dω

dt
=

B · σn

(1− ωr)n

(3.1)

ñ íà÷àëüíûìè óñëîâèÿìè (2.4). Çäåñü A, B, n, r � õàðàêòåðèñòèêè ïîëçó÷åñòè è ðàçðóøå-
íèÿ êîíñòðóêöèè. Èç ôèçè÷åñêîãî ñìûñëà çàäà÷è íà õàðàêòåðèñòèêè ïîëçó÷åñòè íàêëà-
äûâàþòñÿ îãðàíè÷åíèÿ

A > 0, B > 0, n > 0, r > 0. (3.2)

Îãðàíè÷èìñÿ òàêæå ðàññìîòðåíèåì òîëüêî òàêèõ ôèçè÷åñêèõ ïðîöåññîâ, äëÿ êîòîðûõ
ñïðàâåäëèâî íåðàâåíñòâî A < B .

Ïðè äåôîðìèðîâàíèè êîíñòðóêöèè â óñëîâèÿõ ïîëçó÷åñòè ïîä äåéñòâèåì ïîñòîÿííûõ
íàãðóçîê, ââåäåì ãèïîòåçó î ðàâíîìåðíîì ðàñïðåäåëåíèè äåôîðìàöèè ïî äëèíå îáðàçöà
[11]. Òîãäà, â ñëó÷àå ìàëûõ äåôîðìàöèé, âûðàæåíèå äëÿ íàïðÿæåíèÿ ïðèìåò âèä

σ(t) = σ0 · (1 + ε(t)), (3.3)

ãäå σ0 � íà÷àëüíîå íàïðÿæåíèå.
Ó÷èòûâàÿ ñîîòíîøåíèå (3.3), ïåðåéäåì îò ñèñòåìû (3.1) ê

dε

dt
=
A · σn

0 · (1 + ε)n

(1− ωr)n
,

dω

dt
=
B · σn

0 · (1 + ε)n

(1− ωr)n
.

(3.4)

Ïðè φ(t) = σn
0 = const , ψ1(ε) = A·(1+ε)n , ψ2(ε) = B ·(1+ε)n è Ψ(ω) = (1− ωr)n çàäà-

÷à (3.4), (2.4) ñîâïàäàåò ïî âèäó ñ çàäà÷åé (2.3)-(2.4), à ôóíêöèè ïðàâûõ ÷àñòåé óðàâíåíèé
ñèñòåìû (2.3) óäîâëåòâîðÿþò îïèñàííûì âûøå òðåáîâàíèÿì. Ýòî îçíà÷àåò, ÷òî ñóùåñòâó-
åò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.4), (2.4) â ðàññìàòðèâàåìîé îáëàñòè, ïðåäñòàâèìîå â
èíòåãðàëüíîì âèäå (2.5)-(2.7). Ïîëó÷èì óñëîâèÿ àíàëèòè÷åñêîãî âû÷èñëåíèÿ èíòåãðàëîâ
â ñîîòíîøåíèÿõ (2.5)-(2.7).
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4. Àíàëèòè÷åñêîå ðåøåíèå

Ïîäåëèâ ïåðâîå óðàâíåíèå ñèñòåìû (3.1) èëè (3.4) íà âòîðîå ìîæíî ïîëó÷èòü ñâÿ-
çûâàþùåå äåôîðìàöèþ ε è ïàðàìåòð ω ñîîòíîøåíèå

ε(t) =
A

B
· ω(t). (4.1)

Íî äàæå èñïîëüçóÿ ñîîòíîøåíèå (4.1), àíàëèòè÷åñêîå ðåøåíèå çàäà÷è (3.1), (2.4) èëè
(3.4), (2.4) óäàåòñÿ ïîëó÷èòü äàëåêî íå ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðîâ n è r . Óæå ïðè
ïîñòîÿííîì íàïðÿæåíèè äëÿ çàäà÷è (3.1), (2.4) ñïðàâåäëèâà

Ò å î ð å ì à 4.1 Çàäà÷à (3.1), (2.4) ïðè ïîñòîÿííîì íàïðÿæåíèè σ = σ0 = const
èíòåãðèðóåòñÿ àíàëèòè÷åñêè òîãäà è òîëüêî òîãäà, êîãäà ïàðàìåòðû ìîäåëè n è r
óäîâëåòâîðÿþò îäíîìó èç ñëåäóþùèõ óñëîâèé

1. n - íàòóðàëüíîå ÷èñëî;

2. 1/r - íàòóðàëüíîå ÷èñëî;

3. 1/r + n � íàòóðàëüíîå ÷èñëî.

Ä î ê à ç à ò å ë ü ñ ò â î. Â èçâåñòíîé ðàáîòå Ï.Ë. ×åáûøåâà ïî èíòåãðèðîâàíèþ èððà-
öèîíàëüíûõ äèôôåðåíöèàëîâ [12] äàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ âûðàæåíèÿ
èíòåãðàëà îò áèíîìèàëüíîãî äèôôåðåíöèàëà∫

xm
(
a+ bxk

)p
dx (4.2)

êîíå÷íîé êîìáèíàöèåé ýëåìåíòàðíûõ ôóíêöèé. Îíè ñîñòîÿò â ñëåäóþùåì

1. p - öåëîå ÷èñëî;

2.
m+ 1

k
� öåëîå ÷èñëî;

3.
m+ 1

k
+ p � öåëîå ÷èñëî.

Ó÷èòûâàÿ âûðàæåíèå (4.1), ðåøåíèå çàäà÷è (3.1), (2.4) ïðè ïîñòîÿííîì íàïðÿæåíèè
σ = σ0 = const ñâîäèòñÿ ê èíòåãðèðîâàíèþ çàäà÷è Êîøè

dω

dt
=

B · σn
0

(1− ωr)n
, ω(0) = 0,

ðåøåíèå êîòîðîé, â ñâîþ î÷åðåäü, ñâîäèòñÿ ê âû÷èñëåíèþ èíòåãðàëà

ω∫
0

(1− ωr)n dω. (4.3)

Äëÿ èíòåãðàëà (4.3) m = 0, p = n, k = r, a = 1, b = −1 . Èç óñëîâèé ×åáûøåâà è
ïîëîæèòåëüíîñòè ïàðàìåòðîâ çàäà÷è, ïîëó÷èì óòâåðæäåíèå òåîðåìû.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Äëÿ çàäà÷è (3.4), (2.4) ïðèõîäèòñÿ íàêëàäûâàòü áîëåå ñòðîãèå îãðàíè÷åíèÿ íà çíà÷åíèÿ
ïàðàìåòðîâ n è r . Äîêàæåì ñëåäóþùåå óòâåðæäåíèå.
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Ò å î ð å ì à 4.2 Çàäà÷à (3.4), (2.4) èíòåãðèðóåòñÿ àíàëèòè÷åñêè òîãäà è òîëüêî
òîãäà, êîãäà ïàðàìåòðû ìîäåëè n è r óäîâëåòâîðÿþò îäíîìó èç ñëåäóþùèõ óñëîâèé:

1. n - íàòóðàëüíîå ÷èñëî;

2. r - íàòóðàëüíîå ÷èñëî;

3. 1/r � íàòóðàëüíîå ÷èñëî.

Ïðè ýòèõ óñëîâèÿõ ñóùåñòâóåò àíàëèòè÷åñêîå ðåøåíèå çàäà÷è (3.4), (2.4) äàâàåìîå âû-
ðàæåíèåì (4.1)

ε(t) = (A/B) · ω(t)

è ðàâíîìåðíî ñõîäÿùèìèñÿ ôóíêöèîíàëüíûìè ðÿäàìè

� äëÿ íàòóðàëüíûõ r

t =
1

B · σn
0

·
ω∫

0

(1− ωr)n

[1 + (A/B) · ω]n
dω =

+∞∑
k=0

(−1)k · αk

B · σn
0

·
ω∫

0

ωk·r

[1 + (A/B) · ω]n
dω, (4.4)

� äëÿ äðîáíûõ r

t =
1

B · σn
0

·
ω∫

0

(1− ωr)n

[1 + (A/B) · ω]n
dω =

+∞∑
k=0

(−1)k · βk
B · σn

0

·(A/B)k ·
ω∫

0

ωk ·(1− ωr)n dω. (4.5)

Çäåñü αk =
n(n− 1) . . . (n− k + 1)

k!
è βk =

n(n+ 1) . . . (n+ k − 1)

k!
.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðîèíòåãðèðóåì âòîðîå óðàâíåíèå ñèñòåìû (3.4)

ω∫
0

(1− ωr)n

(1 + ε)n
dω = B · σn

0 · t. (4.6)

Ðàññìîòðèì ñëó÷àé íàòóðàëüíîãî r .
Èñïîëüçóÿ ñîîòíîøåíèå (4.1), çàìåíèì â èíòåãðàëå, âõîäÿùåì â (4.6), ε íà (A/B) · ω

ω∫
0

(1− ωr)n

[1 + (A/B) · ω]n
dω = B · σn

0 · t. (4.7)

Ðàçëîæèì ÷èñëèòåëü ïîäûíòåãðàëüíîãî âûðàæåíèÿ (4.7) â ðÿä Ìàêëîðåíà [13, ñ. 138�
141]

(1− ωr)n = 1− n · ωr +
n(n− 1)

2!
· ω2r + · · ·+ (−1)k · αk · ωk·r + · · · , (4.8)

ãäå αk =
n(n− 1) . . . (n− k + 1)

k!
.

Òîãäà ïîäûíòåãðàëüíîå âûðàæåíèå, âõîäÿùåå â (4.7), ïðèìåò âèä

(1− ωr)n

[1 + (A/B) · ω]n
=

+∞∑
k=0

(−1)k · αk ·
ωk·r

[1 + (A/B) · ω]n
. (4.9)
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Ó÷èòûâàÿ, ÷òî (A/B) · ω > 0 , äëÿ ω ∈ [0; 1] ïðè k = 0, 1, 2, . . . ñïðàâåäëèâû îöåíêè∣∣∣∣αk ·
ωk·r

[1 + (A/B) · ω]n

∣∣∣∣ 6 |αk| .

Êîíñòàíòû, îãðàíè÷èâàþùèå ñâåðõó ÷ëåíû ôóíêöèîíàëüíîãî ðÿäà â (4.9), ÿâëÿþòñÿ
÷ëåíàìè áèíîìèàëüíîãî ðÿäà

(1 + x)n = 1 + n · x+ n(n− 1)

2!
· x2 + · · ·+ αk · xk + · · ·

ïðè x = 1 . Äëÿ çàäà÷è (3.4), (2.4) ðàññìàòðèâàþòñÿ òîëüêî n > 0 , à çíà÷èò, ÷èñëîâîé ðÿä

+∞∑
k=0

αk =
+∞∑
k=0

n(n− 1) . . . (n− k + 1)

k!

ñõîäèòñÿ àáñîëþòíî [14, ñ. 405�406]. Òîãäà è ðÿä, ñîñòàâëåííûé èç ìîäóëåé

+∞∑
k=0

|αk| ,

áóäåò ñõîäèòüñÿ. Òàêèì îáðàçîì, ïî ïðèçíàêó Âåéåðøòðàññà [13, ñ. 101�102] ôóíêöèîíàëü-
íûé ðÿä â (4.9) áóäåò ñõîäèòüñÿ ðàâíîìåðíî íà îòðåçêå ω ∈ [0; 1] .

Ïî÷ëåííî èíòåãðèðóÿ ïðàâóþ è ëåâóþ ÷àñòü ðàâåíñòâà (4.9), çàïèøåì èíòåãðàë, âõî-
äÿùèé â ñîîòíîøåíèå (4.7), â âèäå

ω∫
0

(1− ωr)n

[1 + (A/B) · ω]n
dω =

+∞∑
k=0

(−1)k · αk ·
ω∫

0

ωk·r

[1 + (A/B) · ω]n
dω. (4.10)

Äëÿ òîãî, ÷òîáû èíòåãðàë, ñòîÿùèé ñëåâà â âûðàæåíèè (4.10), âû÷èñëÿëñÿ àíàëèòè÷å-
ñêè íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âñå èíòåãðàëû, ñòîÿùèå ñïðàâà, âû÷èñëÿëèñü àíàëè-
òè÷åñêè. Ïðèìåíèì ê íèì óñëîâèÿ ×åáûøåâà. Òîãäà âîçìîæíû òðè ñëó÷àÿ

1. n - íàòóðàëüíîå ÷èñëî;

2. k · r + 1 � íàòóðàëüíîå ÷èñëî;

3. k · r + 1− n � íàòóðàëüíîå ÷èñëî.

Ïðè ýòîì, ïîñëåäíèå äâà ñëó÷àÿ äîëæíû âûïîëíÿòüñÿ äëÿ ëþáûõ k = 0, 1, 2, . . . . Îòñþäà
ñëåäóåò, ÷òî àíàëèòè÷åñêîå âû÷èñëåíèå èíòåãðàëà ïðè íàòóðàëüíûõ çíà÷åíèÿõ r âîçìîæ-
íî ïðè ëþáûõ çíà÷åíèÿõ n . Ïðè ýòèõ óñëîâèÿõ ñóùåñòâóåò ðåøåíèå â âèäå ðàâíîìåðíî
ñõîäÿùåãîñÿ íà îòðåçêå ω ∈ [0; 1] ðÿäà âèäà (4.4).

Ðàññìîòðèì ñëó÷àé äðîáíîãî r .
Â ýòîì ñëó÷àå ôóíêöèÿ (1− ωr)n íå ìîæåò áûòü ðàçëîæåíà â ðÿä (4.8). Ïîñòóïèì

äðóãèì îáðàçîì. Ðàçëîæèì âûðàæåíèå
1

[1 + (A/B) · ω]n
â ðÿä Ìàêëîðåíà

1

[1 + (A/B) · ω]n
= 1− n · (A/B) · ω +

n(n+ 1)

2!
· (A/B)2 · ω2 + · · ·+

+ (−1)k · βk · (A/B)k · ωk + · · · ,
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ãäå βk =
n(n+ 1) . . . (n+ k − 1)

k!
.

Òîãäà ïîäûíòåãðàëüíîå âûðàæåíèå â (4.7) ïðèìåò âèä

(1− ωr)n

[1 + (A/B) · ω]n
=

+∞∑
k=0

(−1)k · βk · (A/B)k · ωk · (1− ωr)n . (4.11)

Ïîñêîëüêó ω ∈ [0; 1] , òî âûðàæåíèå ωk · (1− ωr)n < 1 äëÿ ëþáûõ k, n, r > 0 . Èç ýòîãî
ñëåäóåò ñëåäóþùàÿ îöåíêà ÷ëåíîâ ôóíêöèîíàëüíîãî ðÿäà (4.11)

βk · (A/B)k · ωk · (1− ωr)n < βk · (A/B)k.

×èñëîâîé ðÿä
+∞∑
k=0

βk · (A/B)k (4.12)

ïîëó÷àåòñÿ èç ñòåïåííîãî ðÿäà

1

[1− x]n
= 1 + n · x+ n(n+ 1)

2!
· x2 + · · ·+ βk · xk + · · · (4.13)

ïðè x = A/B . Ðÿä (4.13) ñõîäèòñÿ àáñîëþòíî ïðè x = A/B < 1 , à çíà÷èò è ðÿä (4.12)
ñõîäèòñÿ àáñîëþòíî. Òàêèì îáðàçîì, ôóíêöèîíàëüíûé ðÿä (4.11) ñõîäèòñÿ ðàâíîìåðíî íà
îòðåçêå ω ∈ [0; 1] äëÿ ëþáûõ çíà÷åíèé r è n .

Ïî÷ëåííî èíòåãðèðóÿ ïðàâóþ è ëåâóþ ÷àñòü ðàâåíñòâà (4.11), ïîëó÷èì

ω∫
0

(1− ωr)n

[1 + (A/B) · ω]n
dω =

+∞∑
k=0

(−1)k · βk · (A/B)k ·
ω∫

0

ωk · (1− ωr)n dω. (4.14)

Äëÿ òîãî, ÷òîáû ñòîÿùèé ñëåâà â (4.14) èíòåãðàë âû÷èñëÿëñÿ àíàëèòè÷åñêè, íåîáõîäè-
ìî è äîñòàòî÷íî, ÷òîáû âñå èíòåãðàëû, ñòîÿùèå ñïðàâà, âû÷èñëÿëèñü àíàëèòè÷åñêè. Ïî
óñëîâèÿì ×åáûøåâà ýòî âîçìîæíî òîëüêî â òðåõ ñëó÷àÿõ

1. n - íàòóðàëüíîå ÷èñëî;

2.
k + 1

r
� íàòóðàëüíîå ÷èñëî;

3.
k + 1

r
+ n � íàòóðàëüíîå ÷èñëî.

Ó÷èòûâàÿ, ÷òî ïîñëåäíèå äâà ñëó÷àÿ äîëæíû âûïîëíÿòüñÿ äëÿ âñåõ çíà÷åíèé k =
0, 1, 2, . . . , èíòåãðàë (4.7) âû÷èñëÿåòñÿ àíàëèòè÷åñêè òîëüêî ïðè íàòóðàëüíîì n èëè 1/r .
Ïðè ýòèõ óñëîâèÿõ ñóùåñòâóåò ðåøåíèå â âèäå ðàâíîìåðíî ñõîäÿùåãîñÿ íà îòðåçêå ω ∈
[0; 1] ðÿäà âèäà (4.5).

Äîïîëíÿÿ âûðàæåíèå (4.4) èëè (4.5) äëÿ t âûðàæåíèåì (4.1) äëÿ ε � ïîëó÷èì ðåøåíèå
çàäà÷è (3.4), (2.4).

Ïîëó÷èòü àíàëèòè÷åñêèå çàâèñèìîñòè äåôîðìàöèè ïîëçó÷åñòè ε è âðåìåíè t îò ïàðà-
ìåòðà ïîâðåæäåííîñòè ω êàê àðãóìåíòà óäàåòñÿ òîëüêî ïðè óêàçàííûõ çíà÷åíèÿõ ïàðà-
ìåòðîâ n è r . Ïðè íåîáõîäèìîñòè ìîæíî ïîëó÷èòü çàâèñèìîñòü ω è t îò ε . Ïðè ýòîì,
ñîãëàñíî âûðàæåíèþ (4.1), õàðàêòåð ñõîäèìîñòè ðÿäîâ (4.4) è (4.5) íå èçìåíÿåòñÿ, òàêæå
è óñëîâèÿ, íàêëàäûâàåìûå íà ïàðàìåòðû n è r , îñòàþòñÿ íåèçìåííûìè.
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Îñòàëîñü ïîêàçàòü, ÷òî ïîñòðîèòü çàâèñèìîñòü ω è ε îò t ìîæíî òîëüêî ïðè óêàçàí-
íûõ îãðàíè÷åíèÿõ íà ïàðàìåòðû çàäà÷è. Ïóñòü òàêàÿ çàâèñèìîñòü ïîñòðîåíà

ω = φ(t), ε = ψ(t).

Èç âûðàæåíèÿ (4.1) ïîëó÷èì

ε = (A/B) · ω = (A/B) · φ(t) = ψ(t).

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (3.4), (2.4) îïðåäåëÿåòñÿ òîëüêî îäíîé ôóíêöèåé φ(t) .
Ïîñêîëüêó çàâèñèìîñòü ω îò t ÿâëÿåòñÿ ìîíîòîííîé, òî ñóùåñòâóåò îáðàòíàÿ ôóíêöèÿ

t = φ−1(ω).

Òàê êàê ïîìèìî çàäàâàåìûõ ðÿäàìè (4.4) è (4.5) ðåøåíèé íåò, òî îáðàòíàÿ ôóíêöèÿ φ−1(ω)
äîëæíà ñîâïàäàòü ñ îäíèì èç íèõ. È äðóãèõ ðåøåíèé áûòü íå ìîæåò.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 4.1 Ïîä÷åðêíåì, ÷òî ðåçóëüòàòû òåîðåìû 4.2 äîêàçàíû â ïðåä-
ïîëîæåíèè A < B . Ìîæíî ëè èõ îáîáùèòü íà ñëó÷àé A > B ? Ëåãêî âèäåòü, ÷òî ïðè
íàòóðàëüíûõ çíà÷åíèÿõ r ðåçóëüòàòû òåîðåìû 4.2 ñïðàâåäëèâû äëÿ ëþáûõ çíà÷åíèé A
è B . Äëÿ ïðîèçâîëüíûõ çíà÷åíèé r > 0 ýòî íå òàê. Ïðè A = B ðàññìàòðèâàåìûå â
äîêàçàòåëüñòâå ðÿä (4.5) áóäåò ðàâíîìåðíî ñõîäèòüñÿ ëèøü íà îòêðûòîì ïîëóèíòåð-
âàëå ω ∈ [0; 1) , à ïðè ω = 1 ðàâíîìåðíàÿ ñõîäèìîñòü áóäåò òîëüêî äëÿ 0 < n 6 1 . Ïðè
A > B ðåçóëüòàòû áóäóò àíàëîãè÷íûìè ñëó÷àþ A = B , çà èñêëþ÷åíèåì äëèíû îòðåçêà
ðàâíîìåðíîé ñõîäèìîñòè � ω ∈ [0;B/A] . Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî äëÿ
îïèñàíèÿ ïðîèçâîëüíî áîëüøèõ äåôîðìàöèé çàäà÷à (3.4), (2.4) ìàëîïðèìåíèìà.

5. Âûâîäû è çàêëþ÷åíèå

Â ñòàòüå èññëåäîâàíà âîçìîæíîñòü àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è äåôîðìèðîâà-
íèÿ îáðàçöîâ èç ñòàëè Õ18Í10Ò ïðè ïîñòîÿííûõ îäíîîñíîé ðàñòÿãèâàþùåé íàãðóçêå è
òåìïåðàòóðå â óñëîâèÿõ ïîëçó÷åñòè, îïèñûâàåìîé ñèñòåìîé äâóõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé òåîðèè ñòðóêòóðíûõ ïàðàìåòðîâ Þ.Í. Ðàáîòíîâà ñ îäíîðîäíûìè
íà÷àëüíûìè óñëîâèÿìè. Äëÿ äàííîé çàäà÷è ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ èíòåãðèðóåìîñòè, íàêëàäûâàåìûå íà ìàòåðèàëüíûå êîíñòàíòû. Ñîãëàñíî ïîëó÷åííûì
ðåçóëüòàòàì, àíàëèòè÷åñêîå ðåøåíèå âîçìîæíî òîëüêî ïðè íàòóðàëüíûõ çíà÷åíèÿõ ìàòå-
ðèàëüíûõ êîíñòàíò n è r , à òàêæå íàòóðàëüíîì çíà÷åíèè 1/r . Íî ïðè óêàçàííûõ çíà÷å-
íèÿõ ïàðàìåòðîâ n è r ñ óäîâëåòâîðèòåëüíîé òî÷íîñòüþ óäàåòñÿ îïèñàòü òîëüêî î÷åíü
óçêèé êðóã çàäà÷. Â ÷àñòíîñòè, â ñòàòüå [11] äëÿ çàäà÷è ÷èñòîãî ðàñòÿæåíèÿ òðóáîê èç
ñòàëè Õ18Í10Ò ñ âíåøíèì äèàìåòðîì 12 ìì, òîëùèíîé ñòåíêè 0.5 ìì è ðàáî÷åé äëèíîé
70-100 ìì ïðè ïîñòîÿííûõ ðàñòÿãèâàþùåé íàãðóçêå (â äèàïàçîíå íàïðÿæåíèé σ0 = 39.2-
78.5 ÌÏà) è òåìïåðàòóðå 850 ◦C ïîëó÷åíû ïàðàìåòðû n = 3.2 è r = 2.1 . Ýòà çàäà÷à, êàê
è áîëüøèíñòâî çàäà÷ ïîëçó÷åñòè òàêîãî âèäà, íå ìîãóò áûòü ïðîèíòåãðèðîâàíû. Ïîýòîìó
îñíîâíûì èíñòðóìåíòîì ðåøåíèÿ çàäà÷ ïîëçó÷åñòè ÿâëÿþòñÿ ÷èñëåííûå ìåòîäû.

Íî è ÷èñëåííîå ðåøåíèå çàäà÷ ïîëçó÷åñòè ñîïðÿæåíî ñî çíà÷èòåëüíûìè òðóäíîñòÿìè.
Íà ðèñ. 1 âèäíî, ÷òî ïðè ïðèáëèæåíèè ê ìîìåíòó ðàçðóøåíèÿ ñêîðîñòü äåôîðìàöèè ïîë-
çó÷åñòè âîçðàñòàåò, ñòðåìÿñü ê áåñêîíå÷íîñòè. Òîæå ïðîèñõîäèò è íà ñòàäèè óïðî÷íåíèÿ
â îêðåñòíîñòè íà÷àëüíîãî ìîìåíòà âðåìåíè. Ýòî îçíà÷àåò, ÷òî ïðè îïèñàíèè âñåõ òðåõ
ñòàäèé ïîëçó÷åñòè îïðåäåëÿþùèå ñîîòíîøåíèÿ ïîëçó÷åñòè èìåþò äâå ïðåäåëüíûå îñîáûå
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òî÷êè. Òðàäèöèîííûå ÿâíûå ìåòîäû ðåøåíèÿ çàäà÷ Êîøè ìîãóò ïðîïóñêàòü ìîìåíò ðàç-
ðóøåíèÿ çà ñ÷åò íàêàïëèâàåìîé ïîãðåøíîñòè, íî íå ìîãóò ïðåîäîëåòü ïðåäåëüíóþ îñîáóþ
òî÷êó â íà÷àëüíûé ìîìåíò âðåìåíè, ÷òî äåëàåò èõ ìàëîýôôåêòèâíûìè äëÿ äàííîãî êëàññà
çàäà÷. Èñïîëüçîâàíèå æå ñïåöèàëüíûõ ìåòîäîâ ðåøåíèÿ æåñòêèõ è ïëîõî îáóñëîâëåííûõ
çàäà÷, â òîì ÷èñëå è íåÿâíûõ ìåòîäîâ, ãîðàçäî áîëåå òðóäîåìêî.

Íàèáîëåå ýôôåêòèâíûì ìåòîäîì ÷èñëåííîãî ðåøåíèÿ ïëîõî îáóñëîâëåííûõ çàäà÷ ÿâ-
ëÿåòñÿ ìåòîä ïðîäîëæåíèÿ ðåøåíèÿ ïî íàèëó÷øåìó àðãóìåíòó, èçâåñòíûé òàêæå êàê ìå-
òîä íàèëó÷øåé ïàðàìåòðèçàöèè è arc length method. Îí ñîñòîèò â çàìåíå èñõîäíîãî àð-
ãóìåíòà çàäà÷è íà íîâûé, îòñ÷èòûâàåìûé ïî êàñàòåëüíîé ê èíòåãðàëüíîé êðèâîé ðàñ-
ñìàòðèâàåìîé çàäà÷è. Ãëàâíûì ñâîéñòâîì íàèëó÷øåãî àðãóìåíòà ÿâëÿåòñÿ òî, ÷òî ïðå-
îáðàçîâàííàÿ ê íåìó çàäà÷à èìååò íàèëó÷øóþ îáóñëîâëåííîñòü è íå èìååò îñîáåííîñòåé.
Ïðåîáðàçîâàííàÿ ê íàèëó÷øåìó àðãóìåíòó çàäà÷à ìîæåò áûòü ðåøåíà ëþáûìè ìåòîäàìè
ðåøåíèÿ çàäà÷è Êîøè, â òîì ÷èñëå è ÿâíûìè. Â äàëüíåéøèõ ðàáîòàõ áóäåò ðàññìîòðåíî
÷èñëåííîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è ðàñòÿæåíèÿ îáðàçöîâ èç ñòàëè Õ18Í10Ò ñ èñ-
ïîëüçîâàíèåì ìåòîäà ïðîäîëæåíèÿ ðåøåíèÿ ïî àðãóìåíòàì ðàçëè÷íîãî âèäà è ïîêàçàíû
åãî ïðåèìóùåñòâà ïî ñðàâíåíèþ ñ òðàäèöèîííûìè ÿâíûìè ìåòîäàìè.
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On the analytical solution of one creep problem

c⃝ E.B. Kuznetsov1, S. S. Leonov2

Abstract. The analytical solution of one initial value problem for the system of two ordinary
di�erential equations describing the fracture process of metal structures in de�ected mode at
creep conditions is considered in the paper. Similar problems arise when calculating the strength
characteristics and estimating residual deformations in the design of nuclear reactors, in building
and aerospace industries and in mechanical engineering. The solvability of the creep constitutive
equations' system is of great practical importance. The possibility of obtaining an exact analytical
solution makes it possible to signi�cantly simplify both the identi�cation of creep characteristics
and the process of model examination. Necessary and su�cient integrability conditions imposed
on the parameters of the model are obtained for the initial problem using Chebyshev's theorem on
the integration of a binomial di�erential. The recommendations for the numerical solution of the
considered problem are given.

Key Words: creep, fracture, long-term strength, damage parameter, binomial di�erential, initial
problem, system of ordinary di�erential equations.

References

1. Yu.N. Rabotnov, [Creep problems in structural members], Nauka, Moscow, 2014 (In
Russ.), 752 p.

2. N.N. Malinin, [Applied theory of plasticity and creep], Mashinostroyeniye, Moscow, 1975
(In Russ.), 400 p.

1 Evgenii B. Kuznetsov, Professor, Department of Dynamic Systems Modeling, Moscow Aviation
Institute (4 Volokolamskoye highway, Moscow 125993, Russia), Dr. Sci. (Physics and Mathematics), ORCID:
https://orcid.org/0000-0002-9452-6577, kuznetsov@mai.ru

2 Sergey S. Leonov, Associate Professor, Department of Dynamic Systems Modeling, Moscow Aviation
Institute (4 Volokolamskoye highway, Moscow 125993, Russia), Ph.D. (Physics and Mathematics), ORCID:
https://orcid.org/0000-0001-6077-0435, powerandglory@yandex.ru

E.B. Kuznetsov, S. S. Leonov. On the analytical solution of one creep problem



294 Zhurnal SVMO. 2018. Vol. 20, No. 3

3. A.M. Lokoshchenko, [Creep and long-term strength of metals], Fizmatlit, Moscow, 2016
(In Russ.), 504 p.

4. A.M. Lokoshchenko, “Application of kinetic theory to the analysis of high-temperature
creep rupture of metals under complex stress (review)”, J. of Applied Mechanics and
Technical Physics, 53:4 (2012), 599–610.

5. A.M. Lokoshchenko, “Long-term strength of metals in complex stress state (a survey)”,
Mechanics of Solids, 3 (2012), 116–136.

6. A.M. Lokoshchenko, “Results of studying creep and long-term strength of metals at the
Institute of Mechanics at the Lomonosov Moscow State University (To Yu.N. Rabotnov’s
Anniversary)”, J. of Applied Mechanics and Technical Physics, 55:1 (2014), 118–135.

7. L.M. Kachanov, “[On the time of failure under creep conditions]”, Izvestiya AN SSSR.
Otdeleniye tekhnicheskikh nauk, 8 (1958), 26–31 (In Russ.).

8. Yu.N. Rabotnov, “[On the long-term fracture mechanism]”, Voprosy prochnosti
materialov i konstruktsiy, AN SSSR Publ., Moscow, 1959, 5–7 (In Russ.).

9. E. B. Kuznetsov, S. S. Leonov, “Examples of parametrization of the Cauchy problem for
systems of ordinary differential equations with limiting singular points”, Computational
Mathematics and Mathematical Physics, 58:6 (2018), 881–897 (In Russ.).

10. L.D. Kudryavtsev, [Course of mathematical analysis. Vol. 2. Series. Differential and
integral calculus of functions of several variables], Drofa, Moscow, 2003 (In Russ.), 720 p.

11. A.M. Lokoshchenko, S.A. Shesterikov, “Method for description of creep and long-term
strength with pure elongation”, J. of Applied Mechanics and Technical Physics, 21:3
(1980), 414–417.

12. P. L. Chebyshev, “[On the integration of irrational differentials]”, Polnoye sobraniye
sochineniy P. L. Chebysheva. T. 2. Matematicheskiy analiz, AN SSSR Publ., Moscow,
1947, 52–69 (In Russ.).

13. N.N. Vorobyev, [Theory of series], Nauka, Moscow, 1979 (In Russ.), 408 p.

14. G.M. Fikhtengolts, [Course of differential and integral calculus. Vol. II], Fizmatlit,
Moscow, 2003 (In Russ.), 864 p.

Submitted 11.07.2018

E.B. Kuznetsov, S. S. Leonov. On the analytical solution of one creep problem



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3 295

DOI 10.15507/2079-6900.20.201803.295-303

ÓÄÊ 517.9

Ïðèìåíåíèå àëãåáð è ãðóïï Ëè ê ðåøåíèþ çàäà÷

÷àñòè÷íîé óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì

c⃝ Â.È. Íèêîíîâ1

Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà àíàëèçó ÷àñòè÷íîé óñòîé÷èâîñòè íåëèíåéíûõ ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èñïîëüçîâàíèåì àëãåáð è ãðóïï Ëè. Ïîêàçûâà-
åòñÿ, ÷òî ñóùåñòâîâàíèå ó èññëåäóåìîé ñèñòåìû ãðóïïû ïðåîáðàçîâàíèé, èíâàðèàíòíîé îò-
íîñèòåëüíî ÷àñòè÷íîé óñòîé÷èâîñòè, ïîçâîëÿåò óïðîñòèòü àíàëèç ÷àñòè÷íîé óñòîé÷èâîñòè
èñõîäíîé ñèñòåìû. Äëÿ ýòîãî íåîáõîäèìî, ÷òîáû àññîöèèðîâàííûé ëèíåéíûé äèôôåðåíöè-
àëüíûé îïåðàòîð ëåæàë â îáåðòûâàþùåé àëãåáðå Ëè èñõîäíîé ñèñòåìû, à îïåðàòîð, îïðåäå-
ëÿåìûé îäíîïàðàìåòðè÷åñêóþ ãðóïïó Ëè áûë êîììóòàòèâåí ñ ýòèì îïåðàòîðîì. Ïðè ýòîì,
åñëè íàéäåííàÿ ãðóïïà îáëàäàåò èíâàðèàíòíîñòüþ îòíîñèòåëüíî ÷àñòè÷íîé óñòîé÷èâîñòè, òî
íàéäåííîå ïðåîáðàçîâàíèå ïðèâîäèò ê äåêîìïîçèöèè èññëåäóåìîé ñèñòåìû, à âîïðîñ ÷àñòè÷-
íîé óñòîé÷èâîñòè ñâîäèòñÿ ê èññëåäîâàíèþ âûäåëåííîé ïîäñèñòåìû. Íàõîæäåíèå èñêîìîãî
ïðåîáðàçîâàíèÿ èñïîëüçóåò ïåðâûå èíòåãðàëû èñõîäíîé ñèñòåìû. Ïðèâåäåíû ïðèìåðû, èë-
ëþñòðèðóþùèå ïðåäëàãàåìûé ïîäõîä.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, àë-
ãåáðà Ëè, ãðóïïà Ëè, ÷àñòè÷íàÿ óñòîé÷èâîñòü, äåêîìïîçèöèÿ.

1. Ââåäåíèå

Êàê èçâåñòíî [1], îñíîâíûìè íàïðàâëåíèÿìè èññëåäîâàíèÿ óñòîé÷èâîñòè îòíîñèòåëüíî
çàäàííîé ÷àñòè êîîðäèíàò ôàçîâîãî âåêòîðà äèíàìè÷åñêèõ ñèñòåì ÿâëÿþòñÿ:

� ìåòîä ôóíêöèé è âåêòîð-ôóíêöèé Ëÿïóíîâà [2];
� èññëåäîâàíèå íà îñíîâå óðàâíåíèé ëèíåéíîãî ïðèáëèæåíèÿ [3];
� ìåòîä íåëèíåéíûõ ïðåîáðàçîâàíèé ïåðåìåííûõ [4]�[5].
Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàíèå äâóõ ïîñëåäíèõ ïîäõîäîâ.
Êàê îòìå÷åíî â [6], ôóíäàìåíòàëüíîå îòêðûòèå Ëè ñîñòîÿëî â òîì, ÷òî ñëîæíûå íåëè-

íåéíûå óñëîâèÿ èíâàðèàíòíîñòè ñèñòåìû îòíîñèòåëüíî ïðåîáðàçîâàíèé èç ãðóïïû â ñëó-
÷àå íåïðåðûâíûõ ãðóïï ìîæíî çàìåíèòü ýêâèâàëåíòíûìè, íî ãîðàçäî áîëåå ïðîñòûìè ëè-
íåéíûìè óñëîâèÿìè, îòðàæàþùèìè ¾èíôèíèòîçèìàëüíóþ èíâàðèàíòíîñòü¿ ýòîé ñèñòåìû
îòíîñèòåëüíî îáðàçóþùèõ ýòîé ãðóïïû.

Èìåííî ýòîò ìîìåíò ïîñëóæèë äëÿ àâòîðà äàííîé ðàáîòû ìîòèâîì ê èñïîëüçîâàíèþ
àëãåáð è ãðóïï Ëè ê ðåøåíèþ çàäà÷ ÷àñòè÷íîé óñòîé÷èâîñòè íåëèíåéíûõ ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé.

Â ðàáîòàõ [6]�[8] ïðèâîäÿòñÿ îñíîâû òåîðèè àëãåáð è ãðóïï Ëè äëÿ ðåøåíèÿ çàäà÷
äåêîìïîçèöèè è ïðèâîäèìîñòè ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïðèìåíåíèþ ýòîãî ïîäõîäà ê çàäà÷å àíàëèçà ÷àñòè÷íîé
óñòîé÷èâîñòè íåëèíåéíûõ àâòîíîìíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé.

1Íèêîíîâ Âëàäèìèð Èâàíîâè÷, äîöåíò êàôåäðû àëãåáðû è ãåîìåòðèè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ
èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1), êàíäèäàò ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0001-7202-9679, nik_vl_@mail.ru
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2. Îñíîâíûå ïîíÿòèÿ, îïðåäåëåíèÿ è òåîðåìû

Èçâåñòíî [7], ÷òî ïðîèçâîëüíîå ëèíåéíîå îòîáðàæåíèå ìíîãîîáðàçèÿ D(G) ôóíêöèé
D, çàäàííûõ â îáëàñòè G, óäîâëåòâîðÿþùåå óñëîâèþ

X(fg) = X(f)g + fX(g), f, g ∈ D(G), (2.1)

íàçûâàåòñÿ âåêòîðíûì ïîëåì.
Ìíîæåñòâî D1(G) âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè D(G) îáðàçóåò ñòðóêòóðó ëè-

íåéíîãî ïðîñòðàíñòâà è ñîâìåñòíî ñ îïåðàöèåé óìíîæåíèÿ

[X, Y ] = XY − Y X, (2.2)

êîòîðóþ ïðèíÿòî íàçûâàòü ñêîáêîé Ïóàññîíà, ñòàíîâèòñÿ àëãåáðîé Ëè. Ïðè ýòîì ïðîèç-
âîëüíîå ïîëå X èìååò âèä

X =
n∑

i=1

vi(x)
∂

∂xi
, (2.3)

ãäå v1(x), ..., vn(x) � ôóíêöèè èç ìíîãîîáðàçèÿ D(G).
Ðàññìîòðèì àâòîíîìíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

dx

dt
= f(x), (2.4)

â îáëàñòè Ḡ = I ×G , I ⊂ R , G ⊂ Rn ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ.
Åñëè φ(x) ∈ D(G), òî íà òðàåêòîðèÿõ ðåøåíèé ñèñòåìû (2.4) èìååì

dφ =
n∑

i=1

∂φ

∂xi

dxi
dt

=
n∑

i=1

∂φ

∂xi

dxi
dt

= X(φ)dt,

ãäå X =
n∑

i=1

fi(x)
∂

∂xi
� àññîöèèðîâàííûé äèôôåðåíöèàëüíûé îïåðàòîð ñèñòåìû (2.4) [7].

Ïîñêîëüêó ïðàâûå ÷àñòè ñèñòåìû çàâèñÿò îò íåêîòîðûõ ïàðàìåòðîâ � ñêàëÿðîâ íåêî-
òîðîãî ïîëÿ P, òî ïîëó÷èì áåñêîíå÷íóþ ñîâîêóïíîñòü äèôôåðåíöèàëüíûõ îïåðàòîðîâ
σ = {X1, X2, ...}.

Îáåðòûâàþùåé àëãåáðîé Ëè B ñèñòåìû (2.4) íàçûâàåòñÿ àëãåáðà äèôôåðåíöèàëüíûõ
îïåðàòîðîâ, îáðàçîâàííàÿ ðåêóððåíòíîé ïîñëåäîâàòåëüíîñòüþ ìíîæåñòâ

σ1 = σ ∪ [σ, σ], σ2 = σ1 ∪ [σ1, σ1], ..., σk = σk−1 ∪ [σk−1, σk−1],

[σi, σi] = Z,Z = [X, Y ], X, Y ∈ σi−1.

Î ï ð å ä å ë å í è å 2.1 [7] Ïóñòü X ∈ D1(G) � ïðîèçâîëüíûé ëèíåéíûé äèôôå-
ðåíöèàëüíûé îïåðàòîð ïåðâîãî ïîðÿäêà, òîãäà ðÿäîì Ëè íàçûâàåòñÿ ðÿä

esX(x)f(x) =
∞∑
i=0

si

i!
X i(x)f(x), f ∈ D(G). (2.5)
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Î ï ð å ä å ë å í è å 2.2 [7] Ñèñòåìà (2.4) íàçûâàåòñÿ ïðèâîäèìîé (àãðåãèðóå-
ìîé) â îáëàñòè G(locG), åñëè ñóùåñòâóåò îáðàòèìàÿ çàìåíà ïåðåìåííûõ

z = ψ(x), x = ψ−1(z), ψ, ψ−1 ∈ D(G),

ïðåîáðàçóþùàÿ èñõîäíóþ ñèñòåìó ê ñîâîêóïíîñòè g ïîñëåäîâàòåëüíî èíòåãðèðóåìûõ
ïîäñèñòåì

dzν1
dt

= fν1(zν1),

dzν2
dt

= fν2(zν1 , zν2),

. . .

dzνg
dt

= fνg(zν1 , zν2 , ..., zνg).

(2.6)

Ò å î ð å ì à 2.1 [7] Ïóñòü ðÿä Ëè (2.5) èñïîëüçóåòñÿ â êà÷åñòâå çàìåíû ïåðå-
ìåííûõ

x
′

1 = e(s−s0)X(x)x1, ..., x
′

n = e(s−s0)X(x)xn. (2.7)

Òîãäà ïðåîáðàçîâàíèÿ (2.7) ÿâëÿþòñÿ òî÷å÷íûìè, ò. å. äëÿ ëþáîé ôóíêöèè φ(x) ∈
D(G) èìååò ìåñòî òîæäåñòâî

φ(e(s−s0)X(x)x1, ..., e
(s−s0)X(x)xn) = e(s−s0)X(x)φ(x1, ..., xn). (2.8)

Äîêàçàòåëüñòâî òåîðåìû 2.1 ñîäåðæèòñÿ â [7].
Ñèñòåìà (2.4) íàçûâàåòñÿ èíâàðèàíòíîé îòíîñèòåëüíî ïðåîáðàçîâàíèÿ x = φ(x′)

(x′ = φ−1(x)), îïðåäåëåííîãî â îáëàñòè G , åñëè â ðåçóëüòàòå ïðåîáðàçîâàíèÿ îíà îñòàåòñÿ

íåèçìåííîé, ò. å. ïåðåõîäèò â ñèñòåìó
dx′

dt
= f(x′).

Âîïðîñ îá èíâàðèàíòíûõ ïðåîáðàçîâàíèÿõ îäíîïàðàìåòðè÷åñêèõ ãðóïï âèäà

xj = esX
′(x′)x

′

i, x
′

j = e−sX(x)xj, j = 1, n, (2.9)

äåéñòâóþùèõ ëîêàëüíî â îáëàñòè G, ðàññìàòðèâàåòñÿ ñëåäóþùåé òåîðåìîé.

Ò å î ð å ì à 2.2 [7] Äëÿ òîãî ÷òîáû óðàâíåíèå (2.4) áûëî èíâàðèàíòíî îòíîñè-
òåëüíî îäíîïàðàìåòðè÷åñêîé ãðóïïû (2.9), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îïåðàòîð
X áûë êîììóòàòèâåí ñ àññîöèèðîâàííûì îïåðàòîðîì ñèñòåìû, ò. å. âûïîëíÿëîñü òîæ-
äåñòâî [U,X] ≡ 0 .

Îòìåòèì, ÷òî çíàíèå ïðåîáðàçîâàíèÿ (2.9) îáëåã÷àåò èíòåãðèðîâàíèå èñõîäíîé ñèñòå-
ìû. Ïðè ýòîì ñòðóêòóðà îïåðàòîðà X ìîæåò áûòü ñóùåñòâåííî ïðîùå, ÷åì U. Ïîýòî-
ìó åñëè óðàâíåíèå Xf = 0 äîïóñêàåò íåêîòîðûå ðåøåíèÿ Ω1 = {ψ1(x), ..., ψm(x)}, òî
ýòè ðåøåíèÿ ìîãóò áûòü ðàñøèðåíû ñ ïîìîùüþ àññîöèèðîâàííîãî îïåðàòîðà ñèñòåìîé
{Uψ1(x), ..., Uψm(x)}. Òàêèì îáðàçîì, âûáèðàÿ èç îáúåäèíåíèÿ ñèñòåì ðåøåíèé ôóíê-
öèîíàëüíî íåçàâèñèìóþ ñèñòåìó Ω2 è ïðèìåíÿÿ ê íåé ïîäîáíóþ ïðîöåäóðó, ïðèäåì íà
íåêîòîðîì øàãå ê íåïîïîëíÿåìîé ñèñòåìå ðåøåíèé Ω. Òàêàÿ ñîâîêóïíîñòü èíòåãðàëîâ
íàçûâàåòñÿ ïîëíîé îòíîñèòåëüíî îïåðàòîðà U.

Â.È. Íèêîíîâ. Ïðèìåíåíèå àëãåáð è ãðóïï Ëè ê ðåøåíèþ çàäà÷ ÷àñòè÷íîé . . .
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Ò å î ð å ì à 2.3 [7] Åñëè èìååòñÿ ñîâîêóïíîñòü èíòåãðàëîâ Ω =
{ψ1(x), ..., ψm(x)}, ïîëíàÿ îòíîñèòåëüíî îïåðàòîðà U, òî ìîæíî óêàçàòü çàìåíó
ïåðåìåííûõ x′ = ψ(x), x = ψ−1(x′) êîòîðàÿ, ïî êðàéíåé ìåðå ëîêàëüíî â îáëàñòè G,
ïðèâîäèò ñèñòåìó ê êâàçèòðåóãîëüíîìó âèäó

dxi
dt

= Fi(x1, ..., xm), i = 1,m,

dxj
dt

= Fj(x1, ..., xn), j = m+ 1, n.
(2.10)

Ò å î ð å ì à 2.4 [7] Ïóñòü îáåðòûâàþùàÿ ãðóïïà G ñèñòåìû (2.4) òðàíçèòèâíà
íàä D(G). Ñèñòåìà (2.4) ïðèâîäèìà (àãðåãèðóåìà) òîãäà è òîëüêî òîãäà, êîãäà âûïîë-
íÿåòñÿ îäíî èç ñëåäóþùèõ ýêâèâàëåíòíûõ óñëîâèé.

1. Îáåðòûâàþùàÿ àëãåáðà B ñèñòåìû èìååò öåïî÷êó èäåàëîâ

B ≡ B0,B1, ...,Bg−1;

B0 ⊃ B1 ⊃ ... ⊃ Bg−1; [Bj,Bj+p] ⊃ Bj−p, p ≥ 1,

â êîòîðîé ôàêòîð-àëãåáðû B(j) = Bj−1/Bj èìåþò ðàçìåðíîñòè νj, ν1 + ...+ νg = n.
2. Îáåðòûâàþùàÿ ãðóïïà G ñèñòåìû èìååò g ñèñòåì èìïðèìèòèâíîñòè Mj , îïðå-

äåëÿåìûõ ôóíêöèÿìè

Mj = {u1ν1(x), ..., uν1ν1(x), ..., u1νj(x), ..., uνjνj(x)}, j = 1, g,

òàêèõ, ÷òî äëÿ âñåõ TX ∈ G èìåþò ìåñòî ñîîòíîøåíèÿ

TXu1νj(x) = ΦX1νj(u1ν1 , ..., uν1ν1 , ..., u1νj , ..., uνjνj);

TXuνjνj(x) = ΦXνjνj
(u1ν1 , ..., uν1ν1 , ..., u1νj , ..., uνjνj), j = 1, g.

3. Îáåðòûâàþùàÿ ãðóïïà G îáëàäàåò êàìïîçèöèîííûì ðÿäîì G,G(1), ...,G(g−1), 1, ñî-
ñòàâëåííûì èç íîðìàëüíûõ äåëèòåëåé, è ðÿäîì ôàêòîð-ãðóïï U,U1, ...,Ug−1,Ug, Uj ≡ ≡
G(j)/G(j+1), dimUj = νj, ïðè÷åì UjUj+p ⊃ Uj+p, p ≥ 1.

Çàìåíà ïåðåìåííûõ

z1νj = u1νj(x), ..., zνjνj = uνjνj(x), j = 1, g,

ïðåîáðàçóåò ñèñòåìó (2.4) ê âèäó (2.6).

Ò å î ð å ì à 2.5 [7] Äëÿ òîãî ÷òîáû ïåðåìåííûå â ïðåîáðàçîâàííîé ñèñòåìå ðàç-
äåëÿëèñü, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè n − s íåñâÿçíûõ îïåðàòîðîâ
Xs+1, ..., Xn , êîììóòàòèâíûõ ñ áàçèñíûìè îïåðàòîðàìè X1, ..., Xs :

[Xi, Xj] ≡ 0, i = 1, s, j = s+ 1, n.

3. Äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âè-
äà

dx

dt
= X(x), (3.1)
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ãäå x = (x1, ..., xn) = (y1, ..., ym, z1, ..., zp) = (y, z), X(0) = 0,m > 0, p ≥ 0, n = m+ p.
Ïðåäïîëîæèì, ÷òî èññëåäóåòñÿ óñòîé÷èâîñòü íåâîçìóùåííîãî äâèæåíèÿ x = 0 îòíî-

ñèòåëüíî ïåðåìåííûõ y1, ..., ym.
Ïðåäñòàâèì ñèñòåìó (3.1) â âèäå

dy

dt
= Y (y, z),

dz

dt
= Z(y, z),

(3.2)

ãäå y ∈ Rm, z ∈ Rp, Y (0, 0) = 0, Z(0, 0) = 0.

Ò å î ð å ì à 3.1 Åñëè äëÿ ñèñòåìû (3.1)�(3.2) èìååòñÿ ñîâîêóïíîñòü èíòåãðàëîâ
Ω = {ψ1(x), ..., ψm(x)}, ïîëíàÿ îòíîñèòåëüíî îïåðàòîðà U è òàêàÿ, ÷òî ìîæíî óêàçàòü
çàìåíó ïåðåìåííûõ x = ψ(x′) , x′ = ψ−1(x) ñîõðàíÿþùóþ ÷àñòè÷íóþ óñòîé÷èâîñòü ïî
êðàéíåé ìåðå ëîêàëüíî â îáëàñòè G, òî ýòà çàìåíà ïðèâîäèò ñèñòåìó ê êâàçèòðåóãîëü-
íîìó âèäó:

dxi
dt

= Fi(x1, ..., xk), i = 1, k,

dxj
dt

= Fj(x1, ..., xn), j = k + 1, n,
(3.3)

à âîïðîñ y -óñòîé÷èâîñòè èñõîäíîé ñèñòåìû ñâîäèòñÿ ê âîïðîñó óñòîé÷èâîñòè ñèñòåìû
íåâîçìóùåííîãî äâèæåíèÿ ñèñòåìû

dxi
dt

= Fi(x1, ..., xk), i = 1, k. (3.4)

.

Äîêàçàòåëüñòâî äàííîé òåîðåìû ïîëíîñòüþ ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 2.3 [7].
Îòëè÷èå ñîñòîèò â òîì, ÷òî ê ïðåîáðàçîâàíèþ ïåðåìåííûõ ïðåäúÿâëÿþòñÿ áîëåå æåñò-
êèå òðåáîâàíèÿ. Ïðåîáðàçîâàíèå äîëæíî ñîõðàíÿòü ñâîéñòâî óñòîé÷èâîñòè îòíîñèòåëüíî
êîìïîíåíò y1, ..., ym ôàçîâîãî âåêòîðà x.

Ðàññìîòðèì ïðèìåðû àíàëèçà ÷àñòè÷íîé óñòîé÷èâîñòè íåëèíåéíûõ àâòîíîìíûõ ñè-
ñòåì.

Ï ð è ì å ð 3.1 Äëÿ ñèñòåìû òðåòüåãî ïîðÿäêà
ẏ1 = ay1 + z21z2,

ż1 = bz1 + y1z1,

ż2 = cz2 − 2y1z2,

(3.5)

ãäå a, b, c− ïîñòîÿííûå, ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè íóëåâîãî ïîëî-
æåíèÿ ðàâíîâåñèÿ ñèñòåìû ïî îòíîøåíèþ ê ïåðåìåííîé y1.

Àññîöèèðîâàííûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñèñòåìû (3.5) èìååò âèä

X = (ay1 + z21z2)
∂

∂y1
+ (bz1 + y1z1)

∂

∂z1
+ (cz2 − 2y1z2)

∂

∂z2
.
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Î÷åâèäíî, ÷òî îïåðàòîð X ïðåäñòàâèì â âèäå

X = y1(a
∂

∂y1
+ z1

∂

∂z1
− 2z2

∂

∂z2
) + z21z2

∂

∂y1
+ bz1

∂

∂z1
+ cz2

∂

∂z2
= X1 +X2,

ãäå

X1 = y1(a
∂

∂y1
+ z1

∂

∂z1
− 2z2

∂

∂z2
), X2 = z21z2

∂

∂y1
+ bz1

∂

∂z1
+ cz2

∂

∂z2
.

Íàéäåì îáåðòûâàþùóþ àëãåáðó Ëè èñõîäíîé ñèñòåìû:

σ = {X1, X2}; [X1, X1] = 0,

[X1, X2] = X3 = −z21z2(a
∂

∂y1
+ z1

∂

∂z1
− 2z2

∂

∂z2
), [X1, X3] = −aX3, [X2, X3] = (2b+ c)X3;

σ1 = {X1, X2, X3}.
Îòìåòèì, ÷òî îïåðàòîð X3 ÿâëÿåòñÿ ëèíåéíî ñâÿçíûì ñ îïåðàòîðàìè X1 è X2, òàê

êàê

X3 = −z
2
1z2
y1

X1.

Òàêèì îáðàçîì, òàáëèöà êîììóòèðîâàíèé îáåðòûâàþùåé àëãåáðû Ëè èñõîäíîé ñèñòåìû
èìååò âèä

X1 X2 X3

X1 0 X3 −aX3

X2 −X3 0 (2b+ c)X3

X3 aX3 −(2b+ c)X3 0

Î÷åâèäíî, ÷òî â îáåðòûâàþùåé àëãåáðå Ëè èìååòñÿ ïîäàëãåáðà B1 = {X3} , êîòîðàÿ
ÿâëÿåòñÿ äâóñòîðîííèì èäåàëîì ýòîé àëãåáðû. Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå 3.1, èñ-
õîäíàÿ ñèñòåìà ïðèâîäèòñÿ ê êâàçèòðåóãîëüíîìó âèäó.

Òàêèì îáðàçîì, ñèñòåìà îïåðàòîðîâ {X1, X2} ÿâëÿåòñÿ ïîëíîé.
×òîáû ïîíèçèòü ïîðÿäîê ñèñòåìû íà åäèíèöó, äîñòàòî÷íî íàéòè îäèí ïåðâûé èíòåãðàë

è ñôîðìèðîâàòü çàìåíó ïåðåìåííûõ, èíâàðèàíòíóþ îòíîñèòåëüíî óñòîé÷èâîñòè îòíîñè-
òåëüíî ïåðåìåííîé y1.

Îò óðàâíåíèÿ X1ψ = 0 ïðèõîäèì ê ñèñòåìå

dy1
a

=
dz1
z1

=
dz2
−2z2

.

Îòêóäà íàéäåì îäèí ïåðâûé èíòåãðàë, íå çàâèñÿùèé îò ïåðåìåííîé y1 :

z21z2 = C1.

Ñëåäîâàòåëüíî, ψ1 = z21z2. Ïðè ýòîì X2(ψ1) = ψ1. Ïîýòîìó

X(ψ1) = (2b+ c)ψ1.

Äëÿ íàõîæäåíèÿ âòîðîé ôóíêöèè äëÿ çàìåíû ïåðåìåííûõ íàéäåì ÷àñòíîå ðåøåíèå
óðàâíåíèÿ

X1(v(z1, z2)) = y ⇔ z1
∂v

∂z1
− 2z2

∂v

∂z2
= 1,
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èíòåãðèðóÿ êîòîðîå, ïîëó÷èì ÷àñòíîå ðåøåíèå

ψ2 =
1

z1
+ z21z2.

Òàêèì îáðàçîì, èñêîìàÿ çàìåíà ïåðåìåííûõ, èíâàðèàíòíàÿ îòíîñèòåëüíî y -
óñòîé÷èâîñòè, èìååò âèä

z1 = z21z2, z2 =
1

z1
+ z21z2. (3.6)

Óêàçàííàÿ çàìåíà ÿâëÿåòñÿ ëîêàëüíî îáðàòèìîé, ò. ê. ÿêîáèàí ñèñòåìû èìååò âèä

∂(ψ1, ψ2)

∂(z1, z2)
= 1.

Íàéäåì âèä àññîöèèðîâàííîãî îïåðàòîðà èñõîäíîé ñèñòåìû â íîâûõ êîîðäèíàòàõ:

X = (ay1 + z1)
∂

∂y1
+ (2b+ c)z1

∂

∂z1
+ ((2b+ c)z1 − (b+ y1)(z2 − z1))

∂

∂z2
.

Òîãäà èñõîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â íîâûõ êîîðäèíàòàõ ïðèíèìà-
åò âèä 

ẏ1 = ay1 + z1,

ż1 = (2b+ c)z1,

ż2 = ((2b+ c)z1 − (b+ y1)(z2 − z1)).

(3.7)

Èç ýòîãî ñëåäóåò, ÷òî âîïðîñ y1− óñòîé÷èâîñòè ðåøàåòñÿ ïîäñèñòåìîé{
ẏ1 = ay1 + z1,

ż1 = (2b+ c)z1.
(3.8)

Òîãäà, ó÷èòûâàÿ ïðåîáðàçîâàíèå (3.6), èç óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû (3.8) ñëåäóåò
óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû (3.5) îòíîñèòåëüíî ïåðåìåííîé y1.

Ï ð è ì å ð 3.2 Äëÿ ñèñòåìû ÷åòâåðòîãî ïîðÿäêà

ẏ1 = −y1 + y2z1z2,

ẏ2 = −2y2,

ż1 = 2z1,

ż2 = −z2

(3.9)

ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ ñèñòåì ïî ïåðå-
ìåííûì y1 è y2.

Àññîöèèðîâàííûé ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñèñòåìû (3.9) èìååò âèä

X = (−y1 + y2z1z2)
∂

∂y1
− 2y2

∂

∂y2
+ 2z1

∂

∂z1
− z2

∂

∂z2
.

Ïîñêîëüêó X(y2z1z2) = −y2z1z2, òî ìîæíî ââåñòè çàìåíó

z1 = y2z1z2, z2 = z2. (3.10)
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Â íîâûõ êîîðäèíàòàõ àññîöèèðîâàííûé îïåðàòîð ïðèíèìàåò âèä

X = (−y1 + z1)
∂

∂y1
− 2y2

∂

∂y2
− z1

∂

∂z1
− z2

∂

∂z2
.

Òîãäà èñõîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â íîâûõ êîîðäèíàòàõ ïðèíèìà-
åò âèä 

ẏ1 = −y1 + z1,

ẏ2 = −2y2,

ż1 = −z1,
ż2 = −z2.

(3.11)

Èç ýòîãî ñëåäóåò, ÷òî âîïðîñ y1, y2 -óñòîé÷èâîñòè ðåøàåòñÿ ïîäñèñòåìîé
ẏ1 = −y1 + z1,

ẏ2 = −2y2,

ż1 = −z1.
(3.12)

Òîãäà, ó÷èòûâàÿ ïðåîáðàçîâàíèå (3.10), èç óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû (3.12) ñëå-
äóåò óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû (3.9) ïî ïåðåìåííûì y1 è y2.
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The application of Lie algebras and groups to the solution

of problems of partial stability of dynamical systems

c⃝ V. I. Nikonov1

Abstract. The article is devoted to the analysis of partial stability of nonlinear systems of ordinary
di�erential equations using Lie algebras and groups. It is shown that the existence of a group of
transformations invariant under partial stability in the system under study makes it possible to
simplify the analysis of the partial stability of the initial system. For this it is necessary that
the associated linear di�erential operator Lie in the enveloping Lie algebra of the original system,
and the operator de�ned by the one-parameter Lie group is commutative with this operator. In
this case, if the found group has invariance with respect to partial stability, then the resulting
transformation performs to the decomposition of the system under study, and the partial stability
problem reduces to the investigation of the selected subsystem. Finding the desired transformation
uses the �rst integrals of the original system. Examples illustrating the proposed approach are
given.
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Äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè

ïåðåìåííûõ íóëåâîãî ðåøåíèÿ íåëèíåéíûõ ñèñòåì

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

c⃝ Ï.À. Øàìàíàåâ1, Î. Ñ. ßçîâöåâà2

Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè ïåðåìåí-
íûõ äëÿ íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äîñòàòî÷íî ãëàä-
êîé ïðàâîé ÷àñòüþ. Äîêàçàòåëüñòâî ïîëó÷åííûõ òåîðåì îñíîâàíî íà óñòàíîâëåíèè ëîêàëüíîé
ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóåðó. Äëÿ ýòîãî â áàíàõîâîì ïðî-
ñòðàíñòâå ñòðîèòñÿ îïåðàòîð, ñâÿçûâàþùèé ðåøåíèÿ íåëèíåéíîé ñèñòåìû è åå ëèíåéíîãî ïðè-
áëèæåíèÿ. Äàííûé îïåðàòîð óäîâëåòâîðÿåò óñëîâèÿì ïðèíöèïà Øàóäåðà, ñëåäîâàòåëüíî, îí
èìååò ïî êðàéíåé ìåðå îäíó íåïîäâèæíóþ òî÷êó. Äàëåå ñ èñïîëüçîâàíèåì îöåíîê íåíóëåâûõ
ýëåìåíòîâ ôóíäàìåíòàëüíîé ìàòðèöû ïîëó÷åíû óñëîâèÿ, îáåñïå÷èâàþùèå ïåðåõîä ñâîéñòâ
ïîëèóñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ íà ðåøåíèÿ íåëè-
íåéíîé ñèñòåìû, ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíîé ñâîåìó ëèíåéíîìó
ïðèáëèæåíèþ. Ïðèâåäåíû ïðèìåðû, èëëþñòðèðóþùèå ïðèìåíåíèå äîêàçàííûõ äîñòàòî÷íûõ
óñëîâèé ê èññëåäîâàíèþ ïîëèóñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, â òîì ÷èñëå â êðèòè÷åñêîì ñëó÷àå, à òàêæå ïðè íàëè÷èè
ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ëî-
êàëüíàÿ ïîêîìïîíåíòíàÿ àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü ïî Áðàóýðó, ïðèíöèï Øàóäåðà
î íåïîäâèæíîé òî÷êå, óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ, ïîëèóñòîé÷èâîñòü.

1. Ââåäåíèå

Â ðàáîòå À.Ì. Ëÿïóíîâà [1] áûëî îòìå÷åíî, ÷òî ¾ìîæíî ðàññìàòðèâàòü áîëåå îáùóþ
çàäà÷ó: îá óñòîé÷èâîñòè òîãî æå äâèæåíèÿ, íî ïî îòíîøåíèþ íå êî âñåì, à òîëüêî ê
íåêîòîðûì èç îïðåäåëÿþùèõ åãî âåëè÷èí¿.

Ïîçæå, â 1938 ã., ê âîïðîñó ïåðåíîñà òåîðåì îá óñòîé÷èâîñòè ñèñòåìû ïî âñåì ïåðå-
ìåííûì íà ñëó÷àé ÷àñòè ôàçîâûõ êîîðäèíàò âåðíóëñÿ È. Ã. Ìàëêèí [2]. Îí óêàçàë (áåç
äîêàçàòåëüñòâà) òàêèå óñëîâèÿ ïåðåíîñà.

Â ðàáîòå Â.Â. Ðóìÿíöåâà [3] áûëî ïðîâåäåíî ñèñòåìàòè÷åñêîå èññëåäîâàíèå çàäà÷è äëÿ
êîíå÷íîìåðíûõ íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåïðå-
ðûâíîé ïðàâîé ÷àñòüþ íà îñíîâå ïðÿìîãî ìåòîäà Ëÿïóíîâà, èçëîæåíû îñíîâíûå îïðåäå-
ëåíèÿ è ïîëîæåíèÿ òåîðèè ÷àñòè÷íîé óñòîé÷èâîñòè, äîêàçàíû òåîðåìû îá óñòîé÷èâîñòè è
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ, ïðèâåäåíû ïðèìåðû ïðàêòè÷åñêîãî
ïðèìåíåíèÿ ýòîé òåîðèè ê çàäà÷àì ìåõàíèêè.
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Äàëåå òåîðèÿ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ ïîëó÷èëà ðàçâèòèå â ðàáîòàõ [4]-[9].
×àñòè÷íàÿ óñòîé÷èâîñòü â êðèòè÷åñêîì ñëó÷àå ðàññìîòðåíà â ðàáîòàõ [10]-[12].

Ðàáîòû [13]�[14] ïîñâÿùåíû èññëåäîâàíèþ ÷àñòè÷íîé óñòîé÷èâîñòè ïîëîæåíèé ðàâíî-
âåñèÿ íåëèíåéíûõ ñèñòåì íà îñíîâå ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè.

Â ðàáîòàõ [15]�[16] ïðåäëîæåíî ðàçâèòèå èäåé Å.Â. Âîñêðåñåíñêîãî î ïîêîìïîíåíòíîé
àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè â ïðåäïîëîæåíèè, ÷òî ìåæäó íà÷àëüíûìè òî÷êàìè èñ-
ñëåäóåìûõ ñèñòåì óñòàíàâëèâàåòñÿ ñîîòâåòñòâèå òîëüêî â îêðåñòíîñòè íóëåâîãî ïîëîæå-
íèÿ ðàâíîâåñèÿ; ââåäåíî îïðåäåëåíèå ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâè-
âàëåíòíîñòè, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è óñòîé÷èâî-
ñòè íóëåâûõ ðåøåíèé íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
âîçìóùåíèÿìè â ôîðìå âåêòîðíûõ ïîëèíîìîâ, â òîì ÷èñëå â êðèòè÷åñêîì ñëó÷àå.

Â ðàáîòå [17] ââåäåíû îïðåäåëåíèÿ ïîëèóñòîé÷èâîñòè è ïîëèóñòîé÷èâîñòè ïî îòíî-
øåíèþ ê ÷àñòè ïåðåìåííûõ, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè íóëåâîãî
ðåøåíèÿ íà îñíîâàíèè ìåòîäà ôóíêöèé Ëÿïóíîâà.

Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåíû äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî îòíî-
øåíèþ ê ÷àñòè ïåðåìåííûõ â ñìûñëå ðàáîòû [17] íóëåâîãî ðåøåíèÿ íåëèíåéíûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äîñòàòî÷íî ãëàäêîé ïðàâîé ÷àñòüþ.

2. Îñíîâíûå îïðåäåëåíèÿ è ïîëîæåíèÿ

Ðàññìîòðèì ìíîæåñòâî Ξ âñåõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé âèäà

dx

dt
= f(t, x), (2.1)

ãäå x ∈ Rn, f ∈ C(0,1)([T,+∞)×Rn, Rn), T ≥ 0, f(t, 0) ≡ 0.
Áóäåì ñ÷èòàòü, ÷òî ó ñèñòåìû âèäà (2.1) èç ìíîæåñòâà Ξ ñóùåñòâóåò ñîâîêóïíîñòü

ðåøåíèé x(t : t0, x
(0)), îïðåäåëåííûõ ïðè âñåõ t ≥ t0 ≥ T è x(0) ∈ D ⊆ Rn , ãäå D �

íåêîòîðàÿ îáëàñòü ïðîñòðàíñòâà Rn, ñîäåðæàùàÿ îêðåñòíîñòü íóëÿ.
Îáîçíà÷èì ÷åðåç x(t : t0, x

(0)) è y(t : t0, y
(0)) ðåøåíèÿ ñ íà÷àëüíûìè äàííûìè (t0, x

(0))
è (t0, y

(0)) ñîîòâåòñòâåííî ñèñòåìû (2.1) è ñèñòåìû

dy

dt
= g(t, y), (2.2)

ïðèíàäëåæàùåé ìíîæåñòâó Ξ .
Ïðèâåäåì îïðåäåëåíèå ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè

ñèñòåì èç ìíîæåñòâà Ξ , ðàçâèâàþùåå èäåè Å. Â. Âîñêðåñåíñêîãî èç ðàáîò [13], [14].

Î ï ð å ä å ë å í è å 2.1 [15] Ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé (2.1) è (2.2) áóäåì íàçûâàòü ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíò-
íûìè ïî Áðàóåðó îòíîñèòåëüíî ôóíêöèé µi(t), i ∈M0, åñëè ïðè ôèêñèðîâàííîì t0 ≥ T
ñóùåñòâóþò äâà îòîáðàæåíèÿ P (1) : V → U è P (2) : U → V òàêèå, ÷òî äëÿ âñåõ i ∈M0

xi(t : t0, x
(0)) = yi(t : t0, P

(2)x(0)) + o(µi(t)), (2.3)

yi(t : t0, y
(0)) = xi(t : t0, P

(1)y(0)) + o(µi(t)) (2.4)

ïðè t→ ∞ . Çäåñü xi(t : t0, x
(0)), yi(t : t0, y

(0)) � i -ûå êîìïîíåíòû ðåøåíèé, äëÿ êîòîðûõ
x(0) ∈ U, y(0) ∈ V, U, V ⊆ D � íåêîòîðûå îáëàñòè, ñîäåðæàùèå îêðåñòíîñòü íóëÿ,
µi ∈ C([T,+∞), [0,+∞)).
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Î ï ð å ä å ë å í è å 2.2 [15] Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (2.1) èìååò ëîêàëü-
íîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííûì xi, i ∈ M0, åñëè êàæäàÿ êîìïîíåíòà
xi(t : t0, x

(0)), i ∈ M0, ëþáîãî ðåøåíèÿ x(t : t0, x
(0)) , x(0) ∈ U, ñèñòåìû (2.1) îáëàäàåò

ñâîéñòâîì
lim
t→∞

xi(t : t0, x
(0)) = bi <∞. (2.5)

È íàîáîðîò, äëÿ ëþáîãî íàáîðà ÷èñåë bi , i ∈ M0, òàêèõ, ÷òî (b1, ..., bn) ∈ V ⊆ D,
ñóùåñòâóåò ðåøåíèå x(t : t0, x

(0)) , x(0) ∈ U, ñèñòåìû (2.1) äëÿ êîìïîíåíò xi(t : t0, x
(0)) ,

i ∈M0 , êîòîðîãî ñïðàâåäëèâû ðàâåíñòâà (2.5).

Â ðàáîòàõ [13]�[14] ïîêàçàíî, ÷òî èç ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè
ñèñòåì ïî Áðàóåðó âîîáùå ãîâîðÿ íå ñëåäóåò ñîõðàíåíèå ñâîéñòâ óñòîé÷èâîñòè è àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè ñîîòâåòñòâóþùèõ êîìïîíåíò íóëåâîãî ðåøåíèÿ. Ýòî âåðíî è äëÿ
ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ïî Áðàóåðó.

Îäíèì èç óñëîâèé ñîõðàíåíèÿ ñâîéñòâ óñòîé÷èâîñòè è àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè ñîîòâåòñòâóþùèõ êîìïîíåíò íóëåâîãî ðåøåíèÿ ÿâëÿåòñÿ òðåáîâàíèå ðàâíîìåðíîñòè
o(µi(t)) ïî íà÷àëüíûì òî÷êàì x(0) , y(0).

Â ðàáîòàõ [15]�[16] ïðèâåäåíû óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ äëÿ ëîêàëüíî ïî-
êîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ñâîéñòâà ïîëèóñòîé÷èâîñòè ïî ÷àñòè
ïåðåìåííûõ ñîõðàíÿþòñÿ. Çàïèøåì ýòè óñëîâèÿ â ñëåäóþùåé ôîðìå.

Ò å î ð å ì à 2.1 Ïóñòü
1) ñïðàâåäëèâû ðàâåíñòâà

xi(t : t0, x
(0)) = yi(t : t0, P

(2)x(0)) + µi(t)δi(t : t0, x
(0)), (2.6)

yi(t : t0, x
(0)) = xi(t : t0, P

(1)y(0)) + µi(t)γi(t : t0, y
(0)), (2.7)

ãäå i ∈M0 , δi(t : t0, x
(0)) è γi(t : t0, y

(0)) ñòðåìÿòñÿ ê íóëþ ïðè t→ +∞ ðàâíîìåðíî ïî
x(0) è y(0) ñîîòâåòñòâåííî;

2) P (1)(0) = 0 , P (2)(0) = 0, ïðè÷åì îòîáðàæåíèÿ P (1) è P (2) ÿâëÿþòñÿ íåïðåðûâíû-
ìè â ñîîòâåòñòâóþùèõ îáëàñòÿõ îïðåäåëåíèÿ.

Òîãäà åñëè ó îäíîé ñèñòåìû ñóùåñòâóåò íóëåâîå ðåøåíèå, óñòîé÷èâîå (àñèìïòîòè-
÷åñêè óñòîé÷èâîå) ïî i -ûì ïåðåìåííûì, i ∈ M0, è µi(t) � îãðàíè÷åííàÿ (óáûâàþùàÿ)
ôóíêöèÿ ïðè âñåõ t ≥ T, òî âòîðàÿ ñèñòåìà èìååò òàê æå óñòîé÷èâîå (àñèìïòîòè-
÷åñêè óñòîé÷èâîå) ïî i -ûì ïåðåìåííûì íóëåâîå ðåøåíèå, i ∈M0 ; êðîìå òîãî, åñëè îäíà
ñèñòåìà èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî i -ûì ïåðåìåííûì, i ∈ M0,
è lim

t→∞
µi(t) = di, di ∈ R1, òî ýòèì æå ñâîéñòâîì áóäóò îáëàäàòü è ðåøåíèÿ âòîðîé

ñèñòåìû.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ó ñèñòåìû (2.2) ñóùåñòâóåò íóëåâîå ðåøåíèå óñòîé÷èâîå
ïî ïåðåìåííûì yi, i ∈M0. Òîãäà äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0 è t0 ìîæíî óêàçàòü
δ0 = δ0(ε, t0) òàêîå, ÷òî èç ||y(0)|| < δ0 ñëåäóåò

|yi(t : t0, y(0))| ≤
ε

2
∀ t ≥ t0, i ∈M0. (2.8)

Ñîïîñòàâèì íà÷àëüíûì çíà÷åíèÿì y(0) ∈ V ðåøåíèé ñèñòåìû (2.2) íà÷àëüíûå çíà÷å-
íèÿ x(0) = P (1)y(0) ñîîòâåòñòâóþùèõ ðåøåíèé ñèñòåìû (2.1). Òîãäà, ó÷èòûâàÿ óñëîâèå 2)
äëÿ îòîáðàæåíèÿ P (1), ïîëó÷èì, ÷òî ñóùåñòâóåò äîñòàòî÷íî ìàëîå δ1 > 0 òàêîå, ÷òî

||x(0)|| = ||P (1)y(0)|| < δ1. (2.9)
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Ïîñêîëüêó δi(t : t0, x
(0)) ñòðåìèòñÿ ê íóëþ ïðè t → +∞ ðàâíîìåðíî ïî x(0) ∈ U è

µi(t) � îãðàíè÷åííàÿ ôóíêöèÿ ïðè âñåõ t ≥ T , òî äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0
íàéäåòñÿ δ2 = δ2(ε, t0) > 0 òàêîå, ÷òî ïðè ||x(0)|| < δ2 áóäåò âûïîëíÿòüñÿ

µi(t)|δi(t : t0, x(0))| ≤
ε

2
∀ t ≥ t0, i ∈M0.

Òîãäà, îöåíèâàÿ ðàâåíñòâî (2.6), ïîëó÷èì:

|xi(t : t0, x(0))| ≤ |yi(t : t0, y(0))|+ µi(t)|δi(t : t0, x(0))| ≤ ε ∀ t ≥ t0, i ∈M0. (2.10)

Ïîëàãàÿ δ = min{δ1, δ2}, çàêëþ÷èì, ÷òî äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0 è t0
ìîæíî óêàçàòü δ òàêîå, ÷òî èç ||x(0)|| < δ ñëåäóåò ñïðàâåäëèâîñòü (2.10), ÷òî è äîêàçûâàåò
óñòîé÷èâîñòü ïî ïåðåìåííûì xi, i ∈M0 íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1).

Ó÷èòûâàÿ îöåíêó (2.10), èç àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ïåðåìåííûì yi, i ∈M0,
íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2) ñëåäóåò àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïî ïåðåìåííûì
xi, i ∈M0 , íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1).

Ïóñòü òåïåðü ðåøåíèÿ ñèñòåìû (2.2) ïðè y(0) ∈ V èìåþò ëîêàëüíîå àñèìïòîòè÷åñêîå
ðàâíîâåñèå ïî ïåðåìåííûì yi, i ∈M0. Òîãäà, ó÷èòûâàÿ, ÷òî

lim
t→+∞

yi(t : t0, y
(0)) = bi, bi ∈ R1, i ∈M0, (2.11)

èç (2.6) ñëåäóåò
lim

t→+∞
xi(t : t0, x

(0)) = bi, bi ∈ R1, i ∈M0.

Ïîêàæåì òåïåðü, ÷òî äëÿ ëþáûõ ÷èñåë bi, i ∈ M0, òàêèõ, ÷òî (b1, ..., bn) ∈ V ⊆ D,
ñóùåñòâóåò ðåøåíèå x(t : t0, x

(0)) ñèñòåìû (2.2) òàêîå, ÷òî ñïðàâåäëèâî ðàâåíñòâî (2.5).
Äåéñòâèòåëüíî, òàê êàê ðåøåíèÿ ñèñòåìû (2.2) ïðè y(0) ∈ V èìåþò ëîêàëüíîå àñèìïòî-

òè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííûì yi, i ∈M0, òî äëÿ ôèêñèðîâàííûõ ÷èñåë bi, i ∈M0,
òàêèõ ÷òî (b1, ..., bn) ∈ V ⊆ D , ñóùåñòâóþò êîìïîíåíòû yi(t : t0, y

(0)) ðåøåíèÿ ñèñòåìû
(2.2) òàêèå, ÷òî ñïðàâåäëèâû ïðåäåëû (2.11). Òîãäà, ïåðåõîäÿ ê ïðåäåëó â ðàâåíñòâàõ (2.6)
ïîëó÷èì (2.5). Ñëåäîâàòåëüíî, ñèñòåìà (2.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå
ïî ïåðåìåííûì xi, i ∈M0.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ïðè âûïîëíåíèè (2.7) èç óñòîé÷èâîñòè (àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè) íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1) ïî ïåðåìåííûì xi ñëåäóåò óñòîé÷è-
âîñòü (àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü) íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2) ïî ïåðåìåííûì yi;
êðîìå òîãî, èç ëîêàëüíîãî àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ïî ïåðåìåííûì xi, i ∈ M0, ñè-
ñòåìû (2.1) ñëåäóåò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííûì yi, i ∈ M0 ,
ñèñòåìû (2.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èç
ìíîæåñòâà Ξ

dx

dt
= Ax+ f(x), (3.1)

ãäå A � ïîñòîÿííàÿ (n× n) -ìàòðèöà; f ∈ C(0,1)([T,+∞)×Rn, Rn) ; f(0) ≡ 0 ;
f(x) = colon(f1(x), ..., fn(x)) ;

|fj(x1, ..., xn)| ≤ ψj(|x1|, ..., |xn|), ∀ x ∈ V ⊆ Rn, j = 1, n, (3.2)
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ãäå ψj ∈ C(Rn, Rn); ψj(a1, ..., an) ≤ ψj(b1, ..., bn); ai ≤ bi, i = 1, n.
Ïóñòü ñîáñòâåííûå çíà÷åíèÿ λi (i = 1, n) ìàòðèöû A ëèíåéíîãî ïðèáëèæåíèÿ

dy

dt
= Ay (3.3)

ñèñòåìû (3.1) èìåþò ñëåäóþùèå âåùåñòâåííûå ÷àñòè:

Re λ1 = ... = Re λl1 = Λ1, . . . , Re λlr−1+1 = ... = Re λn = Λr,

ãäå ÷èñëà li , i = 1, r îáðàçóþò r íåïåðåñåêàþùèõñÿ ìíîæåñòâ

N1 = {1, 2, . . . , l1}, N2 = {l1 + 1, . . . , l2}, . . . , Nr = {lr−1 + 1, . . . , lr = n}.

Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî

Λ1 < Λ2 < ... < Λr. (3.4)

Çàìåòèì, ÷òî îäíî èç ÷èñåë â íåðàâåíñòâå (3.4) ìîæåò ïðèíèìàòü íóëåâîå çíà÷åíèå.
Ïðåäñòàâèì ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû (3.3) â âèäå

Y (t− t0) = [y(1)(t− t0), y
(2)(t− t0), ..., y

(n)(t− t0)],

ãäå y(j)(t− t0) � âåêòîð-ôóíêöèè ðàçìåðíîñòè n, ïðåäñòàâëÿþùèå ñîáîé ëèíåéíî íåçàâè-
ñèìûå ðåøåíèÿ ñèñòåìû (3.3), òàêèå, ÷òî ïðè j ∈ Nk, k = 1, r ñïðàâåäëèâû íåðàâåíñòâà
[18]:

||y(j)(t− t0)|| ≤ D0e
(Λk+ε)(t−t0), t ≥ t0, (3.5)

||y(j)(t− t0)|| ≤ D0e
(Λk−ε)(t−t0), t ≤ t0, (3.6)

ãäå ε ≥ 0 � äîñòàòî÷íî ìàëîå âåùåñòâåííîå ÷èñëî. Çàìåòèì, ÷òî åñëè àëãåáðàè÷åñêàÿ è
ãåîìåòðè÷åñêàÿ êðàòíîñòè ñîáñòâåííîãî çíà÷åíèÿ ñ âåùåñòâåííîé ÷àñòüþ Λk ñîâïàäàþò,
òî ìîæíî ïîëîæèòü ε = 0.

Ââåäåì ìíîæåñòâà K = {(i, j) : i, j = 1, n} , K0 = {(i, j) : yij(t− t0) ≡ 0,∀ t, t0 ≥ T} .
Ðàññìîòðèì i -óþ ñòðîêó ôóíäàìåíòàëüíîé ìàòðèöû Y (t− t0) . Ó÷èòûâàÿ (3.5) è (3.6),

ïîëó÷èì îöåíêè äëÿ ýëåìåíòîâ i -é ñòðîêè ôóíäàìåíòàëüíîé ìàòðèöû

|yij(t− t0)| ≤ D0e
(βi+ε)(t−t0), t ≥ t0, (i, j) ∈ K\K0, (3.7)

|yij(t− t0)| ≤ D0e
(αi−ε)(t−t0), t ≤ t0, (i, j) ∈ K\K0, (3.8)

ãäå ïðè ôèêñèðîâàííîì i â êà÷åñòâå βi è αi âûáèðàþòñÿ ñîîòâåòñâåííî ìàêñèìàëüíîå è
ìèíèìàëüíîå èç Λk â îöåíêàõ (3.5) è (3.6), êîãäà j ïðîáåãàåò ïî âñåì ñòîëáöàì ôóíäà-
ìåíòàëüíîé ìàòðèöû, ñîäåðæàùåé íåíóëåâûå ýëåìåíòû yij(t− t0) .

Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ íóëåâîãî
ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (3.1).

Ò å î ð å ì à 3.1 Ïóñòü èíòåãðàëû

Iij =

∫ +∞

0

e(−αi+ε)sψj(c1e
(β1+ε)s, c2e

(β2+ε)s, ..., cne
(βn+ε)s)ds, (i, j) ∈ K\K0 (3.9)

ñõîäÿòñÿ ðàâíîìåðíî îòíîñèòåëüíî ci, i = 1, n, c = (c1, ..., cn) ∈ D. Òîãäà ñèñòåìû
(3.1) è (3.3) ÿâëÿþòñÿ ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî
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Áðàóåðó îòíîñèòåëüíî ôóíêöèé µi(t) = e(βi+ε)(t−t0), i ∈ N, è íóëåâîå ðåøåíèå ñèñòåìû
(3.1)

1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî òåì ïåðåìåííûì xi , äëÿ êîòîðûõ βi < 0 ;
2) óñòîé÷èâî ïî òåì ïåðåìåííûì xi , äëÿ êîòîðûõ βi = 0 , à àëãåáðàè÷åñêèå è

ãåîìåòðè÷åñêèå êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ñ íóëåâûìè âåùåñòâåííûìè ÷àñòÿìè
ñîâïàäàþò; ïðè÷åì íóëåâîå ðåøåíèå ñèñòåìû (3.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå
ðàâíîâåñèå ïî ýòèì ïåðåìåííûì.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì áàíàõîâî ïðîñòðàíñòâî

Ω = {φ : φ ∈ C([T,+∞), Rn), |φi(t)| ≤ cie
(βi+ε)(t−t0), t ≥ t0, ε > 0, ci ∈ R1

+, i = 1, n},

ñ íîðìîé
||φ||Ω = max

i=1,n
sup
t≥t0

{
|φi(t)|e−(βi+ε)(t−t0)

}
. (3.10)

Îïðåäåëèì íà Ω îïåðàòîð

Lφ = y(t)−
+∞∫
t

Y (t− s)f(φ(s))ds, (3.11)

ãäå y(t) = Y (t− t0)y
(0).

Äëÿ êîìïîíåíò ðåøåíèÿ ñèñòåìû (3.3) âîñïîëüçóåìñÿ îöåíêàìè èç ðàáîò [16], [18]

|yi(t)| ≤
n∑

j=1

|yij(t− t0)| |y(0)j | ≤ D0e
(βi+ε)(t−t0)||y(0)||, t ≥ t0, i = 1, n.

Ïîêàæåì, ÷òî L : Ω0 → Ω0 , ãäå Ω0 = {φ : ||φ||Ω ≤ c0, c0 ∈ R1
+}.

Ïóñòü ||φ||Ω ≤ c0 . Ïîëó÷èì îöåíêó äëÿ i -îé êîìïîíåíòû (i ∈ N) îïåðàòîðà L ïðè
âñåõ t ≥ t0

|(Lφ)i| ≤ e(βi+ε)(t−t0)

[
D0||y(0)|| +D0

n∑
j=1

∫ +∞

t

e(−α+ε)sψj(c1e
(β1+ε)s, c2e

(β2+ε)s, ..., cne
(βn+ε)s)ds

]
.

Ó÷èòûâàÿ óñëîâèå (3.8) è ðàâíîìåðíóþ ñõîäèìîñòü èíòåãðàëîâ (3.9) ïî ci, ïîäáåðåì
t0 òàêîå, ÷òî ïðè âñåõ t ≥ t0

D
n∑

j=1

∫ +∞

t

e(−α+ε)sψj(c1e
(β1+ε)s, c2e

(β2+ε)s, ..., cne
(βn+ε)s)ds ≤ θ < 1, (3.12)

ãäå θ = θ(c1, ..., cn) .
Çàôèêñèðóåì y(0) òàêîå, ÷òî

||y(0)|| ≤ 1− θ

D0

c0. (3.13)

Òîãäà èç íåðàâåíñòâ (3.12) -(3.13) ïîëó÷èì

||Lφ|| ≤ c0e
(βi+ε)(t−t0) ïðè âñåõ φ ∈ Ω0,

è, ñëåäîâàòåëüíî,
||Lφ||Ω ≤ c0 ïðè âñåõ φ ∈ Ω0.
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Îòñþäà ñëåäóåò, ÷òî L : Ω0 → Ω0.
Àíàëîãè÷íî ðàáîòå [16] ïîêàçûâàåòñÿ, ÷òî îïåðàòîð L ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì

íà Ω0, è ñëåäîâàòåëüíî, óäîâëåòâîðÿåò âñåì óñëîâèÿì ïðèíöèïà Øàóäåðà [19] î ñóùåñòâî-
âàíèè íåïîäâèæíîé òî÷êè äëÿ óðàâíåíèÿ

φ = Lφ, φ ∈ Ω0, (3.14)

ãäå φ � íåïîäâèæíàÿ òî÷êà îïåðàòîðà L.
Ó÷èòûâàÿ (3.11), çàïèøåì óðàâíåíèå (3.14) â ñëåäóþùåì âèäå:

φ(t) = y(t)−
+∞∫
t

Y (t− s)f(φ(s))ds. (3.15)

Îïåðàòîð L ïîñòðîåí òàêèì îáðàçîì, ÷òî åñëè â êà÷åñòâå φ(t) â óðàâíåíèè (3.15)
âçÿòü ðåøåíèå x(t : t0, x

(0)) ñèñòåìû (3.1) ñ íà÷àëüíûìè äàííûìè x(0) , óäîâëåòâîðÿþùèìè
ñîîòíîøåíèþ

y(0) = x(0) +

∞∫
t0

Y (t0 − s)f(x(s : t0, x
(0)))ds, (3.16)

òî y(t) â óðàâíåíèè (3.15) áóäåò ðåøåíèåì ñèñòåìû (3.3) ñ íà÷àëüíûìè äàííûìè y(0) ,
âû÷èñëÿåìîì òàê æå ïî ôîðìóëå (3.16). Ñïðàâåäëèâî è îáðàòíîå: åñëè y(t) ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû (3.3), òî x(t) áóäåò ðåøåíèåì ñèñòåìû (3.1), ïðè÷åì èõ íà÷àëüíûå
äàííûå áóäóò ñâÿçàíû ñîîòíîøåíèåì (3.16).

Ñóùåñòâîâàíèå îòîáðàæåíèÿ (3.16) ñëåäóåò èç óðàâíåíèÿ (3.15).
Ñëåäîâàòåëüíî, â êà÷åñòâå îòîáðàæåíèÿ P (2) ìîæíî âçÿòü

P (2)x(0) = x(0) +

+∞∫
t0

Y (t0 − s)f(x(s : t0, x
(0)))ds. (3.17)

Ñóùåñòâîâàíèå îòîáðàæåíèÿ P (1) òàêîãî, ÷òî x(0) = P (1)y(0) äîêàçûâàåòñÿ àíàëîãè÷íî
ðàáîòå [13].

Ïîêîìïîíåíòàÿ çàïèñü óðàâíåíèÿ (3.15) èìååò âèä

xi(t : t0, x
(0)) = yi(t : t0, y

(0))−
n∑

j=1

∫ +∞

t

yij(t− s)fj(x(s : t0, x
(0)))ds, i = 1, n. (3.18)

Èç (3.12) è (3.15) ïîëó÷èì

|xi(t : t0, x(0))− yi(t : t0, y
(0))| ≤ θe(βi+ε)(t−t0), t ≤ t0, (3.19)

ãäå i ∈ N è ñïðàâåäëèâî y(0) = P (2)x(0) .
Òîãäà, ñîãëàñíî îïðåäåëåíèþ 1.1 èç ðàáîòû [16] ñèñòåìû (3.1) è (3.3) ÿâëÿþòñÿ ëîêàëü-

íî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî Áðàóåðó îòíîñèòåëüíî ôóíêöèé
µi(t) = e(βi+ε)(t−t0), i ∈ N.

Ïîêàæåì ñïðàâåäëèâîñòü ñîîòíîøåíèé (2.6) è (2.7). Ñîïîñòàâëÿÿ ðàâåíñòâà (2.6) è ñî-
îòíîøåíèå (3.18), ïîëó÷èì

µi(t)δi(t : t0, x
(0)) = −

n∑
j=1

∫ +∞

t

yij(t− s)fj(x(s : t0, x
(0)))ds. (3.20)
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Äàëåå, ó÷èòûâàÿ îöåíêè (3.19) è ðàâíîìåðíóþ ñõîäèìîñòü èíòåãðàëîâ (3.9) ïî ci
( i = 1, n ), çàêëþ÷èì, ÷òî δi(t : t0, x

(0)) ñòðåìÿòñÿ ê íóëþ ïðè t → +∞ ðàâíîìåðíî
ïî x(0).

Àíàëîãè÷íî ñîïîñòàâëÿÿ ðàâåíñòâà (2.7) è ñîîòíîøåíèå (3.18), ïîëó÷èì

µi(t)γi(t : t0, y
(0)) = −

n∑
j=1

∫ +∞

t

yij(t− s)fj(x(s : t0, P
(1)y(0)))ds, (3.21)

è, ñëåäîâàòåëüíî, γi(t : t0, y
(0)) ñòðåìÿòñÿ ê íóëþ ïðè t→ +∞ ðàâíîìåðíî ïî y(0).

Òàêèì îáðàçîì, âñå óñëîâèÿ òåîðåìû 2.1 âûïîëíåíû, è, ñëåäîâàòåëüíî, íóëåâîå ðåøåíèå
ñèñòåìû (3.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî ïåðåìåííûì xi, i ∈ N, äëÿ êîòîðûõ βi < 0 ;
óñòîé÷èâî ïî ïåðåìåííûì xi , i ∈ N, äëÿ êîòîðûõ βi = 0 è àëãåáðàè÷åñêèå è ãåîìåòðè-
÷åñêèå êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ñ íóëåâûìè âåùåñòâåííûìè ÷àñòÿìè ñîâïàäàþò,
ïðè÷åì íóëåâîå ðåøåíèå ñèñòåìû (3.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî
ýòèì ïåðåìåííûì.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïðèâåäåì ïðèìåðû, èëëþñòðèðóþùèå ïðèìåíåíèå ïîëó÷åííûõ äîñòàòî÷íûõ óñëîâèé
ê èññëåäîâàíèþ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ ïîëîæåíèé ðàâíîâåñèÿ íåëèíåéíûõ
ñèñòåì.

Ï ð è ì å ð 3.1 Äëÿ ñèñòåìû òðåòüåãî ïîðÿäêà
ẋ = −x

ẏ = − x2y

1 + z2

ż = z

, (3.22)

ãäå x, y, z ∈ R ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè íóëåâîãî ïîëîæåíèÿ
ðàâíîâåñèÿ ñèñòåìû ïî ÷àñòè ïåðåìåííûõ.

Ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû ëèíåéíîãî ïðèáëèæåíèÿ ñèñòåìû (3.22) ÿâëÿþòñÿ
λ1 = −1, λ2 = 0, λ3 = 1.

Ôóíäàìåíòàëüíàÿ ìàòðèöà ëèíåéíîãî ïðèáëèæåíèÿ ñèñòåìû (3.22) èìååò âèä:

Y (t) =

 e−t 0 0
0 1 0
0 0 et

 .

Äëÿ ïðîâåðêè âûïîëíåíèÿ óñëîâèé òåîðåìû 3.1 äîêàæåì ðàâíîìåðíóþ ñõîäèìîñòü èí-
òåãðàëîâ (3.9). Èñïîëüçóÿ îöåíêè (3.7) è (3.8), èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû âû÷èñ-
ëèì α = 0, β1 = −1, β2 = 0, β3 = 1.

Ó÷èòûâàÿ, ÷òî

f1(x, y, z) ≡ 0, f2(x, y, z) = − x2y

1 + z2
, f3(x, y, z) ≡ 0.

èç îöåíîê (3.2) íàõîäèì

ψ1(u, v, w) = 0, ψ2(u, v, w) = − u2v

1 + w2
, ψ3(u, v, w) = 0.

ãäå u = |x|, v = |y|, w = |z|.
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Èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû ñëåäóåò, ÷òî

K\K0 = {(1, 1), (2, 2), (3, 3)}.

Òîãäà íåñîáñòâåííûå èíòåãðàëû (3.9) ïðèìóò âèä:

I11 = 0, I22 =

+∞∫
0

c1e
−sds

1 + c22e
2s
, I33 = 0.

Èç ðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëîâ I11, I22, I33 îòíîñèòåëüíî ci, i = 1, 3, íà
îñíîâàíèè òåîðåìû 3.1 ìîæíî ñäåëàòü âûâîä, ÷òî íóëåâîå ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû
(3.22) àñèìïòîòè÷åñêè óñòîé÷èâî ïî ïåðåìåííîé x, óñòîé÷èâî ïî ïåðåìåííîé y. Êðîìå
òîãî, ïî ïåðåìåííîé y îíî èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå.

Ï ð è ì å ð 3.2 Äëÿ ñèñòåìû òðåòüåãî ïîðÿäêà

ẋ =
(x+ 1)(2z2 + z + 8)

z2 + 3
,

ẏ =
(x+ 1)2(z + 2)

z2 + 3
,

ż = −(z + 2)(xy − z2 − 3x+ y − 6)

z2 + 3
,

(3.23)

ãäå x, y, z ∈ R ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ
ñèñòåìû ïî ÷àñòè ïåðåìåííûõ.

Ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (3.23) â ïðîñòðàíñòâå R3 îáðàçóþò ìíîæåñòâî òî÷åê
ñ êîîðäèíàòàìè (−1, c,−2)T , ãäå c ∈ R .

Çàìåíîé
x = x1 − 1, y = x2 + c, z = x3 − 2 (3.24)

ïåðåéäåì ê èññëåäîâàíèþ íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû

ẋ1 = −2x1 −
x1x3

(x3 − 2)2 + 3
,

ẋ2 =
x1

2x3

(x3 − 2)2 + 3
,

ẋ3 = x3 −
x1 (x2 + c− 3)x3

(x3 − 2)2 + 3
.

(3.25)

Ëèíåéíûì ïðèáëèæåíèåì äëÿ ñèñòåìû (3.25) áóäåò ñèñòåìà
ẏ1 = −2y1,

ẏ2 = 0,

ẏ3 = y3.

.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû â ëèíåéíîé ÷àñòè ñèñòåìû (3.25) ðàâíû λ1 = −2, λ2 =
0, λ3 = 1, è, ñëåäîâàòåëüíî, ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ
ïðèìåò âèä

Y (t) =

 e−2t 0 0
0 1 0
0 0 et

 .

Ï.À. Øàìàíàåâ, Î.Ñ. ßçîâöåâà. Äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3 313

Ïðîâåðèì óñëîâèÿ âûïîëíåíèÿ òåîðåìû 3.1 Äëÿ ýòîãî, èñïîëüçóÿ îöåíêè (3.7) è (3.8),
âû÷èñëèì α = β1 = −2 , β2 = 0 , β3 = 1 .

Ó÷èòûâàÿ, ÷òî

f1(x1, x2, x3) =
x1x3

(x3 − 2)2 + 3
,

f2(x1, x2, x3) =
x1

2x3

(x3 − 2)2 + 3
,

f3(x1, x2, x3) =
x1 (x2 + c− 3)x3

(x3 − 2)2 + 3
,

èç îöåíîê (3.2) íàéäåì

ψ1(u, v, w) =
uw

(w − 2)2 + 3
,

ψ2(u, v, w) =
u2w

(w − 2)2 + 3
,

ψ3(u, v, w) =
u (v + c− 3)w

(w − 2)2 + 3
,

ãäå u = |x1| , v = |x2| , w = |x3|.
Îïðåäåëèì ìíîæåñòâî K\K0 èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû:

K\K0 = {(1, 1), (2, 2), (3, 3)}.

Òîãäà èíòåãðàëû (3.9) ïðèìóò âèä:

I11 =

+∞∫
0

e2s
c1e

−2sc3e
s

(c3es − 2)2 + 3
ds =

+∞∫
0

c1c3e
s

(c3es − 2)2 + 3
ds,

I22 =

+∞∫
0

e2s
c21e

−4sc3e
s

(c3es − 2)2 + 3
ds =

+∞∫
0

c21c3e
−s

(c3es − 2)2 + 3
ds,

I33 =

+∞∫
0

e2s
c1e

−2s(c2 − 3)c3e
s

(c3es − 2)2 + 3
ds =

+∞∫
0

c1(c2 − 3)c3e
s

(c3es − 2)2 + 3
ds.

Ïîñêîëüêó èíòåãðàëû I11, I22, I33 ñõîäÿòñÿ ðàâíîìåðíî îòíîñèòåëüíî ci , i = 1, 3,
òàêèõ ÷òî (c1, c2, c3)

T ïðèíàäëåæèò äîñòàòî÷íî ìàëîé îêðåñòíîñòè íóëÿ, òî óñëîâèÿ òåî-
ðåìû 3.1 âûïîëíåíû. Òîãäà ñ ó÷åòîì çàìåíû (3.24) êàæäîå èç ïîëîæåíèé ðàâíîâåñèÿ
(−1, c,−2)T , c ∈ R ñèñòåìû (3.23) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïî ïåðåìåííîé
x è èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííîé y .
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The su�cient conditions for polystability of solutions

of nonlinear systems of ordinary di�erential equations

c⃝ P.A. Shamanaev1 O. S. Yazovtseva2

Abstract. The article states the su�cient polystability conditions for part of variables for
nonlinear systems of ordinary di�erential equations with a su�ciently smooth right-hand side.
The obtained theorem proof is based on the establishment of a local componentwise Brauer
asymptotic equivalence. An operator in the Banach space that connects the solutions of the
nonlinear system and its linear approximation is constructed. This operator satis�es the conditions
of the Schauder principle, therefore, it has at least one �xed point. Further, using the estimates
of the non-zero elements of the fundamental matrix, conditions that ensure the transition of the
properties of polystability are obtained, if the trivial solution of the linear approximation system
to solutions of a nonlinear system that is locally componentwise asymptotically equivalent to its
linear approximation. There are given examples, that illustrate the application of proven su�cient
conditions to the study of polystability of zero solutions of nonlinear systems of ordinary di�erential
equations, including in the critical case, and also in the presence of positive eigenvalues.

Key Words: nonlinear ordinary di�erential equations, local componentwise Brauer asymptotic
equivalence, the Shauder principle for a �xed point, stability with respect to a part of variables.
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Äèíàìèêà îñàæäåíèÿ ÷àñòèöû â âÿçêîé æèäêîñòè ïðè

íàëè÷èè äâóõ ïëîñêèõ ñòåíîê.
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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìîäåëüíàÿ çàäà÷à îá îñàæäåíèè òâåðäîé ñôåðè÷åñêîé ÷àñòèöû
â âÿçêîé æèäêîñòè, ãðàíè÷àùåé ñ äâóìÿ òâåðäûìè ïëîñêèìè ïîâåðõíîñòÿìè. Äëÿ íàõîæäåíèÿ
ðåøåíèÿ óðàâíåíèé ãèäðîäèíàìèêè â ïðèáëèæåíèè ìàëûõ ÷èñåë Ðåéíîëüäñà ñ ãðàíè÷íûìè
óñëîâèÿìè íà ÷àñòèöå è äâóõ ïëîñêîñòÿõ èñïîëüçóåòñÿ ïðîöåäóðà, ðàçðàáîòàííàÿ äëÿ ÷èñëåí-
íîãî ìîäåëèðîâàíèÿ äèíàìèêè áîëüøîãî ÷èñëà ÷àñòèö â âÿçêîé æèäêîñòè ñ îäíîé ïëîñêîé
ñòåíêîé. Ïðîöåäóðà îñíîâàíà íà èñïîëüçîâàíèè ôèêòèâíûõ ÷àñòèö, ðàñïîëîæåííûõ ñèììåò-
ðè÷íî ðåàëüíûõ îòíîñèòåëüíî ïëîñêîñòè. Äëÿ ðåøåíèÿ çàäà÷è îá îñàæäåíèè ðåàëüíîé ÷à-
ñòèöû ïðè íàëè÷èè äâóõ ïëîñêîñòåé ïîëó÷àåòñÿ ñèñòåìà ôèêòèâíûõ ÷àñòèö. Ïðèáëèæåííîå
ðåøåíèå íàéäåíî ñ èñïîëüçîâàíèåì ÷åòûðåõ ôèêòèâíûõ ÷àñòèö. Íà îñíîâå ýòîãî ðåøåíèÿ ïî-
ëó÷åíû ÷èñëåííûå ðåçóëüòàòû ïî ìîäåëèðîâàíèþ äèíàìèêè îñàæäåíèÿ ÷àñòèöû äëÿ ñëó÷àÿ
ïàðàëëåëüíîé è ïåðïåíäèêóëÿðíîé îðèåíòàöèè ïëîñêîñòåé îòíîñèòåëüíî äðóã äðóãà. Â ÷àñò-
íîñòè, íàéäåíû çíà÷åíèÿ ëèíåéíîé è óãëîâîé ñêîðîñòè ÷àñòèöû â çàâèñèìîñòè îò ðàññòîÿíèÿ
äî êàæäîé èç ïëîñêîñòåé è íàïðàâëåíèÿ äåéñòâèÿ ñèëû òÿæåñòè. Â ïðåäåëüíîì ñëó÷àå, êîãäà
îäíà èç ïëîñêîñòåé íàõîäèòñÿ áåñêîíå÷íî äàëåêî îò ÷àñòèöû ïîó÷àåì èçâåñòíûå ðåçóëüòàòû
âäîëü è ïåðïåíäèêóëÿðíî îäíîé ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: ÷èñëåííîå ìîäåëèðîâàíèå, âÿçêàÿ æèäêîñòü, ÷àñòèöà, ãèäðîäèíàìè÷å-
ñêîå âçàèìîäåéñòâèå, îñàæäåíèå, ïëîñêèå ñòåíêè.

1. Ââåäåíèå

Â ïîñëåäíèå ãîäû èíòåíñèâíî ðàçâèâàþòñÿ ìèêðôîëþèäíûå ñèñòåìû [1], [2], [3].
Îäíî èç ïåðñïåêòèâíûõ íàïðàâëåíèé ðàçâèòèÿ - ëàáîðàòîðèè íà ÷èïå (lab-on-a-chip) [4].
Èõ îñíîâîé ÿâëÿþòñÿ òàê íàçûâàåìûå ìèêðîôëþèäíûå ìîäóëè, â êîòîðûõ ïðîèñõîäèò
óïðàâëåíèå îáúåìàìè æèäêîñòåé (îáúåìîì îò 10−9 äî 10−15 ë). Òàêèå êàïëè ÿâëÿþòñÿ
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ñâîåîáðàçíûìè ðåàêöèîííûìè êàìåðàìè , îêðóæåííûìè èíåðòíîé ñðåäîé, â êîòîðûõ ìî-
ãóò áûòü ïðîâåäåíû õèìè÷åñêèå ðåàêöèè èëè äðóãèå âçàèìîäåéñòâèÿ èññëåäóåìîãî îáúåê-
òà è èçó÷àåìîãî ìàòåðèàëà: ïîäãîòîâêà ïðîá, òðàíñïîðòèðîâêà, ñìåøèâàíèå, ðàçäåëåíèå,
äåòåêòèðîâàíèå, äîçèðîâàíèå è äðóãèå îïåðàöèè. Ïðèìåíåíèå ìèêðîôëþèäíûõ ìîäóëåé
â ìåäèöèíå, áèîëîãèè, ôàðìàöåâòèêå, ïðîìûøëåííîñòè è äðóãèõ îáëàñòÿõ îòêðûâàåò íî-
âûå âîçìîæíîñòè ïî ñóùåñòâåííîìó ñíèæåíèþ ñòîèìîñòè, ñëîæíîñòè è ñðîêîâ ïðîâåäåíèÿ
àíàëèçîâ, èññëåäîâàíèé, êîíòðîëÿ. Ìîäåëèðîâàíèå äèíàìèêè êàïåëü è ÷àñòèö â êàíàëàõ
òàêèõ óñòðîéñòâ ïðåäñòàâëÿåò àêòóàëüíóþ çàäà÷ó. Îäíà èç âîçìîæíûõ ôîðì - êàíàëû ñ
ïëîñêèìè ñòåíêàìè. Çàäà÷à î äâèæåíèè îäèíî÷íîé ÷àñòèöû â âÿçêîé æèäêîñòè ïðè íàëè-
÷èè ïëîñêîé ñòåíêè ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà ðàññìàòðèâàëàñü âî ìíîãèõ ðàáîòàõ.
Ôàêòè÷åñêè çàäà÷à ñîñòîèò èç äâóõ: äâèæåíèå ÷àñòèöû ïåðïåíäèêóëÿðíî ïëîñêîé ñòåíêå
è äâèæåíèå ÷àñòèöû ïàðàëëåëüíî ïëîñêîé ñòåíêå. Êëàññè÷åñêîå ðåøåíèå îá îñàæäåíèè
îäèíî÷íîé ÷àñòèöû ïîëó÷åíî ñ ïîìîùüþ áèïîëÿðíûõ êîîðäèíàò è ïðèâåäåíî â ðàáîòå [5].
Îñíîâíàÿ òðóäíîñòü â ïîëó÷åíèå ðåøåíèÿ - óäîâëåòâîðèòü ãðàíè÷íûì óñëîâèÿì íà äâóõ
ãåîìåòðè÷åñêè ðàçíûõ ïîâåðõíîñòÿõ: ñôåðå è ïëîñêîñòè. Ðàçëè÷íûå ñïîñîáû íàõîæäåíèÿ
ïðèáëèæåííîãî àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è, â òîì ÷èñëå è ìåòîäîì îòðàæåíèÿ, ïðè-
âåäåíû â [6]. Àñèìïòîòè÷åñêîå ðåøåíèå äëÿ äâèæåíèÿ ñôåðû âáëèçè ïëîñêîé ñòåíêè äàíî
â [7], [8]. Â ïîñëåäíèå ãîäû ïîÿâèëîñü ìíîãî ðàáîò ïî ÷èñëåííîìó ìîäåëèðîâàíèþ äèíà-
ìèêè ÷àñòèöû èëè êàïëè â êàíàëàõ ñ ïëîñêèìè ñòåíêàìè [9], [10]. Îäíàêî ïðèìåíÿåìûå
ìåòîäû ðåøåíèÿ çàäà÷è î âçàèìîäåéñòâèè ÷àñòèöû ñ ïëîñêîñòüþ èëè äâóìÿ ïëîñêîñòÿ-
ìè çàòðóäíèòåëüíî ïðèìåíèòü äëÿ ñëó÷àÿ áîëüøîãî ÷èñëà âçàèìîäåéñòâóþùèõ ÷àñòèö â
ïîòîêå æèäêîñòè ïðè íàëè÷èè ïëîñêèõ ñòåíîê.

Â ðàáîòå [11] ðàçðàáîòàí ìåòîä è åãî ïðîãðàììíàÿ ðåàëèçàöèÿ äëÿ ÷èñëåííîãî ðàñ÷åòà
äèíàìèêè êîíå÷íîãî ÷èñëà ÷àñòèö â ïîòîêå âÿçêîé æèäêîñòè ïðè íàëè÷èè ïëîñêîé ñòåí-
êè. Ìåòîä ñâîäèò çàäà÷ó î âçàèìîäåéñòâèè ÷àñòèö ñî ñòåíêîé ê çàäà÷å î âçàèìîäåéñòâèè
ðåàëüíûõ è ôèêòèâíûõ ÷àñòèö, ðàñïîëîæåííûõ ñèììåòðè÷íî ïåðâûõ îòíîñèòåëüíî ïëîñ-
êîñòè ñòåíêè. Ãðàíè÷íûå óñëîâèÿ íà ñòåíêå óäîâëåòâîðÿþòñÿ òî÷íî, à íà ÷àñòèöàõ � ïðè-
áëèæåííî. Ìåòîä îòëè÷åí îò èçâåñòíûõ, èñïîëüçóþùèõ ôèêòèâíûå ÷àñòèöû, íàïðèìåð
îò ìåòîäà çåðêàëüíûõ îòðàæåíèé, è ïîçâîëÿåò ðàññ÷èòûâàòü äèíàìèêó ãðóïïû ÷àñòèö,
âçàèìîäåéñòâóþùèõ ìåæäó ñîáîé è ñòåíêîé. Íà îñíîâå ýòîãî ìåòîäà ïðîâåäåíî ÷èñëåííîå
ìîäåëèðîâàíèå äèíàìèêè îñàæäåíèÿ ÷àñòèöû â âÿçêîé æèäêîñòè äëÿ äâóõ îðèåíòàöèé
ïëîñêèõ ïîâåðõíîñòåé - ïàðàëëåëüíîé è ïåðïåíäèêóëÿðíîé.

2. Ïîñòàíîâêà çàäà÷è è ìåòîä ðåøåíèÿ

Ïóñòü åäèíè÷íàÿ òâåðäàÿ ÷àñòèöà A ðàäèóñà a ïîìåùåíà â íåîãðàíè÷åííóþ
íåñæèìàåìóþ æèäêîñòü âÿçêîñòè η . Â æèäêîñòè òàêæå ïðèñóòñòâóåò íåïîäâèæíûå ïëîñ-
êèå òâåðäûå ïîâåðõíîñòè α è β (Ðèñ. 2.1). Ñêîðîñòü è äàâëåíèå íåâîçìóùåííîãî ïîòîêà
æèäêîñòè (ò.å. òàêîãî ïîòîêà, êîòîðûé áûë áû â îòñóòñòâèè ÷àñòèö) ïðåäïîëàãàþòñÿ çà-

äàííûìè â âèäå äâóõ ôóíêöèé: U⃗(x⃗) , P (x⃗) .
Ñêîðîñòü u⃗′(x⃗) è äàâëåíèå p′(x⃗) âîçìóùåííîãî ïîòîêà áóäåì ðàññìàòðèâàòü â âèäå

ñóììû ñêîðîñòè è äàâëåíèÿ íåâîçìóùåííîãî ïîòîêà è ñêîðîñòè è äàâëåíèÿ ïîòîêà âîçìó-
ùåíèÿ

u⃗′(x⃗) = U⃗(x⃗) + u⃗(x⃗)

p′(x⃗) = P (x⃗) + p(x⃗)

Ñ÷èòàÿ Re < 1 , çàïèøåì óðàâíåíèÿ äëÿ ñêîðîñòè u⃗(x⃗) è äàâëåíèÿ p(x⃗) âîçìóùåíèÿ
â ïðèáëèæåíèè Ñòîêñà
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∇ · u⃗ = 0, η∇2u⃗ = ∇p (2.1)

Ïëîñêèå ñòåíêè α è β ñ÷èòàåì íåïîäâèæíûìè ñ ãðàíè÷íûìè óñëîâèÿìè íà íèõ â âèäå

ui = 0 (x⃗+ h⃗) ⊥ h⃗,

ui = 0 (x⃗+ m⃗) ⊥ m⃗ (2.2)

Çäåñü è äàëåå ÷åðåç ui áóäåì îáîçíà÷àòü i -óþ êîìïîíåíòó âåêòîðà u⃗ , i ïðèíèìàåò
çíà÷åíèÿ 1 , 2 , 3 . Íà ïîâåðõíîñòè ÷àñòèöû ãðàíè÷íîå óñëîâèå çàïèñûâàåòñÿ â âèäå

|x⃗| = a : Ui(x⃗) + ui(x⃗) = Vi + Γijxj (2.3)

Çäåñü Γij = εikjωk , V⃗ , ω⃗ - âåêòîðû ëèíåéíîé è óãëîâîé ñêîðîñòåé ÷àñòèöû ñîîòâåò-
ñòâåííî, εikj - òåíçîð Ëåâè-×åâèòû (àíòèñèììåòðè÷íûé òåíçîð òðåòüåãî ðàíãà, ε123 = 1 ).
Ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðîèñõîäèò ñóììèðîâàíèå (ïðàâèëî Ýéíøòåéíà). Íàëè÷èå
ñâîáîäíûõ èíäåêñîâ îçíà÷àåò, ÷òî óêàçàííîå óðàâíåíèå äîëæíî âûïîëíÿòüñÿ ïðè âñåõ çíà-
÷åíèÿõ ýòèõ èíäåêñîâ îò 1 äî 3 .

Âîçìóùåíèÿ ñêîðîñòè è äàâëåíèÿ, âîçíèêàþùèå ïðè äâèæåíèè ÷àñòèöû, äîëæíû óäî-
âëåòâîðÿòü óñëîâèþ:

|x⃗| → ∞ : ui(x⃗) → 0, p(x⃗) → 0 (2.4)

Ìåòîä ðåøåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òîáû çàìåíèòü ïëîñêóþ ñòåíêó ÷àñòèöåé è âîñ-
ïîëüçîâàòüñÿ ðàçðàáîòàííîé â [12] ïðîöåäóðîé ðåøåíèÿ çàäà÷è î âçàèìîäåéñòâèè ëþáîãî
êîíå÷íîãî ÷èñëà ÷àñòèö. Äëÿ ýòîãî ââîäèòñÿ äîïîëíèòåëüíàÿ ôèêòèâíàÿ ÷àñòèöà B , ñèì-
ìåòðè÷íàÿ äàííîé A îòíîñèòåëüíî ïëîñêîé ñòåíêè β è ÷àñòèöà C , ñèììåòðè÷íàÿ äàííîé
A îòíîñèòåëüíî ïëîñêîé ñòåíêè α (Ðèñ. 2.1 à), à çàòåì èñïîëüçóåòñÿ ôîðìà çàïèñè ðå-
øåíèÿ çàäà÷è î âçàèìîäåéñòâèè äâóõ ÷àñòèö A è B , A è C [11]. Àíàëîãè÷íî ââîäèòñÿ
äîïîëíèòåëüíàÿ ôèêòèâíàÿ ÷àñòèöà D , ñèììåòðè÷íàÿ B è C îòíîñèòåëüíî ñòåíîê α è
β ñîîòâåòñòâåííî, è èñïîëüçóåòñÿ ôîðìà çàïèñè ðåøåíèÿ î âçàèìîäåéñòâèè äâóõ ÷àñòèö
B è D , C è D [11]. Òî÷íî òàêàÿ æå ïðîöåäóðà ïðèìåíÿåòñÿ è äëÿ ñëó÷àÿ ïàðàëëåëüíîãî
ðàñïîëîæåíèÿ ïëîñêîñòåé (Ðèñ. 2.1 á). Ðåøåíèå óðàâíåíèé (2.1) äëÿ ñêîðîñòè èìååò âèä:

ui = −2
3
HAiL0(x⃗)− 1

6
HAjLij(x⃗)x

2 − 3
5
HAi,jLj(x⃗)− 1

10
HAj,kLi,j,k(x⃗)x

2−
−4

7
HAi,j,kLj,k(x⃗)− 1

14
HAj,k,lLi,j,k,l(x⃗)x

2 − 5
9
HAi,j,k,lLj,k,l(x⃗)− 1

18
HAj,k,l,nLi,j,k,l,n(x⃗)x

2−
−2

3
GCiL0(y⃗)− 1

6
GCjLi,j(y⃗)y

2 − 3
5
GCi,jLj(y⃗)− 1

10
GCj,kLi,j,k(y⃗)y

2−
−4

7
GCi,j,kLj,k(|vecy)− 1

14
GCj,k,lLi,j,k,l(y⃗)y

2 − 2
3
GBiL0(z⃗)− 1

6
GBjLi,j(z⃗)z

2−
−3

5
GBi,jLj(z⃗)− 1

10
GBj,kLi,j,k(z⃗)z

2 − 4
7
GBi,j,kLj,k(z⃗)− 1

14
GBj,k,lLi,j,k,lz

2−
−2

3
GEiL0(y⃗1)− 1

6
GEjLi,j(y⃗1)y1

2 − 3
5
GEi,jLj(y⃗1)− 1

10
GEj,kLi,j,k(y⃗1)−

−4
7
GEi,j,kLj,k(y⃗1)− 1

14
GEj,k,lLi,j,k,l(y⃗1)y1

2 − 5
9
GEi,j,kLj,k(y⃗1)−

− 1
18
GEj,k,l,nLi,j,k,l,n(y⃗1)y1

2 − 6
11
GEi,j,k,l,nLj,k,l,n(y⃗1)− 1

22
GEj,k,l,n,sLi,j,k,l,n,s(y⃗1)y1

2−
−2

3
GDiL0(z⃗1)− 1

6
GDjLi,j(z⃗1)z1

2 − 3
5
GDi,jLj(z⃗1)−

− 1
10
GDj,kLi,j,k(z⃗1)z1

2 − 4
7
GDi,j,kLj,k(z⃗1)− 1

14
GDj,k,lLi,j,k,l(z⃗1)z1

2−
−5

9
GDi,j,k,lLj,k,l(z⃗1)− 1

18
GDj,k,l,nLi,j,k,l,n(z⃗1)z1

2 − 6
11
GDi,j,k,l,nLj,k,l,n(z⃗1)−

− 1
22
GDj,k,l,n,sLi,j,k,l,n,s(z⃗1)z1

2

(2.5)
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à) á)
Ð è ñ ó í î ê 2.1

Çàâèñèìîñòü áåçðàçìåðíûõ êîîðäèíàò ÷àñòèöû A îò áåçðàçìåðíîãî âðåìåíè ïðè ðàçëè÷íûõ

óãëàõ íàêëîíà ïîâåðõíîñòè α ê ãîðèçîíòó

Äàâëåíèå ïðåäñòàâëÿåòñÿ ñëåäóþùåé ôóíêöèåé

p = HAiLi(x⃗) +HA[i,jLi,j(x⃗) +HAi,j,kLi,j,k(x⃗) +HAi,j,k,lLi,j,k,l(x⃗) +GC[i]Li(y⃗)+
+GCi,jLi,j(y⃗) +GCi,j,kLi,j,k(y⃗) +GBiLi(z⃗) +GBi,jLi,j(z⃗) +GBi,j,kLi,j,k(z⃗)+

+GEiLi(y⃗1) +GEi,jLi,j(y⃗1) +GEi,j,kLi,j,k(y⃗1) +GEi,j,k,lLi,j,k,l(y⃗1)+

+GEi,j,k,l,nLi,j,k,l,n(y⃗1) +GDiLi(z⃗1) +GDi,jLi,j(z⃗1) +GDi,j,kLi,j,k(z⃗1)+

+GDi,j,k,lLi,j,k,l(z⃗1) +GDi,j,k,l,nLi,j,k,l,n(z⃗1)

(2.6)

Çäåñü y⃗1 , y⃗ , z⃗1 , z⃗ - ðàäèóñ-âåêòîðû, ñîåäèíÿþùèå öåíòðû ôèêòèâíûõ ÷àñòèö B , C ,
D ñ ïðîèçâîëüíîé òî÷êîé â æèäêîñòè. Òàê æå, êàê è â ðàáîòå [11] íåèçâåñòíûå òåíçîðíûå
êîýôôèöèåíòû íàõîäÿòñÿ èç ãðàíè÷íûõ óñëîâèé íà ïîâåðõíîñòè ñòåíîê ((2.2)) è ÷àñòèöû
A (2.3). Îòëè÷èå îò çàäà÷è ñ îäíîé ñòåíêîé çàêëþ÷àåòñÿ â òîì, ÷òî ãðàíè÷íûå óñëîâèÿ íà
äâóõ ïëîñêèõ ïîâåðíîñòÿõ è ÷àñòèöû âûïîëíÿþòñÿ ïðèáëèæåííî ñ çàäàííîé òî÷íîñòüþ.
Òåíçîðíûå êîýôôèöèåíòû íàõîäèëèñü ìåòîäîì ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó ε = a/h
ñ òî÷íîñòüþ äî o(ε3 . Â êà÷åñòâå ïàðàìåòðà çàäàâàëîñü îòíîøåíèå λ = m/h .
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3. Ðåçóëüòàòû ìîäåëèðîâàíèÿ

Äëÿ ðàñ÷åòà äèíàìèêè îñàæäåíèÿ ðåøàëèñü óðàâíåíèÿ êâàçèñòàöèîíàðíîãî äâèæå-
íèÿ ÷àñòèöû ïîä äåéñòâèåì ãèäðîäèíàìè÷åñêîé ñèëû F⃗ è ìîìåíòà T⃗ , îïðåäåëÿåìûìè
èç ðåøåíèÿ (2.5), (2.6), è ñèëû òÿæåñòè ρpg⃗ è âûòàëêèâàþùåé ñèëû â æèäêîñòè −ρlg⃗ .
Ñèñòåìà óðàâíåíèé â ýòîì ñëó÷àå èìååò âèä:

F⃗ + (ρp − ρl)g⃗ = 0, T⃗ = 0

Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ äèíàìèêè ÷àñòèöû A äëÿ ñëó÷àÿ ïåðïåíäè-
êóëÿðíî ðàñïîëîæåííûõ ïëîñêèõ ñòåíîê ïðåäñòàâëåíû íà (Ðèñ.3.1) è (Ðèñ. 3.2). Çäåñü â
êà÷åñòâå õàðàêòåðíîãî ïàðàìåòðà èñïîëüçîâàëàñü ñêîðîñòü îñàæäåíèÿ V0 ÷àñòèöû A â
îòñóòñòâèè ñòåíîê.
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Α=Π�100
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Α=Π�20
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à)
5 10 15 20

t
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y�a
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Α=Π�50

Α=Π�20

Α=Π�12

Α=Π�6

Α=Π�4

á)
Ð è ñ ó í î ê 3.1

Çàâèñèìîñòü áåçðàçìåðíûõ êîîðäèíàò ÷àñòèöû A îò áåçðàçìåðíîãî âðåìåíè ïðè ðàçëè÷íûõ

óãëàõ íàêëîíà ïîâåðõíîñòè α ê ãîðèçîíòó

Êàê âèäíî èç ãðàôèêîâ, îñàæäåíèå ÷àñòèöû ïðè óãëå íàêëîíà 450 è ïðè îäèíàêîâîì
íà÷àëüíîì ðàññòîÿíèè äî ïëîñêîñòåé λ = 1 ïðîèñõîäèò áåç âðàùåíèÿ. Ïðè äðóãèõ óã-
ëàõ íàêëîíà è íà÷àëüíîì ïîëîæåíèè ÷àñòèöû îòíîñèòåëüíî ïëîñêîñòåé óãëîâàÿ ñêîðîñòü
ìîæåò èçìåíÿòü ñâîé çíàê, òî åñòü ÷àñòèöà ìåíÿåò íàïðàâëåíèå ñâîåãî âðàùåíèÿ.

Àíàëîãè÷íûå âû÷èñëåíèÿ áûëè ïðîäåëàíû äëÿ ñëó÷àÿ îñàæäåíèÿ ïðè ïàðàëëåëüíîì
ðàñïîëîæåíèè ïëîñêîñòåé. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïðåäñòàâëåíû íà (Ðèñ. 3.3).
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á)
Ð è ñ ó í î ê 3.2

Çàâèñèìîñòü áåçðàçìåðíîé óãëîâîé ñêîðîñòè ÷àñòèöû A îò áåçðàçìåðíûõ ïàðàìåòðîâ λ (ïðè

h/a = 1.5 ) è ðàññòîÿíèÿ äî ñòåíêè h/a (ïðè λ = 1.25 ) ïðè ðàçëè÷íûõ óãëàõ íàêëîíà

ïîâåðõíîñòè α ê ãîðèçîíòó
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Ð è ñ ó í î ê 3.3
Ëèíåéíàÿ è óãëîâàÿ ñêîðîñòè ïðè îñàæäåíèè ÷àñòèöû â ñëó÷àå ïàðàëëåëüíûõ ïëîñêîñòåé.

Óãëîâàÿ ñêîðîñòü ÷àñòèöû çàâèñèò îò íà÷àëüíîãî ðàñïîëîæåíèÿ îòíîñèòåëüíî ñòåíîê è
ïðè ïåðåõîäå ÷åðåç ñåðåäèíó êàíàëà ìåíÿåò çíàê. Ñêîðîñòü îñàæäåíèÿ ïðè íàëè÷èè ñòåíîê
ìåíüøå õàðàêòåðíîé ñêîðîñòè V0 è çàâèñèò êàê îò íà÷àëüíîãî ïîëîæåíèÿ ÷àñòèöû, òàê è
îò øèðèíû êàíàëà.

Ïðåäëîæåííûé âûøå ïîäõîä ïîçâîëÿåò ðàññ÷èòûâàòü äèíàìèêó ÷àñòèö ïðè ðàçëè÷íûõ
îðèåíòàöèÿõ ïëîñêîñòåé îòíîñèòåëüíî äðóã äðóãà.
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4. Çàêëþ÷åíèå

Ðàññìîòðåíà ìîäåëüíàÿ çàäà÷à îá îñàæäåíèè ÷àñòèöû â âÿçêîé æèäêîñòè ïðè íà-
ëè÷èè äâóõ ïëîñêèõ ñòåíîê. Íà îñíîâå ðàçðàáîòàííîãî ðàíåå ìåòîäà ïðåäëîæåíî ïðèáëè-
æåííîå ðåøåíèå çàäà÷è. Ìåòîä îñíîâàí íà çàìåíå ïëîñêîé ñòåíêè ôèêòèâíîé ÷àñòèöåé,
ðàñïîëîæåííîé ñèììåòðè÷íî ðåàëüíîé îòíîñèòåëüíî ïëîñêîñòè ñòåíêè. Ïðè ýòîì ãðàíè÷-
íûå óñëîâèÿ íà ñòåíêàõ è ÷àñòèöå óäîâëåòâîðÿþòñÿ ïðèáëèæåííî ñ çàäàííîé òî÷íîñòüþ.
Íàéäåííîå ðàñïðåäåëåíèè ñêîðîñòè è äàâëåíèÿ ïîçâîëÿåò îïðåäåëèòü ãèäðîäèíàìè÷åñêóþ
ñèëó è ìîìåíò ñèëû, äåéñòâóþùèå íà ÷àñòèöó ñî ñòîðîíû æèäêîñòè, è ðàññ÷èòûâàòü äèíà-
ìèêó ÷àñòèöû. Ïðîâåäåí ÷èñëåííûé ðàñ÷åò äèíàìèêè îñàæäåíèÿ ÷àñòèöû ïðè ðàçëè÷íûõ
îðèåíòàöèÿõ ñèëû òÿæåñòè îòíîñèòåëüíî ïëîñêèõ ñòåíîê. Ðåçóëüòàòû ÷èñëåííîãî ìîäå-
ëèðîâàíèÿ ïîêàçûâàþò, ÷òî ïðåäëîæåííûé ìåòîä ïîçâîëÿåò êîððåêòíî ðàññ÷èòûâàòü äè-
íàìèêó ÷àñòèöû. Ìåòîä ìîæåò áûòü èñïîëüçîâàí äëÿ ðàñ÷åòà äèíàìèêè áîëüøîãî ÷èñëà
÷àñòèö ïðè ïðîèçâîëüíîé îðèåíòàöèè ñòåíîê îòíîñèòåëüíî äðóã äðóãà è ïðè ïðîèçâîëüíîì
÷èñëå òàêèõ ñòåíîê.
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Dynamics of sedimentation of particle in a viscous �uid in

the presence of two �at walls

c⃝ S. I. Martynov1, T. V. Pronkina2, N. V. Dvoryaninova3, T. V. Karyagina4

Abstract. The model problem of sedimentation of a solid spherical particle in a viscous �uid
bordering two solid planar surfaces is considered. To �nd the solution of the hydrodynamic
equations in the approximation of small Reynolds numbers with boundary conditions on a particle
and on two planes, a procedure developed for numerical simulation of the dynamics of a large
number of particles in a viscous �uid with one plane wall is used. The procedure involves usage of
�ctive particles located symmetrically to real ones with respect to the plane. To solve the problem
of the real particle's sedimentation in the presence of two planes, a system of �ctive particles is
introduced. An approximate solution was found using four �ctive particles. Basing on this solution,
numerical results are obtained on dynamics of particle deposition for the cases of planes oriented
parallel and perpendicular to each other. In particular, the values of linear and angular velocities
of a particle are found, depending on the distance to each plane and on the direction of gravity.
In the limiting case, when one of the planes is in�nitely far from the particle, we obtain known
results on the dynamics of particle sedimentation along and perpendicular to one plane.

KeyWords: numerical modeling, viscous �uid, particle, hydrodynamic interaction, sedimentation,
�at walls.
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è èíôîðìàòèêà
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Äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ âîññòàíîâëåíèÿ

ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè

ñâåðõïðîâîäíèêîâ èç èçìåðåíèé ïåðâîé ãàðìîíèêè

íàìàãíè÷åííîñòè

c⃝ Í.Ä. Êóçüìè÷åâ1, Ì.À. Âàñþòèí2, À.Þ. Øèòîâ3, È.Â. Áóðüÿíîâ4

Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ âîññòà-
íîâëåíèÿ ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè ñâåðõïðîâîäíèêîâ âòîðîãî ðîäà èç
ñèíôàçíîé (äåéñòâèòåëüíîé) ñîñòàâëÿþùåé ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè â ãèñòåðå-
çèñíîì ñëó÷àå. Íà îñíîâå äèôôåðåíöèàëüíîãî óðàâíåíèÿ 2-ãî ïîðÿäêà âûïîëíåíî ìàòåìà-
òè÷åñêîå ìîäåëèðîâàíèå ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ òåîðåòè÷åñêîé è
ýêñïåðèìåíòàëüíîé çàâèñèìîñòè äåéñòâèòåëüíîé ÷àñòè ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè.
Ðåøåíèå çàäà÷è Êîøè îñóùåñòâëÿëîñü ÷èñëåííî, ìåòîäîì Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà
òî÷íîñòè. Äëÿ ýòîãî äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ âîññòàíîâëåíèÿ ñðåäíåé âîñïðèèì÷è-
âîñòè ñâîäèëîñü ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé. Íà îñíîâå ðàçðàáîòàííîé â ðàáîòå
ìåòîäèêå áûëà âîññòàíîâëåíà ñðåäíÿÿ äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü äèñêîîáðàçíî-
ãî ïîëèêðèñòàëëè÷åñêîãî ñâåðõïðîâîäíèêà YBa2Cu3O7−x èç ýêñïåðèìåíòàëüíî ïîëó÷åííîé
ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè â èíòåðâàëå ìàãíèòíûõ ïîëåé îò 0 äî 800 Ý.

Êëþ÷åâûå ñëîâà: íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå, çàäà÷à Êîøè, ìåòîä Ðóíãå-
Êóòòû, íàìàãíè÷åííîñòü, ñðåäíÿÿ äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü, âûñîêîòåìïåðàòóð-
íûé ñâåðõïðîâîäíèê, äåéñòâèòåëüíàÿ ÷àñòü ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè, ìíèìàÿ
÷àñòü ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè.

1. Ââåäåíèå

Èçâåñòíî, ÷òî ìàãíèòíûå ñâîéñòâà âûñîêîòåìïåðàòóðíûõ ñâåðõïðîâîäíèêîâ
(ÂÒÑÏ) îáëàäàþò ñëîæíûì ïîâåäåíèåì è ðàçíîîáðàçèåì [1]�[5]. Òàê, ñëàáûå ìàãíèòíûå
ïîëÿ íàïðÿæåííîñòüþ H ∼ 1 Ý ïðîíèêàþò â ÂÒÑÏ, è èõ íàìàãíè÷åííîñòü ÿâëÿåòñÿ íåëè-
íåéíîé ôóíêöèåé íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ, è â áîëüøèõ ïîëÿõ îáíàðóæèâàåòñÿ

1Êóçüìè÷åâ Íèêîëàé Äìèòðèåâè÷, ïðîôåññîð êàôåäðû êîíñòðóêòîðñêî-òåõíîëîãè÷åñêîé èí-
ôîðìàòèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøå-
âèñòñêàÿ, ä. 68/1), äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0001-6707-4950,
kuzmichevnd@yandex.ru

2 Âàñþòèí Ìèõàèë Àëåêñàíäðîâè÷, äîöåíò êàôåäðû êîíñòðóêòîðñêî-òåõíîëîãè÷åñêîé èíôîðìà-
òèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê, óë. Áîëüøåâèñòñêàÿ, ä. 68/1),
êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0002-4856-7407, vasyutinm@mail.ru

3Øèòîâ Àëüìèð Þðüåâè÷, àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâ-
íåíèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê,
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ãèñòåðåçèñ. Êðîìå òîãî, çàõâà÷åííûé îáðàçöîì ìàãíèòíûé ïîòîê ðåëàêñèðóåò. Â ñâÿçè ñ
ýòèì âîçíèêàåò íåîáõîäèìîñòü â íîâîé ìåòîäèêå îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ ïî
ìàãíèòíûì èçìåðåíèÿì. Îñîáûé èíòåðåñ ïðåäñòàâëÿþò èññëåäîâàíèÿ ìàãíèòíûõ ñâîéñòâ
ìàòåðèàëîâ ïóòåì îáðàáîòêè ñïåêòðà ãàðìîíèê ñèãíàëà îòêëèêà íà ìîäóëèðîâàííîå ìàã-
íèòíîå ïîëå. Àìïëèòóäû ãàðìîíèê óêàçàííîãî ñïåêòðà ñîäåðæàò áîãàòóþ èíôîðìàöèþ
îá àíàëèòè÷åñêèõ ñâîéñòâàõ è ìåõàíèçìå íåëèíåéíûõ è ãèñòåðåçèñíûõ ñâîéñòâ íàìàãíè-
÷åííîñòè M(H) . Øèðîêî ðàñïðîñòðàíåííûì ìåòîäîì èññëåäîâàíèÿ ìàãíèòíûõ ñâîéñòâ
ÂÒÑÏ ÿâëÿåòñÿ èçó÷åíèå îòêëèêà îáðàçöà íà âíåøíåå ïîñòîÿííîå è ïåðåìåííîå ìàãíèò-
íîå ïîëå. Äëÿ ýòîãî èñïîëüçóåòñÿ ¾2-õ êàòóøå÷íûé¿ ìåòîä, êîòîðûé îïèñàí, íàïðèìåð, â
ðàáîòàõ [1]�[3]. Âåëè÷èíà ε � ÝÄÑ îòêëèêà ïðîïîðöèîíàëüíà ñêîðîñòè èçìåíåíèÿ íàìàã-
íè÷åííîñòè îáðàçöà:

ε = −µ0NS · dM
dτ

(1.1)

Çäåñü µ0 � ìàãíèòíàÿ ïîñòîÿííàÿ, N � ÷èñëî âèòêîâ ïðèåìíîé êàòóøêè, S � ïëî-
ùàäü ñå÷åíèÿ îáðàçöà, τ - âðåìÿ è M � íàìàãíè÷åííîñòü îáðàçöà. Íàìàãíè÷åííîñòü
îáðàçöà ÂÒÑÏ çàâèñèò îò âåëè÷èíû òåêóùåãî âíåøíåãî ìàãíèòíîãî ïîëÿ, îò ïðåäûñòî-
ðèè åãî ñîñòîÿíèÿ, îò òåìïåðàòóðû è â îáùåì ñëó÷àå îò âðåìåíè (ðåëàêñàöèÿ) [1]�[4], ò.å.
M =M(H,T, τ) .

2. Òåîðåòè÷åñêèå ïðåäïîñûëêè

Ïóñòü ýêñïåðèìåíòàëüíî èññëåäóåòñÿ ãèñòåðåçèñíàÿ çàâèñèìîñòü íàìàãíè÷åííîñòè
M(H) . Ïðè ñòàòè÷åñêîì è ïåðåìåííîì âîçäåéñòâèè çàâèñèìîñòü M áóäåò ïåðèîäè÷åñêîé
ôóíêöèåé âðåìåíè τ è â ðåãèñòðèðóþùåì ñèãíàëå, ñîäåðæàùåì èíôîðìàöèþ î çàâèñèìî-
ñòè, èìåþòñÿ âûñøèå ãàðìîíèêè. Ñëåäóÿ ðàáîòàì [1]�[7], ðàçëîæèì M(H) â ðÿä Òåéëîðà
â òî÷êå H0 ïî z = h · cosωτ , êîòîðûé ïðåîáðàçóåòñÿ â ðÿä Ôóðüå:

M(H) =M(H0 + h · cos(t)) = M
′
0

2
+

∞∑
n=1

·
[
M

′

n · cos(nt) +M
′′

n · sin(nt)
]

(2.1)

Â âûðàæåíèè (2.1) âåëè÷èíà t = ωτ åñòü áåçðàçìåðíîå âðåìÿ. Ðÿäû äëÿ àìïëèòóä
ãàðìîíèê Ôóðüå ðàâíû:

M
′
n(H0, h) = 2

∑∞
m=0

1
m!(n+m)!

·
(
h
2

)2m+n⟨M(H0)⟩(2m+n) ,

M
′′
n (H0, h) =

2
π

∑∞
p=0△M(H0)

(p) · Sp, n · hp

p!

(2.2)

Çäåñü ⟨M(H)⟩ = [M−(H) +M+(H)]/2 � ñðåäíÿÿ êðèâàÿ íàìàãíè÷åííîñòè,

⟨M(H)⟩(k) , △M(H)(k) � ïðîèçâîäíàÿ îò ⟨M⟩ èëè îò △M(H) ïî H ïîðÿäêà k ,
△M(H)=[M−(H) +M+(H)] � ðàçíîñòíàÿ êðèâàÿ íàìàãíè÷åííîñòè, M−(H) è M+(H) �
âåòâè íàìàãíè÷åííîñòè â óáûâàþùåì è âîçðàñòàþùåì ïîëå ñîîòâåòñâåííî,

Sp, n =
n−1∑
i=0

p!(n+ p− 2i− 2)!!

(p− i)!(p+ n)!!

Ãäå ïðè n = 2k , p = 2m+ 1 , à ïðè n = 2k + 1 , p = 2m . Íàïðèìåð, S(p, 0) = 0 ,
S(p, 1) = 1/(p+ 1) , S(p, 2) = 2/(p+ 2) , S(p, 3) = (3p+ 1)/(p+ 1)(p+ 3) è ò.ä.

Äëÿ ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè èìååì:
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M
′

1(H0, h) = 2
∞∑

m=0

1

m!(m+ 1)!
·
(
h

2

)2m+1

⟨M(H0)⟩(2m+1) , (2.3)

M
′′

1 (H0, h) =
2

π

∞∑
m=0

△M(H0)
(2m) · h2m

(2m+ 1)!
(2.4)

Â îòñóòñòâèè ãèñòåðåçèñà ⟨M(H)⟩=M(H) , à △M(H)=0 . Â ýòîì ñëó÷àå M
′′
n =0 .

Íà Ðèñ. 2.1 äëÿ ïðèìåðà ïðèâåäåíû ðàçëè÷íûå âåòâè íàìàãíè÷åííîñòè äëÿ ñâåðõïðî-
âîäíèêà âòîðîãî ðîäà íàõîäÿùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè.

Ð è ñ ó í î ê 2.1

Êðèâûå è âåòâè íàìàãíè÷åííîñòè ñâåðõïðîâîäíèêà âòîðîãî ðîäà íàõîäÿùåãîñÿ â êðèòè÷åñêîì

ñîñòîÿíèè. Çäåñü: Min(H) � íà÷àëüíàÿ êðèâàÿ íàìàãíè÷åííîñòè, ⟨M(H)⟩ - ñðåäíÿÿ êðèâàÿ

íàìàãíè÷åííîñòè äëÿ òåêóùåé íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ, H = H0 + h · cos(ωτ) , △M(H)

� ðàçíîñòíàÿ êðèâàÿ íàìàãíè÷åííîñòè, M−(H) � âåòâü íàìàãíè÷åííîñòè â óáûâàþùåì ïîëå,

M+(H) - âåòâü íàìàãíè÷åííîñòè â âîçðàñòàþùåì ïîëå, ⟨M(H0)⟩ - çàâèñèìîñòü ñðåäíåé êðèâîé

íàìàãíè÷åííîñòè ïðè ìåäëåííîì ñêàíèðîâàíèè çíà÷åíèÿ ñòàòè÷åñêîãî ïîëÿ H0 , △M(H0) �

çàâèñèìîñòü ðàçíîñòíîé êðèâîé íàìàãíè÷åííîñòè îò âåëè÷èíû H0 .

Äëÿ ãèñòåðåçèñíîãî ñëó÷àÿ ïðè çíà÷åíèÿõ ìàëûõ h â (2.3) è (2.4) îñòàâèì ïî äâà ÷ëåíà
ðàçëîæåíèÿ:

M
′

1 ≈ h
d⟨M(H)⟩
dH

∣∣∣∣
H0

+
h3

8
· d

3⟨M(H)⟩
dH3

∣∣∣∣
H0

, (2.5)
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M
′′

1 ≈ 2

π

[
△M(H0) +

h2

6
· d

2△M(H)

dH2

∣∣∣∣
H0

]
(2.6)

Êàê ïðàâèëî, ïåðâûé ÷ëåí â ôîðìóëå (2.6) ìíîãî ìåíüøå âòîðîãî ÷ëåíà. Ïðè ìàëûõ
çíà÷åíèÿõ h êâàäðàòóðíàÿ (ìíèìàÿ) ñîñòàâëÿþùàÿ ïåðâîé ãàðìîíèêè ïðèáëèçèòåëüíî
ðàâíà M

′′
1 ≈ h2· △M(H0)

(2)/3π è |M ′
1| ≫ |M ′′

1 | . Â ñèëó îòìå÷åííîé ïðè÷èíû â ìîäóëü ïåð-
âîé ãàðìîíèêè ïðè ìàëûõ h îñíîâíîé âêëàä âíîñèò ñèíôàçíàÿ (äåéñòâèòåëüíàÿ) ÷àñòü,

ò.å. M1 =
√

(M
′
1)

2 + (M
′′
1 )

2 ≈M
′
1 .

Íà îñíîâàíèè ôîðìóëû (2.5) ìîæíî ïîëó÷èòü äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ âîñ-
ñòàíîâëåíèÿ ïðîèçâîäíîé ñðåäíåé êðèâîé íàìàãíè÷åííîñòè d <M>/dH ïðè èçâåñòíîé
çàâèñèìîñòè ïåðâîé ãàðìîíèêè îò ïîñòîÿííîãî ïîëÿ M

′
1(H0) . Çàâèñèìîñòü M

′
1(H0) ìîæ-

íî îïðåäåëèòü ýêñïåðèìåíòàëüíî ïóòåì èññëåäîâàíèÿ ñïåêòðà ãàðìîíèê íàìàãíè÷åííîñòè
ïðè ïîìåùåíèè îáðàçöà â ïåðåìåííîå ìàãíèòíîå ïîëå àìïëèòóäîé h è ïîñòîÿííîå ïîëå
íàïðÿæåííîñòüþ H0 . Òàêèì îáðàçîì, äëÿ ìàëûõ ôèêñèðîâàííûõ àìïëèòóä h ôîðìóëà
(2.5) ïðåâðàùàåòñÿ â äèôôåðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà, êîòîðîå ñâîäèòñÿ ê
óðàâíåíèþ âòîðîãî ïîðÿäêà îòíîñèòåëüíî d <M>/dH0 . Äëÿ ïðîñòîòû ââåäåì îáîçíà÷å-
íèå d <M>/dH0 ≡ Xc , òîãäà óðàâíåíèå èìååò âèä:

d2Xc

dH2
0

+
8

h2
·Xc =

8

h3
M

′

1(H0, h) (2.7)

Â óðàâíåíèè (2.7) âåëè÷èíó Xc íàçîâåì ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâî-
ñòüþ, òàê îíà ÿâëÿåòñÿ ïðîèçâîäíîé ïî ïîëþ îò ñðåäíåé íàìàãíè÷åííîñòè <M> . Ïðè
óâåëè÷åíèè h íåîáõîäèìî ó÷èòûâàòü ñëåäóþùèé ÷ëåí ðàçëîæåíèÿ (2.3) è òàê äàëåå. Ýòî
ïðèâîäèò ê óâåëè÷åíèþ ïîðÿäêà äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà äâà. Êðîìå òîãî, ñðåä-
íÿÿ êðèâàÿ íàìàãíè÷åííîñòè êàê âèäíî èç ðèñ. 2.1 ñ ðîñòîì h ñèëüíåå îòëè÷àåòñÿ îò
íà÷àëüíîé êðèâîé íàìàãíè÷åííîñòè Min(H) . Êðèòåðèåì ïðèìåíèìîñòè óðàâíåíèÿ (2.7)
ÿâëÿåòñÿ ìàëîñòü àìïëèòóäû 5-òîé ãàðìîíèêè ïî ñðàâíåíèþ ñ ïåðâîé, ò.å.: |M ′

1| ≫ |M ′
5| .

Ïðè ïðàêòè÷åñêîì âîññòàíîâëåíèè äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè, êðîìå ÷èñëåííî-
ãî çàäàíèÿ ïðàâîé ÷àñòè óðàâíåíèÿ (2.7) íåîáõîäèìî çàäàâàòü íà÷àëüíûå óñëîâèÿ Xc(H00)
è (dXc(H)/dH)H00 , ò.å. ïîñòàâèòü çàäà÷ó Êîøè. Â ñèëó ÷èñëåííîãî çàäàíèÿ ýêñïåðèìåí-
òàëüíî îïðåäåëåííîé ïðàâîé ÷àñòè óðàâíåíèÿ (2.7) åãî íåîáõîäèìî ðåøàòü ÷èñëåííî ïóòåì
ñâåäåíèÿ åãî ê ñèñòåìå óðàâíåíèé 2-ãî ïîðÿäêà. Òàêèì ñïîñîáîì îïðåäåëåííóþ çàäà÷ó Êî-
øè ìîæíî ðåøàòü ìåòîäîì Ðóíãå-Êóòòû 4-ãî ïîðÿäêà [8]. Äðóãèì ìåòîäîì ðåøåíèÿ óðàâ-
íåíèÿ (2.7) ÿâëÿåòñÿ èñïîëüçîâàíèå àíàëèòè÷åñêîãî ðåøåíèÿ, çàïèñàííîãî â âèäå ñâåðòêè
ñ ïðàâîé ÷àñòüþ óêàçàííîãî óðàâíåíèÿ (2.8):

Xc(H) = A·cos

(
2
√
2

h
·H

)
+B ·sin

(
2
√
2

h
·H

)
+
2
√
2

h2
·
∫ H

H00

M
′

1(z, h)·sin

(
2
√
2

h
· (H − z)

)
dz

(2.8)
Ãäå A è B ÿâëÿþòñÿ ïîñòîÿííûìè îïðåäåëÿåìûìè íà÷àëüíûìè óñëîâèÿìè. Èíòåãðàë

â ïðàâîé ÷àñòè (2.8) â ñèëó ÷èñëåííîãî çàäàíèÿ âû÷èñëÿåòñÿ ÷èñëåííî.
Ðàññìîòðèì ðàçâèòóþ ìåòîäèêó íà ïðèìåðå çàâèñèìîñòè ñðåäíåé êðèâîé íàìàãíè÷åí-

íîñòè ÷àñòî èñïîëüçóåìîé äëÿ îïèñàíèÿ ìàãíèòíûõ ñâîéñòâ òîíêîãî ñâåðõïðîâîäÿùåãî
äèñêà íàõîäÿùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè. Ñðåäíÿÿ íàìàãíè÷åííîñòü èìååò âèä [2]:

⟨M(H)⟩ = −M0 · exp
(
−|H|
H∗

)[
sinh

(
H

H∗

)]
Ïåðâàÿ ãàðìîíèêà íàìàãíè÷åííîñòè îïðåäåëÿëàñü ïî ôîðìóëå:
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M
′

1(h,H0) =
1

π

∫ 2π

0

⟨M(H0 + h · cos(t))⟩cos(t)dt (2.9)

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîèçâîäèëîñü â ñèñòåìå MathCad. Ðåçóëüòàòû âîñ-
ñòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè ïðèâåäåíû íà ðèñ. 2.2. Óðàâíåíèå (2.7)
ñâîäèëîñü ê ñèñòåìå 2-õ äèôôåðåíöèàëüíûõ óðàâíåíèé è ðåøàëîñü ÷èñëåííî ìåòîäîì
Ðóíãå-Êóòòû. Âåëè÷èíà h ðàâíÿëàñü H∗/2 .

Ð è ñ ó í î ê 2.2

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ h = 0.5H∗ . Íà ðèñóíêå: 1

� äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü Xd , 2 � âîññòàíîâëåííàÿ âîñïðèèì÷èâîñòü Xc ñ

ïîìîùüþ óðàâíåíèÿ (2.7) èç M
′
1 (ôîðìóëà 2.9), 3 - M

′
1(H,h)/h . Âåëè÷èíà ìàãíèòíîãî ïîëÿ

âûðàæåíà â åäèíèöàõ H∗ , à Xc , Xd è M
′
1(H,h)/h â åäèíèöàõ Xd(0) .

Èç ðèñóíêà âèäíî, ÷òî äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü õîðîøî âîññòàíàâëèâàåòñÿ
âäàëè îò îñîáåííîñòè íàõîäÿùåéñÿ â íóëå ïîëÿ. Äëÿ óëó÷øåíèÿ ðåçóëüòàòîâ íåîáõîäèìî
óìåíüøàòü h èëè óâåëè÷èâàòü ñòåïåíü äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Òî åñòü íåîáõîäè-
ìî áðàòü ñëåäóþùèå ÷ëåíû ðÿäà (2.3). Òî÷íîñòü âîññòàíîâëåíèÿ ñèëüíî çàâèñèò îò âûáî-
ðà íà÷àëüíûõ óñëîâèé Xc(H00) è (dXc(H)/dH)H00 . Äëÿ íà÷àëà ñ÷åòà â êà÷åñòâå Xc(H00)
ñëåäóåò âçÿòü M

′
1(H00)/h . Ïðîèçâîäíóþ (dXc(H)/dH)H00 ìîæíî ïðèáëèæåííî îïðåäåëèòü

÷èñëåííî èç çàâèñèìîñòè M
′
1(H) . Èçìåíÿÿ íà÷àëüíûå óñëîâèÿ äîáèâàþòñÿ íàèìåíüøåãî

îòêëîíåíèÿ ìåæäó êðèâûìè Xc(H) è M1/h . Ðåçóëüòàòû âàðèàöèè íà÷àëüíûõ óñëîâèé
ïðèâåäåíû íà ðèñ. 2.3. Íà÷àëüíûå óñëîâèÿ äëÿ óðàâíåíèÿ (2.7) îòëè÷àþòñÿ îò íà÷àëüíûõ
óñëîâèé, ïðèâîäÿùèõ ê îïòèìàëüíîìó ðåçóëüòàòó, ïðåäñòàâëåííîìó íà ðèñ. 2.2.
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Ð è ñ ó í î ê 2.3

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ h = 0.5H∗ ; 1 �

äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü Xd , 2 � âîññòàíîâëåííàÿ âîñïðèèì÷èâîñòü Xc ñ ïîìîùüþ

óðàâíåíèÿ (2.7) èç M
′
1 (ôîðìóëà 2.9), 3 - M

′
1(H,h)/h . Âåëè÷èíà ìàãíèòíîãî ïîëÿ âûðàæåíà â

åäèíèöàõ H∗ , à Xc , Xd è M
′
1(H,h)/h â åäèíèöàõ Xd(0) .

Ïðè óìåíüøåíèè àìïëèòóäû ìîäóëÿöèè â äâà ðàçà h = 0.25H∗ òî÷íîñòü âîññòàíîâ-
ëåíèÿ óâåëè÷èâàåòñÿ. Ðåçóëüòàòû ïðèâåäåíû íà ðèñóíêå 2.4. Èç ðèñóíêà âèäíî õîðîøåå
ñîãëàñèå âîññòàíîâëåííîé çàâèñèìîñòè Xc ñ èñòèíîé (òåîðåòè÷åñêîé) çàâèñèìîñòüþ Xd .
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Ð è ñ ó í î ê 2.4

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ h = 0.25H∗ . Íà ðèñóíêå:

1 � äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü Xd , 2 � âîññòàíîâëåííàÿ âîñïðèèì÷èâîñòü Xc ñ

ïîìîùüþ óðàâíåíèÿ (2.7) èç M
′
1 (ôîðìóëà 2.9), 3 - M

′
1(H,h)/h . Âåëè÷èíà ìàãíèòíîãî ïîëÿ

âûðàæåíà â åäèíèöàõ H∗ , à Xc , Xd è M
′
1(H,h)/h â åäèíèöàõ Xd(0) .

3. Âîññòàíîâëåíèå ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè

ïîëèêðèñòàëëè÷åñêîãî âûñîêîòåìïåðàòóðíîãî ñâåðõïðîâîäíè-

êà YBa2Cu3O7−x â ñëàáûõ ìàãíèòíûõ ïîëÿõ

Èçìåðåíèÿ ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè ïîëèêðèñòàëëè÷åñêîãî ÂÒÑÏ
YBa2Cu3O7−x ïðîâîäèëèñü ñ ïîìîùüþ ¾2-õ êàòóøå÷íîãî¿ ìåòîäà îïèñàííîãî âî ââåäåíèè
è áîëåå ïîäðîáíî â ðàáîòàõ [2], [3] ïðè òåìïåðàòóðå æèäêîãî àçîòà T ≈ 77K . Âíåøíåå
ìàãíèòíîå ïîëå ñîçäàâàëîñü äâóìÿ ñîëåíîèäàìè äëÿ ñîçäàíèÿ ïîñòîÿííîãî ïîëÿ íàïðÿ-
æåííîñòüþ H0 è ïåðåìåííîãî ïîëÿ íàïðÿæåííîñòüþ h · cos(ωτ) . Äâå ïðèåìíûå âñòðå÷íî
íàïðàâëåííûå êàòóøêè íàõîäèëèñü âíóòðè âûøåóêàçàííûõ ñîëåíîèäîâ ñîîñíî. Â îäíîé èç
ïðèåìíûõ êàòóøåê íàõîäèëñÿ èññëåäóåìûé îáðàçåö ÂÒÑÏ. Ñëåäóÿ ôîðìóëàì (1.1) è (2.1)
ïîëó÷èì äëÿ àìïëèòóäû ñèíôàçíîé ñîñòàâëÿþùåé ïåðâîé ãàðìîíèêè ÝÄÑ ε

′
1 èçìåðÿåìîé

ñåëåêòèâíûì âîëüòìåòðîì ñëåäóþùåå âûðàæåíèå:

ε
′

1 = µ0NSωM
′

1(H0, h) (3.1)
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Çäåñü N = 500 âèòêîâ, S ≈ 3 ñì2 è ω ≈ 3400c−1 . Ââåäåì êîýôôèöèåíò ïðîïîðöèî-
íàëüíîñòè k = 1/(µ0SNω) ≈ 1556A/(ì ·Â). Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî ïåðâàÿ ãàðìî-
íèêà íàìàãíè÷åííîñòè ïðèáëèçèòåëüíî ðàâíà:

M
′

1 ≈ 1556 · ε′1(A/M) (3.2)

Ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðèâåäåíû íà ðèñóíêå 3.1. Èç ðèñóíêà
âèäíî, ÷òî ýêñïåðèìåíòàëüíûå äàííûå (êðóæêè) è ðåçóëüòàòû âîññòàíîâëåíèÿ (ñïëîøíàÿ
êðèâàÿ) õîðîøî ñîãëàñóþòñÿ ìåæäó ñîáîé.

Ð è ñ ó í î ê 3.1

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè ïîëèêðèñòàëëè÷åñêîãî

äèñêîîáðàçíîãî ÂÒÑÏ YBa2Cu3O7−x íàõîäÿùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè ïðè òåìïåðàòóðå

æèäêîãî àçîòà. Àìïëèòóäà ìîäóëÿöèè ñîñòàâëÿëà h = 40 Ý (3184 A/ì). Çäåñü êðóæêàìè

îáîçíà÷åíû ýêñïåðèìåíòàëüíûå äàííûå äåéñòâèòåëüíîé ÷àñòè ïåðâîé ãàðìîíèêè

íàìàãíè÷åííîñòè íîðìèðîâàííîé íà àìïëèòóäó ìîäóëÿöèè h è ñïëîøíàÿ êðèâàÿ ïîêàçûâàåò

ðåçóëüòàòû âîññòàíîâëåíèÿ íà îñíîâå óðàâíåíèÿ (2.7).

4. Çàêëþ÷åíèå

Òàêèì îáðàçîì, ðàçâèòàÿ ìåòîäèêà íà îñíîâå ïðîâåäåííîãî â ðàáîòå ìàòåìàòè÷åñêî-
ãî ìîäåëèðîâàíèÿ ñ ïîìîùüþ íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2.7) ïîçâî-
ëÿåò âîññòàíàâëèâàòü äèôôåðåíöèàëüíóþ âîñïðèèì÷èâîñòü ñâåðõïðîâîäíèêîâ. Â ðàáîòå
òàêæå ïîêàçàíî, ÷òî íà îñíîâå âûðàæåíèé (2.3) è (2.4) ìîæíî ïîñòðîèòü íåîäíîðîäíûå
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äèôôåðåíöèàëüíûå óðàâíåíèÿ áîëåå âûñîêèõ ïîðÿäêîâ è óâåëè÷èòü òî÷íîñòü âîññòàíîâ-
ëåíèÿ. Ðàññìîòðåííûé ìåòîä âîññòàíîâëåíèÿ ìîæíî ïðèìåíÿòü äëÿ èññëåäîâàíèÿ íåëè-
íåéíûõ âîëüòàìïåðíûõ õàðàêòåðèñòèê ïîëóïðîâîäíèêîâûõ ñòðóêòóð è ñâåðõïðîâîäíèêîâ,
à òàêæå äëÿ èññëåäîâàíèÿ ïîëÿðèçàöèè ñåãíåòîýëåêòðèêîâ.
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Di�erential equations for recovery of the average

di�erential susceptibility of superconductors from

measurements of the �rst harmonic of magnetization

c⃝ N.D. Kuzmichev1, M.A. Vasyutin2, A.Yu. Shitov3, I. V. Buryanov4

Abstract. In the paper, inhomogeneous di�erential equations are obtained to reconstruct the
average di�erential susceptibility of type-II superconductors from the in-phase (real) component
of the magnetization's �rst harmonic in the hysteresis case. Basing on the second-order di�erential
equation, mathematical modeling of the average di�erential susceptibility for the theoretical and
experimental dependence of the real part of the magnetization's �rst harmonic is performed.
The Cauchy problem was solved numerically by the Runge-Kutta method of the fourth order of
accuracy. To do this, the di�erential equation for the restoration of the average susceptibility was
reduced to a system of di�erential equations. On the basis of the method developed in the work, the
average di�erential susceptibility of a disc-shaped polycrystalline superconductor Y Ba2Cu3O7−x

was reconstructed from the experimentally obtained �rst harmonic of magnetization in interval of
magnetic �elds from 0 to 800 Oe.

Key Words: inhomogeneous di�erential equation, Cauchy problem, Runge-Kutta method,
magnetization, average di�erential susceptibility, high-temperature superconductor, real parts of
the �rst harmonic of magnetization, imaginary parts of the �rst harmonic of magnetization.
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Ìàòåìàòè÷åñêàÿ æèçíü

Âåëüìèñîâ Ïåòð Àëåêñàíäðîâè÷
(ê 70-ëåòèþ ñî äíÿ ðîæäåíèÿ)

Âåëüìèñîâ Ïåòð Àëåêñàíäðîâè÷
ðîäèëñÿ â 1948 ã. â ñåëå Ìàëîå Ïå-
ðåêîïíîå Áàëàêîâñêîãî ð-íà Ñàðàòîâ-
ñêîé îáë-òè. Â 1966 ã. îêîí÷èë ñ çî-
ëîòîé ìåäàëüþ Áåðåçîâñêóþ ñðåäíþþ
øêîëó (Ïóãà÷¼âñêèé ðàéîí Ñàðàòîâ-
ñêîé îáëàñòè), à â 1971 ã. � ìåõàíèêî-
ìàòåìàòè÷åñêèé ôàêóëüòåò Ñàðàòîâ-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà
(ñ îòëè÷èåì). Ñ 1971 ïî 1974 ãã. îáó-
÷àëñÿ â àñïèðàíòóðå ïðè êàôåäðå òåî-
ðåòè÷åñêîé ìåõàíèêè è àýðîãèäðîìå-
õàíèêè ýòîãî óíèâåðñèòåòà; ïî îêîí÷à-
íèè çàùèòèë äèññåðòàöèþ êàíäèäàòà
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê.

Âñÿ íàó÷íî-ïåäàãîãè÷åñêàÿ äå-
ÿòåëüíîñòü Ï. À. Âåëüìèñîâà ïðîøëà â Óëüÿíîâñêîì ãîñóäàðñòâåííîì òåõíè÷åñêîì
óíèâåðñèòåòå (äî 1994 ãîäà � Óëüÿíîâñêèé ïîëèòåõíè÷åñêèé èíñòèòóò) è íà äàííûé
ìîìåíò ñîñòàâëÿåò áîëåå 43 ëåò.

Ñ 1974 ïî 1980 ãã. Ï. À. Âåëüìèñîâ ðàáîòàë íà êàôåäðå ¾Òåîðåòè÷åñêàÿ ìåõàíèêà¿
Óëüÿíîâñêîãî ïîëèòåõíè÷åñêîãî èíñòèòóòà àññèñòåíòîì, ñòàðøèì ïðåïîäàâàòåëåì, çàòåì
äîöåíòîì. Â 1980 ã. åìó áûëî ïðèñâîåíî ó÷åíîå çâàíèå äîöåíòà. Â ýòîì æå ãîäó Ï. À. Âåëü-
ìèñîâ áûë èçáðàí íà äîëæíîñòü çàâåäóþùåãî êàôåäðîé ¾Âûñøàÿ ìàòåìàòèêà¿ Óëüÿíîâ-
ñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà, êîòîðîé ðóêîâîäèò äî íàñòîÿùåãî âðå-
ìåíè. Â 2000 ã. åìó áûëà ïðèñâîåíà ó÷åíàÿ ñòåïåíü äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
à â 2004 ã. � ó÷åíîå çâàíèå ïðîôåññîðà.

Ï. À. Âåëüìèñîâ ÿâëÿåòñÿ àâòîðîì (ñîàâòîðîì) áîëåå 700 ðàáîò, èç íèõ 12 ìîíîãðàôèé,
8 àâòîðñêèõ ñâèäåòåëüñòâ è ïàòåíòîâ, 52 ó÷åáíûõ è ó÷åáíî-ìåòîäè÷åñêèõ ïîñîáèé. Áîëåå 35
ëåò Âåëüìèñîâ óñïåøíî ðóêîâîäèò íàó÷íûìè èññëåäîâàíèÿìè â îáëàñòè ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ íåëèíåéíûõ ñèñòåì è ïðîöåññîâ â ìåõàíèêå, â ò. ÷. â àýðîãèäðîìåõàíèêå è
ìåõàíèêå àýðîóïðóãèõ ñèñòåì. Ïîä åãî ðóêîâîäñòâîì çàùèùåíî 8 êàíäèäàòñêèõ äèññåðòà-
öèé; â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ ðóêîâîäèòåëåì 4 àñïèðàíòîâ è íàó÷íûì êîíñóëüòàíòîì
äîêòîðàíòà. ßâëÿåòñÿ îòâåòñòâåííûì ðåäàêòîðîì ñáîðíèêîâ íàó÷íûõ òðóäîâ ¾Ïðèêëàä-
íàÿ ìàòåìàòèêà è ìåõàíèêà¿, ¾Ìàòåìàòè÷åñêèå ìåòîäû è ìîäåëè: òåîðèÿ, ïðèëîæåíèÿ è
ðîëü â îáðàçîâàíèè¿, à òàêæå ÷ëåíîì ðåäêîëëåãèé äðóãèõ ñáîðíèêîâ è æóðíàëîâ, â òîì
÷èñëå íàó÷íûõ æóðíàëîâ ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿, ¾Âåñò-
íèê ÊÐÀÓÍÖ. Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè¿, âõîäÿùèõ â ïåðå÷åíü ÂÀÊ. ßâëÿåòñÿ ðó-
êîâîäèòåëåì íàó÷íîãî íàïðàâëåíèÿ ¾Èññëåäîâàíèÿ ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì è
ïðèëîæåíèÿ â ìåõàíèêå, òåõíèêå è åñòåñòâîçíàíèè¿ â ÓëÃÒÓ. Ïîä åãî ðóêîâîäñòâîì âû-
ïîëíÿþòñÿ íàó÷íûå ïðîåêòû ïî ãðàíòàì è íàó÷íî-òåõíè÷åñêèì ïðîãðàììàì (ôåäåðàëü-
íûì, Ìèíîáðíàóêè, ÐÔÔÈ).
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Ðåãóëÿðíî ó÷àñòâóåò â îðãàíèçàöèè è ïðîâåäåíèè êîíôåðåíöèé ðàçëè÷íîãî ðàíãà â êà-
÷åñòâå ÷ëåíà îðãàíèçàöèîííûõ èëè ïðîãðàììíûõ êîìèòåòîâ (îêîëî 50). Îáëàäàòåëü ãðàí-
òîâ ðàçëè÷íûõ ôîíäîâ è îðãêîìèòåòîâ äëÿ ó÷àñòèÿ â çàðóáåæíûõ êîíôåðåíöèÿõ (Áîëãà-
ðèÿ, Ðóìûíèÿ, Ïîëüøà, Äàíèÿ, Ãåðìàíèÿ, Òóðöèÿ, Êèòàé, Àðìåíèÿ); ó÷àñòíèê ðàáîòû çà-
ðóáåæíûõ è ðîññèéñêèõ ìàòåìàòè÷åñêèõ îáùåñòâ: ¾Gesellschaft fur angewandte mathematic
und mechanic¿ (Ãåðìàíèÿ), ¾Ñðåäíå-Âîëæñêîå ìàòåìàòè÷åñêîå îáùåñòâî¿ (Ðîññèÿ). Òàê-
æå ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷ëåíîì îáùåñòâåííûõ àêàäåìèé � Ðîññèéñêîé àêàäåìèè åñòå-
ñòâåííûõ íàóê (2002 ã.) è Ðîññèéñêîé àêàäåìèè åñòåñòâîçíàíèÿ (2013 ã.), ðåôåðåíòîì íàó÷-
íûõ æóðíàëîâ ¾Mathematical Reviews¿ (ÑØÀ), ¾Zentralblatt fur Mathematic¿ (Ãåðìàíèÿ).

Îòäåëîì îáðàçîâàíèÿ è íàóêè Åâðîïåéñêîé íàó÷íî-ïðîìûøëåííîé ïàëàòû íàãðàæäåí
ìåäàëüþ çà ïåäàãîãè÷åñêóþ äåÿòåëüíîñòü è ïðîâåäåíèå îðèãèíàëüíûõ èññëåäîâàíèé â îá-
ëàñòè ìàòåìàòè÷åñêîé ôèçèêè è ïðèëîæåíèé â ìåõàíèêå, òåõíèêå, åñòåñòâîçíàíèè (2012
ã.). Íàãðàæäåí ìåäàëüþ èì. Â. È. Âåðíàäñêîãî è ñåðåáðÿíîé ìåäàëüþ Ðîññèéñêîé àêàäå-
ìèè åñòåñòâåííûõ íàóê çà íàó÷íûå äîñòèæåíèÿ â îáëàñòè íîîñôåðíûõ òåõíîëîãèé (2000,
2005 ãã.).

Ï. À. Âåëüìèñîâ ïðîâîäèò àêòèâíóþ ó÷åáíóþ è íàó÷íî-ìåòîäè÷åñêóþ ðàáîòó, ÷èòàåò
ëåêöèè ïî êëàññè÷åñêèì è ñïåöèàëüíûì êóðñàì ìàòåìàòèêè è ìåõàíèêè äëÿ ñòóäåíòîâ,
ìàãèñòðîâ, àñïèðàíòîâ. ßâëÿåòñÿ ÷ëåíîì Íàó÷íî-ìåòîäè÷åñêîãî ñîâåòà ïî ìàòåìàòèêå Ìè-
íîáðíàóêè ÐÔ, ÷ëåíîì Ó÷åíîãî è Íàó÷íî-ìåòîäè÷åñêîãî ñîâåòîâ ÓëÃÒÓ, ÷ëåíîì Ó÷åíîãî
ñîâåòà èíæåíåðíî-ýêîíîìè÷åñêîãî ôàêóëüòåòà ÓëÃÒÓ. Â ó÷åáíîì ïðîöåññå øèðîêî èñïîëü-
çóþòñÿ ó÷åáíûå ïîñîáèÿ, ðàçðàáîòàííûå Ï. À. Âåëüìèñîâûì ñ êîëëåãàìè, áàçèðóþùèåñÿ
íà ñîâðåìåííûõ èíôîðìàöèîííûõ è ïåäàãîãè÷åñêèõ òåõíîëîãèÿõ, â òîì ÷èñëå ýëåêòðîí-
íûõ îáó÷àþùèõ ñèñòåìàõ ïî ìàòåìàòèêå. ×àñòü èç íèõ èìåþò ãðèô Íàó÷íî-ìåòîäè÷åñêîãî
ñîâåòà ïî ìàòåìàòèêå Ìèíîáðíàóêè ÐÔ è ÿâëÿþòñÿ ëàóðåàòàìè ðàçëè÷íûõ êîíêóðñîâ.

Ï. À. Âåëüìèñîâ ïðèíèìàåò àêòèâíîå ó÷àñòèå â îðãàíèçàöèè âçàèìîäåéñòâèÿ ÓëÃÒÓ ñ
ëèöåÿìè, â ðàáîòå êóðñîâ ïîâûøåíèÿ êâàëèôèêàöèè ó÷èòåëåé ìàòåìàòèêè øêîë ã. Óëüÿ-
íîâñêà è Óëüÿíîâñêîé îáë-òè ¾Ñîâðåìåííûå òåõíîëîãèè ïðîåêòèðîâàíèÿ è îðãàíèçàöèè
ó÷åáíîãî ïðîöåññà íà îñíîâå óïðàâëåíèÿ èíäèâèäóàëüíûì ïðîãðåññîì ó÷àùèõñÿ â ñîîòâåò-
ñòâèè ñ òðåáîâàíèÿìè ÔÃÎÑ îáùåãî îáðàçîâàíèÿ¿. Ïîñòîÿííî ó÷àñòâóåò â ðàáîòå ÃÝÊ â
êà÷åñòâå ïðåäñåäàòåëÿ â äðóãèõ âóçàõ, � â ÷àñòíîñòè, íà ôàêóëüòåòå ìàòåìàòèêè è èíôîð-
ìàöèîííûõ òåõíîëîãèé ÌÃÓ èì. Í. Ï. Îãàð¼âà Ï. À. Âåëüìèñîâ ÿâëÿåòñÿ ïðåäñåäàòåëåì
ñ 2012 ã.

Íåîáõîäèìî îñîáî îòìåòèòü àêòèâíóþ ðîëü Ï. À. Âåëüìèñîâà â îðãàíèçàöèè íàó÷íûõ
øêîë-ñåìèíàðîâ è êîíôåðåíöèé, ïðîâîäèìûõ Ñðåäíå-Âîëæñêèì ìàòåìàòè÷åñêèì îáùå-
ñòâîì è ÌÃÓ èì. Í. Ï. Îãàð¼âà. Íà÷èíàÿ ñ 1994 ã. îí âìåñòå ñ ó÷åíèêàìè ÿâëÿåòñÿ ïî-
ñòîÿííûì ó÷àñòíèêîì è ÷ëåíîì îðãàíèçàöèîííûõ êîìèòåòîâ ýòèõ íàó÷íûõ ìåðîïðèÿòèé,
íàïðàâëÿÿ óñèëèÿ íà êîíñîëèäàöèþ ìàòåìàòèêîâ è ñïåöèàëèñòîâ äðóãèõ îáëàñòåé, ðàçâè-
òèå îòå÷åñòâåííîé íàóêè.

Â 2017 ã. ïðè àêòèâíîì ó÷àñòèè Ï. À. Âåëüìèñîâà ìåæäó ÌÃÓ èì. Í. Ï. Îãàð¼âà è
ÓëÃÒÓ áûë çàêëþ÷åí äîãîâîð î ñîòðóäíè÷åñòâå â ñôåðå íàóêè è îáðàçîâàíèÿ. Çà ïðîøåä-
øèé ãîä èì áûëî îïóáëèêîâàíî íåñêîëüêî ðàáîò â ñîàâòîðñòâå ñ ó÷åíûìè ÌÃÓ èì. Í. Ï.
Îãàð¼âà, ïîäàíû çàÿâêè íà ãðàíòû.

Çà ðàçðàáîòêó è âíåäðåíèå íàó÷íî-ìåòîäè÷åñêîãî êîìïëåêñà îðãàíèçàöèîííûõ è
íàó÷íî-ïðàêòè÷åñêèõ ìåðîïðèÿòèé, îáåñïå÷èâàþùèõ ïîâûøåíèå êà÷åñòâà ìàòåìàòè÷å-
ñêîãî îáðàçîâàíèÿ ñòóäåíòîâ èíæåíåðíî-òåõíè÷åñêèõ íàïðàâëåíèé è ñïåöèàëüíîñòåé
Ï. À. Âåëüìèñîâó ñ ãðóïïîé êîëëåã â 2012 ã. áûëà ïðèñóæäåíà ïðåìèÿ Ïðàâèòåëüñòâà
Ðîññèéñêîé Ôåäåðàöèè â îáëàñòè îáðàçîâàíèÿ.

Çà çàñëóãè â îáëàñòè îáðàçîâàíèÿ Ï. À. Âåëüìèñîâ â 2005 ã. áûë íàãðàæäåí çíàêîì
Ìèíîáðíàóêè Ðîññèè ¾Ïî÷åòíûé ðàáîòíèê âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ Ðîñ-
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ñèéñêîé Ôåäåðàöèè¿.
Â 2009 ã. çà áîëüøîé âêëàä â ðàçâèòèå îáðàçîâàíèÿ Óëüÿíîâñêîé îáë-òè è ìíîãîëåò-

íèé äîáðîñîâåñòíûé òðóä åìó áûëî ïðèñâîåíî ïî÷åòíîå çâàíèå ¾Çàñëóæåííûé ðàáîòíèê
îáðàçîâàíèÿ Óëüÿíîâñêîé îáëàñòè¿.

Ìíîãîëåòíèé òðóä Ï. À. Âåëüìèñîâà â îáëàñòè íàóêè è îáðàçîâàíèÿ áûë òàêæå îò-
ìå÷åí çíàêàìè Ìèíèñòåðñòâà îáðàçîâàíèÿ ¾Ïîáåäèòåëü ñîöèàëèñòè÷åñêîãî ñîðåâíîâàíèÿ
1978 ã.¿ (1979 ã.), çíàêîì ¾Èçîáðåòàòåëü ÑÑÑÐ¿ (1990 ã.), ïî÷åòíîé ãðàìîòîé è áëàãî-
äàðñòâåííûì ïèñüìîì ãóáåðíàòîðà Óëüÿíîâñêîé îáëàñòè (2007, 2011 ãã.) è ìýðèè ã. Óëüÿ-
íîâñêà (2002 ã.), ïî÷åòíûì çíàêîì ¾Âåòåðàí ÓëÃÒÓ¿ (2007 ã.), ìåäàëüþ Ìåæîòðàñëåâîãî
îáúåäèíåííîãî êîìèòåòà ïî íàãðàäàì ¾Çà çàñëóãè â ñôåðå îáðàçîâàíèÿ¿ (2017 ã.).

Ïîçäðàâëÿåì Ïåòðà Àëåêñàíäðîâè÷à Âåëüìèñîâà ñ 70-ëåòèåì! Æåëàåì åìó êðåïêîãî
çäîðîâüÿ, íàó÷íîé è òâîð÷åñêîé àêòèâíîñòè è äîëãîëåòèÿ!

À. Ñ. Àíäðååâ, À. Â. Àíêèëîâ, Ò. Å. Áàäîêèíà, Ä. È. Áîÿðêèí,

È. Â. Áîéêîâ, Ä. Ê. Åãîðîâà, Â. Ç. Ãðèíåñ, Ñ. À. Ãðèøèíà,

Â. Ê. Ãîðáóíîâ, Þ. Í. Äåðþãèí, Å.Â. Äåñÿåâ, Ð. Â. Æàëíèí,

È. Â. Êîíîïëåâà, Ë. Ð. Êèì-Òÿí, Â. Í. Êðèçñêèé, Ñ.È. Ìàðòûíîâ,

Ò. Ô. Ìàìåäîâà, Ñ. Ì. Ìóðþìèí, Å. Å. Ïåñêîâà, Þ. Â. Ïîêëàäîâà,

Î. Â. Ïî÷èíêà, Â. Ï. Ðàä÷åíêî, È. Ï. Ðÿçàíöåâà, Ñ.È. Ñïèâàê,

Ë. À. Ñóõàðåâ, À. Î. Ñûðîìÿñîâ, Â. Ô. Òèøêèí, È. È. ×ó÷àåâ,

Ï. À. Øàìàíàåâ, Î. Ñ. ßçîâöåâà, Í. Ã. ßðóøêèíà, Anca Veronica Ion
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé â æóðíàë

¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî
îáùåñòâà¿

Ê ðàññìîòðåíèþ ïðèíèìàþòñÿ ðóêîïèñè íà ðóññêîì ÿçûêå, íå îïóáëèêîâàííûå è íå
ïðåäíàçíà÷åííûå ê ïóáëèêàöèè â äðóãîì èçäàíèè.

Òåêñò ñòàòüè íåîáõîäèìî ïîäãîòîâèòü â èçäàòåëüñêîé ñèñòåìå TeX ñ èñïîëüçîâàíèåì
ìàêðîðàñøèðåíèÿ LaTeX.

Â ðåäàêöèþ ñëåäóåò íàïðàâëÿòü èñõîäíûé òåêñò ñòàòüè (ôîðìàò LaTeX), ôàéëû ñ
ðèñóíêàìè (ôîðìàò EPS) è îòêîìïèëèðîâàííûé âàðèàíò ñòàòüè (ôîðìàò PDF).

Ñòàòüÿ äîëæíà ñîäåðæàòü ñëåäóþùèå ðàçäåëû íà ðóññêîì è àíãëèéñêîì ÿçûêàõ:
� êîäû ÓÄÊ è MSC 2010;
� íàçâàíèå ñòàòüè;
� èíôîðìàöèÿ î êàæäîì èç àâòîðîâ: ÔÈÎ - ïîëíîñòüþ, äîëæíîñòü, ìåñòî ðàáîòû,

àäðåñ îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail;
� àííîòàöèÿ;
� êëþ÷åâûå ñëîâà;
� òåêñò ñòàòüè (òîëüêî íà ðóññêîì);
� ñïèñîê ëèòåðàòóðû.
Èíäåêñ ïðåäìåòíîé êëàññèôèêàöèè (MSC 2010) ïî AMS èñïîëüçóåòñÿ äëÿ òåìàòè÷å-

ñêîãî ðàçäåëåíèÿ ññûëîê â äâóõ ðåôåðàòèâíûõ áàçàõ � Mathematical Reviews (MR) Àìå-
ðèêàíñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà (American Mathematical Society, AMS) è Åâðîïåé-
ñêîãî ìàòåìàòè÷åñêîãî ñîþçà (Zentralblatt MATH, zbMATH). Ñïðàâî÷íèêè êîäîâ ÓÄÊ è
MSC 2010 ìîæíî ñêà÷àòü èç ðàçäåëà Ïîëåçíûå ìàòåðèàëû ìåíþ Äëÿ àâòîðà íà ñàéòå
æóðíàëà.

Àííîòàöèÿ äîëæíà áûòü ÷åòêî ñòðóêòóðèðîâàíà, èçëîæåíèå ìàòåðèàëà äîëæíî ñëå-
äîâàòü ëîãèêå îïèñàíèÿ ðåçóëüòàòîâ â ñòàòüå. Òåêñò äîëæåí áûòü ëàêîíè÷åí è ÷åòîê,
ñâîáîäåí îò âòîðîñòåïåííîé èíôîðìàöèè, îòëè÷àòüñÿ óáåäèòåëüíîñòüþ ôîðìóëèðîâîê.

Ðåêîìåíäóåòñÿ âêëþ÷àòü â àííîòàöèþ ñëåäóþùèå àñïåêòû ñîäåðæàíèÿ ñòàòüè: ïðåä-
ìåò, öåëü ðàáîòû, ìåòîä èëè ìåòîäîëîãèþ ïðîâåäåíèÿ ðàáîòû, ðåçóëüòàòû ðàáîòû, îáëàñòü
ïðèìåíåíèÿ ðåçóëüòàòîâ, âûâîäû.

Ïðåäìåò è öåëü ðàáîòû óêàçûâàþòñÿ â òîì ñëó÷àå, åñëè îíè íå ÿñíû èç çàãëàâèÿ ñòàòüè;
ìåòîä èëè ìåòîäîëîãèþ ïðîâåäåíèÿ ðàáîòû öåëåñîîáðàçíî îïèñûâàòü â òîì ñëó÷àå, åñëè
îíè îòëè÷àþòñÿ íîâèçíîé èëè ïðåäñòàâëÿþò èíòåðåñ ñ òî÷êè çðåíèÿ äàííîé ðàáîòû.

Ðåçóëüòàòû ðàáîòû îïèñûâàþòñÿ ïðåäåëüíî òî÷íî è èíôîðìàòèâíî. Ïðèâîäÿòñÿ îñíîâ-
íûå òåîðåòè÷åñêèå è ýêñïåðèìåíòàëüíûå ðåçóëüòàòû, ôàêòè÷åñêèå äàííûå, îáíàðóæåííûå
âçàèìîñâÿçè è çàêîíîìåðíîñòè. Ïðè ýòîì îòäàåòñÿ ïðåäïî÷òåíèå íîâûì ðåçóëüòàòàì è
äàííûì äîëãîñðî÷íîãî çíà÷åíèÿ, âàæíûì îòêðûòèÿì, âûâîäàì, êîòîðûå îïðîâåðãàþò ñó-
ùåñòâóþùèå òåîðèè, à òàêæå äàííûì, êîòîðûå, ïî ìíåíèþ àâòîðà, èìåþò ïðàêòè÷åñêîå
çíà÷åíèå.

Âûâîäû ìîãóò ñîïðîâîæäàòüñÿ ðåêîìåíäàöèÿìè, îöåíêàìè, ïðåäëîæåíèÿìè, ãèïîòåçà-
ìè, îïèñàííûìè â ñòàòüå.

Ñâåäåíèÿ, ñîäåðæàùèåñÿ â çàãëàâèè ñòàòüè, íå äîëæíû ïîâòîðÿòüñÿ â òåêñòå àâòîðñêî-
ãî ðåçþìå.

Ñëåäóåò èçáåãàòü ëèøíèõ ââîäíûõ ôðàç (íàïðèìåð, ¾àâòîð ñòàòüè ðàññìàòðèâàåò...¿).
Èñòîðè÷åñêèå ñïðàâêè, åñëè îíè íå ñîñòàâëÿþò îñíîâíîå ñîäåðæàíèå äîêóìåíòà, îïèñàíèå
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ðàíåå îïóáëèêîâàííûõ ðàáîò è îáùåèçâåñòíûå ïîëîæåíèÿ â àâòîðñêîì ðåçþìå íå ïðèâî-
äÿòñÿ.

Â òåêñòå àâòîðñêîãî ðåçþìå ñëåäóåò óïîòðåáëÿòü ñèíòàêñè÷åñêèå êîíñòðóêöèè, ñâîé-
ñòâåííûå ÿçûêó íàó÷íûõ è òåõíè÷åñêèõ äîêóìåíòîâ, èçáåãàòü ñëîæíûõ ãðàììàòè÷åñêèõ
êîíñòðóêöèé.

Â òåêñòå àííîòàöèè ñëåäóåò ïðèìåíÿòü çíà÷èìûå ñëîâà èç òåêñòà ñòàòüè.
Ñîêðàùåíèÿ è óñëîâíûå îáîçíà÷åíèÿ, êðîìå îáùåóïîòðåáèòåëüíûõ (â òîì ÷èñëå â àí-

ãëîÿçû÷íûõ ñïåöèàëüíûõ òåêñòàõ), ïðèìåíÿþò â èñêëþ÷èòåëüíûõ ñëó÷àÿõ èëè äàþò èõ
îïðåäåëåíèÿ ïðè ïåðâîì óïîòðåáëåíèè.

Åäèíèöû ôèçè÷åñêèõ âåëè÷èí ñëåäóåò ïðèâîäèòü â ìåæäóíàðîäíîé ñèñòåìå ÑÈ. Äî-
ïóñêàåòñÿ ïðèâîäèòü â êðóãëûõ ñêîáêàõ ðÿäîì ñ âåëè÷èíîé â ñèñòåìå ÑÈ çíà÷åíèå âåëè-
÷èíû â ñèñòåìå åäèíèö, èñïîëüçîâàííîé â èñõîäíîì äîêóìåíòå.

Â àííîòàöèè íå äåëàþòñÿ ññûëêè íà íîìåð ïóáëèêàöèè â ñïèñêå ëèòåðàòóðû ê ñòàòüå.
Ïðè íàïèñàíèè àííîòàöèè íåîáõîäèìî ïîìíèòü ñëåäóþùèå ìîìåíòû:
� íåîáõîäèìî ñëåäîâàòü õðîíîëîãèè ñòàòüè è èñïîëüçîâàòü åå çàãîëîâêè â êà÷åñòâå

ðóêîâîäñòâà;
� íå âêëþ÷àòü íåñóùåñòâåííûå äåòàëè;
� èñïîëüçîâàòü òåõíè÷åñêóþ (ñïåöèàëüíóþ) òåðìèíîëîãèþ âàøåé äèñöèïëèíû, ÷åòêî

èçëàãàÿ ñâîå ìíåíèå è èìåÿ òàêæå â âèäó, ÷òî âû ïèøåòå äëÿ ìåæäóíàðîäíîé àóäèòîðèè;
� òåêñò äîëæåí áûòü ñâÿçíûì ñ èñïîëüçîâàíèåì ñëîâ ¾ñëåäîâàòåëüíî¿, ¾áîëåå òîãî¿,

¾íàïðèìåð¿, ¾â ðåçóëüòàòå¿ è ò.ä. (¾consequently¿, ¾moreover¿, ¾for example¿, ¾the bene�ts
of this study¿, ¾as a result¿ etc.), ëèáî ðàçðîçíåííûå èçëàãàåìûå ïîëîæåíèÿ äîëæíû ëî-
ãè÷íî âûòåêàòü îäíî èç äðóãîãî;

� íåîáõîäèìî èñïîëüçîâàòü àêòèâíûé, à íå ïàññèâíûé çàëîã, ò. å. ¾The study tested¿,
íî íå ¾It was tested in this study¿.

Â òåêñòå ðåôåðàòà íà àíãëèéñêîì ÿçûêå ñëåäóåò ïðèìåíÿòü òåðìèíîëîãèþ, õàðàêòåð-
íóþ äëÿ èíîñòðàííûõ ñïåöèàëüíûõ òåêñòîâ. Ñëåäóåò èçáåãàòü óïîòðåáëåíèÿ òåðìèíîâ,
ÿâëÿþùèõñÿ ïðÿìîé êàëüêîé ðóññêîÿçû÷íûõ òåðìèíîâ. Íåîáõîäèìî ñîáëþäàòü åäèíñòâî
òåðìèíîëîãèè â ïðåäåëàõ ðåôåðàòà.

Ïåðå÷èñëèì îáÿçàòåëüíûå êà÷åñòâà àííîòàöèé íà àíãëèéñêîì ÿçûêå ê ðóññêîÿçû÷íûì
ñòàòüÿì. Àííîòàöèè äîëæíû áûòü:

- èíôîðìàòèâíûìè (íå ñîäåðæàòü îáùèõ ñëîâ);
- îðèãèíàëüíûìè (íå áûòü êàëüêîé ðóññêîÿçû÷íîé àííîòàöèè);
- ñîäåðæàòåëüíûìè (îòðàæàòü îñíîâíîå ñîäåðæàíèå ñòàòüè è ðåçóëüòàòû èññëåäîâà-

íèé);
- ñòðóêòóðèðîâàííûìè (ñëåäîâàòü ëîãèêå îïèñàíèÿ ðåçóëüòàòîâ â ñòàòüå);
- "àíãëîÿçû÷íûìè"(íàïèñàíû êà÷åñòâåííûì àíãëèéñêèì ÿçûêîì).
Îáúåì àííîòàöèé íà ðóññêîì è àíãëèéñêîì ÿçûêàõ äîëæíû áûòü â ñðåäíåì îò 100 äî

250 ñëîâ.
Êëþ÷åâûå ñëîâà äîëæíû îòðàæàòü îñíîâíîå ñîäåðæàíèå ñòàòüè, ïî âîçìîæíîñòè íå

ïîâòîðÿòü òåðìèíû çàãëàâèÿ è àííîòàöèè, èñïîëüçîâàòü òåðìèíû èç òåêñòà ñòàòüè, à òàêæå
òåðìèíû, îïðåäåëÿþùèå ïðåäìåòíóþ îáëàñòü è âêëþ÷àþùèå äðóãèå âàæíûå ïîíÿòèÿ,
êîòîðûå ïîçâîëÿò îáëåã÷èòü è ðàñøèðèòü âîçìîæíîñòè íàõîæäåíèÿ ñòàòüè ñðåäñòâàìè
èíôîðìàöèîííî-ïîèñêîâîé ñèñòåìû. Ðàçäåë Êëþ÷åâûå ñëîâà äîëæåí ñîäåðæàòü îò 5 äî
15 ñëîâ.

Òåêñò ñòàòüè. Ïðè èçëîæåíèè òåêñòà ñòàòüè íåîáõîäèìî ïðèäåðæèâàòüñÿ ñëåäóþùåé
ñòðóêòóðû:

� ââåäåíèå � êðàòêîå èçëîæåíèå ñîñòîÿíèÿ ðàññìàòðèâàåìîãî âîïðîñà è ïîñòàíîâêè
çàäà÷è, ðåøàåìîé â ñòàòüå;
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� ìàòåðèàëû è ìåòîäû ðåøåíèÿ çàäà÷è è ïðèíÿòûå äîïóùåíèÿ;
� ðåçóëüòàòû - îñíîâíîå ñîäåðæàíèå ñòàòüè;
� îáñóæäåíèå è àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ è ñîïîñòàâëåíèå èõ ñ ðàíåå èçâåñòíû-

ìè;
� çàêëþ÷åíèå � âûâîäû è ðåêîìåíäàöèè.
Ñïèñîê ëèòåðàòóðû äîëæåí ñîäåðæàòü òîëüêî òå èñòî÷íèêè, íà êîòîðûå èìåþòñÿ

ññûëêè â òåêñòå ðàáîòû. Èñòî÷íèêè ðàñïîëàãàþòñÿ â ïîðÿäêå èõ óïîìèíàíèÿ â ñòàòüå è
èõ êîëè÷åñòâî íå äîëæíî ïðåâûøàòü 20.

Îïèñàíèå ñõåì áèáëèîãðàôè÷åñêèõ ññûëîê äëÿ ðàçäåëà References.
Ñòàòüè â æóðíàëå íà ðóññêîì ÿçûêå:
� Àâòîð(û) (òðàíñëèòåðàöèÿ);
� Ïåðåâîä çàãëàâèÿ ñòàòüè íà àíãëèéñêèé ÿçûê;
� Íàçâàíèå ðóññêîÿçû÷íîãî èñòî÷íèêà (òðàíñëèòåðàöèÿ);
� [Ïåðåâîä íàçâàíèÿ èñòî÷íèêà íà àíãëèéñêèé ÿçûê � ïàðàôðàç (äëÿ æóðíàëîâ ìîæíî

íå äåëàòü)];
� Âûõîäíûå äàííûå ñ îáîçíà÷åíèÿìè íà àíãëèéñêîì ÿçûêå, ëèáî òîëüêî öèôðîâûå

(ïîñëåäíåå, â çàâèñèìîñòè îò ïðèìåíÿåìîãî ñòàíäàðòà îïèñàíèÿ);
� Óêàçàíèå íà ÿçûê ñòàòüè (in Russ.) ïîñëå îïèñàíèÿ ñòàòüè.
Êíèãè (ìîíîãðàôèè è ñáîðíèêè) íà ðóññêîì ÿçûêå:
� Àâòîð(û) (òðàíñëèòåðàöèÿ);
� íàçâàíèå êíèãè (òðàíñëèòåðàöèÿ);
� [Ïåðåâîä íàçâàíèÿ êíèãè â êâàäðàòíûõ ñêîáêàõ];
� Âûõîäíûå äàííûå: ìåñòî èçäàíèÿ íà àíãëèéñêîì ÿçûêå - Moscow, St. Petersburg; èç-

äàòåëüñòâî íà àíãëèéñêîì ÿçûêå, åñëè ýòî îðãàíèçàöèÿ (Moscow St. Univ. Publ.) è òðàíñ-
ëèòåðàöèÿ, åñëè èçäàòåëüñòâî èìååò ñîáñòâåííîå íàçâàíèå ñ óêàçàíèåì íà àíãëèéñêîì, ÷òî
ýòî èçäàòåëüñòâî: Nauka Publ.;

� Êîëè÷åñòâî ñòðàíèö â èçäàíèè (250 p.);
� Óêàçàíèå íà ÿçûê (in Russ.) ïîñëå îïèñàíèÿ êíèãè.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì è àíãëèéñêîì ÿçûêàõ îôîðìëÿåòñÿ ñîãëàñíî ñòèëþ

öèòèðîâàíèÿ, ïðèíÿòîìó äëÿ èñïîëüçîâàíèÿ â îáëàñòè ìàòåìàòèêè Àìåðèêàíñêèì ìàòå-
ìàòè÷åñêèì îáùåñòâîì (American Mathematical Society, AMS) è Åâðîïåéñêèì ìàòåìàòè-
÷åñêèì ñîþçîì (Zentralblatt MATH, zbMATH). Äëÿ ýòîãî èñïîëüçóåòñÿ ôîðìàò AMSBIB,
ðåàëèçîâàííûé â ñòèëåâîì ïàêåòå svmobib.sty.

Äëÿ òðàíñëèòåðàöèè ðóññêîãî àëôàâèòà ëàòèíèöåé íåîáõîäèìî èñïîëüçîâàòü ñèñòåìó
BGN (Board of Geographic Names). Íà ñàéòå http://translit.net/ru/bgn/ ìîæíî áåñïëàòíî
âîñïîëüçîâàòüñÿ ïðîãðàììîé òðàíñëèòåðàöèè ðóññêîãî àëôàâèòà â ëàòèíèöó.

Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå â òåêñòîâîì ôîðìàòå, îôîðìëåííûé â ñîîò-
âåòñòâèè ñ òðåáîâàíèÿìè ÃÎÑÒ P 7.0.5.-2008 Áèáëèîãðàôè÷åñêàÿ ññûëêà, ðàñïî-
ëàãàòüñÿ çà ñïèñêîì öèòèðóåìîé ëèòåðàòóðû íà ðóññêîì ÿçûêå è äîëæåí áûòü çàêîì-
ìåíòèðîâàí. Ýòîò ñïèñîê ëèòåðàòóðû áóäåò èñïîëüçîâàòüñÿ ïðè çàãðóçêå ýëåêòðîííîé
âåðñèè æóðíàëà íà ñàéò elibrary.ru. ÃÎÑÒ P 7.0.5.-2008 Áèáëèîãðàôè÷åñêàÿ ññûë-

êà ìîæíî ñêà÷àòü èç ðàçäåëà Ïîëåçíûå ìàòåðèàëû ìåíþ Äëÿ àâòîðà íà ñàéòå
æóðíàëà.

Ïîäðîáíûå òåõíè÷åñêèå èíñòðóêöèè ïî îôîðìëåíèþ ðóêîïèñåé ñîäåðæàòñÿ â ìàòåðè-
àëå Ïðàâèëà âåðñòêè ðóêîïèñåé â ñèñòåìå LaTex.
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Ïðèìåðû îôîðìëåíèÿ áèáëèîãðàôè÷åñêèõ ññûëîê äëÿ ðàçäåëà
References .

Ñòàòüè â æóðíàëàõ íà ðóññêîì ÿçûêå:
P.A. Shamanaev, �[On the local reducibility of systems of di�erential equations with

perturbation in the form of homogeneous vector polynomials]�, Trudy Srednevolzhskogo
matematicheskogo obshchestva, 5:1 (2003), 145�151 (In Russ.).
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equations with a the perturbation in the form of small linear term with delay]�, Zhurnal
Srednevolzhskogo matematicheskogo obshchestva, 18:3 (2016), 61�69 (In Russ.).

Ñòàòüè â æóðíàëàõ íà àíãëèéñêîì ÿçûêå:
M.J. Berger, J. Oliger, "Adaptive mesh re�nement for hyperbolic partial di�erential

equations Journal of Computational Physics, 53 (1984), 484�512.
Ñòàòüè â ýëåêòðîííîì æóðíàëå íà ðóññêîì ÿçûêå:
M.S. Chelyshov, P.A. Shamanaev, �[An algorithm for solving the problem of minimizing a

quadratic functional with nonlinear constraints by the method of orthogonal cyclic reduction]�,
Ogarev-online, 20 (2016) (In Russ.), Available at: http://journal.mrsu.ru/arts/algoritm-
resheniya-zadachi-minimizacii-kvadratichnogo-funkcionala-s-nelinejnymi-ogranicheniyami-s-
ispolzovaniem-metoda-ortogonalnoj-ciklicheskoj-redukcii

Ñòàòüè â ñáîðíèêàõ íà ðóññêîì ÿçûêå:
A.V. Ankilov, P.A. Velmisov, A.V. Korneev, �[Investigation of pipeline dynamics for

delay of external in�uences] Prikladnaya matematika i mekhanika [Applied Mathematics and
Mechanics], 10, UlGTU Publ., Ulyanovsk, 2014, 4-13 (In Russ.).

Êíèãè (ìîíîãðàôèè è ñáîðíèêè) íà ðóññêîì ÿçûêå:
B.F. Bylov, R. E. Vinograd, D.M. Grobman, V.V. Nemyitskiy, Teoriya pokazateley
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Ìàòåðèàëû êîíôåðåíöèé íà ðóññêîì ÿçûêå:
A.A. Kyashkin, B.V. Loginov, P.A. Shamanaev, [On the branching of periodic solutions
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sistemam� [Proceeding of the �International Conference on Di�erential Equations and
Dynamical Systems�] (Saransk, 12-15 July 2016), 231-233 (In Russ.).

Äèññåðòàöèè íà ðóññêîì ÿçûêå:
P. A. Shamanaev, Lyapunovskie preobrazovaniya i ustoychivost' dvizheniya [Lyapunov
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Ïðàâèëà âåðñòêè ðóêîïèñåé

â ñèñòåìå LaTex

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿ
àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,
Âàøà ñòàòüÿ áóäåò âîçâðàùåíà íà äîðàáîòêó.

Êîìïèëÿöèþ ñòàòüè íåîáõîäèìî ïðîèçâîäèòü ñ ïîìîùüþ ïàêåòà MiKTeX, äèñòðèáóòèâ
êîòîðîãî ìîæíî ïîëó÷èòü íà îôèöèàëüíîì ñàéòå � http://www.miktex.org.

Äëÿ âåðñòêè ðóêîïèñè èñïîëüçóþòñÿ äâà ôàéëà: ôàéë-ïðåàìáóëà è ôàéë-øàáëîí. Èõ
ìîæíî ïîëó÷èòü íà ñàéòå æóðíàëà â ðàçäåëå Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé. Àäðåñ
äîñòóïà: http://www.journal.svmo.ru/page/rules.

Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåí â ôàéë-øàáëîí ñ èìåíåì <Ôàìèëèÿ-
ÈÎ>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ôàéë-ïðåàìáóëó). Íàïðèìåð,
\input{shamanaev.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüè
íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áû
áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Îôîðìëåíèå çàãîëîâêîâ ñòàòüè. Äëÿ îôîðìëåíèÿ çàãîëîâêîâ ñòàòüè íà ðóññêîì
è àíãëèéñêîì ÿçûêàõ ñëåäóåò èñïîëüçîâàòü êîìàíäû \headerRus è \headerEn, ñîîòâåò-
ñòâåííî.

Êîìàíäà \headerRus èìååò ñëåäóþùèå àðãóìåíòû: {ÓÄÊ} {Íàçâàíèå ñòàòüè} {Àâ-
òîð(û)} {Àâòîð1\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî, Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ îð-
ãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.}, Àâòîð2\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî,
Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.} } {Àííîòà-
öèÿ} {Êëþ÷åâûå ñëîâà} {Íàçâàíèå ñòàòüè íà àíãëèéñêîì ÿçûêå} {Àâòîð(û) íà àíãëèéñêîì
ÿçûêå}

Êîìàíäà \headerEn èìååò ñëåäóþùèå àðãóìåíòû: {MSC 2010} {Íàçâàíèå ñòàòüè}
{Àâòîð(û)} {Àâòîð1\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî, Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ
îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.}, Àâòîð2\footnote {Ôàìèëèÿ Èìÿ Îò÷åñòâî,
Äîëæíîñòü, ìåñòî ðàáîòû, àäðåñ îðãàíèçàöèè, ó÷åíàÿ ñòåïåíü, ORCID, e-mail.} } {Àííî-
òàöèÿ} {Êëþ÷åâûå ñëîâà}

Îôîðìëåíèå òåêñòà ñòàòüè. Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåí-
íîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõíåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì
ïàðàìåòðîì: \sect{Çàãîëîâîê}

Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsection,
\subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ â
Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé è
áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé è
ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,
NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-
åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è
'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).

Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N è
ò. ä.
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Äëÿ âñòàâîê áóêâ ϕ è ϵ íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-
ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êîìàíäàìè \px{i} è

\pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,

\textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi , Äi â òåêñò ñòàòüè íåîáõîäèìî íàáðàòü êî-
ìàíäû \textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîðìóëû íåîáõîäèìî
èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâå
ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.
Íàïðèìåð, ôîðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó
5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò. ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Îôîðìëåíèå ðèñóíêîâ. Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçî-
âàòüñÿ ñëåäóþùèìè êîìàíäàìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðèñóíêîì}

â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîäïèñü}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîäïèñü_ïîä_ðèñ}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS (Encapsulated
PostScript).

Îôîðìëåíèå ñïèñêîâ ëèòåðàòóðû. Äëÿ îôîðìëåíèÿ ñïèñêîâ ëèòåðàòóðû íà
ðóññêîì è àíãëèéñêîì ÿçûêàõ ñëåäóåò èñïîëüçîâàòü îêðóæåíèÿ thebibliography è
thebibliographyEn, ñîîòâåòñòâåííî.

Êàæäàÿ ðóññêîÿçû÷íàÿ áèáëèîãðàôè÷åñêàÿ ññûëêà îôîðìëÿåòñÿ êîìàíäîé
\RBibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê},
à àíãëîÿçû÷íàÿ áèáëèîãðàôè÷åñêàÿ ññûëêà � êîìàíäîé
\Bibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}.
Äàëåå äëÿ îïèñàíèÿ áèáëèîãðàôè÷åñêîé ññûëêè ñëåäóåò èñïîëüçîâàòü êîìàíäû, ðåà-

ëèçóþùèå ôîðìàò AMSBIB è îòíîñÿùèåñÿ ê ñòèëåâîìó ïàêåòó svmobib.sty. Îñíîâîé ýòîãî
ïàêåòà ÿâëÿåòñÿ ñòèëåâîé ôàéë amsbib.sty. Áîëåå ïîäðîáíî ýòè êîìàíäû îïèñàíû â èí-
ñòðóêöèè amsbib.pdf.

Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðû íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \cite
èëè \pgcite (ïàðàìåòðû ñì. â ôàéëå-ïðåàìáóëå). Â êà÷åñòâå èìåíè ìåòîê äëÿ ðóññêî-
ÿçû÷íûõ áèáèëèîãðàôè÷åñêèõ ññûëîê íóæíî èñïîëüçîâàòü 'ÔàìèëèÿRBibÍîìåðÑñûëêè',
à äëÿ àíãëîÿçû÷íûõ áèáèëèîãðàôè÷åñêèõ ññûëîê � 'ÔàìèëèÿBibÍîìåðÑñûëêè'.

Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.
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