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Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà

â s -ìåðíîì øàðå â Rs+1 ñî ñìåùåíèÿìè â ïðîèçâîäíûõ

II

c⃝ À. Â. Ãåðàñèìîâ1, Á. Â. Ëîãèíîâ2, Í. Í. Þëäàøåâ3

Àííîòàöèÿ. Â êëàññå íåïðåðûâíûõ è íåïðåðûâíî äèôôåðåíöèðóåìûõ äî 2-ãî ïîðÿäêà ôóíê-
öèé ðàññìàòðèâàåòñÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ äëÿ îïåðàòîðà Ëàïëàñà â s -ìåðíîì
åäèíè÷íîì øàðå Ω ñî ñìåùåíèÿìè â ïðîèçâîäíûõ ïî ðàäèóñàì êîíöåíòðè÷åñêèõ ñôåð ðàäè-

óñîâ 0 < r0 < 1 è 1, u ∈ C2+α(Ω) è ∂u(r0,Θ)
∂r = ∂u(1,Θ)

∂r . Â ïðåäûäóùåé ðàáîòå àâòîðîâ [1]
áûëè íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ïðè s = 2 ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè
(æîðäàíîâû öåïî÷êè) ïðÿìîé çàäà÷è; ïðè÷¼ì èõ äëèíà íå ïðåâûøàåò 3-õ. Â äàííîé ðàáîòå
âû÷èñëåíû æîðäàíîâû öåïî÷êè ñîïðÿæ¼ííîé çàäà÷è ïðè s = 2 , ïðÿìîé è ñîïðÿæ¼ííîé çàäà÷
ïðè s > 2 , è äîêàçàíî, ÷òî â ñëó÷àå s > 2 îíè îáðûâàþòñÿ íà âòîðûõ ýëåìåíòàõ.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà, åäèíè÷íûé øàð â Rs+1 , ñîáñòâåííûå çíà÷åíèÿ, ñîá-
ñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè, æîðäàíîâû öåïî÷êè, ïðÿìàÿ è ñîïðÿæ¼ííàÿ çàäà÷è
ïðè s = 2 è s > 2 .

1. Ââåäåíèå

Äàííàÿ ðàáîòà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ïðîäîëæåíèåì ïðåäûäóùåé ðàáîòû [1],
êðàòêîå ñîäåðæàíèå êîòîðîé äàíî â àííîòàöèè.

Ñëåäóåò çàìåòèòü, ÷òî â ðàáîòå [1] òðåòèé ýëåìåíò ÆÖ âû÷èñëåí â ïðåäïîëîæåíèè
êðàòíîãî ñîáñòâåííîãî çíà÷åíèÿ. Ïîýòîìó òðåáóåòñÿ ïåðåñ÷åò 3-ãî ýëåìåíòà ÆÖ ïðÿìîé
çàäà÷è.

2. Âû÷èñëåíèå 3-ãî ýëåìåíòà ÆÖ ïðÿìîé çàäà÷è ( s = 2 ) â óñëî-
âèÿõ f(α) = 0 , f ′(α) = 0 , f ′′(α) = 0

f(α) = J ′
n(α)− J ′

n(αr0) = 0, (2.1)

f ′(α) ∼= (n2 − α2)r0Jn(α) + (r20α
2 − n2)Jn(αr0) = 0, (2.2)

f ′′(α) ∼= 2(r0Jn(αr0)− Jn(α)) + α(r20 − 1)J ′
n(α) = 0, (2.3)

ãäå ¾∼= ¿ îçíà÷àåò ¾ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ¿.
X(3)(r) ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ ñ óñëîâèÿìè ñìåùåíèÿ

è ãëàäêîñòè

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíè-
êè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í.Ï. Îãàðåâà, ã. Ñàðàíñê; gerasimov_artyom@mail.ru.

2 Ïðîôåññîð êàôåäðû âûñøåé ìàòåìàòèêè, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; bvllbv@yandex.ru.

3 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Òàøêåíòñêèé èíñòèòóò òåêñòèëüíîé è ëåãêîé ïðîìûøëåííîñòè,
ã. Òàøêåíò; nurilla1956@mail.ru.
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X(3)′′(r) +
1

r
X(3)′(r) +

(
α2 − n2

r2

)
X(3)(r) = − r

2α
J ′
n(αr),

u ∈ C2+α(Ω), Ω = {r, θ|r ≤ 1}, ∂u(r0, θ)
∂r

=
∂u(1, θ)

∂r
.

(2.4)

Ñîãëàñíî ìåòîäó Ëàãðàíæà, ðåøåíèå (2.4) ðàçûñêèâàåòñÿ â âèäå

X(3)(r) =

{
C

(3)
11 (r)Jn(αr) + C

(3)
12 (r)Nn(αr), 0 ≤ r ≤ r0,

C
(3)
21 (r)Jn(αr) + C

(3)
22 (r)Nn(αr), r0 ≤ r ≤ 1,

ãäå íà ëåâîì ïîëóèíòåðâàëå

C
(3)
11 (r) =

π
4α

r∫
0

ρ2J ′
n(αρ)Nn(αρ)dρ , C

(3)
12 (r) = − π

4α

r∫
0

ρ2J ′
n(αρ)Jn(αρ)dρ ,

C
(3)
120 = 0 , ò.ê. |X(3)(r)| <∞ .
Ñëåäîâàòåëüíî,

C
(3)
11 (r) = − r2

8α2 +
πn2

8α4 Jn(αr)Nn(αr)− π
8α2 r

2J ′
n(αr)N

′
n(αr) + C

(3)
110 ,

C
(3)
12 (r) = −πn2

8α4 J
2
n(αr) +

π
8α2 r

2J ′2
n (αr) .

Àíàëîãè÷íî, íà ïðàâîì ïîëóèíòåðâàëå

C
(3)
21 (r) =

π
4α

r∫
r0

ρ2J ′
n(αρ)Nn(αρ)dρ , C

(3)
22 (r) = − π

4α

r∫
r0

ρ2J ′
n(αρ)Jn(αρ)dρ .

Ñëåäîâàòåëüíî,

C
(3)
21 (r) = − r2

8α2 + πn2

8α4 Jn(αr)Nn(αr) − π
8α2 r

2J ′
n(αr)N

′
n(αr) +

r20
8α2 − πn2

8α4 Jn(αr0)Nn(αr0) +

+
πr20
8α2J

′
n(α)N

′
n(αr0) + C

(3)
210 ,

C
(3)
22 (r) = −πn2

8α4 J
2
n(αr) +

π
8α2 r

2J ′2
n (αr) +

πn2

8α4 J
2
n(αr0)−

πr20
8α2J

′2
n (α) + C

(3)
220 .

Òàêèì îáðàçîì, íà ëåâîì ïîëóèíòåðâàëå
X(3)(r)
0≤r≤r0

= − 1
4α3 rJ

′
n(αr)− 1

8α2 r
2Jn(αr) + C

(3)
110Jn(αr) ,

è íà ïðàâîì �

X(3)(r)
r0≤r≤1

= − 1
4α3 rJ

′
n(αr) − 1

8α2 r
2Jn(αr) +

r20
8α2Jn(αr) − πn2

8α4 Jn(αr0)Nn(αr0)Jn(αr) +

+
πr20
8α2J

′
n(α)N

′
n(αr0)Jn(αr) +

πn2

8α4 J
2
n(αr0)Nn(αr)− πr20

8α2J
′2
n (α)Nn(αr) +C

(3)
210Jn(αr) +C

(3)
220Nn(αr) .

Èç óñëîâèé íåïðåðûâíîñòè X(3)(r) è å¼ ïðîèçâîäíîé â òî÷êå r = r0 ñëåäóåò

(C
(3)
110 − C

(3)
210)Jn(αr0) = C

(3)
220Nn(αr0) +

r20
8α2

Jn(αr0) +
r0
4α3

J ′
n(α). (2.5)

(C
(3)
110 − C

(3)
210)αJ

′
n(α) = C

(3)
220αN

′
n(αr0) +

r20
8α
J ′
n(α) +

n2

4α4r0
Jn(αr0). (2.6)

Ôîðìóëû (2.5) è (2.6) ïîçâîëÿþò îïðåäåëèòü C
(3)
220

C
(3)
220 =

πr20
8α2J

′2
n (α)− πn2

8α4 J
2
n(αr0) .

Èç óñëîâèÿ ñìåùåíèÿ â ïðîèçâîäíûõ ñëåäóåò

(C
(3)
110−C

(3)
210)αJ

′
n(α) = C

(3)
220αN

′
n(α)− n2

4α4Jn(α)− 1
8α
J ′
n(α)+

r20
4α
J ′
n(α)− πn2

8α3 J
′
n(α)Jn(αr0)Nn(αr0)+

+
πr20
8α
J ′2
n (α)N

′
n(αr0) +

πn2

8α3 J
2
n(αr0)N

′
n(α)−

πr20
8α
J ′2
n (α)N

′
n(α) +

n2

4α4r0
Jn(αr0) .

Ïîäñòàíîâêà îïðåäåëåííîãî âûøå â óñëîâèå ñìåùåíèÿ ïðîèçâîäíûõ îïðåäåëÿåò C
(3)
110

÷åðåç C
(3)
210

C
(3)
110 = C

(3)
210+

r20
4α2 − 1

8α2 − πn2

8α4 Jn(αr0)Nn(αr0)+
πr20
8α2J

′
n(α)N

′
n(αr0)+

n2

4α5r0J ′
n(α)

[Jn(αr0)−r0Jn(α)] ,
îòêóäà ñîãëàñíî

2n2(r0Jn(α)− Jn(αr0)) = −α3r0
(
1− r20

)
J ′
n(α)
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C
(3)
110 = C

(3)
210 − πn2

8α4 Jn(αr0)Nn(αr0) +
πr20
8α2J

′
n(α)N

′
n(αr0) +

2r30α
3J ′

n(α)−α3r0J ′
n(α)+2n2[Jn(αr0)−r0Jn(α)]

8α5r0J ′
n(α)

=

= C
(3)
210 − πn2

8α4 Jn(αr0)Nn(αr0) +
πr20
8α2J

′
n(α)N

′
n(αr0) +

r20
8α2 .

Îêîí÷àòåëüíî, íà 0 ≤ r ≤ 1

X(3)(r) =
r20−r2
8α2 Jn(αr) − r

4α3J
′
n(αr) − πn2

8α4 Jn(αr0)Nn(αr0)Jn(αr) +
πr20
8α2J

′
n(α)N

′
n(αr0)Jn(αr) +

+C
(3)
210Jn(αr) .

Âûðàæåíèå C
(3)
210 ÷åðåç C

(3)
110 äà¼ò äîïîëíèòåëüíîå óïðîùåíèå

X(3)(r) = − 1
4α3 rJ

′
n(αr)− 1

8α2 r
2Jn(αr) + CJn(αr) .

3. Ïðèñîåäèí¼ííûå ôóíêöèè ñîïðÿæ¼ííîé çàäà÷è ïðè s = 2 áåç
ïðåäïîëîæåíèÿ íåïðåðûâíîñòè ôóíêöèè â òî÷êå r0

Ñîïðÿæ¼ííàÿ çàäà÷à èìååò âèä

∆v + λv = 0 â îáëàñòÿõ Ωr0 è Ω \ Ωr0 ,

∂v(r0 − 0, θ)

∂r
=
∂v(r0 + 0, θ)

∂r
,
∂v(1, θ)

∂r
= 0,

r0[−v(r0 + 0, θ) + v(r0 − 0, θ)] + v(1− 0, θ) = 0.

(3.7)

Åñëè æå êðîìå òîãî ïðåäïîëîæèòü íåïðåðûâíîñòü v(r, θ) â òî÷êå r = r0 , òî âîçíèêàþò
óñëîâèÿ

v(r0 − 0, θ) = v(r0 + 0, θ),
∂v(r0 − 0, θ)

∂r
=
∂v(r0 + 0, θ)

∂r
, v(1, θ) = 0.

Îäíàêî ïðè òàêîì äîïîëíèòåëüíîì óñëîâèè îêàçûâàåòñÿ, ÷òî ïðèñîåäèí¼ííûå ýëåìåíòû
îòñóòñòâóþò.

Â ñèëó îãðàíè÷åííîñòè è ïåðèîäè÷íîñòè v(r, θ) ïî θ (3.7) èìååò ðåøåíèå [1] v(r, θ) =
= X (1)(r)[dn1 cos(n, θ) + dn2 sin(n, θ)] , ãäå

X (1)(r) =

{
[N ′

n(αr0)−N ′
n(α)]Jn(αr), 0 ≤ r < r0,

J ′
n(α)Nn(αr)−N ′

n(α)Jn(αr), r0 < r ≤ 1,
(3.8)

îòâå÷àþùåå ñîáñòâåííûì çíà÷åíèÿì λ = α2 = α2(n) , ãäå α ÿâëÿåòñÿ êîðíÿìè óðàâíåíèÿ
(2.1).

3.1. Âû÷èñëåíèå 2-ãî ýëåìåíòà æîðäàíîâîé öåïî÷êè

Ïðèñîåäèíåííûå ôóíêöèè 1-ãî ïîðÿäêà èìåþò âèä Ψ
(2)
n (r, θ) = X (2)(r)[dn1 cos(n, θ) +

+dn2 sin(n, θ)] ñ óñëîâèåì èõ ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) I
(1)
n (α) =

1∫
0

ρX (1)(ρ)X(1)(ρ)dρ =

= (n2 − α2)r0Jn(α) + (r20α
2 − n2)Jn(αr0) ∼= f ′(α) = 0 ( ̸= 0) .

X (2)(r) îïðåäåëÿåòñÿ êàê ðåøåíèå ãðàíè÷íîé çàäà÷è Áåññåëÿ ñ ïðàâîé ÷àñòüþ (3.8)

X (2)′′(r) +
1

r
X (2)′(r) +

(
α2 − n2

r2

)
X (2)(r) = X (1)(r),

dX (2)(r0 − 0)

dr
=
dX (2)(r0 + 0)

dr
,
dX (2)(1)

dr
= 0,

r0[X (2)(r0 − 0)−X (2)(r0 + 0)] + X (2)(1) = 0.
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Ñîãëàñíî ìåòîäó Ëàãðàíæà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, ïðèìåíÿåìîìó îò-
äåëüíî â îáëàñòÿõ 0 ≤ r < r0 è r0 < r ≤ 1 ðåøåíèå X (2)(r) èùåòñÿ â âèäå

X (2)(r) =

{
D

(2)
11 (r)Jn(αr) +D

(2)
12 (r)Nn(αr), 0 ≤ r < r0,

D
(2)
21 (r)Jn(αr) +D

(2)
22 (r)Nn(αr), r0 < r ≤ 1,

ãäå

D
(2)
11 (r) = −π

2
[N ′

n(αr0)−N ′
n(α)]

r∫
0

ρJn(αρ)Nn(αρ)dρ =

= −π
4
[N ′

n(αr0)−N ′
n(α)]

{(
r2 − n2

α2

)
Jn(αr)Nn(αr) + r2J ′

n(αr)N
′
n(αr)

}
+D

(2)
110 ,

D
(2)
12 (r) =

π
2
[N ′

n(αr0)−N ′
n(α)]

r∫
0

ρJ2
n(αρ)dρ =

= π
4
[N ′

n(αr0)−N ′
n(α)]

{(
r2 − n2

α2

)
J2
n(αr) + r2J ′2

n (αr)
}
,

D
(2)
21 (r) = −π

2
J ′
n(α)

r∫
r0

ρN2
n(αρ)dρ+

π
2
N ′
n(α)

r∫
0

ρJn(αρ)Nn(αρ)dρ =

= −π
4
J ′
n(α)

{
r2N ′2

n (αr) +
(
r2 − n2

α2

)
N2
n(αr)− r20N

′2
n (αr0)−

(
r20 − n2

α2

)
N2
n(αr0)

}
+

+π
4
N ′
n(α)

{(
r2 − n2

α2

)
Jn(αr)Nn(αr) + r2J ′

n(αr)N
′
n(αr)−

−
(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)− r20J

′
n(α)N

′
n(αr0)

}
+D

(2)
210 ,

D
(2)
22 (r) =

π
2
J ′
n(α)

r∫
r0

ρJn(αρ)Nn(αρ)dρ− π
2
N ′
n(α)

r∫
r0

ρJ2
n(αρ)dρ =

= π
4
J ′
n(α)

{
r2J ′

n(αr)N
′
n(αr) +

(
r2 − n2

α2

)
Jn(αr)Nn(αr)− r20J

′
n(α)N

′
n(αr0)−

−
(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)

}
− π

4
N ′
n(α)

{
r2J ′2

n (αr) +
(
r2 − n2

α2

)
J2
n(αr)− r20J

′2
n (α)−

−
(
r20 − n2

α2

)
J2
n(αr0)

}
+D

(2)
220 .

Òàêèì îáðàçîì, ïðè 0 ≤ r < r0
X (2)(r)
0≤r<r0

= − 1
2α

[N ′
n(αr0)−N ′

n(α)] rJ
′
n(αr) +D

(2)
110Jn(αr) ,

è ïðè r0 < r ≤ 1

X (2)(r)
r0<r≤1

= − 1
2α
J ′
n(α)rN

′
n(αr) +

1
2α
N ′
n(α)rJ

′
n(αr) +

πr20
4
J ′
n(α)N

′2
n (αr0)Jn(αr)+

+π
4

(
r20 − n2

α2

)
J ′
n(α)N

2
n(αr0)Jn(αr)−

πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)−

−π
4

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)Jn(αr)− πr20

4
J ′2
n (α)N

′
n(αr0)Nn(αr)−

−π
4

(
r20 − n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)Nn(αr) +

πr20
4
J ′2
n (α)N

′
n(α)Nn(αr)+

+π
4

(
r20 − n2

α2

)
N ′
n(α)J

2
n(αr0)Nn(αr) +D

(2)
210Jn(αr) +D

(2)
220Nn(αr) .

Èñïîëüçóÿ ãðàíè÷íûå óñëîâèÿ (3.7), ïîëó÷àåì ñèñòåìó ëèíåéíûõ íåîäíîðîäíûõ àëãåá-
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ðàè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ èíòåãðèðîâàíèÿ D
(2)
110 , D

(2)
210 è D

(2)
220

J ′
n(α)D

(2)
110 − J ′

n(α)D
(2)
210 −N ′

n(αr0)D
(2)
220 = − 1

πα2

(
1− n2

α2r20

)
− 1

2αr0

(
r20 − n2

α2

)
J ′
n(α)Nn(αr0)+

+ 1
2αr0

(
r20 − n2

α2

)
Jn(αr0)N

′
n(α),

J ′
n(α)D

(2)
210 +N ′

n(α)D
(2)
220 =

1
πα2

(
1− n2

α2

)
− πr20

4
J ′2
n (α)N

′2
n (αr0)− π

4

(
r20 − n2

α2

)
J ′2
n (α)N

2
n(αr0)+

+
πr20
2
J ′2
n (α)N

′
n(α)N

′
n(αr0) +

π
2

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)Jn(αr0)Nn(αr0)− πr20

4
J ′2
n (α)N

′2
n (α)−

−π
4

(
r20 − n2

α2

)
J2
n(αr0)N

′2
n (α),

r0Jn(αr0)D
(2)
110 + [Jn(α)− r0Jn(αr0)]D

(2)
210 + [Nn(α)− r0Nn(αr0)]D

(2)
220 =

= −πr20
4
J ′
n(α)N

′2
n (αr0)Jn(α)− π

4
J ′
n(α)

(
r20 − n2

α2

)
N2
n(αr0)Jn(α)+

+
πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(α) +

π
4
N ′
n(α)

(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)Jn(α)+

+
πr20
4
J ′2
n (α)N

′
n(αr0)Nn(α) +

π
4
J ′
n(α)

(
r20 − n2

α2

)
Jn(αr0)Nn(αr0)Nn(α)−

−πr20
4
N ′
n(α)J

′2
n (α)Nn(α)− π

4
N ′
n(α)

(
r20 − n2

α2

)
J2
n(αr0)Nn(α)+

+
r20
2α
J ′
n(α)N

′
n(αr0)−

r20
2α
J ′
n(α)N

′
n(α),

ñ íóëåâûì îïðåäåëèòåëåì. Âûðàæàÿ èç ïåðâûõ äâóõ óðàâíåíèé ñèñòåìû D
(2)
110 è D

(2)
210 ÷åðåç

D
(2)
220 è ïîëàãàÿ D

(2)
220 = J ′

n(α)D , îïðåäåëÿåì ðåøåíèå X (2)(r) ñ òî÷íîñòüþ äî ñëàãàåìîãî
DX (1)(r) . Òàêèì îáðàçîì, X (2)(r) ïðèíèìàåò âèä:

X (2)(r)
0≤r<r0

= − 1
2α

[N ′
n(αr0)−N ′

n(α)] rJ
′
n(αr)+

n2(1−r20)
πα4r20J

′
n(α)

Jn(αr)− 1
2αr0

(
r20 − n2

α2

)
Nn(αr0)Jn(αr)+

+ 1
2αr0

(
r20 − n2

α2

)
N ′

n(α)
J ′
n(α)

Jn(αr0)Jn(αr)− πr20
4
J ′
n(α)N

′2
n (αr0)Jn(αr)−

−π
4

(
r20 − n2

α2

)
J ′
n(α)N

2
n(αr0)Jn(αr) +

πr20
2
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)+

+π
2

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)Jn(αr)− πr20

4
J ′
n(α)N

′2
n (α)Jn(αr)−

−π
4

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)Jn(αr) +D[N ′

n(αr0)−N ′
n(α)]Jn(αr)

è
X (2)(r)
r0<r≤1

= − 1
2α
J ′
n(α)rN

′
n(αr) +

1
2α
N ′
n(α)rJ

′
n(αr) +

πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)+

+π
4

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)Jn(αr)− πr20

4
J ′2
n (α)N

′
n(αr0)Nn(αr)−

−π
4

(
r20 − n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)Nn(αr) +

πr20
4
J ′2
n (α)N

′
n(α)Nn(αr)+

+π
4

(
r20 − n2

α2

)
N ′
n(α)J

2
n(αr0)Nn(αr) +

1
πα2J ′

n(α)

(
1− n2

α2

)
Jn(αr)− πr20

4
J ′
n(α)N

′2
n (α)Jn(αr)−

−π
4

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)Jn(αr) +D[J ′

n(α)Nn(αr)−N ′
n(α)Jn(αr)] .

Ðàâåíñòâî (íå ðàâåíñòâî) íóëþ èíòåãðàëà I
(2)
n (α) =

1∫
0

X (2)(ρ)X(1)(ρ)dρ äà¼ò óñëîâèå

ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) 3-ãî ýëåìåíòà ÆÖ.
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I(2)n (α) = −J
′
n(α)

2α

1∫
r0

ρ2Jn(αρ)N
′
n(αρ)dρ+

N ′
n(α)

2α

1∫
0

ρ2Jn(αρ)J
′
n(αρ)dρ+

+
π

4

(
r20 −

n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)

1∫
r0

ρJ2
n(αρ)dρ+

+
πr20
4
J ′
n(α)N

′
n(α)N

′
n(αr0)

1∫
r0

ρJ2
n(αρ)dρ−

− π

4

(
r20 −

n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)

1∫
r0

ρJn(αρ)Nn(αρ)dρ−

− πr20
4
J ′2
n (α)N

′
n(αr0)

1∫
r0

ρJn(αρ)Nn(αρ)dρ+

+
π

4

(
r20 −

n2

α2

)
N ′
n(α)J

2
n(αr0)

1∫
r0

ρJn(αρ)Nn(αρ)dρ+
πr20
4
J ′2
n (α)N

′
n(α)

1∫
r0

ρJn(αρ)Nn(αρ)dρ+

+
1

πα2J ′
n(α)

1∫
r0

ρJ2
n(αρ)dρ−

n2

πα4J ′
n(α)

1∫
0

ρJ2
n(αρ)dρ−

− π

4

(
r20 −

n2

α2

)
N ′2
n (α)

J ′
n(α)

J2
n(αr0)

1∫
0

ρJ2
n(αρ)dρ−

πr20
4
J ′
n(α)N

′2
n (α)

1∫
0

ρJ2
n(αρ)dρ−

− N ′
n(αr0)

2α

r0∫
0

ρ2Jn(αρ)J
′
n(αρ)dρ+

n2

πα4r20J
′
n(α)

r0∫
0

ρJ2
n(αρ)dρ−

− 1

2αr0

(
r20 −

n2

α2

)
Nn(αr0)

r0∫
0

ρJ2
n(αρ)dρ+

1

2αr0

(
r20 −

n2

α2

)
N ′
n(α)

J ′
n(α)

Jn(αr0)

r0∫
0

ρJ2
n(αρ)dρ−

− πr20
4
J ′
n(α)N

′2
n (αr0)

r0∫
0

ρJ2
n(αρ)dρ−

π

4

(
r20 −

n2

α2

)
J ′
n(α)N

2
n(αr0)

r0∫
0

ρJ2
n(αρ)dρ+

+
π

2

(
r20 −

n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)

r0∫
0

ρJ2
n(αρ)dρ+

+
πr20
2
J ′
n(α)N

′
n(α)N

′
n(αr0)

r0∫
0

ρJ2
n(αρ)dρ.

Ôîðìóëû äëÿ âû÷èñëåíèÿ èíòåãðàëîâ
∫
ρJ2

n(αρ)dρ è
∫
ρJn(αρ)Nn(αρ)dρ äàíû â ñïðà-

âî÷íîì èçäàíèè [2]. Èíòåãðàëû
∫
ρ2Jn(αρ)N

′
n(αρ)dρ è

∫
ρ2Jn(αρ)J

′
n(αρ)dρ âû÷èñëèì ìå-

òîäîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì.∫
r2Jn(αr)J

′
n(αr) dr =

1
α3

∫
(αr)2Jn(αr)J

′
n(αr) d(αr) =

= 1
α3 (αr)

2J2
n(αr)− 1

α3

∫
Jn(αr) (2αrJn(αr) + (αr)2J ′

n(αr)) d(αr) =
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= r2

α
J2
n(αr)− 2

α

∫
rJ2

n(αr) dr −
∫
r2Jn(αr)J

′
n(αr) dr ;

2
∫
r2Jn(αr)J

′
n(αr) dr =

r2

α
J2
n(αr)− 2

α

∫
rJ2

n(αr) dr ;∫
r2Jn(αr)J

′
n(αr) dr =

r2

2α
J2
n(αr)− 1

α

∫
rJ2

n(αr) dr =

= r2

2α
J2
n(αr)− r2

2α

[
J2
n(αr)− n2

α2r2
J2
n(αr) + J ′2

n (αr)
]
= n2

2α3J
2
n(αr)− r2

2α
J ′2
n (αr) .∫

r2Jn(αr)N
′
n(αr) dr =

∫
r2[Jn(αr)N

′
n(αr)− J ′

n(αr)Nn(αr)] dr +
∫
r2J ′

n(αr)Nn(αr) dr =
=
∫
r2 2

παr
dr +

∫
r2J ′

n(αr)Nn(αr) dr =
2
πα

∫
r dr +

∫
r2J ′

n(αr)Nn(αr) dr =

= r2

πα
+
∫
r2J ′

n(αr)Nn(αr) dr =
r2

πα
+ 1

α3

∫
(αr)2J ′

n(αr)Nn(αr) d(αr) =

= r2

πα
+ r2

α
Jn(αr)Nn(αr)− 1

α3

∫
Jn(αr)[2αrNn(αr) + (αr)2N ′

n(αr)] d(αr) =

= r2

πα
+ r2

α
Jn(αr)Nn(αr)− 2

α

∫
rJn(αr)Nn(αr) dr −

∫
r2Jn(αr)N

′
n(αr) dr ;

2
∫
r2Jn(αr)N

′
n(αr) dr =

r2

πα
+ r2

α
Jn(αr)Nn(αr)− 2

α

∫
rJn(αr)Nn(αr) dr ;∫

r2Jn(αr)N
′
n(αr) dr =

r2

2πα
+ r2

2α
Jn(αr)Nn(αr)− 1

α

∫
rJn(αr)Nn(αr) dr =

= r2

2πα
+ r2

2α
Jn(αr)Nn(αr)− r2

2α

[
Jn(αr)Nn(αr)− n2

α2r2
Jn(αr)Nn(αr) + J ′

n(αr)N
′
n(αr)

]
=

= r2

2πα
+ n2

2α3Jn(αr)Nn(αr)− r2

2α
J ′
n(αr)N

′
n(αr) .

Ïîäñòàíîâêà íàéäåííûõ èíòåãðàëîâ è ïðèìåíåíèå óñëîâèé (2.1) è (2.2) äà¼ò îêîí÷à-

òåëüíûé ðåçóëüòàò I
(2)
n (α) =

1∫
0

X (2)(ρ)X(1)(ρ)dρ = 1
4πα5r0

[2n2r0Jn(α)− 2n2Jn(αr0)+α
3r0(1−

−r20)J ′
n(α)] = − 1

4πα3 [−2Jn(α) + 2r0Jn(αr0) + α(r20 − 1)J ′
n(α)] .

3.2. Âû÷èñëåíèå 3-ãî ýëåìåíòà X (3)(r) ÆÖ

Â ðàáîòå [1] äîêàçàíî, ÷òî îäíîâðåìåííîå âûïîëíåíèå óñëîâèé f (k)(α) = 0 , k = 0, 1, 2, 3
íåâîçìîæíî. Ýòî îçíà÷àåò, ÷òî ÆÖ îáðûâàåòñÿ íà 3-åì ýëåìåíòå, ò.å. èìååò äëèíó 3.

Ïðè âûïîëíåíèè (2.1), (2.2) è (2.3) X (3)(r) ÿâëÿåòñÿ ðåøåíèåì íåîäíîðîäíîãî óðàâíå-
íèÿ Áåññåëÿ ñ òåìè æå êðàåâûìè óñëîâèÿìè ãëàäêîñòè è ñìåùåíèÿ.

X (3)′′(r) +
1

r
X (3)′(r) +

(
α2 − n2

r2

)
X (3)(r) = X (2)(r),

dX (3)(r0 − 0)

dr
=
dX (3)(r0 + 0)

dr
,
dX (3)(1)

dr
= 0,

r0[X (3)(r0 − 0)−X (3)(r0 + 0)] + X (3)(1) = 0.

è èìååò âèä, ñîîòâåòñòâåííî ïðè 0 ≤ r < r0
X (3)(r)
0≤r<r0

= − 1
8α2 [N

′
n(αr0) − N ′

n(α)]r
2Jn(αr) − 1

4α3 [N
′
n(αr0) − N ′

n(α)]rJ
′
n(αr)+

+
n2(r20−1)

2πα5r20J
′
n(α)

rJ ′
n(αr) + 1

4α2r0

(
r20 − n2

α2

)
Nn(αr0)rJ

′
n(αr)−

− 1
4α2r0

(
r20 − n2

α2

)
N ′

n(α)
J ′
n(α)

Jn(αr0)rJ
′
n(αr) +

πr20
8α
J ′
n(α)N

′2
n (αr0)rJ

′
n(αr)+

+ π
8α

(
r20 − n2

α2

)
J ′
n(α)N

2
n(αr0)rJ

′
n(αr) − πr20

4α
J ′
n(α)N

′
n(α)N

′
n(αr0)rJ

′
n(αr)−

− π
4α

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)rJ

′
n(αr) + π

8α

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)rJ

′
n(αr)+

+
πr20
8α
J ′
n(α)N

′2
n (α)rJ

′
n(αr) +

r20
8α2 [N

′
n(αr0) − N ′

n(α)]Jn(αr)+

+ n2

4α5r0J ′
n(α)

[N ′
n(αr0) − N ′

n(α)]Jn(αr0)Jn(αr) +
n2(r20−1)

2πα5r30

(
r20 − n2

α2

)
Jn(αr0)
J ′2
n (α)

Jn(αr)+
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+ 1
4α2r20

(
r20 − n2

α2

)2
Jn(αr0)
J ′
n(α)

Nn(αr0)Jn(αr) − 1
4α2r20

(
r20 − n2

α2

)2
N ′

n(α)
J ′2
n (α)

J2
n(αr0)Jn(αr)+

+ 1
4α2

(
r20 − n2

α2

)
[N ′

n(αr0) − N ′
n(α)]Jn(αr) − π

4αr0

(
r20 − n2

α2

)2
N ′

n(α)
J ′
n(α)

J2
n(αr0)Nn(αr0)Jn(αr)+

+πr0
8α

(
r20 − n2

α2

)
J ′
n(α)N

′
n(αr0)Nn(αr0)Jn(αr) + π

8αr0

(
r20 − n2

α2

)2
Jn(αr0)N

2
n(αr0)Jn(αr)−

−π2r20
16

(
r20 − n2

α2

)
N ′
n(α)N

′2
n (αr0)J

2
n(αr0)Jn(αr) +

π2r20
16

(
r20 − n2

α2

)
J ′2
n (α)N

′
n(α)N

2
n(αr0)Jn(αr)+

+ π
8αr0

(
r20 − n2

α2

)2
N ′2

n (α)
J ′2
n (α)

J3
n(αr0)Jn(αr) + πr0

8α

(
r20 − n2

α2

)
N ′2
n (α)Jn(αr0)Jn(αr)−

− n2

2πα6J ′
n(α)

Jn(αr) + πn2

8α4 J
′
n(α)N

2
n(αr0)Jn(αr) − πr20

8α2J
′
n(α)N

′2
n (αr0)Jn(αr)−

−πn2

4α4N
′
n(α)Jn(αr0)Nn(αr0)Jn(αr) +

πr20
4α2J

′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr)−

−3π2

16

(
r20 − n2

α2

)2
N ′
n(α)J

2
n(αr0)N

2
n(αr0)Jn(αr)−

−π2r20
4

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr0)Nn(αr0)Jn(αr)−

− r20
2α2

(
1− n2

α2

)
[N ′

n(αr0)−N ′
n(α)]Jn(αr)−

3π2r40
16

J ′2
n (α)N

′
n(α)N

′
n(αr0)[N

′
n(αr0)−N ′

n(α)]Jn(αr)−

− 1
2α2

(
1− n2

α2

)(
r20 − n2

α2

)
Jn(αr0)
J ′
n(α)

Nn(αr0)Jn(αr)+

+
π2r20
16

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (αr0)Jn(αr0)Nn(αr0)Jn(αr)+

+π2

16

(
r20 − n2

α2

)2
J ′
n(α)Jn(αr0)N

3
n(αr0)Jn(αr) +

π2r40
16
J ′2
n (α)N

′3
n (αr0)Jn(αr)+

+
π2r20
16

(
r20 − n2

α2

)
J ′2
n (α)N

2
n(αr0)[N

′
n(αr0) − N ′

n(α)]Jn(αr)+

+ 1
2α2

(
1− n2

α2

)(
r20 − n2

α2

)
N ′

n(α)
J ′2
n (α)

J2
n(αr0)Jn(αr) −

π2r20
16

(
r20 − n2

α2

)
J2
n(αr0)N

′
n(α)N

′2
n (αr0)Jn(αr)−

− 1
2πα3

(
1− n2

α2

)2
Jn(α)
J ′2
n (α)

Jn(αr) + 3π2

16

(
r20 − n2

α2

)2
N ′2

n (α)
J ′
n(α)

J3
n(αr0)Nn(αr0)Jn(αr)+

+
3π2r20
16

(
r20 − n2

α2

)
N ′2
n (α)N

′
n(αr0)J

2
n(αr0)Jn(αr)+

+
3π2r20
16

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (α)Jn(αr0)Nn(αr0)Jn(αr) +

πn2

8α4

N ′2
n (α)
J ′
n(α)

J2
n(αr0)Jn(αr)−

−πr20
8α2J

′
n(α)N

′2
n (α)Jn(αr) − π2r40

16
J ′2
n (α)N

′3
n (α)Jn(αr) − π2r20

8

(
r20 − n2

α2

)
N ′3
n (α)J

2
n(αr0)Jn(αr)−

−π2

16

(
r20 − n2

α2

)2
N ′3

n (α)
J ′2
n (α)

J4
n(αr0)Jn(αr) +D[N ′

n(αr0)−N ′
n(α)]Jn(αr)

è ñîîòâåòñòâåííî ïðè r0 < r ≤ 1

X (3)(r)
r0<r≤1

= − 1
4α3J

′
n(α)rN

′
n(αr) +

1
8α2N

′
n(α)r

2Jn(αr) +
1

4α3N
′
n(α)rJ

′
n(αr) −

r20
8α2N

′
n(α)Jn(αr) −

−πn2

8α4N
′
n(α)Jn(αr0)Nn(αr0)Jn(αr) +

πr20
8α2J

′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr) −

− π
8α

(
r20 − n2

α2

)
N ′
n(α)Jn(αr0)Nn(αr0)rJ

′
n(αr) − π2

16

(
r20 − n2

α2

)2
N ′
n(α)J

2
n(αr0)N

2
n(αr0)Jn(αr) −

−π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)N

′
n(αr0)Jn(αr0)Nn(αr0)Jn(αr)− πr20

8α
J ′
n(α)N

′
n(α)N

′
n(αr0)rJ

′
n(αr)−

−π2r40
16
J ′2
n (α)N

′
n(α)N

′2
n (αr0)Jn(αr) + π

8α

(
r20 − n2

α2

)
J ′
n(α)Jn(αr0)Nn(αr0)rN

′
n(αr) +

+
πr20
8α
J ′2
n (α)N

′
n(αr0)rN

′
n(αr) − π

8α

(
r20 − n2

α2

)
N ′
n(α)J

2
n(αr0)rN

′
n(αr) −

−πr20
8α
J ′2
n (α)N

′
n(α)rN

′
n(αr) − 1

2πα3J ′
n(α)

(
1− n2

α2

)
rJ ′

n(αr) −

− 1
4α2

(
1− n2

α2

)(
r20 − n2

α2

)
Jn(αr0)
J ′
n(α)

Nn(αr0)Jn(αr) − r20
4α2

(
1− n2

α2

)
N ′
n(αr0)Jn(αr) +

+ π
8α

(
r20 − n2

α2

)
N ′2

n (α)
J ′
n(α)

J2
n(αr0)rJ

′
n(αr) + π2

8

(
r20 − n2

α2

)2
N ′2

n (α)
J ′
n(α)

J3
n(αr0)Nn(αr0)Jn(αr) +

+
π2r20
8

(
r20 − n2

α2

)
N ′2
n (α)N

′
n(αr0)J

2
n(αr0)Jn(αr) +

πr20
8α
J ′
n(α)N

′2
n (α)rJ

′
n(αr) +
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+
π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (α)Jn(αr0)Nn(αr0)Jn(αr) +

π2r40
8
J ′2
n (α)N

′2
n (α)N

′
n(αr0)Jn(αr) −

− n2

2πα6J ′
n(α)

Jn(αr) +
1

2α2

(
1− n2

α2

)(
r20 − n2

α2

)
N ′

n(α)
J ′2
n (α)

J2
n(αr0)Jn(αr) +

r20
2α2

(
1− n2

α2

)
N ′
n(α)Jn(αr) −

− 1
2πα3

(
1− n2

α2

)2
Jn(α)
J ′2
n (α)

Jn(αr) + πn2

8α4

N ′2
n (α)
J ′
n(α)

J2
n(αr0)Jn(αr) − πr20

8α2J
′
n(α)N

′2
n (α)Jn(αr) −

−π2r40
16
J ′2
n (α)N

′3
n (α)Jn(αr) − π2r20

8

(
r20 − n2

α2

)
N ′3
n (α)J

2
n(αr0)Jn(αr) −

−π2

16

(
r20 − n2

α2

)2
N ′3

n (α)
J ′2
n (α)

J4
n(αr0)Jn(αr) − 1

8α2J
′
n(α)r

2Nn(αr) +
r20
8α2J

′
n(α)Nn(αr) +

+πn2

8α4 J
′
n(α)Jn(αr0)Nn(αr0)Nn(αr) − πr20

8α2J
′2
n (α)N

′
n(αr0)Nn(αr) − πn2

8α4N
′
n(α)J

2
n(αr0)Nn(αr) +

+
πr20
8α2J

′2
n (α)N

′
n(α)Nn(αr) − π2r20

8

(
r20 − n2

α2

)
J ′2
n (α)N

′
n(α)Jn(αr0)Nn(αr0)Nn(αr) −

−π2

8

(
r20 − n2

α2

)2
J3
n(αr0)Nn(αr0)N

′
n(α)Nn(αr) − π2r40

8
J ′3
n (α)N

′
n(α)N

′
n(αr0)Nn(αr) −

−π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′
n(α)N

′
n(αr0)J

2
n(αr0)Nn(αr) +

+π2

16

(
r20 − n2

α2

)2
J ′
n(α)J

2
n(αr0)N

2
n(αr0)Nn(αr) +

+
π2r20
8

(
r20 − n2

α2

)
J ′2
n (α)N

′
n(αr0)Jn(αr0)Nn(αr0)Nn(αr) +

π2r40
16
J ′3
n (α)N

′2
n (αr0)Nn(αr) −

− r20
4α2

(
1− n2

α2

)
J ′
n(α)Nn(αr) − 1

4α2J ′
n(α)

(
1− n2

α2

)(
r20 − n2

α2

)
J2
n(αr0)Nn(αr) +

+
π2r20
8

(
r20 − n2

α2

)
J ′
n(α)N

′2
n (α)J

2
n(αr0)Nn(αr) + π2

16

(
r20 − n2

α2

)2
N ′2

n (α)
J ′
n(α)

J4
n(αr0)Nn(αr) +

+
π2r40
16
J ′3
n (α)N

′2
n (α)Nn(αr) +D[J ′

n(α)Nn(αr)−N ′
n(α)Jn(αr)] .

4. Ñîáñòâåííûå çíà÷åíèÿ, ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíê-
öèè ïðè s ≥ 2

Â îáùåì ñëó÷àå s -ìåðíîãî øàðà â Rs s ≥ 2 çàäà÷à îïðåäåëåíèÿ ñîáñòâåííûõ ôóíêöèé
äëÿ îïåðàòîðà Ëàïëàñà ñî ñìåùåíèÿìè â ïðîèçâîäíûõ â êëàññå íåïðåðûâíûõ è íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî îïðåäåëÿþòñÿ óñëîâèÿìè

(∆ + λ)u =
1

rs−1

∂

∂r

(
rs−1∂u

∂r

)
+

1

r2
∆Θu+ λu = 0, u ∈ C2+α(Ω),

∂u(r0,Θ)

∂r
=
∂u(1,Θ)

∂r
, Ω = {r,Θ|r ≤ 1,Θ = (θ1, . . . , θn−1)},

(4.9)

ãäå ∆Θ � îïåðàòîð Ëàïëàñà íà åäèíè÷íîé ñôåðå Ss−1 â Rs .
Ðàçäåëÿÿ ïåðåìåííûå u(r,Θ) = X(r)Y (Θ) , ïîëó÷àåì óðàâíåíèå äëÿ ïîëèñôåðè÷åñêèõ

ôóíêöèé ∆ΘYs,n+µYs,n = 0 , ãäå µ = n(n+s−2) , à äëÿ ôóíêöèé X(r) äèôôåðåíöèàëüíîå
óðàâíåíèå r2X ′′(r) + r(s − 1)X ′(r) + λr2X(r) − n(n + s − 2)X(r) = 0 , ñâîäÿùååñÿ ïîñëå
ïîäñòàíîâêè X(r) = r−

s
2
+1x(r) ê îäíîðîäíîìó óðàâíåíèþ Áåññåëÿ

x′′(r) +
1

r
x′(r) +

[
λ−

(
n+ s

2
− 1
)2

r2

]
x(r) = 0. (4.10)

Ïðè ó÷¼òå íåïðåðûâíîñòè è íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ôóíêöèè X(r) , à òàê-
æå ñìåùåíèÿ â ïðîèçâîäíûõ, ðàâåíñòâî íóëþ îïðåäåëèòåëÿ ìàòðèöû ãðàíè÷íûõ óñëîâèé
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îïðåäåëÿåò ñîáñòâåííûå çíà÷åíèÿ λ = α2 êàê êîðíè óðàâíåíèÿ

f(α) ≡ α
[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
+

+
(
1− s

2

) [
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
= 0 (4.11)

ñ ñîîòâåòñòâóþùåé ñîáñòâåííîé ôóíêöèåé Xn+ s
2
−1(r) = r−

s
2
+1x(r) = r−

s
2
+1Jn+ s

2
−1(αr) .

Ñîïðÿæåííàÿ çàäà÷à

∆v + λv = 0 â îáëàñòÿõ Ωr0 è Ω \ Ωr0 ñ óñëîâèÿìè

∂v(r0 − 0,Θ)

∂r
=
∂v(r0 + 0,Θ)

∂r
,
∂v(1,Θ)

∂r
= 0,

rs−1
0 [−v(r0 + 0,Θ) + v(r0 − 0,Θ)] + v(1− 0,Θ) = 0.

(4.12)

ïðè ðàçäåëåíèè ïåðåìåííûõ v(r,Θ) = X (r)Y (Θ) äà¼ò òî æå óðàâíåíèå äëÿ ïîëèñôåðè÷å-
ñêèõ ôóíêöèé, à äëÿ ôóíêöèè X (r) = r−

s
2
+1χ(r) îäíîðîäíîå óðàâíåíèå Áåññåëÿ.

Ãðàíè÷íûå óñëîâèÿ îïðåäåëÿþò îäíîðîäíóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé

[(
1− s

2

)
r
− s

2
0 Jn+ s

2
−1(αr0) + αr

− s
2
+1

0 J ′
n+ s

2
−1(αr0)

]
D

(1)
11 −

−
[(

1− s

2

)
r
− s

2
0 Jn+ s

2
−1(αr0) + αr

− s
2
+1

0 J ′
n+ s

2
−1(αr0)

]
D

(1)
21 −

−
[(

1− s

2

)
r
− s

2
0 Nn+ s

2
−1(αr0) + αr

− s
2
+1

0 N ′
n+ s

2
−1(αr0)

]
D

(1)
22 = 0,[(

1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
D

(1)
21 +

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
D

(1)
22 = 0,

r
s
2
0 Jn+ s

2
−1(αr0)D

(1)
11 −

[
r

s
2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
D

(1)
21 −

−
[
r

s
2
0Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
D

(1)
22 = 0.

äëÿ îïðåäåëåíèÿ ïîñòîÿííûõ â ôóíêöèè

X (1)
n,s = r−

s
2
+1

{
D

(1)
11 Jn+ s

2
−1(αr), 0 ≤ r < r0,

D
(1)
21 Jn+ s

2
−1(αr) +D

(1)
22 Nn+ s

2
−1(αr), r0 < r ≤ 1.

Ðàâåíñòâî îïðåäåëèòåëÿ ñèñòåìû íóëþ äà¼ò òî æå ñàìîå óñëîâèå å¼ ðàçðåøèìîñòè.
Îáùåå ðåøåíèå ñèñòåìû èìååò âèä

X (1)
n,s (r) = Dr−

s
2
+1χ

(1)
n+ s

2
−1(r) =

= Dr−
s
2
+1



{(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+

+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
Jn+ s

2
−1(αr), 0 ≤ r < r0,

−
[(

1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr)+

+
[(

1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
Nn+ s

2
−1(αr), r0 < r ≤ 1.

(4.13)

Ò å î ð å ì à 4.1. Â ñëó÷àå s ≥ 2 çàäà÷à (4.9) èìååò ñîáñòâåííîå çíà÷åíèå

λ = α2(n, s) , îïðåäåëÿåìîå ðàâåíñòâîì (4.11) ñ ñîáñòâåííûìè ôóíêöèÿìè Φ
(1)
n,s(r,Θ) =

= X
(1)
n,s(r)Yn,s(Θ) = r−

s
2
+1Jn+ s

2
−1(αr)Yn,s(Θ) . Åé îòâå÷àåò ñîïðÿæåííàÿ çàäà÷à (4.12) ñ
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òåìè æå ñîáñòâåííûìè çíà÷åíèÿìè, êîòîðûì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè
Ψ

(1)
n,s(r,Θ) = X (1)

n,s (r)Yn,s(Θ) = r−
s
2
+1χ

(1)
n,s(r)Yn,s(Θ) , ãäå X (1)

n,s (r) îïðåäåëÿåòñÿ (4.13). Óñëîâèå
ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) ïðèñîåäèíåííûõ ýëåìåíòîâ èìååò âèä

I(1)n,s(α) = r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20 −

(
n+

s

2
− 1
)2]

−

− Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 −

(
n+

s

2
− 1
)2] ∼= f ′(α) = 0 ( ̸= 0). (4.14)

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, óñëîâèåì ñóùåñòâîâàíèÿ (îòñóòñòâèÿ)
ïðèñîåäèíåííûõ ýëåìåíòîâ ñëóæèò îáðàùåíèå â íîëü (íå ðàâåíñòâî íóëþ) èíòåãðà-

ëà I
(1)
n,s(α) =

1∫
0

ρs−1X(1)(ρ)X (1)(ρ)dρ =
r0∫
0

ρx(1)(ρ) χ(1)

0≤ρ<r0
(ρ)dρ +

1∫
r0

ρx(1)(ρ) χ(1)

r0<ρ≤1
(ρ)dρ =

=
{(

1− s
2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×
r0∫
0

ρJ2
n+ s

2
−1(αρ)dρ −

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

] 1∫
r0

ρJ2
n+ s

2
−1(αρ)dρ +

+
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

] 1∫
r0

ρJn+ s
2
−1(αρ)Nn+ s

2
−1(αρ)dρ =

=
{(

1− s
2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×
[
r20
2
J ′2
n+ s

2
−1(αr0) +

1
2

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)

]
−
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
×

×
{

1
2
J ′2
n+ s

2
−1(α) +

1
2

(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)−

r20
2
J ′2
n+ s

2
−1(αr0)−

−1
2

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)

}
+

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
×

×
{

1
2
J ′
n+ s

2
−1(α)N

′
n+ s

2
−1(α) +

1
2

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α)Nn+ s

2
−1(α)−

− r20
2
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)− 1

2

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0)

}
=

= 1
2

(
1− s

2

)
r
2− s

2
0 J ′2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) −

(
1− s

2

) r20
2
J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) +

+1
2
αr

3− s
2

0 J ′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) − 1

2
αr20J

′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
r
− s

2
0 J2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) −

−1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) +

+1
2
αr

1− s
2

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) −

−1
2

(
1− s

2

)
J ′2
n+ s

2
−1(α)Nn+ s

2
−1(α) − 1

2
αJ ′2

n+ s
2
−1(α)N

′
n+ s

2
−1(α) −

−1
2

(
1− s

2

)(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)Nn+ s

2
−1(α)− 1

2
α

(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)N

′
n+ s

2
−1(α) +

+
(
1− s

2

) r20
2
J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) + 1

2
αr20J

′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)Nn+ s

2
−1(α) +

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



18 À. Â. Ãåðàñèìîâ, Á. Â. Ëîãèíîâ, Í. Í. Þëäàøåâ

+1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(α) +

+1
2

(
1− s

2

)(
1− (n+ s

2
−1)

2

α2

)
J2
n+ s

2
−1(α)Nn+ s

2
−1(α) +

+1
2
α

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(α)Nn+ s

2
−1(α) +

+1
2

(
1− s

2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(α)N

′
n+ s

2
−1(α) +

+1
2
αJ ′2

n+ s
2
−1(α)N

′
n+ s

2
−1(α) − 1

2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

− r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) − 1

2
αr20J

′
n+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) =

= 1
2

(
1− s

2

)
r
2− s

2
0 J ′2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) + 1

2
αr

3− s
2

0 J ′2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
r
− s

2
0 J2

n+ s
2
−1(αr0)Nn+ s

2
−1(αr0) − 1

π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) −

+1
2
αr

1− s
2

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) + 1

πα

(
1− s

2

)
J ′
n+ s

2
−1(α) −

−1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

− r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)− 1

2
αr20J

′
n+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) .

Óñëîâèå ðàçðåøèìîñòè ïîçâîëÿåò âûïîëíèòü ïðåîáðàçîâàíèå â ïîëó÷åííîì âûðàæåíèè
1
2
αr20

[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) +

+1
2

(
1− s

2

)(
r20 −

(n+ s
2
−1)

2

α2

)[
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) =

= − r20
2

(
1− s

2

) [
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) −

−1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) .

Òîãäà îíî ïðèìåò âèä
1
2

(
1− s

2

)
r
− s

2
+2

0 J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(αr0)−

− 1
2

(
1− s

2

)
r
2− s

2
0 Jn+ s

2
−1(αr0)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) +

+
r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)−

− 1
2
αr

− s
2
+1

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) +

+ 1
2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) +

+ 1
2
αr

− s
2
+1

0

(
r20 −

(n+ s
2
−1)

2

α2

)
J2
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) + 1

πα

(
1− s

2

)
J ′
n+ s

2
−1(α) −

− 1
π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) − 1

2
α

(
r20 −

(n+ s
2
−1)

2

α2

)
J ′
n+ s

2
−1(α)Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) −

− r20
2

(
1− s

2

)
Jn+ s

2
−1(α)J

′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0) = − 1

πα

(
1− s

2

)
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0) +

+ 1
π
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0) +

1
πα

(
1− s

2

)
J ′
n+ s

2
−1(α)− 1

π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) =
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= − α
πα2

(
1− s

2

) [
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
+ 1

π
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0) −

− 1
π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) = 1

πα2

(
1− s

2

)2
r
− s

2
0 Jn+ s

2
−1(αr0) − 1

πα2

(
1− s

2

)2
Jn+ s

2
−1(α) +

+ 1
π
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
Jn+ s

2
−1(αr0) − 1

π

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) =

= 1
πα2

{
r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20 −

(
n+ s

2
− 1
)2]−

−Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 −

(
n+ s

2
− 1
)2]}

.

Â òî æå âðåìÿ

f ′(α) =
[
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
+ α

[
r
− s

2
+2

0 J ′′
n+ s

2
−1(αr0)− J ′′

n+ s
2
−1(α)

]
+

+
(
1− s

2

) [
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
= r

− s
2
+1

0 J ′
n+ s

2
−1(αr0) − J ′

n+ s
2
−1(α) −

−r−
s
2
+1

0 J ′
n+ s

2
−1(αr0) − αr

− s
2
+2

0

(
1− (n+ s

2
−1)

2

α2r20

)
Jn+ s

2
−1(αr0) + J ′

n+ s
2
−1(α) +

+α

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α) + α

α

(
1− s

2

) [
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0)− J ′

n+ s
2
−1(α)

]
=

= −αr−
s
2
+2

0

(
1− (n+ s

2
−1)

2

α2r20

)
Jn+ s

2
−1(αr0) + α

(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(α)−

− 1
α

(
1− s

2

)2 [
r
− s

2
0 Jn+ s

2
−1(αr0)− Jn+ s

2
−1(α)

]
=

= Jn+ s
2
−1(αr0)

[
− 1
α
r
− s

2
0

(
1− s

2

)2 − 1
α
α2r

− s
2

0 r20

(
1− (n+ s

2
−1)

2

α2r20

)]
+

+ Jn+ s
2
−1(α)

[
1
α

(
1− s

2

)2
+ 1

α
α2

(
1− (n+ s

2
−1)

2

α2

)]
=

= − 1
α
r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20

(
1− (n+ s

2
−1)

2

α2r20

)]
+

+ 1
α
Jn+ s

2
−1(α)

[(
1− s

2

)2
+ α2

(
1− (n+ s

2
−1)

2

α2

)]
=

= − 1
α

{
r
− s

2
0 Jn+ s

2
−1(αr0)

[(
1− s

2

)2
+ α2r20 −

(
n+ s

2
− 1
)2]−

−Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 −

(
n+ s

2
− 1
)2]}

.

Òàêèì îáðàçîì, I
(1)
n,s(α) ∼= f ′(α) .

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ïîäîáíî âû÷èñëåíèþ ñîáñòâåííûõ ôóíêöèé çàäà÷à ðàçûñêàíèÿ Φ

(2)
n,s(r,Θ) (Ψ

(2)
n,s(r,Θ) )

ñâîäèòñÿ ê ðåøåíèþ ãðàíè÷íûõ çàäà÷ äëÿ íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ ñ ïðàâûìè
÷àñòÿìè Jn+ s

2
−1(αr) (ñîîòâåòñòâåííî χn,s(αr) ) è ãðàíè÷íûìè óñëîâèÿìè ñìåùåíèÿ â ïðî-

èçâîäíûõ, íåïðåðûâíîñòè è íåïðåðûâíîé äèôôåðåíöèðóåìîñòè â òî÷êå r0 äëÿ ïðÿìîé
çàäà÷è è óñëîâèÿìè (4.12) äëÿ ñîïðÿæ¼ííîé çàäà÷è.

4.1. Ïðÿìàÿ çàäà÷à

Âû÷èñëåíèå X
(2)
n,s(r) êàê è ðàíåå ñâîäèòñÿ ê ðåøåíèþ íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ

x(2)′′(r) +
1

r
x(2)′(r) +

[
α2 −

(
n+ s

2
− 1
)2

r2

]
x(2)(r) = Jn+ s

2
−1(αr)

ñ òåìè æå ãðàíè÷íûìè óñëîâèÿìè (4.9).
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Ïðèìåíåíèå ìåòîäà âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ îïðåäåëÿåò X
(2)
n,s(r) â ñëåäó-

þùåì âèäå

X(2)
n,s(r) = r−

s
2
+1x(2)(r) = − 1

2α
r−

s
2
+2Jn+ s

2
−1(αr) + Cr−

s
2
+1Jn+ s

2
−1(αr).

Äëÿ âûÿñíåíèÿ ñóùåñòâîâàíèÿ (îòñóòñòâèÿ) X
(3)
n,s(r) òðåáóåòñÿ âû÷èñëèòü èíòåãðàë

I
(2)
n,s(α) =

1∫
0

ρs−1X(2)(ρ)X (1)(ρ)dρ =
r0∫
0

ρx(2)(ρ) χ(1)

0≤ρ<r0
(ρ)dρ +

1∫
r0

ρx(2)(ρ) χ(1)

r0<ρ≤1
(ρ)dρ =

= − 1
2α

{(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×
r0∫
0

ρ2J ′
n+ s

2
−1(αρ)Jn+ s

2
−1(αρ)dρ + 1

2α

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
×

×
1∫
r0

ρ2J ′
n+ s

2
−1(αρ)Jn+ s

2
−1(αρ)dρ − 1

2α

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
×

×
1∫
r0

ρ2J ′
n+ s

2
−1(αρ)Nn+ s

2
−1(αρ)dρ ∼= −2n2r

− s
2

0 Jn+ s
2
−1(αr0) − 2α

(
1− s

2

)
r
− s

2
+1

0 J ′
n+ s

2
−1(αr0) +

+
[
(1− r20)α

3 + 2α
(
1− s

2

)]
J ′
n+ s

2
−1(α) +

[
(1− r20)

(
1− s

2

)
α2 + 2n2

]
Jn+ s

2
−1(α) .

Ïðè ýòîì f ′′(α) òðóäî¼ìêèìè âû÷èñëåíèÿìè ñ èñïîëüçîâàíèåì óñëîâèé f(α) = 0

è f ′(α) = 0 ïðèâîäèòñÿ ê âèäó f ′′(α) ∼= I
(2)
n,s(α) + 2Jn+ s

2
−1(α)

[(
1− s

2

)2
+ α2 − n2

]
−

−2Jn+ s
2
−1(αr0)r

− s
2

0

[(
1− s

2

)2
+ α2r20 − n2

]
= I

(2)
n,s(α) +Rn,s(α) .

Ýòî îçíà÷àåò, ÷òî âîïðîñ î ñóùåñòâîâàíèè X
(3)
n,s(r) ñâîäèòñÿ ê ðàçðåøèìîñòè ñèñòåìû

Rn,s(α) , f
′(α) = 0 , ò.å. ê ñóùåñòâîâàíèþ ðåøåíèé ñëåäóþùåé îäíîðîäíîé ñèñòåìû

Jn+ s
2
−1(α)

[(
1− s

2

)2
+ α2 − n2

]
− Jn+ s

2
−1(αr0)r

− s
2

0

[(
1− s

2

)2
+ α2r20 − n2

]
= 0,

Jn+ s
2
−1(α)

[
2n
(
1− s

2

)
+ α2 − n2

]
− Jn+ s

2
−1(αr0)r

− s
2

0

[
2n
(
1− s

2

)
+ α2r20 − n2

]
= 0,

(4.15)

ñ îïðåäåëèòåëåì ∆ =
(
1− s

2

)2
α2[1 − r20] + 2nα2

(
1− s

2

)
[r20 − 1] =

= α2
(
1− s

2

)
(1− r20)

[
1− s

2
− 2n

] ∼= 1− s
2
− 2n ̸= 0 .

Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ

Ò å î ð å ì à 4.2. Ïðè s > 2 ÆÖ èìåþò äëèíó äâà.

Ç à ì å ÷ à í è å 4.1. Îäíàêî ïðè s = 2 îïðåäåëèòåëü ñèñòåìû (4.15) îáðàùàåòñÿ
â íîëü, ÷òî ïîäòâåðæäàåò ñïðàâåäëèâîñòü ïðåäøåñòâóþùèõ ðåçóëüòàòîâ.

4.2. Ñîïðÿæ¼ííàÿ çàäà÷à

Âû÷èñëåíèå X (2)
n,s (r) ïîäîáíî ñâîäèòñÿ ê ðåøåíèþ íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ ñ

ïðàâîé ÷àñòüþ X (1)
n,s (r) è ñ ãðàíè÷íûìè óñëîâèÿìè (4.12) ìåòîäîì Ëàãðàíæà. Ðåøåíèå íà

ëåâîì ïðîìåæóòêå

X (2)(r)
0≤r<r0

= − 1
2α

{(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+

+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
rJ ′

n+ s
2
−1(αr) − 1

2
r
− s

2
0

(
r20 −

(n+ s
2
−1)

2

α2

)
×

×
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 {(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+
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+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
Jn+ s

2
−1(αr0)Jn+ s

2
−1(αr) + 1

2α

(
1− s

2

)
r
− s

2
+1

0 ×

×
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 {(
1− s

2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+

+α
[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
J ′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+ 1
π

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1
(
1− (n+ s

2
−1)

2

α2

)
Jn+ s

2
−1(αr) +

+ 1
πα2

(
1− s

2

)2 [(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

Jn+ s
2
−1(αr) −

−π
4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
N2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) −

−πr20
4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
N ′2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) −

−πr20
4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 [(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
×

×J ′2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) − π

4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
J2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) + π

2

(
r20 −

(n+ s
2
−1)

2

α2

)
×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+
πr20
2

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+D
{(

1− s
2

) [
r
− s

2
0 Nn+ s

2
−1(αr0)−Nn+ s

2
−1(α)

]
+ α

[
r
− s

2
+1

0 N ′
n+ s

2
−1(αr0)−N ′

n+ s
2
−1(α)

]}
×

×Jn+ s
2
−1(αr)

è íà ïðàâîì ïðîìåæóòêå

X (2)(r)
r0<r≤1

= r
2α

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr) −

− r
2α

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
N ′
n+ s

2
−1(αr) + π

4

(
r20 −

(n+ s
2
−1)

2

α2

)
×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+
πr20
4

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

+
πr20
4

[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J ′2
n+ s

2
−1(αr0)Nn+ s

2
−1(αr) +

+π
4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
J2
n+ s

2
−1(αr0)Nn+ s

2
−1(αr) −

−π
4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr0)Nn+ s

2
−1(αr0) ×

×Nn+ s
2
−1(αr)− πr20

4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
J ′
n+ s

2
−1(αr0)N

′
n+ s

2
−1(αr0)Nn+ s

2
−1(αr) +

+ 1
π

(
1− (n+ s

2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

Jn+ s
2
−1(αr) +

+ 1
πα2

(
1− s

2

)2 [(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

Jn+ s
2
−1(αr) −

−πr20
4

[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1 [(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
J ′2
n+ s

2
−1(αr0)×

×Jn+ s
2
−1(αr) − π

4

(
r20 −

(n+ s
2
−1)

2

α2

)[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]−1

×

×
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]2
J2
n+ s

2
−1(αr0)Jn+ s

2
−1(αr) +

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



22

+D
{
−
[(
1− s

2

)
Nn+ s

2
−1(α) + αN ′

n+ s
2
−1(α)

]
Jn+ s

2
−1(αr)+

+
[(
1− s

2

)
Jn+ s

2
−1(α) + αJ ′

n+ s
2
−1(α)

]
Nn+ s

2
−1(αr)

}
.
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Eigenvalue problem for the Laplace operator in

s -dimensional unit ball Ω ⊂ Rs+1 with displacements in

derivatives II

c⃝ A. V. Gerasimov4, B. V. Loginov5, N. N. Yuldashev6

Abstract. In the class of continuous and continuously di�erentiable up to the second order
functions the boundary eigenvalue problem for the Laplace operator in s-dimensional unit ball
Ω with displacements in derivatives along the radii 0 < r0 < 1 and 1 of the concentric spheres

is considered, i.e. u ∈ C2+α(Ω) and ∂u(r0,θ)
∂r = ∂u(1,θ)

∂r . In the previous work of the authors [1]
were found eigenvalues and for s = 2 eigen- and adjoint functions (Jordan chains) for the direct
problem; and their length does not exceed three. In this work, calculated Jordan chains for the
conjugate problem when s = 2 , the direct and conjugate problems when s > 2 , and it is proved
that if s > 2 they are terminated at the second elements.
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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâå

ÓÄÊ 517.9

Èññëåäîâàíèå ÷óâñòâèòåëüíîñòè ðåçóëüòàòîâ

êèíåòè÷åñêîãî ìîäåëèðîâàíèÿ ê êîíñòàíòàì ñêîðîñòè

ñòàäèé ðåàêöèè

c⃝ Í. Ì. Áàéíàçàðîâà1, Ë. Ô. Íóðèñëàìîâà2, È. Ì. Ãóáàéäóëëèí3

Àííîòàöèÿ. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè õèìè÷åñêîãî ïðîöåññà ïåðâîî÷åðåäíûì
øàãîì ÿâëÿåòñÿ àíàëèç ÷óâñòâèòåëüíîñòè êèíåòè÷åñêèõ êðèâûõ ê êîíñòàíòàì ñêîðîñòè ñòà-
äèé. Àíàëèç ÷óâñòâèòåëüíîñòè ïîçâîëÿåò âûäåëèòü âàæíûå, îïðåäåëÿþùèå ñòàäèè ðåàêöèè,
à òàêæå ðåäóöèðîâàòü äåòàëüíûå êèíåòè÷åñêèå ñõåìû. Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû
ëîêàëüíîãî è ãëîáàëüíîãî àíàëèçà ÷óâñòâèòåëüíîñòè ïðèìåíèòåëüíî ê ðåàêöèè îêèñëåíèÿ
ôîðìàëüäåãèäà.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêàÿ ìîäåëü, ðåàêöèÿ îêèñëåíèÿ ôîðìàëüäåãèäà, àíàëèç ÷óâ-
ñòâèòåëüíîñòè, ðåäóöèðîâàíèå ìåõàíèçìà

1. Ââåäåíèå

Äàæå ñðàâíèòåëüíî ïðîñòûå õèìè÷åñêèå ïðîöåññû ñîñòîÿò èç ìíîãèõ ñòàäèé è ñîäåð-
æàò áîëüøîå êîëè÷åñòâî ïðîìåæóòî÷íûõ âåùåñòâ. Ïðè ìîäåëèðîâàíèè òàêîãî ïðîöåññà
ìîæíî ñòîëêíóòüñÿ ñî ñëåäóþùèìè ïðîáëåìàìè. Âî-ïåðâûõ, ìîäåëèðóåìàÿ çàäà÷à, ïðåä-
ñòàâëÿþùàÿ ñîáîé ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîæåò áûòü òðóäíîðàçðåøè-
ìîé èç-çà âûñîêîé ðàçìåðíîñòè ñèñòåìû (äåñÿòêè, êàê ïðàâèëî, íåëèíåéíûõ óðàâíåíèé)
è èç-çà âûñîêîé èëè ñâåðõâûñîêîé æåñòêîñòè çàäà÷è, îáóñëîâëåííàÿ íàëè÷èåì áûñòðî è
ìåäëåííî ìåíÿþùèõñÿ ôàçîâûõ ïåðåìåííûõ (ïîñêîëüêó ðàçëè÷íûå ñòàäèè ðåàêöèé ïðî-
òåêàþò ñî ñêîðîñòÿìè, îòëè÷àþùèìèñÿ íà íåñêîëüêî ïîðÿäêîâ). Âî-âòîðûõ, ìîäåëü, êàê
ïðàâèëî, ñîäåðæèò áîëüøîå êîëè÷åñòâî íåîïðåäåëåííûõ (à èíîãäà è íåèçâåñòíûõ) êèíå-
òè÷åñêèõ ïàðàìåòðîâ. Êðîìå òîãî, ñ öåëüþ ïîíèìàíèÿ ïîâåäåíèÿ ðåàêöèè, êàê ïðàâèëî,
ïðåäïî÷òèòåëüíû áîëåå ïðîñòûå ìîäåëè, êîòîðûå ñîäåðæàò êëþ÷åâûå ñòàäèè è âåùåñòâà
ðåàêöèè [1]. Ïî ýòèì ïðè÷èíàì, óïðîùåíèå ìàòåìàòè÷åñêîì ìîäåëè (óìåíüøåíèè ÷èñëà
óðàâíåíèé è, âìåñòå ñ ýòèì, ÷èñëà ïàðàìåòðîâ, îïðåäåëÿþùèõ ïîâåäåíèå ñèñòåìû) è ñîêðà-
ùåíèå ÷èñëà ñòàäèé ÿâëÿåòñÿ öåíòðàëüíîé ïðîáëåìîé â èññëåäîâàíèè ñëîæíûõ ðåàêöèé
[2, 3, 4].

Çà ïîñëåäíåå äåñÿòèëåòèå ïðåäëîæåíî áîëüøîå êîëè÷åñòâî ìåòîäîâ, íàöåëåííûõ íà ñî-
êðàùåíèå ìåõàíèçìîâ ðåàêöèé [5, 6]. Â íàñòîÿùåé ðàáîòå ìû èñïîëüçóåì ìåòîäû àíàëèçà
÷óâñòâèòåëüíîñòè, ñâÿçàííûå ñ àíàëèçîì çàâèñèìîñòåé ìåæäó âõîäíûìè è âûõîäíûìè ïà-
ðàìåòðàìè ÷èñëåííûõ ìîäåëåé [2, 7]. Àíàëèç ÷óâñòâèòåëüíîñòè ÷èñëåííûõ ìîäåëåé ïîëó-
÷èë â ïîñëåäíèå ãîäû áîëüøîå ðàñïðîñòðàíåíèå, ÷òî ñâÿçàíî ñ ðàçâèòèåì âû÷èñëèòåëüíîé

1 Ìàãèñòðàíò ïåðâîãî ãîäà îáó÷åíèÿ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óôà;
nurzilyasha@mail.ru.

2 Àñïèðàíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Èíñòèòóò íåôòåõèìèè è êàòàëèçà, ã. Óôà;
Nurislamova_LF@mail.ru.

3 Ñòàðøèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè, Èíñòèòóò íåôòåõèìèè è êàòàëèçà,
ã. Óôà; IrekMars@mail.ru.
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òåõíèêè è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ. Ýòè ìåòîäû àêòèâíî ïðèìåíÿþòñÿ ïðè ðåøåíèè
ìíîãèõ ïðèêëàäíûõ çàäà÷ â ñôåðå êèíåòèêè, ýêîíîìèêè è â äðóãèõ îáëàñòÿõ (â áîëüøåé
ñòåïåíè â çàðóáåæíûõ ðàáîòàõ) [8, 9].

Àíàëèç ÷óâñòâèòåëüíîñòè êèíåòè÷åñêîé ìîäåëè ðåàêöèè ê èçìåíåíèþ êîíñòàíò ñêî-
ðîñòåé îòäåëüíûõ èëè ñîâîêóïíîñòè âñåõ ñòàäèé äàåò âîçìîæíîñòü îöåíèòü, íàñêîëüêî
ñèëüíî èññëåäóåìàÿ ôóíêöèÿ çàâèñèò îò èçìåíåíèé òîãî èëè èíîãî ïàðàìåòðà; êàêèå ïà-
ðàìåòðû ÿâëÿþòñÿ îïðåäåëÿþùèìè â ìîäåëè, à èçìåíåíèÿ êàêèõ èç íèõ îêàçûâàåò íåçíà-
÷èòåëüíûå âëèÿíèÿ íà ðåøåíèå [4], à òàêæå äàåò äîïîëíèòåëüíóþ èíôîðìàöèþ î ìîäåëè,
êîòîðàÿ ìîæåò èñïîëüçîâàòüñÿ äëÿ åå ýôôåêòèâíîé âåðèôèêàöèè. Ñóùåñòâóþò ãëîáàëü-
íûå è ëîêàëüíûå ìåòîäû àíàëèçà çàâèñèìîñòè ðåøåíèÿ ñèñòåìû êèíåòè÷åñêèõ óðàâíåíèé
îò êîíñòàíò ñêîðîñòåé ðåàêöèè [8]. Ëîêàëüíûé àíàëèç èçó÷àåò âëèÿíèå ëîêàëüíûõ âîç-
ìóùåíèé çíà÷åíèé âõîäíûõ ïàðàìåòðîâ ìîäåëè âîêðóã îäíîãî íà÷àëüíîãî çíà÷åíèÿ íà
ðåçóëüòàò ìîäåëèðîâàíèÿ. Ãëîáàëüíûé àíàëèç ÷óâñòâèòåëüíîñòè, â îòëè÷èå îò ëîêàëüíî-
ãî, ïîçâîëÿåò ïðîàíàëèçèðîâàòü ïîâåäåíèå êèíåòè÷åñêèõ êðèâûõ âî âñåé îáëàñòè çíà÷åíèé
ïàðàìåòðîâ, êîëè÷åñòâåííî îöåíèòü âëèÿíèå îòäåëüíûõ ïåðåìåííûõ è èõ ãðóïï è âûäå-
ëèòü ñóùåñòâåííûå è íåñóùåñòâåííûå ïàðàìåòðû ìîäåëè [10].

Îáúåêò èññëåäîâàíèÿ äàííîé ðàáîòû � ðåàêöèÿ îêèñëåíèÿ ôîðìàëüäåãèäà, äåòàëüíûé
ìåõàíèçì êîòîðîé âêëþ÷àåò â ñåáÿ 25 ñòàäèé è 15 âåùåñòâ. Öåëüþ ðàáîòû ÿâëÿåòñÿ ïîëó-
÷åíèå ðåäóöèðîâàííîãî ìåõàíèçìà äàííîé ðåàêöèè, êîòîðûé îïèñûâàåò òàêîå æå ïîâåäå-
íèå îñíîâíûõ âåùåñòâ ðåàêöèè, êàê è äåòàëüíûé, íî èìååò çíà÷èòåëüíî ìåíüøå ðåàêöèé
è âåùåñòâ, ïðè÷åì âñå ðåàêöèè ýëåìåíòàðíûå. Ðåäóöèðîâàííûé ìåõàíèçì áóäåò ïîëó÷åí
ïðèìåíåíèåì äâóõ ìåòîäîâ àíàëèçà ÷óâñòâèòåëüíîñòè: ëîêàëüíîãî è ãëîáàëüíîãî. Ðåçóëü-
òàòû ëîêàëüíîãî àíàëèçà ÷óâñòâèòåëüíîñòåé áóäóò ñðàâíåíû ñ äàííûìè, ïîëó÷åííûìè
ïðîãðàììîé Kintecus [11], êîòîðàÿ ïðèìåíÿåòñÿ äëÿ ìîäåëèðîâàíèÿ ðàçëè÷íûõ õèìè÷å-
ñêèõ ïðîöåññîâ.

2. Ëîêàëüíûé àíàëèç ÷óâñòâèòåëüíîñòè

Óðàâíåíèÿ õèìè÷åñêîé êèíåòèêè ïðåäñòàâëÿþò ñîáîé ñèñòåìû îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé è â îáùåì âèäå ìîãóò áûòü çàïèñàíû ñëåäóþùèì îáðàçîì [12]:

dx

dt
= f(x,k),x(0) = x0, t ∈ [0, tk], (2.1)

ãäå x,x0 � âåêòîðû òåêóùèõ è íà÷àëüíûõ êîíöåíòðàöèé ðåàãåíòîâ, f � âåêòîð-ôóíêöèÿ
êèíåòè÷åñêèõ çàâèñèìîñòåé, k � âåêòîð êîíñòàíò ñêîðîñòåé.

Ïðîäèôôåðåíöèðîâàâ ÎÄÓ (2.1) ïî ïàðàìåòðàì ìîäåëè kj , ïîëó÷àåì ñèñòåìó óðàâíå-
íèé:

∂

∂t

∂xj
∂ki

=
∂fj
∂ki

+
N∑
l=1

∂fj
∂xl

∂xl
∂ki

. (2.2)

Â (2.2)
∂xj
∂ki

� ëîêàëüíûå êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè êîíöåíòðàöèè xj ê ïàðà-
ìåòðàì ki â ìîìåíò âðåìåíè t , i = 1, ..., N, j = 1, ...,M,M � êîëè÷åñòâî âåùåñòâ, N
� êîëè÷åñòâî ñòàäèé [4]. Ñèñòåìû óðàâíåíèé (2.1) è (2.2) ñëåäóåò ðåøàòü ñîâìåñòíî ïðè
íà÷àëüíûõ óñëîâèÿõ:

xj(0) = x0j ,
∂xj
∂ki

(0) = 0. (2.3)
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Äëÿ âû÷èñëåíèÿ ëîêàëüíûõ êîýôôèöèåíòîâ ÷óâñòâèòåëüíîñòè áûëè âû÷èñëåíû ÷àñò-
íûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà äëÿ âñåõ âåùåñòâàì ïî âñåì êîíñòàíòàì.

Â ëèòåðàòóðå ïîäðîáíî èçó÷åíû êðèòåðèè ÷óâñòâèòåëüíîñòè ðåøåíèé ñèñòåìû óðàâíå-
íèé õèìè÷åñêîé êèíåòèêè (2.1) ê èçìåíåíèþ âõîäÿùèõ â íèõ êîíñòàíò ñêîðîñòåé ðåàêöèè
[4]. Çíà÷åíèÿ êðèòåðèåâ ÷óâñòâèòåëüíîñòè ìîãóò áûòü ïîëîæèòåëüíûìè, îòðèöàòåëüíûìè
è îáðàùàòüñÿ â íóëü. Ïîëîæèòåëüíîå (îòðèöàòåëüíîå) çíà÷åíèå êðèòåðèÿ ÷óâñòâèòåëü-
íîñòè â ìîìåíò âðåìåíè t îçíà÷àåò, ÷òî ïðè ïðèíÿòûõ çíà÷åíèÿõ êîíñòàíò óâåëè÷åíèå
äàííîé êîíñòàíòû ñêîðîñòè ïðèâîäèò ê âîçðàñòàíèþ (óìåíüøåíèþ) çíà÷åíèÿ êîíöåíòðà-
öèè xj âåùåñòâà â äàííûé ìîìåíò âðåìåíè. Î÷åâèäíî, ðàâåíñòâî çíà÷åíèÿ êðèòåðèÿ íó-
ëþ îçíà÷àåò, ÷òî â äàííîé âðåìåííîé òî÷êå ìàëîå èçìåíåíèå êîíñòàíòû ki íå ïðèâîäèò ê
êàêîìó-ëèáî èçìåíåíèþ xj . Â äàííîé ðàáîòå â êà÷åñòâå êðèòåðèÿ èñïîëüçîâàëèñü íîðìè-
ðîâàííûå êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè:

Slocij =
ki∂xj(t, k)

xj(t, k)∂ki
=
∂lnxj(t, k)

∂lnki
, (2.4)

êîòîðûå ïîçâîëÿþò îöåíèòü âëèÿíèå èçìåíåíèÿ êàæäîé èç êîíñòàíò ki íà ëþáóþ èç êîí-
öåíòðàöèé xj äëÿ ëþáîãî ìîìåíòà âðåìåíè t , è îöåíèòü âëèÿíèå êàêîé-ëèáî îäíîé èç
êîíñòàíò íà âñå (èëè ÷àñòü) êîíöåíòðàöèé äëÿ ëþáîãî ìîìåíòà âðåìåíè.

3. Ãëîáàëüíûé àíàëèç ÷óâñòâèòåëüíîñòè

Äëÿ âû÷èñëåíèÿ ãëîáàëüíûõ êîýôôèöèåíòîâ ÷óâñòâèòåëüíîñòè áûë âûáðàí ìåòîä,
ïðåäëîæåííûé Ñîáîëåì È.Ì. [13], êîòîðûé îñíîâàí íà äåêîìïîçèöèè äèñïåðñèé. Îí ïîä-
õîäèò äëÿ èçó÷åíèÿ íåëèíåéíûõ è íåìîíîòîííûõ ôóíêöèé.

Ïðåäïîëîæèì, ÷òî èññëåäóåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îïèñûâàåòñÿ ôóíêöèåé

y = f(x) = f(x1, ..., xn), (3.1)

ãäå x = (x1, ...xn) � âõîäíûå äàííûå, à y � âûõîä (èëè öåëåâàÿ ôóíêöèÿ). Ôóíêöèÿ f(x)
îïðåäåëåíà è èíòåãðèðóåìà â åäèíè÷íîì n-ìåðíîì êóáå Kn = {0 ≤ x1 ≤ 1, ...,≤ xn ≤ 1} .

Ñîáîëü ïðåäëîæèë ðàçëîæèòü ôóíêöèþ f(x) íà ñëàãàåìûå ðàñòóùåé ðàçìåðíîñòè:

f(x1, ..., xn) = f0 +
n∑
i=1

fi(xi) +
n∑
i=1

n∑
j=i+1

fij(xi, xj) + ...+ f1,...,n(x1, ..., xn). (3.2)

Ãëîáàëüíûìè ïîêàçàòåëÿìè ÷óâñòâèòåëüíîñòè íàçûâàþòñÿ îòíîøåíèÿ äèñïåðñèé:

Si1,...,is =
Di1,...,is

D
. (3.3)

Âñå Si1,...,is íåîòðèöàòåëüíû, íå ïðåâîñõîäÿò åäèíèöû è ñóììà èõ íîðìèðîâàíà:

n∑
s=1

∑
i1<...<is

Si1,...,is = 1. (3.4)

Âåëè÷èíû Di1,...,is =
∫
K

f 2
i1,...,is

dxi1 ...dxis íàçûâàþòñÿ äèñïåðñèÿìè, à D =
∫
K

f 2(x)dx −

f 2
0 =

n∑
i=1

Di +
n∑
i=1

n∑
j=i+1

Dij +D1,...,n � ïîëíîé äèñïåðñèåé. Âåëè÷èíà D õàðàêòåðèçóåò èçìå-

íåíèå f(x) â Kn , à âåëè÷èíà Di1,...,is îïðåäåëÿåò âêëàä fi1,...,is â ýòî èçìåíåíèå.
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Â ïðèêëàäíûõ çàäà÷àõ ÷àùå âñåãî èñïîëüçóþò êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè ïåð-
âîãî ïîðÿäêà Si . Êîýôôèöèåíò ïåðâîãî ïîðÿäêà Si =

Di

D
õàðàêòåðèçóåò âêëàä äèñïåðñèè

èíäèâèäóàëüíîãî ïàðàìåòðà xi ê ïîëíîé äèñïåðñèè ôóíêöèè f(x) . ×åì áîëüøåå çíà÷å-
íèå èìååò êîýôôèöèåíò Si , òåì ñèëüíåå âëèÿíèå ïåðåìåííîé xi íà çíà÷åíèå ôóíêöèè
f(x) . Äëÿ ïîëíîãî ó÷åòà âëèÿíèÿ ïåðåìåííîé xi èñïîëüçóþò ïîëíûå ãëîáàëüíûå ïîêà-
çàòåëè ÷óâñòâèòåëüíîñòè Stoti . Ïîëíûå ïîêàçàòåëè ÷óâñòâèòåëüíîñòè ïîçâîëÿåò îöåíèòü
âëèÿíèå îäíîãî ïàðàìåòðà íà äèñïåðñèþ âûõîäíîãî ïàðàìåòðà ìîäåëè, à òàêæå âîçäåé-
ñòâèå âñåõ äðóãèõ âîçìîæíûõ êîìáèíàöèé ïàðàìåòðîâ. Íàïðèìåð, åñëè ìîäåëü çàâèñèò
îò òðåõ ïàðàìåòðîâ, ïîëíûé ãëîáàëüíûé ïîêàçàòåëü ÷óâñòâèòåëüíîñòè äëÿ ïåðåìåííîé x1
îïðåäåëÿåòñÿ êàê:

Stot1 = S1 + S12 + S13 + S123. (3.5)

Òàêæå ðàñ÷åò äàííîãî ïîêàçàòåëÿ ìîæåò áûòü îñíîâàí íà âû÷èñëåíèè äèñïåðñèè D−i ,
ïîëó÷åííîé â ðåçóëüòàòå èçìåíåíèÿ âñåõ ïàðàìåòðîâ, çà èñêëþ÷åíèåì xi ïàðàìåòðà:

Stoti = Si +
∑
j ̸=i

Sij + ... =
D −D−i

D
. (3.6)

Äëÿ ðàñ÷åòà âñåõ äèñïåðñèé èñïîëüçóåòñÿ ìåòîä Ìîíòå-Êàðëî. Ïî ñðàâíåíèþ ñ äðó-
ãèìè ìåòîäàìè ãëîáàëüíîãî àíàëèçà ÷óâñòâèòåëüíîñòè ìåòîä Ñîáîëÿ èìååò ðÿä ïðåèìó-
ùåñòâ. Âñå äèñïåðñèè ìîãóò áûòü âû÷èñëåíû ñ ïîìîùüþ îáû÷íîãî ìåòîäà Ìîíòå-Êàðëî,
íå òðåáóþùèé ÿâíîãî íàõîæäåíèÿ ÷ëåíîâ ðàçëîæåíèÿ ôóíêöèè (3.2). Òàêæå íå òðåáóåòñÿ
èíôîðìàöèÿ î ñòàòèñòè÷åñêîì ðàñïðåäåëåíèè êàæäîãî âõîäíîãî ôàêòîðà ìîäåëè. Îäíà-
êî äàííûé ìåòîä ÿâëÿåòñÿ âû÷èñëèòåëüíî çàòðàòíûì, òðåáóåò áîëüøîãî ÷èñëà çàïóñêîâ
ìîäåëè.

4. Äåòàëüíûé ìåõàíèçì ðåàêöèè îêèñëåíèÿ ôîðìàëüäåãèäà

Äåòàëüíûé ìåõàíèçì ðåàêöèè îêèñëåíèÿ ôîðìàëüäåãèäà ÿâëÿåòñÿ áîëüøîé ñèñòåìîé,
êîòîðàÿ âêëþ÷àåò â ñåáÿ 15 âåùåñòâ è 25 ñòàäèé ðåàêöèé. Õèìè÷åñêèå ðåàêöèè è êîíñòàíòû
ñêîðîñòè ïðè òåìïåðàòóðå 952 Ê ïðèâåäåíû â òàáëèöå 1. Â îñíîâó ðàñ÷åòîâ áûëà ïîëîæåíà
ñõåìà ðåàêöèè, ïðèâåäåííàÿ â Kintecus V 5.20 [11].

Íà îñíîâå çàêîíà äåéñòâóþùèõ ìàññ ñ ó÷åòîì ìàòðèöû ñòåõèîìåòðè÷åñêèõ êîýôôè-
öèåíòîâ ñîñòàâëåíà ìàòåìàòè÷åñêàÿ ìîäåëü â âèäå ñèñòåìû îáûêíîâåííûõ íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé [12, 15]:

dxi
dt

= Fi =
N∑
j=1

Sij · wi, i = 1, ...,M

wj = kj

M∏
i=1

(xi)
αij − k−j

M∏
i=1

(xi)
βij ,

xi(0) = x0i ,

(4.1)

ãäå xi � êîíöåíòðàöèè âåùåñòâ, ó÷àñòâóþùèõ â ðåàêöèè; M � êîëè÷åñòâî âåùåñòâ; N �
êîëè÷åñòâî ñòàäèé; Sij � ñòåõèîìåòðè÷åñêàÿ ìàòðèöà; wj � ñêîðîñòü j -îé ñòàäèè; kj, k−j
� êîíñòàíòû ñêîðîñòè ïðÿìîé è îáðàòíîé ðåàêöèè, ñîîòâåòñòâåííî; αij � îòðèöàòåëüíûå
ýëåìåíòû Sij , βij � ïîëîæèòåëüíûå ýëåìåíòû Sij .
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Òàáëèöà 1: Ñõåìà õèìè÷åñêèõ ïðåâðàùåíèé è êîíñòàíòû ñêîðîñòåé ðåàêöèé

� Ñòàäèÿ ki � Ñòàäèÿ ki
1 HCO +O2 → HO2 + CO 6.02 · 1010 14 HO2 +M → H +O2 +M 2.83 · 105
2 HO2 + CH2O → H2O2 +HCO 3.43 · 1010 15 O +H2 → OH +H 1.82 · 1011
3 H2O2 +M → 2OH +M 4.01 · 106 16 O + CH20 → OH +HCO 6.02 · 1013
4 OH + CH20 → H2O +HCO 9.64 · 1013 17 H +H2O2 → HO2 +H2 7.83 · 1011
5 OH +H2O2 → H2O +HO2 3.07 · 1012 18 H +H2O2 → H2O +OH 3.55 · 1012
6 H2O2 → H2O

−
2 1.05 · 102 19 O +H2O2 → OH +HO2 6.02 · 1010

7 HO2 → HO−
2 1.05 · 101 20 HCO → H + CO 4.60 · 10−12

8 HO2 +HO2 → H2O2 +O2 1.81 · 1012 21 OH +H2 → H2O +H 6.02 · 1012
9 OH + CO → CO2 +H 1.99 · 1011 22 CH2O +O2 → HCO +HO2 1.75 · 104
10 HO2 + CO → CO2 +OH 7.23 · 108 23 H +HO2 → 2OH 3.01 · 1012
11 H + CH2O → H2 +HCO 1.63 · 1012 24 H +HO2 → H2O +O 3.01 · 1013
12 H +O2 → OH +O 3.32 · 1010 25 H +HO2 → H2 +O2 2.71 · 1013
13 H +O2 +M → HO2 +M 3.63 · 1015

Íà÷àëüíûå êîíöåíòðàöèè â ìîëü/ñì 3 : CH2O − 1.124 · 10−7 , O2 = 2.109 · 10−6 , CO −
4.699 · 10−6 , M − 1.1772 · 10−5 , îñòàëüíûå íà÷àëüíûå êîíöåíòðàöèè ðàâíû íóëþ.

5. Ðåçóëüòàòû ðàñ÷åòîâ è îáñóæäåíèå

Äëÿ ïðîâåäåíèÿ ëîêàëüíîãî è ãëîáàëüíîãî àíàëèçà ÷óâñòâèòåëüíîñòè áûëà ðåàëèçîâà-
íû ïðîãðàììû â ñðåäå Visual Studio [16, 17]. Äëÿ ðåøåíèÿ ïðÿìîé êèíåòè÷åñêîé çàäà÷è
áûëà âûáðàíà áèáëèîòåêà ïðîãðàìì-ðåøàòåëåé ñèñòåì ÎÄÓ íà ÿçûêå Ñè SADEL [18, 19],
çàäàâàåìàÿ òî÷íîñòü âû÷èñëåíèé � 10−9 .

Â òàáëèöå 2 ïðåäñòàâëåíû íîðìèðîâàííûå êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè äëÿ âå-
ùåñòâ HO2 è O â ìîìåíò âðåìåíè 0.005 ñåê. Ïîëó÷åííûå ðåçóëüòàòû àíàëèçà ÷óâñòâè-
òåëüíîñòè õîðîøî ñîãëàñóþòñÿ ñ äàííûìè, ïîëó÷åííûìè ïî ðàñ÷åòàì Kintecus, ìàêñè-
ìàëüíàÿ îòíîñèòåëüíàÿ ïîãðåøíîñòü ñîñòàâëÿåò 0.34% .

Íà 5.1 ïðåäñòàâëåíà ãèñòîãðàììà ñ íàêîïëåíèåì íîðìèðîâàííûõ ëîêàëüíûõ êîýôôè-
öèåíòîâ ÷óâñòâèòåëüíîñòåé. Ïðèâåäåíû äàííûå ïî êîíñòàíòàì, äëÿ êîòîðûõ çíà÷åíèÿ íîð-
ìèðîâàííîãî êîýôôèöèåíòà ÷óâñòâèòåëüíîñòè ñîñòàâëÿëî íå ìåíåå 0.01 (íàèáîëåå âëèÿ-
òåëüíûå ñòàäèè ïðîöåññà). Íà îñíîâàíèè ëîêàëüíîãî àíàëèçà èç ìîäåëè áûëè èñêëþ÷åíû
5, 15, 17-21, 23 ñòàäèè.
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Òàáëèöà 2: Ëîêàëüíûå êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè ðåàêöèè îêèñëåíèÿ ôîðìàëüäå-
ãèäà

∂ln[HO2]/∂lnki ∂ln[O]/∂lnki
Kintecus Íàø ðàñ÷åò Kintecus Íàø ðàñ÷åò

k1 7.49E − 02 7.23E − 02 7.89E − 02 7.94E − 02
k2 6.83E − 01 6.68E − 01 8.28E − 01 8.09E − 01
k3 7.01E − 01 6.99E − 01 8.36E − 01 8.33E − 01
k4 −2.10E − 01 −2.09E − 01 −1.16E + 00 −1.16E + 00
k5 −4.23E − 05 −4.22E − 05 −2.06E − 04 −2.05E − 04
k6 −7.31E − 02 −7.30E − 02 −8.91E − 02 −8.89E − 02
k7 −1.88E − 02 −1.88E − 02 −1.93E − 02 −1.93E − 02
k8 −3.05E − 01 −3.05E − 01 −2.95E − 01 −2.96E − 01
k9 2.10E − 01 1.75E − 01 1.16E + 00 1.12E + 00
k10 1.64E − 01 1.64E − 01 1.03E + 00 1.03E + 00
... ... ... ... ...
k20 6.71E − 14 2.06E − 16 1.48E − 11 1.10E − 15
k21 1.68E − 05 1.68E − 05 1.97E − 04 1.97E − 04
k22 6.86E − 01 6.86E − 01 7.42E − 01 7.42E − 01
k23 −8.48E − 05 −8.45E − 05 −8.06E − 04 −8.02E − 04
k24 −9.27E − 04 −9.25E − 04 3.11E − 02 3.10E − 02
k25 −5.30E − 03 −5.29E − 03 −1.29E − 02 −1.29E − 02

Ð è ñ ó í î ê 5.1

Íîðìèðîâàííûå ëîêàëüíûå êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè â ìîìåíò âðåìåíè 0.005 ñåê

Ðåçóëüòàòû, îòíîñÿùèåñÿ ê ëîêàëüíûì êðèòåðèÿì ÷óâñòâèòåëüíîñòè, ñïðàâåäëèâû äëÿ
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áåñêîíå÷íî ìàëûõ èçìåíåíèé êîíñòàíò ki . Â ñëó÷àå íåëèíåéíîñòè ìîäåëè è ïðè íàëè÷èè
íåîïðåäåëåííîñòè âî âõîäíûõ äàííûõ æåëàòåëüíî â äîïîëíåíèå ïðîâîäèòü ãëîáàëüíûé
àíàëèç ÷óâñòâèòåëüíîñòè [20].

Â íàøåé ðàáîòå äëÿ ðàíæèðîâàíèÿ âëèÿíèÿ âñåõ êîíñòàíò ñêîðîñòåé ñòàäèé íà èç-
ìåíåíèå ðàñ÷åòíûõ êîíöåíòðàöèè âåùåñòâà èñïîëüçîâàëèñü ïîëíûå ãëîáàëüíûå ïîêàçà-
òåëè ÷óâñòâèòåëüíîñòè Stoti [21]. Èíòåãðàëû âûñîêîé êðàòíîñòè äëÿ ðàñ÷åòà ïîêàçàòå-
ëåé ÷óâñòâèòåëüíîñòè ìû âû÷èñëÿëè ìåòîäîì Ìîíòå-Êàðëî â óçëàõ èíòåãðèðîâàíèÿ, ãå-
íåðèðóåìûõ â n-ìåðíîì åäèíè÷íîì êóáå (n = 212 ). Ìû ïðåäïîëàãàëè, ÷òî êîíñòàíòû
ñêîðîñòè ÿâëÿþòñÿ íåçàâèñèìûìè äðóã îò äðóãà. Ïîñêîëüêó îòñóòñòâîâàëà èíôîðìàöèÿ
îá ðàñïðåäåëåíèè âõîäíûõ ïàðàìåòðîâ, çíà÷åíèÿ ïàðàìåòðîâ äëÿ âû÷èñëåíèÿ êîýôôè-
öèåíòîâ ÷óâñòâèòåëüíîñòè îòáèðàëèñü èç ðàâíîìåðíîãî ðàñïðåäåëåíèÿ. Äëÿ ðàâíîìåðíî-
ãî ðàñïðåäåëåíèÿ âîçìîæíûõ çíà÷åíèé êîíñòàíò ñêîðîñòåé èñïîëüçîâàëèñü òî÷êè ËÏ τ -
ïîñëåäîâàòåëüíîñòè, ïðåäëîæåííûå Ñîáîëåì È.Ì [22].

Äëÿ ñõåìû, ïðèâåäåííîé â òàáëèöå 1, ìû ïðîâåëè ãëîáàëüíûé àíàëèç ÷óâñòâèòåëüíî-
ñòè ðàñ÷åòíûõ çíà÷åíèé êîíöåíòðàöèé âåùåñòâ íà âàðèàöèþ êîíñòàíò ñêîðîñòåé ñòàäèé.
Êîíñòàíòà êàæäîé ñòàäèè âàðüèðîâàëàñü â ïðåäåëàõ 3% îò ñâîåãî çíà÷åíèÿ. Íà 5.2 ïðè-
âåäåíû ðåçóëüòàòû äëÿ ìîìåíòà âðåìåíè t = 0.005 ñåê, ïðèâåäåíû òîëüêî òå ñòàäèè, äëÿ
êîòîðûõ çíà÷åíèÿ êîýôôèöèåíòîâ ÷óâñòâèòåëüíîñòè ñîñòàâëÿëî íå ìåíåå 0.01 .

Ð è ñ ó í î ê 5.2

Ïîëíûå ãëîáàëüíûå êîýôôèöèåíòû ÷óâñòâèòåëüíîñòè â ìîìåíò âðåìåíè 0.005 ñåê

Òàêèì îáðàçîì, íà îñíîâàíèè ãëîáàëüíîãî àíàëèçà, ê èñêëþ÷åííûì êîíñòàíòàì áûëè
äîáàâëåíû êîíñòàíòû ïîä íîìåðàìè 7, 14, 24 è 25. Ñòàäèè, êîòîðûå ÿâëÿþòñÿ îïðåäåëÿ-
þùèìè â ïðîöåññå ðåàêöèè ñîãëàñíî îáîèì ìåòîäàì � 2, 3, 4, 9, 10, 22. Ðåäóöèðîâàííûé
ìåõàíèçì ïðåäñòàâëåí â òàáëèöå 3.

Äàííûé ìåõàíèçì èìååò òàêîå æå îïèñàíèå ïîâåäåíèÿ âñåõ âåùåñòâ ðåàêöèè, êàê è
äåòàëüíûé (5.3). CH2O', H2O2', CO2' - êèíåòè÷åñêèå êðèâûå äëÿ ðåäóöèðîâàííîãî ìåõà-
íèçìà. Òàêèì îáðàçîì, 12 ñòàäèé áûëè èñêëþ÷åíû èç ðàññìîòðåíèÿ áåç ñóùåñòâåííîãî
èçìåíåíèÿ ðåçóëüòàòîâ êèíåòè÷åñêîãî ìîäåëèðîâàíèÿ. Ýòè ðåçóëüòàòû áûëè ïîëó÷åíû ñ
ó÷åòîì òîãî, ÷òî íåíóæíûìè â ìîäåëèðîâàíèè ñ÷èòàëèñü òå ïàðàìåòðû, äëÿ êîòîðûõ çíà-
÷åíèÿ êîýôôèöèåíòîâ ÷óâñòâèòåëüíîñòè áûëè ìåíåå 0.01 . Çàäàâàÿ òî èëè èíîå çíà÷åíèå
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Òàáëèöà 3: Ðåäóöèðîâàííûé ìåõàíèçì
� Ñòàäèÿ
1 HCO +O2 → HO2 + CO
2 HO2 + CH2O → H2O2 +HCO
3 H2O2 +M → 2OH +M
4 OH + CH20 → H2O +HCO
6 H2O2 → H2O

−
2

8 HO2 +HO2 → H2O2 +O2

9 OH + CO → CO2 +H
10 HO2 + CO → CO2 +OH
11 H + CH2O → H2 +HCO
12 H +O2 → OH +O
13 H +O2 +M → HO2 +M
16 O + CH20 → OH +HCO
22 CH2O +O2 → HCO +HO2

èëè íàáîðà çíà÷åíèé äëÿ êîýôôèöèåíòîâ, ìîæíî îïðåäåëÿòü ñòåïåíü óïðîùåíèÿ ìåõàíèç-
ìà è òî÷íîñòü ðåçóëüòàòîâ ìîäåëèðîâàíèÿ.

Ð è ñ ó í î ê 5.3

Ñðàâíåíèå ïîâåäåíèÿ êîíöåíòðàöèé äëÿ ðåäöèðîâàííîãî è äåòàëèçèðîâàííîãî ìåõàíèçìîâ

6. Çàêëþ÷åíèå

Íà ïðèìåðå ðåàêöèè îêèñëåíèÿ ôîðìàëüäåãèäà áûëà ïðåäñòàâëåíà ïðîöåäóðà óïðîùå-
íèÿ êèíåòè÷åñêîé ñõåìû ðåàêöèè ïóòåì ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ ìåòîäîâ ëîêàëüíî-
ãî è ãëîáàëüíîãî àíàëèçà ÷óâñòâèòåëüíîñòè. Ðàçðàáîòàí ðåäóöèðîâàííûé ìåõàíèçì, ïîç-
âîëÿþùèé àäåêâàòíî îïèñàòü êèíåòèêó îêèñëåíèÿ ôîðìàëüäåãèäà áåç ñíèæåíèÿ òî÷íî-
ñòè ìîäåëèðîâàíèÿ, êîòîðûé ïðè ýòîì ñîäåðæèò â äâà ðàçà ìåíüøåå êîëè÷åñòâî ñòàäèé
ïî ñðàâíåíèþ ñ äåòàëüíûì ìåõàíèçìîì. Íà îñíîâàíèè àíàëèçà îïðåäåëåíû îïðåäåëÿþ-

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



Èññëåäîâàíèå ÷óâñòâèòåëüíîñòè ðåçóëüòàòîâ êèíåòè÷åñêîãî ìîäåëèðîâàíèÿ . . . 31

ùèå ñòàäèè ïðîöåññà, âëèÿþùèå íà îáùóþ äèíàìèêó èçìåíåíèÿ êîíöåíòðàöèé öåëåâûõ
âåùåñòâ ðåàêöèè.
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Abstract. In mathematical modeling of chemical processes prime step isthe sensitivity analysis of
the kinetic curves to the rate constants of steps. The analysis of the kinetic model sensitivity to
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Êîììåíòàðèè ê çàäà÷å î âåòâëåíèè ïåðèîäè÷åñêèõ

ðåøåíèé ïðè áèôóðêàöèè Àíäðîíîâà-Õîïôà â

äèôôåðåíöèàëüíûõ óðàâíåíèÿõ ñ âûðîæäåííûì

îïåðàòîðîì ïðè ïðîèçâîäíîé

c⃝ À. À. Êÿøêèí 1, Á. Â. Ëîãèíîâ 2, Ï. À. Øàìàíàåâ 3

Àííîòàöèÿ. Ìåòîäàìè òåîðèè âåòâëåíèÿ ðåøåíèé íåëèíåéíûõ óðàâíåíèé èññëåäîâàíà çà-
äà÷à î âîçìóùåíèè n -êðàòíîé ïàðû ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé ïðè áèôóðêàöèè
Ïóàíêàðå-Àíäðîíîâà-Õîïôà ïðè íàëè÷èè îáîáùåííûõ æîðäàíîâûõ öåïî÷åê.

Êëþ÷åâûå ñëîâà: áèôóðêàöèÿ Àíäðîíîâà-Õîïôà, âîçìóùåíèå êðèòè÷åñêîé ïàðû ñîáñòâåí-
íûõ çíà÷åíèé.

1. Ââåäåíèå

Â áàíàõîâûõ ïðîñòðàíñòâàõ E1 , E2 â îáîçíà÷åíèÿõ è òåðìèíîëîãèè [1, 2] çàäà÷à î âåòâ-
ëåíèè ïåðèîäè÷åñêèõ ðåøåíèé ïðè áèôóðêàöèè Àíäðîíîâà-Õîïôà ñ íåîáðàòèìûì îïåðà-
òîðîì ïðè ïðîèçâîäíîé îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì

A
dx

dt
= B(λ)x−R(x, λ), R(0, λ) ≡ 0, B(λ) = B0 + εB1 + ε2B2 + . . . , ε = λ− λ0, (1.1)

ãäå A è B0 = B(λ0) - ïëîòíî çàäàííûå ëèíåéíûå ôðåäãîëüìîâû îïåðàòîðû, N(A) =
span{ϕj}m1 , N∗(A) = span{ψj}m1 ; N(B0) = span{ϕ̂k}n1 , N∗(B0) = span{ψ̂k}n1 - èõ ïîäïðî-
ñòðàíñòâà íóëåé è äåôåêòíûõ ôóíêöèîíàëîâ, {σl}m1 , ⟨ϕj, σl⟩ = δjl , {ζl}m1 , ⟨ζl, ψj⟩ = δlj ;

{σ̂s}n1 , ⟨ϕ̂k, σ̂s⟩ = δks , {ζ̂s}n1 , ⟨ζ̂s, ψ̂k⟩ = δsk - ñîîòâåòñòâóþùèå áèîðòîãîíàëüíûå ñèñòåìû,
∥R(x, λ0+ε)∥ = o(∥x∥) . Ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîðû A è B0 íå èìåþò îáùèõ íóëü-
ýëåìåíòîâ, à òàêæå óñëîâèÿ: 1◦ DB⊂DA è A ïîä÷èíåí B0 , ò. å. ∥Ax∥ 6 ∥B0x∥ + ∥x∥ íà
DB0 èëè DA⊂DB0 è B0 ïîä÷èíåí A , ò. å. ∥B0x∥ 6 ∥Ax∥ + ∥x∥ íà DA , ÷òî ïîçâîëÿåò
ñâåñòè îáñóæäåíèå ê îãðàíè÷åííûì îïåðàòîðàì.

Î ï ð å ä å ë å í è å 1.1. ×èñëî λ0 íàçûâàåòñÿ òî÷êîé áèôóðêàöèè (óñèëåí-
íîé áèôóðêàöèè) Àíäðîíîâà-Õîïôà óðàâíåíèÿ (1.1), åñëè ñóùåñòâóåò îêðåñòíîñòü
Oε(λ0) , òàêàÿ, ÷òî äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè λk ⊂ Oε(λ0) , λk → λ0 (ëþáîãî
λ ∈Oε(λ0) ) óðàâíåíèå (1.1) èìååò 2π

α+µk
-ïåðèîäè÷åñêîå ( 2π

α+µ(ε)
-ïåðèîäè÷åñêîå) ìàëîå ïî

íîðìå E1 ðåøåíèå x = xk(t) ( x = xλ(t) ), ïðè÷åì Mk = max
t

∥xk(t)∥ → 0 ïðè k → ∞
(Mλ = max

t
∥xλ(t)∥→0 ïðè λ→ λ0 ).

Çäåñü èññëåäóåòñÿ âåòâëåíèå ÷èñòî ìíèìûõ A -ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà B0 è
îòâå÷àþùèõ èì ïåðèîäè÷åñêèõ ñîáñòâåííûõ ýëåìåíòîâ (ïåðèîäè÷åñêèõ ðåøåíèé) ëèíåà-
ðèçîâàííûõ çàäà÷ I è II ñîîòâåòñòâåííî ïðè âîçìóùåíèè B(ε) îïåðàòîðà B0

(I) : A
dx

dt
= (B0 +B(ε))x è (II) : A

dx

dt
= (B0 +B(ε))x− h(t)

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõà-
íèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàð¼âà, ã. Ñàðàíñê; andrej_kjashkin@list.ru.

2 Ïðîôåññîð êàôåäðû "Âûñøàÿ ìàòåìàòèêà" , Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò, ã. Óëüÿíîâñê; loginov@ulstu.ru

3 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàð¼âà, ã. Ñàðàíñê; korspa@yandex.ru.
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â ñëåäóþùèõ ïðåäïîëîæåíèÿõ [1],[3-5] :
1◦ . ×èñëî α ÿâëÿåòñÿ A -ñîáñòâåííûì çíà÷åíèåì ìàòðè÷íîãî îïåðàòîðà B(α) , ò. å.

B(α)Uk =

(
B0 αA

−αA B0

)(
u1k
u2k

)
= 0 , B∗(α)Vk =

(
B∗

0 −αA∗
0

αA∗
0 B0

)(
v1k
v2k

)
= 0 , k = 1, n ,

ñ 2n -ìåðíûì ïîäïðîñòðàíñòâîì íóëü-ýëåìåíòîâ

N (B(α)) = span

{
Φ

(1)
1k =

(
u1k
u2k

)
, Φ

(1)
2k =

(
u2k
−u1k

)
, k = 1, n

}
, (1.2)

N (B∗(α)) = span

{
Ψ

(1)
1k =

(
−v2k
v1k

)
, Ψ

(1)
2k =

(
v1k
v2k

)
, k = 1, n

}
. (1.3)

Ïðè ýòîì ÷èñëà ±kα , k = 0, 1, 2, . . . íå ÿâëÿþòñÿ A -ñîáñòâåííûìè çíà÷åíèÿìè ìàòðè÷-
íîãî îïåðàòîðà B(α) ̸≡ 0 .

2◦ . A -æîðäàíîâû öåïî÷êè ýëåìåíòîâ Φ
(1)
ik , Ψ

(1)
ik , i=1, 2 , k=1, n , îïåðàòîð-ôóíêöèé

B(α + µ) ≡ B(α) − µA =

(
B0 αA

−αA B0

)
− µ

(
0 −A
A 0

)
è B∗(α + µ) ≡ B∗(α) −

−µA∗ =

(
B∗

0 −αA∗

αA∗ B∗
0

)
− µ

(
0 A∗

−A∗ 0

)
, îïðåäåëåííûå ðàâåíñòâàìè B(α)Φ

(s)
jk = AΦ

(s−1)
jk ,

B∗(α)Ψ
(s)
jk = A∗Ψ

(s−1)
jk , èìåþò êîíå÷íûå äëèíû pk , ò. å. îáðàçóþò ïîëíûé êàíîíè÷åñêèé

îáîáùåííûé æîðäàíîâ (A -æîðäàíîâ) íàáîð (ÎÆÍ) [1]. Áåç îãðàíè÷åíèÿ îáùíîñòè â ñè-
ëó ðàçðåøèìîñòè îïðåäåëÿþùèõ óðàâíåíèé ýòî îçíà÷àåò, ÷òî

⟨AΦ
(s)
ik ,Ψ

(1)
jl ⟩ = δijδklδspk , ⟨Φ(1)

ik ,A∗Ψ
(s)
jl ⟩ = δijδklδspl ,

s = 1, pk(pl), i, j = 1, 2, k, l = 1, n,
(1.4)

èëè, ýêâèâàëåíòíî, â êîîðäèíàòíîé ôîðìå

⟨Au(s)1k , v
(1)
2l ⟩ = ⟨Au(s)2k , v

(1)
1l ⟩, s = 1, pk, ⟨Au(s)1k , v

(1)
1l ⟩+ ⟨Au(s)2k , v

(1)
2l ⟩ = δklδspk ,

⟨u(1)1k , A
∗v

(s)
2l ⟩ = ⟨u(1)2k , A

∗v
(s)
1l ⟩, s = 1, pl, ⟨u(1)1k , A

∗v
(s)
1l ⟩+ ⟨u(1)2k , A

∗v
(s)
2l ⟩ = δklδspl ,

k, l = 1, n.

(1.5)

Ñîãëàñíî [3-10], [12-14] â ñèëó ëåììû î áèîðòîãîíàëüíîñòè îáîáùåííûõ æîðäàíîâûõ
öåïî÷åê (ÎÆÖ) è ëèíåéíîñòè îïåðàòîð-ôóíêöèé B(α)−µA è B∗(α)−µA∗ ýòîò íàáîð
âñåãäà ìîæåò áûòü âûáðàí òðèêàíîíè÷åñêèì, òî åñòü

⟨Φ(s)
ik ,Γ

(σ)
jl ⟩ = δijδklδsσ, Γ

(σ)
jl = A∗Ψ

(pl+1−σ)
jl ; ⟨Z(s)

ik ,Ψ
(σ)
jl ⟩ = δijδklδsσ,

Z
(s)
ik = AΦ

(pk+1−s)
ik , j = 1, 2, s(σ) = 1, pk(pl), k, l = 1, n.

(1.6)

èëè â êîîðäèíàòíîé ôîðìå

⟨u(s)1k , A
∗v

(pl+1−σ)
1l ⟩+ ⟨u(s)2k , A

∗v
(pl+1−σ)
2l ⟩ = δklδsσ ∼ ⟨Au(pk+1−s)

1k , v
(σ)
1l ⟩+ ⟨Au(pk+1−s)

2k , v
(σ)
2l ⟩ = δklδsσ;

⟨u(s)1k , A
∗v

(pl+1−σ)
2l ⟩ = ⟨u(s)2k , A

∗v
(pl+1−σ)
1l ⟩ ∼ ⟨Au(pk+1−s)

1k , v
(σ)
2l ⟩ = ⟨Au(pk+1−s)

2k , v
(σ)
1l ⟩.

(1.7)
Ñëåäóÿ [11], â ýòîé ðàáîòå äàëåå èññëåäóþòñÿ óðàâíåíèÿ (I) è (II) íà îñíîâå êðàòêî

ïðåäñòàâëåííîãî àïïàðàòà îáîáùåííûõ æîðäàíîâûõ öåïî÷åê.

Ç à ì å ÷ à í è å 1.1. Ïðèìåíåíèå íîðì ïîä÷èíåííîñòè îïåðàòîðîâ A è B0 ïîç-
âîëÿåò äîêàçàòü, ÷òî ïðåäïîëîæåíèå 1 ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ
áèôóðêàöèè Àíäðîíîâà-Õîïôà äëÿ óðàâíåíèÿ (1.1).
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2. Âåòâëåíèå ïàðû ÷èñòî ìíèìûõ A -ñîáñòâåííûõ çíà÷åíèé îïå-
ðàòîðà B0

Âûïîëíèì êîìïëåêñèôèêàöèþ óðàâíåíèÿ (I), ðàññìàòðèâàÿ åãî â ïðîñòðàíñòâàõ Ek =
= Ek u iEk , k = 1, 2 , ó÷èòûâàÿ, ÷òî îïåðàòîð B(ε) â ñèëó åãî ëèíåéíîñòè òàêæå
äîïóñêàåò äîñòàòî÷íî ãëàäêîå ðàñøèðåíèå íà ýòè ïðîñòðàíñòâà. Òîãäà ýëåìåíòû uk =
= u1k + i u2k , ūk è vk = v1k + i v2k , v̄k ÿâëÿþòñÿ A -ñîáñòâåííûìè ýëåìåíòàìè îïåðàòîðà
B0 , ò. å. ñîáñòâåííûìè ýëåìåíòàìè ñëåäóþùèõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ

B0uk = iαAuk, B0ūk = −iαAūk, B∗
0vk = −iαA∗vk, B∗

0 v̄k = iαA∗v̄k, k = 1, n. (2.1)

Èì îòâå÷àþò A- è A∗-æîðäàíîâû íàáîðû (A- è A∗ -ÆÍ ≡
ÎÆÍ ), {u(j)k } , {ū(j)k } è {v(j)k } , {v̄(j)k } , â êîòîðûõ îáîáùåííûå

æîðäàíîâû öåïî÷êè îïðåäåëÿþòñÿ óðàâíåíèÿìè (B0 − iαA)u
(j)
k =

=Au
(j−1)
k , (B0+iαA)ū

(j)
k = −Aū(j−1)

k ; (B∗
0+iαA

∗)v
(j)
k = −A∗v

(j−1)
k , (B∗

0−iαA∗)v̄
(j)
k = A∗v̄

(j−1)
k ,

j = 2, pk , k = 1, n è ñîîòâåòñòâåííî (1.6) è (1.7) ìîãóò áûòü âûáðàíû óäîâëåòâîðÿþùèìè
óñëîâèÿì áèîðòîãîíàëüíîñòè

⟨u(j)k , ϑ(l)
s ⟩ = δjlδks, ⟨z(j)k , v(l)s ⟩ = δksδjl, z

(k)
j = Au

(pk+1−j)
k , ϑ(l)

s = A∗v(ps+1−l)
s . (2.2)

Âûïîëíåíèåì ïîäñòàíîâêè À.Ïóàíêàðå t = τ
α+µ

, x(t) = y(τ) , ãäå µ = µ(ε) - ïîäëåæà-
ùàÿ îïðåäåëåíèþ ìàëàÿ äîáàâêà ê ÷àñòîòå êîëåáàíèé, çàäà÷à I ñâîäèòñÿ ê îïðåäåëåíèþ
2π-ïåðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ

B0y = µC y +B(ε)y, B0y = (B0y)(τ) ≡ B0y(τ)− αA
dy

dτ
, C y = (C y)(τ) ≡ A

dy

dτ
. (2.3)

Çäåñü ïðåäïîëàãàåìûé ôðåäãîëüìîâûì îïåðàòîð (B0y)(τ) è îñòàëüíûå îïåðàòîðû îòîá-
ðàæàþò ïðîñòðàíñòâî Y 2π-ïåðèîäè÷åñêèõ íåïðåðûâíî-äèôôåðåíöèðóåìûõ ôóíêöèé τ
ñî çíà÷åíèÿìè â E1 = E1u i E1 â ïðîñòðàíñòâî Z 2π-ïåðèîäè÷åñêèõ ôóíêöèé τ ñî çíà÷å-
íèÿìè â E2 = E2u i E2 . Äóàëüíîñòü ìåæäó Y è Y∗ (Z è Z∗ ) îïðåäåëÿåòñÿ ñïåöèàëüíîãî
âèäà ôóíêöèîíàëàìè

⟨⟨y, f⟩⟩ = 1

2π

∫ 2π

0

⟨y(τ), f(τ)⟩dτ, y ∈ Y , f ∈ Y∗ (y ∈ Z, f ∈ Z∗).

Ïîäïðîñòðàíñòâà N (B0) , N (B∗
0) íóëåé îïåðàòîðîâ B0 è B∗

0 2n -ìåðíû

N (B0)=span{φ(1)
k =φ

(1)
k (τ)=uke

iτ , φ̄
(1)
k }nk=1, N (B∗

0)=span{ψ
(1)
k =ψ

(1)
k (τ)=vke

iτ , ψ̄
(1)
k }nk=1,

áèîðòîãîíàëüíûå èì ýëåìåíòû âûáèðàþòñÿ êàê A∗- è A-îáðàçû ïîñëåäíèõ ýëåìåíòîâ

ÎÆÖ A∗ψ
(pk)
k = A∗v

(pk)
k eiτ = γ

(1)
k è A∗φ

(pj)
j = A∗u

(pj)
j eiτ = z

(1)
k . Îòâå÷àþùèå áàçèñíûì

ýëåìåíòàì ïîäïðîñòðàíñòâ N (B0) è N (B∗
0) ÎÆÖ èìåþò âèä φ

(j)
k = u

(j)
k eiτ , ψ

(j)
k = v

(j)
k eiτ

ñ ñîîòâåòñòâóþùèìè óñëîâèÿìè áèîðòîãîíàëüíîñòè

⟨⟨φ(j)
k , γ

(l)
s ⟩⟩ = δksδjl, ⟨⟨z(j)k , ψ

(l)
s ⟩⟩ = δksδjl,

γ
(l)
s = θ

(l)
s eiτ = A∗v

(ps+1−l)
s eiτ , z

(j)
k = z

(j)
k eiτ = Aφ

(pk+1−j)
k eiτ .

(2.4)
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Ë å ì ì à 2.1. [6,8-10] Ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè (2.4) îïðåäåëÿþò ïðîåê-
òîðû

P =
n∑
k=1

pk∑
j=1

⟨⟨·, γ(j)k ⟩⟩φ(j)
k = ⟨⟨·, γ⟩⟩ϕ, P̄ = ⟨⟨·, γ̄⟩⟩ψ̄,

P = P+P̄ : E1 → E2K
1 = K(B, A) = span{φ, φ̄},

Q =
n∑
k=1

pk∑
j=1

⟨⟨·, ψ(j)
k ⟩⟩z(j)k = ⟨⟨·, ψ⟩⟩z, Q̄ = ⟨⟨·, ψ̄⟩⟩z̄,

Q = Q+Q̄ : E2 → E2,2K = span{z(j)k , z̄
(j)
k },

ãäå φ = (φ
(1)
1 , . . . , φ

(p1)
1 , . . . φ

(1)
n , . . . , φ

(pn)
n ) , âåêòîðû γ , ψ è z îïðåäåëÿþòñÿ àíàëîãè÷íî,

ïîðîæäàþùèå ðàçëîæåíèÿ ïðîñòðàíñòâ E1 è E2 â ïðÿìûå ñóììû E1 = E2K
1 u E∞−2K

1 ,

E2 = E2,2K u E2,∞−2K , K =
n∑
s=1

ps - êîðíåâîå ÷èñëî.

Ïðè ýòîì ñïðàâåäëèâû ñîîòíîøåíèÿ ñïëåòåíèÿ

B0P = QB0, B0P̄ = Q̄B0 íà D(B), AP = QA, AP̄ = Q̄A íà D(A),
B0φ = ABz, B0φ̄ = ABz̄, Aφ = AAz, A∗ψ = AAγ, Aφ̄ = AAz̄, A∗ψ̄ = AAγ̄,

ãäå AB è AA - êëåòî÷íî-äèàãîíàëüíûå ìàòðèöû AB = (B1, . . . , Bn) è AA = (A1, . . . , An)

ñ pk × pk -êëåòêàìè Bk =


0 0 . . . 0
0 0 . . . 1
...

...
. . .

...
0 1 . . . 0

 , Ak =


0 0 . . . 0 1
0 0 . . . 1 0
...

...
. . .

...
...

1 0 . . . 0 0

 .

Îïåðàòîðû A è B0 , äåéñòâóþò â èíâàðèàíòíûõ ïàðàõ ïîäïðîñòðàíñòâ E2K
1 , E2,2K è

E∞−2K
1 , E2,∞−2K ; B0 :DB0∩E∞−2K

1 → E2,∞−2K , A :E2K
1 → E2,2K ÿâëÿþòñÿ èçîìîðôèçìàìè.

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà B̃0 = B0 +
n∑
k=1

⟨⟨·, γ(1)k ⟩⟩z(1)k +
n∑
k=1

⟨⟨·, γ̄(1)k ⟩⟩z̄(1)k , çàïèøåì

óðàâíåíèå (2.3) â âèäå ñèñòåìû

B̃0y = µC y+B(ε)y+
n∑
k=1

(ξk1z
(1)
k +ξ̄k1z̄

(1)
k ), ξsσ = ⟨⟨y, γ(σ)s ⟩⟩, ξ̄sσ = ⟨⟨y, γ̄(σ)s ⟩⟩, σ = 1, ps, s = 1, n.

(2.5)
Ïîëàãàÿ y = w + v , v = ξ · φ+ ξ̄ · φ̄ ∈ E2k

1 , íàõîäèì

B̃0w +
n∑
k=1

pk∑
j=2

(ξkjB̃0φ
(j)
k + ξ̄kjB̃0φ̄

(j)
k )− µCw −B(ε)w =

= µ
n∑
k=1

pk∑
j=1

(ξkjCφ
(j)
k + ξ̄kjC φ̄

(j)
k ) +

n∑
k=1

pk∑
j=1

[ξkjB(ε)φ
(j)
k + ξ̄kjB(ε)φ̄

(j)
k ].

Îáðàùàÿ îïåðàòîð B̃0 , B̃−1
0 =Γ0 [1], ïîëó÷èì

w − µΓ0Cw − Γ0B(ε)w = −
n∑
k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) + µΓ0C

n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k )+

+Γ0B(ε)
n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ).

Îòñþäà ñëåäóåò

w =

[
I − µΓ0C − Γ0B(ε)

]−1{
−

n∑
k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ

(j)
k ) + µΓ0C

n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k )+

+Γ0B(ε)
n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k )

}
.
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Äàëåå [I − µΓ0C − Γ0B(ε)]−1 = [I − (I − µΓ0C )−1Γ0B(ε)]−1(I − µΓ0C )−1 =
= (I − µΓ0C )−1[I − Γ0B(ε)(I − µΓ0C )−1]−1 è

(I − µΓ0C )−1

{
−

n∑
k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) + µΓ0C

n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k )

}
=

=
n∑
k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) + µΓ0C (I − µΓ0C )−1

n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k ).

Ñëåäîâàòåëüíî,

w = −
n∑
k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) + µΓ0C (I − µΓ0C )−1

n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k )+

+(I − µΓ0C )−1Γ0B(ε)[I − (I − µΓ0C )−1Γ0B(ε)]−1
n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ).

(2.6)

Òåïåðü ïîäñòàíîâêà y = w + ξ · φ + ξ̄ · φ̄ ñ îïðåäåëåííûì ïî ôîðìóëå (2.6) w âî
âòîðûå ðàâåíñòâà ñèñòåìû (2.5) â ñèëó ñîîòíîøåíèé (2.4) ïðè óñëîâèè ïðèíàäëåæíîñòè
ïðèñîåäèíåííûõ (êîðíåâûõ) ýëåìåíòîâ ïðÿìîìó äîïîëíåíèþ E1,∞−2K ê ïîäïðîñòðàíñòâó
ñîáñòâåííûõ ýëåìåíòîâ E2n

1 è ó÷åòå ôîðìóë (2.7)

Γ0Cφ
(1)
k = iΓ0B̃0φ

(2)
k = iφ

(2)
k , (Γ0C )2φ

(1)
k = (Γ0C )φ

(2)
k = i2φ

(3)
k , . . .

(Γ0C )sφ
(1)
k = isφ

(s+1)
k ïðè s < pk, (Γ0C )pkφ

(1)
k = ipkφ

(pk+1)
k = ipkφ

(1)
k ,

(Γ0C )sφ
(1)
k = isφ

(s−
[

s
pk

]
pk)

k ïðè s > pk, ψ
(1)
k = Γ∗

0γ
(1)
k , ψ

(s)
k = Γ∗

0γ
(pk+1−s)
k ,

(2.7)

äàåò óðàâíåíèå ðàçâåòâëåíèÿ â êîðíåâîì ïîäïðîñòðàíñòâå (â êîíñòðóêöèè Ý.Øìèäòà) äëÿ
îïðåäåëåíèÿ µ = µ(ε) â âèäå îïðåäåëèòåëÿ det[t(µ, ε)] îäíîðîäíîé ñèñòåìû ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé è êîìïëåêñíî ñîïðÿæåííîé ê íåé.

tk1(µ, ε) ≡ − (iµ)pk

1−(iµ)pk
ξk1−

−⟨⟨(I − µΓ0C )−1Γ0B(ε) [I − (I − µΓ0C )−1Γ0B(ε)]
−1

n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ), ψ

(1)
k ⟩⟩ = 0,

tkσ(µ, ε) ≡ ξkσ − (iµ)σ−1

1−(iµ)pk
ξk1−

−⟨⟨(I − µΓ0C )−1Γ0B(ε) [I − (I − µΓ0C )−1Γ0B(ε)]
−1

n∑
k=1

pk∑
j=1

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ), ψ

(pk+1−σ)
k ⟩⟩ = 0,

k = 1, n, σ = 1, pk.
(2.8)

3. Ðåäóêöèÿ ê âîçìóùåííîé ìàòðè÷íîé çàäà÷å I

Â ï. 2 íàìè áûë âûáðàí áîëåå ñëîæíûé ïîäõîä ðåøåíèÿ çàäà÷è I äëÿ óñòàíîâëåíèÿ ïðÿ-
ìûõ ñâÿçåé ñ áèôóðêàöèåé Ïóàíêàðå-Àíäðîíîâà-Õîïôà. Áåçóñëîâíî, áîëåå ïðîñòûì âàðè-
àíòîì èññëåäîâàíèÿ çàäà÷è I ÿâëÿåòñÿ åå ðåäóêöèÿ ê âîçìóùåííîé ìàòðè÷íîé çàäà÷å íà
ñîáñòâåííûå çíà÷åíèÿ(
B0 +B(ε) (α+ µ)A
−(α + µ)A B0 +B(ε)

)
U =

[(
B0 +B(ε) αA

−αA B0 +B(ε)

)
− µ

(
0 −A
A 0

)]
U = 0, µ = µ(ε).

(3.1)
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Ñëåäóåò âûÿñíèòü êàê èçìåíèòñÿ A =

(
0 −A
A 0

)
-ñîáñòâåííîå çíà÷åíèå α îïåðàòîðà

B =

(
B0 αA

−αA B0

)
ïðè âîçìóùåíèè B(ε) îïåðàòîðà B0 . Òàêèì îáðàçîì, ðàññìàòðèâàåòñÿ

çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ[
B(α) +

(
B(ε) 0
0 B(ε)

)
− µ

(
0 −A
A 0

)]
U = 0, B = B(α) =

(
B0 0
0 B0

)
− αA,

B(ε) =

(
B1 0
0 B1

)
ε+

(
B2 0
0 B2

)
ε2 + . . . ,

òî åñòü

B(α)U = [−B(ε)U + µA]U = 0 èëè BU = −B(ε)U + µAU, U =

(
u1
u2

)
. (3.2)

Ñîãëàñíî [3-5] îáîáùåííûé æîðäàíîâ íàáîð ëèíåéíîé ïî ìàëîìó ïàðàìåòðó µ
îïåðàòîð-ôóíêöèè B − µA âñåãäà ìîæåò áûòü âûáðàí òðèêàíîíè÷åñêèì, òî åñòü äëÿ
íåãî ñïðàâåäëèâû ôîðìóëû (1.6) èëè â êîîðäèíàòíîé ôîðìå (1.7). Ââîäÿ ðåãóëÿðèçàòîð

Øìèäòà B̃ = B+
2∑
j=1

n∑
k=1

⟨·,Γ(1)
jk ⟩Z

(1)
jk , Γ = B̃−1 , è, ïîëàãàÿ

U =W + V, V = ξ1Φ1 + ξ2Φ2, ξ1 = (ξ1i1, ξ
2
i1, . . . ξ

p1
i1 , . . . , ξ

1
in, ξ

2
in, . . . ξ

pn
in );

Φ1 = (Φ1
i1,Φ

2
i1, . . .Φ

p1
i1 , . . . , Φ

1
in,Φ

2
in, . . .Φ

pn
in ), i = 1, 2,

(âåêòîðû Γi , Ψi , Zi , i = 1, 2 , îïðåäåëÿþòñÿ àíàëîãè÷íî), çàïèøåì (3.2) â âèäå ñèñòåìû

B̃W +
n∑
k=1

pk∑
j=2

(ξj1kB̃Φ
(j)
1k + ξj2kB̃Φ

(j)
2k )− µAW − µA

n∑
k=1

pk∑
j=1

(ξj1kB̃Φ
(j)
1k + ξj2kB̃Φ

(j)
2k )+

+B(ε)

(
W +

n∑
k=1

pk∑
j=1

(ξj1kB̃Φ
(j)
1k + ξj2kB̃Φ

(j)
2k )

)
=

n∑
k=1

(ξj1kZ
(j)
1k + ξj2kZ

(j)
2k ),

ξj1k = ⟨U, Γ(j)
1k ⟩ = ⟨W, Γ(j)

1k ⟩+
n∑
k=1

pk∑
j=1

⟨(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k ), Γ

j
ik⟩, i = 1, 2.

(3.3)

Îáðàùàÿ â ïåðâîì óðàâíåíèè îïåðàòîð B̃ , ïîëó÷àåì

W = [I − µΓA+ ΓB(ε)]−1

{
−

n∑
k=1

pk∑
j=2

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k ) + µΓA

n∑
k=1

pk∑
j=1

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k )−

−ΓB(ε)
n∑
k=1

pk∑
j=1

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k )

}
.

Òàê êàê [I − µΓA+ ΓB(ε)]−1 = [I − (I − µΓA)−1ΓB(ε)]−1(I − µΓA)−1 è

(I − µΓA)−1

{
−

n∑
k=1

pk∑
j=2

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k ) + µΓA

n∑
k=1

pk∑
j=1

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k )

}
=

n∑
k=1

pk∑
j=2

(ξj1kΦ
(j)
1k +

ξj2kΦ
(j)
2k ) + µΓA(I − µΓA)−1

n∑
k=1

(ξ11kΦ
(1)
1k + ξ12kΦ

(1)
2k ) , ñëåäîâàòåëüíî

W = −
n∑
k=1

pk∑
j=2

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k ) + µΓA(I − µΓA)−1

n∑
k=1

(ξ11kΦ
(1)
1k + ξ12kΦ

(1)
2k )−

−(I − µΓA)−1ΓB(ε)[I − (I − µΓA)−1ΓB(ε)]−1
n∑
k=1

pk∑
j=1

(ξj1kΦ
(j)
1k + ξj2kΦ

(j)
2k ).

(3.4)
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Ïîäñòàíîâêà îïðåäåëåííîãî ïî ôîðìóëå (3.4) W âî âòîðûå óðàâíåíèÿ ñèñòåìû (3.3) ïðè
ó÷åòå ôîðìóë

ΓAΦ
(1)
1k = ΓB̃Φ

(2)
1k = Φ

(2)
1k , (ΓA)2Φ

(1)
1k = Φ

(3)
1k , . . . , (ΓA)sΦ

(1)
1k = Φ

(s+1)
1k ïðè s < pk,

(ΓA)pkΦ
(1)
1k = Φ

(pk+1)
1k = Φ

(1)
1k ,

ΓAΦ
(1)
2k = ΓB̃Φ

(2)
2k = Φ

(2)
2k , (ΓA)2Φ

(1)
2k = Φ

(3)
2k , . . . , (ΓA)sΦ

(1)
2k = Φ

(s+1)
2k ïðè s < pk,

(ΓA)pkΦ
(1)
2k = Φ

(pk+1)
2k = Φ

(1)
2k ,

(ΓA)sΦ
(1)
ik = Φ

(s−
[

s
pk

]
pk)

ik ïðè s > pk, i = 1, 2,

êàê è ðàíåå, äàåò îäíîðîäíóþ ñèñòåìó 2K -ïîðÿäêà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé,
ðàâåíñòâî îïðåäåëèòåëÿ êîòîðîé íóëþ ÿâëÿåòñÿ óðàâíåíèåì ðàçâåòâëåíèÿ â êîðíåâîì ïîä-
ïðîñòðàíñòâå îòíîñèòåëüíî µ = µ(ε) .

Ç à ì å ÷ à í è å 3.1. 1◦ . Â ïðåäûäóùåé íàøåé ðàáîòå [11] ìû íàçâàëè ÓÐÊ èìåí-
íî îäíîðîäíóþ ñèñòåìó, à íå åå îïðåäåëèòåëü.
2◦ . Âîçíèêàþùàÿ çäåñü ñèñòåìà çàïèñàíà â âåêòîðíîé ôîðìå â äâóìåðíîì ïðîñòðàíñòâå.
3◦ . Çàäà÷à II ñëóæèò ïðåäìåòîì íàøåé áóäóùåé ðàáîòû.
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Õàîòè÷åñêîå ïîâåäåíèå ñ÷åòíûõ òîïîëîãè÷åñêèõ

ìàðêîâñêèõ öåïåé ñ ìåðîìîðôíîé äçåòà-ôóíêöèåé

c⃝ Ì. È. Ìàëêèí1

Àííîòàöèÿ. Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ ñ÷åòíûå òîïîëîãè÷åñêèå ìàðêîâñêèå öå-
ïè (ÒÌÖ). Ïðåäïîëàãàåòñÿ, ÷òî ëþáàÿ ñòåïåíü ìàòðèöû ïåðåõîäîâ ÒÌÖ èìååò êîíå÷íûé
ñëåä è, òåì ñàìûì, äëÿ ÒÌÖ êîððåêòíî îïðåäåëåíà äèíàìè÷åñêàÿ äçåòà-ôóíêöèÿ Àðòèíà-
Ìàçóðà. Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî âûïîëíåíû äâà óñëîâèÿ: 1) ðàäèóñ ñõîäèìîñòè äçåòà-
ôóíêöèè ó ïîäñèñòåì ÒÌÖ, ñîîòâåòñòâóþùèõ ïîäìàòðèöàì ñ äîñòàòî÷íî áîëüøèìè íîìåðàìè
ñîñòîÿíèé, áîëüøå ðàäèóñà ñõîäèìîñòè r(A) äçåòà-ôóíêöèè èñõîäíîé ÒÌÖ c ìàòðèöåé ïåðå-
õîäîâ A , è 2) äçåòà-ôóíêöèÿ ÒÌÖ ìåðîìîðôíà â íåêîòîðîì äèñêå ðàäèóñà, áîëüøåãî r(A) .
Äàííûå óñëîâèÿ ÿâëÿþòñÿ åñòåñòâåííûìè, ò.ê. âûïîëíÿþòñÿ äëÿ ñ÷åòíûõ ÒÌÖ, ÿâëÿþùèõñÿ
ñèìâîëè÷åñêèìè ìîäåëÿìè îäíîìåðíûõ êóñî÷íî-ìîíîòîííûõ îòîáðàæåíèé ñ ïîëîæèòåëüíîé
òîïîëîãè÷åñêîé ýíòðîïèåé. Â ðàáîòå ïîêàçàíî, ÷òî ïðè äàííûõ óñëîâèÿõ äëÿ íåðàçëîæèìîé
ÒÌÖ å¼ ìàòðèöà ïåðåõîäîâ ÿâëÿåòñÿ r(A) -ïîëîæèòåëüíîé, è, êàê ñëåäñòâèå, äçåòà-ôóíêöèÿ
ÒÌÖ èìååò ïðîñòûå ïîëþñà íà îêðóæíîñòè |z| = r(A) êîìïëåêñíîé ïëîñêîñòè, à ÒÌÖ îá-
ëàäàåò îñíîâíûìè ýðãîäè÷åñêèìè ñâîéñòâàìè êîíå÷íûõ ÒÌÖ (â ÷àñòíîñòè, ó íå¼ ñóùåñòâóåò
è åäèíñòâåííà ìåðà ìàêñèìàëüíîé ýíòðîïèè).

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêèå ìàðêîâñêèå öåïè, äçåòà-ôóíêöèÿ, òîïîëîãè÷åñêàÿ ýíòðî-
ïèÿ

1. Ââåäåíèå

Â äàííîé ñòàòüå ïðîäîëæåíî èññëåäîâàíèå (ñì. [8]) äèíàìè÷åñêèõ è ýðãîäè÷åñêèõ ñâîéñòâ
ñ÷åòíûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé. Òîïîëîãè÷åñêèå ìàðêîâñêèå öåïè ñëóæàò ñèì-
âîëè÷åñêèìè ìîäåëÿìè äëÿ ðàçëè÷íûõ êëàññîâ äèíàìè÷åñêèõ ñèñòåì ñ ãèïåðáîëè÷åñêîé
ñòðóêòóðîé, âêëþ÷àÿ íåðàâíîìåðíî ãèïåðáîëè÷åñêèå è ÷àñòè÷íî ãèïåðáîëè÷åñêèå ñèñòå-
ìû, êîãäà ôàçîâîå ïðîñòðàíñòâî òàêèõ ñèñòåì îáû÷íî äîïóñêàåò ìàðêîâñêîå ðàçáèåíèå
(âîçìîæíî, ñ÷¼òíîå). Ê òàêèì êëàññàì ñèñòåì îòíîñÿòñÿ ñèñòåìû, óäîâëåòâîðÿþùèå àêñèî-
ìå À Ñ.Ñìåéëà, ãèïåðáîëè÷åñêèå áèëüÿðäû, ãåîìåòðè÷åñêèå ìîäåëè àòòðàêòîðà Ëîðåíöà,
îäíîìåðíûå êóñî÷íî-ìîíîòîííûå îòîáðàæåíèÿ ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïè-
åé è äð. (ñì. [1], [3],[4], [10], [2], [6] ). Â ÷àñòíîñòè, Ô. Õîôáàóýð äîêàçàë (ñì. [5]), ÷òî äëÿ
êóñî÷íî-ìîíîòîííîãî, êóñî÷íî-íåïðåðûâíîãî îòîáðàæåíèÿ f èíòåðâàëà I ñ ïîëîæèòåëü-
íîé òîïîëîãè÷åñêîé ýíòðîïèåé ìîæíî ïîñòðîèòü êîíå÷íóþ èëè ñ÷¼òíóþ ÒÌÖ (ΩA, σ) ñ
ìàòðèöåé ïåðåõîäîâ A , òàêóþ, ÷òî f : I → I òîïîëîãè÷åñêè ñîïðÿæåíî ñ îòîáðàæåíèåì
ñäâèãà σ : ΩA → ΩA . Òåì ñàìûì, èçó÷åíèå òîïîëîãè÷åñêèõ è ýðãîäè÷åñêèõ ñâîéñòâ îä-
íîìåðíûõ êóñî÷íî-ìîíîòîííûõ îòîáðàæåíèé ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïèåé
ìîæíî ñâåñòè ê ðàññìîòðåíèþ ñ÷¼òíûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé.

Â îòëè÷èå îò êîíå÷íûõ òîïîëîãè÷åñêèõ ìàðêîâñêèõ öåïåé, ïðîñòðàíñòâî ΩA ñ÷åòíîé
ÒÌÖ íåêîìïàêòíî è ïîýòîìó âîçíèêàþò ïðîáëåìû ïðè îáîáùåíèè ðåçóëüòàòîâ òåîðèè
ìàðêîâñêèõ öåïåé, â îñíîâíîì � òåîðèè Ïåððîíà-Ôðîáåíèóñà. Äëÿ íåðàçëîæèìîé áåñ-
êîíå÷íîé ìàòðèöåé ïåðåõîäîâ A ñîîòâåòñòâóþùàÿ ÒÌÖ òîïîëîãè÷åñêè òðàíçèòèâíà, è
â ýòîì ñëó÷àå, êàê ïîêàçàëè Ä. Âåð-Äæîíñ è Á.Ì. Ãóðåâè÷ (ñì. [15], [13], [14]) óäàåòñÿ
÷àñòè÷íî îáîáùèòü ðåçóëüòàòû òåîðèè Ïåððîíà-Ôðîáåíèóñà. Îäíàêî äëÿ ÒÌÖ ñ áåñêî-
íå÷íîé ìàòðèöåé ïåðåõîäîâ, äàæå â ñëó÷àå å¼ íåðàçëîæèìîñòè, ìîãóò íå âûïîëíÿòüñÿ

1 Äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé è ìàòåìàòè÷åñêîãî àíàëèçà, Íèæåãîðîäñêèé ãîñó-
äàðñòâåííûé óíèâåðñèòåò èì. Í.È.Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä; malkin@unn.ru
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âàæíûå ýðãîäè÷åñêèå ñâîéñòâà, èçâåñòíûå äëÿ êîíå÷íûõ ÒÌÖ, òàêèå, êàê ñóùåñòâîâàíèå
è åäèíñòâåííîñòü ìåðû ñ ìàêñèìàëüíîé ýíòðîïèåé. Êàê ñëåäóåò èç ðàáîòû Á.Ì. Ãóðåâè-
÷à, ñâîéñòâîì áåñêîíå÷íîé ìàòðèöû, îòâå÷àþùèì çà âîçìîæíîñòü òàêîãî îáîáùåíèÿ äëÿ
ñ÷åòíûõ ÒÌÖ, ÿâëÿåòñÿ R -ïîëîæèòåëüíîñòü ìàòðèöû ïåðåõîäîâ, ãäå R � ïàðàìåòð ñõî-
äèìîñòè ìàòðèöû, ñîâïàäàþùèé (ñì. [14], [8]) ñ ðàäèóñîì ñõîäèìîñòè r(A) äçåòà-ôóíêöèè
è ñî çíà÷åíèåì exp(−htop(A) , ãäå htop(A) � òîïîëîãè÷åñêàÿ ýíòðîïèÿ ÒÌÖ. Ìû äîêàçû-
âàåì â äàííîé ñòàòüå, ÷òî ýòî âàæíîå ñâîéñòâî R -ïîëîæèòåëüíîñòè èìååò ìåñòî äëÿ ÒÌÖ,
ó êîòîðûõ äçåòà-ôóíêöèÿ îáëàäàåò åñòåñòâåííûìè ñâîéñòâàìè, è, â ÷àñòíîñòè, äëÿ ÒÌÖ,
ÿâëÿþùèõñÿ ñèìâîëè÷åñêèìè ìîäåëÿìè êóñî÷íî-ìîíîòîííûõ, êóñî÷íî-íåïðåðûâíûõ îä-
íîìåðíûõ îòîáðàæåíèé ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïèåé.

Â ñòàòüå ðàññìàòðèâàþòñÿ ñ÷åòíûå ÒÌÖ ñ íåðàçëîæèìûìè ìàòðèöàìè ïåðåõîäîâ A .
Óñëîâèÿ, íàêëàäûâàåìûå íà ìàòðèöû ïåðåõîäîâ, ñëåäóþùèå. Ïðåäïîëàãàåòñÿ, ÷òî ëþ-
áàÿ ñòåïåíü ìàòðèöû ïåðåõîäîâ èìååò êîíå÷íûé ñëåä è, òåì ñàìûì, äëÿ ÒÌÖ êîððåêòíî
îïðåäåëåíà äèíàìè÷åñêàÿ äçåòà-ôóíêöèÿ Àðòèíà-Ìàçóðà ζA(z) . Êðîìå òîãî, ïðåäïîëà-
ãàåòñÿ, ÷òî ðàäèóñ ñõîäèìîñòè äçåòà-ôóíêöèè ó ïîäñèñòåì ÒÌÖ, ñîîòâåòñòâóþùèõ ïîä-
ìàòðèöàì ñ äîñòàòî÷íî áîëüøèìè íîìåðàìè ñîñòîÿíèé, áîëüøå ðàäèóñà ñõîäèìîñòè r(A)
äçåòà-ôóíêöèè èñõîäíîé ÒÌÖ; òî÷íåå, ïðåäïîëàãàåòñÿ, ÷òî

limn→∞ r(Â|n) > r(A), (∗)

ãäå Â|n � ýòî ïîäìàòðèöà ìàòðèöû A , ó êîòîðîé (áåñêîíå÷íîå) èíäåêñíîå ìíîæåñòâî åñòü
{n, n + 1, . . .} . Äàííîå óñëîâèå îçíà÷àåò, ÷òî "õâîñòîâàÿ"ïîäìàòðèöà ìàòðèöû ïåðåõîäîâ
ñòàíîâèòñÿ âñ¼ áîëåå ðàçðåæåííîé, êîãäà èíäåêñû ïðèíèìàþò äîñòàòî÷íî áîëüøèå çíà÷å-
íèÿ. Âòîðîå óñëîâèå, êîòîðîå ìû áóäåì ïðåäïîëàãàòü âûïîëíåííûì, ñîñòîèò â ñëåäóþùåì:

ζÂ|n
(z) ìåðîìîðôíà â äèñêå |z| < r(A) + ε äëÿ íåêîòîðîãî ε > 0 ïðè âñåõ n (∗∗)

Îòìåòèì, ÷òî óêàçàííûå óñëîâèÿ ÿâëÿþòñÿ åñòåñòâåííûìè, ò.ê. îíè âûïîëíÿþòñÿ äëÿ
ñ÷åòíûõ ÒÌÖ, ÿâëÿþùèõñÿ ñèìâîëè÷åñêèìè ìîäåëÿìè îäíîìåðíûõ êóñî÷íî-ìîíîòîííûõ
îòîáðàæåíèé ñ ïîëîæèòåëüíîé òîïîëîãè÷åñêîé ýíòðîïèåé. Áîëåå òîãî, äëÿ òàêèõ îòîáðà-
æåíèé óñëîâèå (**) íà ñàìîì äåëå âûïîëíÿåòñÿ â áîëåå ñèëüíîé ôîðìå (ñì. [5]), à èìåííî,
ìîæíî ïîêàçàòü ìåðîìîðôíîñòü óêàçàííûõ äçåòà-ôóíêöèé â îòêðûòîì åäèíè÷íîì äèñêå.
Â íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî ïðè äàííûõ óñëîâèÿõ ìàòðèöà ïåðåõîäîâ ÿâëÿåòñÿ R -
ïîëîæèòåëüíîé. Òåì ñàìûì, äëÿ ÒÌÖ èìåþò ìåñòî ñèëüíûå õàîòè÷åñêèå (ýðãîäè÷åñêèå)
ñâîéñòâà è â ÷àñòíîñòè, â ÒÌÖ îáëàäàåò åäèíñòâåííîé ìåðîé ñ ìàêñèìàëüíîé ýíòðîïèåé,
ïðè÷åì ýòà ìåðà ìîæåò áûòü ýôôåêòèâíî âû÷èñëåíà â òåðìèíàõ ñîáñòâåííûõ âåêòîðîâ
ìàòðèöû ÒÌÖ. Äðóãèìè ñëîâàìè, ìåðîìîðôíîñòü äçåòà-ôóíêöèè ãàðàíòèðóåò âîçìîæ-
íîñòü ñóùåñòâåííîãî ïðîäâèæåíèÿ â òåîðèè Ïåððîíà-Ôðîáåíèóñà â ñëó÷àå áåñêîíå÷íûõ
ìàòðèö. Êðîìå òîãî, â ðàáîòå ïîêàçàíî, ÷òî äçåòà-ôóíêöèÿ ζA(z) èìååò ïðîñòûå ïîëþñà
íà îêðóæíîñòè |z| = r(A) è ïîëó÷åíà àïïðîêñèìàöèîííàÿ îöåíêà ÷èñëà ïåðèîäè÷åñêèõ
òî÷åê áîëüøèõ ïåðèîäîâ.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ è îñíîâíàÿ òåîðåìà

Ðàññìîòðèì áåñêîíå÷íóþ ìàòðèöó A = (ai,j)
∞
i,j=1 èç íóëåé è åäèíèö. Äàííîé ìàòðèöå

ñëåäóþùèì îáðàçîì ñòàâèòñÿ â ñîîòâåòñòâèå ñ÷åòíàÿ òîïîëîãè÷åñêàÿ ìàðêîâñêàÿ öåïü
(ÒÌÖ). Ïóñòü N = {1, 2, . . .} � ìíîæåñòâî ñèìâîëîâ (àëôàâèò) è ïóñòü ΩA ⊂ NZ � ìíî-
æåñòâî âñåõ áåñêîíå÷íûõ â îáå ñòîðîíû ïîñëåäîâàòåëüíîñòåé x = (xn)

+∞
n=−∞ íàòóðàëüíûõ

÷èñåë, äëÿ êîòîðûõ ïðè âñåõ n ∈ Z âûïîëíÿåòñÿ

axn,xn+1 = 1.
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Ìåòðèêà ρ íà ïðîñòðàíñòâå ΩA ââîäèòñÿ òàê:

ρ(x, y) =
+∞∑

n=−∞

1

2|n|
| 1

xn
− 1

yn
| . (2.1)

ÒÌÖ (ΩA, σ) åñòü òîïîëîãè÷åñêîå (ìåòðè÷åñêîå) ïðîñòðàíñòâî ΩA , íà êîòîðîì äåéñòâóåò
îòîáðàæåíèå ñäâèãà σ : ΩA → ΩA , çàäàâàåìîå ôîðìóëîé σ(x) = y , ãäå yn = xn+1 äëÿ âñåõ
n ∈ Z . Î÷åâèäíî, ìåòðèêà ρ ñîãëàñîâàíà ñ òîïîëîãèåé ïðÿìîãî (òèõîíîâñêîãî) ïðîèçâåäå-
íèÿ íà ïðîñòðàíñòâå NZ ; çäåñü ïðåäïîëàãàåòñÿ, ÷òî ìíîæåñòâî N íàäåëåíî äèñêðåòíîé
òîïîëîãèåé.

Òàêèì îáðàçîì, ïðîñòðàíñòâî ΩA íåêîìïàêòíî. ×òîáû êîìïàêòèôèöèðîâàòü ΩA , ðàñ-
ñìîòðèì ðàñøèðåííûé àëôàâèò ñ äîïîëíèòåëüíûì ñèìâîëîì ∞ , ò.å. N = N

∪
{∞} . Ìåò-

ðèêà íà N çàäàåòñÿ ïî ôîðìóëå d(n,m) =| 1
n
− 1

m
| , ãäå åñòåñòâåííî ïðåäïîëàãàåòñÿ, ÷òî

1
∞ = 0 . Äàëåå ðàññìàòðèâàåòñÿ çàìûêàíèå ïðîñòðàíñòâà ΩA â N

Z
, ò.å. ΩA = Clos(ΩA) .

Ëåãêî âèäåòü, ÷òî íà ïðîñòðàíñòâî ΩA êîððåêòíî ïðîäîëæàåòñÿ ìåòðèêà ρ , çàäàâàåìàÿ
ôîðìóëîé (1), è, êðîìå òîãî, ΩA ÿâëÿåòñÿ σ -èíâàðèàíòíûì.

Ìû âñþäó áåç îãðàíè÷åíèÿ îáùíîñòè ïðåäïîëàãàåì, ÷òî A � áåñêîíå÷íàÿ ìàòðèöà èç
íóëåé è åäèíèö, íå èìåþùàÿ íè íóëåâûõ ñòðîê, íè íóëåâûõ ñòîëáöîâ (èíà÷å ñîîòâåòñòâóþ-
ùèé ñèìâîë ñëåäóåò èñêëþ÷èòü èç àëôàâèòà). Äàëåå, ìû ïðåäïîëàãàåì, ÷òî äëÿ ìàòðèöû

A îïðåäåëåíû (êîíå÷íû) âñå ïîëîæèòåëüíûå ñòåïåíè, ò.å. Ak , i.e. a
(k)
i,j < +∞ ïðè ëþáûõ

i, j, k . Äëÿ I ⊂ N ìû îáîçíà÷àåì ÷åðåç A|I ïîäìàòðèöó ìàòðèöû A ñ èíäåêñíûì ìíîæå-
ñòâîì I . Äëÿ ïðîñòîòû çàïèñè ìû îáîçíà÷àåì ÷åðåç A|n êîíå÷íóþ ïîäìàòðèöó A|{1,2,...,n} ,
à ÷åðåç Â|k � áåñêîíå÷íóþ ïîäìàòðèöó A|{k,k+1,...} .

Ìàòðèöà A íàçûâàåòñÿ íåðàçëîæèìîé, åñëè äëÿ ëþáûõ i, j ∈ N íàéäåòñÿ íàòóðàëüíîå
÷èñëî k òàêîå, ÷òî a

(k)
i,j > 0 . Â ïðîòèâíîì ñëó÷àå ìàòðèöà A ðàçëîæèìà. Òî÷íî òàê æå,

êàê è â ñëó÷àå êîíå÷íûõ ÒÌÖ (ñì., íàïðèìåð, [11]), äîêàçûâàåòñÿ, ÷òî íåðàçëîæèìîñòü
ìàòðèöû A ýêâèâàëåíòíà òðàíçèòèâíîñòè ñèñòåìû (ΩA, σ) . Äëÿ íåðàçëîæèìîé ìàòðèöû
A îáîçíà÷èì ÷åðåç d = d(A) å¼ èíäåêñ öèêëè÷íîñòè (ïåðèîä). Â ñëó÷àå d > 1 ìíîæåñòâî
èíäåêñîâ N ìîæíî ðàçáèòü íà d ïîäìíîæåñòâ I1, I2, ...Id òàê, ÷òî äëÿ ëþáûõ äâóõ èí-
äåêñîâ i ∈ Is, j ∈ It áóäåò ñóùåñòâîâàòü k > 0 , óäîâëåòâîðÿþùåå óñëîâèþ a

(k)
i,j > 0 , â òîì

è òîëüêî â òîì ñëó÷àå, êîãäà k ≡ (s− t)mod d .
Ïóñòü h(A) � òîïîëîãè÷åñêàÿ ýíòðîïèÿ ñäâèãà σ íà êîìïàêòèôèêàöèè ΩA . Äëÿ

êîíå÷íîé ìàòðèöû B îáîçíà÷èì ÷åðåç h(B) òîïîëîãè÷åñêóþ ýíòðîïèþ îãðàíè÷åíèÿ
h(σ|ΩB) . Á.Ì. Ãóðåâè÷ ïîêàçàë (ñì. [13], [14]), ÷òî äëÿ íåðàçëîæèìîé ìàòðèöû A ñó-
ùåñòâóåò ïîñëåäîâàòåëüíîñòü êîíå÷íûõ íåðàçëîæèìûõ ïîäìàòðèö A|Jn , òàêàÿ, ÷òî

Jn ⊂ Jn+1 äëÿ âñåõ n ,
∪

Jn = N (2.2)

è âûïîëíÿåòñÿ
h(A) = lim

n→∞
h(A|Jn) = lim

n→∞
h(A|n). (2.3)

Â ðàáîòå [7] äîêàçàíî, ÷òî ðàâåíñòâî h(A) = limn→∞ h(A|n) ñïðàâåäëèâî è äëÿ ðàç-
ëîæèìûõ ìàòðèö. Äëÿ ðàçëîæèìîé ìàòðèöû A è èíäåêñà i ∈ N îáîçíà÷èì ÷åðåç I(i)
ìàêñèìàëüíîå ïîäìíîæåñòâî (âîçìîæíî, ïóñòîå) J ⊂ N òàêîå, ÷òî i ∈ J è ìàòðèöà A|J
íåðàçëîæèìà, ò.å.

I(i) = {j ∈ N : ∃k1 > 0, ∃k2 > 0 ò.÷. a
(k1)
ij > 0, a

(k2)
ji > 0}.

Îáîçíà÷èì äëÿ ïðîñòîòû ìàòðèöó A|I(i) ÷åðåç Ai . Çàìåòèì, ÷òî åñëè ìíîæåñòâî I(i)
êîíå÷íî, òî ΩAi

= ΩAi
, ãäå çàïèñü ΩAi

îçíà÷àåò çàìûêàíèå ìíîæåñòâà ΩAi
â ïðîñòðàíñòâå

ΩA .
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Â ðàáîòå [7] ïîêàçàíî òàêæå, ÷òî íåáëóæäàþùåå ìíîæåñòâà êîìïàêòèôèêàöèè
(ΩA, σ) èìååò ñëåäóþùåå ðàçëîæåíèå (â ôîðìóëèðîâêå èñïîëüçîâàíî îáîçíà÷åíèå (∞) =

(. . .∞∞∞ . . .) ∈ N
Z
):

Ò å î ð å ì à 2.1. Íåáëóæäàþùåå ìíîæåñòâî îòîáðàæåíèÿ ñäâèãà σ íà êîìïàê-
òèôèêàöèè ΩA ïðåäñòàâëÿåòñÿ â âèäå

NW (σ|ΩA) = (
∪

ΩAi
)
∪

P,

ãäå P = (∞) , êîãäà èíäåêñíîå ìíîæåñòâî I(i) êîíå÷íî äëÿ âñåõ i , è P = ∅ â ïðîòèâíîì
ñëó÷àå.

Íàì ïîòðåáóþòñÿ íåêîòîðûå ñîîòíîøåíèÿ äëÿ ïðîèçâîäÿùèõ ôóíêöèé, àññîöèèðîâàí-
íûõ ñ ìàòðèöåé A . Äëÿ ïðîèçâîëüíûõ èíäåêñîâ i, j ýòè ôóíêöèè îïðåäåëÿþòñÿ ñëåäóþ-
ùèì îáðàçîì):

Ti,j(z) =
∞∑
k=0

a
(k)
i,j z

k; Fi,j(z) =
∞∑
k=0

f
(k)
i,j z

k; Li,j(z) =
∞∑
k=0

l
(k)
i,j z

k (2.4)

ãäå a
(0)
i,j = δi,j; f

(0)
i,j = l

(0)
i,j = 0; a

(1)
i,j = f

(1)
i,j = l

(1)
i,j = ai,j

a
(k+1)
i,j =

∑
n

a
(k)
i,nan,j; f

(k+1)
i,j =

∑
n ̸=j

ai,nf
(k)
n,j ; l

(k+1)
i,j =

∑
n ̸=i

l
(k)
i,nan,j

Ñïðàâåäëèâû ñîîòíîøåíèÿ (ñì. [15]):

Ti,i(z) = 1/(1− Fi,i(z)) = 1/(1− Li,i(z)) (2.5)

Ti,j(z) = Ti,i(z) · Li,j(z) = Fi,j(z) · Tj,j(z), (i ̸= j) (2.6)

Fi,j(z) = zai,j(1−Fj,j(z))+z
∞∑
k=0

ai,kFk,j(z); Li,j(z) = z
∞∑
k=0

Li,k(z)ak,j+zai,j(1−Li,i(z)) (2.7)

∞∑
k=0

Li,k(z)Fk,i(z) = z
dFii(z)

dz
− Fii(z) · (1− Fii(z)) (2.8)

Ìû áóäåì òàêæå îáîçíà÷àòü äàííûå ôóíêöèè Ti,j(A, z), Fi,j(A, z), Li,j(A, z) , êîãäà òðå-
áóåòñÿ ïîä÷åðêíóòü çàâèñèìîñòü îò A . Íàïîìíèì íåêîòîðûå ñâîéñòâà íåðàçëîæèìûõ ìàò-
ðèö (ñì. [15]). Äëÿ ëþáûõ i, j ∈ N ñóùåñòâóåò ïðåäåë lim(a

(k)
i,j )

−1/k , êîãäà k → ∞ , íàõî-

äÿñü â òàêîì ïîäìíîæåñòâå èíäåêñîâ Im , äëÿ êîòîðîãî íå âñå ñòåïåíè a
(k)
i,j ðàâíû íóëþ.

Ýòîò ïðåäåë, ñêàæåì, R , íå çàâèñèò îò i , j è, êðîìå òîãî, îí ðàâåí ðàäèóñó ñõîäèìîñòè
ðÿäà

∑∞
k=1 a

(k)
i,j z

k . ×èñëî R = R(A) íàçûâàåòñÿ ïàðàìåòðîì ñõîäèìîñòè ìàòðèöû A .
Íåðàçëîæèìàÿ ìàòðèöà A ñ ïàðàìåòðîì ñõîäèìîñòè R íàçûâàåòñÿ

R -ðåêóððåíòíîé, åñëè ðÿä
∑∞

k=1 a
(k)
i,j R

k ðàñõîäèòñÿ, ò.å. Ti,j(R) = ∞ . Åñëè, êðîìå òîãî,

a
(k)
i,j R

k íå ñòðåìèòñÿ ê íóëþ ïðè k → ∞ , òî A íàçûâàåòñÿ R -ïîëîæèòåëüíîé (è ýòî
îïðåäåëåíèå êîððåêòíî, ò.ê. íå çàâèñèò îò i, j â ñèëó íåðàçëîæèìîñòè ìàòðèöû A ). Ïðè
äîêàçàòåëüñòâå îñíîâíîé òåîðåìû áóäåò èñïîëüçîâàí òàêîé ðåçóëüòàò èç [7].

Ë å ì ì à 2.1. Ïóñòü A � R -ðåêóððåíòíàÿ ìàòðèöà è ïóñòü B = A|J � å¼ R -
ðåêóððåíòíàÿ ïîäìàòðèöà. Òîãäà B = A .
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Äàëåå ìû áóäåè ïðåäïîëàãàòü, ÷òî äëÿ ëþáîãî k ñëåä Nk(A) =
∑∞

i=1 a
(k)
i,i êîíå÷åí. Ëåã-

êî âèäåòü, ÷òî Nk(A) ðàâíî ÷èñëó íåïîäâèæíûõ òî÷åê îòîáðàæåíèÿ σk|ΩA . Äëÿ ñèñòåìû
(ΩA, σ) äçåòà-ôóíêöèÿ Àðòèíà-Ìàçóðà ζA(z) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

ζA(z) = exp(
∞∑
k=1

Nk(A)z
k

k
). (2.9)

Äðóãîå ïðåäñòàâëåíèå äçåòà-ôóíêöèè äàåòñÿ ôîðìóëîé :

ζA(z) =
∏
orb

(1− zp(orb))−1 (2.10)

ãäå áåñêîíå÷íîå ïðîèçâåäåíèå áåðåòñÿ ïî âñåì ïåðèîäè÷åñêèì îðáèòàì ñèñòåìû (ΩA, σ) ,
à p(orb) îáîçíà÷àåò ïåðèîä ñîîòâåòñòâóþùåé îðáèòû. Èç ýòîãî ïðåäñòàâëåíèÿ âûòåêàåò
ñëåäóþùàÿ ëåììà.

Ë å ì ì à 2.2. Äëÿ áåñêîíå÷íîé ìàòðèöû A âûïîëíÿåòñÿ:

ζA(z) =
∏

ζAi
(z),

ãäå ïðîèçâåäåíèå áåðåòñÿ ïî âñåì ìàêñèìàëüíûì íåðàçëîæèìûì ïîäìàòðèöàì Ai =
A|I(i) .

Ïóñòü r(A) � ðàäèóñ ñõîäèìîñòè ðÿäà (11), ò.å. r(A) = (limk→∞
k
√
Nk(A))

−1 . Èç îïðåäå-
ëåíèé ðàäèóñà è ïàðàìåòðà ñõîäèìîñòè ñ ïîìîùüþ ïðèâåäåííûõ ëåìì íåòðóäíî ïîëó÷èòü
ñëåäóþùèé ðåçóëüòàò.

Ë å ì ì à 2.3. Åñëè A � íåðàçëîæèìàÿ áåñêîíå÷íàÿ ìàòðèöà, òî r(A) ≤ R(A) <
1 .

Îáîáùåíèåì íà ðàçëîæèìûå ìàòðèöû ÿâëÿåòñÿ ñëåäóþùàÿ ëåììà.

Ë å ì ì à 2.4. Äëÿ áåñêîíå÷íîé ìàòðèöû A âûïîëíÿåòñÿ

r(A) ≤ exp(−h(A)). (2.11)

Äëÿ ïðîèçâîëüíîé ìàòðèöû B (íàä C ) îáîçíà÷èì ÷åðåç B∗
i,j ïîäìàòðèöó, êîòîðàÿ

ïîëó÷àåòñÿ èç B óäàëåíèåì i -îé ñòðîêè è j -ãî ñòîëáöà. Àíàëîãè÷íî, äëÿ ïîäìíîæåñòâ
I, J ⊂ N ïóñòü B∗

I,J îáîçíà÷àåò ìàòðèöó, êîòîðàÿ ïîëó÷àåòñÿ èç B óäàëåíèåì ñòðîê
è ñòîëáöîâ ñ èíäåêñàìè, ïðèíàäëåæàùèìè I è J ñîîòâåòñòâåííî. Èç ýòèõ îïðåäåëåíèé
íåòðóäíî ïîëó÷èòü ñîîòíîøåíèå:

ζA(z) = ζA∗
i,i
(z) · Tii(z). (2.12)

Òåïåðü ðàññìîòðèì áåñêîíå÷íûå ïîäìàòðèöû Â|n = A|{n,n+1...}. Î÷åâèäíî, ÷òî r(Â|n) ≤
r(Â|n+1) ïðè âñåõ n . Ìû áóäåì èñïîëüçîâàòü åñòåñòâåííîå îãðàíè÷åíèå íà ìàòðèöó A ,
îïðåäåëÿåìîå óñëîâèåì:

lim
n→∞

r(Â|n) > r(A). (∗)

Îñíîâíàÿ òåîðåìà î ñîâïàäåíèè èíâàðèàíòîâ ýíòðîïèéíîãî òèïà äëÿ ñ÷åòíûõ ÒÌÖ ñ
ìàòðèöåé ïåðåõîäîâ, óäîâëåòâîðÿþùåé óñëîâèþ (∗) , ñîñòîèò â ñëåäóþùåì (ñì. [8]).
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Ò å î ð å ì à 2.2. Åñëè ìàòðèöà ïåðåõîäîâ A óäîâëåòâîðÿåò óñëîâèþ (∗) , òî

r(A) = exp(−h(A)) = lim
n→∞

r(A|n) = inf
j
Rj,j(A) = inf

i
R(Ai) = inf

i
r(Ai),

è áîëåå òîãî, âñå íèæíèå ãðàíè â óêàçàííûõ ñîîòíîøåíèÿõ äîñòèãàþòñÿ.

Òåïåðü ìû áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíî è âòîðîå óñëîâèå � óñëîâèå (**)

ζÂ|n
(z) ìåðîìîðôíà â äèñêå |z| < r(A) + ε äëÿ íåêîòîðîãî ε > 0 ïðè âñåõ n (∗∗)

Ïðè ýòèõ óñëîâèÿõ äîêàæåì îñíîâíóþ òåîðåìó äàííîé ðàáîòû.

Ò å î ð å ì à 2.3. Ïóñòü A � íåðàçëîæèìàÿ ìàòðèöà ïåðèîäà d ñ ïàðàìåòðîì
ñõîäèìîñòè R è ïóñòü äëÿ A âûïîëíÿþòñÿ óñëîâèÿ (∗) è (∗∗) . Òîãäà
i) A ÿâëÿåòñÿ R -ïîëîæèòåëüíîé ìàòðèöåé;
ii) äçåòà-ôóíêöèÿ ζA(z) èìååò ðîâíî d ïîëþñîâ íà îêðóæíîñòè |z| = R , à èìåííî,
zj = R exp(2πij/d), j = 0, 1, . . . , d− 1 , è âñå ýòè ïîëþñà ïðîñòûå.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü n0 � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, äëÿ êîòîðîãî
r(Â|n0) > r(A) = R . Òîãäà ζÂ|n0

(R) ̸= ∞ , è ζA(R) = ∞ , ïîñêîëüêó R � ïîëþñ äçåòà-

ôóíêöèè ζA(z) . Èç óñëîâèÿ (∗∗) ñëåäóåò, ÷òî

ζÂ|n0−1
(R) = ∞ è ζÂ|n0

(R) ̸= ∞

Îáîçíà÷èì B = Â|n0−1 , òîãäà r(B) = R . Ïîñêîëüêó ìàòðèöà B óäîâëåòâîðÿåò óñëîâèþ
(∗) , èç òåîðåìû 2.2. ñëåäóåò, ÷òî ñóùåñòâóåò íåðàçëîæèìàÿ ïîäìàòðèöà Bi0 ìàòðèöû B ,
îáëàäàþùàÿ òàêèìè ñâîéñòâàìè

R(Bi0) = r(Bi0) = R, ζBi0
(R) = ∞

Ñíà÷àëà ïîêàæåì, ÷òî ìàòðèöà Bi0 ÿâëÿåòñÿ R -ðåêóððåíòíîé. Ïóñòü C = Bi0 , à
ïîäìàòðèöà C∗

1,1 ïîëó÷åíà èç C óäàëåíèåì ïåðâîé ñòðîêè è ïåðâîãî ñòîëáöà. Òàêèì îá-

ðàçîì, C∗
1,1 åñòü ïîäìàòðèöà ìàòðèöû Â|n0 , è ïîýòîìó ζC∗

1,1
(R) < ∞ . Èç ñîîòíîøåíèÿ

(2.12) èìååì T1,1(C, z) = ζC(z)/ζC∗
1,1
(z) äëÿ âñåõ z èç äèñêà |z| < r(C) = R . Ñëåäîâà-

òåëüíî, limx↑R T1,1(C, x) = ∞ . Òàêèì îáðàçîì, ðÿä
∑∞

k=0 c
(k)
1,1R

k ðàñõîäèòñÿ, ÷òî îçíà÷àåò
R -ðåêóððåíòíîñòü ìàòðèöû C . Ïîñêîëüêó C � ïîäìàòðèöà ìàòðèöû A , îòñþäà ñëåäóåò,
÷òî Ti,i(A,R) = ∞ äëÿ íåêîòîðîãî i (à çíà÷èò, â ñèëó íåðàçëîæèìîñòè, äëÿ âñåõ i ).

Èç ëåììû 2 ñëåäóåò, ÷òî C íå ìîæåò áûòü ñîáñòâåííîé ïîäìàòðèöåé ìàòðèöû A .
Òàêèì îáðàçîì, C = A è n0 = 2 . Ñëåäîâàòåëüíî, r(Â|2) = r(A∗

1,1) > R , è ïîýòîìó
ôóíêöèÿ

T1,1(A, z) = ζA(z)/ζA∗
1,1
(z) (2.13)

ïðîäîëæàåòñÿ äî ìåðîìîðôíîé ôóíêöèè â îòêðûòîì åäèíè÷íîì äèñêå. Áîëåå òîãî, ôóíê-
öèè ζA(z) è T1,1(z) èìåþò íà îêðóæíîñòè |z| = R îäíè è òå æå ïîëþñÿ ñ îäèíàêîâûìè
êðàòíîñòÿìè. Â ÷àñòíîñòè, îñîáåííîñòü z = R ôóíêöèè T1,1(z) åñòü ïîëþñ è ïîýòîìó

ïîñëåäîâàòåëüíîñòü a
(k)
11 R

k íå ñòðåìèòñÿ ê íóëþ ïðè k → ∞ . Òàêèì îáðàçîì, ìàòðèöà A
ÿâëÿåòñÿ R -ïîëîæèòåëüíîé.

Äîêàæåì òåïåðü âòîðîå óòâåðæäåíèå òåîðåìû. Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà A
� àïåðèîäè÷åñêàÿ ìàòðèöà, è ïóñòü z0 � ïîëþñ äçåòà-ôóíêöèè ζA(z) íà îêðóæíîñòè
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|z| = R . Òîãäà èç ðàâåíñòâà (2.13) ñëåäóåò, ÷òî z0 � ïîëþñ ôóíêöèè T1,1(z) , à èç (5)
ñëåäóåò, ÷òî z0 � ïîëþñ ôóíêöèè 1− F1,1(z) . Òàêèì îáðàçîì,

1 = |
∞∑
k=0

f
(k)
1,1 z

k
0 | ≤

∞∑
k=o

f
(k)
1,1R

k = 1

, ïîñêîëüêó A ÿâëÿåòñÿ R -ðåêóððåíòíîé ïî äîêàçàííîìó âûøå. Îòñþäà ñëåäóåò, ÷òî zk0 =

Rk äëÿ âñåõ k òàêèõ, ÷òî f
(k)
1,1 ̸= 0 . Òåïåðü ìû ìîæåì äîêàçàòü, ÷òî ÍÎÄ k : f

(k)
1,1 ̸= 0} = 1 .

Îò ïðîòèâíîãî, åñëè ýòîò ÍÎÄ ðàâåí íåêîòîðîìó k0 > 1 , òî ðÿä F1,1(z) èìååò íåíóëåâûå
êîýôôèöèåíòû ëèøü ïðè ñòåïåíÿõ z , êðàòíûõ k0 . Íî ýòî îçíà÷àëî áû, ÷òî ðÿä

T1,1(z) =
1

1− F1,1(z)
=

∞∑
k=0

(F1,1(z))
k

èìååò íåíóëåâûå êîýôôèöèåíòû ëèøü ïðè ýòèõ ñòåïåíÿõ z . Îäíàêî ýòî ïðîòèâîðå÷èò
àïåðèîäè÷íîñòè ìàòðèöû A . Òàêèì îáðàçîì, ñóùåñòâóþò ïîëîæèòåëüíûå öåëûå k1, . . . , kt
òàêèå, ÷òî ÍÎÄ (k1, . . . , kt) = 1 è zki0 = Rki , i = 1, . . . , t . Ïîýòîìó k1m1 + · · · + ktmt = 1
äëÿ íåêîòîðûõ öåëûõ m1, . . . ,mt , è çíà÷èò,

z0 = zk1m1+···+ktmt
0 = (zk10 )m1 · · · (zkt0 )mt = Rk1m1+···+ktmt = R

Ñëåäîâàòåëüíî, äçåòà-ôóíêöèÿ ζA(z) èìååò åäèíñòâåííûé ïîëþñ íà îêðóæíîñòè |z| =
R , è ýòîò ïîëþñ åñòü R . Îñòàëîñü ïîêàçàòü ÷òî ïîëþñ z = R ïðîñòîé. Èç (10),(11) è
ñîîòíîøåíèÿ F1,1(R) = 1 èìååì

lim
x↑R

(R− x)ζA(x) = ζA∗
1,1
(R) · lim

x↑R
(R− x)T1,1(x) =

ζA∗
1,1
(R)/ lim

x↑R

1− F1,1(x)

R− x
= ζA∗

1,1
(R)/(

dF1,1(x)

dx
|x=R−0)

Ïîñêîëüêó ïðîèçâîäíàÿ dF1,1(x)

dx
â òî÷êå R íå ðàâíà íóëþ äëÿ R -ïîëîæèòåëüíîé ìàòðèöû

(ñì. êðèòåðèé R -ïîëîæèòåëüíîñòè â ðàáîòå [15]), äîêàçàòåëüñòâî â àïåðèîäè÷åñêîì ñëó÷àå
çàâåðøåíî.

Ïóñòü òåïåðü A � ïåðèîäè÷åñêàÿ ìàòðèöà ïåðèîäà d è ïóñòü I0, I1, . . . , Id−1 å¼ èí-
äåêñíûå ìíîæåñòâà òàêèå, ÷òî σ(Ωj) = Ω(j+1)mod d , ãäå Ωj = {x = (xn) ∈ ΩA : x0 ∈ Ij}, j =
0, 1, . . . , d − 1 . Òîãäà σ òîïîëîãè÷åñêè ñîïðÿãàåò σd|Ωj ñ σd|Ωj+1 . Îòñþäà ñëåäóåò, ÷òî
ζA(z) = ζAd|Ij

(zd) ïðè âñåõ j . Ïîñêîëüêó ìàòðèöà Ad|Ij àïåðèîäè÷íà, ðåçóëüòàò ñëåäóåò
èç äîêàçàííîãî ðåçóëüòàòà â àïåðèîäè÷åñêîì ñëó÷àå.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 2.1. Â óñëîâèÿõ òåîðåìû 7

lim
k→∞

Nkd(A)R
kd = d

Ä î ê à ç à ò å ë ü ñ ò â î. Íàïîìíèì ñëåäóþùåå óòâåðæäåíèå èç ðàáîòû [9]: åñëè äçåòà-
ôóíêöèÿ ζ(z) ïðîäîëæàåòñÿ äî ìåðîìîðôíîé ôóíêöèè â íåêîòîðîì äèñêå disc |z| < R+ε ,
ãäå R � ðàäèóñ ñõîäèìîñòè ζ(z) , è åñëè z1, . . . , zs � å¼ ïîëþñà íà îêðóæíîñòè |z| = R
ñ êðàòíîñòÿìè a1, . . . , as; , òî Nk = a1z

−k
1 + . . . + asz

−k
s + o((R + ε)−k) . Òàêèì îáðàçîì,

ñëåäñòâèå âûòåêàåò èç òåîðåìû 7 è äàííîãî óòâåðæäåíèÿ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò 12-01-00672.
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Chaotic behavior countable topological Markov chains

with meromorphic zeta function

c⃝ M. I. Malkin2

Abstract. Ñountable topological Markov chains (TMC) are considered. It is assumed that any
power of the transition matrix of TMC has �nite trace and thus, for TMC, the dynamical Artin-
Mazur zeta function is well-de�ned. Furthermore, it is assumed that the following two conditions
are satis�ed: 1) the radius of convergence of zeta functions for subsystems of TMC corresponding to
submatrices with su�ciently large indexes is greater than r(A), the radius of convergence of zeta
function of original TMC, and 2) zeta function is meromorphic in a disk of radius greater than
r(A). These conditions are natural because they take place for countable TMC which are the
symbolic models of one-dimensional piecewise-monotone maps with positive topological entropy.
We show that under these conditions, the transition matrix of irreducible TMC is r(A) -positive
and, as a consequence, zeta function of TMC has simple poles on the circle |z| = r(A) of the
complex plane, and so, TMC has principal ergodic properties of �nite TMC (in particular, there
exists a unique measure of maximal entropy).

Key Words: topological Markov chains, zeta function, topological entropy

2 Associate Professor of Department of di�erential equations and mathematical Analysis, Nizhny Novgorod
State University, Nizhny Novgorod; malkin@unn.ru.

MVMS journal. 2014. V. 16, No. 4
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ÓÄÊ 517.9

Êðèòè÷åñêèå ïàðàìåòðû ïëîòíîñòè âåðîÿòíîñòè â

èíäóöèðîâàííûõ øóìîì ïåðåõîäàõ

c⃝ Ñ. Í. Íàãîðíûõ1

Àííîòàöèÿ. Â ðàçâèòèå òåîðèè èíäóöèðîâàííûõ øóìîì ïåðåõîäîâ [1] ðàññìàòðèâàþòñÿ íåîá-
õîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ óðàâíåíèÿ Ôîêêåðà-Ïëàíêà (ïëîò-
íîñòè âåðîÿòíîñòè) â âèäå äåëüòà-ôóíêöèè â òî÷êå áèôóðêàöèè óðàâíåíèÿ Ôåðõþëüñòà, êðè-
òè÷åñêèå ïàðàìåòðû è ñâÿçü ñ òåîðåìîé Ëèóâèëëÿ.

Êëþ÷åâûå ñëîâà: êðèòè÷åñêèå ïàðàìåòðû, ïëîòíîñòü âåðîÿòíîñòè, óðàâíåíèå Ôîêêåðà-
Ïëàíêà, óðàâíåíèå Ôåðõþëüñòà

Èçâåñòíà ðàáîòà[1], â êîòîðîé îäèí êðèòè÷åñêèé ïàðàìåòð λ ïëîòíîñòè âåðîÿòíîñòè
(ÏÂ) â èíäóöèðîâàííûõ øóìîì σ2

2
ïåðåõîäàõ (ÈØÏ) íàéäåí èç óñëîâèÿ P ′

S(x) = 0 â âèäå

λ = σ2

2
, ãäå PS(x) - ñòàöèîíàðíàÿ ÏÂ, èëè ðåøåíèå óðàâíåíèÿ Ôîêêåðà-Ïëàíêà (ÓÔÏ).

Äðóãîå êðèòè÷åñêîå çíà÷åíèå ïàðàìåòðà λ = 0 íàéäåíî èç ñìåíû ãðàíè÷íûõ çíà÷åíèé
èíòåãðàëîâ â êëàññèôèêàöèè Ãèõìàíà-Ñêîðîõîäà ïðè λ < 0 è λ > 0 äëÿ ÏÂ òàêæå
ÿâëÿþùåéñÿ ðåøåíèåì ÓÔÏ. Ýòî çíà÷åíèå ñîîòâåòñòâóåò òî÷êå áèôóðêàöèè λ = 0, x = 0
óðàâíåíèÿ Ôåðõþëüñòà:

ẋ = λx+ x2 (1.1)

ãäå: x -ïëîòíîñòü, íàïðèìåð.
Îäíàêî ðåøåíèå ÓÔÏ â x = 0 íå ñóùåñòâóåò. Â [1] ÏÂ, èëè ðåøåíèå ÓÔÏ â x = 0

ïðèíÿòî â âèäå äåëüòà-ôóíêöèè δ(x) .Â äàííîé ðàáîòå èùåì óñëîâèÿ, â òîì ÷èñëå êðèòè-
÷åñêèå çíà÷åíèÿ ïàðàìåòðîâ, ïðè êîòîðûõ ÏÂ, òî åñòü ðåøåíèå ÓÔÏ â òî÷êå x = 0 ìîæåò
áûòü âçÿòî â âèäå δ(x) .

Ïóñòü èçâåñòíî PS(x) ïî Ñòðàòàíîâè÷ó:

PS(x) = Nx
2λ
σ2−1 exp(

−2x

σ2
), (1.2)

ãäå: N = ( 2
σ2 )

2λ
σ2 /Ã(2λ

σ2 ),Ã(
2λ
σ2 ) -ãàììà-ôóíêöèÿ.

Ïðåäñòàâèì (1.2) â âèäå ïðîèçâåäåíèÿ aϵ(x)ϕ(x) ñîãëàñíî [2]:

aϵ(x) = xϵ−1ϵχ(x) (1.3)

ϕ(x) =
( ϵ
λ
)ϵ

Ã(ϵ+ 1)
exp(− ϵ

λ
x), (1.4)

ãäå ïàðàìåòð ÏÂ ϵ = 2λ
σ2 , χ(x) -ôóíêöèÿ Õåâèñàéäà,Ã(ϵ + 1) = ϵÃ(ϵ) - ãàììà ôóíêöèÿ.

Ïðîáíîé íàçîâåì áåñêîíå÷íîãëàäêóþ ôèíèòíóþ ôóíêöèþ ϕ(x) .
Íàéäåì ïðåäåë ëèíåéíîãî ôóíêöèîíàëà âèäà:

Tϵ[ϕ(x)] =

∫
aϵ(x)ϕ(x)dx (1.5)

ïðè ϵ→ 0 èëè âèäà:

Tϵ[ϕ(x)] = ϵ

∫ M

0

xϵ−1ϕ(x)dx (1.6)

1 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò èì. Ð. Å. Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; algoritm@sandy.ru
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Âåðõíèé ïðåäåë M îáóñëîâëåí ôèíèòíîñòüþ ϕ(x) . Â ñèëó íåïðåðûâíîñòè è äèôôåðåí-
öèðóåìîñòè ϕ(x) (1.4) ìîæíî íàéòè â òî÷êå vx ∈ (0, x)

ϕ(x) = ϕ(0) + xϕ′(vx) (1.7)

è ïåðåïèñàòü (1.6):

Tϵ[ϕ(x)] = ϕ(0)ϵ

∫ M

0

xϵ−1dx+ ϵ

∫ M

0

xϵϕ′(vx)dx (1.8)

Ïåðâûé èíòåãðàë ñòðåìèòñÿ ê åäèíèöå ïðè ϵ → 0 . Âòîðîé èíòåãðàë â ñèëó |ϕ′(x)| <
N,N <∞ ñõîäèòñÿ ê íóëþ. Èìååì:

lim
ϵ→0

Tϵ[ϕ(x)] = ϕ(0) (1.9)

Âûðàæåíèå (1.9) îçíà÷àåò, ÷òî aϵ(x) ñëàáî ñõîäèòñÿ ê δ(x) ïðè ϵ→ 0 . Â ñèëó (1.7) èç
(1.5) èìååì:

PS(x) = δ(x) (1.10)

Òàêèì îáðàçîì íåîáõîäèìî (1.10), ÷òîáû PS(x) (1.2) áûëî àñèìïòîòè÷åñêèì ðåøåíèåì
ÓÔÏ â òî÷êå x = 0, λ = 0 (1.1).

Ïóñòü èçâåñòíî ðåøåíèå ÓÔÏ â âèäå:

P (x, t) = δ(x− b(t)) (1.11)

Òîãäà äîñòàòî÷íî çàäàòü óðàâíåíèå áîëåå îáùåãî âèäà, ÷åì (1.1):

db(t)

dt
= v(b(t), t) + v1(b(t), t) (1.12)

Äèôôåðåíöèðóÿ (1.10) ïî âðåìåíè t , ïîëó÷àåì:

∂p(x, t)

∂t
= −ḃ(t) ∂

∂x
δ(x− b(t)) (1.13)

Â ñèëó íåçàâèñèìîñòè îò x âíîñèì ḃ(t) ïîä çíàê ∂
∂x
. Ñ ó÷åòîì âûêàëûâàþùåãî ñâîéñòâà

δ(x) ìíîæèòåëü ḃ(t) ñòàíîâèòñÿ çàâèñèìûì îò x , ÷òî äàåò ÓÔÏ [1]:

∂p

∂t
= −∂I

∂x
, I = P (x, t)[(v(x(t), t) + v1(x(t), t)], (1.14)

ãäå v = f(x, t) - ÿâëåíèÿ ïåðåíîñà èëè ðîæäåíèÿ è ñìåðòè òèïà (1.1)

v1 =
σ2

2

1

p(x, t)

∂(p(x, t)ξ2(x, t))

∂x
, (1.15)

ãäå ξ2(x, t) - êîýôôèöèåíò äèôôóçèè.
Ñôîðìóëèðóåì (1.1-1.15) â âèäå òåîðåìû Õîðñòõåìêå-Ñàè÷åâà: äëÿ ñóùåñòâîâàíèÿ è

ïåðåñå÷åíèÿ ïî x ðåøåíèÿ PS(x) ÓÔÏ ïî Ñòðàòàíîâè÷ó â òî÷êå x = 0 ñî ñòàöèîíàðíûì
ðåøåíèåì óðàâíåíèÿ Ôåðõþëüñòà â òî÷êå áèôóðêàöèè x = 0, λ = 0 íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû îíî èìåëî âèä δ(x) èëè δ(x − b(t)) â ñòàöèîíàðíîì èëè íåñòàöèîíàðíîì
ñëó÷àå ñîîòâåòñòâåííî.

Ñ ë å ä ñ ò â è å 1.2. Ïðè ∂p
∂t

= 0, I = 0 â òî÷êå x0 ̸= 0 PS(x) = δ(x− x0) .
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Ñ ë å ä ñ ò â è å 1.3. Ïðè ∂p
∂t

= 0 è (1.14) òèïà Ñòðàòàíîâè÷à [1] íàîáîðîò èìå-
åì (1.12), íàïðèìåð, âèäà

ẋ = (λ− σ2

2
)x− x2(1 +

σ2

2

∂ lnP

∂x
|x=x0) (1.16)

ñ òî÷êîé áèôóðêàöèè λ = σ2

2
, x = 0 . Ýòà òî÷êà àíàëîãè÷íà òî÷êå áèôóðêàöèè ÏÂ

P ′
S(x) = 0 ñ êðèòè÷åñêèì çíà÷åíèåì ïàðàìåòðà λ = σ2

2
.

Ñ ë å ä ñ ò â è å 1.4. Ïðè λ → 0 è σ2

2
→ ∞ âåðîÿòíîñòíàÿ íåñîâìåñòíîñòü

âëå÷åò: λ = λ0 + σξ̄ , ãäå λ0 - ïàðàìåòð, ξ̄ - áåëûé øóì. Äëÿ òðåõ ÏÂ (1.10), (1.2)
ëîêàëèçàöèÿ ìàêñèìàëüíîé âåðîÿòíîñòè âîçíèêàåò ïðè λ0 → 0 , òî åñòü â îêðåñòíîñòè
òî÷êè áèôóðêàöèè (1.1) èëè (1.16), ÷òî ñîãëàñóåòñÿ ñ òåîðåìîé Êèôåðà [3].

Ñ ë å ä ñ ò â è å 1.5. Ïðè ∂p(x,t)
∂t

= 0, I(p(x, t), x(t), t) = 0 (1.14) ïîëó÷àåòñÿ PS(x)
âèäà (1.2).

Ñ ë å ä ñ ò â è å 1.6. Ïðè ðàñøèðåíèè PS(x, t) äî PS(x, p̄, t) , â ñòàöèîíàðíîì ñëó-
÷àå ñëåäóåò òåîðåìà Ëèóâèëëÿ, ãäå p̄ - èìïóëüñ èç ãàìèëüòîíîâîé ìåõàíèêè.
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Abstract. Under development of the noise-induced transitions theory all necessary and su�cient
conditions of Fokker-Plank equations solutions are considered as delta-function in bifurcation point
of Verhulst equation in connection of Liouville theorem. The critical parameters of probability
density are estimated.
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññîâ

äèôôóçèè-àäâåêöèè ðàäîíà â êóñî÷íî-ïîñòîÿííûõ

àíèçîòðîïíûõ ñëîèñòûõ ñðåäàõ ñ âêëþ÷åíèÿìè

c⃝ A. Ð. Íàôèêîâà1, Â. Í. Êðèçñêèé2

Àííîòàöèÿ. Â ðàáîòå ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äèôôóçèè-àäâåêöèè ðàäîíà â ñëîè-
ñòûõ àíèçîòðîïíûõ ñðåäàõ ñ àíèçîòðîïíûìè âêëþ÷åíèÿìè, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé êðà-
åâóþ çàäà÷ó ìàòåìàòè÷åñêîé ôèçèêè ïàðàáîëè÷åñêîãî òèïà. Ïðåäëîæåí êîìáèíèðîâàííûé
ñïîñîá ðåøåíèÿ çàäà÷è íà îñíîâå ìåòîäîâ èíòåãðàëüíûõ ïðåîáðàçîâàíèé, èíòåãðàëüíûõ ïðåä-
ñòàâëåíèé è ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé. Ïîñòðîåí àëãîðèòì ðàñ÷åòà ïîëÿ îáúåìíîé
àêòèâíîñòè ðàäîíà.

Êëþ÷åâûå ñëîâà: äèôôóçèÿ-àäâåêöèÿ ðàäîíà, àíèçîòðîïíàÿ ñðåäà, êðàåâàÿ çàäà÷à, ìåòîä
èíòåãðàëüíûõ ïðåîáðàçîâàíèé è èíòåãðàëüíûõ ïðåäñòàâëåíèé, ïðåîáðàçîâàíèå Ëàïëàñà

1. Ââåäåíèå

Ðàäîí, â ñèëó ñâîèõ ñïåöèôè÷åñêèõ îñîáåííîñòåé, ÿâëÿåòñÿ èíäèêàòîðîì ïðè ðàç-
ëè÷íûõ ãåîëîãè÷åñêèõ è ãåîòåõíè÷åñêèõ èññëåäîâàíèÿõ. Äèíàìè÷åñêèå èçìåíåíèÿ êîí-
öåíòðàöèè ðàäîíà â ïðèïîâåðõíîñòíîì ñëîå ïî÷âû îòðàæàþò äèíàìè÷åñêèå èçìåíåíèÿ
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãîðíîãî ìàññèâà, ÷òî ñëóæèò îñíîâîé äëÿ èñ-
ñëåäîâàíèÿ âàðèàöèé ïîëÿ ðàäîíà êàê êðàòêîñðî÷íîãî ïðåäâåñòíèêà ñåéñìè÷åñêèõ ñîáû-
òèé [1]. Â ãåîëîãèè èçîòîïû ðàäîíà èñïîëüçóþòñÿ äëÿ ïîèñêà óðàíîâûõ è òîðèåâûõ ðóä,
äëÿ ýêîëîãè÷åñêîãî êàðòèðîâàíèÿ ïðè âûáîðå ïëîùàäîê ïîä ñòðîèòåëüñòâî ïðîìûøëåí-
íûõ è æèëûõ ñîîðóæåíèé. Ïîâûøåííàÿ êîíöåíòðàöèÿ ðàäîíà íàä çàëåæàìè óãëåâîäîðî-
äîâ èñïîëüçóåòñÿ äëÿ ïîèñêà è îêîíòóðèâàíèÿ íåôòÿíûõ è ãàçîâûõ ìåñòîðîæäåíèé.

Èçó÷åíèå ïðîöåññîâ ðàñïðåäåëåíèÿ ðàäîíà â ãðóíòå è åãî ñòîêà â ïðèçåìíûé ñëîé àòìî-
ñôåðû ñâÿçàíî ñ ðåøåíèåì ïàðàáîëè÷åñêèõ êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Ðàç-
ðàáîòêà àëãîðèòìîâ ðåøåíèÿ ïîäîáíîãî òèïà çàäà÷ è ðàñ÷åòà ïîëåé îáúåìíîé àêòèâíîñòè
ðàäîíà èìååò ïðàêòè÷åñêîå çíà÷åíèå â òàêèõ íàïðàâëåíèÿõ, êàê ñåéñìîëîãèÿ, ãåîõèìèÿ,
ðàçâåäî÷íàÿ ãåîôèçèêà è ò.ä.

2. Ïîñòàíîâêà çàäà÷è è ñïîñîá ðåøåíèÿ

Áóäåì ðàññìàòðèâàòü ãîðèçîíòàëüíî-ñëîèñòóþ ìîäåëü ñðåäû ñ ëîêàëüíûìè âêëþ÷åíè-
ÿìè, îòðàæàþùóþ òèïîâóþ ñòðóêòóðó íåôòåíîñíîãî ðàéîíà (ñì. ðèñóíîê).

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Ñòåðëèòàìàêñêèé ôèëèàë Áàø-
êèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, ã. Ñòåðëèòàìàê; albinabikbaeva@gmail.com.

2 Çàì. äèðåêòîðà ïî íàó÷íîé ðàáîòå è èííîâàöèÿì, Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèðñêîãî ãîñóäàð-
ñòâåííîãî óíèâåðñèòåòà, ã. Ñòåðëèòàìàê; Krizsky@rambler.ru.
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Ãîðèçîíòàëüíî-ñëîèñòàÿ ñðåäà ñ âêëþ÷åíèÿìè

Ïóñòü ñðåäà ðàçäåëåíà ãëàäêèìè ïàðàìåòðè÷åñêè çàäàííûìè ãðàíèöàìè γi.0 =
{γi.0(x, y)|γi.0 → zi ïðè

√
x2 + y2 → ∞} (i = 0, N) íà ãîðèçîíòàëüíûå ñëîè

Ω0.0,Ω1.0, . . . ,ΩN.0 , çàïîëíåííûå âåùåñòâîì, äèôôóçèîííûå ñâîéñòâà êîòîðîãî îïèñû-

âàþòñÿ ñèììåòðè÷íûìè òåíçîðàìè Di.0 =

di.0xx di.0xy di.0xz
di.0xy di.0yy di.0yz
di.0xz di.0yz di.0zz

 è ñêîðîñòÿìè àäâåêöèè

ν0.0, ν1.0, . . . , νN.0 ñîîòâåòñòâåííî.
Êàæäûé ñëîé Ωi.0 ñîäåðæèò Mi ëîêàëüíûõ âêëþ÷åíèé Ωi.j(j = 1,Mi) ñ ãðàíèöàìè

γi.j , çàïîëíåííûõ âåùåñòâîì, ôèçè÷åñêèå ñâîéñòâà êîòîðîãî îïèñûâàþòñÿ ïîñòîÿííûìè

ñèììåòðè÷íûìè òåíçîðàìè äèôôóçèè Di.j =

di.jxx di.jxy di.jxz
di.jxy di.jyy di.jyz
di.jxz di.jyz di.jzz

 è ñêîðîñòÿìè àäâåêöèè

νi.j, i = 0, N, j = 1,Mi .

Ìàòåìàòè÷åñêàÿ ìîäåëü ïåðåíîñà ðàäîíà â îáëàñòè èññëåäîâàíèÿ Ω =
∪N
i=0

∪Mi

j=1Ωi.j ⊂
R3 ìîæåò áûòü ïðåäñòàâëåíà íà÷àëüíî-êðàåâîé çàäà÷åé âèäà:

∂Ai.j(P, t)

∂t
= div(Di.j∇Ai.j(P, t)) + νi.j

∂Ai.j(P, t)

∂z
− λ(Ai.j(P, t)− Ai.∞),

P = P (x, y, z) ∈ Ωi.j, i = 0, N, j = 0,Mi;

((Di.0∇Ai.0(P, t), n)+νi.0Ai.0(P, t))|γi.0 = ((Di+1.0∇Ai+1.0(P, t), n)+

+νi+1.0Ai+1.0(P, t))|γi.0 , i = 0, N − 1;

Ai.0(P, t)|γi.0 = Ai+1.0(P, t)|γi.0 , i = 0, N − 1; (2.1)

((Di.j∇Ai.j(P, t), n)+νi.jAi.j(P, t))|γi.j = ((Di.0∇Ai.0(P, t), n)+
+νi.0Ai.0(P, t))|γi.j , i = 0, N, j = 1,Mi;

Ai.j(P, t)|γi.j = Ai.0(P, t)|γi.j , i = 0, N, j = 1,Mi;

lim
z→∞

AN.0(P, t) = AN.∞, lim
z→−∞

A0.0(P, t) = 0;

lim
P∈Ωi.0,

√
x2+y2→∞

Ai.0(P, t) = A
i
(P, t), i = 0, N ;

Ai.j(P, 0) = 0, i = 0, N, j = 0,Mi.
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Çäåñü Ai.j(P, t) � îáúåìíàÿ àêòèâíîñòü ðàäîíà â ãðóíòå; λ � ïîñòîÿííàÿ ðàñïàäà ðàäîíà;
Ai.∞ � îáúåìíàÿ àêòèâíîñòü ðàäîíà, íàõîäÿùåãîñÿ â ðàäèîàêòèâíîì ðàâíîâåñèè ñ ðàäèåì
(226Ra) â ãðóíòå i -ãî ñëîÿ, êîòîðàÿ ðàâíà Ai.∞ = Ki.emAi.Raρi.s(1− ηi)) , Ki.em � êîýôôè-
öèåíò ýìàíèðîâàíèÿ ðàäîíà, Ai.Ra � óäåëüíàÿ àêòèâíîñòü 226Ra , ρi.s � ïëîòíîñòü òâåð-
äûõ ÷àñòèö, ηi � ïîðèñòîñòü ãðóíòà, A

i
(P, t) � íîðìàëüíîå ïîëå ðàäîíà, îïèñûâàþùåå

äèôôóçèþ-àäâåêöèþ ðàäîíà â ñëîèñòîé ñðåäå â ïðåäïîëîæåíèè îòñóòñòâèÿ âêëþ÷åíèé.
Ïåðåìåííàÿ t ≥ 0 � âðåìÿ.

Åñëè îáëàñòü Ω0.0 � ïðèçåìíûé ñëîé àòìîñôåðû, òî â çàäà÷å (2.1) ñëåäóåò ïîëîæèòü
A0.∞ = 0 . Ïðè M0 > 0 âêëþ÷åíèÿ Ω0.1, . . . ,Ω0.M0 ìîãóò îïèñûâàòü æèëûå è ïðîèçâîä-
ñòâåííûå ñîîðóæåíèÿ.

Ïðåäñòàâèì èñêîìóþ ôóíêöèþ îáúåìíîé àêòèâíîñòè ðàäîíà â ãðóíòå Ai.j(P, t) â âè-
äå ñóììû äâóõ âñïîìîãàòåëüíûõ ôóíêöèé íîðìàëüíîãî Ai(P, t) è àíîìàëüíîãî Ai.j(P, t)
ïîëåé, ò.å.

Ai.j(P, t) = Ai(P, t) + Ai.j(P, t), i = 0, N, j = 0,Mi, (2.2)

ãäå íîðìàëüíîå ïîëå ðàäîíà îïðåäåëÿåòñÿ êðàåâîé çàäà÷åé:

∂Ai(P, t)

∂t
= div(Di.0∇Ai(P, t)) + νi.0

∂Ai(P, t)

∂z
− λ(Ai(P, t)− Ai.∞),

P ∈ Ωi.0, i = 0, N ;

((Di.0∇Ai(P, t), n)+νi.0Ai(P, t))|γi.0 =
((Di+1.0∇Ai+1(P, t), n) + νi+1.0Ai+1(P, t))|γi.0 , i = 0, N − 1;

(2.3)

Ai(P, t)|γi.0 = Ai+1.0(P, t)|γi.0 , i = 0, N − 1;

lim
z→∞

AN(P, t) = AN∞; lim
z→−∞

A0(P, t) = 0;

lim
P∈Ωi,

√
x2+y2→∞

Ai(P, t) = Ãi(z, t), i = 0, N ;Ai(P, 0) = 0, i = 0, N,

ãäå Ãi(z, t) - îáúåìíàÿ àêòèâíîñòü ðàäîíà â êóñî÷íî-îäíîðîäíîé ãîðèçîíòàëüíî-ñëîèñòîé
ñðåäå ñ ïëîñêî-ïàðàëëåëüíûìè ãðàíèöàìè z = zi, i = 0, N − 1 è êîýôôèöèåíòàìè äèôôó-
çèè d̃i = di.0zz , i = 0, N . Ñïîñîá îïðåäåëåíèÿ Ãi(z, t) îïèñàí â [2].

Ñ ó÷åòîì çàäà÷è (2.3) àíîìàëüíîå ïîëå ðàäîíà óäîâëåòâîðÿåò ñëåäóþùåé êðàåâîé çà-
äà÷å:

∂Ai.j(P, t)

∂t
= div(Di.j∇Ai.j(P, t)) + νi.j

∂Ai.j(P, t)

∂z
− λAi.j(P, t),

P ∈ Ωi.j, i = 0, N, j = 0,Mi;

((Di.0∇Ai.0(P, t), n)+νi.0Ai.0(P, t))|γi.0 = ((Di+1.0∇Ai+1.0(P, t), n)+

+νi+1.0Ai+1.0(P, t))|γi.0 , i = 0, N − 1;

Ai.0(P, t)|γi.0 = Ai+1.0(P, t)|γi.0 , i = 0, N − 1; (2.4)

((Di.j∇Ai.j(P, t), n) + νi.jAi.j(P, t))|γi.j = [(Di.0∇Ai.0(P, t), n)+
+νi.0Ai.0(P, t) + ψi.0(P, t)]|γi.j , i = 0, N, j = 1,Mi,

ψi.0(P, t) = ((Di.0 −Di.j)∇Ai(P, t), n) + (νi.0 − νi.j)Ai(P, t); (∗)
Ai.j(P, t)|γi.j = Ai.0(P, t)|γi.j , i = 0, N, j = 1,Mi;

lim
P→∞

Ai.0(P, t) = 0, i = 0, N ;Ai.j(P, 0) = 0, i = 0, N, j = 0,Mi.
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Cäåëàåì â çàäà÷å (2.4) çàìåíó âèäà:

Ai.j(P, t) = e−λtui.j(P
′, t), (2.5)

ãäå P ′ = (x, y, z′), z′ = z + νi,jt.
Ïîëó÷èì çàäà÷ó:

∂ui.j(P
′, t)

∂t
= div(Di.j∇ui.j(P ′, t)), P ′ ∈ Ωi.j, i = 0, N, j = 0,Mi;

((Di.0∇ui.0(P ′, t), n)+νi.0ui.0(P
′, t))|γ′i.0 = ((Di+1.0∇ui+1.0(P

′, t), n)+

+νi+1.0ui+1.0(P
′, t))|γ′i.0 , i = 0, N − 1;

((Di.j∇ui.j(P ′, t), n) + νi.jui.j(P
′, t))|γ′i.j = ((Di.0∇ui.0(P ′, t), n)+

+νi.0ui.0(P
′, t) + ψi.0(P

′, t))|γ′i.j , i = 0, N, j = 1,Mi;
(2.6)

ui.j(P
′, t))|γ′i.0 = ui.0(P

′, t))|γ′i.0 , i = 0, N, j = 1,Mi;

lim
P ′→∞

ui.0(P
′, t) = 0, i = 0, N ;

ui.j(P
′, 0) = 0, i = 0, N, j = 0,Mi.

Ïðèìåíèì ê çàäà÷å (2.6) ñïîñîá ðåøåíèÿ, îïèñàííûé â ðàáîòå [3], èñïîëüçóÿ èíòåãðàëü-
íîå ïðåîáðàçîâàíèå Ëàïëàñà

F (P ′, s) =

∞∫
0

u(P ′, t)e−stdt (2.7)

ñ ôîðìóëîé îáðàùåíèÿ

u(P ′, t) =
1

2πi

c+i∞∫
c−i∞

F (P ′, s)estds. (2.8)

Ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

div(Di.j∇Fi.j(P ′, s))− sFi.j(P
′, s) = 0, P ′ ∈ Ωi.j, i = 0, N, j = 0,Mi;

((Di.0∇Fi.0(P ′, s), n) + νi.0Fi.0(P
′, s))|γ′i.0 = ((Di+1.0∇Fi+1.0(P

′, s), n)+

+νi+1.0Fi+1.0(P
′, s))|γ′i.0 , i = 0, N − 1;

Fi.0(P
′, s)|γi.0 = Fi+1.0(P

′, s)|γi.0 , i = 0, N − 1; (2.9)

((Di.j∇Fi.j(P ′, s), n) + νi.jFi.j(P
′, s))|γ′i.j = ((Di.0∇Fi.0(P ′, s), n)+

+νi.0Fi.0(P
′, s) + Fψi.0

(P ′, s))|γ′i.j , i = 0, N, j = 1,Mi,

Fψi.0
(P ′) = ((Di.0 −Di.j)∇Fi

(P ′, s), n) + (νi.0 − νi.j)Fi
(P ′, s);

Fi.j(P
′, s)|γ′i.j = Fi.0(P

′, s)|γ′i.j , i = 0, N, j = 1,Mi;

lim
P ′→∞

Fi.j(P
′, s) = 0, i = 0, N,

ãäå ôóíêöèè Fψi.0
(P ′) è Fi(P

′, s) � åñòü îáðàçû ôóíêöèé ψi.0(P
′, t) è Ai(P

′, t) ïðè ïðå-
îáðàçîâàíèè (2.7) ñîîòâåòñòâåííî.

Äëÿ ðåøåíèÿ çàäà÷è (2.9) ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó äëÿ ôóíêöèè Ãðèíà
G(P,Q) � ôóíêöèè òî÷å÷íîãî èñòî÷íèêà, íàõîäÿùåãîñÿ â ïðîèçâîëüíîé òî÷êå Q(xq, yq, zq)

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññîâ äèôôóçèè-àäâåêöèè ðàäîíà â . . . 57

è ãåíåðèðóþùåãî äèôôóçèîííîå ïîëå åäèíè÷íîé èíòåíñèâíîñòè âî âìåùàþùåì ïðîñòðàí-
ñòâå (â ñëîèñòîé ñðåäå áåç âêëþ÷åíèé):

div(Di.0∇Gi.0(P
′, Q))− sGi.0(P

′, Q) = −δ(P ′, Q), P ′ ∈ Ωi.0, i = 0, N ;

((Di.0∇Gi.0(P
′, Q), n)+νi.0Gi.0(P

′, Q))|γ′i.0 = ((Di+1.0∇Gi+1.0(P
′, Q), n)+

+νi+1.0Gi+1.0(P
′, Q))|γ′i.0 , i = 0, N − 1;

(2.10)

Gi.0(P
′, Q)|γ′i.0 = Gi+1.0(P

′, Q)|γ′i.0 , i = 0, N − 1;

lim
P ′→∞

Gi.j(P
′, Q) = 0, i = 0, N.

Ñîãëàñíî [3], èíòåãðàëüíîå ïðåäñòàâëåíèå çàäà÷è (2.9) áóäåò èìåòü âèä:

F (P ′, s) =
N∑
i=0

Mi∑
j=1

∫
γ′i.j

Fi.j(Q, s)[(νi.0 − νi.j)Gi.0(P
′, Q)+ (2.11)

+((Di.0 −Di.j)∇Gi.0(P
′, Q), nQ)]dγi,jQ +

N∑
i=0

Mi∑
j=1

∫
γ′i.j

Fψi.0
(Q)Gi.0(P

′, Q)dγi.jQ .

Çäåñü nQ � âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå âêëþ÷åíèÿ â òî÷êå Q , à ãðàíè÷íûå
çíà÷åíèÿ ôóíêöèè Fi.j(Q, s) íàõîäÿòñÿ êàê ðåøåíèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé
Ôðåäãîëüìà âòîðîãî ðîäà, ôîðìèðóåìûõ èç (2.9) ïðè P ′ ∈ γi.j :

Fi.j(P
′, s)−

N∑
i=0

Mi∑
j=1

∫
γ′i.j

Fi.j(Q, s)[(νi.0 − νi.j)Gi.0(P
′, Q)+ (2.12)

+((Di.0 −Di.j)∇Gi.0(P
′, Q), nQ)]dγi.jQ =

N∑
i=0

Mi∑
j=1

∫
γ′i.j

Fψi.0
(Q)Gi.0(P

′, Q)dγi.jQ , P
′ ∈ γi.j.

Òàêèì îáðàçîì, àëãîðèòì ðåøåíèÿ èñõîäíîé çàäà÷è (2.1) èìååò âèä:

Øàã 1. Îïðåäåëÿåì íîðìàëüíîå ïîëå ðàäîíà Ãi(z, t) â ãîðèçîíòàëüíî-ñëîèñòîé
êóñî÷íî-îäíîðîäíîé ñðåäå ñ ïëîñêî-ïàðàëëåëüíûìè ãðàíèöàìè z = zi = const, i =
0, N − 1 , êîýôôèöèåíòàìè äèôôóçèè d̃i = di.0zz , i = 0, N è ñêîðîñòÿìè àäâåêöèè νi.0, i =
0, N ïî àëãîðèòìó, îïèñàííîìó â ðàáîòå [2].

Øàã 2. Åñëè ãðàíèöû ñëîåâ z = γi.0(x, y) = zi = const , òî åñòü ñðåäà èìååò ïëîñêî-
ïàðàëëåëüíûå ãðàíèöû, òî ðåøåíèå çàäà÷è (2.3) äëÿ íîðìàëüíîãî ïîëÿ ðàäîíà íàéäåíî:

Ai(P, t) = Ãi(z, t) . Èíà÷å ñëåäóåò ðåøèòü çàäà÷ó (2.3), íàïðèìåð, ìåòîäîì èíòåãðàëüíûõ
óðàâíåíèé, ôîðìèðóÿ èõ ïî ó÷àñòêàì γi.0(x, y) ̸= zi .

Øàã 3. Âû÷èñëÿåì ôóíêöèè ψi.0(P
′, t) íà ãðàíèöàõ âêëþ÷åíèé γi.j, i = 0, N, j = 1,Mi

ïî ôîðìóëå (*).
Øàã 4. Äëÿ êàæäîãî èç çíà÷åíèé ïàðàìåòðà s ìíîæåñòâà êâàäðàòóðíûõ óçëîâ ÷èñëåí-

íîãî îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ëàïëàñà (â ñîîòâåòñòâèè ñ àëãîðèòìîì â [4]) ïî ôîðìóëå
(2.8):

Øàã 4.1. Íàõîäèì îáðàçû Fψi.0
(P ′) ôóíêöèé ψi.0(P, t) ïðè ïðåîáðàçîâàíèÿõ (2.5)

è (2.7).
Øàã 4.2. Íàõîäèì ðåøåíèå çàäà÷è (2.10) äëÿ ôóíêöèè Ãðèíà. Îíî ìîæåò áûòü

ïîëó÷åíî àíàëèòè÷åñêè äëÿ ñëó÷àÿ îäíîðîäíûõ ñëîåâ ñ ïëîñêî-ïàðàëëåëüíûìè ãðàíèöàìè
ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Õàíêåëÿ-Âåáåðà.
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Øàã 4.3. Ôîðìèðóåì ñèñòåìó (2.12) è íàõîäèì åå ðåøåíèå - ãðàíè÷íûå çíà÷åíèÿ
ôóíêöèè Fi.j(Q, s) .

Øàã 4.4. Ïî ôîðìóëå (2.11) îïðåäåëÿåì ðåøåíèå çàäà÷è (2.9) - ôóíêöèþ Fi.j(P
′, s) .

Øàã 4.5. Ôîðìèðóåì ñëàãàåìîå êâàäðàòóðíîé ôîðìóëû äëÿ èíòåãðàëà (2.8), âû-
÷èñëÿÿ ôóíêöèè u(P ′, t) .

Øàã 5. Íàõîäèì àíîìàëüíîå ïîëå Ai.j(P, t) ïî ôîðìóëå (2.5).
Øàã 6. Ðåøåíèå èñõîäíîé çàäà÷è (2.1) - ôóíêöèþ Ai.j(P, t) - ïîëó÷àåì ïî ôîðìóëå

(2.2).

3. Çàêëþ÷åíèå

Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äèôôóçèè-àäâåêöèè ðàäîíà â ñëîèñòûõ àíèçîòðîï-
íûõ ñðåäàõ ñ àíèçîòðîïíûìè âêëþ÷åíèÿìè, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé êðàåâóþ çàäà÷ó
ìàòåìàòè÷åñêîé ôèçèêè ïàðàáîëè÷åñêîãî òèïà. Ïðåäëîæåí êîìáèíèðîâàííûé ñïîñîá ðå-
øåíèÿ çàäà÷è íà îñíîâå ìåòîäîâ èíòåãðàëüíûõ ïðåîáðàçîâàíèé, èíòåãðàëüíûõ ïðåäñòàâ-
ëåíèé è ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé. Ïîñòðîåí àëãîðèòì ðàñ÷åòà ïîëÿ îáúåìíîé
àêòèâíîñòè ðàäîíà.
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ÓÄÊ 534.113

Èññëåäîâàíèå çàâèñèìîñòåé ÷àñòîò êîëåáàíèé ó÷àñòêà

òðóáîïðîâîäà îò õàðàêòåðèñòèê æèäêîñòè

c⃝ Ã. Ô. Ñàôèíà1

Àííîòàöèÿ. Ïðè ðàçëè÷íûõ çàêðåïëåíèÿõ ó÷àñòêà òðóáîïðîâîäà ñ æèäêîñòüþ èññëåäîâà-
íû çàâèñèìîñòè ÷àñòîò åãî èçãèáíûõ êîëåáàíèé îò ïàðàìåòðîâ æèäêîñòè. Ïîêàçàíî, ÷òî ïðè
óâåëè÷åíèè ïëîòíîñòè, äàâëåíèÿ æèäêîñòè, à òàêæå ñêîðîñòè ïîòîêà æèäêîñòè ÷àñòîòû êî-
ëåáàíèé ó÷àñòêà òðóáû óìåíüøàþòñÿ. Ïðèâåäåíû ïðèìåðû, òàáëèöû, ïîñòðîåíû ãðàôèêè
çàâèñèìîñòåé, ÷àñòîòíûå ãîäîãðàôû ïðè ðàçëè÷íûõ âèäàõ çàêðåïëåíèé ó÷àñòêà òðóáû.

Êëþ÷åâûå ñëîâà: òðóáîïðîâîä ñ æèäêîñòüþ, ÷àñòîòû êîëåáàíèé, çàâèñèìîñòè, õàðàêòåðè-
ñòèêè æèäêîñòè, ïëîòíîñòü, äàâëåíèå, ñêîðîñòü, ÷àñòîòíûå ãîäîãðàôû

1. Ââåäåíèå

Êîëåáàíèÿ òðóáîïðîâîäà ñ æèäêîñòüþ èçó÷àëèñü âî ìíîãèõ ðàáîòàõ (ñì., íàïðèìåð,
[1]�[6]). Òàê, â [1] ïî ìåòîäó Áóáíîâà-Ãàëåðêèíà áûëè íàéäåíû ïåðâûå äâà ñîáñòâåííûõ çíà-
÷åíèÿ äëÿ êðàåâîé çàäà÷è ñ óðàâíåíèåì (2.1) è êðàåâûìè óñëîâèÿìè w = ∂2w/∂x2 = 0 íà
êîíöàõ òðóáû. Â ðàáîòå [2] â ñëó÷àå, êîãäà íå ó÷èòûâàåòñÿ âíóòðåííåå äàâëåíèå ( p0 = 0 ),
èññëåäîâàíà çàâèñèìîñòü òîíîâ êîëåáàíèé îò ñêîðîñòè ïðè ãðàíè÷íûõ óñëîâèÿõ çàùåìëå-
íèÿ ïî êîíöàì òðóáû è øàðíèðíûõ åå îïèðàíèÿõ. Â îòëè÷èå îò ýòîé ðàáîòû, â íàñòîÿùåé
ðàáîòå èññëåäîâàíî âëèÿíèå ñêîðîñòè ïîòîêà æèäêîñòè íà ÷àñòîòû êîëåáàíèé ó÷àñòêà
òðóáû ìåæäó åå çàêðåïëåíèÿìè íå òîëüêî ïðè çàäåëêå è øàðíèðíîì îïèðàíèè, íî è ïðè
äðóãèõ, â òîì ÷èñëå è óïðóãèõ, âèäàõ çàêðåïëåíèé. Êðîìå òîãî, ó÷òåíî âíóòðåííåå äàâ-
ëåíèå æèäêîñòè (ñëó÷àé p0 ̸= 0 ). Ïîñòðîåíû òàêæå ÷àñòîòíûå ãîäîãðàôû ïðè ðàçëè÷íûõ
âèäàõ çàêðåïëåíèé ó÷àñòêà òðóáû.

2. Ïðÿìàÿ çàäà÷à îá èçãèáíûõ êîëåáàíèÿõ ó÷àñòêà òðóáû ñ æèä-
êîñòüþ

Óðàâíåíèå ìàëûõ ñâîáîäíûõ êîëåáàíèé òðóáû ñ ïðîòåêàþùåé æèäêîñòüþ èìååò âèä [1] �
[3]:

EI
∂4w

∂x4
+ (m+ m̃)

∂2w

∂t2
+ 2m̃V0

∂2w

∂x∂t
+ m̃

(
p0
ρ0

+ V 2
0

)
∂2w

∂x2
= 0. (2.1)

Çäåñü

I =
π

4
(r4 − r41), m = π (r2 − r21 )ρ, m̃ = π r21 ρ0,

ãäå I � ìîìåíò èíåðöèè òðóá÷àòîãî ñå÷åíèÿ, EI � æåñòêîñòü òðóáû, p0 � êðèòè÷å-
ñêîå âíóòðåííåå äàâëåíèå, m è m̃ � ìàññû òðóáû è æèäêîñòè, ïðèõîäÿùèåñÿ íà åäèíèöó
äëèíû l òðóáû, r è r1 � ðàäèóñû âíåøíåãî è âíóòðåííåãî ïîïåðå÷íîãî ñå÷åíèÿ, V0 �
ñêîðîñòü äâèæåíèÿ æèäêîñòè, ρ � ïëîòíîñòü ìàòåðèàëà òðóáû, ρ0 � ïëîòíîñòü æèäêî-
ñòè.

1 Äîöåíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è èíôîðìàöèîííîé áåçîïàñíîñòè Íåôòåêàìñêîãî
ôèëèàëà Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, ã. Íåôòåêàìñê; sa�nagf@mail.ru
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Íàïîìíèì íåîáõîäèìûé äëÿ äàëüíåéøåãî èçëîæåíèÿ ñïîñîá ïîëó÷åíèÿ ñîáñòâåííûõ
÷àñòîò [6].

Ïîñëå ââåäåíèÿ áåçðàçìåðíûõ ïåðåìåííûõ x̃ = x/l, w̃ = w/r, t̃ = t/τ , ãäå τ =

l2(m+m̃
E I

)1/2 , è âûðàæåíèÿ ïðîãèáà ê çàäà÷å â âèäå w̃(x̃, t̃) = X(x̃) ei ω t̃, óðàâíåíèå (2.1)
ïðèìåò âèä îáûêíîâåííîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ 4 ïîðÿäêà ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè:

X(4) + aX ′′ + 2b i ωX ′ − ω2X = 0, (2.2)

â êîòîðîì

a =
m̃ l2

E I

(
p0
ρ0

+ V 2
0

)
; b =

m̃ V0 l

(E I (m+ m̃))1/2
.

Ëèíåéíî íåçàâèñèìûìè ðåøåíèÿìè óðàâíåíèÿ (2.2) ÿâëÿþòñÿ ôóíêöèè

Xj = Xj(x̃, ω) = eλj x̃, j = 1, 2, 3, 4, (2.3)

ãäå λj = λj(ω) � êîðíè ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, êîòîðûå ìû
áóäåì ñ÷èòàòü ðàçëè÷íûìè.

Â îáùåì ñëó÷àå, êîòîðûé ó÷èòûâàåò çàäåëêó, ñâîáîäíîå îïèðàíèå, ñâîáîäíûé êîíåö,
ïëàâàþùóþ çàäåëêó, ðàçëè÷íûå âèäû óïðóãîãî çàêðåïëåíèÿ òðóáîïðîâîäà, êðàåâûå óñëî-
âèÿ êàê èçâåñòíî [5] ïðåäñòàâëÿþòñÿ â ñëåäóþùåì âèäå:

U1(X) = a1X(0) + a4X
′′′(0) = 0, U2(X) = a2X

′(0) + a3X
′′(0) = 0,

U3(X) = b1X(1) + b4X
′′′(1) = 0, U4(X) = b2X

′(1) + b3X
′′(1) = 0.

(2.4)

Óðàâíåíèå ÷àñòîò ïîëó÷àåòñÿ èç óñëîâèÿ ðàâåíñòâà íóëþ õàðàêòåðèñòè÷åñêîãî îïðå-
äåëèòåëÿ ∆(ωk) . Ïðè èçâåñòíûõ ïàðàìåòðàõ ñèñòåìû (òðóáà � æèäêîñòü) è êðàåâûõ
óñëîâèÿõ ñîáñòâåííûå ÷àñòîòû êîëåáàíèé òðóáîïðîâîäà íàõîäÿòñÿ êàê êîðíè óðàâíåíèÿ
∆(ωk) = 0 .

3. Âëèÿíèå íà ñîáñòâåííûå ÷àñòîòû êîëåáàíèé ó÷àñòêà òðóáîïðî-
âîäà ïëîòíîñòè è äàâëåíèÿ æèäêîñòè

Èññëåäóåì âëèÿíèå íà çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû òàêèõ ïàðàìåòðîâ
æèäêîñòè, êàê äàâëåíèå, ñêîðîñòü è ïëîòíîñòü.

Ðàññìîòðèì âíà÷àëå çàâèñèìîñòü çíà÷åíèé ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû îò
èçìåíåíèÿ âíóòðåííåãî äàâëåíèÿ â òðóáîïðîâîäå ïðè óñëîâèè íå ïðîòåêàíèÿ æèäêîñòè
(ò.å. ïðè V0 = 0 ) . Â ýòîì ñëó÷àå â äèôôåðåíöèàëüíîì óðàâíåíèè (2.2) êîýôôèöèåíò
b = 0 . Çàäàäèì ñëåäóþùèå ïàðàìåòðû ñèñòåìû (òðóáà - æèäêîñòü):

r1 = 0.0095ì, r = 0.01ì, l = 5ì, ρ = 2.7 · 103 êã/ì3,

V0 = 0ì/ñ, ρ0 = 103 êã/ì3, E = 6.9 · 109H/ì2.
(3.1)

Çäåñü â êà÷åñòâå ìàòåðèàëà òðóáû ðàññìàòðèâàåòñÿ ìåòàëëîïëàñòèê, à â êà÷åñòâå æèäêî-
ñòè � âîäà. Îïðåäåëèì ìàêñèìàëüíîå çíà÷åíèå âíóòðåííåãî äàâëåíèÿ p0 , êîòîðîå ìîæåò
ïðèâåñòè ê ðàçðûâó òðóáû. Ýòî çíà÷åíèå îïðåäåëÿåòñÿ ôîðìóëîé [4]

pmax = σ (r − r1)/r. (3.2)

Äëÿ ïðèíÿòûõ âûøå ïàðàìåòðîâ r − r1 = 5 · 10−4 ì , σ = 1800 · 105H/ì2 çíà÷åíèå ìàê-
ñèìàëüíî äîïóñòèìîãî äàâëåíèÿ ðàâíî pmax = 90 · 105H/ì2 .
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Ïîñòàâèì ê óðàâíåíèþ (2.2) êðàåâûå óñëîâèÿ â âèäå

U1(X) = X(0)−X ′′′(0) = 0, U2(X) = X ′′(0) = 0,
U3(X) = X(1) +X ′′′(1) = 0, U4(X) = X ′′(1) = 0.

(3.3)

Ýòè êðàåâûå óñëîâèÿ îçíà÷àþò óïðóãèå çàêðåïëåíèÿ îáîèõ êîíöîâ òðóáû ïðóæèíàìè ñ
îòíîñèòåëüíûìè æåñòêîñòÿìè, ðàâíûìè åäèíèöå. Áóäåì âû÷èñëÿòü çíà÷åíèÿ ñîáñòâåííûõ
÷àñòîò êîëåáàíèé òðóáû ñ æèäêîñòüþ, ìåíÿÿ äàâëåíèå p0 , êîòîðîå îêàçûâàåò æèäêîñòü
íà ñòåíêè òðóáû, îñòàâëÿÿ îñòàëüíûå ïàðàìåòðû ñèñòåìû íåèçìåííûìè. Êàê èçìåíÿòñÿ
ïðè ýòîì ñîáñòâåííûå ÷àñòîòû êîëåáàíèé òðóáû?

Ðåçóëüòàòû ðåøåíèé óðàâíåíèÿ ∆(ωk) = 0 ïðè ïàðàìåòðàõ ñèñòåìû (3.1) è êðàåâûõ
óñëîâèÿõ (3.3) ðàññìîòðèì íà äèàãðàììàõ è òàáëèöàõ.

Íà ðèñóíêå 1 (à) äàíà çàâèñèìîñòü ïåðâîé ñîáñòâåííîé ÷àñòîòû êîëåáàíèé
òðóáû îò âíóòðåííåãî äàâëåíèÿ æèäêîñòè. Âèäíî, ÷òî ñ óâåëè÷åíèåì äàâëåíèÿ,
ïåðâàÿ ñîáñòâåííàÿ ÷àñòîòà ω1 óìåíüøàåòñÿ. Íà ðèñóíêå 1 (á) ïîäîáíàÿ çà-
âèñèìîñòü ðàññìîòðåíà äëÿ âòîðîé ñîáñòâåííîé ÷àñòîòû êîëåáàíèé òðóáîïðîâîäà.

Çàâèñèìîñòü çíà÷åíèé ïåðâîé (à), âòîðîé (á) ñîáñòâåííûõ ÷àñòîò êîëåáàíèé îò äàâëåíèÿ

æèäêîñòè äëÿ çàäà÷è (2.2), (3.3) ïðè ïàðàìåòðàõ (3.1) ñèñòåìû (òðóáà-æèäêîñòü)

Òàêîå èçìåíåíèå êàñàåòñÿ íå òîëüêî ïåðâûõ äâóõ ñîáñòâåííûõ ÷àñòîò, íî è âñåãî ñïåê-
òðà ÷àñòîò êîëåáàíèé òðóáû ñ æèäêîñòüþ. Â òàáëèöå 1 ïðèâåäåíû çíà÷åíèÿ ïÿòè ñîáñòâåí-
íûõ ÷àñòîò êîëåáàíèé òðóáû, ñîîòâåòñòâóþùèå óâåëè÷èâàþùèìñÿ çíà÷åíèÿì âíóòðåííåãî
äàâëåíèÿ æèäêîñòè â òðóáå äëÿ ðàññìàòðèâàåìîé âûøå çàäà÷è.

Òàáëèöà 4: Çàâèñèìîñòü ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû îò äàâëåíèÿ æèäêîñòè äëÿ
çàäà÷è (2.2), (3.3) ïðè ïàðàìåòðàõ (3.1) ñèñòåìû (òðóáà-æèäêîñòü)

ω1 ω2 ω3 ω4 ω5, ñ
−1

p0 = 2.9 · 105H/ì2 21.82 60.92 120.08 199.00 297.67

p0 = 5 · 105H/ì2 21.39 60.35 119.46 198.35 297.00

p0 = 10 · 105H/ì2 20.35 58.00 118.00 198.83 295.44

p0 = 20 · 105H/ì2 18.04 56.14 114.99 193.71 292.25

p0 = 31.3 · 105H/ì2 15.03 52.78 111.53 190.18 288.66
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Óñòàíîâëåíî, ÷òî ïîäîáíàÿ çàâèñèìîñòü ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû îò
âíóòðåííåãî äàâëåíèÿ æèäêîñòè ñïðàâåäëèâà ïðè ëþáûõ ïàðàìåòðàõ ñèñòåìû (òðóáà-
æèäêîñòü). Êðîìå òîãî, óâåëè÷åíèå âíóòðåííåãî äàâëåíèÿ æèäêîñòè âåäåò ê óìåíüøåíèþ
ñïåêòðà ÷àñòîò êîëåáàíèé òðóáû íå òîëüêî ïðè óïðóãèõ çàêðåïëåíèÿõ òðóáû, íî è ïðè
äðóãèõ âèäàõ çàêðåïëåíèé (ñâîáîäíûõ îïîðàõ, ïëàâàþùèõ çàäåëêàõ è ò. ï.). Íà ðèñóíêå
2 (à, á), íàïðèìåð, ïîêàçàíû çàâèñèìîñòè ïåðâîé è âòîðîé ñîáñòâåííûõ ÷àñòîò êîëåáàíèé
òðóáû îò âíóòðåííåãî äàâëåíèÿ æèäêîñòè ïðè øàðíèðíûõ îïîðàõ òðóáû

U1(X) = X(0) = 0, U2(X) = X ′′(0) = 0,
U3(X) = X(1) = 0, U4(X) = X ′′(1) = 0

(3.4)

è ïðè ïàðàìåòðàõ

r1 = 0.01ì, r = 1.08 r1, l = 1ì, ρ = 7.8 · 103 êã/ì3,

V0 = 0ì/ñ, ρ0 = 103 êã/ì3, E = 2 · 1011H/ì2 (3.5)

ñèñòåìû (òðóáà-æèäêîñòü). Ïàðàìåòðû (3.5) îïðåäåëÿþò â êà÷åñòâå ìàòåðèàëà òðóáû �
ñòàëü, â êà÷åñòâå æèäêîñòè � âîäó. Ìàêñèìàëüíîå çíà÷åíèå äàâëåíèÿ, êîòîðîå ìîæåò
ïðèâåñòè ê ðàçðûâó òðóáû ðàâíî pmax = 422 · 105H/ì2 (ïðè r − r1 = 8 · 10−4 ì è σ =
5700 · 105H/ì2 ).

Çàâèñèìîñòü çíà÷åíèé ïåðâîé (à), âòîðîé (á) ñîáñòâåííûõ ÷àñòîò îò äàâëåíèÿ æèäêîñòè äëÿ

çàäà÷è (2.2), (3.4) ïðè ïàðàìåòðàõ (3.5) ñèñòåìû (òðóáà-æèäêîñòü)

Çàìåòèì òàêæå, ÷òî îáðàòíàÿ çàâèñèìîñòü çíà÷åíèé ñîáñòâåííûõ ÷àñòîò êîëåáàíèé
òðóáû îò âíóòðåííåãî äàâëåíèÿ ñïðàâåäëèâà è â ñëó÷àå ïðîòåêàíèÿ æèäêîñòè ïî òðóáå.

Èññëåäóåì òåïåðü âëèÿíèå íà ñïåêòð ÷àñòîò êîëåáàíèé òðóáû ïëîòíîñòè æèäêîñòè.
Ðàññìîòðèì çàäà÷ó (2.2), (3.3) ïðè ñëåäóþùèõ ïàðàìåòðàõ ñèñòåìû

r1 = 0.0095ì, r = 0.01ì, l = 5ì, ρ = 7.8 · 103 êã/ì3,

V0 = 5ì/ñ, E = 2 · 1011H/ì2, p0 = 1.78 · 105H/ì2.
(3.6)

Áóäåì âû÷èñëÿòü ñîáñòâåííûå çíà÷åíèÿ ÷àñòîò êîëåáàíèé ïðè óâåëè÷åíèè ïëîòíîñòè æèä-
êîñòè è íåèçìåííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû. Ðåçóëüòàòû, ïîëó÷åííûå
ïî ðåøåíèÿì ïðÿìûõ çàäà÷, ïðîäåìîíñòðèðóåì ñíîâà íà ãðàôèêàõ è òàáëèöàõ. Äëÿ óêàçàí-
íîé âûøå çàäà÷è íà ðèñóíêå 4 (à) ïîêàçàí ãðàôèê çàâèñèìîñòè çíà÷åíèé ïåðâîé ñîáñòâåí-
íîé ÷àñòîòû ω1 êîëåáàíèé òðóáîïðîâîäà îò ðàçëè÷íûõ çíà÷åíèé ρ0 ïëîòíîñòè æèäêîñòè.
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Ïî ãðàôèêó âèäíî, ÷òî ïðè óâåëè÷åíèè ïëîòíîñòè æèäêîñòè ïåðâàÿ ñîáñòâåííàÿ ÷àñòî-
òà êîëåáàíèé òðóáîïðîâîäà óìåíüøàåòñÿ. Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî óâåëè÷åíèå ïëîò-
íîñòè æèäêîñòè âåäåò ê óìåíüøåíèþ íå òîëüêî ïåðâîé ñîáñòâåííîé ÷àñòîòû êîëåáàíèé
òðóáîïðîâîäà, íî è âñåõ çíà÷åíèé èç ñïåêòðà ÷àñòîò åãî êîëåáàíèé.

Çàâèñèìîñòü ïåðâîé ñîáñòâåííîé ÷àñòîòû êîëåáàíèé òðóáû îò ïëîòíîñòè æèäêîñòè (à) è

èçìåíåíèå çíà÷åíèé ïåðâûõ òðåõ òîíîâ êîëåáàíèé òðóáû ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïëîòíîñòè

æèäêîñòè (á)

Íà ðèñóíêå 4 (á), íàïðèìåð, ðàññìîòðåí ãðàôèê èçìåíåíèÿ çíà÷åíèé ïåðâûõ òðåõ ñîá-
ñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû â çàâèñèìîñòè îò ïëîòíîñòè ïîòîêà æèäêîñòè. Çäåñü
ðÿäó 1 ñîîòâåòñòâóþò çíà÷åíèÿ ïåðâûõ òðåõ ÷àñòîò ïðè ρ0 = 0.71 · 103 êã/ì3 , ðÿäó 2 �
ïðè ρ0 = 13.6 · 103 êã/ì3 .

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî óâåëè÷åíèå êàê äàâëåíèÿ, òàê è ïëîòíîñòè æèäêîñòè
âåäóò ê óìåíüøåíèþ çíà÷åíèé ÷àñòîò êîëåáàíèé ó÷àñòêà òðóáîïðîâîäà.

4. Çàâèñèñìîñòü ÷àñòîò êîëåáàíèé ó÷àñòêà òðóáîïðîâîäà îò ñêî-
ðîñòè ïîòîêà æèäêîñòè

Èññëåäóåì òåïåðü çàâèñèìîñòü ÷àñòîò êîëåáàíèé ó÷àñòêà òðóáû îò ñêîðîñòè ïîòîêà æèä-
êîñòè.

Ðàññìîòðèì çàäà÷ó ñ óðàâíåíèåì (2.2) è êðàåâûìè óñëîâèÿìè

U1(X) = X(0)− 3X ′′′(0) = 0, U2(X) = X ′′(0) = 0,
U3(X) = X(1) + 3X ′′′(1) = 0, U4(X) = X ′′(1) = 0,

(4.1)

êîòîðûå îçíà÷àþò óïðóãèå çàêðåïëåíèÿ îáîèõ êîíöîâ òðóáû ïðóæèíàìè ñ îòíîñèòåëüíû-
ìè æåñòêîñòÿìè íà èçãèá, ðàâíûìè òðåì. Ïóñòü èìåþòñÿ ïàðàìåòðû (3.5) ñèñòåìû ïðè
äàâëåíèè æèäêîñòè p0 = 170 · 105H/ì2 .

Ðàññìîòðèì âëèÿíèå ñêîðîñòè ïîòîêà æèäêîñòè íà ñîáñòâåííûå ôîðìû êîëåáàíèé òðó-
áû ïðè íåèçìåííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû. Èññëåäîâàíèÿ ïîêàçûâàþò,
÷òî óâåëè÷åíèå ñêîðîñòè V0 ïîòîêà æèäêîñòè âåäåò ê óìåíüøåíèþ çíà÷åíèé ñîáñòâåííûõ
÷àñòîò èçãèáíûõ êîëåáàíèé òðóáû.

Èçâåñòíî [2], ÷òî åñëè ¾äëÿ êàêîé-ëèáî ñîáñòâåííîé ÷àñòîòû, ìíèìàÿ ÷àñòü ðàâíà íóëþ,
è îäíîâðåìåííî äåéñòâèòåëüíàÿ ÷àñòü ðàâíà íóëþ, òî ýòî îòâå÷àåò ïîðîãó äèâåðãåíöèè,
ò.å. íàëè÷èþ ñòàòè÷åñêîé ïîòåðè óñòîé÷èâîñòè¿. Èññëåäóÿ èçìåíåíèÿ äåéñòâèòåëüíîé è
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ìíèìîé ÷àñòåé ñîáñòâåííûõ ÷àñòîò ωj ìîæíî òàêæå óñòàíîâèòü ïîðîã ôëàòòåðà äëÿ äàí-
íîé óïðóãîé ñèñòåìû.

Íà ðèñóíêå 3 ïðåäñòàâëåíû çíà÷åíèÿ Reωj è Imωj äëÿ ïåðâûõ òðåõ òîíîâ êîëåáàíèé
ñèñòåìû â çàâèñèìîñòè îò ñêîðîñòè ïîòîêà æèäêîñòè äëÿ çàäà÷è (2.2), (4.1) ïðè ïàðàìåò-
ðàõ ñèñòåìû (3.1) è âíóòðåííåì äàâëåíèè æèäêîñòè p0 = 0.5 · 103H/ì2 . Íà îñè îðäèíàò
ðèñóíêà 3 (à) îòëîæåíû çíà÷åíèÿ Re ωj ñèñòåìû (òðóáà-æèäêîñòü) ïðè óïðóãèõ çàêðåï-
ëåíèÿõ (4.1) â îòñóòñòâèè òå÷åíèÿ æèäêîñòè ω1 = 21.203 , ω2 = 61.502 , ω3 = 120.729 .

×àñòîòíûå ãîäîãðàôû â çàâèñèìîñòè îò ñêîðîñòè ïîòîêà æèäêîñòè äëÿ çàäà÷è (2.2), (4.1) ïðè

ïàðàìåòðàõ (3.1) ñèñòåìû (òðóáà-æèäêîñòü)

Îñòàíîâèìñÿ íà ÷àñòîòíûõ ãîäîãðàôàõ ðèñóíêà 3 ïîäðîáíåå. Âèäèì, ÷òî óâåëè÷åíèå
ñêîðîñòè V0 ïîòîêà æèäêîñòè âåäåò ê óìåíüøåíèþ çíà÷åíèé ñîáñòâåííûõ ÷àñòîò. Ïðè äî-
ñòèæåíèè çíà÷åíèÿ ñêîðîñòè V0 = 9.4ì/ñ íàõîäèì, ÷òî Reω1 = 0 (òî÷êà A ), êðîìå òîãî
ïî ðèñóíêó 3 (á) çíà÷åíèå Imω1 = 0 (òî÷êà A1 ). Òàêèì îáðàçîì, ìû èìååì ïîðîã äèâåð-
ãåíöèè äëÿ ïåðâîé ôîðìû êîëåáàíèé ω1 , (òî÷êè A è A1 ). Ïðè äàëüíåéøåì âîçðàñòàíèè
ñêîðîñòè ïîòîêà æèäêîñòè ìîæíî îòìåòèòü íà îñè àáñöèññ òî÷êè, îòâå÷àþùèå ïîðîãó äè-
âåðãåíöèè äëÿ âòîðîé ôîðìû (òî÷êè B è B1 ) è òðåòüåé ôîðìû (C è C1 ) êîëåáàíèé
òðóáû.

Äàëüíåéøåå æå óâåëè÷åíèå ñêîðîñòè ïîòîêà çà òî÷êîé B ïðèâîäèò ê ôëàòòåðó, îáú-
åäèíÿþùåìó ïåðâóþ è âòîðóþ ôîðìû êîëåáàíèé. Òàêèì îáðàçîì, çäåñü ìû èìååì êëàññè-
÷åñêèé ôëàòòåð äëÿ ðàññìàòðèâàåìîé çàäà÷è ïðè óâåëè÷åíèè ñêîðîñòè ïîòîêà æèäêîñòè.
Ñîáñòâåííûå ÷àñòîòû ωj ñòàíîâÿòñÿ êîìïëåêñíî ñîïðÿæåííûìè, ÷òî è îòðàæåíî íà ðè-
ñóíêå 3 (á).

Åñëè, êàê è â ðàáîòå [2], ðàññìàòðèâàòü áåçðàçìåðíóþ ñêîðîñòü u (ñ÷èòàÿ ïðè ýòîì
âíóòðåííåå äàâëåíèå p0 æèäêîñòè ðàâíûì íóëþ), òî äëÿ òðóáû ñ çàùåìëåííûìè êîíöà-
ìè è íà ñâîáîäíûõ îïîðàõ ïîëó÷àþòñÿ òå æå ðåçóëüòàòû, ÷òî è â óêàçàííîé ðàáîòå. À
èìåííî, äëÿ òðóáû ñ çàùåìëåííûìè êîíöàìè ïîðîã äèâåðãåíöèè äëÿ ïåðâîãî òîíà êî-
ëåáàíèé îòâå÷àåò çíà÷åíèþ u = 2π , à ïîðîã ôëàòòåðà ñîîòâåòñòâóåò âåëè÷èíå u , ÷óòü
ìåíüøåé 3π . Ïðè÷åì ïðè îòñóòñòâèè òå÷åíèÿ æèäêîñòè èìååì ω1 = 22.373 , ω2 = 61.673 ,

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



Èññëåäîâàíèå çàâèñèìîñòåé ÷àñòîò êîëåáàíèé ó÷àñòêà òðóáîïðîâîäà îò . . . 65

ω3 = 120.903 , ÷òî îòâå÷àåò êâàäðàòàì ñîîòâåòñòâóþùèõ ñîáñòâåííûõ çíà÷åíèé çàäà÷è äëÿ
áàëêè ñ çàùåìëåííûìè êîíöàìè [5].

Äëÿ òðóáû æå êàê áàëêè ñ øàðíèðíî îïåðòûìè êîíöàìè ïîðîã äèâåðãåíöèè îòâå÷àåò
çíà÷åíèÿì u = π j , ãäå j = 1, 2, 3 è ò.ä., à ïîðîã ôëàòòåðà ñîîòâåòñòâóò âåëè÷èíå u ,
íåñêîëüêî ïðåâûøàþùåé 2π .

Îáðàòíûå çàâèñèìîñòè çíà÷åíèé ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû ñ æèäêîñòüþ
ïðè óïðóãèõ çàêðåïëåíèÿõ àíàëîãè÷íû ïîäîáíîé çàâèñèìîñòè ïðè çàùåìëåíÿõ è øàð-
íèðíûõ îïîðàõ óêàçàííîé âûøå ðàáîòû ñ ðàçíèöåé â çíà÷åíèÿõ ïîðîãîâ äèâåðãåíöèé è
ôëàòòåðà. Íàïðèìåð, äëÿ çàäà÷è (2.2), (4.1) ïðè ïàðàìåòðàõ (3.1) ñèñòåìû èìååì: ïîðîã
äèâåðãåíöèè äëÿ ïåðâîé ôîðìû êîëåáàíèé ñîîòâåòñòâóåò âåëè÷èíå u , ÷óòü áîëüøåé 2π ,
à ïîðîã ôëàòòåðà ñîîòâåòñòâóåò u , íåñêîëüêî ïðåâûøàþùåé 3π .

Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷åíû â èññëåäîâàíèÿõ ñïåêòðà ÷àñòîò êîëåáàíèé òðóáî-
ïðîâîäà ïðè óïðóãèõ çàêðåïëåíèÿõ òðóáû ïðóæèíàìè ñ äðóãèìè îòíîñèòåëüíûìè æåñò-
êîñòÿìè íà èçãèá.

Ïðîâåäåííûå âû÷èñëåíèÿ ïîçâîëÿþò ñäåëàòü âûâîä î òîì, ÷òî ïðè ðàçëè÷íûõ âèäàõ
óïðóãèõ çàêðåïëåíèé ïîðîãè äèâåðãåíöèè îòâå÷àþò ñëåäóþùèì çíà÷åíèÿì u áåçðàçìåð-
íîé ñêîðîñòè: 2 π < u < 3π � ïîðîã äèâåðãåíöèè äëÿ ïåðâîé ñîáñòâåííîé ÷àñòîòû,
3 π < u < 4π � äëÿ âòîðîé ñîáñòâåííîé ÷àñòîòû, 4π < u < 5 π � äëÿ òðåòüåé
ñîáñòâåííîé ÷àñòîòû è ò.ä.; ïîðîã ôëàòòåðà ñîîòâåòñòâóåò çíà÷åíèþ u , íåñêîëüêî ïðåâû-
øàþùåé 3π .

Ïðîâåäåíû òàêæå èññëåäîâàíèÿ ïî âëèÿíèþ ñêîðîñòè ïîòîêà æèäêîñòè íà ñïåêòð ÷à-
ñòîò êîëåáàíèé òðóáû ïðè òàêèõ çàêðåïëåíèÿõ, êàê ñâîáîäíûå îïîðû, çàäåëêè. Ïîëó÷åíî,
÷òî è ïðè ýòèõ âèäàõ çàêðåïëåíèé óâåëè÷åíèå ñêîðîñòè ïîòîêà æèäêîñòè âåäåò ê óìåíüøå-
íèþ çíà÷åíèé ôîðì êîëåáàíèé òðóáû. Íàïðèìåð, íà ðèñóíêå 4 (à, á) ïðèâåäåíû ÷àñòîòíûå
ãîäîãðàôû äëÿ òðóáû ñî ñâîáîäíûìè êîíöàìè

U1(X) = X ′′′(0) = 0, U2(X) = X ′′(0) = 0,
U3(X) = X ′′′(1) = 0, U4(X) = X ′′(1) = 0

(4.2)

ïðè ïàðàìåòðàõ (3.1) ñèñòåìû (òðóáà-æèäêîñòü).
Çäåñü òî÷êàìè A è A1, B è B1, C è C1 îòìå÷åíû ïîðîãè äèâåðãåíöèè ñîîòâåòñòâåííî

äëÿ ïåðâîé, âòîðîé, òðåòüåé ôîðì êîëåáàíèé. Ýòèì æå ïîðîãàì îòâå÷àþò ñîîòâåòñòâåííî
ñëåäóþùèå çíà÷åíèÿ ñêîðîñòè ïîòîêà æèäêîñòè V0 = 4.1ì/ñ , V0 = 7.5ì/ñ , V0 = 11.3ì/ñ .
Ôëàòòåðó, îáúåäèíÿþùåìó ïåðâóþ è âòîðóþ ôîðìû êîëåáàíèé îòâå÷àåò ñêîðîñòü V0 =
7.5ì/ñ .
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×àñòîòíûå ãîäîãðàôû â çàâèñèìîñòè îò ñêîðîñòè ïîòîêà æèäêîñòè äëÿ çàäà÷è (2.2), (4.2) ïðè

ïàðàìåòðàõ (3.1) ñèñòåìû (òðóáà-æèäêîñòü)

Åñëè æå óâåëè÷èâàòü îäíîâðåìåííî ñêîðîñòü ïîòîêà æèäêîñòè è ïëîòíîñòü, òî òåìï
ïàäåíèÿ ÷àñòîò êîëåáàíèé áóäåò ðåç÷å. Íàïðèìåð, äëÿ çàäà÷è (2.2), (3.3) ïðè ïàðàìåò-
ðàõ ñèñòåìû (3.6) áóäåì óâåëè÷èâàòü íå òîëüêî ïëîòíîñòü æèäêîñòè, íî è åå ñêîðîñòü.
Ðåçóëüòàòû âû÷èñëåíèé ïðÿìûõ çàäà÷ ïðåäñòàâëåíû â òàáëèöå 2.

Òàáëèöà 5: Çàâèñèìîñòü ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû îò ñêîðîñòè è ïëîòíîñòè
ïîòîêà æèäêîñòè äëÿ çàäà÷è (2.2), (3.3) ïðè ïàðàìåòðàõ (3.6) ñèñòåìû (òðóáà-æèäêîñòü)

ω1 ω2 ω3

ρ0 = 0.71 · 103 êã/ì3, V0 = 1ì/ñ 20.92 59.94 119.05

ρ0 = 1.59 · 103 êã/ì3, V0 = 10ì/ñ 18.82 57.56 116.89

Òàêèì îáðàçîì, óâåëè÷åíèå ñêîðîñòè ïîòîêà æèäêîñòè ïðè ëþáûõ çàêðåïëåíèÿõ êîí-
öîâ òðóáîïðîâîäà âåäåò ê óìåíüøåíèþ ñîáñòâåííûõ ÷àñòîò åãî èçãèáíûõ êîëåáàíèé.

5. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíî âëèÿíèå õàðàêòåðèñòèê æèäêîñòè íà ÷àñòîòû èçãèáíûõ êîëåáàíèé
ó÷àñòêà òðóáîïðîâîäà. Óñòàíîâëåíî, ÷òî ïðè ëþáûõ çàêðåïëåíèÿõ òðóáîïðîâîäà óâåëè-
÷åíèå òàêèõ ïàðàìåòðîâ æèäêîñòè, êàê äàâëåíèå, ñêîðîñòü ïîòîêà æèäêîñòè, ïëîòíîñòü
æèäêîñòè âåäåò ê óìåíüøåíèþ çíà÷åíèé ñîáñòâåííûõ ÷àñòîò êîëåáàíèé.

Èññëåäîâàíèÿ ïðîâåäåíû ïðè ðàçëè÷íûõ âèäàõ çàêðåïëåíèé ó÷àñòêà òðóáîïðîâîäà, â
òîì ÷èñëå è ñâîáîäíûõ îïîðàõ, çàäåëêàõ, ðàçëè÷íûõ âèäàõ óïðóãèõ çàêðåïëåíèé. Ïðèâå-
äåíû òàáëèöû è ãðàôèêè óêàçàííûõ çàâèñèìîñòåé, à òàêæå ÷àñòîòíûå ãîäîãðàôû, ïîä-
òâåðæäàþùèå ðåçóëüòàòû èññëåäîâàíèé.

Òàêèì îáðàçîì, óñòàíîâëåíî, êàê íà çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò êîëåáàíèé ó÷àñòêà
òðóáû ñ æèäêîñòüþ âëèÿþò ìåíÿþùèåñÿ õàðàêòåðèñòèêè ïîòîêà æèäêîñòè.
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Research of dependences of frequencies of �uctuations

pipeline site from characteristics liquids

c⃝ G F. Sa�na2

Abstract. At various �xing pipeline site with liquid dependences are investigated frequencies of its
�exural �uctuations from liquid parameters. It is shown, that at increase in density, liquid pressure,
and also speeds of a stream of liquid of frequency of �uctuations site of a pipe decrease. Examples,
tables are given, schedules of dependences, frequency godograf are constructed at di�erent types
�xing of a site of a pipe.

Key Words: the pipeline with liquid, frequencies of �uctuations, dependences, liquid
characteristics, density, pressure, speed, frequency godograf
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ÓÄÊ 517.9

Numerical calculation of the e�ective dielectric permitivity

of thin nanogranular �lms

c⃝ A. N. Tynda1, M. V. Goryacheva2, O. V. Tynda3

Àííîòàöèÿ. In this paper we develop a numerical method of solving volume integral equation
of the e�ective dielectric permittivity based on the "dead layer"model. This model links the
e�ective dielectric permittivity to the electric �eld distribution inside the granule and the "dead
layer the ferroelectric dielectric permittivity, the dielectric permittivity of the "dead layer"and the
surrounding granule environment, respectively.

Êëþ÷åâûå ñëîâà: e�ective dielectric permittivity; ferroelectric thin �lms; the Fredholm integral
equation; numerical method

1. Introduction

During recent years much progress has been made in the investigation of ferroelectric
materials. Ferroelectrics that are characterized by a switchable macroscopic spontaneous
polarization have attracted signi�cant interest [12, 7, 4].

In theory, the performance of many electronic devices could be dramatically enhanced by
incorporating ferroelectric materials into their structures. Ferroelectrics have a lot to o�er: the
reversible remanent polarization can be used for both non-volatile binary data storage and for
altering local electric �elds in �eld-e�ect transistors [1, 3]; the high dielectric permittivities in
these materials can be used for e�cient dynamic charge storage in DRAM memory elements
[13]; and the degree to which the permittivity can be altered using bias electric �elds (the
tunability) makes ferroelectrics extremely useful for smart tunable antennae, as well as for
photonic and plasmonic devices where �eld-controlled variations in refractive index are needed.
For detailed information see [8]. Ferroelectric piezoelectricity is used in sensors, actuators, and
transducers; its pyroelectricity is employed in infrared detectors [6].

In nowadays, the most successful direction is to obtain, investigate and apply the
ferroelectrics in the form of thin �lms, superlattices and nanocomposites. It becomes essential
to bring ferroelectricity into the nanometer scale. In practice, though, it is a frustrating irony
that the key functional properties that make ferroelectric materials so attractive in the �rst
place are almost universally observed to be degraded when in the form of a thin �lm, as is
usually needed for the kinds of devices mentioned [8]. Much experimental and theoretical e�ort
has been devoted to determine the critical thickness of ferroelectric thin �lms and elucidate its
origin [6].

During the transition to the nanoscale we must consider the size e�ect impact. The size e�ect
is de�ned as the dependence of the e�ective permittivity of a �lm sample on the thickness of the
�lm [12]. The e�ective permittivity εeff is the most important electrodynamic characteristic
of any nanostructured environment.

Despite having been �rst observed around half a century ago, the reason why the permittivity
of ferroelectrics is so radically a�ected at reduced dimensions is still not understood. Most
research points to the existence of a parasitic low permittivity layer, assumed to be associated
with the ferroelectric-electrode boundary and often called the "dead layer"[5].

1 Assist. prof. of Higher and Applied Mathematics depart., Penza state university, Russia; tynda@pnzgu.ru
2 Researcher of Laser Zentrum Hannover e.V., Germany; goryacheva.nanolab@gmail.com
3 Post-graduate student, Penza state university, Russia; olgat91@yandex.ru
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The ¾dead layers¿ do not possess ferroelectric properties. The dynamic ferroelectric
polarization is supposed to be equal to zero in the dead layer at the same time the
nonferroelectric polarization exists in the dead layers [12].

The ¾dead layer¿ thickness can be considered as the critical size of the ferroelectric �lm,
when the ferroelectricity vanishes. In works [9] it is assumed that the thickness of the ¾dead
layer¿ is determined by the correlation parameter α . The estimating of α can be found by
processing the experimental data obtained from inelastic neutron scattering [13].

It can be concluded that the dynamic polarization freezing at the ferroelectric-electrode
boundary can be taken into account by introducing the "dead layer which blocks the ferroelectric
polarization.

2. Statement of the problem

As a rule, ferroelectric �lms that we obtain nowdays are polycrystalline. A polycristalline
�lm is a complex of ferroelectric granules, having size of the order of tens nanometers. On the
surface of each grain there is a thin ¾dead layer¿. ¾Dead layer¿ thikness estimates about 2 nm,
and its dielectric permittivity equals 40 nm.

Ðèñ. 1: The structure of a dielectric medium with the elliptic nanogranules.

Figure 1 illustrates a schematic structure of a dielectric medium with ferroelectric elliptic
granules and its elementary cell.

The ferroelectric granular dimensions are in the order of tens of nanometres. The ¾dead
layer¿ on the surface of each granule allows to take into consideration the dynamic polarization
¾freezing¿ [9].

Here 1 is the ferroelectric with dielectric permittivity ε1 = εf , 2 is the "dead layer"with
dielectric permittivity ε2 = εd , 3 is the dielectric with dielectric permittivity ε3 .

To �nd the electric �eld distribution in each of three media we solve the Laplace equation
in the corresponding coordinates with the standard boundary conditions at the interface of two
media.

For spherical and elliptic granules such distributions were obtained in the works [9, 10, 11].
The ferroelectric granules can be of any shape: prisms, columns, or polyhedra. For

estimations a complex polyhedral granule can be replaced by a spherical granule, and a columnar
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one - by an elliptical granule. This change will result in a slight error in the evaluation of the
�lm dielectric properties. The work [11] considers the problem of the determining the e�ective
dielectric permittivity of the ferroelectric polycrystalline �lm with spherical granules in it.
However, the most common are the �lms of the columnar structure [9].

Now suppose that a single granule is not in a homogeneous medium with ε3 , but in
some e�ective environment with εeff , which is the totality of the surrounding densely packed
granules.

If ε3 = εeff , we get the following integral equation for e�ective dielectric permittivity of
thin nanogranular �lms:

εeffEext =
1

V0

∫∫∫
V1

ε1E1z(εeff )dV1 +

∫∫∫
V2

ε2E2z(εeff )dV2

 . (2.1)

Here Eext(r) is the external electric �eld, E1z(r) is the electric �eld distribution inside the
granule, E2z(r) is the electric �eld distribution inside the "dead layer V1 is the granule volume,
excluding the ¾dead layer¿ volume, V2 is the "dead layer"volume, V0 = V1 + V2 is complex
volume, ε1(r) is the dielectric constant of the ferroelectric, ε2(r) is the dielectric constant of
the "dead layer ε3(r) is the dielectric constant of the medium around the granule. Note that
ε2 < (ε3 = εeff ) 6 ε1 .

Most theoretical models of the dielectric permittivity mainly consider the volume fraction
and the component permittivities; some of them take into consideration the component
distribution in space and granule shapes. And only a few of them study the interface connections,
but this requires the de�nition of an additional values variety. Theoretical connections, which
consider additional factors, are rarely announced in the literature, due to the their high
complexity or the inability to construct adequate numerical models.

In this work, based on a ¾dead layer¿ model, we build a numerical method for the e�ective
permittivity calculation.

The e�ective permittivity is de�ned in dependence of electrical �elds distribution within the
components and its permittivities, volume fractions, granule shapes and inner interactions.

3. Numerical model implementation

3.1. Method of solving the basic integral equation

Let us consider the basic integral equation (2.1), allowing to determine the e�ective
dielectric permittivity εeff (r) = εeff (x, y, z) in case of various forms of ferroelectric granules.
The equation is based on the generalized model of the "dead layer mentioned above.

The equation (2.1) is a nonlinear volume homogeneous Fredholm equation of the second
kind. To solve the equation (2.1), we introduce a nonlinear operator

(Fεeff )(r) ≡ εeff (r)Eext(r)−

− 1

V0

∫∫∫
V1

K(r, x1, y1, z1, εeff (x1, y1, z1))dx1dy1dz1+

+

∫∫∫
V2

H(r, x1, y1, z1, εeff (x1, y1, z1))dx1dy1dz1

 ,
(3.1)
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where r = (x, y, z) , K and H are the integral kernels which depend on the sets {ε1, E1z, εeff}
and {ε2, E2z, εeff} , respectively.

The equation (2.1) can be written in an operator form as follows:

(FX)(r) = 0. (3.2)

In order to construct an iterative-projection method to equation (3.2), we �rst linearize the
operator (3.1) according to a modi�ed Newton-Kantorovich scheme [2]:

Xm+1 = Xm − [F ′(X0)]
−1(F (Xm)), m = 0, 1, . . . , (3.3)

where X0(x, y, z) is the initial approximation, for example, the dielectric constant of the
ferroelectric ε1(x, y, z) . Then, the e�ective dielectric constant could be determined as the
following limit of sequence:

εeff (r) = lim
m→∞

Xm(r). (3.4)

The derivative F ′(X0) of the nonlinear operator F at the point X0 is de�ned as follows:

F ′(X0) = lim
ω→0

F (X0 + ωX)− F (X0)

ω
= lim

ω→0

1

ω

((
X0(r) + ωX(r)

)
Eext(r)−

− 1

V0

∫∫∫
V1

K
(
r, r1, X0(r1) + ωX(r1)

)
dV1+

+

∫∫∫
V2

H
(
r, r1, X0(r1) + ωX(r1)

)
dV2

−X0(r)Eext(r)+

+
1

V0

∫∫∫
V1

K
(
r, r1, X0(r1)

)
dV1 +

∫∫∫
V2

H
(
r, r1, X0(r1)

)
dV2

) =

= X(r)Eext(r)−

− 1

V0
lim
ω→0

1

ω

∫∫∫
V1

[
K
(
r, r1, X0(r1) + ωX(r1)

)
−K

(
r, r1, X0(r1)

)]
dV1 +

+

∫∫∫
V2

[
H
(
r, r1, X0(r1) + ωX(r1)

)
−H

(
r, r1, X0(r1)

)]
dV2

 .
Here r = (x1, y1, z1), dV1 = dx1dy1dz1 .

Implementing the limit transition under the integral sign, we �nally get:

F ′(X0(r)) = X(r)Eext(r)−
1

V0

∫∫∫
V1

Kε

(
r, r1, X0(r1)

)
X(r1)dV1+

+

∫∫∫
V2

Hε

(
r, r1, X0(r1)

)
X(r1)dV2

 ,
(3.5)
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here

Kε =
∂K(r, x1, y1, z1, X)

∂X

∣∣∣∣
X=X0

, Hε =
∂H(r, x1, y1, z1, X)

∂X

∣∣∣∣
X=X0

.

Thus, we obtain the operator form of Newton-Kantorovich scheme as follows:

F ′(X0(t))∆Xm+1(t) = −F (Xm), ∆Xm+1 = Xm+1 −Xm, (3.6)

or in the extended form

∆Xm+1(r)Eext(r)−
1

V0

∫∫∫
V1

Kε(r, r1, X0(r1))∆Xm+1(r1)dV1+

+

∫∫∫
V2

Hε(r, r1, X0(r1))∆Xm+1(r1)dV2

 = −Xm(r)Eext(r)+

+
1

V0

∫∫∫
V1

K(r, r1, Xm(r1))dV1 +

∫∫∫
V2

H(r, r1, Xm(r1))dV2

 .
(3.7)

Simplify (3.7):

Xm+1(r)Eext(r)−
1

V0

∫∫∫
V1

Kε(r, r1, X0(r1))Xm+1(r1)dV1+

+

∫∫∫
V2

Hε(r, r1, X0(r1))Xm+1(r1)dV2

 = Φm(r), m = 0, 1, . . . ,

(3.8)

here

Φm(r) =
1

V0

∫∫∫
V1

[
K(r, r1, Xm(r1))−Kε(r, r1, X0(r1))Xm(r1)

]
dV1+

+

∫∫∫
V2

[
H(r, r1, Xm(r1))−Hε(r, r1, X0(r1))Xm(r1)

]
dV2

 .
The equations (3.8) are now linear Fredholm equations of the second kind with respect to

the unknown function Xm+1(r) . Note that the kernels Kε and Hε remain constant during
each iteration m .

Thus, solving the equations (3.8), we get a sequence of approximate functions Xm+1(r) . And
then, using formula (3.4), we obtain the approximation of the e�ective dielectric permittivity
εeff (r) with an accuracy, depending on m .

3.2. The solution of the linear equation

At each step of the iteration process (3.8) we have to solve numerically the linear
integral equations. These equations could be solved, for example, by the method of successive
approximations combined with the spline-approximation of the exact solutions or the method
of the direct spline-collocation.
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Applying the �rst approach we obtain the successive approximations for each m = 0, 1, . . .
as follows:

X0
m+1(r) =

Φm(r)

Eext(r)
,

Xn+1
m+1(r) =

Φm(r)

Eext(r)
+

1

V0Eext(r)

∫∫∫
V1

Kε(r, r1, X0(r1))X
n
m+1(r1)dV1+

+

∫∫∫
V2

Hε(r, r1, X0(r1))X
n
m+1(r1)dV2

 , n = 0, 1, . . . ,

(3.9)

The solution of the equation (3.2) by iteration with the number m + 1 is determined as the
limit

Xm+1 = lim
n→∞

Xn
m+1(r). (3.10)

To calculate integrals (3.9) we implement a transition to a spherical coordinate system or
the other one (depending on the ferroelectric granule shape) so that the integration domains
V1 and V2 move into cuboids V 1 and V 2 .

Then, the integration domains V 1 and V 2 are divided into parts ∆k,l,j by planes parallel
to the coordinate ones:

∆k,l,j = {(t1, t2, t3) : t1,k−1 6 t1 6 t1,k, t2,l−1 6 t2 6 t2,l t3,j−1 6 t3 6 t3,j},

k, l, j = 1, N,

where

t1,i =

(
i

N

)γ1
T, t2,i =

(
i

N

)γ2
T, t3,i =

(
i

N

)γ3
T, i = 0, N,

The parameters γ1 , γ2 and γ3 are responsible for the grid non-uniformity for each of the
coordinates and are chosen according to the behavior nature of the equation kernel along each
of the coordinate axes.

In each of the areas ∆k,l,j we introduce additional nodes for use of composite quadrature
formulas of the Gauss-Christo�el type. These nodes are the zeroes of the Legendre polynomials
that are displayed in each coordinate on the on the parallelepiped edges ∆k,l,j .

The approximate solution is a spline composed of the Lagrange interpolation polynomials,
constructed on these nodes.

4. Conclusion

The work is focused on the numerical calculation of the e�ective dielectric permittivity of
the dielectric medium with ferroelectric granules of di�erent shapes in it.

The scienti�c novelty of this work is a newly developed numerical algorithm for determining
the e�ective dielectric permittivity of thin nanogranular �lms and ferroelectric composites.
The algorithm is based on a non-linear volume integral equation (2.1). The iterative-projection
method we perform here can be applied to any form of granules. For granules of the forms
di�erent from spherical and ellipsoidal you need a slight modi�cation of the algorithm when
approximate the integrals in (3.9).
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ÓÄÊ 519.3:62-50

Ïðèáëèæåííîå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ íåëèíåéíûì çàïàçäûâàíèåì è ïðèáëèæåííîå

âû÷èñëåíèå ôóíêöèîíàëà êà÷åñòâà ïðè èçâåñòíîì

óïðàâëåíèè

c⃝ Ò. Ê. Þëäàøåâ 1

Àííîòàöèÿ. Ðàññìîòðåíû âîïðîñû î ïðèáëèæåííîì ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ íåëèíåéíûì çàïàçäûâàíèåì ïðè íà÷àëüíîì óñëîâèè è î ïðèáëèæåííîì âû÷èñëåíèè
ôóíêöèîíàëà êà÷åñòâà ïðè èçâåñòíîì óïðàâëåíèè. Â ïîñòàâëåííîé çàäà÷å óïðàâëåíèå îãðà-
íè÷åíî ïî ìîäóëþ êîíñòàíòîé è íåëèíåéíî âõîäèò â óðàâíåíèå è â ôóíêöèîíàë êà÷åñòâà. Èñ-
ïîëüçîâàí ñëó÷àé, êîãäà ïåðåìåííûå ïðèíèìàþò íàòóðàëüíûå çíà÷åíèÿ. Çàäà÷à çàìåíÿåòñÿ
ñ å¼ äèñêðåòíûì àíàëîãîì. Äëÿ êàæäîãî íàáîðà çàäàííîé êîîðäèíàòû è óïðàâëåíèÿ íà÷àëü-
íàÿ çàäà÷à ñâåäåíà ê ñóììàðíîìó óðàâíåíèþ ñ çàïàçäûâàíèåì. Äîêàçàíî ñóùåñòâîâàíèå è
åäèíñòâåííîñòü ðåøåíèÿ ýòîãî ñóììàðíîãî óðàâíåíèÿ. Ïðè ýòîì èñïîëüçîâàí ìåòîä ïîñëå-
äîâàòåëüíûõ ïðèáëèæåíèé â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé. Ïîëó÷åíà
îöåíêà äëÿ äîïóñêàåìîé ïîãðåøíîñòè ïî ñîñòîÿíèþ ïðèáëèæåííîãî ðåøåíèÿ íà÷àëüíîé ðàç-
íîñòíîé çàäà÷è. Äàëåå äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü äèñêðåòíûõ óïðàâëåíèé ÿâëÿåòñÿ
ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòüþ äëÿ èñêîìîé çàäà÷è. Â êà÷åñòâà ïðèìåðà ñîñòàâëåíà
ïðîñòåéøàÿ äèíàìè÷åñêàÿ ìîäåëü ïðîèçâîäñòâåííîãî ïðîöåññà ïðåäïðèÿòèÿ, êîòîðàÿ èìååò
âèä ðàññìàòðèâàåìîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: Äèôôåðåíöèàëüíîå óðàâíåíèå, íåëèíåéíîå çàïàçäûâàíèå, íà÷àëüíîå
óñëîâèå, îïòèìàëüíîå óïðàâëåíèå, ïðèáëèæåííîå ðåøåíèå, äèíàìè÷åñêàÿ ìîäåëü ýêîíîìèêè.

Ñîâðåìåííûå ìåòîäû ðåøåíèÿ çàäà÷ óïðàâëåíèÿ â çíà÷èòåëüíîé ñòåïåíè îñíî-
âûâàþòñÿ íà êîíöåïöèè îïòèìàëüíîñòè, ÷òî îïðåäåëÿåò øèðîêîå ïðèìåíåíèå ìåòîäîâ è
àëãîðèòìîâ òåîðèè îïòèìèçàöèè ïðè ïðîåêòèðîâàíèè è ñîâåðøåíñòâîâàíèè ñèñòåì óïðàâ-
ëåíèÿ. Ìíîãèå çàäà÷è óïðàâëåíèÿ ôîðìóëèðóþòñÿ êàê êîíå÷íîìåðíûå îïòèìèçàöèîííûå
çàäà÷è. Ê òàêèì çàäà÷àì îòíîñÿòñÿ è çàäà÷è àäàïòèâíûõ ñèñòåì óïðàâëåíèÿ [1] � [5].

Ðàçðàáîòêà ìàòåìàòè÷åñêèõ ìåòîäîâ è ñîçäàíèå íà èõ îñíîâå ïàêåòîâ ïðèêëàäíûõ ïðî-
ãðàììíûõ êîìïëåêñîâ, îðèåíòèðîâàííûõ íà àâòîìàòèçàöèþ ïðîåêòíî-êîíñòðóêòîðñêèõ è
íàó÷íî-èññëåäîâàòåëüñêèõ ðàáîò ñ ïðèìåíåíèåì ñîâðåìåííûõ êîìïüþòåðîâ, ÿâëÿþòñÿ â
íàñòîÿùåå âðåìÿ âàæíåéøèìè çàäà÷àìè. Óñïåøíîìó ðåøåíèþ ýòîé çàäà÷è â çíà÷èòåëüíîé
ìåðå ñïîñîáñòâóåò ðàçðàáîòêà ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ è ïðîãðàììíûõ ñðåäñòâ
äëÿ ðåøåíèÿ çàäà÷ äèíàìèêè è óïðàâëåíèÿ. Ïðè ïðèáëèæåííîì ðåøåíèè çàäà÷ îïòèìàëü-
íîãî óïðàâëåíèÿ ðàçëè÷íûìè ñèñòåìàìè èñïîëüçóþòñÿ øèðîêèé ñïåêòð ðàçíûõ ìåòîäîâ
(ñì., íàïð. [6] � [11]).

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìàëü-
íîãî óïðàâëåíèÿ äëÿ îäíîãî íåëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ñ íåëèíåéíûì çàïàçäûâàþùèì àðãóìåíòîì ïðè íà÷àëüíûì óñëîâèè è ñ íåëèíåéíûì êðè-
òåðèåì îïòèìàëüíîñòè.

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru
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1. Ïîñòàíîâêà çàäà÷è

Ïóñòü óïðàâëÿåìûé ïðîöåññ íà îòðåçêå DT îïèñûâàåòñÿ íåëèíåéíûì äèôôåðåíöè-
àëüíûì óðàâíåíèåì âèäà

y′(t) = p(t)u(t) + β(t)q
[
t− τ

(
t, u(t), y′(t)

)]
×

×y
[
t− τ

(
t, u(t), y′(t)

)]
+ f(t, y(t)) (1.1)

ñ íà÷àëüíûì óñëîâèåì
y(t) = ϕ(t), t ∈

[
− η; t0

]
, (1.2)

ãäå p(t), β(t) è q(t) � çàäàííûå ïîëîæèòåëüíûå íåïðåðûâíûå ôóíêöèè, îãðàíè÷åííûå
ñâåðõó ÷èñëîì 1, f(t, y) ∈ C

(
DT × Y

)
, 0 < τ

(
t, u(t), y′(t)

)
� çàïàçäûâàþùàÿ ôóíêöèÿ,

òàêàÿ, ÷òî t − τ
(
t, u(t), y′(t)

)
≤ t0 − η , 0 < η = const , 0 < u(t) ∈ C

(
DT

)
� óïðàâëÿþùàÿ

ôóíêöèÿ, Y � îòðåçîê íà ïîëîæèòåëüíîé ïîëóîñè, DT ≡
[
t0;T

]
, 0 < t0 < T <∞ .

Çàäà÷à 1.Íàéòè ñîñòîÿíèå y⋆(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.1), (1.2) ïðè èçâåñòíûõ
óïðàâëÿþùèõ âîçäåéñòâèÿõ

u⋆(t) ∈
{
u⋆ :

∣∣u⋆(t)∣∣ ≤M0, t ∈ DT

}
,

÷òî äîñòàâëÿþò ìèíèìóì ôóíêöèîíàëó

J [u(t)] =

∫ T

t0

τ
(
t, u(t), y′(t)

)
dt.

2. Äèñêðåòíûé àíàëîã çàäà÷è 1

Âìåñòî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1) ðàññìîòðèì åãî ðàçíîñòíûé àíàëîã

∆y(n) = p(n)u(n) + β(n)q
[
n− τ

(
n, u(n),∆y(n)

)]
×

×y
[
n− τ

(
n, u(n),∆y(n)

)]
+ f(n, y(n)) (2.1)

ïðè íà÷àëüíîì óñëîâèè
y(n) = ϕ(n), n ∈ D1, (2.2)

ãäå ∆y(n) = y(n+1)−y(n) , öåëî÷èñëåííûå ôóíêöèè p(n), β(n) , q(n), f(n, y) îïðåäåëåíû

äëÿ âñåõ n ∈ DN , öåëî÷èñëåííàÿ ôóíêöèÿ ϕ(n) îïðåäåëåíà äëÿ âñåõ n ∈ D1 ≡
{
n0 − η ≤

n ≤ n0

}
, η > 0 , n ∈ DN ≡

{
n0 ≤ n ≤ N

}
, à n0, n è N � íàòóðàëüíûå ÷èñëà.

Çàäà÷à 2. Íàéòè ñîñòîÿíèå y⋆(n) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.1), (2.2) ïðè èçâåñò-
íûõ óïðàâëÿþùèõ âîçäåéñòâèÿõ

u⋆(n) ∈
{
u⋆ :

∣∣u⋆(n)∣∣ ≤M0, n ∈ DN

}
,

÷òî äîñòàâëÿþò ìèíèìóì ôóíêöèîíàëó

J [u(n)] =
N−1∑
n=n0

τ
(
n, u(n),∆y(n)

)
. (2.3)

Â äàííîé ðàáîòå âìåñòî çàäà÷è 1 áóäåì ðàññìàòðèâàòü äèñêðåòíóþ çàäà÷ó 2.
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Ðàçíîñòíàÿ íà÷àëüíàÿ çàäà÷à (2.1), (2.2) íà ìíîæåñòâå ýêâèâàëåíòíà ñóììàðíîìó óðàâ-
íåíèþ

y(n) ≡ Θ(n, y) = ϕ(n0)+

+
n−1∑
m=n0

[
p(m)u(m) + β(m)q

[
m− τ

(
m,u(m),∆y(m)

)]
×

×y
[
m− τ

(
m,u(m),∆y(m)

)]
+ f(m, y(m))

]
. (2.4)

3. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ñóììàðíîãî óðàâíåíèÿ (2.4)

Ìû èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ: Bnd(M) � êëàññ öåëî÷èñëåííûõ ôóíêöèé,

îãðàíè÷åííûõ ïî íîðìå ñ ïîëîæèòåëüíûì ÷èñëîì M ; Lip
{
L|u,v,...

}
� êëàññ ôóíêöèé,

óäîâëåòâîðÿþùèõ óñëîâèþ Ëèïøèöà ïî ïåðåìåííûì u, v, . . . ñ ïîëîæèòåëüíûì êîýôôè-
öèåíòîì L .

Â êà÷åñòâå íîðìû íà ìíîæåñòâå DN äëÿ ïðîèçâîëüíîé öåëî÷èñëåííîé ôóíêöèè x(n)
ìû áóäåì áðàòü åâêëèäîâó íîðìó

∥x(n)∥ = max
{
|x(n)| : n ∈ DN

}
.

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. f(n, y) ∈ Bnd(M1) ∩ Lip

{
L1|y

}
, 0 < L1 = const ;

2. τ(n, u, y) ∈ Lip
{
L2|y

}
, 0 < L2 = const ;

3. max
{
|ϕ(n0)|; ∥p(n)∥; ∥y(n)∥

}
= γ0 = const <∞ ;

4.
∣∣q(n1)− q(n2)

∣∣ ≤ L01

∣∣n1 − n2

∣∣ , 0 < L01 = const ;
5.
∣∣y(n1)− y(n2)

∣∣ ≤ L02

∣∣n1 − n2

∣∣ , 0 < L02 = const ;

6. ρ = max
{
γ1; γ2

}
< 1 , γ1 = max

{
q0 + L1;

(
q0 + L1

)
(N − n0 − 1)

}
,

γ2 = max
{
L2

(
γ0L01 + q0L02

)
;L2

(
γ0L01 + q0L02

)
(N − n0 − 1)

}
,

q0 = max
{
q(n) : n ∈ DN

}
.

Òîãäà ñóììàðíîå óðàâíåíèå (2.4) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ u(n) èìå-
åò åäèíñòâåííîå ðåøåíèå íà ìíîæåñòâå DN .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé â
ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé (ñì., íàïð. [12] � [14]). Ðàññìîòðèì
ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:{

y0(n) = ϕ(n0) +
∑n−1

m=n0
p(m)u(m),

yk+1(n) = Θ(n, yk), k = 0, 1, 2, . . . ;
(3.1)

∆yk+1(n) = p(n)u(n) + β(n)q
[
n− τ

(
n, u(n),∆yk(n)

)]
×

×yk
[
n− τ

(
n, u(n),∆yk(n)

)]
+ f(n, yk(n)). (3.2)

Â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû äëÿ íóëåâîãî ïðèáëèæåíèÿ èç (3.1) ñïðàâåäëèâà ñëå-
äóþùàÿ îöåíêà ∥∥y0(n)∥∥ ≤ γ0 + γ0M0 <∞. (3.3)
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Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì (3.3) èç (3.1) äëÿ ïåðâîãî ïðèáëèæåíèÿ èìååì îöåíêó

∥∥y1(n)− y0(n)
∥∥ ≤

n−1∑
m=n0

∥∥∥y0[m− τ
(
m,u(m),∆y0(m)

)]∥∥∥+
+

n−1∑
m=n0

∥∥∥f(m, y0)∥∥∥ ≤
[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)
<∞. (3.4)

Àíàëîãè÷íî äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà k > 1 èç (3.1) ïî èíäóêöèè ïîëó-
÷àåì ∥∥yk+1(n)− yk(n)

∥∥ ≤
n−1∑
m=n0

[∥∥∥q[m− τ
(
m,u(m),∆yk(m)

)]∥∥∥×
×
∥∥∥yk[m− τ

(
m,u(m),∆yk(m)

)]
− yk−1

[
m− τ

(
m,u(m),∆yk−1(m)

)]∥∥∥+
+
∥∥∥yk−1

[
m− τ

(
m,u(m),∆yk(m)

)]∥∥∥×
×
∥∥∥q[m− τ

(
m,u(m),∆yk(m)

)]
− q
[
m− τ

(
m,u(m),∆yk−1(m)

)]∥∥∥]+
+

n−1∑
m=n0

∥∥f(m, yk(m)
)
− f

(
m, yk−1(m)

)∥∥.
Îòñþäà, â ñèëó óñëîâèé òåîðåìû, èìååì∥∥yk+1(n)− yk(n)

∥∥ ≤

≤
{
q0

∥∥∥yk[n− τ
(
n, u(n),∆yk(n)

)]
− yk−1

[
n− τ

(
n, u(n),∆yk(n)

)]∥∥∥+
+q0

∥∥∥yk−1

[
n− τ

(
n, u(n),∆yk(n)

)]
− yk−1

[
n− τ

(
n, u(n),∆yk−1(n)

)]∥∥∥+
+γ0L01

∣∣∣τ(n, u(n),∆yk(n))− τ
(
n, u(n),∆yk−1(n)

)∣∣∣+
+L1

∥∥yk(n)− yk−1(n)
∥∥} (N − n0 − 1

)
èëè ∥∥yk+1(n)− yk(n)

∥∥ ≤
(
N − n0 − 1

) [(
q0 + L1

)∥∥yk(n)− yk−1(n)
∥∥+

+
(
γ0L01 + q0L02

)∣∣∣τ(n, u(n),∆yk(n))− τ
(
n, u(n),∆yk−1(n)

)∣∣∣] ≤
≤
[(
q0 + L1

)∥∥yk(n)− yk−1(n)
∥∥+

+L2

(
γ0L01 + q0L02

)∥∥∆yk(n)−∆yk−1(n)
∥∥] (N − n0 − 1

)
, (3.5)

ãäå q0 = max
{
q(n) : n ∈ DN

}
.

Àíàëîãè÷íî èç (3.2) èìååì∥∥∆yk+1(n)−∆yk(n)
∥∥ ≤

(
q0 + L1

)∥∥yk(n)− yk−1(n)
∥∥+

+L2

(
γ0L01 + q0L02

)∥∥∆yk(n)−∆yk−1(n)
∥∥. (3.6)
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Èç (3.5) è (3.6) ñëåäóåò, ÷òî∥∥yk+1(n)− yk(n)
∥∥+ ∥∥∆yk+1(n)−∆yk(n)

∥∥ ≤

≤ γ1
∥∥yk(n)− yk−1(n)

∥∥+ γ2
∥∥∆yk(n)−∆yk−1(n)

∥∥ ≤
≤ ρ

[∥∥yk(n)− yk−1(n)
∥∥+ ∥∥∆yk(n)−∆yk−1(n)

∥∥] , (3.7)

ãäå γ1 = max
{
q0 + L1;

(
q0 + L1

)
(N − n0 − 1)

}
,

γ2 = max
{
L2

(
γ0L01 + q0L02

)
;L2

(
γ0L01 + q0L02

)
(N − n0 − 1)

}
,

q0 = max
{
q(n) : n ∈ DN

}
.

Èç (3.4) è (3.7) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.4) ÿâëÿåòñÿ ñæèìàþùèì. Ñëå-
äîâàòåëüíî, ñóììàðíîå óðàâíåíèå (2.4) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ u(n)
èìååò åäèíñòâåííîå ðåøåíèå íà ìíîæåñòâå DN .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 3.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.1. Åñëè 2ρ < 1 , òî ïðè
ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ u(n) ñïðàâåäëèâà îöåíêà

∥∥∆y(n)−∆yk(n)
∥∥ ≤

ρ k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
2(1− 2ρ)

. (3.8)

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ðàçíîñòè y(n) − yk(n) ñ ó÷åòîì (3.4) è (3.7) èìååì
îöåíêó ∥∥y(n)− yk(n)

∥∥ ≤
≤
∥∥y(n)− yk+1(n)

∥∥+ ∥∥yk+1(n)− yk(n)
∥∥ ≤

≤ ρ
[∥∥yk(n)− yk−1(n)

∥∥+ ∥∥∆yk(n)−∆yk−1(n)
∥∥]+

+ρ k
[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)
. (3.9)

Àíàëîãè÷íî ïîëó÷àåì, ÷òî ∥∥∆y(n)−∆yk(n)
∥∥ ≤

≤ ρ
[∥∥yk(n)− yk−1(n)

∥∥+ ∥∥∆yk(n)−∆yk−1(n)
∥∥]+M1ρ

k. (3.10)

Èç (3.9) è (3.10) ñëåäóåò îöåíêà∥∥y(n)− yk(n)
∥∥+ ∥∥∆y(n)−∆yk(n)

∥∥ ≤

≤ 2ρ
[∥∥yk(n)− yk−1(n)

∥∥+ ∥∥∆yk(n)−∆yk−1(n)
∥∥]+

+ρ k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
.

Îòñþäà èìååì ∥∥x(n)− xk(n)
∥∥ ≤ 2ρ

∥∥x(n)− xk(n)
∥∥+

+
ρ k

2

{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
, (3.11)

ãäå
∥∥x(n)− xk(n)

∥∥ = max
{∥∥y(n)− yk(n)

∥∥;∥∥∆y(n)−∆yk(n)
∥∥} èëè

∥∥∆x(n)−∆xk(n)
∥∥ ≤

ρ k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
2(1− 2ρ)

. (3.12)

Òàê êàê
∥∥∆y(n)−∆yk(n)

∥∥ ≤
∥∥∆x(n)−∆xk(n)

∥∥ , òî èç (3.12) ñëåäóåò îöåíêà (3.8).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Ñ ë å ä ñ ò â è å 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.2. Òîãäà èìååò ìå-
ñòî ñëåäóþùåå ñîîòíîøåíèå

lim
k→∞

∥∥∆y(n)−∆yk(n)
∥∥ = 0. (3.13)

4. Ñõîäèìîñòü ôóíêöèîíàëà êà÷åñòâà

Ñ ó÷åòîì ïîñëåäîâàòåëüíîñòåé ôóíêöèé (3.1) è (3.2) ôóíêöèîíàë (2.3) çàïèøåì â âèäå

J [uk(n)] =
N−1∑
n=n0

τ
(
n, u(n),∆yk(n)

)
. (4.1)

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.2. Òîãäà èìååò ìåñòî
ñëåäóþùåå ïðåäåëüíîå ñîîòíîøåíèå

lim
k→∞

∣∣J [u(n)]− Jk[u(n)]
∣∣ = 0. (4.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì (3.8) èç (2.3) è (4.1)
ïîëó÷àåì ñëåäóþùóþ îöåíêó

∣∣J [u(n)]− Jk[u(n)]
∣∣ ≤ L2ρ

k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}(
N − n0 − 1

)
2(1− 2ρ)

.

Òàê êàê 2ρ < 1 , òî èç ïîñëåäíåé îöåíêè ñëåäóåò ñïðàâåäëèâîñòü (4.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïóñòü u ⋆(n) � îïòèìàëüíîå äîïóñòèìîå óïðàâëåíèå â çàäà÷å 2. Ïðåäïîëàãàåòñÿ, ÷òî
äëÿ ýòîãî îïòèìàëüíîãî óïðàâëåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà∥∥u ⋆(n)− u ⋆k (n)

∥∥ ≤ δk(n), lim
µ→∞

δk(n) = 0. (4.3)

Èç (1.1), (2.1) � (3.2) è (4.1) ïðèõîäèì ê ñëåäóþùèì ñîîòíîøåíèÿì:

∆y ⋆(n) = p(n)u ⋆(n) + β(n)q
[
n− τ

(
n, u ⋆(n),∆y ⋆(n)

)]
×

×y
[
n− τ

(
n, u ⋆(n),∆y ⋆(n)

)]
+ f(n, y ⋆(n)); (4.4)

y ⋆(n) ≡ Θ(n, y ⋆) = ϕ(n0)+

+
n−1∑
m=n0

[
p(m)u ⋆(m) + β(m)q

[
m− τ

(
m,u ⋆(m),∆y ⋆(m)

)]
×

×y ⋆
[
m− τ

(
m,u ⋆(m),∆y ⋆(m)

)]
+ f(m, y ⋆(m))

]
; (4.5)

∆y ⋆k+1(n) = p(n)u ⋆(n) + β(n)q
[
n− τ

(
n, u ⋆(n),∆y ⋆k (n)

)]
×

×y ⋆k
[
n− τ

(
n, u ⋆(n),∆y ⋆k (n)

)]
+ f(n, y ⋆k (n)); (4.6){

y ⋆0 (n) = ϕ(n0) +
∑n−1

m=n0
p(m)u ⋆(m),

y ⋆k+1(n) = Θ(n, y ⋆k ), k = 0, 1, 2, . . . ;
(4.7)
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J [u ⋆(n)] =
N−1∑
n=n0

τ
(
n, u ⋆(n),∆y ⋆(n)

)
; (4.8)

Jk[u
⋆(n)] =

N−1∑
n=n0

τ
(
n, u ⋆(n),∆y ⋆k (n)

)
; (4.9)

Jk[u
⋆
k (n)] =

N−1∑
n=n0

τ
(
n, u ⋆k (n),∆y

⋆
k (n)

)
. (4.10)

Ò å î ð å ì à 4.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 4.1. Åñëè

τ
(
n, u ⋆, y ⋆

)
∈ Lip

{
L

2

∣∣u ⋆,y ⋆

}
è âûïîëíÿåòñÿ óñëîâèå (4.3), òî èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå

lim
k→∞

∣∣∣J [u ⋆(n)]− Jk[u
⋆
k (n)]

∣∣∣ = 0. (4.11)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôîðìóëû (3.13) è (4.2) â ñëó÷àå (4.4) � (4.9) âûãëÿäÿò òàê

lim
k→∞

∣∣∣∆y ⋆(n)−∆y ⋆k (n)
∣∣∣ = 0, (4.12)

lim
k→∞

∣∣∣J [u ⋆(n)]− Jk[u
⋆(n)]

∣∣∣ = 0. (4.13)

Ðàññìîòðèì îöåíêó ðàçíîñòè J [u ⋆k (n)]− Jk[u
⋆
k (n)] . Â ñèëó óñëîâèÿ òåîðåìû, èç (4.9) è

(4.10) ïîëó÷àåì∣∣∣J [u ⋆k (n)]− Jk[u
⋆
k (n)]

∣∣∣ ≤ L2

[∥∥u ⋆(n)− u ⋆k (n)
∥∥+ ∥∥∆y ⋆(n)−∆y ⋆k (n)

∥∥] . (4.14)

Ñ ó÷åòîì (4.3) è (4.12) èç (4.14) ïîëó÷àåì, ÷òî ñïðàâåäëèâî ñîîòíîøåíèå

lim
k→∞

∣∣∣J [u ⋆k (n)]− Jk[u
⋆
k (n)]

∣∣∣ = 0. (4.15)

Òàê êàê∣∣∣J [u ⋆(n)]− Jk[u
⋆
k (n)]

∣∣∣ ≤ ∣∣∣J [u ⋆(n)]− Jk[u
⋆(n)]

∣∣∣+ ∣∣∣J [u ⋆k (n)]− Jk[u
⋆
k (n)]

∣∣∣,
òî, ïåðåõîäÿ ê ïðåäåëó ïðè k → ∞ , ñ ó÷åòîì (4.13) è (4.15) ïîëó÷àåì (4.11).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

5. Çàêëþ÷åíèå

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåññàìè, îïèñûâàåìû-
ìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ íåëèíåéíûì çàïàçäûâàþùèì àðãóìåíòîì, î÷åíü
ñëîæíî. Ïîýòîìó íà ïðàêòèêå èñïîëüçóþòñÿ ïðèáëèæåííûå ìåòîäû ïîñòðîåíèÿ ïðîãðàìì-
íîãî è ñèíòåçèðóþùåãî îïòèìàëüíîãî óïðàâëåíèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âî-
ïðîñû ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ îäíîãî íåëèíåéíîãî
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ íåëèíåéíûì çàïàçäûâàþùèì àðãóìåíòîì
ïðè íà÷àëüíûì óñëîâèè è ñ íåëèíåéíûì êðèòåðèåì îïòèìàëüíîñòè. Ïðè ýòîì èñïîëüçó-
þòñÿ èòåðàöèè (4.7) è (4.10). Äîêàçûâàåòñÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ôóíêöèîíàëà
êà÷åñòâà (4.10). Â êà÷åñòâà ïðèìåðà äëÿ óðàâíåíèÿ (1.1) ñîñòàâëÿåòñÿ ìàòåìàòè÷åñêàÿ
ìîäåëü ýêîíîìèêè ïðîèçâîäñòâåííîãî ïðåäïðèÿòèÿ.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 4



82 Ò. Ê. Þëäàøåâ

6. Ïðèëîæåíèå

Îáîñíîâàíèå ïîñòàíîâêó çàäà÷è. Ðàññìîòðèì ïðîèçâîäñòâåííûé ïðîöåññ îäíîãî
ïðåäïðèÿòèÿ â óñëîâèÿõ ðûíî÷íûõ îòíîøåíèé. Ïóñòü u(t) � îáúåì ïðîäóêöèè ïðåäïðèÿ-
òèÿ, ðåàëèçîâàííîé ê ìîìåíòó âðåìåíè t . Åãî äîõîä ê äàííîìó ìîìåíòó âðåìåíè t ñîñòà-
âèò

y(t) = p(t)u(t), (6.1)

ãäå p(t) � ðûíî÷íàÿ öåíà ðåàëèçàöèè ïðîäóêöèè ïðîèçâîäèìîé ïðåäïðèÿòèåì â ìîìåíò
âðåìåíè t .

Èç (6.1) âèäíî, ÷òî åñëè öåíà ðåàëèçàöèè ïðîäóêöèè âîçðàñòàåò, òî è äîõîä ïðåäïðèÿ-
òèÿ òîæå âîçðàñòàåò ê äàííîìó ìîìåíòó âðåìåíè t . Íî, ïîâûøåíèå öåíû ìîæåò îòðèöà-
òåëüíî îòðàæàòüñÿ â ñêîðîñòè ðåàëèçàöèè òîâàðà, ïðîèçâîäèìîé ïðåäïðèÿòèåì.

Ïóòåì äèôôåðåíöèðîâàíèÿ ôîðìóëû (6.1) ïî âðåìåíè t íàõîäèì ñêîðîñòü ðåàëèçàöèè
ïðîäóêöèè

y′(t) = p′(t)u(t) + p(t)u′(t), (6.2)

ãäå p′(t) � òåíäåíöèÿ ôîðìèðîâàíèÿ öåíîîáðàçîâàíèÿ.
Íàñ èíòåðåñóåò ñëó÷àé, êîãäà y′(t) > 0 , ò. å. ñ êàæäûì äíåì áîëüøå ïðîäóêöèè ðåàëè-

çóþòñÿ. Èç ôîðìóëû (6.2) âèäíî, ÷òî ýòî çàâèñèò îò òåíäåíöèè ôîðìèðîâàíèÿ öåíîîáðà-
çîâàíèÿ p′(t) è ñêîðîñòè âûïóñêà ïðîäóêöèè u′(t) . Íî, p′(t) îïðåäåëÿåòñÿ èç ðàâíîâåñèÿ
ñïðîñà è ïðåäëîæåíèÿ íà ðûíêå ê ìîìåíòó âðåìåíè t .

Ñêîðîñòü âûïóñêà ïðîäóêöèè îïðåäåëÿåòñÿ èç ñëåäóþùåãî ñîîòíîøåíèÿ

u′(t) = α(t)z
(
t− τ(t)

)
, (6.3)

ãäå z(t) � ôóíêöèÿ èíâåñòèöèé, íàïðàâëåííûõ íà ðàñøèðåíèå ïðîèçâîäñòâà, α(t) � êîýô-
ôèöèåíò ýôôåêòèâíîñòè èñïîëüçîâàíèÿ èíâåñòèöèé, 0 < α(t) < 1 , 0 < t0 < τ(t) < t .
Åñëè ôóíêöèÿ çàïàçäûâàíèÿ τ(t) ìåíüøå áóäåò, òî ýòî ñïîñîáñòâóåò òîìó, ÷òî ñêîðîñòü
âûïóñêà ïðîäóêöèè áîëüøå ñòàíîâèòñÿ. Åñëè τ(t) = t , òî ïðîöåññ èíâåñòèðîâàíèÿ áóäåò
îñòàíàâëèâàòüñÿ. Î÷åâèäíî, ÷òî çàïàçäûâàíèå τ(t) çàâèñèò îò îáúåìà ïðîäóêöèè u(t) è
ñêîðîñòè ðåàëèçàöèè ïðîèçâîäèìîé ïðåäïðèÿòèåì ïðîäóêöèè y′(t) ê ìîìåíòó âðåìåíè t

τ(t) = τ
(
t, u(t), y′(t)

)
.

Òîãäà ôîðìóëà (6.3) ïðèîáðåòàåò âèä

u′(t) = α(t)z
(
t− τ

(
t, u(t), y′(t)

))
, (6.4)

Âåëè÷èíà èíâåñòèöèé z(t) ÿâëÿåòñÿ ÷àñòüþ äîõîäà

z(t) = q(t)y(t), (6.5)

ãäå q(t) � äîëÿ ïðèáûëè â ñîñòàâå äîõîäà, 0 < q(t) < 1 . Âåëè÷èíà q(t) õàðàêòåðèçóåò
ðåíòàáåëüíîñòü ïðîèçâîäñòâà.

Ïîäñòàâëÿÿ (6.5) â (6.4), ïîëó÷àåì

u′(t) = α(t)q
(
t− τ

(
t, u(t), y′(t)

))
y
(
t− τ

(
t, u(t), y′(t)

))
. (6.6)

Èç ôîðìóëû (6.6) ñëåäóåò, ÷òî âåëè÷èíà ñêîðîñòè âûïóñêà ïðîäóêöèè âçàèìîñâÿçàíà
ñ âåëè÷èíîé ðåíòàáåëüíîñòè ïðîèçâîäñòâà. Çàïàçäûâàíèå τ õàðàêòåðèçóåòñÿ âåëè÷èíîé
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ïðîäóêöèè, íàêîïëåííûõ â ñêëàäàõ ïðåäïðèÿòèÿ, è ñêîðîñòüþ âûïóñêà ïðîäóêöèè ê äàí-
íîìó ìîìåíòó âðåìåíè t .

Ïîäñòàíîâêà (6.6) â (6.2) äàåò íàì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå

y′(t) = p′(t)u(t) + β(t)q
(
t− τ

(
t, u(t), y′(t)

))
y
(
t− τ

(
t, u(t), y′(t)

))
, (6.7)

ãäå β(t) = p(t)α(t) , 0 < β(t) < 1 , 0 < q(t) < 1 � èçâåñòíûå ôóíêöèè, y(t) � íåèçâåñòíàÿ
ôóíêöèÿ, u(t) � ôóíêöèÿ óïðàâëåíèÿ,

t− τ
(
t, u(t), y′(t)

)
≥ t0 − η, 0 < η = const.

Â óðàâíåíèè (6.7) ó÷òåì ôàêòîð âíåøíåãî âîçäåéñòâèÿ f(t) . Îòìåòèì, ÷òî ôàêòîð
âíåøíåãî âîçäåéñòâèÿ ÷àùå âñåãî çàâèñèò îò äîõîäà ñàìîãî ïðåäïðèÿòèÿ. Åñëè íå ó÷òåì
ìàëûõ è ñëó÷àéíûõ âíåøíèõ ôàêòîðîâ, òî äèôôåðåíöèàëüíîå óðàâíåíèå (6.7) ïðèîáðå-
òàåò âèä

y′(t) = p′(t)u(t) + β(t)q
[
t− τ

(
t, u(t), y′(t)

)]
×

×y
[
t− τ

(
t, u(t), y′(t)

)]
+ f(t, y(t)).

Íà áîëüøîì âðåìåííîì îòðåçêå
[
t − τ

(
t, u(t), y′(t)

)
; t
]
ìàêñèìèçèðîâàòü äîõîä ïðåä-

ïðèÿòèÿ ïðàêòè÷åñêè íåâîçìîæíî. Ïîýòîìó ýòîò âîïðîñ ðåøàåòñÿ ïóòåì ìèíèìèçàöèè
ôóíêöèè çàïàçäûâàíèÿ τ

(
t, u(t), y′(t)

)
óïðàâëåíèåì îáúåìîì ïðîäóêöèè íà îòðåçêå âðå-

ìåíè DT .
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Approximate solving of di�erential equations with

nonlinear delay and approximate calculation of

functionality of quality at known operating in�uences

c⃝ T. K. Yuldashev2

Abstract. It is considered the questions of approximate solving of di�erential equations with
nonlinear delay and of approximate calculation of functionality of quality at known operating
in�uences. This problem is involved the control bounded by a constant and is contained it as
nonlinear function into equation and into functionality of quality. It is considered the case when
the variables are integer values. The problem is changed to its discrete analog. For each set of
given coordinate and controls the initial value problem is reduced to a summary equation with
nonlinear delay. It is proved the existence and uniqueness of solution of the summary equation.
It is used the method of successive approximations, combined it with the method of compressing
maps. It is estimated the permissible error with respect to state of approximation solution of initial
value di�erence problem. Further it is proved that discrete control sequence is minimizing for the
considering problem. As an example it is constructed a simple dynamical model of the economy in
the form of di�erential equations with delay time, which is considered in this paper. This model
takes into account the relationship of volume of production and income in certain conditions of
market pricing.

Key Words: Di�erential equation, nonlinear delay, initial value condition, optimal control,
approximate solution, dynamical model of economics.

2 Associate professor of Higher Mathematics Chair, M. F. Reshetnev Siberian State Aerospace University,
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Êðàòêèå ñîîáùåíèÿ

ÓÄÊ 517.929

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîðîäíîñòè

èíòåðâàëüíûõ ïîëèíîìîâ

c⃝ È. Â. Çóáîâ 1, À. Ô. Çóáîâà 2, Ñ .À. Ñòðåêîïûòîâ 3

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ðîáàñòíîé óñòîé÷èâîñòè è íåóñòîé÷èâî-
ñòè õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû ëèíåéíîé äèíàìè÷åñêîé ñèñòåìû. Ïðåäëàãàåìûé
ïîäõîä ïîçâîëÿåò èññëåäîâàòü ðîáàñòíóþ óñòîé÷èâîñòü è íåóñòîé÷èâîñòü ìíîæåñòâà ñåìåéñòâ,
ïîëó÷åííûõ ïðè ïðîïîðöèîíàëüíîì èçìåíåíèè èíòåðâàëîâ âåùåñòâåííûõ è ìíèìûõ ÷àñòåé
êîýôôèöèåíòîâ ïîëèíîìîâ èñõîäíîãî ñåìåéñòâà.

Êëþ÷åâûå ñëîâà: óñòîé÷èâîñòü, ïîëèíîì, äèíàìè÷åñêàÿ ñèñòåìà, êîýôôèöèåíò, èíòåð-
âàëüíîå ñåìåéñòâî

Ïðè èññëåäîâàíèè ïîâåäåíèÿ ëèíåéíîé äèíàìè÷åñêîé ñèñòåìû ÷àñòî ñòàâèòñÿ çàäà÷à
îá îïðåäåëåíèè ðîáàñòíîé óñòîé÷èâîñòè ñåìåéñòâà ñèñòåì ñ èíòåðâàëüíûìè îãðàíè÷åíèÿ-
ìè íà êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî ïîëèíîìà. Ýòà çàäà÷à ýôôåêòèâíî ðåøàåòñÿ ñ
ïîìîùüþ òåîðåìû Õàðèòîíîâà è ãðàôè÷åñêîãî êðèòåðèÿ Öèïêèíà-Ïîëÿêà. Áîëåå ïîëíóþ
èíôîðìàöèþ îá èññëåäóåìîé ñèñòåìå ìîæåò äàòü ïðèâåäåííûé íèæå ïîäõîä. Îí ðåøàåò
âîïðîñ íå òîëüêî î ðîáàñòíîé óñòîé÷èâîñòè, íî è ðîáàñòíîé íåóñòîé÷èâîñòè èíòåðâàëüíîãî
ñåìåéñòâà ïîëèíîìîâ â ñìûñëå ïðèíàäëåæíîñòè âñåõ ïîëèíîìîâ ñåìåéñòâà êëàññó (n, k) -
ýêâèâàëåíòíîñòè. Áîëåå òîãî, ýòîò ïîäõîä ïîçâîëÿåò îïðåäåëèòü ðîáàñòíóþ óñòîé÷èâîñòü
è íåóñòîé÷èâîñòü ìíîæåñòâà ñåìåéñòâ, ïîëó÷åííûõ ïðè ïðîïîðöèîíàëüíîì èçìåíåíèè èí-
òåðâàëîâ âåùåñòâåííûõ è ìíèìûõ ÷àñòåé êîýôôèöèåíòîâ ïîëèíîìîâ èñõîäíîãî ñåìåéñòâà.

Ðàññìîòðèì èíòåðâàëüíîå ñåìåéñòâî ïîëèíîìîâ ñ êîìïëåêñíûìè êîýôôèöèåíòàìè âè-
äà:

Φ(S) =


f(S) = A0 + A1S + . . .+ AnS

n,

Ai = ai + jbi, |ai − a0i | ≤ αiγ,

|bi − b0i | ≤ βiµ, αi ≥ 0, βi ≥ 0, γ > 0, µ > 0.

(1.1)

Ðàññìîòðèì íîìèíàëüíûé ãîäîãðàô ïðè −∞ < ω <∞ :

f0(jω) = g0(ω) + jh0(ω) (1.2)

{
g0(ω) = a00 − b01ω − a02ω

2 + b03ω
3 + a04ω

4 − . . . ,

h0(ω) = b00 + a01ω − b02ω
2 − a03ω

3 + b04ω
4 + . . .

(1.3)

Äëÿ íîìèíàëüíîãî ãîäîãðàôà (2) ðàññìîòðèì íîðìèðîâî÷íûå ôóíêöèè:{
R(ω) = α0 +

µ
γ
β1|ω|+ α2ω

2 + µ
γ
β3|ω|3 + α4ω

4 + . . . ,

T (ω) = β0 +
γ
µ
α1|ω|+ β2ω

2 + γ
µ
α3|ω|3 + β4ω

4 + . . .
(1.4)

1 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Äîöåíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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Ïîêàæåì, ÷òî ìíîæåñòâî çíà÷åíèé S(ω) ãîäîãðàôîâ f(jω) èíòåðâàëüíîãî ïîëèíîìà
(1) ÿâëÿåòñÿ ïðÿìîóãîëüíèêîì:

S(ω) =


f(jω) = x(ω) + jy(ω);

|x− g0(ω)| ≤ γR(ω),

|y − h0(ω)| ≤ µT (ω).

(1.5)

Â ñòàíäàðòíûõ îáîçíà÷åíèÿõ x(ω) = g(ω) ; y(ω) = h(ω) è íåðàâåíñòâà (5) ìîæíî
çàïèñàòü òî÷íåå: {

g0(ω)− γR(ω) ≤ g(ω) ≤ g0(ω) + γR(ω),

h0(ω)− µT (ω) ≤ h(ω) ≤ h0(ω) + µT (ω).
(1.6)

×òîáû äîêàçàòü íåðàâåíñòâà (6) ñäåëàåì î÷åâèäíûå ïðåîáðàçîâàíèÿ ñ ãðàíèöàìè ïåð-
âîãî íåðàâåíñòâà èç (6):

Äëÿ ω > 0 :

g0(ω)− γR(ω) = (a00 − b01ω − a02ω
2 + b03ω

3 + a04ω
4 − . . .)−

−γ(α0 + β1
µ

γ
ω + α2ω

2 + β3
µ

γ
ω3 + α4ω

4 + . . .) =

= (a00 − γα0)− (b01 + β1µ)ω − (a02 + γα2)ω
2+

+(b03 − β3µ)ω
3 + (a04 − γα4)ω

4 − . . . = g1(ω).

Àíàëîãè÷íî ïðè ω ≥ 0 :

g0(ω) + γR(ω) = (a00 + γα0)− (b01 − β1µ)ω − (a02 − γα2)ω
2+

+(b03 + β3µ)ω
3 + (a04 + γα4)ω

4 − . . . = g1(ω).

Äëÿ ω ≤ 0 :

g0(ω)− γR(ω) = (a00 − b01ω − a02ω
2 + b03ω

3 + a04ω
4 − . . .)−

−γ(α0 − β1
µ

γ
ω + α2ω

2 − β3
µ

γ
ω3 + α4ω

4 . . .) =

= (a00 − γa0)− (b01 − β1µ)ω − (a02 + α2γ)ω
2+

+(b03 + β3µ)ω
3 + (a04 − γα4)ω

4 − . . . =

= (a00 − γα0) + (b01 − β1µ)|ω| − (a02 + α2γ)ω
2−

−(b03 + β3µ)|ω|3 + (a04 − γα4)ω
4 − . . . = g2(ω)

g0(ω) + γR(ω) = (a00 + γα0) + (b01 + β1µ)|ω|−
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−(a02 − α2γ)ω
2 − (b03 − β3µ)|ω|3 = g2(ω)

Òåïåðü ðàññìîòðèì ãðàíèöû âòîðîãî íåðàâåíñòâà èç (6). Äëÿ ω ≥ 0 :

h0(ω)− µT (ω) = (b00 − µβ0) + (a01 − γα1)ω − (b02 + µβ2)ω
2−

−(a03 + γα3)ω
3 + (b04 − µβ4)ω

4 + . . . = h1(ω)

Àíàëîãè÷íî ïðè ω ≥ 0 :

h0(ω) + µT (ω) = (b00 + µβ0) + (a01 + γα1)ω − (b02 − µβ2)ω
2−

−(a03 − γα3)ω
3 + (b04 + µβ4)ω

4 + . . . = h1(ω)

Äëÿ ω ≤ 0 :

h0(ω)− µT (ω) = (b0 − µβ0) + (a01 + γα1)ω − (b02 + µβ2)ω
2−

−(a03 − γα3)ω
3 + (b04 − µβ4)ω

4 + . . . = h2(ω)

h0(ω) + µT (ω) = (b0 + µβ0) + (a01 − γα1)ω − (b02 − µβ2)ω
2−

−(a03 + γα3)ω
3 + (b04 + µβ4)ω

4 + . . . = h2(ω)

Òàêèì îáðàçîì, äîêàçàíî, ÷òî ñåìåéñòâî çíà÷åíèé S(ω) ãîäîãðàôîâ f(iω) íàõîäèòñÿ
ïðè −∞ < ω < ∞ â ïðÿìîóãîëüíèêå [g1, g1] × [h1, h1] ïðè ω ≥ 0 è â ïðÿìîóãîëüíèêå

[g2, g2]× [h2, h2] ïðè ω ≤ 0 , ò. å. äîêàçàíû íåðàâåíñòâà (5) è (6).
Çàìåòèì, ÷òî ïðè ω = 0 çíà÷åíèÿ S(ω) ñåìåéñòâà ãîäîãðàôîâ f(jω) îñòàþòñÿ ïðÿìî-

óãîëüíèêîì:

S(0) = [a00 − γα0, a
0
0 + γα0]× [b00 − µβ0, b

0
0 + µβ0].

Óñëîâèå 0 ̸∈ S(ω) è (5) äëÿ âûïîëíåíèÿ ïðèíöèïà èñêëþ÷åíèÿ íóëÿ â êîìïëåêñíîì
ñëó÷àå. Ýêâèâàëåíòíî òîìó, ÷òî

|g0(ω)
R(ω)

| > γ, |h0(ω)
T (ω)

> µ.

Î ï ð å ä å ë å í è å 1.1. Íàçîâåì ïðè α0 > 0 , β0 > 0 , αn > 0 , βn > 0 , ôóíêöèþ
Z(ω)

Z(ω) =
g0(ω)

R(ω)
+ j

h0(ω)

T (ω)
,

îïðåäåëåííóþ íà âñåé âåùåñòâåííîé îñè, ñëîæíûì íîðìèðîâàííûì íîìèíàëüíûì ãîäî-
ãðàôîì èëè êðàòêî - ñëîæíûì ãîäîãðàôîì.
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Ò å î ð å ì à 1.1. Äëÿ ðîáàñòíîé óñòîé÷èâîñòè êîìïëåêñíîãî èíòåðâàëüíîãî ïî-
ëèíîìà Φ(S) ñòåïåíè n ïðè α0 > 0 , β0 > 0 , αn > 0 , βn > 0 , íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèå äâóõ óñëîâèé:

1. {
max((a00)

2 − (γα0)
2, (b00)

2 − (µβ0)
2) > 0,

max((a0n)
2 − (γαn)

2, (b0n)
2 − (µβn)

2) > 0.

2. Z(ω) ïðè −∞ < ω < ∞ ïðîõîäèò ïîñëåäîâàòåëüíî 2n êâàäðàòîâ íå ïåðåñåêàÿ
ïðÿìîóãîëüíèêà ñ âåðøèíàìè (±γ,±µ) .

Èç îïðåäåëåíèÿ âûøå ñëåäóåò, ÷òî ñëîæíûé ãîäîãðàô Z(ω) ÿâëÿåòñÿ îãðàíè÷åííûì
ïðè −∞ < ω < ∞ , è ôóíêöèè ReZ(ω) , ImZ(ω) ìîãóò èìåòü ñêà÷îê ïåðâîé ïðîèçâîä-
íîé ïðè ω = 0 .

Î ï ð å ä å ë å í è å 1.2. Ïîëèíîì ñòåïåíè n ñ âåùåñòâåííûìè èëè êîìïëåêñ-
íûìè êîýôôèöèåíòàìè, íå èìåþùèé íóëåâûõ è ÷èñòî ìíèìûõ êîðíåé

φ(s) = a0 + a1s+ . . .+ ans
n, a0 ̸= 0, an ̸= 0,

ïðèíàäëåæèò êëàññó (n, k) - ýêâèâàëåíòíîñòè, åñëè k åãî êîðíåé, ñ ó÷åòîì èõ êðàò-
íîñòè, ëåæàò â ïðàâîé ïîëóïëîñêîñòè.

Íàçîâåì èíòåðâàëüíûé ïîëèíîì Φ(S) èíòåðâàëüíûì ïîëèíîìîì êëàññà (n, k) - ýê-
âèâàëåíòíîñòè, åñëè ëþáîé ïîëèíîì èç ýòîãî ñåìåéñòâà ïðèíàäëåæèò êëàññó (n, k) -
ýêâèâàëåíòíîñòè.

Ò å î ð å ì à 1.2. Äëÿ òîãî, ÷òîáû êîìïëåêñíûé èíòåðâàëüíûé ïîëèíîì Φ(S)
ñòåïåíè n áûë èíòåðâàëüíûì ïîëèíîìîì êëàññà (n, k) - ýêâèâàëåíòíîñòè ïðè α0 > 0 ,
β0 > 0 , αn > 0 , βn > 0 , íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå äâóõ óñëîâèé: 1.{

max((a00)
2 − (γα0)

2, (b00)
2 − (µβ0)

2) > 0,

max((a0n)
2 − (γαn)

2, (b0n)
2 − (µβn)

2) > 0.

2. Ãîäîãðàô Z(ω) ïðè èçìåíåíèè ω îò −∞ äî ∞ ïðîõîäèò ïîñëåäîâàòåëüíî ïðîòèâ
÷àñîâîé ñòðåëêè ðîâíî n− 2k ïîëóîáîðîòîâ, íå ïåðåñåêàÿ ïðÿìîóãîëüíèêà ñ âåðøèíàìè
(±γ,±µ) .

Ç à ì å ÷ à í è å 1.1. Ïðè k = 0 ðå÷ü èäåò îá óñòîé÷èâûõ èíòåðâàëüíûõ ñåìåé-
ñòâàõ, ïðè k > 0 î íåóñòîé÷èâûõ.

Ç à ì å ÷ à í è å 1.2. Çà ñ÷åò èçìåíåíèÿ äâóõ íåçàâèñèìûõ ïàðàìåòðîâ γ è µ
ìîæíî èññëåäîâàòü íà ðîáàñòíóþ óñòîé÷èâîñòü è íåóñòîé÷èâîñòü èíòåðâàëüíûå ïî-
ëèíîìû ñ êîìïëåêñíûìè êîýôôèöèåíòàìè, âàðüèðóÿ âåëè÷èíó èíòåðâàëîâ ïî ðåàëüíîé è
ìíèìîé ÷àñòÿì êîýôôèöèåíòîâ, ÷òî äàåò äâå ñòåïåíè ñâîáîäû.

Ç à ì å ÷ à í è å 1.3. Çà ñ÷åò ïîòåðè îãðàíè÷åííîñòè è íåïðåðûâíîñòè ñëîæíîãî
ãîäîãðàôà Z(ω) ìîæíî îòáðîñèòü óñëîâèå íà ìàñøòàáíûå ìíîæèòåëè: α0 > 0 , β0 > 0 ,
αn > 0 , βn > 0 çàìåíèâ èõ óñëîâèÿìè:

n∑
2r + 1 ≤ n
2m ≤ n

(α2m + β2r+1) > 0,
∑

2r + 1 ≤ n
2m ≤ n

(α2r+1 + β2m) > 0

èëè îäíèì óñëîâèåì T (ω)R(ω) > 0 .
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Ç à ì å ÷ à í è å 1.4. Åñëè γ è µ çàâèñèìû ëèíåéíî, ò. å. µ = kγ , òî ìîæíî
óêàçàòü γmax , ÷òî èíòåðâàëüíûé ïîëèíîì Φ(S) ðîáàñòíî óñòîé÷èâ èëè íåóñòîé÷èâ ïðè
γ < γmax . Â ýòîì ñëó÷àå íîðìèðîâî÷íûå ôóíêöèè R(ω) è T (ω) íå çàâèñÿò îò γ è µ ,
γmax îïðåäåëÿåòñÿ ïî ôîðìóëå γmax = min(γ⋆, γ∞) , ãäå 2γ⋆ , 2kγ⋆ - ðàçìåðû íàèáîëüøåãî
ïðÿìîóãîëüíèêà, âïèñàííîãî â ñëîæíûé ãîäîãðàô Z(ω) . Â óñëîâèÿõ òåîðåìû (ãîäîãðàô

Z(ω) - îãðàíè÷åííûé è íåïðåðûâíûé) ÷èñëî γ∞ îïðåäåëÿåòñÿ ôîðìóëîé γ∞ = |bn|
kβn

ïðè

íå÷åòíîì n è γ∞ = |an|
kαn

ïðè ÷åòíîì n . Åñëè æå ñëîæíûé ãîäîãðàô:

Z(ω) íåîãðàíè÷åí, íî íåïðåðûâåí, òî γmax = min(γ⋆, γ0);
Z(ω) íåîãðàíè÷åí èç-çà ðàçðûâà ïðè ω = 0 , à â îêðåñòíîñòè ω = ∞ Z(ω) îãðàíè-

÷åííàÿ ôóíêöèÿ, òî γmax = min(γ⋆, γinfty) .

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ ãðàíò � 10-08-000624.
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ÓÄÊ 517.929

Ìîäèôèöèðîâàííûé ìåòîä ïîñòðîåíèÿ ìèíèìàëüíîãî

ìíîãî÷ëåíà ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

c⃝ È. Â. Çóáîâ 1, Â. È. Çóáîâ 2, Î. À. Ïóñòîâàëîâà 3

Àííîòàöèÿ. Â ñòàòüå ïðèâîäèòñÿ ìîäèôèöèðîâàííûé ìåòîä ïîñòðîåíèÿ ìèíèìàëüíîãî ìíî-
ãî÷ëåíà ñ ïîìîùüþ ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ïðåäëàãàåìûé ïîä-
õîä, íå èçìåíÿÿ îñíîâíîé èäåè ìåòîäà, äàåò âîçìîæíîñòü â âûñøåé ñòåïåíè ñîêðàòèòü ÷èñëî
âû÷èñëåíèé. Åñëè ðàíåå äëÿ ïîñòðîåíèÿ êîýôôèöèåíòîâ ìèíèìàëüíîãî ìíîãî÷ëåíà ìàòðèöû
n - îãî ïîðÿäêà ïðè èñïîëüçîâàíèè ìåòîäà íåîáõîäèìî áûëî èñêàòü ðåøåíèå ñèñòåì ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïîðÿäêà n2 × m , n < m , òî â ìîäèôèöèðîâàííîì ìåòîäå
äëÿ ýòîãî äîñòàòî÷íî èñêàòü ðåøåíèå ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïîðÿäêà
n×m , n < m .

Êëþ÷åâûå ñëîâà: ìèíèìàëüíûé ìíîãî÷ëåí, àëãåáðàè÷åñêîå óðàâíåíèå, ìàòðèöà, êîýôôè-
öèåíò, ñîáñòâåííîå ÷èñëî

Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ ìèíèìàëüíîãî ìíîãî÷ëåíà ìàòðèöû A èçâåñòíî âñåãî
íåñêîëüêî ïîäõîäîâ, êîòîðûå óñëîâíî ìîæíî ðàçäåëèòü íà àíàëèòè÷åñêèå è âû÷èñëèòåëü-
íûå ìåòîäû [1,3]. Ê ïåðâîé ãðóïïå ìîæíî îòíåñòè ïðèâåäåíèå ìàòðèöû ê ôîðìå Æîðäàíà
è ê ôîðìå Ñìèòà. Âî âòîðóþ ãðóïïó âõîäèò ìåòîä Äàíèëåâñêîãî ïðèâåäåíèÿ ìàòðèöû ê
ôîðìå Ôðîáåíèóñà. Îäíàêî îáà ïîäõîäà ïåðâîé ãðóïïû ôàêòè÷åñêè âû÷èñëÿþò ñîáñòâåí-
íûå ÷èñëà ýòîé ìàòðèöû, ÷òî ÿâëÿåòñÿ îòäåëüíîé è íåïðîñòîé çàäà÷åé. Ïðåäïî÷òèòåëüíåå
èñïîëüçîâàòü ìåòîäû, íå òðåáóþùèå âû÷èñëåíèÿ ñïåêòðà. Ìåòîä Äàíèëåâñêîãî äàåò êî-
ýôôèöèåíòû õàðàêòåðèñòè÷åñêîããî ìíîãî÷ëåíà, åñëè îí ñîâïàäàåò ñ ìèíèìàëüíûì, èíà÷å
ìàòðèöà Ôðîáåíèóñà áóäåò þëî÷íîé è îäèí èç áëîêîâ äàåò êîýôôèöèåíòû ìèíèìàëüíîãî
ïîëèíîìà.

Äëÿ êðàòêîñòè íàïîìíèì ñóòü ìåòîäà ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà ïóòåì
ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé èçëîæåííîãî â ðàáîòå [2].

Ïóñòü A - âåùåñòâåííàÿ, ïîñòîÿííàÿ ìàòðèöà ðàçìåðà n×n . Ïîñòàâèì çàäà÷ó ïîèñêà
ìèíèìàëüíîãî èíîãî÷ëåíà ýòîé ìàòðèöû, ò. å. ìíîãî÷ëåíà íàèìåíüøåé ñòåïåíè àíóëèðóþ-
ùåãî ìàòðèöó A ñ êîýôôèöèåíòîì ïðè ñòàðøåé ñòåïåíè ðàâíûì åäèíèöå. Òàêèì îáðàçîì
ìèíèìàëüíûé ìíîãî÷ëåí èìååò âèä:

f(λ) = λk + ck−1λ
k−1 + . . .+ c1λ+ c0 = 0. (1.1)

ïðè÷åì âûïîëíÿåòñÿ ìàòðè÷íîå òîæäåñòâî:

Ak + ck−1A
k−1 + . . .+ c1A+ c0E = 0 (1.2)

Çàìåòèì, ÷òî âåùåñòâåííûå ìàòðèöû ðàçìåðà n× n îáðàçóþò âåùåñòâåííîå ëèíåéíîå
ïðîñòðàíñòâî ðàçìåðíîñòè n2 , ãäå ìîæíî èñïîëüçîâàòü âñå ðåçóëüòàòû, ïîëó÷åííûå â
ëèíåéíîé àëãåáðå [1].

Èñõîäÿ èç ýòîãî, ìîæíî ñôîðìóëèðîâàòü î÷åâèäíîå óòâåðæäåíèå.

Ò å î ð å ì à 1.1. Ñòåïåíü ìèíèìàëüíîãî ìíîãî÷ëåíà ðàâíà k+1 , åñëè ìàòðèöû

Ak, Ak−1, . . . , A,A0;A0 = E (1.3)

1 Ïðîôåññîð êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
2 Àñïèðàíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
3 Àñïèðàíò êàôåäðû òåîðèè óïðàâëåíèÿ; ÑÏáÃÓ, ã. Ñàíêò-Ïåòåðáóðã; ddemidova@mail.ru
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- ëèíåéíî íåçàâèñèìû, à ìàòðèöû

Ak+1, Ak, Ak−1, . . . , A, E (1.4)

óæå ëèíåéíî çàâèñèìû.

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, åñëè ìàòðèöû (1.4) ëèíåéíî çàâèñèìû, òî ìó-
ùåñòâóåò âåùåñòâåííûå ÷èñëà c0, c1, . . . , ck+1 íå âñå ðàâíûå íóëþ òàêèå, ÷òî âûïîëíÿåòñÿ
ìàòðè÷íîå òîæäåñòâî:

k+1∑
i=0

ciA
i = 0, ]qquadA0 = E. (1.5)

Èç ýòîãî ìíîæåñòâà ñëåäóåò, ÷òî ck+1 ̸= 0 , èáî â ïðîòèâíîì ñëó÷àå ýòî áóäåò îçíà÷àòü,
÷òî ìàòðèöû (1.3) - ëèíåéíî çàâèñèìû. Îòñþäà âûòåêàåò, ÷òî ñïðàâåäëèâî ìàòðè÷íîå
ðàâåíñòâî:

Ak+1 +
ck
ck+1

Ak + . . .+
c1
ck+1

A+
c0
ck+1

E = 0. (1.6)

Òàêèì îáðàçîì, êîýôôèöèåíòû ýòîãî ìàòðè÷íîãî òîæäåñòâà, ÿâëÿþòñÿ êîýôôèöèåíòàìè
ìèíèìàëüíîãî ìíîãî÷ëåíà. Çàìåòèì, ÷òî â ñèëó òåîðåìû Êýëè-Ãàìèëüòîíà ìàòðèöû (1.4)
ëèíåéíî çàâèñèìû ïðè k = n− 1 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ââåäåì ïîíÿòèå ðàçâåðíóòîé ìàòðèöû Bk äëÿ ìàòðè÷íîé ñîâîêóïíîñòè (1.3). Ýòà ìàò-
ðèöà ðàçìåðà n2 × (k+1) ñòîëáöû êîòîðîé ñîñòàâëåíû èç ñòîëáöîâ Aim , i = 1, n ìàòðèö
Am , m = k, 0 çàïèñàííûõ îäèí ïîä äðóãèì ïîäðÿä, íà÷èíàÿ ñ ïåðâîãî ñòîëáöà ýòîé ìàò-
ðèöû (A1m) , êîí÷àÿ ïîñëåäíèì (Anm) :

Bk =


A1k A1k−1 . . . E1

A2k A2k−1 . . . E2
...

... . . .
...

Ank Ank−1 . . . En

 = (Ak, . . . , A0), Am =


A1m

A2m
...

Anm

 , m = k, 0. (1.7)

Î÷åâèäíî, ÷òî ëèíåéíàÿ íåçàâèñèìîñòü ìàòðèö (1.3) ýêâèâàëåíòíà ëèíåéíîé íåçàâèñè-
ìîñòè ñòîëáöîâ ìàòðèöû Bk , ò. ê. ñïðàâåäëèâî ñîîòíîøåíèå

bkC = 0 ⇔
k∑
i=0

ciA
i = 0, C = (ck, ck−1, . . . , c0)

T . (1.8)

Ýòî îçíà÷àåò, ÷òî ëèíåéíàÿ íåçàâèñèìîñòü ìàòðèö (1.3) ýêâèâàëåíòíà òîìó, ÷òî ìàòðèöà
Bk ðàçìåðà n2 × (k + 1) , ÿâëÿåòñÿ ìàòðèöåé ïîëíîãî ðàíãà, ò. å. åå ðàíã ðàâåí k + 1 .

Îòñþäà âûòåêàåò, ÷òî òåîðåìó 1 ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Ò å î ð å ì à 1.2. Ïóñòü k íàèìåíüøåå èç ÷èñåë ( k ∈ 0, n− 1 ) ïðè êîòîðîì ñè-
ñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

BkC = Ak+1, C = (ck, ck−1, . . . , c0)
T , (1.9)

èìååò ðåøåíèå, òîãäà ìèíèìàëüíûé ìíîãî÷ëåí ìàòðèöû A èìååò âèä:

f(λ) = λk+1 − ckλ
k − ck−1λ

k−1 − . . .− c1λ− c0 = 0. (1.10)
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Ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå î òîì, ÷òî êîýôôèöèåíòû ìèíèìàëüíîãî ìíîãî-
÷ëåíà (1.10) C = (ck, ck−1, . . . , c0)

T , ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé (1.9).

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàçðåøèìîñòü óðàâíåíèÿ (1.9) îçíà÷àåò ðàçðåøèìîñòü
ìàòðè÷íîãî òîæäåñòâà

Ak+1 = ckA
k + ck−1A

k−1 + . . .+ c1A+ c0E. (1.11)

Òàê êàê k ÿâëÿåòñÿ ìèíèìàëüíûì èç ÷èñåë 0, n− 1 , òî ìíîãî÷ëåí (1.10), ÿâëÿåòñÿ
ìèíèìàëüíûì ìíîãî÷ëåíîì.

Ñ äðóãîé ñòîðîíû, åñëè ìíîãî÷ëåí (1.10), ÿâëÿåòñÿ ìèíèìàëüíûì ìíîãî÷ëåíîì, òî
ñïðàâåäëèâî ìàòðè÷íîå òîæäåñòâî (1.11), êîòîðîå ýêâèâàëåíòíî ðàçðåøèìîñòè ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (1.9).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 1.1. Èòàê, ìåòîäèêà ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà çà-
êëþ÷àåòñÿ â ïîèñêå ðåøåíèÿ C = (ck, ck−1, . . . , c0)

T ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (1.9) äëÿ íàèìåíüøåãî öåëîãî ÷èñëà k, k = 1, n . Ïðè ýòîì âåëè÷èíû −ck ,
−ck−1 , . . . , −c0 áóäóò êîýôôèöèåíòàìè ìèíèìàëüíîãî ìíîãî÷ëåíà (1.10). Çàìåòèì,
÷òî â ñèëó òåîðåìû Êåëè - Ãàìèëüòîíà ìàòðè÷íîå óðàâíåíèå (1.11) âñåãäà èìååò ðå-
øåíèå.

Ç à ì å ÷ à í è å 1.2. Åñëè ðåøåíèå óðàâíåíèÿ (1.9) ïðè íàèìåíüøåì èç ÷èñåë k =
0, n óäîâëåòâîðÿåò óñëîâèþ c0 = 0 , òî ìàòðèöà A - âûðîæäåííàÿ. Áîëåå òîãî, åñëè
â ýòîì ðåøåíèè p ïåðâûõ êîìïîíåíò íóëåâûå c0 = c1 = . . . = cp−1 = 0 , òî êðàòíîñòü
íóëåâîãî ñîáñòâåííîãî ÷èñëà ìàòðèöû A íå ìåíüøå ÷åì p .

Ç à ì å ÷ à í è å 1.3. Åñëè ìàòðèöû (1.3) ëèíåéíî íåçàâèñèìû, à ìàòðèöû (1.4)
ëèíåéíî çàâèñèìû, òî ìàòðèöà BT

k Bk ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, à ìàò-
ðèöà BT

k+1Bk+1 íåîòðèöàòåëüíîé è èìååò îäíî ñîáñòâåííîå ÷èñëî ðàâíîå íóëþ. Êàê èç-
âåñòíî [1], äëÿ ïðÿìîóãîëüíîé ìàòðèöû A ðàçìåðà n×m ðàíã r ñèíãóëÿðíîé ìàòðèöû
ATA ñîâïàäàåò ñ ðàíãîì ìàòðèöû A , à åå ñèíãóëÿðíûå ÷èñëà ρi íåîòðèöàòåëüíûå.
Ïðè÷åì, åñëè, íàïðèìåð, m ≤ n , òî ÷èñëî íóëåâûõ ρi ðàâíî m − r . Òàêèì îáðàçîì,
÷òîáû íàéòè êîýôôèöèåíòû ìèíèìàëüíîãî ìíîãî÷ëåíà íå îáÿçàòåëüíî èñêàòü ðåøåíèÿ
ñèñòåìû (1.9) ïðè k = 0, 1, 2, . . . , à äîñòàòî÷íî ïðîâåðèòü ïðè êàêîì ÷èñëå k ìàòðè-
öà BT

k+1Bk+1 ñòàíîâèòñÿ íåîòðèöàòåëüíîé (ïðè ìåíüøèõ âåëè÷èíàõ k ýòà ìàòðèöà
ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé). Ýòî ñèëüíî ñîêðàòèò ÷èñëî âû÷èñëåíèé è äëÿ
ïîëó÷åíèÿ êîýôôèöèåíòîâ ìèíèìàëüíîãî ìíîãî÷ëåíà íåîáõîäèìî íàéòè ðåøåíèå òîëüêî
îäíîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé (1.9) èìåííî äëÿ ýòîãî ÷èñëà k .

Ïî àíàëîãèè ñ èäåÿìè, èçëîæåííûìè âûøå ìîæíî ñôîðìóëèðîâàòü ñëåäóþùåå î÷åâèä-
íîå óòâåðæäåíèå.

Ò å î ð å ì à 1.3. Ïóñòü k íàèìåíüøåå èç ÷èñåë ( k ∈ 0, n− 1 ) ïðè êîòîðîì ñè-
ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

k∑
j=0

Aijcj = Aik+1, i = 1, n (1.12)

èìåþò îäíî è òî æå ðåøåíèå C = (ck, ck−1, . . . , c0)
T , òîãäà ìèíèìàëüíûé ìíîãî÷ëåí

ìàòðèöû A èìååò âèä (1.10).
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Ä î ê à ç à ò å ë ü ñ ò â î. Òî, ÷òî ñèñòåìû óðàâíåíèé (1.12) èìåþò îäíî è òî æå
ðåøåíèå îçíà÷àåò, ÷òî k íàèìåíüøåå èç ÷èñåë ( k ∈ 0, n− 1 ) ïðè êîòîðîì ñèñòåìà ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé (1.9) èìååò ðåøåíèå. Ýòî îçíà÷àåò, ÷òî âûïîëíÿþòñÿ âñå
óñëîâèÿ òåîðåìû 2.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 1.4. Õîòÿ äîêàçàííîå óòâåðæäåíèå äîñòàòî÷íî î÷åâèäíî, íî èç
íåãî ìîæíî ñäåëàòü âàæíûé âûâîä, êîòîðûé ïîçâîëÿåò ïîñòðîèòü îïòèìàëüíûé àëãî-
ðèòì ïîñòðîåíèÿ êîýôôèöèåíòîâ ìèíèìàëüíîãî ìíîãî÷ëåíà. Äåéñòâèòåëüíî íà ïåðâîì
ýòàïå äîñòàòî÷íî íàéòè ðåøåíèå âñåãî ëèøü îäíîé èç ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (1.12) äëÿ ïåðâîãî èç ÷èñåë k = 0, n è ïðîâåðèòü ÿâëÿåòñÿ ëè ýòî ðåøåíèå
ðåøåíèåì äëÿ âñåõ îñòàëüíûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (1.12) ïðè äàí-
íîé âåëè÷èíå k . Åñëè ýòî òàê, òî êîýôôèöèåíòû ìèíèìàëüíîãî ìíîãî÷ëåíà íàéäåíû. Â
ïðîòèâíîì ñëó÷àå íåîáõîäèìî âûáðàòü òó ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(1.12) ê êîòîðîé ýòî ðåøåíèå íå ïîäõîäèò è ïðîäîëæàòü èñêàòü ðåøåíèå ýòîé ñèñòå-
ìû ïðè k = k + 1 . Íåòðóäíî âèäåòü, ÷òî, â êîíöå êîíöîâ, ìû íàéäåì êîýôôèöèåíòû
ìèíèìàëüíîãî ìíîãî÷ëåíà èëè êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà â ñëó÷àå
åãî ñîâïàäåíèÿ ñ ìèíèìàëüíûì.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ ãðàíò � 10-08-000624.
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systems linear algebraic equations
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Abstract. The article provides modi�ed method of constructing the minimal polynomial using
solving systems of linear algebraic equations. proposed approach , without changing the basic idea
of the method enables the highest power to reduce the number of calculations. If earlier to build
coe�cients of the minimal polynomial of the matrix n - th order with using the method it was
necessary to seek the solution of linear systems algebraic equations of order n2×m , n < m , then
modi�ed method it is enough to look for the solution of systems of linear algebraic equations of
order n×m , n < m
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé

äëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿ
àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,
Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.

Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îäíîì èç åå
êëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó, êîòîðóþ ìîæíî ïîëó÷èòü
íà ñàéòå http://www.svmo.ru.

Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåí
â ôàéë ñ èìåíåì <ôàìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ïðåàì-
áóëå). Íàïðèìåð,

\input{voskresensky.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüè
íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áû
áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êîìàíäó
\headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\ footnote { Äîëæ-
íîñòü, ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\ footnote {Äîëæíîñòü, ìåñòî ðà-
áîòû, ãîðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êî-
ìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî ðàáî-
òû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-
mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íåîáõîäèìî
èñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåòðàìè, êàê äëÿ êîìàíäû
\headerRus.

Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõ-
íåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì ïàðàìåòðîì:

\sect{Çàãîëîâîê}

Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsection,
\subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ â
Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé è
áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé è
ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,
NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-
åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è
'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).
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Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N è
ò.ä.

Äëÿ âñòàâîê áóêâ ϕ è ϵ íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-
ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êîìàíäàìè \px{i} è

\pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,

\textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi , Äi â òåêñò ñòàòüè íåîáõîäèìî íàáðàòü êî-
ìàíäû \textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîðìóëû íåîáõîäèìî
èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâå
ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.
Íàïðèìåð, ôîðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó
5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùèìè êîìàíäà-
ìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðè-ñóíêîì}

â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS (Encapsulated
PostScript).

Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ îôîðìëåíèÿ ñïèñêà ëèòåðàòóðû íà ðóññêîì ÿçû-
êå ñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography. Ñïèñîê öèòèðóåìîé ëèòåðàòó-
ðû äîëæåí áûòü îôîðìëåí â ôîðìàòå AMSBIB. Ïîäðîáíîñòè ñìîòðèòå â ïðèëàãàåìîì
ôàéëå amsbib.pdf. Äëÿ ïðàâèëüíîé ðàáîòû äàííîãî ñòèëÿ îôîðìëåíèÿ ëèòåðàòóðû íåîá-
õîäèìî èñïîëüçîâàòü ñòèëåâîé ôàéë svmobib.sty (ïðèëàãàåòñÿ).

Ñïèñîê ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå îôîðìëÿòü íå íóæíî.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå îôîðìëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè êîìàíä

\RBibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}.

Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå ëèòåðàòó-
ðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðû
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \cite èëè \pgcite (ïàðàìåòðû ñì. â ïðåàìáóëå).

Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.
Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùè MiKTEX 2.9, äèñòðèáóòèâ êîòîðîãî

ìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org.
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Â 2008 ã. íà XVI Ìåæäóíàðîäíîé ïðîôåññèîíàëüíîé
âûñòàâêå ¾Ïðåññà¿ æóðíàë ¾Òðóäû Ñðåäíåâîëæñêîãî
ìàòåìàòè÷åñêîãî îáùåñòâà¿ óäîñòîåí Çíàêà îòëè÷èÿ
¾Çîëîòîé ôîíä ïðåññû-2008¿ â íîìèíàöèè ¾Íàóêà, òåõ-
íèêà, íàó÷íî-ïîïóëÿðíàÿ ïðåññà¿.

Ñ 2009 ãîäà æóðíàë íîñèò íàçâàíèå ¾Æóðíàë Ñðåäíå-
âîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà¿.

Óâàæàåìûå ÷èòàòåëè è ïîäïèñ÷èêè!

Ïîäïèñêà íà æóðíàë ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà¿ îñóùåñòâëÿåòñÿ ÷åðåç îòäåëåíèÿ ïî÷òîâîé ñâÿçè
¾Ïî÷òà Ðîññèè¿ íà âñåé òåððèòîðèè Ðîññèéñêîé Ôåäåðàöèè.

Ïîäïèñíîé èíäåêñ æóðíàëà â Îáúåäèíåííîì êàòàëîãå ¾Ïðåññà
Ðîññèè¿ � 94016.
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