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Îò ðåäàêöèè

Â íàñòîÿùåì íîìåðå ïóáëèêóþòñÿ ðàáîòû ó÷åíûõ, êîòîðûå ÿâëÿþòñÿ ïî-
ñòîÿííûìè ó÷àñòíèêàìè êîíôåðåíöèé ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì è
èõ ïðèëîæåíèÿì â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè, ïðîâîäèìûõ íàöèîíàëü-
íûì èññëåäîâàòåëüñêèì Ìîðäîâñêèì ãîñóäàðñòâåííûì óíèâåðñèòåòîì èì.
Í.Ï. Îãàð¼âà è Ñðåäíåâîëæñêèì ìàòåìàòè÷åñêèì îáùåñòâîì. Íîìåð âûõîäèò
ê íà÷àëó X êîíôåðåíöèè ¾Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ
â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè¿ ñ ó÷àñòèåì çàðóáåæíûõ ó÷åíûõ, êîòîðàÿ
ïðîéäåò â ã. Ñàðàíñêå ñ 27 ïî 29 àâãóñòà 2012 ãîäà. Êîíôåðåíöèÿ ïðîâîäèòñÿ
ïðè ïîääåðæêå ÐÔÔÈ, ãðàíò � 12-01-06069 ã. Âñå ñòàòüè èìåþò ïîëîæèòåëü-
íûå ðåöåíçèè, à ñàì æóðíàë (êðîìå ïîäïèñêè ÷åðåç êàòàëîã ¾Ïî÷òà Ðîññèè¿)
äîñòóïåí òåïåðü è â ñåòè Internet íà ñàéòàõ Math-Net.Ru è Elibrary.ru.

Ðåäàêöèÿ æóðíàëà èñêðåííå æåëàåò àâòîðàì êðåïêîãî çäîðîâüÿ è òâîð÷å-
ñêèõ óñïåõîâ!
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ÓÄÊ 51.7:532.546

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå êîððåëÿöèè

ýïèäåìè÷åñêîé îáñòàíîâêè â ìåãàïîëèñàõ îò ñîñòîÿíèÿ

âîçäóõà

c⃝ Ë.Â. Êëî÷êîâà1, Þ.Í. Îðëîâ2, Â.Ô. Òèøêèí3

Àííîòàöèÿ. Â ðàáîòå èçëîæåíà îðèãèíàëüíàÿ ìîäåëü àâòîðîâ ïðîöåññà ðàñïðîñòðàíåíèÿ
èíôåêöèè âîçäóøíî � êàïåëüíûì ïóò¼ì è ðàññìîòðåíû ïðåäïîñûëêè äëÿ ñîçäàíèÿ ýïèäåìè-
÷åñêîé îáñòàíîâêè â êðóïíûõ ãîðîäàõ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ìîäåëü ðàñïðîñòðàíåíèÿ ãðèïïà, ïðî-
ãðàììíûå êîìïëåêñû.

1. Ââåäåíèå

Óñïåõè öèâèëèçàöèè, íàó÷íî�òåõíè÷åñêèé ïðîãðåññ, äîñòèæåíèÿ ìåäèöèíû, ê ñîæà-
ëåíèþ, íà äàííûé ìîìåíò íå ïðèâåëè ê ñíèæåíèþ èíôåêöèîííûõ è íåèíôåêöèîííûõ
áîëåçíåé ñðåäè íàñåëåíèÿ ïëàíåòû. Áîëåå òîãî, ðàñòåò ÷èñëî îíêîëîãè÷åñêèõ, ñåðäå÷íî �
ñîñóäèñòûõ, ðåñïèðàòîðíûõ, ýíäîêðèííûõ çàáîëåâàíèé, íåðâíî�ïñèõè÷åñêèõ ðàññòðîéñòâ.
Ïîÿâèëàñü ãðóïïà íîâûõ, òàê íàçûâàåìûõ ýìåðäæåíòíûõ èíôåêöèé, â òîì ÷èñëå ÑÏÈÄ,
ïàðåíòåðàëüíûå ãåïàòèòû è äðóãèå. Îäíîé èç ïðè÷èí òàêîãî ïîëîæåíèÿ ÿâëÿåòñÿ ñíèæå-
íèå êîëëåêòèâíîé ðåçèñòåíòíîñòè íàñåëåíèÿ ïëàíåòû â ðåçóëüòàòå ãëîáàëüíîãî íåáëàãî-
ïðèÿòíîãî âîçäåéñòâèÿ íà îðãàíèçì ÷åëîâåêà ñîöèàëüíûõ (íåäîñòàòî÷íîå è íåïîëíîöåí-
íîå ïèòàíèå), ýêîëîãè÷åñêèõ (çàãðÿçíåíèå àòìîñôåðû è îêðóæàþùåé ñðåäû òåõíîãåííûìè
ôàêòîðàìè), ìåäèöèíñêèõ (íåîïðàâäàííîå ïðèìåíåíèå íåêîòîðûõ ëåêàðñòâåííûõ ñðåäñòâ,
íàðêîòèêîâ, àëêîãîëÿ, ñòðåññ è äð.) ôàêòîðîâ. Âñå ýòè ïðè÷èíû îòðèöàòåëüíî âëèÿþò íà
èììóííóþ ñèñòåìó, âûçûâàþò èììóíîäåôèöèòû.

Íà ïðèìåðå òàêîãî àêòóàëüíîãî â íàñòîÿùèé ìîìåíò çàáîëåâàíèÿ êàê ãðèïï ìîæíî
ïðîñëåäèòü âëèÿíèå âñåõ íåáëàãîïðèÿòíûõ ôàêòîðîâ, êîòîðûå ñâÿçàíû ñ ðàçâèòèåì ìåãà-
ïîëèñîâ. Â õîäå èçó÷åíèÿ ýïèäåìèé ãðèïïà XX âåêà áûëà âûÿâëåíà çàâèñèìîñòü óðîâíÿ
çàáîëåâàåìîñòè íàñåëåíèÿ ãðèïïîì îò åãî ÷èñëåííîñòè. Íàèáîëüøàÿ ýïèäåìè÷åñêàÿ çàáî-
ëåâàåìîñòü îòìå÷àåòñÿ â ãîðîäàõ ñ íàñåëåíèåì â 1 ìëí. ÷åëîâåê è áîëüøå, ÷òî ñîñòàâëÿåò
11.3% âñåõ ñëó÷àåâ ãðèïïà íà òåððèòîðèè ñòðàíû. Â ãîðîäàõ ñ íàñåëåíèåì îò 500 òûñÿ÷
äî 1 ìëí. ÷åëîâåê ýòà öèôðà ñîñòàâëÿåò 10.9% , à ñ íàñåëåíèåì ìåíüøå 500 òûñÿ÷ � óæå
9.7% .

2. Ìîäåëè ðàñïðîñòðàíåíèÿ ãðèïïà

Ãðèïï ïåðåäàåòñÿ âîçäóøíî�êàïåëüíûì ïóòåì è ÷ðåçâû÷àéíî êîíòàãèîçåí. Íåêîòîðûå
ìîäåëè ïðåäïîëàãàþò, ÷òî äàëüíîñòü ðàññåèâàíèÿ âèðóñà íå ïðåâûøàåò 2�3 ìåòðà. Íåïî-
ñðåäñòâåííî âîêðóã áîëüíîãî îáðàçóåòñÿ çàðàæåííàÿ çîíà ñ ìàêñèìàëüíîé êîíöåíòðàöèåé

1 Ñòàðøèé íàó÷íûé ñîòðóäíèê Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â.Êåëäûøà ÐÀÍ, ã. Ìîñêâà;
klud@imamod.ru.

2 Âåäóùèé íàó÷íûé ñîòðóäíèê Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â.Êåëäûøà ÐÀÍ, ã. Ìîñêâà;
ov3159fd@yandex.ru.

3 Çàìåñòèòåëü äèðåêòîðà Èíñòèòóòà ïðèêëàäíîé ìàòåìàòèêè èì. Ì.Â.Êåëäûøà ÐÀÍ, ã. Ìîñêâà;
tishkin@imamod.ru.
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ìåëêîäèñïåðñòíûõ àýðîçîëüíûõ ÷àñòèö. ×àñòèöû ðàçìåðîì 100 ìêì è áîëåå (êðóïíîäèñ-
ïåðñíàÿ ôàçà) áûñòðî îñåäàþò. Ïðè ïðÿìîì êîíòàêòå ñ èñòî÷íèêîì èíôåêöèè â çàðàæåí-
íîé çîíå âèðóñíûå ÷àñòèöû àñïèðèðóþòñÿ è çàäåðæèâàþòñÿ íà ýïèòåëèè äûõàòåëüíûõ
ïóòåé âîñïðèèì÷èâîãî îðãàíèçìà.

Èíêóáàöèîííûé ïåðèîä áîëåçíè (E) â ñðåäíåì ñîñòàâëÿåò 2 ñóòîê, èíôåêöèîííûé (ëè-
õîðàäî÷íûé) ïåðèîä (Y) ïðîäîëæàåòñÿ 2�4 äíÿ, è çàáîëåâàíèå çàêàí÷èâàåòñÿ â òå÷åíèå
8�10 äíåé. Ýòà ýìïèðè÷åñêàÿ ìîäåëü ýïèäåìèè ãðèïïà îòðàæàåò äèíàìèêó ðàçâèòèÿ ýïè-
äåìèè ñðåäè íàñåëåíèÿ ãîðîäà ïðè íåïðåðûâíîì çàðàæåíèè êîíòàêòèðóþùèõ ëèö çà ñ÷åò
âîçäóøíî�êàïåëüíîãî ìåõàíèçìà. Ñîîòíîøåíèÿ ïîñòðîåííîé íà å¼ îñíîâå ìàòåìàòè÷åñêîé
ìîäåëè â [1] ïðåäñòàâëÿþò ñèñòåìó íåëèíåéíûõ èíòåãðî�äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè. Ïðè
ýòîì ó÷èòûâàåòñÿ:

1. ×èñëî âîñïðèèì÷èâûõ ëèö X(t) ñðåäè íàñåëåíèÿ ãîðîäà ñ íà÷àëüíûì óñëîâèåì:
X(t0) = (1− α)P (t0) .

2. ×èñëî ëèö â èíêóáàöèîííîì ïåðèîäå ãðèïïà Y (t) ñ íà÷àëüíûì óñëîâèåì, îïðåäåëÿ-
åìîì ïðåäûñòîðèåé ýïèäåìèè íà åå íà÷àëî.

3. ×èñëî íîâûõ ñëó÷àåâ çàáîëåâàíèÿ ãðèïïîì.

4. ×èñëî ëèö ñ ðàçëè÷íûìè êëèíè÷åñêèìè ôîðìàìè ãðèïïà ñ íà÷àëüíûì óñëîâèåì �
ïðåäûñòîðèè ýïèäåìèè íà åå íà÷àëî.

5. ×èñëî íåâîñïðèèì÷èâûõ ëèö èëè ëèö, ïåðåáîëåâøèõ ãðèïïîì Zr(t) : ñ íà÷àëüíûì
óñëîâèåì: Zr(t0) = Zr0 = P (t0) .

6. ×èñëî ëèö, ïîãèáøèõ îò îñëîæíåíèé Zf (t) ñ íà÷àëüíûì óñëîâèåì: Zf (t0) = 0 .

7. Ãðàíè÷íûå óñëîâèÿ ýïèäåìèè (ïðîöåññ çàðàæåíèÿ).

Ïî òàêîé êîìïüþòåðíîé ìîäåëè ïðîìîäåëèðîâàíî ðàçâèòèå ýïèäåìè÷åñêîé ñèòóàöèè â
ãèïîòåòè÷åñêîì ãîðîäå ñ íàñåëåíèåì â 1 ìëí. ÷åëîâåê, ïðè ÷èñëå âîñïðèèì÷èâûõ ïîðÿäêà
60% (600 òûñÿ÷ ÷åëîâåê) è ñ ëåòàëüíîñòüþ îêîëî 1% îò ÷èñëà áîëüíûõ ãðèïïîì. Âû÷èñ-
ëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè, ÷òî ýïèäåìèÿ ãðèïïà â ýòîì ãîðîäå ïðîäëèòñÿ îêîëî
2.5 ìåñÿöåâ, ïðè ýòîì ãðèïïîì ïåðåáîëååò 534 òûñÿ÷ ÷åëîâåê. Ïèê ýïèäåìèè ïðèäåòñÿ íà
43 äåíü è ñîñòàâèò 36 òûñÿ÷ ÷åëîâåê. Îò ãðèïïà â ãîðîäå ìîæåò ïîãèáíóòü äî 5.4 òûñÿ÷
÷åëîâåê.

Óæå ýòà ìîäåëü îòðàæàåò çàâèñèìîñòü ñîñòîÿíèÿ êà÷åñòâà æèçíè îò ïðîöåññîâ, ñâÿçàí-
íûõ ñ ðàçâèòèåì öèâèëèçàöèè è òåõíè÷åñêîãî ïðîãðåññà. Îäíàêî îíà î÷åíü óãðîæàþùàÿ.

Âûñîêàÿ ïîïóëÿöèîííàÿ ïëîòíîñòü â áëèçêî ðàñïîëîæåííûõ îáùåñòâåííûõ ìåñòàõ è
äîìàõ ñîçäàþò ¾áëàãîïðèÿòíûå¿ óñëîâèÿ äëÿ ðàçâèòèÿ òàê íàçûâàåìîãî ¾ýïèçîîòè÷å-
ñêîãî ïðîöåññà¿. Çäåñü ìîãóò âîçíèêàòü ïîõîæèå íà ¾ýïèçîîòèè ó æèâîòíûõ¿ âñïûøêè
âûñîêî ïàòîãåííîãî ãðèïïà, âêëþ÷àÿ ýìåðäæåíòíûå èíôåêöèè. Âû÷èñëèòåëüíûå ýêñïåðè-
ìåíòû ïî òàêîé ìîäåëè ïðèâåäóò ê åù¼ áîëåå êàòàñòðîôè÷åñêèì ïîñëåäñòâèÿì.

Íàèáîëüøèé èíòåðåñ äëÿ ýïèäåìèîëîãîâ ïðåäñòàâëÿþò âû÷èñëèòåëüíûå ýêñïåðèìåí-
òû ñ ìàòåìàòè÷åñêîé ìîäåëüþ ïðîöåññîâ ðàñïðîñòðàíåíèÿ ãðèïïà íà òåððèòîðèè êðóïíûõ
ãîðîäîâ ñòðàíû, ñâÿçàííûõ ìåæäó ñîáîé òðàíñïîðòíîé ñåòüþ (íàïðèìåð, ãðàæäàíñêàÿ
àâèàöèÿ), ò.å. ìîäåëü ýïèäåìèè ãðèïïà íà òåððèòîðèè ñòðàíû. Ýòà ìîäåëü äîëæíà îòðà-
æàòü ïðîöåññ îäíîâðåìåííîãî ðàñïðîñòðàíåíèÿ ãðèïïà ñðåäè íàñåëåíèÿ íåñêîëüêèõ ãîðî-
äîâ ñòðàíû. Çà ñ÷åò íåïðåðûâíîãî äâèæåíèÿ èñòî÷íèêîâ èíôåêöèè (ëèö â èíêóáàöèîííîì
ïåðèîäå) âîçìîæíû íîâûå ñëó÷àè çàðàæåíèÿ ëèö èç ãðóïïû ðèñêà X(t) â êàæäîì ãîðîäå.

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



10 Ë.Â. Êëî÷êîâà, Þ.Í. Îðëîâ, Â.Ô. Òèøêèí

Î÷åâèäíî, ÷òî â êàæäîì ñëó÷àå ñôîðìèðóåòñÿ ñâîÿ ¾ëîêàëüíàÿ¿ ýïèäåìèÿ, êîòîðàÿ áó-
äåò ¾ïîäïèòûâàòü¿ äðóãèå ãîðîäà çà ñ÷åò ïîñòîÿííîé ìèãðàöèè íàñåëåíèÿ ìåæäó íèìè.
Äâèæåíèå ãðèïïîçíîé èíôåêöèè ïî ñèñòåìå ¾n¿ ãîðîäîâ ñòðàíû, êàê ïðàâèëî, íà÷èíà-
åòñÿ ñ íåêîòîðîãî èñõîäíîãî ïóíêòà, êóäà îíà ðàíåå áûëà çàíåñåíà èçâíå (î÷àã èíôåêöèè
íà ñîïðåäåëüíîé òåððèòîðèè). Ïðåäïîëàãàåòñÿ, ÷òî èìåííî â ýòîì ãîðîäå ïîÿâèëèñü ïåð-
âûå áîëüíûå ëèöà â èíêóáàöèîííîì ïåðèîäå è èíôåêöèîííûå áîëüíûå, êîòîðûå çàòåì
âûçâàëè ¾ëîêàëüíóþ¿ ýïèäåìèþ. Âìåñòå ñ òåì, çà ñ÷åò ìèãðàöèè íàñåëåíèÿ ïî ñèñòåìå
ãîðîäîâ ñòðàíû ýòà ¾ëîêàëüíàÿ¿ ýïèäåìèÿ äàåò äâèæåíèå ïàòîãåíà â äðóãèå ãîðîäà, ãäå
ôîðìèðóþòñÿ ñâîè ¾ëîêàëüíûå¿ ýïèäåìèè. Ìàòåìàòè÷åñêàÿ ìîäåëü êðóïíîìàñøòàáíîé
ýïèäåìèè ãðèïïà â ñèñòåìå èç ¾n¿ ãîðîäîâ èìååò âèä óæå ñóïåðñèñòåìû íåëèíåéíûõ
èíòåãðî�äèôôåðåíöèàëüíûõ óðàâíåíèé. È òîãäà íå ìèíóåìî (ïî òàêîé ìîäåëè) äîëæíà
ðàçðàçèòüñÿ ïîëíàÿ ýêîëîãè÷åñêàÿ êàòàñòðîôà âî âñåì ìèðå. Ñîîáðàçíî òàêîé ìîäåëè ê
ýòîìó ìîìåíòó äîëæíî áûëî áû ïåðåáîëåòü íå ìåíåå 150 ìèëëèîíîâ ÷åëîâåê â îäíîé òîëü-
êî Ðîññèè òàê íàçûâàåìûì ïòè÷üèì ãðèïïîì.

Äëÿ êîíêðåòíîãî ïðèìåðà ðàçâèòèÿ ýïèäåìè÷åñêîé îáñòàíîâêè â ãîðîäå àâòîðàìè
ðàçðàáàòûâàåòñÿ ìîäåëü ðàñïðîñòðàíåíèÿ êàïåëüíî�âîçäóøíîé èíôåêöèè (ÊÂÈ): áîëåå
ïðàãìàòè÷íàÿ, íå ñòîëü óãðîæàþùàÿ êàòàñòðîôè÷íûìè ïîñëåäñòâèÿìè. Îíà îñíîâàíà íà
òðàíñïîðòíî äèôôóçèîííîé ñèñòåìå óðàâíåíèé, ó÷èòûâàåò ïëîòíîñòü íàñåëåíèÿ è ìíîæå-
ñòâåííîñòü î÷àãîâ íà÷àëà ðàçâèòèÿ ýïèäåìèé, íî ïðåäîñòàâëÿåò âîçìîæíîñòü âûðàáîòêè
ðåêîìåíäàöèé äëÿ óïðàâëåíèÿ ïðîöåññîì. Îñíîâíàÿ èäåÿ çàêëþ÷àåòñÿ â òîì, ÷òî íåîá-
õîäèìî ñëåäèòü çà êà÷åñòâîì âîçäóõà â ìåñòàõ ñêîïëåíèÿ ëþäåé, à íå ñòðîèòü ïàðíûå
âçàèìîäåéñòâèÿ ëþäåé êàê ïðè ÑÏÈÄå.

Ìîäåëü ïðåäñòàâëÿåò ñîáîé âèçóàëüíî�ïðîãíîñòè÷åñêèé ïðîãðàììíûé êîìïëåêñ äëÿ
èññëåäîâàíèÿ ïðîöåññîâ ðàñïðîñòðàíåíèÿ è çîí çàðàæåíèÿ ïðè äåéñòâèè èñòî÷íèêîâ èí-
ôåêöèè. Îíà ïîçâîëÿåò ïðîãíîçèðîâàòü ðàñïðåäåëåíèå áîëüíûõ ëþäåé, ïðåäñòàâëÿþùèõ
ñîáîé èñòî÷íèê äàëüíåéøåãî ðàñïðîñòðàíåíèÿ èíôåêöèè, ïî òåððèòîðèè ïðîæèâàíèÿ,
î÷åð÷èâàòü çîíû ýïèäåìèé âî âðåìåíè è ïðîñòðàíñòâå ñðåäñòâàìè ìàòåìàòè÷åñêîãî è êîì-
ïüþòåðíîãî ìîäåëèðîâàíèÿ è âûâîäèòü îáùåå êîëè÷åñòâî áîëüíûõ ëþäåé â ýòîé çîíå íà
äàííûé ìîìåíò âðåìåíè.

Ìîäåëü ÊÂÈ îáåñïå÷èâàåò ðåøåíèå ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ, ââîä èñõîäíûõ äàííûõ â ðàñ÷åòíûé ìîäóëü è âûâîä ïîëó÷åííûõ
ðåçóëüòàòîâ â âèäå âèðòóàëüíîé êàðòèíû ðàçâèòèÿ ñèòóàöèè.

Ðåøåíèå ñèñòåìû óðàâíåíèé ¾Ìîäåëè¿ ïðîâîäÿò ñ ïîìîùüþ ÷èñëåííûõ ìåòîäîâ íà
îñíîâå ðàçíîñòíûõ àíàëîãîâ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ðàñ÷åòíîé ñåòêè.

¾Ìîäåëü¿ ïðåäîñòàâëÿåò ïîëüçîâàòåëÿì âîçìîæíîñòü:
- ïðîãíîçà ðàñïðîñòðàíåíèÿ èíôåêöèé ïî òåððèòîðèè ïðîæèâàíèÿ;
- ïîëó÷åíèÿ ïðîãíîñòè÷åñêèõ êàðò ðàñïðîñòðàíåíèÿ ýïèäåìèé.
Â ñîîòâåòñòâèè ñî ñâîèì íàçíà÷åíèåì ìîäåëü ðåàëèçóåò ñëåäóþùèå ôóíêöèè:
- îáåñïå÷èâàåò ðàñ÷åòíûå è èãðîâûå âàðèàíòû ìîäåëèðîâàíèÿ;
- îáåñïå÷èâàåò ïðåäñòàâëåíèå ðàñ÷åòíîé èíôîðìàöèè ïîëüçîâàòåëÿì â ãðàôè÷åñêîé

ôîðìå.
Ïðè èçâåñòíîé ýìèññèè èíôåêöèè â öåíòðå ìîäåëèðóåìîé îáëàñòè ñ îïðåäåë¼ííîé ïëîò-

íîñòüþ íàñåëåíèÿ, à òàêæå íåêîòîðûõ äðóãèõ èçâåñòíûõ ìåäèêî�áèîëîãè÷åñêèõ âåëè÷è-
íàõ, ìîæíî îïðåäåëèòü ãðàíèöû ó÷àñòêîâ ñ ýïèäåìè÷åñêîé îáñòàíîâêîé âî âðåìåíè è ïðî-
ñòðàíñòâå è êîëè÷åñòâî áîëüíûõ ëþäåé.

Ìîäåëü ÊÂÈ ïðåäñòàâëåíà ñèñòåìîé ýâîëþöèîííûõ óðàâíåíèé, îïèñûâàþùåé ïðîöåñ-
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ñû ðàñïðîñòðàíåíèÿ êàïåëüíî�âîçäóøíîé èíôåêöèè â âèäå ïðèìåñè
∂

∂t
X = div(KgradX) + rX(1− b−m− n− p)+

+divw⃗X +X0(x0, y0, t0); c(x, y, z, t) ≥ cb,
X = 0, c(x, y, z, t) < cb,

ãäå X = AN(x, y)c(x, y, z, t) � ïëîòíîñòü áîëüíûõ â çîíàõ èíôèöèðîâàíèÿ; N(x, y) �
ïëîòíîñòü íàñåëåíèÿ; c(x, y, z, t) � êîíöåíòðàöèÿ èíôèöèðóþùèõ áàêòåðèé â âîçäóõå,
ïðè÷åì åñëè c(x, y, t) = cb (ãðàíè÷íîå çíà÷åíèå èíôèöèðóþùåé êîíöåíòðàöèè áàêòå-
ðèé), òî â òî÷êå (x, y, t) íà÷èíàþòñÿ çàáîëåâàíèÿ îáûêíîâåííûõ ëþäåé, èììóíèòåò êî-
òîðûõ òèïè÷åí äëÿ äàííîãî ìîìåíòà (ïîÿâëÿåòñÿ íåêîòîðàÿ ïëîòíîñòü áîëüíûõ ëþäåé),
åñëè c(x, y, t) < cb , òî â òî÷êå (x, y, t) íîâûõ çàáîëåâøèõ ëþäåé íåò; A � ìåäèêî�
áèîëîãè÷åñêèé êîãíèòèâíûé êîýôôèöèåíò, õàðàêòåðèçóþùèé ñïåöèôèêó äàííîãî âèäà èí-
ôåêöèè; K � íåêîòîðûé êîãíèòèâíûé êîýôôèöèåíò, çàâèñÿùèé îò ïðèíÿòûõ äîïóùåíèé
ïðè ðàññìîòðåíèè ïðîöåññîâ (â ÷àñòíîñòè, ýòî ìîæåò áûòü êîýôôèöèåíò ãîðèçîíòàëü-
íîé äèôôóçèè èíôåêöèè, åñëè îïèñûâàåòñÿ ïðîöåññ ðàñïðîñòðàíåíèÿ èíôåêöèè â òóðáó-
ëåíòíîì ïîëå àòìîñôåðû) è õàðàêòåðèçóþùèé ñêîðîñòü èçìåíåíèÿ ãðàäèåíòà ïëîòíîñòè
áîëüíûõ; r � íåêîòîðûé êîãíèòèâíûé ìåäèêî�áèîëîãè÷åñêèé êîýôôèöèåíò, õàðàêòåðèçó-
þùèé èíòåíñèâíîñòü ýâîëþöèîííîãî íàðàñòàíèÿ èëè óáûâàíèÿ (íàëè÷èå èñòî÷íèêîâ èëè
ñòîêîâ) êîíöåíòðàöèè èíôåêöèè îò áîëüíûõ ëþäåé; b(x, y, t) , m(x, y, t) è n(x, y, t ) � äîëè
X , èçìåíÿþùèå íà äàííûé ìîìåíò â òî÷êå (x, y, t) ïëîòíîñòü áîëüíûõ ëþäåé: b(x, y, t) �
äîëÿ X ëþäåé, ó êîòîðûõ èíêóáàöèîííûé ïåðèîä ðàçâèòèÿ áîëåçíè (îíè åù¼ íå çàðàæà-
þò), m(x, y, t) � äîëÿ X âûçäîðàâëèâàþùèõ ëþäåé áëàãîäàðÿ ñîáñòâåííûì çàùèòíûì
ñèëàì (èììóíèòåòó) îðãàíèçìà, n(x, y, t) � äîëÿ X ëþäåé, óñêîðåííî âûçäîðàâëèâàþùèõ
áëàãîäàðÿ ïðèíÿòûì ìåðàì áîðüáû ñ ýïèäåìèåé, âêëþ÷àÿ èçîëÿöèþ áîëüíûõ, p � äîëÿ
X , óìåíüøàþùàÿ ÷èñëî íîâûõ áîëüíûõ è êîíöåíòðàöèþ âèðóñîâ èç-çà ãèáåëè èíôåêöèè
â ðåçóëüòàòå âîçäåéñòâèÿ êëèìàòè÷åñêèõ óñëîâèé (ìîðîç, æàðà è ò.ï.) è êîíå÷íîé æèçíè
âèðóñîâ; w⃗ � óñðåäí¼ííàÿ ñêîðîñòü àäâåêòèâíîãî ïåðåìåùåíèÿ áîëüíûõ ëþäåé â îïðå-
äåë¼ííîì íàïðàâëåíèè èëè ñêîðîñòü ïåðåìåùåíèÿ èíôåêöèè â ïîëå âåòðà íà îòêðûòîì
âîçäóõå â òîëïå ëþäåé; X0(x0, y0, t0) � íà÷àëüíîå çíà÷åíèå ïëîòíîñòè áîëüíûõ â òî÷êå
(x0, y0) ñ íà÷àëüíîé êîíöåíòðàöèåé c0 :

X0(x, y, t) =

{
X0 ≤ N(x0, y0); t0 = 0, x = x0, y = y0;
0; t ̸= 0, or x ̸= x0, or y ̸= y0.

Åñëè X(x, y, t) ≥ N(x, y) , òî ïîëàãàåòñÿ çíà÷åíèå X(x, y, t) = N(x, y) . Ðåçóëüòàò ñ÷å-
òà ìîæåò áûòü ïðåäñòàâëåí êàê èçîëèíèè, ñîîòâåòñòâóþùèå 20% çàáîëåâøèõ îò îáùåãî
÷èñëà ëþäåé, èëè êàê ÷èñëî çàáîëåâøèõ â ýïèäåìè÷åñêîé çîíå.

Äèôôóçèÿ èíôåêöèè â ïðîñòðàíñòâå ìîæåò ìîäåëèðîâàòüñÿ ïî-ðàçíîìó â çàâèñèìî-
ñòè îò ðàññìàòðèâàåìûõ îáëàñòåé. Åñëè ðàññìàòðèâàþòñÿ ïðîöåññû ðàñïðîñòðàíåíèÿ íà
îòêðûòîì âîçäóõå, òî èíôèöèðîâàíèå ìîæíî ìîäåëèðîâàòü êàê ðàñïðîñòðàíåíèå âèðóñîâ
â ïîëå âåòðà. Òîãäà çíà÷åíèÿ êîýôôèöèåíòà ãîðèçîíòàëüíîé äèôôóçèè âû÷èñëÿþòñÿ ïî
ôîðìóëå K = α ·σ2

Θ ·max(0.5, |w⃗|) ·H , ãäå σΘ � óãîë ãîðèçîíòàëüíîé ôëóêòóàöèè íàïðàâ-
ëåíèÿ âåòðà â ðàäèàíàõ, w⃗ � ñêîðîñòü âåòðà â ì/ñ, H � âûñîòà ñëîÿ ïåðåìåøèâàíèÿ â
ì, çàâèñÿùàÿ îò àòìîñôåðíîé ñòàáèëüíîñòè, α � íåêîòîðûé ýìïèðè÷åñêèé êîýôôèöèåíò
(α = 0.01 ). Îïåðàòîð çàäàåò êëàññ àòìîñôåðíîé ñòàáèëüíîñòè ïî ìåòåîñâîäêàì.

Åñëè ðàññìàòðèâàåìàÿ îáëàñòü èìååò ñëîæíóþ êîíôèãóðàöèþ (çàðàæåíèå ïðîèñõîäèò
â îñíîâíîì ïðè áëèçêîì êîíòàêòå â çäàíèÿõ è òðàíñïîðòå), òîãäà íåîáõîäèìî ïîäáèðàòü
íåêîòîðûé óñðåäíåííûé êîýôôèöèåíò äèôôóçèè, õàðàêòåðèçóþùèé ñêîðîñòü ðàñïðîñòðà-
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íåíèÿ èíôåêöèè, íàïðèìåð, â ãîðîäñêèõ ïîìåùåíèÿõ. Ñåé÷àñ â Àíãëèè ïðîâîäèòñÿ íàòóð-
íûé ýêñïåðèìåíò, â êîòîðîì äåíü çà äí¼ì ïðîâîäÿò èçìåðåíèå êà÷åñòâà âîçäóõà â âàãîíàõ
ïîåçäà ìåòðî, è çàòåì ñîñòàâëÿåòñÿ ñîîòâåòñòâèå ñ íàáëþäàåìîé ýïèäåìè÷åñêîé îáñòàíîâ-
êîé â ãîðîäå. Åñòü ôàêòû, ÷òî çàðàæåííîñòü âîçäóõà â âàãîíàõ ïîñëå ïðèñóòñòâèÿ â íèõ
áîëüíûõ ëþäåé óäåðæèâàåòñÿ äî ÷åòûð¼õ äíåé. Ýòè ýêñïåðèìåíòû ìîãóò ïîìî÷ü â îïðå-
äåëåíèè êîãíèòèâíûõ êîýôôèöèåíòîâ.

3. Ìåòîäèêà ïîñòðîåíèÿ äîëãîñðî÷íîãî ïðîãíîçèðîâàíèÿ

Íàó÷íûì êîëëåêòèâîì ïðåäñòàâëÿåìîé ðàáîòû ïðåäëîæåíà òàêæå ìåòîäèêà ïîñòðîå-
íèÿ ìàòåìàòè÷åñêîãî àïïàðàòà äîëãîñðî÷íîãî ïðîãíîçèðîâàíèÿ ýïèäåìè÷åñêîé îáñòàíîâ-
êè â ìåãàïîëèñàõ. Ìåòîäè÷åñêèå ðàçðàáîòêè àïïàðàòà ïðîãíîçèðîâàíèÿ ýïèäåìè÷åñêîé
ñèòóàöèè â ìåãàïîëèñå (èëè â ðåãèîíå) ïðîâåäåíû ïî òðåì íàïðàâëåíèÿì. Ïðîâåäåíà îï-
òèìèçàöèÿ ñêîëüçÿùèõ ìåòîäîâ àíàëèçà íåñòàöèîíàðíûõ äàííûõ äåìîãðàôè÷åñêîãî ñîñòî-
ÿíèÿ â ìåãàïîëèñå äëÿ ïðîâåäåíèÿ êîððåëÿöèîííîãî àíàëèçà. Ðàçðàáîòàí ìàòåìàòè÷åñêèé
àïïàðàò ïðîãíîçèðîâàíèÿ ýòîãî âðåìåííîãî ðÿäà ñîâìåñòíî ñ åãî âûáîðî÷íîé ôóíêöèåé
ðàñïðåäåëåíèÿ. Ïðîâåä¼í ñîâìåñòíûé ïðîãíîç ÷èñëåííîñòè íàñåëåíèÿ è ýïèäåìè÷åñêîé
ñèòóàöèè â ðåãèîíå â çàâèñèìîñòè îò ñöåíàðèÿ ýíåðãåòè÷åñêîãî ðàçâèòèÿ.

3.1. Îïòèìèçàöèÿ ñòàòèñòè÷åñêîãî àíàëèçà íåñòàöèîíàðíûõ äàííûõ

Äëÿ ïðîãíîçèðîâàíèÿ âçàèìîñâÿçè óðîâíÿ ýíåðãîïîòðåáëåíèÿ, ýíåðãîåìêîñòè âíóò-
ðåííåãî âàëîâîãî ïðîäóêòà (ÂÂÏ), âåëè÷èíû çàãðÿçíåíèÿ îêðóæàþùåé ñðåäû è ïðèðî-
ñòà íàñåëåíèÿ ðàçðàáîòàíû ýêîíîìåòðè÷åñêèå ìîäåëè, îáîáùàþùèå ìåòîäû ñêîëüçÿùèõ
ñðåäíèõ ïîñðåäñòâîì èñïîëüçîâàíèÿ àëãîðèòìà îïðåäåëåíèÿ îïòèìàëüíîé ñòàòèñòè÷åñêîé
áàçû. Ýòè ìîäåëè èñïîëüçóþò ïîíÿòèå ¾ãîðèçîíòíîé ñòàòèñòèêè¿ (ðàçáðîñà) [3]-[7], âûáî-
ðî÷íîå ðàñïðåäåëåíèå êîòîðîé ÿâëÿåòñÿ èíäèêàòîðîì êâàçèñòàöèîíàðíîñòè ïðîöåññà. Ýòà
ñòàòèñòèêà ïîçâîëÿåò îïðåäåëèòü õàðàêòåðíûé ãîðèçîíò ïðîãíîçà ñëó÷àéíûõ âåëè÷èí, íà
êîòîðîì âûáîðêó çàäàííîãî îáúåìà ìîæíî ñ÷èòàòü êâàçèñòàöèîíàðíîé, à òàêæå ðåøèòü
îáðàòíóþ çàäà÷ó � îïðåäåëèòü îáúåì âûáîðêè, ãàðàíòèðóþùèé ñ çàäàííîé òî÷íîñòüþ
ñòàöèîíàðíîñòü ñëó÷àéíîãî ïðîöåññà íà çàäàííîì ãîðèçîíòå ïðîãíîçèðîâàíèÿ.

3.2. Ïðîãíîç äèíàìèêè ÷èñëåííîñòè íàñåëåíèÿ

Ïðîãíîç äèíàìèêè ÷èñëåííîñòè íàñåëåíèÿ â çàâèñèìîñòè îò óðîâíÿ ýíåðãîïîòðåáëå-
íèÿ, êîòîðûé ó÷èòûâàåò â ðàìêàõ ýêîíîìåòðè÷åñêèõ ìîäåëåé çàâèñèìîñòü ðîæäàåìîñòè,
ñìåðòíîñòè è ìèãðàöèîííûõ ïîòîêîâ îò ýêîëîãè÷åñêîãî ñîñòîÿíèÿ, èñïîëüçóåò êèíåòè÷å-
ñêèå óðàâíåíèÿ äëÿ ðàñ÷åòà ôóíêöèé ðàñïðåäåëåíèÿ íàñåëåíèÿ ïî ñîöèàëüíûì è íàöèî-
íàëüíûì ñòðàòàì, à òàêæå ïî âîçðàñòó è ïîëó. Ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿåòñÿ íåñòàöè-
îíàðíûé âðåìåííîé ðÿä. Ïîä íåñòàöèîíàðíûìè âðåìåííûìè ðÿäàìè ïîäðàçóìåâàþò ðÿäû
íåêîòîðûõ âåëè÷èí, èç êîòîðûõ âû÷òåíû âñå ñ òîé èëè èíîé òî÷íîñòüþ äåòåðìèíèðîâàí-
íûå ñîñòàâëÿþùèå. Ýòè ðàçíîñòè ñëàáî êîððåëèðóþò ìåæäó ñîáîé è ïðåäñòàâëÿþò ðÿä
ñëó÷àéíûõ âåëè÷èí. Òàêèì îáðàçîì, öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ìåòîä, ïîçâîëÿþùèé
íàéòè îïòèìàëüíóþ âåëè÷èíó ñêîëüçÿùåãî îêíà � ðÿäà èç óêàçàííûõ îñòàòêîâ � äëÿ
ïîñòðîåíèÿ âûáîðî÷íîé ôóíêöèè ðàñïðåäåëåíèÿ è å¼ ïðîãíîçèðîâàíèÿ âíóòðè çàäàííîãî
ãîðèçîíòà. Ïîñëå ýòîãî ìîæíî ïîñòðîèòü ÷èñëåííóþ ðåàëèçàöèþ âðåìåííîãî ðÿäà. Ñóùå-
ñòâóåò ìíîæåñòâî âðåìåííûõ ðÿäîâ:

1. ñ èçâåñòíûì ðàñïðåäåëåíèåì (òåìïåðàòóðà â óðàâíåíèè òåïëîïðîâîäíîñòè);
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2. ñ îòñóòñòâèåì òðåíäà;

3. ñ íåçàâèñèìûìè ïðèðàùåíèÿìè è ò.ä.

Âñå ïðè¼ìû îòíîñÿòñÿ ê ñòàöèîíàðíûì âðåìåííûì ðÿäàì, êîãäà ïåðâûå äâà èëè êîíå÷íîå
÷èñëî ìîìåíòîâ íå çàâèñÿò îò âðåìåíè.

Îòëè÷èòåëüíîé îñîáåííîñòüþ äàííîé ðàáîòû ÿâëÿåòñÿ îáîñíîâàííîñòü êðèòåðèÿ, ñ ïî-
ìîùüþ êîòîðîãî ìîæíî ñ çàäàííîé òî÷íîñòüþ îñóùåñòâèòü îïåðàöèè ñ âûáîðêàìè èç
íåñòàöèîíàðíîãî ðÿäà.

Îñíîâíûå çàäà÷è, êîòîðûå ðåøåíû ïðè ðàçðàáîòêå äàííîé ìåòîäèêè:

1. ïîñòðîåíèå êîððåêòíîé ìîäåëè ïðîãíîçèðîâàíèÿ íåñòàöèîíàðíîãî âðåìåííîãî ðÿäà;

2. îïðåäåëåíèå îïòèìàëüíîãî îáú¼ìà âûáîðêè äëÿ ôîðìèðîâàíèÿ êâàçèñòàöèîíàðíîé
âûáîðî÷íîé ôóíêöèè ðàñïðåäåëåíèÿ (ÂÔÐ);

3. ìèíèìèçàöèÿ îøèáêè àïïðîêñèìàöèè âðåìåííîãî ðÿäà íà çàäàííîì èíòåðâàëå âðå-
ìåíè;

4. îïðåäåëåíèå èíòåðâàëà âðåìåíè, íà êîòîðîì îøèáêà àïïðîêñèìàöèè íå ïðåâîñõîäèò
çàäàííóþ âåëè÷èíó;

5. ðàçðàáîòêà ÷èñëåííîãî àëãîðèòìà ïðîãíîçà âðåìåííîãî ðÿäà âíóòðè è âíå ãðàíèö
êâàçèñòàöèîíàðíîñòè ÂÔÐ.

Òîãäà ðÿä ñ÷èòàåòñÿ ïîäãîòîâëåííûì. Íîâûì àñïåêòîì ÿâëÿåòñÿ óñòàíîâëåíèå êîëè÷å-
ñòâåííîé ñâÿçè ìåæäó ãîðèçîíòîì ïðîãíîçà, îáú¼ìîì âûáîðêè è òî÷íîñòüþ ïðîãíîçà äëÿ
íåñòàöèîíàðíîãî âðåìåííîãî ðÿäà íà îñíîâå íåêîòîðîãî èíòåãðàëüíîãî êðèòåðèÿ, ïðèìå-
íÿåìîãî íå ê ñàìîìó ðÿäó, à ê âûáîðî÷íîé ôóíêöèè ðàñïðåäåëåíèÿ.

4. Çàêëþ÷åíèå

Ôóíäàìåíòàëüíîé ïðîáëåìîé XXI âåêà ïðîäîëæàåò îñòàâàòüñÿ áîëåå ðåàëüíîå ïðîãíî-
çèðîâàíèå ñîñòîÿíèÿ îêðóæàþùåé ñðåäû. Ïî îöåíêàì ýêîíîìèñòîâ, äàæå îãðàíè÷åííûå
ïðîãðàììû ñòàáèëèçàöèè âîçäåéñòâèÿ íà îêðóæàþùóþ ñðåäó îáîéäóòñÿ â ñîòíè ìèëëè-
àðäîâ äîëëàðîâ. Íà ó÷åíûõ ëåæèò ãðîìàäíàÿ îòâåòñòâåííîñòü çà äîñòîâåðíîñòü ïðåä-
ñòàâëÿåìûõ èìè äàííûõ îá èçìåíåíèÿõ â îêðóæàþùåé ñðåäå, íàïðèìåð, êîíöåíòðàöèè
¾ïàðíèêîâûõ¿ ãàçîâ (óãëåêèñëîãî ãàçà, ìåòàíà, îêèñè àçîòà, õëîðôòîðóãëåðîäîâ è äð.).

Ïî ìíåíèþ ïåññèìèñòîâ, ðîñò ÷èñëåííîñòè íàñåëåíèÿ â êðóïíûõ ãîðîäàõ ïðèâåäåò ê
ïðîöåññàì ðàçâèòèÿ ýïèäåìèé ïîäîáíûì ýïèçîîòèÿì ó æèâîòíûõ, à ñ äðóãîé ñòîðîíû ê
áîëåå âûñîêèì òåìïàì ðàçâèòèÿ ïîòðåáëåíèÿ è äàëüíåéøåãî ðàçâèòèÿ ïðîèçâîäñòâà. Ðàç-
âèòèå ïðîèçâîäñòâà íåìûñëèìî áåç èñïîëüçîâàíèÿ ïðèðîäû è å¼ ðåñóðñîâ. Ñàìîå óæàñíîå
� ýòî å¼ çàãðÿçíåíèå. Çàãðÿçíåíèå âîçäóõà è âîäû ïðèâîäèò ê ñèëüíîìó ïîäðûâó âñåé
îêðóæàþùåé ñðåäû è êà÷åñòâà æèçíè ëþäåé. Èçâëåêàÿ äëÿ ïðîèçâîäñòâà ðåñóðñû, â íà-
ñòîÿùèé ìîìåíò ÷åëîâå÷åñòâî äëÿ ïîëüçû èñïîëüçóåò ëèøü 1 � 2% ðåñóðñîâ. Îñòàëüíîå
èäåò â îòõîäû, ÷òî åùå áîëüøå óõóäøàåò ñèòóàöèþ. Ýòî ïîäðûâàåò çàùèòíûå ñèëû îðãà-
íèçìà.

Ïî ìíåíèþ îïòèìèñòîâ, òàêîå ñîîòíîøåíèå èçâëå÷åíèÿ ðåñóðñîâ è êïä èñïîëüçîâàíèÿ
çàâèñèò îò ðàçâèòèÿ íàóêè è òåõíèêè, à òàêæå õàðàêòåðà ïðîèçâîäñòâåííûõ îòíîøåíèé,
äîìèíèðóþùèõ â òîì èëè èíîì ñîîáùåñòâå. Ïðè ïðàâèëüíîé ïîëèòèêå âîçìîæíî öåëå-
íàïðàâëåííî ñîçäàâàòü âñå ïðåäïîñûëêè äëÿ òîãî, ÷òîáû çàáîòà îá óëó÷øåíèè ýêîëîãèè
ñòàíîâèëàñü ãëàâíîé äâèæóùåé ñèëîé ðàçâèòèÿ ïðîèçâîäèòåëüíûõ ñèë îáùåñòâà.
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Ìíîãèå ôàêòû (íàïðèìåð, [2]) ñâèäåòåëüñòâóþò î òîì, ÷òî ñ ñåðåäèíû XX âåêà
íà÷àëñÿ áûñòðûé ðîñò êîíöåíòðàöèè óãëåêèñëîãî ãàçà â àòìîñôåðå è äðóãèõ ïðèìåñåé â
îêðóæàþùåé ñðåäå òåõíîãåííîãî ïðîèñõîæäåíèÿ. Ïðè ñîõðàíåíèè ñîâðåìåííûõ òåìïîâ
óâåëè÷åíèÿ ñîäåðæàíèÿ ÑÎ 2 â àòìîñôåðå åãî êîíöåíòðàöèÿ ê 2030 ã. ìîæåò óäâîèòñÿ.
Ïðè ýòîì íåêîòîðûå ó÷åíûå âûäâèãàþò ãèïîòåçû î òîì, ÷òî ýòà äåÿòåëüíîñòü ïðèâåä¼ò ê
ðîñòó ïðèçåìíîé òåìïåðàòóðû âîçäóõà. Îäíàêî, çà áîëåå ÷åì 30 ëåò íàáëþäåíèé â ÃÀÈØ
ÌÃÓ àñòðîôèçè÷åñêèì ìåòîäîì áûëî óñòàíîâëåíî, ÷òî ñ 1969 ïî 1991 ãîä êîíöåíòðàöèÿ
ÑÎ 2 â Ìîñêâå ïîâûñèëàñü íà 45% . Ñ 1991 ã. òåìïû ðîñòà êîëè÷åñòâà óãëåêèñëîãî
ãàçà ðåçêî âîçðîñëè, è ê 2000 ã. åãî ñîäåðæàíèå â àòìîñôåðå ïðåâûñèëî óðîâåíü 1969
ã. ïðèìåðíî â 2.5 ðàçà. Îñíîâíûì èñòî÷íèêîì ïîñòóïëåíèÿ ÑÎ 2 â àòìîñôåðó Ìîñêâû
ÿâëÿþòñÿ àâòîìîáèëè, ïîýòîìó ðåçêîå âîçðàñòàíèå óãëåêèñëîòû ñîâïàëî ñ ïåðèîäîì
èíòåíñèâíîé àâòîìîáèëèçàöèè Ìîñêâû, íà÷àâøåéñÿ îêîëî 1991 ã. Íî â 2000 � 2003 ãã.
èçìåðåíèÿ ïîêàçàëè ñíà÷àëà çàìåäëåíèå, à çàòåì è ïðåêðàùåíèå óâåëè÷åíèÿ êîíöåí-
òðàöèè ÑÎ 2 â àòìîñôåðå íàä ãîðîäîì. Ýòîò ðåçóëüòàò îáúÿñíÿåòñÿ çàìåäëåíèåì ðîñòà
àâòîìîáèëüíîãî ïàðêà Ìîñêâû, åãî êà÷åñòâåííûìè èçìåíåíèÿìè, à òàêæå ïðèíÿòûìè
Ïðàâèòåëüñòâîì Ìîñêâû ìåðàìè ïî ñîâåðøåíñòâîâàíèþ òðàíñïîðòíîé èíôðàñòðóêòóðû.
Ïîñêîëüêó Ìîñêâà ÿâëÿåòñÿ òèïè÷íûì ìåãàïîëèñîì, íà îñíîâàíèè ýòèõ ðåçóëüòàòîâ
èññëåäîâàíèé áûë ñäåëàí îïòèìèñòè÷íûé ïðåäâàðèòåëüíûé âûâîä î òîì, ÷òî ãëîáàëüíîå
óõóäøåíèå êà÷åñòâà âîçäóõà, íàïðèìåð, â Ìîñêâå ìîæåò è çàêîí÷èòüñÿ. Îäíàêî ýòîò ìèô
áûë ðàçâåÿí îáñòàíîâêîé â ãîðîäå ëåòîì 2010 ãîäà. Ïðè îïðåäåë¼ííîé ÷àñòîòå ïîâòîðåíèÿ
ïîäîáíûõ ïîãîäíûõ óñëîâèé è ïðîäîëæèòåëüíîñòè èõ âîçäåéñòâèÿ îðãàíèçì ÷åëîâåêà
óæå íå ñìîæåò âûäåðæàòü ñóùåñòâóþùèõ óñëîâèé ïðîæèâàíèÿ â ãîðîäàõ ïðè òàêîì
ñîñòîÿíèè àòìîñôåðíîãî âîçäóõà èç-çà óäóøàþùèõ âûõëîïíûõ ãàçîâ îò àâòîìîáèëåé
äàæå ïðè èõ ïîñòîÿííîì íà äàííûé ìîìåíò êîëè÷åñòâå è îòñóòñòâèè òðåíäà íàðàñòàíèÿ.
Îñëàáëåíèå èììóíèòåòà íåèçáåæíî ïðèâîäèò ê êàòàñòðîôè÷åñêèì ïîñëåäñòâèÿì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ (ãðàíò � 11-01-00444-à).
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Mathematical modeling of correlation of the epidemic

situation in the metropolitan areas on the air state
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Abstract. The work describes the Authors original model of the infection spread process by
airborne droplets and the necessary conditions for the epidemiological situation creation in large
cities.
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Ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò äëÿ

äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà áåç

ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé íà ñôåðå ðàçìåðíîñòè

áîëüøåé òðåõ

c⃝ Â.Ç. Ãðèíåñ1, Å.ß. Ãóðåâè÷2, Î.Â. Ïî÷èíêà,3

Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ðåøåíèþ çàäà÷è òîïîëîãè÷åñêîé êëàññèôèêàöèè äèôôåî-
ìîðôèçìîâ Ìîðñà-Ñìåéëà áåç ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé íà ñôåðå Sn ðàçìåðíîñòè
n > 3 . Â êà÷åñòâå îñíîâíîãî èíñòðóìåíòà èñïîëüçóåòñÿ ñõåìà äèôôåîìîðôèçìà � èíâàðè-
àíò, îïèñûâàþùèé ñòðóêòóðó ïðîñòðàíñòâà áëóæäàþùèõ îðáèò è âëîæåíèå â íåãî ïðîåêöèé
(n − 1) -ìåðíûõ ñåïàðàòðèñ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê. Ðàññìàòðèâàåìûå äèíàìè÷åñêèå
ñèñòåìû ÿâëÿþòñÿ ìîäåëÿìè àññîöèàòèâíîé ïàìÿòè (íåéðîííûå ñåòè Õîïôèëäà), ïîëó÷åííûå
ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû â òåîðèè ðàñïîçíàâàíèÿ îáðàçîâ.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêèå ñèñòåìû, äèôôåîìîðôèçìû Ìîðñà-Ñìåéëà, òîïîëîãè÷å-
ñêàÿ êëàññèôèêàöèÿ, ñåòü Õîïôèëäà.

1. Ââåäåíèå

Çàäà÷à òîïîëîãè÷åñêîé êëàññèôèêàöèè äèíàìè÷åñêèõ ñèñòåì âîñõîäèò ê ðàáîòàì
À.À. Àíäðîíîâà, Ë.Ñ. Ïîíòðÿãèíà, Å.À. Ëåîíòîâè÷, À.Ã. Ìàéåðà è Ì. Ïåéøîòî. À.À. Àí-
äðîíîâ è Ë.Ñ. Ïîíòðÿãèí â 1937 ãîäó âââåëè ïîíÿòèå ãðóáîñòè äèíàìè÷åñêîé ñèñòåìû è
ïîêàçàëè, ÷òî íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ãðóáîñòè ïîòîêà íà ïëîñêîñòè (äâó-
ìåðíîé ñôåðå) ñîñòîÿò â òðåáîâàíèè êîíå÷íîñòè íåáëóæäàþùåãî ìíîæåñòâà, åãî ãèïåð-
áîëè÷íîñòè è îòñóòñòâèÿ òðàåêòîðèé, èäóùèõ èç ñåäëà â ñåäëî. Â 1960 ãîäó Ñ. Ñìåéë
ââåë êëàññ äèíàìè÷åñêèõ ñèñòåì íà ìíîãîîáðàçèÿõ ïðîèçâîëüíîé ðàçìåðíîñòè, óäîâëå-
òâîðÿþùèõ àíàëîãè÷íûì óñëîâèÿì, ïðè ýòîì óñëîâèå îòñóòñòâèÿ òðàåêòîðèé, èäóùèõ èç
ñåäëà â ñåäëî, òðàíñôîðìèðîâàëîñü â áîëåå îáùåå óñëîâèå òðàíñâåðàëüíîñòè ïåðåñå÷å-
íèÿ èíâàðèàíòíûõ ìíîãîîáðàçèé íåïîäâèæíûõ òî÷åê è ïåðèîäè÷åñêèõ îðáèò. Òàêèå ñè-
ñòåìû ïîçäíåå ïîëó÷èëè íàçâàíèå ñèñòåì Ìîðñà-Ñìåéëà. Óñëîâèå êîíå÷íîñòè ìíîæåñòâà
îðáèò, ñîñòàâëÿþùèõ íåáëóæäàþùåå ìíîæåñòâî ñèñòåì Ìîðñà-Ñìåéëà, ïðèâîäèò ê èäåå
ñâåäåíèÿ ïðîáëåìû òîïîëîãè÷åñêîé êëàññèôèêàöèè ýòèõ ñèñòåì ê êîìáèíàòîðíîé çàäà-
÷å îïèñàíèÿ âçàèìíîãî ðàñïîëîæåíèÿ ýòèõ îðáèò â íåñóùåì ìíîãîîáðàçèè. Âïåðâûå ýòîò
ïîäõîä áûë ïðèìåíåí Å.À. Ëåîíòîâè÷ è À.Ã. Ìàéåðîì äëÿ êëàññèôèêàöèè ïîòîêîâ íà
äâóìåðíîé ñôåðå ñ êîíå÷íûì ÷èñëîì îñîáûõ òðàåêòîðèé è áûë ðàçâèò â ðàáîòàõ Ì. Ïåé-
øîòî, ß.Ë. Óìàíñêîãî, C.Þ. Ïèëþãèíà, â êîòîðûõ ðåøàëàñü àíàëîãè÷íàÿ çàäà÷à äëÿ ïî-
òîêîâ Ìîðñà-Ñìåéëà íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè 2, 3 è âûøå, à òàêæå Â.Ç. Ãðèíåñîì,
À.Í. Áåçäåíåæíûõ äëÿ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà íà ïîâåðõíîñòÿõ ñ êîíå÷íûì
÷èñëîì ãåòåðîêëèíè÷åñêèõ îðáèò. Êàê îêàçàëîñü, ýòà èäåÿ, âîîáùå ãîâîðÿ, íå ðàáîòàåò â
ñëó÷àå äèôôåîìîðôèçìîâ íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè 3 èç-çà ñóùåñòâîâàíèÿ äèôôåî-
ìîðôèçìîâ ñ äèêî âëîæåííûìè èíâàðèàíòíûìè ìíîãîîáðàçèÿìè ñåäåë. Ýòîò ôàêò ïîòðå-

1 Çàâåäóþùèé êàôåäðîé âûñøåé ìàòåìàòèêè, Íèæåãîðîäñêàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäåìèÿ, ã. Íèæ-
íèé Íîâãîðîä; vgrines@yandex.ru.

2 Äîöåíò êàôåäðû òåîðèè óïðàâëåíèÿ è äèíàìèêè ìàøèí, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñè-
òåò èìåíè Í. È. Ëîáà÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; elena _ gurevich@list.ru.

3 Äîöåíò êàôåäðû òåîðèè ôóíêöèé, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. È. Ëîáà-
÷åâñêîãî, ã. Íèæíèé Íîâãîðîä; olga-pochinka@yandex.ru.
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áîâàë íîâîãî ÿçûêà äëÿ ïîëó÷åíèÿ òîïîëîãè÷åñêèõ èíâàðèàíòîâ â êëàññå òàêèõ ñèñòåì.
Ïîëíàÿ òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ïðîèçâîëüíûõ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà
íà òðåõìåðíûõ ìíîãîîáðàçèÿõ ïîëó÷åíà â öèêëå ðàáîò [1] � [6]. Îäíèì èç ýôôåêòèâíûõ
òîïîëîãè÷åñêèõ èíâàðèàíòîâ, ââåäåííûõ â ýòèõ ðàáîòàõ, îêàçàëàñü òàê íàçûâàåìàÿ ñõåìà
äèôôåîìîðôèçìà, îïèñûâàþùàÿ ñòðóêòóðó ïðîñòðàíñòâà áëóæäàþùèõ îðáèò è âëîæåíèå
â íåãî ïðîåêöèé (n− 1) -ìåðíûõ ñåïàðàòðèñ ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê. Â íàñòîÿùåé
ðàáîòå àíàëîãè÷íàÿ òåõíèêà ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ çàäà÷è òîïîëîãè÷åñêîé êëàññèôè-
êàöèè â ìíîæåñòâå G ñîõðàíÿþùèõ îðèåíòàöèþ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà áåç
ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé, çàäàííûõ íà ñôåðå Sn ðàçìåðíîñòè n > 3 . Ñëåäóåò îò-
ìåòèòü, ÷òî èçó÷åíèå äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè
n > 3 íà÷àëîñü â ðàáîòàõ [7], [8], ãäå ïîëó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ òàêèõ ñè-
ñòåì â ïðåäïîëîæåíèè, ÷òî ìíîæåñòâî íåóñòîé÷èâûõ ñåïàðàòðèñ îäíîìåðíî è íå ñîäåðæèò
ãåòåðîêëèíè÷åñêèõ ïåðåñå÷åíèé.

Ïóñòü f ∈ G . Ïîëîæèì Ωi
f = {p ∈ Ωf | dim W u

p = i} , Af =
∪

σ∈Ω1
f

W u
σ , Rf =

∪
σ∈Ωn−1

f

W s
σ ,

Vf = Sn \ (Af ∪ Rf ) . Îáîçíà÷èì ÷åðåç V̂f = Vf/f ïðîñòðàíñòâî îðáèò äåéñòâèÿ f

íà Vf , ÷åðåç p
f

: Vf → V̂f � åñòåñòâåííóþ ïðîåêöèþ è ÷åðåç η
f

: π1(V̂f ) → Z �

ýïèìîðôèçì, èíäóöèðîâàííûé îòîáðàæåíèåì p
f
. Ïîëîæèì L̂s

f =
∪

σ∈Ω1
f

pf (W
s(σ) \ σ) ,

L̂u
f =

∪
σ∈Ωn−1

f

pf (W
u(σ) \ σ) .

Î ï ð å ä å ë å í è å 1.1. Íàáîð Sf = (V̂f , ηf
, L̂s

f , L̂
u
f ) íàçîâåì ñõåìîé äèôôåîìîð-

ôèçìà f ∈ G .

Î ï ð å ä å ë å í è å 1.2. Ñõåìû Sf è Sf ′ äèôôåîìîðôèçìîâ f, f ′ ∈ G áóäåì íà-

çûâàòü ýêâèâàëåíòíûìè, åñëè ñóùåñòâóåò ãîìåîìîðôèçì φ̂ : V̂f → V̂f ′ ñî ñëåäóþùèìè
ñâîéñòâàìè:

1) η
f
= η

f ′ φ̂∗ ;

2) φ̂(L̂s
f ) = L̂s

f ′ è φ̂(L̂u
f ) = L̂u

f ′ .

Îñíîâíîé ðåçóëüòàò ýòîé ðàáîòû çàêëþ÷àåòñÿ â ñëåäóþùåé òåîðåìå.

Ò å î ð å ì à 1.1. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì òîïîëîãè÷åñêîé ñîïðÿ-
æåííîñòè äèôôåîìîðôèçìîâ f, f ′ ∈ G ÿâëÿåòñÿ ýêâèâàëåíòíîñòü èõ ñõåì Sf , Sf ′ .

ÁËÀÃÎÄÀÐÍÎÑÒÈ

Àâòîðû áëàãîäàðÿò ãðàíòû 12-01-00672, 11-01-12056-îôè-ì ÐÔÔÈ, ãðàíò ïðàâèòåëüñòâà
Ðîññèéñêîé Ôåäåðàöèè 11.G34.31.0039 è ãðàíò Ìèíîáðíàóêè ÐÔ â ðàìêàõ ãîñóäàðñòâåí-
íîãî çàäàíèÿ íà îêàçàíèå óñëóã â 2012-2014 ãã. ïîäâåäîìñòâåííûìè âûñøèìè ó÷åáíûìè
çàâåäåíèÿìè (øèôð çàÿâêè 1.1907.2011) çà ÷àñòè÷íóþ ôèíàíñîâóþ ïîääåðæêó.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

2.1. Ðàçðûâíûå äåéñòâèÿ ãðóïï ïðåîáðàçîâàíèé

Â ýòîì ðàçäåëå ìû ïðèâîäèì ñâåäåíèÿ î ñâîéñòâàõ ãðóïïû ïðåîáðàçîâàíèé F =
{fn|

X
, n ∈ Z} äåéñòâóùåé ðàçðûâíî íà íåêîòîðîì ãëàäêîì (âîîáùå ãîâîðÿ íå êîìïàêò-

íîì) ìíîãîîáðàçèè X è ïîðîæäåííîé äèôôåîìîðôèçìîì f : X → X . Òàêèå ãðóïïû
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ïðåîáðàçîâàíèé åñòåñòâåííûì îáðàçîì ïîÿâëÿþòñÿ ïðè ðàññìîòðåíèè îãðàíè÷åíèÿ èñõîä-
íîãî äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà íà íåêîòîðûå ïîäìíîæåñòâà áëóæäàþùèõ òî÷åê è
ïîðîæäàþò òîïîëîãè÷åñêèå èíâàðèàíòû, èñïîëüçóåìûå äëÿ ðåøåíèÿ ïðîáëåìû òîïîëîãè-
÷åñêîé êëàññèôèêàöèè.

Ïóñòü f : X → X � äèôôåîìîðôèçì, çàäàííûé íà ãëàäêîì ñâÿçíîì ìíîãîîáðàçèè
X (âîîáùå ãîâîðÿ íå êîìïàêòíîì), òàêîé, ÷òî ãðóïïà F = {fn|

X
, n ∈ Z} äåéñòâóåò íà X

ðàçðûâíî4.
Áóäåì îáîçíà÷àòü ÷åðåç X̂f = X/F ïðîñòðàíñòâî îðáèò ýòîãî äåéñòâèÿ è ÷åðåç pf :

X → X̂f åñòåñòâåííóþ ïðîåêöèþ.
Â ñèëó [9] (òåîðåìà 3.5.7) ïðîåêöèÿ pf : X → X̂f ÿâëÿåòñÿ íàêðûâàþùèì îòîáðàæåíè-

åì5, à ïðîñòðàíñòâî X̂f ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì.
Îáîçíà÷èì ÷åðåç ηf : π1(X̂f ) → Z ãîìîìîðôèçì, îïðåäåëåííûé ñëåäóþùèì îáðàçîì.

Ïóñòü c ∈ X̂f � íå ãîìîòîïíàÿ íóëþ ïåòëÿ â X̂f è [c] ∈ π1(X̂f ) � êëàññ ãîìîòîïè÷åñêîé
ýêâèâàëåíòíîñòè ïåòëè c . Âûáåðåì ïðîèçâîëüíóþ òî÷êó x̂ ∈ c , îáîçíà÷èì ÷åðåç p−1

f (x̂)

ïîëíûé ïðîîáðàç òî÷êè x̂ è çàôèêñèðóåì òî÷êó x̃ ∈ p−1
f (x̂) . Òàê êàê pf � íàêðûòèå,

òî ñóùåñòâóåò åäèíñòâåííûé ïóòü c̃(t) ñ íà÷àëîì â òî÷êå x̃ ( c̃(0) = x̃ ), íàêðûâàþùèé
ïåòëþ c (òî åñòü òàêîé, ÷òî pf (c̃(t)) = ĉ ). Ïîýòîìó ñóùåñòâóåò ýëåìåíò n ∈ Z òàêîé, ÷òî
c̃(1) = fn(x̃) . Ïîëîæèì ηf ([c]) = n . Èç [10] (ãë. 18) ñëåäóåò, ÷òî ãîìîìîðôèçì ηf ÿâëÿåòñÿ
ýïèìîðôèçìîì. Ñëåäóþùèå óòâåðæäåíèÿ äîêàçàíû â [4].

Ï ð å ä ë î æ å í è å 2.1. Ïóñòü X , Y � ñâÿçíûå ãëàäêèå ìíîãîîáðàçèÿ è f :
X → X , g : Y → Y � äèôôåîìîðôèçìû òàêèå, ÷òî ãðóïïû F = {fn, n ∈ Z} ,
G = {gn, n ∈ Z} äåéñòâóþò ðàçðûâíî íà X , Y ñîîòâåòñòâåííî. Ïóñòü φ : X → Y �
ãîìåîìîðôèçì ( äèôôåîìîðôèçì ) , ñîïðÿãàþùèé äèôôåîìîðôèçìû f è g . Òîãäà îòîá-

ðàæåíèå φ̂ : X̂f → Ŷg , çàäàííîå ôîðìóëîé φ̂ = pgφp
−1
f , ÿâëÿåòñÿ ãîìåîìîðôèçìîì

( äèôôåîìîðôèçìîì ) . Êðîìå òîãî, ηf = ηgφ∗ , ãäå φ∗ : π1(X̂f ) → π1(Ŷg) � ãîìîìîðôèçì,
èíäóöèðîâàííûé îòîáðàæåíèåì φ .

Ï ð å ä ë î æ å í è å 2.2. Ïóñòü X , Y � ñâÿçíûå ãëàäêèå ìíîãîîáðàçèÿ è f :
X → X , g : Y → Y � äèôôåîìîðôèçìû òàêèå, ÷òî ãðóïïû F = {fn, n ∈ Z} , G =

{gn, n ∈ Z} äåéñòâóþò ðàçðûâíî íà X , Y , ñîîòâåòñòâåííî. Ïóñòü φ̂ : X̂f → Ŷg � ãî-

ìåîìîðôèçì ( äèôôåîìîðôèçì ) òàêîé, ÷òî ηf = ηgφ∗ . Ïóñòü x̂ ∈ X̂f , x̃ ∈ p−1
f (x) , y =

φ̂(x) è ỹ ∈ p−1
g (y) . Òîãäà ñóùåñòâóåò åäèíñòâåííûé ãîìåîìîðôèçì ( äèôôåîìîðôèçì )

φ : X → Y , ñîïðÿãàþùèé äèôôåîìîðôèçìû f è g è òàêîé, ÷òî φ(x̃) = ỹ .

2.2. Êàíîíè÷åñêèå ìíîãîîáðàçèÿ, èñïîëüçóåìûå â ðàáîòå

Áóäåì íàçûâàòü n -øàðîì ( n -äèñêîì ) ìíîãîîáðàçèå, ãîìåîìîðôíîå ñòàíäàðòíîìó
øàðó Bn = {(x1, ..., xn) ∈ Rn | x21 + ... + x2n ≤ 1} . Îòêðûòûì n -øàðîì ( ñôåðîé Sn−1 )

4 Ãðóïïà H äåéñòâóåò íà ìíîãîîáðàçèè X , åñëè çàäàíî îòîáðàæåíèå ζ : H ×X → X , îáëàäàþùåå
ñëåäóþùèìè ñâîéñòâàìè:

1) ζ(e, x) = x äëÿ âñåõ x ∈ X , ãäå e � íåéòðàëüíûé (åäèíè÷íûé) ýëåìåíò ãðóïïû H ;
2) ζ(g, ζ(h, x)) = ζ(gh, x) äëÿ âñåõ x ∈ X è g, h ∈ H .
Ãðóïïà H äåéñòâóåò ðàçðûâíî íà ìíîãîîáðàçèè X , åñëè äëÿ êàæäîãî êîìïàêòíîãî ïîäìíîæåñòâà

K ⊂ X ìíîæåñòâî ýëåìåíòîâ h ∈ H òàêèõ, ÷òî ζ(h,K) ∩K ̸= ∅ � êîíå÷íî.
5 Íåïðåðûâíîå ñþðüåêòèâíîå îòîáðàæåíèå pf : X → X/F íàçûâàåòñÿ íàêðûâàþùèì, åñëè äëÿ ëþáîé

òî÷êè x ∈ X/F ñóùåñòâóåò îêðåñòíîñòü U ∈ X/F òàêàÿ, ÷òî p−1
f (U) ÿâëÿåòñÿ îáúåäèíåíèåì îòêðûòûõ

ïîïàðíî íåïåðåñåêàþùèõñÿ ìíîæåñòâ uj , j ∈ J , òàêèõ, ÷òî äëÿ ëþáîãî j ∈ J îãðàíè÷åíèå pf |uj
: uj → U

ÿâëÿåòñÿ ãîìåîìîðôèçìîì.
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áóäåì íàçûâàòü ìíîãîîáðàçèå, ãîìåîìîðôíîå âíóòðåííîñòè int Bn (ãðàíèöå ∂Bn = Sn−1 )
øàðà Bn .

Áóäåì íàçûâàòü ñôåðó Sn−1 ⊂Mn öèëèíäðè÷åñêè âëîæåííîé â Mn , åñëè ñóùåñòâóåò
çàìêíóòàÿ îêðåñòíîñòü V ⊂ Mn ñôåðû Sn−1 è ãîìåîìîðôèçì h : Sn−1 × [−1, 1] → V
òàêîé, ÷òî h(Sn−1 × {0}) = Sn−1 .

Ïóñòü b− : Rn → Rn � ëèíåéíîå îòîáðàæåíèå åâêëèäîâà ïðîñòðàíñòâà, çàäàííîå
ôîðìóëîé b−(x1, ..., xn) = (−1

2
x1,

1
2
x2, ...,

1
2
xn) , B− � ãðóïïà, ïîðîæäåííàÿ îãðàíè÷åíè-

åì îòîáðàæåíèÿ b− íà ìíîæåñòâî Rn
0 = Rn \ (0, ..., 0) , è äåéñòâóþùàÿ íà ýòîì ìíîæåñòâå

ðàçðûâíî.
Ôàêòîð-ïðîñòðàíñòâî Kn = R0/B− áóäåì íàçûâàòü îáîáùåííîé n -ìåðíîé áóòûëêîé

Êëåéíà.

3. Ñâîéñòâà äèôôåîìîðôèçìîâ èç êëàññà G

Ïóñòü σ ∈ Ωj
f , 0 < j < n . Îáîçíà÷èì ÷åðåç lsσ ( luσ ) óñòîé÷èâóþ (íåóñòîé÷èâóþ)

ñåïàðàòðèñó òî÷êè σ , òî åñòü êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà W s
σ \ σ (W u

σ \ σ ).
Ñëåäóþùåå ïðåäëîæåíèå íåïîñðåäñòâåííî âûòåêàåò èç ðåçóëüòàòîâ [11].

Ï ð å ä ë î æ å í è å 3.1. Ìíîæåñòâî luσ \(luσ∪σ) ñîñòîèò èç ñòîêîâîé ïåðèîäè-
÷åñêîé òî÷êè; ìíîæåñòâî lsσ \ (lsσ ∪ σ) ñîñòîèò èç èñòî÷íèêîâîé ïåðèîäè÷åñêîé òî÷êè.

Ñ ë å ä ñ ò â è å 3.1. Äëÿ ëþáîé ñåäëîâîé òî÷êè σ çàìûêàíèå å¼ îäíîìåðíîé ñå-
ïàðàòðèñû ÿâëÿåòñÿ êîìïàêòíîé äóãîé, à çàìûêàíèå j -ìåðíîé ñåïàðàòðèñû ïðè j > 1
� j -ñôåðîé.

Ë å ì ì à 3.1. Ïóñòü f ∈ G , n > 3 . Òîãäà ìíîæåñòâà Ωj
f , 1 < j < (n − 1)

ïóñòû.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü 1 < j < (n − 1) , Ωj
f ̸= ∅ ,

è σ ∈ Ωj
f . Â ñèëó ñëåäñòâèÿ 3.1. çàìûêàíèÿ W u

σ ,W
s
σ óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíî-

ãîîáðàçèé òî÷êè σ ÿâëÿþòñÿ ñôåðàìè ðàçìåðíîñòè j è n− j ñîîòâåòñòâåííî. Ïîëîæèì
Sj = W u

σ , S
n−j = W s

σ . Èç óñëîâèé, îïðåäåëÿþùèõ êëàññ G , ñëåäóåò, ÷òî ñôåðû Sj, Sn−j

ïåðåñåêàþòñÿ òðàíñâåðñàëüíî â åäèíñòâåííîé òî÷êå σ . Îòñþäà ñëåäóåò, ÷òî èíäåêñ ïåðå-
ñå÷åíèÿ ñôåð Sj, Sn−j , ðàññìàòðèâàåìûõ êàê êëåòî÷íûå àëãåáðàè÷åñêèå öèêëû äóàëüíûõ
êëåòî÷íûõ ðàçáèåíèé ñôåðû Sn , ðàâåí ±1 (â çàâèñèìîñòè îò âûáîðà îðèåíòàöèè äóàëü-
íûõ êëåòî÷íûõ ðàçáèåíèé ñôåðû Sn ). Ñ äðóãîé ñòîðîíû, ïîñêîëüêó ãðóïïû Hj(S

n,Z) ,
Hn−j(S

n,Z) òðèâèàëüíû, òî öèêëû Sj, Sn−j ãîìîëîãè÷íû íóëþ â Sn , è òîãäà, ñîãëàñ-
íî [14] (òåîðåìà 1 ïàðàãðàôà 70 ãëàâû X), èõ èíäåêñ ïåðåñå÷åíèÿ ðàâåí íóëþ. Ïîëó÷åííîå
ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî Ωj

f = ∅ .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñëåäóþùåå ïðåäëîæåíèå âûòåêàåò èç ðåçóëüòàòîâ ðàáîò [12], [13], åãî äåòàëüíîå äîêà-
çàòåëüñòâî èçëîæåíî â [7] (ëåììà 3.2).

Ï ð å ä ë î æ å í è å 3.2. Ñôåðà lδσ , ãäå δ = s åñëè σ ∈ Ω1
f è δ = u åñëè σ ∈

Ωn−1
f , ÿâëÿåòñÿ öèëèíäðè÷åñêè âëîæåííîé.

Êàæäîé ñåäëîâîé òî÷êå σ ∈ Ω1
f ∪Ωn−1

f ïåðèîäà mσ ïîñòàâèì â ñîîòâåòñòâèå ÷èñëî νσ ,
êîòîðîå ðàâíî +1 , åñëè îòîáðàæåíèå fmσ |Wu

σ
ñîõðàíÿåò îðèåíòàöèþ, è ðàâíî −1 , åñëè
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îòîáðàæåíèå fmσ |Wu
σ
ìåíÿåò îðèåíòàöèþ. ×èñëî νσ áóäåì íàçûâàòü òèïîì îðèåíòàöèè

òî÷êè σ .
Ñëåäóþùèå äâà óòâåðæäåíèÿ äîêàçûâàþòñÿ àíàëîãè÷íî äîêàçàòåëüñòâàì ñâîéñòâ 2.4

è 2.5 ðàáîòû [8].

Ï ð å ä ë î æ å í è å 3.3. Ïóñòü f ∈ G . Òîãäà íåáëóæàþùåå ìíîæåñòâî Ωf

ñîäåðæèò ñàìîå áîëüøåå îäíó ñåäëîâóþ ïåðèîäè÷åñêóþ òî÷êó, èìåþùóþ îòðèöàòåëüíûé
òèï îðèåíòàöèè.

Ï ð å ä ë î æ å í è å 3.4. Ìíîæåñòâî Af (Rf ) ÿâëÿåòñÿ ñâÿçíûì îäíîìåðíûì
ïîëèýäðîì, íå ñîäåðæàùèì ïîäìíîæåñòâ, ãîìåîìîðôíûõ îêðóæíîñòè.

Ë å ì ì à 3.2. Ñóùåñòâóåò öèëèíäðè÷åñêè âëîæåííàÿ ñôåðà Sn−1 ⊂ Vf , îãðàíè-
÷èâàþùàÿ îòêðûòûé øàð Bn , Af ⊂ Bn ⊂ Sn \Rf , è òàêàÿ, ÷òî f(Sn−1) ⊂ Bn .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ω � ñòîêîâàÿ ïåðèîäè÷åñêàÿ òî÷êà äèôôåîìîðôèçìà f
ïåðèîäà mω , γ1ω, ..., γ

k
ω � âñå îäíîìåðíûå ñåïàðàòðèñû ñåäëîâûõ òî÷åê σ1, ..., σkω , ïðèíàä-

ëåæàùèå W s
ω . Èç ëåììû 4.1 ðàáîòû [7] ñëåäóåò, ÷òî ñóùåñòâóåò öèëèíäðè÷åñêè âëîæåííàÿ

(n− 1) -ñôåðà Sω ⊂ W s
ω , îãðàíè÷èâàþùàÿ îòêðûòûé n -øàð Bω ⊂ W s

ω , Bω ⊃ ω , è òàêàÿ,
÷òî: à) fmω(Sω) ⊂ Bω ; á) äëÿ ëþáîãî i ∈ {1, ..., k} ïåðåñå÷åíèå γiω ∩ Sω ñîñòîèò èç åäèí-
ñòâåííîé òî÷êè ziω , â) ñôåðà Sω ÿâëÿåòñÿ ãëàäêîé â íåêîòîðîé îêðåñòíîñòè Vziω òî÷êè ziω .
Ïóñòü B0

ω = Bω, B
1
ω, ..., B

mω−1
ω � ïîñëåäîâàòåëüíîñòü øàðîâ, îãðàíè÷åííûõ ïîïàðíî íåïåðå-

ñåêàþùèìèñÿ ñôåðàìè S0
ω,0, S

1
ω,1, ..., S

mω−1
ω ñîîòâåòñòâåííî, óäîâëåòâîðÿþùèìè ñâîéñòâàì,

àíàëîãè÷íûì ñâîéñòâàì a)−b) è òàêèå, ÷òî B0
ω ⊂ B1

ω ⊂ ... ⊂ Bmω−1
ω ⊂ f−mω(Bω) . Âûáåðåì

ðîâíî ïî îäíîé òî÷êå èç êàæäîé ñòîêîâîé ïåðèîäè÷åñêîé îðáèòû è îáîçíà÷èì ïîëó÷åííîå

ìíîæåñòâî ÷åðåç Ω̃0
f . Äëÿ êàæäîé òî÷êè ω ∈ Ω̃0

f ïîëîæèì Bω =
mω−1∪
j=0

f j(Bj
ω) . Íåïîñðåä-

ñòâåííî ïðîâåðÿåòñÿ, ÷òî f(Bω) ⊂ int Bω . Ïîëîæèì B =
∪

ω∈Ω̃0
f

Bω .

Ïóñòü Oσ � ñåäëîâàÿ ïåðèîäè÷åñêàÿ îðáèòà ïåðèîäà mσ . Èç ãèïåðáîëè÷íîñòè òî÷åê
σ ∈ Oσ ñëåäóåò, ÷òî ñóùåñòâóåò íåêîòîðàÿ îêðåñòíîñòè Uσ îðáèòû Oσ , â êîòîðîé îïðåäå-
ëåíà òàê íàçûâàåìàÿ ëîêàëüíàÿ ôóíêöèÿ Ìîðñà-Ëÿïóíîâà, òî åñòü òàêàÿ ãëàäêàÿ ôóíêöèÿ
ψσ : Uσ → R , ÷òî: 1) ψσ(f(x)) < ψσ(x) äëÿ ëþáîãî x ∈ f−1(Uσ)\Oσ , ψσ(f(σ)) = ψσ(σ) = 0
äëÿ ëþáîé òî÷êè σ ∈ Oσ ; 2) ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè ψσ ñîâïàäàåò ñ
ìíîæåñòâîì Oσ , ïðè ýòîì âñå êðèòè÷åñêèå òî÷êè èìåþò èíäåêñ 1 ; 3) äëÿ ëþáîé òî÷-
êè σ ∈ Oσ ñóùåñòâóþò ëîêàëüíûå êîîðäèíàòû (x1, ..., xn) òàêèå, ÷òî W u

σ ∩ Uσ ⊂ Oxn ,
W s

σ ∩ Uσ ⊂ Ox1...xn−1 è ôóíêöèÿ ψσ èìååò âèä ψσ(x1, ..., xn) = x21 + ...+ x2n−1 − x2n . Íåïî-
ñðåäñòâåííîå ïîñòðîåíèå òàêîé ôóíêöèè èçëîæåíî â êíèãå [15] (ëåììà 2.2.1).

Âûáåðåì ðîâíî ïî îäíîé ñåäëîâîé ïåðèîäè÷åñêîé òî÷êå èç êàæäîé ñåäëîâîé îðáèòû
èíäåêñà 1 è îáîçíà÷èì ïîëó÷åííîå ìíîæåñòâî ÷åðåç Ω̃1

f . Âûáåðåì ãëàäêèå (n− 1) -äèñêè
D+, D− ⊂ ∂B , ñîäåðæàùèå òî÷êè z+ = ∂B ∩ W u

σ , z− = ∂B ∩ W u
σ ñîîòâåòñòâåííî. Â

ñèëó λ -ëåììû (ñì., íàïð., [15], ëåììà 1.2.1) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò íàòóðàëüíîå
÷èñëî kσ òàêîå, ÷òî êîìïîíåíòà ñâÿçíîñòè ìíîæåñòâà f−kmσ(D+)∩Uσ ( f−kmσ(D−)∩Uσ ),
ñîäåðæàùàÿ òî÷êó f−kmσ(z+) ( f−kmσ(z−) ), è ìíîæåñòâî W s

σ ∩ Uσ ε − C1 -áëèçêè äëÿ
ëþáîãî k > kσ . Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå çíà÷åíèå cσ > 0 , ÷òî ìíîæåñòâî
Hσ,c = {(x1, ..., xn) ∈ Uσ : x21+ ...+x

2
n−1−x2n ≤ c} ïåðåñåêàåòñÿ ñ K+ (K− ) òðàíñâåðñàëüíî

ïî (n− 1) -äèñêó äëÿ âñåõ c < cσ .

Ïîëîæèì k = max
σ∈Ω̃1

f

kσ , c = min
σ∈Ω̃1

f

cσ , Hσ =
mσ−1∪
i=0

f i(Hσ,c) . Èç îïðåäåëåíèÿ ôóíêöèè

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



Ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò äëÿ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà . . . 21

Ìîðñà-Ëÿïóíîâà ñëåäóåò, ÷òî f(Hσ) ⊂ int Hσ . Ïîëîæèì H =
∪

σ∈Ω̃1
f

Hσ . Òîãäà èñêîìûå

îáúåêòû Bn, Sn−1 îïðåäåëÿþòñÿ êàê Bn = f−k(B) ∪H , Sn−1 = ∂Bn .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3.1. Ëèíåàðèçóþùàÿ îêðåñòíîñòü ñåäëîâîé òî÷êè

Îáîçíà÷èì ÷åðåç aν : Rn → Rn , ν ∈ {1,−1} , ëèíåéíûé àâòîìîðôèçì åâêëèäîâà
ïðîñòðàíñòâà, îïðåäåëåííûé ôîðìóëîé aν(x1, x2, ..., xn) = (ν 1

2
x1,

1
2
x2, . . . , 2νxn) . Íà÷àëî

êîîðäèíàò O ÿâëÿåòñÿ ãèïåðáîëè÷åñêîé ñåäëîâîé íåïîäâèæíîé òî÷êîé àâòîìîðôèçìà aν ,
óñòîé÷èâûì ìíîãîîáðàçèåì òî÷êè O ÿâëÿåòñÿ ãèïåðïëîñêîñòü xn = 0 , íåóñòîé÷èâûì
ìíîãîîáðàçèåì òî÷êè O ÿâëÿåòñÿ îñü Oxn .

Â êà÷åñòâå êàíîíè÷åñêîé ìîäåëè îêðåñòíîñòè ñåäëîâîé òî÷êè áóäåì èñïîëüçîâàòü ìíî-
æåñòâî U τ = {(x1, ..., xn) ∈ Rn|x2n(x21+ ...+x2n−1) ≤ τ 2} , τ ∈ (0, 1] , îñíàùåííîå äâóìÿ èíâà-
ðèàíòíûìè îòíîñèòåëüíî aν ñëîåíèÿìè T s , T u òàêèìè, ÷òî êàæäûé ñëîé T s(xn) ñëîåíèÿ
T s ÿâëÿåòñÿ ïåðåñå÷åíèåì ãèïåðïëîñêîñòè, ïðîõîäÿùåé ÷åðåç òî÷êó (0, . . . , 0, xn) ïàðàë-
ëåëüíî êîîðäèíàòíîé ïëîñêîñòè xn = 0 , ñ ìíîæåñòâîì U τ , à êàæäûé ñëîé T u(x1, ..., xn−1)
ñëîåíèÿ T u ÿâëÿåòñÿ ïåðåñå÷åíèåì ïðÿìîé, ïðîõîäÿùåé ÷åðåç òî÷êó (x1, ..., xn−1, 0) è ïà-
ðàëëåëüíîé îñè Oxn , ñ îêðåñòíîñòüþ U τ .

Äîêàçàòåëüñòâî ñëåäóþùåãî óòâåðæäåíèÿ ïðèâåäåíî â ðàçäåëå 4.3.1 êíèãè [15] (ñì.
ñëåäñòâèå 4.3.2).

Ï ð å ä ë î æ å í è å 3.5. Ïóñòü θ : U τ \ Oxn → U1 \ Oxn � òîïîëîãè÷åñêîå
âëîæåíèå, òîæäåñòâåííîå íà U0 è óäîâëåòâîðÿþùåå óñëîâèþ θaν |Uτ = aνθ|Uτ , ν ∈
{1,−1} . Ïóñòü çíà÷åíèÿ 0 < τ1 < τ2 < τ âûáðàíû òàê, ÷òî U τ2 ⊂ θ(U τ ) , θ(U τ1) ⊂
int U τ2 . Òîãäà ñóùåñòâóåò ãîìåîìîðôèçì Θ : U1 → U1 , óäîâëåòâîðÿþùèé óñëîâèþ
Θaν |U1 = aνΘ|

U1 , è òàêîé, ÷òî Θ|Uτ1 = θ|Uτ1 , Θ|U1\int Uτ2 = id|U1\int Uτ2 .

Ïóñòü f ∈ G , σ ∈ Ωi(f) , i ∈ {1, n− 1} , è νσ � òèï îðèåíòàöèè òî÷êè σ . Èç ãèïåðáî-
ëè÷íîñòè òî÷êè σ âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ï ð å ä ë î æ å í è å 3.6. Ñóùåñòâóåò îêðåñòíîñòü vσ òî÷êè σ è ãîìåîìîð-
ôèçì χσ : vσ → U1 òàêèå, ÷òî:

1) åñëè i = 1 , òî χσf
mσ |vσ = aνσχσ|vσ .

2) åñëè i = n− 1 , òî χσf
mσ |vσ = a−1

νσ χσ|vσ .

Ïîëîæèì vτσ = χ−1
σ (U τ ) , T s

σ = χ−1
σ (T s) , T u

σ = χ−1
σ (T u) .

4. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ òîïîëîãè÷åñêîé ñîïðÿ-
æåííîñòè

Íàïîìíèì, ÷òî âî ââåäåíèè îïðåäåëåíà ñõåìà Sf = (V̂f , ηf
, L̂s

f , L̂
u
f ) äèôôåîìîðôèçìà

f ∈ G , ãäå V̂f = Vf/f � ïðîñòðàíñòâî îðáèò äåéñòâèÿ f íà ìíîæåñòâî Vf , pf
: Vf → V̂f

� åñòåñòâåííàÿ ïðîåêöèÿ è η
f
: π1(V̂f ) → Z � ýïèìîðôèçì, L̂s

f =
∪

σ∈Ω1
f

pf (W
s(σ) \ σ) ,

L̂u
f =

∪
σ∈Ωn−1

f

pf (W
u(σ) \ σ) .

Ñëåäóþùàÿ ëåììà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì ëåììû 3.2.
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Ë å ì ì à 4.1. Ïðîñòðàíñòâî V̂f ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì, ãîìåîìîðô-
íûì ïðÿìîìó ïðîèçâåäåíèþ Sn−1 × S1 .

Ñïðàâåäëèâîñòü ïðåäëîæåíèÿ 4.1. ñëåäóåò èç ïðåäëîæåíèÿ 2.1.5 êíèãè [15].

Ï ð å ä ë î æ å í è å 4.1. Ïóñòü σ ∈ Ω1 , (σ ∈ Ωn−1) � ñåäëîâàÿ ïåðèîäè÷åñêàÿ
òî÷êà äèôôåîìîðôèçìà f ïåðèîäà mσ ñ òèïîì îðèåíòàöèè νσ . Åñëè νσ = 1 , òî ïðîåê-
öèÿ ñåïàðàòðèñû l̂s = pf (W

s(σ)\σ) (l̂u = pf (W
u(σ)\σ) ÿâëÿåòñÿ ãëàäêèì ïîäìíîãîîáðà-

çèåì ìíîãîîáðàçèÿ V̂f , ãîìåîìîðôíûì ïðÿìîìó ïðîèçâåäåíèþ Sn−2 × S1 . Åñëè νσ = −1
ïðîåêöèÿ ñåïàðàòðèñû ls = pf (W

s(σ) \ σ) (lu = pf (W
u(σ) \ σ) ÿâëÿåòñÿ ãëàäêèì ïîäìíî-

ãîîáðàçèåì ìíîãîîáðàçèÿ V̂f , ãîìåîìîðôíûì îáîáùåííîé áóòûëêå Êëåéíà Kn−1 . Â îáîèõ
ñëó÷àÿõ ãîìîìîðôèçì i∗ : π1(l

s) → Z , èíäóöèðîâàííûé âëîæåíèåì, ÿâëÿåòñÿ íåòðèâè-
àëüíûì ýïèìîðôèçìîì, îïðåäåëÿåìûì ñîîòíîøåíèåì i∗(π1(l

s)) = mσZ .

4.1. Äîêàçàòåëüñòâî òåîðåìû 1.1.

Íåîáõîäèìîñòü ýêâèâàëåíòíîñòè ñõåì Sf , Sf ′ òîïîëîãè÷åñêè ñîïðÿæåííûõ äèôôåî-
ìîðôèçìîâ f, f ′ ñëåäóåò èç ïðåäëîæåíèÿ 2.1.. Äîêàæåì äîñòàòî÷íîñòü. Ïóñòü ñõåìû Sf

è Sf ′ ýêâèâàëåíòíû ïîñðåäñòâîì ãîìåîìîðôèçìà φ̂ : V̂f → V̂f ′ . Ïîñòðîèì ïî øàãàì ãî-
ìåîìîðôèçì h : Sn → Sn , ñîïðÿãàþùèé äèôôåîìîðôèçìû f, f ′ .

Øàã 1. Â ñèëó óòâåðæäåíèÿ 2.2. ñóùåñòâóåò ïîäíÿòèå φ : Vf → Vf ′ ãîìåîìîðôèçìà
φ̂ , ÿâëÿþùååñÿ ãîìåîìîðôèçìîì, ñîïðÿãàþùèì äèôôåîìîðôèçìû f |

Vf
c f ′|

V ′
f

è òàêèì,

÷òî äëÿ ëþáîé ñåäëîâîé òî÷êè σ ∈ Ω1
f (σ ∈ Ωn−1

f ) íàéäåòñÿ òî÷êà σ′ ∈ Ω1
f ′ (σ′ ∈ Ωn−1

f ′ )
òàêàÿ, ÷òî φ(W s

σ \ σ) = W s
σ′ \ σ′ (φ(W u

σ \ σ) = W u
σ′ \ σ′ ). Òàêèì îáðàçîì, ãîìåîìîðôèçì φ

åäèíñòâåííûì îáðàçîì ïðîäîëæàåòñÿ íà ñåäëîâûå òî÷êè.
Øàã 2. Âûáåðåì ðîâíî ïî îäíîé òî÷êå èç êàæäîé ñåäëîâîé îðáèòû èíäåêñà 1 è îáî-

çíà÷èì ïîëó÷åííîå ìíîæåñòâî ÷åðåç Ω̃1
f . Èç óòâåðæäåíèÿ 3.6. è óñëîâèÿ îòñóòñòâèÿ ãåòå-

ðîêëèíè÷åñêèõ ïåðåñå÷åíèé ñëåäóåò ñóùåñòâîâàíèå ñåìåéñòâà ïîïàðíî íåïåðåñåêàþùèõñÿ
îêðåñòíîñòåé {vσ} ({v′σ}) ñåäëîâûõ òî÷åê èç Ω̃1

f ( Ω̃1
f ′ ) è îòîáðàæåíèé χσ : vσ → U1

(χσ′ : vσ′ → U1 ), ñîïðÿãàþùèõ îãðàíè÷åíèå äèôôåîìîðôèçìà fmσ ( f ′mσ′ ) íà vσ ( vσ′ ) c
äèôôåîìîðôèçìîì aν |U1 . Ïîëîæèì φu

σ = χ−1
σ′ χσ|Wu

σ
.

Âûáåðåì çíà÷åíèå τ ∈ (0, 1] òàê, ÷òîáû íà ìíîæåñòâå vτσ áûëî êîððåêòíî îïðåäåëåíî
òîïîëîãè÷åñêîå âëîæåíèå ψ : vτσ → vσ′ , çàäàâàåìîå ôîðìóëàìè ψ(p) = T s

σ(φ(π
s
σ(x))) ∩

T ′u
σ(φ

u
σ(π

u
σ(x))) , è òàêîå, ÷òî ψ(vτσ \W u

σ ) ⊂ φ(vτσ \W u
σ ).

Îïðåäåëèì òîïîëîãè÷åñêîå âëîæåíèå θσ : vτσ → vσ ôîðìóëîé θ = φ−1ψ . Èç ëåììû 3.5.
ñëåäóåò, ÷òî ñóùåñòâóåò 0 < τ1 < τ è ãîìåîìîðôèçì Θ : vσ → vσ , ñîâïàäàþùèé ñ θ íà
ìíîæåñòâå vτ1σ è ÿâëÿþùèéñÿ òîæäåñòâåííûì íà ∂vσ .

Îïðåäåëèì ãîìåîìîðôèçìû hσ,σ′ : vσ → v′σ , hO(σ),O(σ′) :
mσ−1∪
i=0

Vf i(σ) →
mσ−1∪
i=0

Vf ′i(σ′) ôîð-

ìóëàìè hσ,σ′ = φΘ , hO(σ),O(σ′) = f ′ihσ,σ′f−i(x) äëÿ òî÷êè x ∈ Vf i(σ) .
Îáîçíà÷èì ÷åðåç H1 :

∪
σ∈Ω1

vσ →
∪

σ′∈Ω′
1

vσ′ ãîìåîìîðôèçì, ñîâïàäàþùèé äëÿ êàæäîé

òî÷êè σ ∈ Ω1 ñ ãîìåîìîðôèçìîì hO(σ),O(σ′) .
Øàã 3 Äëÿ ñîõðàíÿþùèõ îðèåíòàöèþ òî÷åê èç ìíîæåñòâà Ωn−1 ïîâòîðèì ïîñòðîåíèÿ

øàãà 2 ñ ôîðìàëüíîé çàìåíîé s íà u , aν íà a−1
ν . Îáîçíà÷èì ÷åðåç Hn−1 :

∪
σ∈Ωn−1

vσ →∪
σ′∈Ω′

n−1

vσ′ ïîëó÷åííûé ãîìåîìîðôèçì.

Øàã 4 Îïðåäåëèì ãîìåîìîðôèçì H : Sn \ (Ω0 ∪ Ωn−1) → Sn \ (Ω′
0 ∪ Ω′

n−1) ôîðìóëîé
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H(x) =

{
φ(x), åñëè x ∈M3 \

∪
σ∈Ω1∪Ωn−1

vσ;

Hδ(x), åñëè x ∈ vσ, ãäå σ ∈ Ωδ, δ ∈ {1, n− 1},
è ïðîäîëæèì ãîìåîìîðôèçì H íà ìíîæåñòâà Ω0,Ωn−1 òàê, ÷òîáû ïîëó÷åííûé ãîìåî-

ìîðôèçì H : Sn → Sn óäîâëåòâîðÿë óñëîâèþ f ′ = H−1fH .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Complete topological invariant of Morse-Smale

Di�eomorphism without heteroclinical intersections on

Sphere Sn of dimensional greater than three.

c⃝ V.Z. Grines6, E.Ya. Gurevich7, O.V. Pochinka.8

Abstract. The paper is devoted to solution of the problem on topological classi�cation of Morse-
Smale di�eomorphisms without heteroclinical intersection on sphere Sn of dimension n > 3 . As
a basic instrument there is used a scheme of di�eomorphism, which is an invariant describing the
structure of orbit space of di�eomorphism.

Key Words: dynamical system, cascades, Morse-Smale di�eomorphisms, topological
classi�cation.
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ÓÄÊ 517.948.67

Äèíàìè÷åñêèå áèôóðêàöèîííûå çàäà÷è ñî ñïåêòðîì

Ý.Øìèäòà â ëèíåàðèçàöèè â óñëîâèÿõ ãðóïïîâîé

ñèììåòðèè

c⃝ Á.Â. Ëîãèíîâ1, È.Â. Êîíîïëåâà2, Ë.Â. Ìèðîíîâà3

Àííîòàöèÿ. Ðåçóëüòàòû ðàáîò [1], [2] äëÿ ñòàöèîíàðíûõ çàäà÷ òåîðèè âåòâëåíèÿ ñî ñïåêòðîì
Ý.Øìèäòà â ëèíåàðèçàöèè òðàíñôîðìèðóþòñÿ íà äèíàìè÷åñêèå áèôóðêàöèîííûå çàäà÷è íà
ñïåêòðå Ý.Øìèäòà. Íà îñíîâå îáùåé òåîðåìû î íàñëåäîâàíèè ãðóïïîâîé ñèììåòðèè íåëè-
íåéíîé çàäà÷è ñîîòâåòñòâóþùèìè óðàâíåíèÿìè ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ
(ÓÐÊ), äâèæóùèìèñÿ ïî òðàåêòîðèè òî÷êè âåòâëåíèÿ äîêàçàíà òåîðåìà î íåÿâíûõ îïåðàòî-
ðàõ â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè è òåîðåìà î ðåäóêöèè ÓÐÊ ïî ÷èñëó óðàâíåíèé â ñëó÷àå
âàðèàöèîííûõ ÓÐÊ. Èñïîëüçîâàíû òåðìèíîëîãèÿ è îáîçíà÷åíèÿ [3]� [6].

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêèå áèôóðêàöèîííûå çàäà÷è; áèôóðêàöèÿ Ïóàíêàðå-
Àíäðîíîâà-Õîïôà; ñïåêòð Øìèäòà; ãðóïïîâàÿ ñèììåòðèÿ; G -èíâàðèàíòíàÿ òåîðåìà î íåÿâ-
íûõ îïåðàòîðàõ; áèôóðêàöèÿ; óñòîé÷èâîñòü; ñïåêòð Ý.Øìèäòà; óðàâíåíèå ðàçâåòâëåíèÿ â
êîðíåâûõ ïîäïðîñòðàíñòâàõ âàðèàöèîííîãî òèïà

1. Introduction.

In cycle of works at the beginning of XX century on linear and nonlinear integral
equations E.Schmidt had introduced eigenvalues λk of an operator acting in a Hilbert space
B : H → H , taking into account their multiplicities and eigenelements {uk}∞1 , {vk}∞1 satisfying
the relations Buk = λkvk, B

∗vk = λkuk, that allows to extend Hilbert-Schmidt theory on
nonsymmetric completely continuous operators in abstract separable Hilbert spaces. Later
such eigenvalues get the name s -numbers (we have introduced in our previous articles the
notion "Schmidt spectrum"). Since this article is the direct prolongation of the work [1], where
stationary bifurcation problems on E.Schmidt spectrum were considered, here as far as possible
auxiliary material connected with E.Schmidt spectrum and its applications contained in [1] and
more earlier articles will be reduced. Indicated there possible applications to electromagnetic
oscillations theory state the problem on bifurcation and stability of bifurcating solutions in
dynamic bifurcational problems with E.Schmidt spectrum in the linearization, in particular
under group symmetry conditions. The aim of this article is the transformation of the results [1]
on dynamic bifurcation problems. These are the group symmetry inheritance theorem by the
relevant branching equations (BEq) and branching equations in the root-subspaces (BEqRs)
with corollaries:
1. G -invariant implicit operators theorem [7];
2. theorem on reduction by the the order of variational and variational type BEqs and BEqRs
for the cases of non-invariant zero-subspaces of operators [2], [8], [9].

The obtained results are supposed to apply to some problems of electromagnetic oscillations
theory.

1 ïðîôåññîð, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, ã. Óëüÿíîâñê; loginov@ulstu.ru.
2 äîöåíò, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, ã. Óëüÿíîâñê; i.konopleva@ulstu.ru.
3 àññèñòåíò, Óëüÿíîâñêîå âûñøåå àâèàöèîííîå ó÷èëèùå ãðàæäàíñêîé àâèàöèè, ã. Óëüÿíîâñê;
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2. Poincar�e-Andronov-Hopf bifurcation on E. Schmidt spectrum.

In real Banach spaces E1 and E2 , E1 ⊂ E2 ⊂ H (H is a Hilbert space) the system of
implicitly given di�erential equations non-resolved to derivatives is considered

F1(p1, p2, x, y, ε) = 0, F2(p1, p2, x, y, ε) = 0, Fk(0, 0, x0, y0, ε) ≡ 0, k = 1, 2, p1 =
dx
dt
, p2 =

dy
dt
,

F1
′
p1
(0, 0, x0, y0, ε) = D0 +D0(ε), F2

′
p2
(0, 0, x0, y0, ε) = −A0 − A0(ε),

F2
′
p1
(0, 0, x0, y0, ε) = −A∗

0 − A∗
0(ε), F2

′
p2
(0, 0, x0, y0, ε) = D∗

0 +D∗
0(ε),

F1
′
x(0, 0, x0, y0, ε) = −B0 +B0(ε), F1

′
y(0, 0, x0, y0, ε) = C0 − C0(ε),

F2
′
x(0, 0, x0, y0, ε) = C∗

0 − C∗
0(ε), F2

′
y(0, 0, x0, y0, ε) = −B∗

0 +B∗
0(ε)

(2.1)
In general case when the operators A0, A0(ε), ..., D0, D0(ε) , and adjoint to them can be
unbounded it is supposed that DA0 ⊂ DA0(ε), DA0 = E1, ..., DD0 ⊂ DD0(ε), DD0 = E1 the
system (2.1) allows the following linearization(

−A∗
0 D∗

0

D0 −A0

)(
x′t
y′t

)
=

[(
−C∗

0 B∗
0

B0 −C0

)
−
(

−C∗
0(ε) B∗

0(ε)
B0(ε) −C0(ε)

)(
x− x0
y − y0

)
−

−
(

−A∗
0(ε) D∗

0(ε)
D0(ε) −A0(ε)

)(
x′t
y′t

)
−
(
R2(x− x0, y − y0, x

′
t, y

′
t, ε)

R1(x− x0, y − y0, x
′
t, y

′
t, ε)

)] (2.2)

which is convenient to present in the matrix form

A0(X
′
t, Y

′
t )

T = (B0 −B0(ε))(X, Y )T −A0(ε)(X
′
t, Y

′
t )

T +R(x0, y0, X, Y,X
′
t, Y

′
t , ε) (2.3)

The index zero at the operator and everywhere below means the relation to the point x0, y0 ,
i.e. A0 = A(x0, y0) . The vectorial nonlinear operator R is supposed to be su�ciently
smooth on X = (X, Y )T = (x − x0, y − y0)

T and X ′
t = (X ′

t, Y
′
t )

T and R(x0, y0, 0, 0, ε) ≡
0,RX (x0, y0, 0,Xt, ε) = 0,RX ′(x0, y0,X , 0, ε) ≡ 0. Keeping in mind the dense embedding
E1 ⊂ E2 ⊂ H the operators A0,B0,A0(ε),B0(ε) can be regarded as acting in the direct
sum H2 of two Hilbert space H .

Further it is considered the su�ciently general case when the A0 -spectrum σA0(B0) of
the Fredholm operator B0 is decomposed into two parts: σ−

A0
(B0) lying strictly in the left

half-plane and σ0
A0

(B0) consisting of the eigenvalues ±iα of the multiplicity n . More general
case implies only technical di�culties.

Let there exist [10], [11] elements U1k = U
(1)
1k =

(
u1k
ũ1k

)
, U2k = U

(1)
2k =

(
u2k
ũ2k

)
and

V1k = V
(1)
1k =

(
v1k
ṽ1k

)
, V2k = V

(1)
2k =

(
v2k
ṽ2k

)
belonging to direct sum H

·
+H = H2 , such that

B(α)Φ(1)
k ≡

(
B0 αA0

−αA0 B0

)(
U

(1)
1k

U
(1)
2k

)
= 0,B∗(α)Ψ

(1)
k ≡

(
B∗

0 −αA∗
0

αA∗
0 B∗

0

)(
V

(1)
1k

V
(1)
2k

)
= 0,

k = 1, ..., n
(2.4)

It means that the zero-subspaces N (B(α)) and N (B∗(α)) of the operators B(α) and

B∗(α) have the forms N (B(α)) = span{Φ(1)
1k =

(
U1k

U2k

)
, Φ

(1)
2k =

(
U2k

−U1k

)
, k =

1, ..., n}, N (B∗(α)) = span{Ψ(1)
1k =

(
−V2k
V2k

)
, Ψ

(1)
2k =

(
V1k
V2k

)
, k = 1, ..., n}, and in
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coordinate representation respectively

−C∗
0u1k +B∗

0 ũ1k − αA∗
0u2k + αD∗

0ũ2k = 0 −C∗
0v1k +B∗

0 ṽ1k + αA∗
0v2k − αD∗

0ṽ2k = 0
B0u1k − C0ũ1k + αD0u2k − αA0ũ2k = 0 B0v1k − C∗

0 ṽ1k − αD0v2k + αA∗
0ṽ2k = 0

αA∗
0u1k − αD∗

0ũ1k − C∗
0u2k +B∗

0 ũ2k = 0 −αA0v1k + αD∗
0ṽ1k − C0v2k +B∗

0 ṽ2k = 0
−αD0u1k + αA0ũ1k +B0u2k − C0ũ2k = 0 αD0v1k − αA∗

0ṽ1k +B0v2k − C∗
0 ṽ2k = 0

(2.5)

that can be regarded as the systems in the direct sum H of four Hilbert spaces.
Carrying out the complexi�cation of the equation (2.1), consider it in the spaces Ek =

Ek

·
+ iEk, k = 1, 2 and suppose that the nonlinear operator R admits a su�ciently smooth

extension on these spaces. Then the elements Uk = U1k + iU2k =

(
u1k + iu2k
ũ1k + iũ2k

)
, Uk and

Vk = V1k+iV2k =

(
v1k + iv2k
ṽ1k + iṽ2k

)
, V k are the eigenelements of the following eigenvalue problems

B0Uk = iαA0Uk, B0Uk = −iαA0Uk, B
∗
0Vk = −iαA0Vk, B

∗
0V k = iαA0V k, k = 1, ..., n (2.6)

It can be easily veri�ed: the substitution Uk, Vk or Uk, V k into the relations (2.6) after the
separation of real and imaginary parts leads to the systems (2.5).

The problem of the �nding of 2π
α+µ

-periodical solutions to (2.3) is setting,where µ = µ(ε) →
0, ε → 0 is the unknown addition to the frequency of oscillations. The Poincar�e substitution
t = τ

α+µ
,X (t) = (X(t), Y (t))T = Y(τ) reduces this problem to the determination of 2π -

periodic solutions of the following equation with two small parameters µ and ε

B0Y = µA0Y + (α + µ)A0(ε)Y +B0(ε)Y +R(x0, y0, (α + µ)dY
dt
,Y , ε) ≡

≡ µA0Y +R(x0, y0,
dY
dt
,Y , µ, ε),

(B0Y)(τ) ≡ B0Y = B0Y(τ)− αA0
dY
dτ
, (A0Y)(τ) = A0Y = A0

dY
dτ
,

A0(ε)Y = (A0(ε)Y)(τ) = A0(ε)
dY
dτ

(2.7)

The supposed Fredholmian operator B0Y and operators in (2.7) are mapping the space Y of
2π -periodic continuously di�erentiable functions τ with values in E2

1 ⊂ H̃ into the space Z
of 2π -periodic continuously di�erentiable functions τ with values in E2

2 ⊂ H̃ at the usage of

special form functionals ⟨⟨Y ,F⟩⟩ =
2π∫
0

⟨Y(τ),F(τ)⟩ , Y ∈ Y ⊂ H̃,F ∈ Y∗ ⊂ H̃ or Y ∈ Z ⊂

H̃,F ∈ Z∗ ⊂ H̃ . Zero-subspaces of the operators B0 and B∗
0 are 2n -dimensional

N (B0) = span{φ(1)
k = φ

(1)
k (x0, y0, τ)} = Uk(x0, y0)e

iτ , φ
(1)
k }nk=1

N (B∗
0) = span{ψ(1) = ψ

(1)
k (x0, y0, τ)} = Vk(x0, y0)e

iτ , ψ
(1)

k }nk=1

with A0 - and A∗
0 -Jordan chains (A0 - and A∗

0 - Jordan chains) φ(s)
k = U

(s)
k (x0, y0)e

iτ , ψ
(s)
k =

V
(s)
k (x0, y0)e

iτ , s = 1, pk of the length pk, k = 1, n . Here H is a Hilbert space with elements of
H̃ containing the factors eimτ ,m - are integers.

De�nition 2.1. [12], [13]. The elements U
(s)
k (x0, y0) = (u

(s)
1k + iu

(s)
2k , ũ

(s)
1k + iũ

(s)
2k ), s =

1, pk, k = 1, n form the complete canonical generalized Jordan set (GJS≡ A0(ε) -JS), if

(B0 − iαA0)U
(s)
k =

s−1∑
j=1

AjU
(s−j)
k ,A0(ε) = A1ε+A2ε

2 + ...,
⟨
U

(s)
k ,Γ

(1)
l

⟩
H
= 0, s = 2, ..., pk;

Dp = det

[
s−1∑
j=1

⟨
AjU

(pk+1−j)
k , V

(1)
l

⟩
H

]
̸= 0, V

(1)
l = V

(1)
1l + iV

(1)
2l = Vl = (v1l + iv2l, ṽ1k + iṽ2l)

T
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This JS is bicanonical, if GJS of elements {V (1)
l }n1 for conjugate operator (B∗

0+ iαA
∗
0)−A∗

0(ε)
is also canonical, and three-canonical if in addition⟨

U
(j)
i ,Γ

(l)
k

⟩
H
= δikδjl, Γ

(l)
k =

pk+1−l∑
s=1

A∗
sV

(pk+2−l−s)
k ,⟨

Z
(j)
i , V

(l)
k

⟩
H
= δikδjl, Z

(j)
k =

pk+1−i∑
s=1

A∗
sU

(pk+2−j−s)
i .

Later turn out to be convenient the following designations: U = U(x0, y0) =

(U
(1)
1 , ..., U

(p1)
1 , ..., U

(1)
n , ..., U

(pn)
n ), U

(j)
i = U

(j)
i (x0, y0) , the vectors Γ = Γ(x0, y0), V = V (x0, y0)

and Z = Z(x0, y0) are de�ned analogously, K =
n∑

k=1

pk is the root-number.

R e m a r k. All these notions and designations are naturally transferring on Jordan
sets of the zero-subspaces N (B) and N (B∗) , among them the Jordan chains biorthogonality
conditions of the type (2.7).

However in the Poincar�e substitution the small parameter µ is depended on ε , i.e. µ = µ(ε)
and together with the solution Y of the equation (2.7) is also be subjected to the determination.
Moreover later A0 -Jordan structure of the operator B0 will be used because of in the general
case µ(ε) turns out to be analytic on fractional degrees of ε .

L e m m a 2.1. [5], [6], [11], [12]. The Fredholmian operator-function B0 − µA0 as
depending linearly on small parameter µ always has complete three-canonical GJS satisfying
the biorthogonality conditions

⟨⟨φ(k)
j , γ

(l)
s ⟩⟩H̃ = δjsδkl, ⟨⟨z(k)j , ψ

(l)
s ⟩⟩H̃ = δjsδkl, k(l) = 1, pj(ps),

γ
(l)
s = A0ψ

(ps+1−l)
s , z

(k)
j = A0φ

(pj+1−k)
j , j(s) = 1, n.

(2.8)

The relations (2.8) allow to determine the projectors

P = P(x0, y0) =
n∑

j=1

pj∑
k=1

⟨⟨·, γ(k)j ⟩⟩φ(k)
j = ⟨⟨·, γ⟩⟩φ, P = P(x0, y0) = ⟨⟨·, γ⟩⟩φ,

Q = Q(x0, y0) =
n∑

j=1

pj∑
k=1

⟨⟨·, ψ(k)
j ⟩⟩z(k)j = ⟨⟨·, ψ⟩⟩z, Q = Q(x0, y0) = ⟨⟨·, ψ⟩⟩z,

P(x0, y0) = P(x0, y0) +P(x0, y0), Q(x0, y0) = Q(x0, y0) +Q(x0, y0)

(2.9)

generating the decompositions of Hilbert space H̃ (Banach spaces Y and Z ) into the direct
sums

H̃ = H̃2K(x0, y0)
·
+ H̃∞−2K(x0, y0), H̃ = H̃2K(x0, y0)

·
+ H̃∞−2K(x0, y0) (2.10)

Operators B0 and A0 (A0) are intertwining by the projectors P(x0, y0) and Q(x0, y0) ,
P(x0, y0) and Q(x0, y0) : B0P(x0, y0)u = Q(x0, y0)B0u on DB0 ,B0φ = V0z,B

∗
0ψ = V0γ, V0

is is cell-diagonal matrix V0 = diag(B1, . . . , Bn) , where Bi � (pi × pi) - matrix with units on
subsidiary subdiagonal and zeros on other places; A0P(x0, y0)u = Q(x0, y0)A0u on DA0 ,A0φ =
A0z,A0ψ = V1γ , where V1 is cell-diagonal matrix V1 = diag(B1, . . . , Bn) , Bi is (pi × pi)
matrix with units on subsidiary diagonal and zeros on other places; Operators B0 and A0 (A0)

are acting in invariant pairs of subspaces H̃∞−2K(x0, y0) and H̃∞−2K(x0, y0) , H̃2K(x0, y0)

and H̃2K(x0, y0) and B0 : DB0

∩
H̃∞−2K(x0, y0) → H̃∞−2K(x0, y0),A0 : DA0

∩
H̃2K(x0, y0) →

H̃2K(x0, y0) are isomorphisms.

T h e o r e m 2.1. In conditions of Lemma 2.1 the problem on periodic solutions the
equation (2.3) ( 2π -periodic solutions to the (2.7)) in a neighborhood of the bifurcation point
(x0, y0; 0) is equivalent to the �nding of small solutions to �nite-dimensional A.M. Lyapounov
BEqR (2.11) or E. Schmidt (2.12).
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Proof. In accordance with the expansion (2.10) setting Y = U + V ,V = V(x0, y0, ξ, ξ) =∑
(ξjkφ

(k)
j (x0, y0) + ξjkφ

(k)
j (x0, y0)) = ξ ·φ+ ξ ·φ ∈ H̃2K(x0, y0),U = U(x0, y0) ∈ H̃∞−2K(x0, y0)

write the equation (2.7) in projections on the root-subspaces and their direct supplements in
the point (x0, y0)

(I −Q(x0, y0)B0(x0, y0)U(x0, y0) =
= (I −Q(x0, y0)){µA0(U(x0, y0) + V(x0, y0) +R(x0, y0,

d[...]
dτ
, [...], µ, ε))},

Q(x0, y0)B0V(x0, y0) = Q(x0, y0){µA0(U(x0, y0) + V(x0, y0) +R(x0, y0,
d[...]
dτ
, [...], µ, ε))}

and resolving the �rst of them according implicit operators theorem [3] and Lemma 2.1 with
respect to U(x0, y0) we obtain U(x0, y0) = U(x0, y0,V(x0, y0, ξ, ξ), µ, ε) . Its substitution in the
second equation gives A.Lyapounov BEqR

f(x0, y0;V(x0, y0, ξ, ξ), µ, ε) = Q(x0, y0){µA0(U + V) +R(x0, y0,
d
dτ
[...], [...], µ, ε) =

= (V0 − iµV1)ξ − ⟨⟨R(x0, y0,
d
dτ
[...], [...], µ, ε), ψ(x0, y0)⟩⟩ = 0,

f(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = 0, [...] = U(x0, y0,V(x0, y0, ξ, ξ), µ, ε) + V(x0, y0, ξ, ξ).
(2.11)

More detaily consider the construction of E.Schmidt BEqR. Writing the equation (2.7) in the
form of the equivalent system

∼
B0 Y = µA0Y +R(x0, y0,

dY
dτ
,Y , µ, ε) +

n∑
i=1

(ξi1z
(1)
i + ξi1z

(1)
i ),

ξjσ = ⟨⟨Y , γ(σ)s ⟩⟩, ξsσ = ⟨⟨Y , γ(σ)s ⟩⟩,
(2.12)

where
∼
B0= B0(x0, y0) +

n∑
i=1

[⟨⟨·, γ(1)i ⟩⟩z(1)i + ⟨⟨·, γ(1)i ⟩⟩z(1)i ] is E.Schmidt regularizator [3],
∼
B

−1

0 =

Γ(x0, y0) = Γ0 , its solution �nd in the form Y = w + V(x0, y0, ξ, ξ) = w + ξ · φ + ξ · φ . This
gives w = −(I −µΓ0A0)

−1Γ0A0(ξ ·φ+ ξ ·φ)+Γ0(I −µA0)Γ0)
−1R(x0, y0, (α+µ) d

dτ
[w(x0, y0)+

V(x0, y0, ξ, ξ)], w(x0, y0) + V(x0, y0, ξ, ξ), µ, ε). Substitution of Y = w + V into the second
equations (2.12) taking into account the relations Γ∗

0γ
(1)
j (x0, y0) = ψ

(1)
j (x0, y0),Γ

∗
0γ

(s)
j (x0, y0) =

ψ
(pj+2−σ)
j (x0, y0), s ≥ 2 , leads to E.Schmidt BEqR in the basis {φ, φ}

ts1(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = −⟨⟨w, γ(1)s (x0, y0)⟩⟩ =
= −µ⟨⟨A0(I − µΓ0A0)

−1(ξ · φ+ ξ · φ), ψ(1)
s (x0, y0)⟩⟩ − ⟨⟨(I − µA0Γ0)

−1R(...), ψ
(1)
s (x0, y0)⟩⟩ = 0,

tsσ(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = −⟨⟨w, γ(σ)s (x0, y0)⟩⟩ =

= ⟨⟨(I − µΓ0A0)
−1

n∑
i=1

pi∑
j=2

(ξijφ
(j)
i + ξijφ

(j)
i )− µ(I − µΓ0A0)

−1Γ0A0(ξ · φ+ ξ · φ), γ(σ)s (x0, y0)⟩⟩−

−⟨⟨(I − µA0Γ0)
−1R(...), ψ

(ps+2−σ)
s (x0, y0)⟩⟩ = 0.

With regard to the relations iσ−1φ
(σ)
j (x0, y0) = (Γ0A0)

σ−1φ
(1)
j (x0, y0) = iφ

(
σ−

[
σ
pj

]
pj

)
j (x0, y0) it

transforms to the form

ts1(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = − (iµ)ps

1−(iµ)ps
ξs1 − ⟨⟨(I − µA0Γ0))

−1R(...), ψ
(1)
s (x0, y0)⟩⟩ = 0,

tsσ(x0, y0,V(x0, y0, ξ, ξ), µ, ε) =
= ξsσ − (iµ)σ−1

1−(iµ)ps
ξs1 − ⟨⟨(I − µA0Γ0)

−1R(...), ψ
(ps+2−σ)
s (x0, y0)⟩⟩ = 0,

ts1(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = 0, tsσ(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = 0,
s = 1, ..., n, σ = 1, ..., ps.

(2.13)
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3. Theorems on group symmetry inheritance of original nonlinear
equation by the relevant BEqRs.

At the presence of continuous symmetry admitting by original nonlinear problem (2.1)
with operators acting in Banach spaces Lie group Gl = Gl(a), a = (a1, . . . , al) its essential
parameters is supposed being l -dimensional di�erentiable manifold, satisfying following
conditions [8],[9],[1],[2],[7]:

(c1). representation a 7→ Lg(a)x0 , acting from a neighborhood of the unit element of

Gl(a) into the space E1 belong to the class C1 , so that X(x0, y0)
T ∈ E1

·
+ E1 ⊂ H2 for

all in�nitesimal operators X(x, y)T = lim
t→0

t−1
[
Lg(a(t))(x, y)

T − (x, y)T
]
in tangent to Lg(a)

manifold T l
g(a) ;

(c2). stationary subgroup of the element (x0, y0)
T ∈ E1

·
+ E1 ⊂ H2 determines the

representation L(Gs) of local Lie group Gs ⊂ Gl, s < l, with s -dimensional subalgebra
T s
g(a) of in�nitesimal operators. This means that for non-stationary bifurcation element
Xk(x0, y0)

T , Xk ∈ T l
g(a) form in the zero-subspace of the linearized operator 2κ = 2(l − s) -

dimensional subspace and bases in it and in the algebra T l
g(a) can be ordered so that

Xk(x0, y0)
T = ξkφk + ξkφk, 1 ≤ k ≤ κ,Xj(x0, y0)

T = 0 äëÿ j ≥ κ+ 1 .
(c3). As earlier the dense embeddings E1 ⊂ E2 ⊂ H in Hilbert space H with estimates

∥u∥H ≤ α2∥u∥E2 ≤ α1∥u∥E1 and condition that the mapping X : E1 → H is bounded in
L(E1, H) topology.

Everywhere below it is supposed that the system (2.1) allows the group symmetry

KgFj(p1, p2, x, y, ε) = Fj(Lgp1, Lgp2, Lgx, Lgy, ε), j = 1, 2 (3.1)

where Lg(Kg) is the representation of the group G in E1(E2) expanded on H . Here the
bifurcation point (x0, y0) moves along its trajectory (Lgx0, Lgy0) . When G is a Lie group the
conditions (c1). � (c3). are supposed to be realized. Similary to [1] the auxiliary constructions
are introduced:

10. Kg[B0 ± iαA0] = Kg[B0(0, 0, x0, y0, 0)± iαA0(0, 0, x0, y0, 0)] =
= [B0(0, 0, Lgx0, Lgy0, 0)± αA0(0, 0, Lgx0, Lgy0)]Lg.

(3.2)

In fact, from (3.1) and (2.1), (2.2) it follows

KgFj
′
pk
(0, 0, x0, y0, ε) = Fj

′
pk
(0, 0, Lgx0, Lgy0, ε),

KgFj
′
x(0, 0, x0, y0, ε) = Fj

′
Lgx

(0, 0, Lgx0, Lgy0, ε)Lg(x− x0),

KgFj
′
y(0, 0, x0, y0, ε) = Fj

′
Lgy

(0, 0, Lgx0, Lgy0, ε)Lg(y − y0),

KgRj(x0, y0, x− x0, y − y0, p1, p2, ε) = Rj(Lgx0, Lgy0, Lg(x− x0), Lg(y − y0), Lgp1, Lgp2, ε)

and the required relations follows from the relevant matrix representation of the operators B0

and A0 . Analogously the following relations can be required

20. KgA0(ε) = KgA0(0, 0, x0, y0, ε) = Kg

(
−F2

′
p1
(0, 0, x0, y0, ε), F2

′
p2
(0, 0, x0, y0, ε)

F1
′
p1
(0, 0, x0, y0, ε), −F1

′
p2
(0, 0, x0, y0, ε)

)
=(

−F2
′
p1
(0, 0, Lgx0, Lgy0, ε), F2

′
p2
(0, 0, L0x0, L0y0, ε)

F1
′
p1
(0, 0, L0x0, L0y0, ε), −F1

′
p2
(0, 0, L0x0, L)y0, ε)

)
= A0(0, 0, Lgx0, Lgy0, ε)

30. KgR(x0, y0, x− x0, y − y0, p1, p2, ε) = R(Lgx0, Lgy0, Lg(x− x0), Lg(y − y0), p1, p2, ε)

Consequently

φk(Lgx0, Lgy0) = Lgφk(x0, y0) =

(
Lgu

(1)
1k (x0, y0) + iLgu

(1)
2k (x0, y0)

Lgũ
(1)
1k (x0, y0) + iLgũ

(1)
2k (x0, y0)

)
γk(Lgx0, Lgy0) = L∗

g
−1γk(x0, y0), k = 1, ..., n

(3.3)
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and for the range of operators Fk
′
x, Fk

′
y one has

R(Fk
′
x(0, 0, Lgx0, Lgy0, λ0)) = R(KgFk

′
x(0, 0, x0, y0, λ0)L

−1
g ) = KgR(Fk

′
x(0, 0, x0, y0, λ0)),

R(Fk
′
y(0, 0, Lgx0, Lgy0, λ0)) = R(KgFk

′
y(0, 0, x0, y0, λ0)L

−1
g ) = KgR(Fk

′
y(0, 0, x0, y0, λ0)).

Then for the kernel of adjoint operator

N (B∗
0) = N (B∗

0(x0, y0)) = N
(
B∗

0(x0, y0) + αA∗
0(x0, y0)

d

dτ

)
=

= span

{(
v
(1)
1k + iv

(1)
2k

ṽ
(1)
1k + iṽ

(1)
2k

)
eiτ ,

(
v
(1)
1k − iv

(1)
2k

ṽ
(1)
1k − iṽ

(1)
2k

)
e−iτ}

}n

k=1

⇒

N (B∗
0(Lgx0, Lgy0) + αA∗

0(Lgx0, Lgy0)
d

dτ
) = span

{
K∗

g
−1ψk, K

∗
g
−1ψk

}n
k=1

Analogously to [2], [7] it can be proved that the elements of the ordered by increasing lengths
GJChs of the operator-function B0−µA0 = B0(x0, y0)−µA0(x0, y0) and biorthogonal to them
systems are transformating according with the formulae

φ
(s)
k (Lgx0, Lgy0) = Lgφ

(s)
k (x0, y0) = [Lg(u

(s)
1k (x0, y0) + iu

(s)
2k (x0, y0)), Lg(ũ

(s)
1k (x0, y0) + iũ

(s)
2k (x0, y0))]

T ,

ψ
(s)
k (Lgx0, Lgy0) = K∗

g
−1ψ

(s)
k (x0, y0) =

= [K∗
g
−1(v

(s)
1k (x0, y0) + iv

(s)
2k (x0, y0)), K

∗
g
−1(ṽ

(s)
1k (x0, y0) + iṽ

(s)
2k (x0, y0))]

T ,

γ
(s)
k (Lgx0, Lgy0) = L∗

g
−1γ

(s)
k (x0, y0), z

(s)
k (Lgx0, Lgy0) = Kgγ

(s)
k (x0, y0)

(3.4)
Lemma 3.1. Introduced in Lemma 2.1 projectors P(x0, y0) and Q(x0, y0) satisfy intertwining
properties

P(Lgx0, Lgy0) = LgP(x0, y0)L
−1
g or LgP(x0, y0) = P(Lgx0, Lgy0)Lg

Q(Lgx0, Lgy0) = KgP(x0, y0)K
−1
g or KgP(x0, y0) = P(Lgx0, Lgy0)Kg

(3.5)

and generates the expansions (2.8) in direct sums. Moreover the bases in the zero-subspaces

N (B0) and N (B∗
0) and respectively in the root-subspaces H̃2K(x0, y0) and H̃2K(x0, y0) can

be chosen so that the following relations would be satis�ed:

H̃ = H̃2K(Lgx0, Lgy0)
·
+ H̃∞−2K(Lgx0, Lgy0),

H̃2K(Lgx0, Lgy0) = LgH̃2K(x0, y0), H̃∞−2K(Lgx0, Lgy0) = LgH̃∞−2K(x0, y0),

H̃ = H̃2K(Lgx0, Lgy0)
·
+ H̃∞−2K(Lgx0, Lgy0),

H̃2K(Lgx0, Lgy0) = LgH̃2K(x0, y0), H̃∞−2K(x0, y0) = LgH̃∞−2K(x0, y0),

(3.6)

The proof follows from the formulae (3.3), (3.4).

T h e o r e m 3.1. (Group symmetry inheritance theorem.) A.Lyapounov (2.11) and
E.Schmidt (2.13) BEqRs inherit the group symmetry of the original system (2.1)

f(Lgx0, Lgy0, LgV(x0, y0, ξ, ξ), µ, ε) = f((Lgx0, Lgy0,V(Lgx0, Lgy0, ξ, ξ), µ, ε) =

= Kgf(x0, y0,V(x0, y0, ξ, ξ), µ, ε),
(3.7)

t(Lgx0, Lgy0, LgV(x0, y0, ξ, ξ), µ, ε) = t((Lgx0, Lgy0,V(Lgx0, Lgy0, ξ, ξ), µ, ε) =

= Kgt(x0, y0,V(x0, y0, ξ, ξ), µ, ε).
(3.8)
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Proof is essentially uses three-canonicity of the Jordan sets of the linear by µ operator-function
B0 − µA0 . According to (3.6) write the equation (2.7) in the bifurcation point (Lgx0, Lgy0) in
projections on the root-subspaces

[I −Q(Lgx0, Lgy0)]B0(Lgx0, Lgy0) =
= [I −Q(Lgx0, Lgy0)]{µA0(Lgx0, Lgy0)[...] +R(Lgx0, Lgy0,

d
dτ
[...], [...], µ, ε)},

0 = Q(Lgx0, Lgy0)B0(Lgx0, Lgy0)V(Lgx0, Lgy0, ξ, ξ)−
−Q(Lgx0, Lgy0)){µA0(Lgx0, Lgy0) +R(Lgx0, Lgy0,

d
dτ
[...], [...], µ, ε)},

[. . .] = Ũ + V(Lgx0, Lgy0, ξ, ξ).

For the restriction B̂0(x0, y0) = [I−Q(x0, y0)]B0(x0, y0)[I−P(x0, y0)] of the operator B0(x0, y0)

on the space H̃∞−2K(x0, y0) the following symmetry relation is realized

KgB̂0(x0, y0) = Kg[I −Q(x0, y0)]B0(x0, y0)[I − P(x0, y0)]
(3.2),(3.5)

=
(3.2),(3.5)

= [I −Q(Lgx0, Lgy0)]B0(Lgx0, Lgy0)Lg[I − P(Lgx0, Lgy0)]
(3.5)
=

(3.5)
= [I −Q(Lgx0, Lgy0)]B0(Lgx0, Lgy0)[I − P(Lgx0, Lgy0)]Lg =

= B̂0(Lgx0, Lgy0)Lg

Then the application K−1
g to the �rst equation of the system gives

K−1
g B̂0(x0, y0)L

−1
g Ũ = B̂0(x0, y0)L

−1
g Ũ =

= K−1
g [I −Q(Lgx0, Lgy0)]{µA0(Lgx0, Lgy0)[...] +R(Lgx0, Lgy0,

d
dτ
[...], [...], µ, ε)} (3.5)

=
(3.5)
= [I −Q(Lgx0, Lgy0)]L

−1
g {µA0(Lgx0, Lgy0)[...] +R(Lgx0, Lgy0,

d
dτ
[...], [...], µ, ε)} (3.5)⇒

(3.5)⇒ B̂0(x0, y0)L
−1
g Ũ = [I −Q(x0, y0)]{µA0[L

−1
g Ũ + V(x0, y0, ξ, ξ)+

+R(x0, y0,
d
dτ
[L−1

g Ũ + V(x0, y0, ξ, ξ)], [L−1
g Ũ + V(x0, y0, ξ, ξ)], µ, ε)}

According to implicit operators theorem we �nd the unique solution of the last equation in the
form L−1

g Ũ = V(x0, y0,V(x0, y0, ξ, ξ)µ, ε)) , the substitution of which into the second equation of
the system gives A.Lyapounov BEqR in the point (Lgx0, Lgy0) and its group symmetry (2.11)

f(Lgx0, Lgy0,V(x0, y0, ξ, ξ), µ, ε) = Q(Lgx0, Lgy0)B0(Lgx0, Lgy0)V(Lgx0, Lgy0, ξ, ξ)−
−Q(Lgx0, Lgy0){µA0(Lgx0, Lgy0)[LgU + V(Lgx0, Lgy0, ξ, ξ)]+

+R(Lgx0, Lgy0,
d
dτ
[...].[...], µ, ε)} (3.2),(3.5)

= KgQ(x0, y0)B0(x0, y0)V(x0, y0, ξ, ξ)−
−KgQ(x0, y0){µA0(x0, y0)[U(x0, y0) + V(x0, y0, ξ, ξ)] +R(x0, y0,

d
dτ
[...].[...], µ, ε)} =

= Kgf(x0, y0, ξ, ξ, µ, ε)

For the proof (3.8) write the equation (2.7) in the bifurcation point (Lgx0, Lgy0) in the form
of the system

B̃0(Lgx0, Lgy0)LgY = µA0(Lgx0, Lgy0)LgY +R(Lgx0, Lgy0,
d
dτ
LgY ,Y , µ, ε)+

+
n∑

i=1

[ξiz
(1)
i (Lgx0, Lgy0) + ξiz

(1)
i (Lgx0, Lgy0)],

ξi = ⟨⟨LgY , γ(1)j (Lgx0, Lgy0)⟩⟩, ξi = ⟨⟨LgY , γ(1)j (Lgx0, Lgy0)⟩⟩.

Setting LgY = w̃+LgV(x0, y0, ξ, ξ) = w̃+V(Lgx0, Lgy0, ξ, ξ) by virtue of group symmetry of the
operators B̃0 KgB̃0(x0, y0)h = B̃0(Lgx0, Lgy0)Lgh,A0, KgA0(x0, y0)h = A0(Lgx0, Lgy0)Lgh,

and R , (see auxiliary constructions) one has B̃0(Lgx0, Lgy0)w̃ = KgB̃0(x0, y0)L
−1
g w̃ =
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Kg{µA0(x0, y0)[L
−1
g w̃ + V(x0, y0, ξ, ξ)] + R(x0, y0,

d
dτ
[L−1

g w̃ + V(x0, y0, ξ, ξ), L−1
g w̃ +

V(x0, y0, ξ, ξ), µ, ε)} whence it follows L−1
g w̃ = w(x0, y0,V(x0, y0, ξ, ξ), µ, ε)

or w̃ = Lgw(x0, y0,V(x0, y0, ξ, ξ), µ, ε) . Then from the second equation of
the system E.Schmidt BEqR (2.13) in the point (Lgx0, Lgy0) and its group

symmetry follows t(Lgx0, Lgy0, LgV(x0, y0, ξ, ξ), µ, ε) = P(Lgx0, Lgy0)w̃
(3.5)
=

LgP(x0, y0)w(x0, y0,V(x0, y0, ξ, ξ), µ, ε) = Lgt(x0, y0,V(x0, y0, ξ, ξ), µ, ε).

4. Basic Results

T h e o r e m 4.1. (Implicit operators theorem under group symmetry conditions.)
Let under continuous group symmetry conditions (3.1) of the system (2.1) the requirements
(c1) � (c3) are realized, in the condition (c2) κ = n and Gs(a), s < l is the normal divisor
of Gl(a) with the relevant ideal T s

g(a) of generators. For the operator-function B0 − µA0 with
Fredholm operator B0 always can be chosen the complete three-canonical GJS to elements
of N (B0) . Then there exists the continuous function V(x0, y0, ξ, ξ, µ, ε) = V(x0, y0, ξ, ξ) +

U(x0, y0,V(x0, y0, ξ, ξ), µ, ε) : T 2n
g(a)

(
x0
y0

)
× (−δ, δ) → H̃ , invariant with respect to the factor-

group Gκ = Gn = Gl/Gs on T 2n
g(a)

(
x0
y0

)
, such that for the nonlinear operator F

F
((

x0
y0

)
+ V(x0, y0, ξ, ξ), µ, ε

)
= 0, for V(x0, y0, ξ, ξ) ∈ T 2n

g(a)

(
x0
y0

)
, |ε| < δ, (4.1)

where the nonlinear operator F is de�ned by the equation (2.7).

Corollary. Theorem 4.1 is true for semisimple bifurcation points, i.e. at the absence of GJS.
Then here we have BEq.

De�nition 4.1. [14] BEqR (2.11) (respect. (2.13)) is the BEqR of potential type
(A) if in a neighborhood of the point (x0, y0; 0) for the vector f(x, y, v(x, y, ξ, ξ), µ, ε) =
(f11, f 11, . . . , f1p1 , f 1p1 , . . . , fn1, fn1, . . . , fnpn , fnpn) the equality

f(x, y,V(x, y, ξ, ξ), µ, ε) = d · gradx,yU(x, y, ξ, ξ, µ, ε) (4.2)

is satis�ed and potential type (B), when in in a neighborhood of the point (x0, y0; 0)

f(x, y,V(x, y, ξ, ξ), µ, ε) = gradx,yU(x, y, ξ, ξ, µ, ε) · d (4.3)

is satis�ed where d is an invertible operator. Then the functional U(x, y, ξ, ξ), µ, ε) is the
potential of BEqR (2.11) (resp. (2.13)) and the operator f (resp. t ) is pseudogradient of the
functional U .

In the case of BEqR (2.11) or (2.13) potentiality type (A) in previous our
articles [15], [16], [2] the necessary and su�cient condition of the Lg -invariance of the potential
U is established. This is the equality L∗

gd
−1Kg = d−1 for the A.Lyapounov BEqR (2.11) and

L∗
gd

−1Lg = d−1 for the E.Schmidt BEqR (2.13) . Also it is proved that the pseudogradient
f (resp. t ) of the Lg -invariant functional U is (Lg, Kg) -(resp. (Lg, Lg) -) equivariant in the
sense (2.11) (resp. (2.13)) together with cosymmetric identities for the BEqR left-hand-sides.

In the same manner the respective results for BEqRs of the type (B) can be proved. These
are the equality K−1

g = L∗
g (resp. L−1

g = L∗
g ) for the BEqR (2.11) (BEqR (2.13)) and the

relevant equivariance results with cosymmetric identities.
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T h e o r e m 4.2. (BEqR reduction.) Let in suppositions (c1) � (c3) A.Lyapounov BEqR
(E.Schmidt BEqR) is potential type (A) or (B), its potential U(x, y, ξ, ξ), µ, ε) is invariant of
the representation Lg(a) of the group Gl(a) and belongs to the class C2 in some neighborhood
of the bifurcation point (x0, y0; 0) , s � the dimension of stationary subgroup of the element
(x0, y0) and κ = l − s > 0 . Then:

1. if κ = n , then for all (ξ(ε), ξ(ε), µ, ε) or (V(x0, y0, ξ(ε), ξ(ε), µ, ε) in some neighborhood
of zero in Ξ2n BEqR (2.11) (respect. (2.12)) is identically ful�lled.

2. if κ < n and n ≥ 2 , then the partial reduction of BEqR takes place: at the accepted
in the condition (c2) agreement on the basic elements enumeration in H̃2K the �rst
Kκ = p1 + . . .+ pκ equations are linear combinations of the others pκ+1 + . . .+ pn .
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Dynamic bifurcation problems with E.Schmidt spectrum in

the linearization under group symmetry conditions
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Abstract. Results of the articles [1], [2] for stationary problems of branching theory with
E. Schmidt spectrum in the linearization are transformating on dynamic bifurcation problems
on E. Schmidt spectrum. On the base of general theorem on the group symmetry theorem on
the group symmetry of nonlinear problems inheritance by the relevant branching equations and
branching equations in the root-subspaces (BEqRs), moving along bifurcation point trajectory
implicit operators theorem under group symmetry conditions and theorem on BEqRs reduction by
the number of equations in the case of variational BEqRs are proved. Terminology and notations
of the works [3]� [6] are used.
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ÓÄÊ 519.624.8

Íåïðåðûâíûå ìåòîäû ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà

äëÿ ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ

c⃝ È.Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Äëÿ ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ â ãèëüáåðòîâîì ïðîñòðàíñòâå ñ ìî-
íîòîííûì îïåðàòîðîì è ñîáñòâåííûì âûïóêëûì ïîëóíåïðåðûâíûì ñíèçó ôóíêöèîíàëîì ïðè
ïðèáëèæåííîì çàäàíèè äàííûõ ïîñòðîåíû íåïðåðûâíûå ìåòîäû påãóëÿpèçàöèè ïåðâîãî ïî-
ðÿäêà ïî îïåpàòîpó è ïî ôóíêöèîíàëó, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ èõ ñõîäèìîñòè ê íîp-
ìàëüíîìó påøåíèþ èñõîäíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ñìåøàííîå âàpèàöèîííîå íåpàâåíñòâî, íåïpåpûâíûé ìåòîä, ìîíîòîííûé
îïåpàòîp, âûïóêëûé ôóíêöèîíàë.

1. Îñíîâíûå ïðåäïîëîæåíèÿ. Ïîñòàíîâêà çàäà÷è.

Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïpîñòpàíñòâî, A : H → H � ìîíîòîííûé îãpàíè-
÷åííûé õåìèíåïpåpûâíûé îïåpàòîp, φ : H → R1 � ñîáñòâåííûé âûïóêëûé ïîëóíåïpåpûâ-
íûé ñíèçó ôóíêöèîíàë, ýëåìåíò f ∈ H, (x, y) � ñêàëÿpíîå ïpîèçâåäåíèå ýëåìåíòîâ x è
y èç H. Íåpàâåíñòâî âèäà

(Ax− f, x− y) + φ(x)− φ(y) ≤ 0, x ∈ H ∀y ∈ H (1.1)

íàçûâàþò ñìåøàííûì âàpèàöèîííûì íåpàâåíñòâîì.
Åñëè

lim
∥x∥→∞

(Ax− f, x− x0) + φ(x)

∥x∥
= +∞, x0 ∈ H, φ(x0) <∞, (1.2)

òî (1.1) pàçpåøèìî (ñì. [1], c.265). Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ îñíîâàíî íà ïåpå-
õîäå îò (1.1) ê âàðèàöèîííîìó íåpàâåíñòâó

(Ãx̃− f̃ , x̃− ỹ)H̃ ≤ 0, x̃ ∈ Ω̃ ∀ỹ ∈ Ω̃, (1.3)

çäåñü Ã : H̃ → H̃, Ã = {A, 0}, H̃ = H × R1, f̃ = {f,−1}, Ω̃ ⊂ H̃, Ω̃ = egφ =
{{u, λ} | φ(u) ≤ λ, u ∈ H, λ ∈ R1} � íàäãpàôèê φ íà H, x̃ = {x, r} ∈ Ω̃, ỹ = {y, ξ} ∈ Ω̃,
ò.å. φ(x) ≤ r, φ(y) ≤ ξ, ïpè ýòîì

∥x̃∥H̃ = (∥x∥2H + r2)1/2, (x̃, ỹ)H̃ = (x, y)H + rξ.

Îòìåòèì, ÷òî Ω̃ åñòü âûïóêëîå çàìêíóòîå ìíîæåñòâî â H̃ (ñì. [2], c.19, c.22).
Ïóñòü (1.1) èìååò íåïóñòîå ìíîæåñòâî påøåíèé N. Âûïóêëîñòü è çàìêíóòîñòü N îò-

ìå÷åíà â [3] (ñì. òàêæå [4], c.254). Äàëåå x∗ � íîpìàëüíîå påøåíèå (1.1). Íàñ áóäóò èíòåðå-
ñîâàòü ìåòîäû påøåíèÿ çàäà÷è (1.1). Â ïpåäïîëîæåíèè ìîíîòîííîñòè A è âûïóêëîñòè φ
óñòàíîâèòü êîppåêòíîñòü çàäà÷è (1.1) íå óäàåòñÿ, ïîýòîìó áóäåì ñòpîèòü äëÿ íåå ìåòîäû
påãóëÿpèçàöèè.

1 ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð. Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru
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2. Îïåðàòîðíûé ìåòîä ðåãóëÿðèçàöèè

Ðàññìîòpèì äëÿ (1.3) èçâåñòíûé îïåðàòîpíûé ìåòîä påãóëÿpèçàöèè

(Ãx̃α + αẼx̃α − f̃ , x̃α − ỹ)H̃ ≤ 0, x̃α ∈ Ω̃ ∀ỹ ∈ Ω̃, (2.1)

çäåñü Ẽ = {E, 0}, E : H → H � åäèíè÷íûé îïåpàòîp â H, x̃α = {xα, rα}, ỹ = {y, ξ}, α >
0. Ðàñïèñàâ â (2.1) ñêàëÿpíîå ïpîèçâåäåíèå â H̃, èìååì

(Axα + αxα − f, xα − y) + r − ξ ≤ 0.

Èñïîëüçóÿ ðàññóæäåíèÿ èç [1], ñ.266, óñòàíîâèì ýêâèâàëåíòíîñòü ïîñëåäíåãî íåpàâåíñòâà
ñëåäóþùåìó ñìåøàííîìó âàðèàöèîííîìó íåpàâåíñòâó

(Axα + αxα − f, xα − y) + φ(xα)− φ(y) ≤ 0, xα ∈ H ∀y ∈ H. (2.2)

Ïðåäïîëîæèì, ÷òî ôóíêöèîíàë φ îáëàäàåò ñâîéñòâîì

φ(x) ≥ −c∥x∥κ, c > 0, κ ∈ [0, 2), ∥x∥ ≥ R0 > 0. (2.3)

Òîãäà äëÿ x èç H ñ ó÷åòîì ìîíîòîííîñòè A èìååì

(Ax+ αx− f, x− x0) + φ(x) ≥ ∥x∥[α∥x∥ − α∥x0∥ − ∥Ax0∥ − ∥f∥]−

−∥Ax0∥ ∥x0∥ − ∥f∥ ∥x0∥ − c∥x∥κ, x0 ∈ H, φ(x0) <∞, ∥x∥ ≥ R0.

Îòñþäà äåëàåì âûâîä î òîì, ÷òî äëÿ ñìåøàííîãî âàðèàöèîííîãî íåpàâåíñòâà (2.2) âûïîë-
íåíî óñëîâèå òèïà (1.2). Ñëåäîâàòåëüíî, ðåøåíèå (2.2) ñóùåñòâóåò. Îäíîçíà÷íàÿ ðàçpåøè-
ìîñòü (2.2) äîêàçàíà â [3] è [4].

Íåòðóäíî ïðîâåðèòü, ÷òî îïåðàòîð Ãα = Ã+ αẼ óäîâëåòâîðÿåò íåðàâåíñòâó

(Ãαx̃− Ãαỹ, x̃− ỹ)H̃ ≥ α∥x− y∥2H (2.4)

ïpè ëþáûõ x̃ = {x, r} è ỹ = {y, ξ} èç H̃. Òàêèì îápàçîì, èìååì áîëåå ñëàáîå ñâîéñòâî,
÷åì òpåáóåòñÿ äëÿ ñèëüíîé ñõîäèìîñòè ìåòîäà (2.1) â H̃ ê påøåíèþ (1.3) (ñì., íàïðèìåð,
[4], ãëàâà 2). Îäíàêî, ïîëàãàÿ â (2.1) ỹ = x̃, à â (3) � ỹ = x̃α, ãäå x̃ = {x, r} è x̃α =
{xα, rα} � ðåøåíèÿ (1.3) è (2.1) ñîîòâåòñòâåííî, è ñêëàäûâàÿ ïîëó÷åííûå påçóëüòàòû,
èìååì α(Ẽx̃α, x̃α − x̃)H̃ ≤ 0. Îòñþäà èçâåñòíûì ñïîñîáîì (ñì., íàïpèìåp, [4]) âûâîäèì
ñèëüíóþ ñõîäèìîñòü â H ýëåìåíòîâ xα ê x∗ ïpè α→ 0. Êpîìå òîãî, ïîëàãàÿ â (2.2) y =
x∗ è ïåðåõîäÿ çàòåì ê ïpåäåëó ïpè α→ 0, ïpèõîäèì ê íåpàâåíñòâó limα→0φ(xα) ≤ φ(x∗),
÷òî ñ ó÷åòîì ïîëóíåïðåpûâíîñòè ñíèçó ôóíêöèîíàëà φ äàåò ñõîäèìîñòü φ(xα) ê φ(x∗)
ïpè α → 0. Ñëåäîâàòåëüíî, xα ñõîäèòñÿ ê x∗ ïpè α → 0 è ïî ôóíêöèîíàëó φ. Â [3]
ñõîäèìîñòü xα ê x∗ äîêàçàíà áåç ïåpåõîäà îò ñìåøàííûõ âàðèàöèîííûõ íåpàâåíñòâ (1.1)
è (2.2) ê âàðèàöèîííûì íåpàâåíñòâàì (1.3) è (2.1) ñîîòâåòñòâåííî.

Ïðèìåíèì ê ñìåøàííîìó âàðèàöèîííîìó íåpàâåíñòâó (1.1) ìåòîä ñãëàæèâàþùåãî
ôóíêöèîíàëà À.Í.Òèõîíîâà [5],[6], ò.å. çàìåíèì â (1.1) ôóíêöèîíàë φ(z) íà ôóíêöèîíàë
φ(z) + α∥z∥2(α > 0) è ïðèäåì ê íåðàâåíñòâó ñëåäóþùåãî âèäà

(Azα − f, zα − y) + φ(zα) + α∥zα∥2 − φ(y)− α∥z∥2 ≤ 0, zα ∈ H ∀y ∈ H. (2.5)

Ñ ó÷åòîì ìîíîòîííîñòè A è (2.3) ïðè ∥x∥ ≥ R0 èìååì

(Ax− f, x− x0)) + φ(x) + α∥x∥2 ≥ α∥x∥2 − c∥x∥κ − (∥Ax0∥+ ∥f∥)(∥x∥+ ∥x0∥).
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Òàêèì îápàçîì, â íàøèõ óñëîâèÿõ pàçðåøèìîñòü (2.5) îáåñïå÷åíà. Äîêàæåì åäèíñòâåí-
íîñòü ðåøåíèÿ (2.5). Ïóñòü íàpÿäó ñ zα ýëåìåíò yα òàêæå ÿâëÿåòñÿ ðåøåíèåì (2.5), ò.å.
âåpíî íåpàâåíñòâî

(Ayα − f, yα − y) + φ(yα) + α∥yα∥2 − φ(y)− α∥y∥2 ≤ 0, yα ∈ H ∀y ∈ H. (2.6)

Ïîëîæèâ â (2.5) y = tzα+(1−t)yα, t ∈ (0, 1) è âîñïîëüçîâàâøèñü ìîíîòîííîñòüþ îïåðàòîðà
A, âûïóêëîñòüþ φ(x) è ñèëüíîé âûïóêëîñòüþ ôóíêöèîíàëà ∥x∥2 íà H (ñì. [7], c.182),
ïîëó÷èì

(Ayα − f, zα − yα) + φ(zα) + α∥zα∥2 − φ(yα)− α∥yα∥2 + t∥zα − yα∥2 ≤ 0.

Ïpèíÿâ âî âíèìàíèå (2.6) ïðè y = zα, èç ïîñëåäíåãî íåðàâåíñòâà èìååì ∥zα − yα∥ ≤ 0.
Åäèíñòâåííîñòü påøåíèÿ (2.5) äîêàçàíà.

Ïîëàãàÿ â (2.5) y = x ∈ N, à â (1.1) � y = zα è ñêëàäûâàÿ ðåçóëüòàòû, ïîëó÷àåì
íåpàâåíñòâî ∥zα∥ ≤ ∥x∥ ïðè âñåõ x ∈ N, êîòîðîå, êàê èçâåñòíî, ïîçâîëÿåò óñòàíîâèòü
ñõîäèìîñòü zα ê x∗ ïðè α→ 0 (ñì. [4]).

Îòìåòèì, ÷òî (2.5) ýêâèâàëåíòíî íåðàâåíñòâó (1.3) ñ çàìåíîé ìíîæåñòâà Ω̃ íà ìíîæå-
ñòâî Ω̃α, ñîâïàäàþùåå ñ íàäãðàôèêîì ôóíêöèîíàëà φ(z) + α∥z∥2.

Ñôîðìóëèðóåì ïîëó÷åííûå ðåçóëüòàòû.

Ò å î ð å ì à 2.1. Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî, A : H →
H � ìîíîòîííûé îãpàíè÷åííûé õåìèíåïpåpûâíûé îïåpàòîp, φ : H → R1 � ñîáñòâåííûé
âûïóêëûé ïîëóíåïpåpûâíûé ñíèçó ôóíêöèîíàë, óäîâëåòâîpÿþùèé óñëîâèþ (2.3), ñìåøàí-
íîå âàpèàöèîííîå íåpàâåíñòâî (1.1) èìååò íåïóñòîå ìíîæåñòâî ðåøåíèé. Òîãäà ðåãóëÿ-
ðèçîâàííûå çàäà÷è (2.2) è (2.5) èìåþò åäèíñòâåííûå ðåøåíèÿ xα è zα ñîîòâåòñòâåííî,
è xα → x∗, zα → x∗ ïðè α → 0, ãäå x∗ � íîpìàëüíîå påøåíèå (1.1).

Ìåòîä (2.2) äëÿ ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà (1.1) áóäåì íàçûâàòü ìåòîäîì
ðåãóëÿðèçàöèè ïî îïåðàòîðó, à (2.5) � ìåòîäîì ðåãóëÿðèçàöèè ïî ôóíêöèîíàëó.

Äàëåå ñ÷èòàåì, ÷òî óñëîâèÿ òåîðåìû 1 âûïîëíåíû.

3. Íåïðåðûâíûå ìåòîäû ðåãóëÿðèçàöèè

Ïpèìåíèì ê (1.3) íåïpåpûâíûé ìåòîä påãóëÿðèçàöèè ïåpâîãî ïîpÿäêà èç [8]

z̃′(t) + z̃(t) = PrΩ̃(z̃(t)− γ(t)[Ãz̃(t) + α(t)Ẽz̃(t)− f̃ ]), z̃(t0) = z̃0 = {z0, r0}, (3.1)

ãäå z̃(t) = {z(t), r(t)} ∈ H̃, γ(t) è α(t) � ïîëîæèòåëüíûå íåïpåpûâíûå ôóíêöèè, t ≥ t0.
Åñëè îïåðàòîð A óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, òî çàäà÷à Êîøè (3.1) èìååò åäèí-
ñòâåííîå ðåøåíèå êëàññà C1[t0,+∞) (ñì. [9], n0 33.4). Ïåðåéäåì îò (3.1) ê ýêâèâàëåíòíîìó
ýâîëþöèîííîìó âàðèàöèîííîìó íåðàâåíñòâó (ñì. [7], c.189)

(z̃′(t) + γ(t)[Ãz̃(t) + α(t)Ẽz̃(t)− f̃ ], z̃(t)− ỹ)H̃ ≤ 0 ∀ỹ ∈ H̃, z̃(t0) = z̃0. (3.2)

Íåòpóäíî ïðîâåðèòü, ÷òî äëÿ ũ(t) ̸∈ Ω̃ ýëåìåíò PrΩ̃ũ(t) = w̃ = {w, φ(w)}, w ∈ H.
Ñëåäîâàòåëüíî, åñëè ýëåìåíò z̃(t) − γ(t)[Ãz̃(t) + α(t)Ẽz̃(t) − f̃ ] ̸∈ Ω̃, òî z̃′(t) + z̃(t) =
{z′(t)+z(t), φ(z′(t)+z(t))}. Çíà÷èò, pàñïèñàâ â (3.2) ñêàëÿpíîå ïpîèçâåäåíèå èç H̃, ïpèäåì
ê ýâîëþöèîííîìó âàðèàöèîííîìó íåðàâåíñòâó, â êîòîðîì ïpîèçâîäíàÿ z′(t) âõîäèò è ïîä

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



Íåïðåðûâíûå ìåòîäû ðåãóëÿðèçàöèè ïåðâîãî ïîðÿäêà äëÿ ñìåøàííûõ . . . 39

çíàê ôóíêöèîíàëà φ. Ïpè ýòîì èñêëþ÷èòü ôóíêöèþ r(t) â ïîëó÷åííîì íåpàâåíñòâå íå
óäàåòñÿ (ñpàâíè ñ ïåðåõîäîì îò (1.3) è (2.1) ê (1.1) è (2.2) ñîîòâåòñòâåííî).

Åñëè äëÿ påøåíèÿ (1.3) âìåñòî (3.1) èñïîëüçîâàòü íåïpåpûâíûé ìåòîä èç [10]

z̃(t) = PrΩ̃(z̃(t)− z̃′(t)− γ(t)[Ãz̃(t) + α(t)Ẽz̃(t)− f̃ ]), z̃(t0) = z̃0,

òî ïpè z̃(t)− z̃′(t)− γ(t)[Ãz̃(t) + α(t)Ẽz̃(t)− f̃ ] ̸∈ Ω̃ èìååì z̃(t) = {z(t), φ(z(t))}. Çíà÷èò,
äëÿ ñóùåñòâîâàíèÿ z̃′(t) òðåáóåòñÿ äèôôåðåíöèðóåìîñòü ôóíêöèîíàëà φ, â òî âðåìÿ êàê
â ïpîñòîì ïpèëîæåíèè ñìåøàííûõ âàpèàöèîííûõ íåpàâåíñòâ èç [1], c.265 ôóíêöèîíàë φ
ýòèì ñâîéñòâîì íå îáëàäàåò. Êpîìå òîãî, ïpè äîêàçàòåëüñòâå ñõîäèìîñòè ðàññìîòpåííûõ
âûøå íåïðåpûâíûõ ìåòîäîâ påãóëÿpèçàöèè âîçíèêàþò ïpîáëåìû èç-çà îòñóòñòâèÿ ó îïåpà-
òîpà Ãα ñâîéñòâà ñèëüíîé ìîíîòîííîñòè íà H̃ (ñì. (2.4)), êîòîpûå ëåãêî ïðåîäîëåâàþòñÿ
ïpè äîêàçàòåëüñòâå ñõîäèìîñòè îïåpàòîpíîãî ìåòîäà påãóëÿðèçàöèè. Ïîäîáíûå âûâîäû
ìîæíî ñäåëàòü è äëÿ ñîîòâåòñòâóþùèõ íåïpåpûâíûõ ìåòîäîâ, èñïîëüçóþùèõ påãóëÿpè-
çàöèþ (1.1) ïî ôóíêöèîíàëó.

Òàêèì îáðàçîì, íåïîñpåäñòâåííîå ïpèìåíåíèå èçâåñòíûõ íåïpåpûâíûõ ìåòîäîâ påãó-
ëÿpèçàöèè äëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà (1.3) íå ÿâëÿåòñÿ ýôôåêòèâíûì. Ïî-
ýòîìó äàëåå ïpè ïîñòpîåíèè íåïpåpûâíûõ ìåòîäîâ äëÿ (1.1) èñïîëüçóåì èíîé ïîäõîä.

Ïóñòü â óñëîâèÿõ òåîðåìû 1 äàííûå çàäà÷è (1.1) âîçìóùåíû, à èìåííî, âìåñòî A, f è
φ ïpè âñåõ t ≥ t0 ≥ 0 èçâåñòíû ñåìåéñòâà {A(t)}, {f(t)} è {φ(t)} òàêèå, ÷òî
a) A(t) : H → H � ìîíîòîííûå õåìèíåïpåpûâíûå îïåpàòîðû,

∥A(t)x− Ax∥ ≤ h(t)g(∥x∥) ∀x ∈ H;

b) f(t) ∈ H, ∥f(t)− f∥ ≤ δ(t);
c) φ(t) : H → R1 � ñîáñòâåííûå âûïóêëûå ïîëóíåïpåpûâíûå ñíèçó ôóíêöèîíàëû,

|φ(t)(x)− φ(x)| ≤ σ(t)q(∥x∥) ∀x ∈ H,

çäåñü g(s) è q(s) � ôóíêöèè, ïåpåâîäÿùèå îãpàíè÷åííîå ìíîæåñòâî â îãðàíè÷åííîå, s ≥
0, h(t), δ(t) è σ(t) � áåñêîíå÷íî ìàëûå ïpè t→ +∞.

Çàìåòèì, ÷òî èç ïpåäïîëîæåíèÿ a) ñëåäóåò îãpàíè÷åííîñòü ñåìåéñòâà îïåpàòîðîâ
{A(t)} ïpè t ≥ t0.

Ïîñòðîèì íåïðåðûâíûé ìåòîä påãóëÿpèçàöèè ïî îïåpàòîpó ïåðâîãî ïîpÿäêà ñëåäóþ-
ùåãî âèäà

(u′(t), u(t)− y) + γ(t)[(A(t)u(t)) + α(t)u(t)− f(t), u(t)− y) +

+ φ(t)(u(t))− φ(t)(y)] ≤ 0 ∀y ∈ H, u(t) ∈ H, (3.3)

u(t0) = u0 ∈ H, (3.4)

ãäå α(t) è γ(t) � ïîëîæèòåëüíûå äèôôåðåíöèðóåìûå ôóíêöèè, t ≥ t0 ≥ 0, ïðè÷åì α(t)
� âûïóêëàÿ óáûâàþùàÿ ôóíêöèÿ,

lim
t→+∞

α(t) = 0. (3.5)

Íàpÿäó ñ çàäà÷åé (3.3), (3.4) ïpè êàæäîì τ ≥ t0 pàññìîòðèì çàäà÷ó ñ çàìîpîæåííûì
êîýôôèöèåíòîì α(τ) è òî÷íûìè äàííûìè(

dv(t, τ)

dt
, v(t, τ)− y

)
+ γ(t)[(Av(t, τ)) + α(τ)v(t, τ)− f, v(t, τ)− y) +

+ φ(v(t, τ))− φ(y)] ≤ 0 ∀y ∈ H, v(t, τ) ∈ H, (3.6)
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v(t0, τ) = u0. (3.7)

Ïóñòü çàäà÷è (3.3), (3.4) è (3.6), (3.7) èìåþò åäèíñòâåííûå påøåíèÿ êëàññà C1[t0,+∞),
ïpè÷åì påøåíèå u(t) îãðàíè÷åíî íà [t0,+∞).

Óñëîâèå (3.5) è òåîpåìà 1 ãàpàíòèpóþò ñõîäèìîñòü påøåíèÿ xα(τ) ñìåøàííîãî âàpèà-
öèîííîãî íåpàâåíñòâà

(Axα(τ) + α(τ)xα(τ)− f, xα(τ)− y) + φ(xα(τ))− φ(y) ≤ 0, xα(τ) ∈ H ∀y ∈ H (3.8)

ê íîðìàëüíîìó påøåíèþ x∗ íåpàâåíñòâà (1.1) ïpè τ → ∞.
Ïîëîæèì â (3.6) y = xα(τ), à â (3.8), óìíîæåííîì íà γ(t), ïpèìåì y pàâíûì v(t, τ),

è ñëîæèâ ïîëó÷åííûå påçóëüòàòû, ñ ó÷åòîì ìîíîòîííîñòè îïåðàòîpà A ïpèäåì ê íåpà-
âåíñòâó

d∥v(t, τ)− xα(τ)∥2

dt
≤ −2γ(t)α(τ)∥v(t, τ)− xα(τ)∥2, (3.9)

ïpè÷åì ∥v(t0, τ) − xα(τ)∥2 = ∥u0 − xα(τ)∥2 ≤ a1 ïðè âñåõ τ ≥ t0, çäåñü a1 > 0. Ñëåäîâà-
òåëüíî, (ñì. [6], c.264)

∥v(t, τ)− xα(τ)∥2 ≤ a1exp(−2α(τ)

∫ t

t0

γ(s)ds). (3.10)

Èç ñõîäèìîñòè xα(τ) → x∗ ïpè τ → +∞ è èç (3.10) èìååì îãpàíè÷åííîñòü â ñîâîêóïíîñòè
âåëè÷èí ∥v(t, τ)∥ ïpè t, τ ≥ t0.

Ïóñòü ∫ t

t0

γ(s)ds = +∞; (3.11)

lim
t→∞

α′(t)

γ(t)α2(t)
= 0. (3.12)

Ïîëîæèâ â (3.10) t = τ è ïpèìåíèâ ïpàâèëî Ëîïèòàëÿ ïîä çíàêîì ýêñïîíåíòû, â ñèëó
(3.11) è (3.12) óñòàíîâèì ñõîäèìîñòü ∥v(τ, τ)− xα(τ)∥ ê íóëþ ïpè τ → +∞.

Ïîëàãàÿ â (3.3) y = v(t, τ), à â (3.6) � y = u(t), ïîñëå ñëîæåíèÿ påçóëüòàòîâ ñ ó÷åòîì
ïðåäïîëîæåíèé a) � c) èìååì (ñì. [6], c.266)

d∥u(t)− v(t, τ)∥2

dt
+ 2γ(t)α(t)∥u(t)− v(t, τ)∥2 ≤

≤ a2γ(t)[h(t) + δ(t) + α′(t)(t− τ)]∥u(t)− v(t, τ)∥+

+ 2γ(t)σ(t)[q(∥u(t)∥) + q(∥v(t, τ)∥)], t ≤ τ, a2 > 0. (3.13)

Ñäåëàåì ñëåäóþùèå ïpåäïîëîæåíèÿ:

lim
t→∞

δ(t) + h(t) + σ(t)

α(t)
= 0; (3.14)

lim
t→∞

γ(t)α′(t)

γ2(t)α2(t) + (γ(t)α(t))′
= 0; (3.15)∫ +∞

t0

α(t)γ(t)dt = +∞. (3.16)
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Òîãäà èç (3.13), èñïîëüçóÿ ëåììó èç [6], c.264 è ïðàâèëî Ëîïèòàëÿ (ñì. [11]), âûâîäèì
ñõîäèìîñòü u(τ) − v(τ, τ) → 0 ïpè τ → ∞. Òàêèì îápàçîì, äîêàçàíà ñòàáèëèçàöèÿ u(t)
ê x∗ ïpè t→ +∞.
Îòìåòèì, ÷òî ïpåäïîëîæåíèÿ (3.5) è (3.16) ïîçâîëÿþò îïóñòèòü óñëîâèå (3.11).

Òåïåðü ïîñòpîèì íåïpåpûâíûé ìåòîä påãóëÿðèçàöèè ïåðâîãî ïîpÿäêà íà îñíîâå ìåòîäà
påãóëÿpèçàöèè ïî ôóíêöèîíàëó. Çàïèøåì îñíîâíóþ è âñïîìîãàòåëüíûå çàäà÷è

(ũ′(t), ũ(t)− y) + γ(t)[(A(t)ũ(t))− f(t), ũ(t)− y) + φ(t)(ũ(t)) + α(t)∥ũ(t)∥2 −
− φ(t)(y)− α(t)∥y∥2] ≤ 0 ∀y ∈ H, ũ(t) ∈ H, (3.17)

ũ(t0) = u0 ∈ H, (3.18)

(
dṽ(t, τ)

dt
, ṽ(t, τ)− y

)
+ γ(t)[(Aṽ(t, τ)− f, ṽ(t, τ)− y) + φ(ṽ(t, τ)) +

+ α(τ)∥ṽ(t, τ)∥2 − φ(y)− α(τ)∥y∥2] ≤ 0 ∀y ∈ H, ṽ(t, τ) ∈ H, (3.19)

ṽ(t0, τ) = u0 ∀τ ≥ t0, (3.20)

îäíîçíà÷íàÿ pàçpåøèìîñòü êîòîpûõ â C1[t0,+∞) è îãpàíè÷åííîñòü ũ(t) íà [t0,+∞)
ïpåäïîëàãàþòñÿ.

Ïpèíÿâ â (3.19) y = ξṽ(t, τ) + (1− ξ)zα(τ), ãäå ξ ∈ (0, 1), zα(τ) � påøåíèå påãóëÿpèçî-
âàííîãî ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà

(Azα(τ) − f, zα(τ)− y) + φ(zα(τ)) + α(τ)∥zα(τ)∥2 − φ(y)−
− α(τ)∥y∥2 ≤ 0, zα(τ) ∈ H ∀y ∈ H, (3.21)

ïpèõîäèì ê íåpàâåíñòâó

(1− ξ)

(
dṽ(t, τ)

dt
, ṽ(t, τ)− zα(τ)

)
+ γ(t)(1− ξ)[(Aṽ(t, τ)− f, ṽ(t, τ)− zα(τ))+

+φ(ṽ(t, τ)) + α(τ)∥ṽ(t, τ)∥2 − φ(ξṽ(t, τ)+

+(1− ξ)zα(τ))− α(τ)∥ξṽ(t, τ) + (1− ξ)zα(τ)∥2] ≤ 0.

Ó÷èòûâàÿ çäåñü âûïóêëîñòü φ(x) è ñèëüíóþ âûïóêëîñòü ôóíêöèîíàëà ∥x∥2, ïîñëå ñî-
êpàùåíèÿ íà 1− ξ ïîëó÷àåì íåpàâåíñòâî(

dṽ(t, τ)

dt
, ṽ(t, τ) − zα(τ)

)
+ γ(t)[(Aṽ(t, τ)− f, ṽ(t, τ)− zα(τ)) +

+ φ(ṽ(t, τ))− φ(zα(τ)) + α(τ)(∥ṽ(t, τ)∥2 − ∥zα(τ)∥2) +
+ α(τ)ξ∥ṽ(t, τ)− zα(τ)∥2] ≤ 0. (3.22)

Èç (3.21) ïpè y = ṽ(t, τ) èìååì

(Azα(τ)− f, zα(τ)− ṽ(t, τ)) + φ(zα(τ)) + α(τ)∥zα(τ)∥2 − [φ(ṽ(t, τ)) + α(τ)∥ṽ(t, τ)∥2] ≤ 0.

Ñëåäîâàòåëüíî, ïpèíÿâ âî âíèìàíèå ìîíîòîííîñòü îïåpàòîpà A, èç (31) âûâîäèì äèô-
ôåpåíöèàëüíîå íåpàâåíñòâî âèäà (3.9) äëÿ ∥ṽ(t, τ) − zα(τ)∥. Òàêèì îápàçîì, â íàøèõ
óñëîâèÿõ äîêàçàíà ñõîäèìîñòü ê íóëþ ∥ṽ(τ, τ) − zα(τ)∥ ïpè τ → +∞. Óñòàíîâèì, ÷òî
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∥ṽ(τ, τ) − ũ(τ)∥ → 0 ïpè τ → +∞. Äëÿ ýòîãî ïpèìåì â (3.17) y pàâíûì ξũ(t) + (1 −
ξ)ṽ(t, τ), ξ ∈ (0, 1) è ïîäîáíî (3.22) äîêàæåì ñïpàâåäëèâîñòü íåpàâåíñòâà

(ũ′(t), ũ(t)− ṽ(t, τ)) + γ(t)[(A(t)ũ(t)− f(t), ũ(t)− ṽ(t, τ)) + φ(t)(ũ(t))−
− φ(t)(ṽ(t, τ)) + α(t)(∥ũ(t)∥2 − ∥ṽ(t, τ)∥2) + α(t)∥ũ(t)− ṽ(t, τ)∥2] ≤ 0. (3.23)

Êpîìå òîãî, èç (3.19) ïpè y = ũ(t) èìååì(
dṽ(t, τ)

dt
, ṽ(t, τ)− ũ(t)

)
+ γ(t)[(Aṽ(t, τ)− f, ṽ(t, τ)− ũ(t)) + φ(ṽ(t, τ))+

+α(τ)∥ṽ(t, τ)∥2 − φ(ũ(t))− α(τ)∥ũ(t)∥2] ≤ 0.

Ïpèáàâëÿÿ ê (3.23) ïîñëåäíåå íåpàâåíñòâî, ïpèäåì ê íåpàâåíñòâó (ñpàâíè ñ (3.13))

d∥ũ(t)− ṽ(t, τ)∥2

dt
+ 2γ(t)α(t)∥ũ(t)− ṽ(t, τ)∥2 ≤

≤ ã3γ(t)[h(t) + δ(t) + σ(t) + α′(t)(t− τ)], t ≤ τ, ã3 > 0.

Òàêèì îápàçîì, äîêàçàíî óòâåpæäåíèå.

Ò å î ð å ì à 3.1. Ïóñòü â óñëîâèÿõ òåîðåìû 1 äàííûå ñìåøàííîãî âàpèàöèîííîãî
íåpàâåíñòâà (1.1) çàäàíû ïðèáëèæåííî, ò.å. âìåñòî A, f è φ èçâåñòíû ñåìåéñòâà
{A(t)}, {f(t)}, {φ(t)}(t ≥ t0 ≥ 0), óäîâëåòâîpÿþùèå óñëîâèÿì a) � c), ýâîëþöèîííûå
çàäà÷è (3.3), (3.4), (3.6), (3.7), (3.17), (3.18) è (3.19), (3.20) îäíîçíà÷íî pàçpåøèìû â
êëàññå ôóíêöèé C1[t0,+∞), ïpè÷åì påøåíèÿ u(t) è ũ(t) îãpàíè÷åíû íà [t0,+∞), γ(t) è
α(t) � ïîëîæèòåëüíûå äèôôåpåíöèpóåìûå ôóíêöèè ïpè t ≥ t0, α(t) âûïóêëà è óáûâàåò,
è âûïîëíåíû óñëîâèÿ (3.5), (3.12), (3.14) � (3.16). Òîãäà

lim
t→+∞

∥u(t)− x∗∥ = lim
t→+∞

∥ũ(t)− x∗∥ = 0,

ãäå x∗ � íîpìàëüíîå påøåíèå ñìåøàííîãî âàpèàöèîííîãî íåpàâåíñòâà (1.1).

Ç à ì å ÷ à í è å 3.1. Ïóñòü ñóùåñòâóþò ÷èñëî R > 0 è ýëåìåíò x0 ∈ H òàêèå,
÷òî

(Ax− f, x− x0) + φ(x)− φ(x0) > 0 ïðè ∥x∥ ≥ R. (3.24)

Îòìåòèì, ÷òî (3.24) åñòü îäíî èç äîñòàòî÷íûõ óñëîâèé ðàçpåøèìîñòè ñìåøàííîãî
âàpèàöèîííîãî íåpàâåíñòâà (1.1) (ñì. [12], c.187). Ïpåäïîëîæèì òàêæå, ÷òî

limt→+∞
g(t)

t
≤ G, 0 ≤ G <∞, (3.25)

limt→+∞
q(t)

t2
≤ Q, 0 ≤ Q <∞. (3.26)

Â óñëîâèÿõ (3.24) � (3.26) äîêàæåì îãpàíè÷åííîñòü påøåíèÿ u(t) çàäà÷è (3.3), (3.4) ïpè
t ≥ t0. Ïóñòü ∥u(t)∥ → ∞ ïpè t → +∞. Ïîëîæèâ â (3.3) y = x0 è èñïîëüçóÿ óñëîâèÿ
a) � c), èìååì(

d(u(t)− x0)

dt
, u(t)− x0

)
+ γ(t)[(Au(t))− f, u(t)− x0) + φ(u(t))− φ(x0)]+
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+γ(t)α(t)

{
∥u(t)∥2 − ∥u(t)∥ ∥x0∥ −

(
h(t)

α(t)
g(∥u(t)∥) + δ(t)

α(t)

)
(∥u(t)∥+ ∥x0∥)−

−σ(t)
α(t)

[q(∥u(t)∥) + q(∥x0∥)]
}

≤ 0.

Â ñèëó (3.24) � (3.26) è (3.14) èç ïîñëåäíåãî íåpàâåíñòâà ïpè äîñòàòî÷íî áîëüøèõ t
âûâîäèì îöåíêó d(∥u(t)− x0∥)/dt ≤ 0. Çíà÷èò, ôóíêöèÿ ρ(t) = ∥u(t)− x0∥ íå âîçpàñòà-
åò ïpè äîñòàòî÷íî áîëüøèõ t, ÷òî ïpîòèâîpå÷èò ïpåäïîëîæåíèþ î íåîãpàíè÷åííîñòè
∥u(t)∥. Àíàëîãè÷íîå óòâåpæäåíèå èìååò ìåñòî è äëÿ påøåíèÿ çàäà÷è (3.17), (3.18).

Ç à ì å ÷ à í è å 3.2. Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèé ïîñòðîåííûõ
â äàííîé ðàáîòå ñìåøàííûõ âàðèàöèîííûõ íåðàâåíñòâ ìû ïîëüçîâàëèñü òåîðåìîé 8.5 èç
[1], c.265, ãäå ïñåâäîìîíîòîííûé îïåðàòîð ïî îïðåäåëåíèþ ñ÷èòàåòñÿ îãðàíè÷åííûì(ñì.
òàì æå, ñ.190). Â îñòàëüíûõ ðàññóæäåíèÿõ äîêàçàòåëüñòâ òåîðåì 1 � 3 îãðàíè÷åííîñòü
A íå èñïîëüçîâàëàñü. Åñëè â [1] ïðè äîêàçàòåëüñòâå òåîðåìû 8.2 ïðèìåíèòü óòâåðæäå-
íèÿ èç [13], òî òðåáîâàíèå îãðàíè÷åííîñòè îïåðàòîðà A ìîæíî ñíÿòü.

Ç à ì å ÷ à í è å 3.3. Ìîæíî ðàññìàòðèâàòü ñìåøàííîå âàðèàöèîííîå íåðàâåí-
ñòâî (1.1) íå íà âñåì ïðîñòðàíñòâå H, à íà âûïóêëîì çàìêíóòîì ìíîæåñòâå Ω èç
H. Òåîðåìû ñóùåñòâîâàíèÿ ðåøåíèé òàêèõ íåðàâåíñòâ èìåþòñÿ â [12], c. 187. Èç òåî-
ðåìû 2 âûòåêàåò ñõîäèìîñòü èçó÷åííîãî â äàííîé ðàáîòå ìåòîäà ðåãóëÿðèçàöèè äëÿ
ñìåøàííîãî âàðèàöèîííîãî íåðàâåíñòâà

(Ax− f, x− y) + φ(x)− φ(y) ≤ 0, x ∈ Ω ∀y ∈ Ω

ïðè íåâîçìóùåííîì ìíîæåñòâå Ω.

Ç à ì å ÷ à í è å 3.4. Åñëè îïðåäåëåííûì îáðàçîì (ñì. [3] è [4]) óñëîæíèòü ðåãó-
ëÿðèçîâàííûå çàäà÷è, òî îò òðåáîâàíèé (3.25), (3.26) ìîæíî áóäåò îòêàçàòüñÿ.
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First-order regularized continuous methods for mixed

variational inequalities

c⃝ I.P. Ryazantseva2

Abstract. First-order regularized continuous and operator methods by operator and by functional
are constructed for mixed variational inequalities in Hilbert space with monotone operator and
property convex functional. Su�cient conditions of convergence to normal solution of initial
problem are obtained.
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functional.
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Â Ñðåäíåâîëæñêîì ìàòåìàòè÷åñêîì îáùåñòâå

ÓÄÊ 533.6.013.42

Ñðàâíèòåëüíûé àíàëèç óñëîâèé äèíàìè÷åñêîé

óñòîé÷èâîñòè óïðóãîãî ýëåìåíòà êàíàëà ïðè

âçàèìîäåéñòâèè ñ ïîòîêîì ñæèìàåìîé è íåñæèìàåìîé

ñðåäû

c⃝ À.Â. Àíêèëîâ1, Ï.À. Âåëüìèñîâ2, Þ.Ê. Ñàãäååâà3

Àííîòàöèÿ. Èññëåäóåòñÿ äèíàìè÷åñêàÿ óñòîé÷èâîñòü óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà ïðè
ïðîòåêàíèè â íåì äîçâóêîâîãî ïîòîêà èäåàëüíîé æèäêîñòè (ãàçà). Îïðåäåëåíèå óñòîé÷èâî-
ñòè óïðóãîãî òåëà ñîîòâåòñòâóåò êîíöåïöèè óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ïî Ëÿïóíîâó.
Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè, íàëàãàþùèå îãðàíè÷åíèÿ íà ñêîðîñòü ïîòî-
êà, ñæèìàþùåãî (ðàñòÿãèâàþùåãî) ýëåìåíò óñèëèÿ, èçãèáíóþ æåñòêîñòü óïðóãîãî ýëåìåíòà
è äðóãèå ïàðàìåòðû ìåõàíè÷åñêîé ñèñòåìû. Ïðîâåäåíî ñðàâíåíèå îáëàñòåé óñòîé÷èâîñòè äëÿ
ñæèìàåìîé è íåñæèìàåìîé ñðåäû.

Êëþ÷åâûå ñëîâà: àýðîãèäðîóïðóãîñòü, óñòîé÷èâîñòü, óïðóãàÿ ïëàñòèíà, äåôîðìàöèÿ, äî-
çâóêîâîé ïîòîê, ñæèìàåìàÿ è íåñæèìàåìàÿ ñðåäà.

1. Ââåäåíèå

Ïðè ïðîåêòèðîâàíèè êîíñòðóêöèé, îáòåêàåìûõ ïîòîêîì ãàçà èëè æèäêîñòè, âàæíîå
çíà÷åíèå èìååò èññëåäîâàíèå óñòîé÷èâîñòè äåôîðìèðóåìûõ ýëåìåíòîâ, òàê êàê âîçäåé-
ñòâèå ïîòîêà ìîæåò ïðèâîäèòü ê óâåëè÷åíèþ àìïëèòóäû êîëåáàíèé, è, òåì ñàìûì, ê èõ
ðàçðóøåíèþ.

Â òî æå âðåìÿ äëÿ ôóíêöèîíèðîâàíèÿ íåêîòîðûõ òåõíè÷åñêèõ óñòðîéñòâ ÿâëåíèå âîç-
áóæäåíèÿ êîëåáàíèé ïðè àýðîãèäðîäèíàìè÷åñêîì âîçäåéñòâèè, óêàçàííîå âûøå â êà÷åñòâå
íåãàòèâíîãî, ÿâëÿåòñÿ íåîáõîäèìûì. Ïðèìåðàìè ïîäîáíûõ óñòðîéñòâ, îòíîñÿùèõñÿ ê âèá-
ðàöèîííîé òåõíèêå, èñïîëüçóåìûõ äëÿ èíòåíñèôèêàöèè òåõíîëîãè÷åñêèõ ïðîöåññîâ, ÿâëÿ-
þòñÿ óñòðîéñòâà äëÿ ïðèãîòîâëåíèÿ îäíîðîäíûõ ñìåñåé è ýìóëüñèé, íàïðèìåð, óñòðîéñòâ
äëÿ ïîäà÷è ñìàçî÷íî-îõëàæäàþùåé æèäêîñòè â çîíó îáðàáîòêè (ñì., íàïðèìåð, [1]).

Òàêèì îáðàçîì, ïðè ïðîåêòèðîâàíèè êîíñòðóêöèé è óñòðîéñòâ, íàõîäÿùèõñÿ âî âçàèìî-
äåéñòâèè ñ ãàçîæèäêîñòíîé ñðåäîé, íåîáõîäèìî ðåøàòü çàäà÷è, ñâÿçàííûå ñ èññëåäîâàíèåì
óñòîé÷èâîñòè óïðóãèõ ýëåìåíòîâ, òðåáóåìîé äëÿ èõ ôóíêöèîíèðîâàíèÿ è íàäåæíîñòè ýêñ-
ïëóàòàöèè.

Â ðàáîòå èññëåäóåòñÿ äèíàìè÷åñêàÿ óñòîé÷èâîñòü óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà
ïðè ïðîòåêàíèè â íåì äîçâóêîâîãî ïîòîêà èäåàëüíîé ñæèìàåìîé èëè íåñæèìàåìîé ñðåäû
(æèäêîñòè èëè ãàçà). Îïðåäåëåíèå óñòîé÷èâîñòè óïðóãîãî òåëà ñîîòâåòñòâóåò êîíöåïöèè

1 Äîöåíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; ankil@ulstu.ru.

2 Çàâ. êàôåäðîé ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; velmisov@ulstu.ru.

3 Àñïèðàíò êàôåäðû ¾Âûñøàÿ ìàòåìàòèêà¿, Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ã. Óëüÿíîâñê; Julianna5361@rambler.ru.
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óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì ïî Ëÿïóíîâó. Èññëåäîâàíèå óñòîé÷èâîñòè ïðîâîäèòñÿ
â ëèíåéíîé ïîñòàíîâêå, ñîîòâåòñòâóþùåé ìàëûì âîçìóùåíèÿì îäíîðîäíîãî äîçâóêîâîãî
ïîòîêà è ìàëûì ïðîãèáàì óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà. Íà îñíîâå ïîñòðîåíèÿ ôóíê-
öèîíàëîâ äëÿ ñâÿçàííûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
äëÿ äâóõ íåèçâåñòíûõ ôóíêöèé � ïðîãèáà óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà è ïîòåíöèàëà
ñêîðîñòè æèäêîñòè (ãàçà), ïîëó÷åíû óñëîâèÿ óñòîé÷èâîñòè ðåøåíèé ýòèõ ñèñòåì.

2. Ïîñòàíîâêà çàäà÷è äëÿ ñæèìàåìîé ñðåäû

Ðàññìîòðèì ïëîñêîå òå÷åíèå â ïðÿìîëèíåéíîì êàíàëå J = {(x, y) ∈ R2 : 0 < x < x0,
0 < y < y0} . Ñêîðîñòü íåâîçìóùåííîãî îäíîðîäíîãî ïîòîêà ðàâíà V è íàïðàâëåíà âäîëü
îñè Ox . Óïðóãîé ÿâëÿåòñÿ ÷àñòü ñòåíêè y = y0 ïðè x ∈ [b, c] (ðèñ. [2.1] 2.1).

Ð è ñ ó í î ê 2.1

Êàíàë, ñòåíêà êîòîðîãî ñîäåðæèò äåôîðìèðóåìûé ýëåìåíò

Ââåäåì îáîçíà÷åíèÿ: w (x, t) � ôóíêöèÿ äåôîðìàöèè óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà;
φ (x, y, t) � ïîòåíöèàë ñêîðîñòè âîçìóùåííîãî ïîòîêà.

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è èìååò âèä:

φtt + 2V φxt + V 2φxx = a2 (φxx + φyy) , (x, y) ∈ J, t ≥ 0, (2.1)

φy (x, y0, t) = ẇ (x, t) + V w′ (x, t) , x ∈ (b, c) , t ≥ 0, (2.2)

φy (x, y0, t) = 0, x ∈ (0, b] ∪ [c, x0) , t ≥ 0, (2.3)

φy (x, 0, t) = 0, x ∈ (0, x0) , t ≥ 0, (2.4)

φ (0, y, t) = 0, φ (x0, y, t) = 0, y ∈ (0, y0) , t ≥ 0, (2.5)

L (w) = −ρ (φt (x, y0, t) + V φx (x, y0, t)) , x ∈ (b, c) , t ≥ 0. (2.6)

Äèôôåðåíöèàëüíûé îïåðàòîð L (w) çàäàåòñÿ âûðàæåíèåì

L (w) ≡ Dw′′′′ (x, t) + β2ẇ
′′′′ (x, t) +Mẅ (x, t) +Nw′′ (x, t) + β1ẇ (x, t) + β0w (x, t) . (2.7)

Èíäåêñû x, y, t ñíèçó îáîçíà÷àþò ÷àñòíûå ïðîèçâîäíûå ïî x, y, t ; øòðèõ è òî÷êà �
÷àñòíûå ïðîèçâîäíûå ïî x è t ñîîòâåòñòâåííî; ρ � ïëîòíîñòü æèäêîñòè â îäíîðîäíîì
íåâîçìóùåííîì ïîòîêå; D , M � èçãèáíàÿ æåñòêîñòü è ïîãîííàÿ ìàññà óïðóãîãî ýëåìåíòà;
N � ñæèìàþùàÿ (ðàñòÿãèâàþùàÿ) óïðóãèé ýëåìåíò ñèëà; β1, β2 � êîýôôèöèåíòû âíåøíå-
ãî è âíóòðåííåãî äåìïôèðîâàíèÿ; β0 � êîýôôèöèåíò æåñòêîñòè îñíîâàíèÿ; a � ñêîðîñòü
çâóêà â íåâîçìóùåííîì ïîòîêå æèäêîñòè ( a > V ).
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Ïðåäïîëîæèì, ÷òî êîíöû óïðóãîãî ýëåìåíòà çàêðåïëåíû ëèáî æåñòêî, ëèáî øàðíèðíî,
òîãäà ïðè x = b è x = c âûïîëíÿåòñÿ îäíî èç óñëîâèé

1)w = w′ = 0, 2)w = w′′ = 0. (2.8)

Äëÿ äâóõ íåèçâåñòíûõ ôóíêöèé � ïðîãèáà óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà w (x, t) è
ïîòåíöèàëà ñêîðîñòè ñæèìàåìîé æèäêîñòè (ãàçà) φ (x, y, t) èìååì ñâÿçàííóþ çàäà÷ó (2.1)
- (2.8).

3. Èññëåäîâàíèå óñòîé÷èâîñòè äëÿ ñæèìàåìîé ñðåäû

Èññëåäóåì óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ φ (x, y, t) ≡ 0, w (x, t) ≡ 0 ñèñòåìû (2.1) -
(2.8) ïî Ëÿïóíîâó. Ââåäåì ôóíêöèîíàë

Φ (t) =

∫∫
J

(
φ2
t +

(
a2 − V 2

)
φ2
x + a2φ2

y

)
dxdy − 2a2V

c∫
b

φ (x, y0, t)w
′ (x, t) dx+

+
a2

ρ

c∫
b

(
Mẇ2 +Dw′′2 −Nw′2 + β0w

2
)
dx.

(3.1)

Äëÿ ôóíêöèé φ (x, y, t) è w (x, t) , óäîâëåòâîðÿþùèõ óðàâíåíèÿì (2.1) è (2.6), (2.7),
ïðîèçâîäíàÿ îò Φ ïî t ïðèìåò âèä

Φ̇(t) = 2

∫∫
J

(
φt

(
−2V φxt − V 2φxx + a2 (φxx + φyy)

)
+
(
a2 − V 2

)
φxφxt+

+ a2φyφyt

)
dxdy − 2a2V

c∫
b

(φt (x, y0, t)w
′ (x, t) + φ (x, y0, t) ẇ

′ (x, t)) dx+

+
2a2

ρ

c∫
b

(ẇ {−ρ (φt (x, y0, t) + V φx (x, y0, t))−Dw′′′′ − β2ẇ
′′′′ −Nw′′−

−β1ẇ − β0w}+Dw′′ẇ′′ −Nw′ẇ′ + β0wẇ) dx.

(3.2)

Ïðîèçâåäÿ èíòåãðèðîâàíèå ñ ó÷åòîì óñëîâèé (2.2)-(2.5), (2.8), ïîëó÷èì

Φ̇ (t) = −2a2

ρ

c∫
b

(
β2ẇ

′′2 + β1ẇ
2
)
dx.

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ
β2 ≥ 0, β1 ≥ 0, (3.3)

òîãäà èìåþò ìåñòî íåðàâåíñòâà

Φ̇ (t) ≤ 0 ⇒ Φ (t) ≤ Φ (0) . (3.4)

Äëÿ îöåíêè ôóíêöèîíàëà äëÿ ôóíêöèè w (x, t) çàïèøåì íåðàâåíñòâà Ðýëåÿ [2]

c∫
b

w′′2 (x, t) dx ≥ λ1

c∫
b

w′2 (x, t) dx,

c∫
b

w′′2 (x, t) dx ≥ µ1

c∫
b

w2 (x, t) dx, (3.5)
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ãäå λ1 , µ1 - íàèìåíüøèå ñîáñòâåííûå çíà÷åíèÿ êðàåâûõ çàäà÷ ψ′′′′ (x) = −λψ′′ (x) ,
ψ′′′′ (x) = µψ (x) , x ∈ (b, c) ñ ãðàíè÷íûìè óñëîâèÿìè (2.8), è íåðàâåíñòâî Ðýëåÿ

x0∫
0

φ2
x(x, y, t)dx ≥ η1

x0∫
0

φ2(x, y, t)dx, (3.6)

ãäå η1 = π2

x20
- íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå êðàåâîé çàäà÷è −ψ′′ = ηψ , x ∈ (0, x0) ñ

êðàåâûìè óñëîâèÿìè ψ (0) = 0, ψ (x0) = 0 , ñîîòâåòñòâóþùèìè (2.5).
Èíòåãðèðóÿ íåðàâåíñòâî (3.6) îò 0 äî y0 ïî ïåðåìåííîé y , îêîí÷àòåëüíî ïîëó÷èì∫∫

J

φ2
x(x, y, t)dxdy ≥ π2

x20

∫∫
J

φ2(x, y, t)dxdy. (3.7)

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì Êîøè - Áóíÿêîâñêîãî, ïîëó÷èì íåðàâåíñòâà

w2 (x, t) ≤ (c− b)

c∫
b

w′2 (x, t) dx, (3.8)

∫∫
J

φ2
ydxdy ≥ 2

y20

∫∫
J

(φ (x, y0, t)− φ (x, y, t))2 dxdy. (3.9)

Îöåíèì Φ (0) ñâåðõó, èñïîëüçóÿ íåðàâåíñòâà (3.5) è î÷åâèäíîå íåðàâåíñòâî −2ab ≤
≤ a2 + b2

Φ (0) ≤
∫∫
J

(
φ2
t0 +

(
a2 − V 2

)
φ2
x0 + a2φ2

y0

)
dxdy + a2

c∫
b

φ2 (x, y0, 0) dx+

+
a2

ρ

c∫
b

(
Mẇ2

0+

(
D +

|N |+ ρV 2

λ1
+
β0
µ1

)
w′′

0
2

)
dx,

(3.10)

ãäå ââåäåíû îáîçíà÷åíèÿ φt0 = φt (x, y, 0) , φx0 = φx (x, y, 0) , φy0 = φy (x, y, 0) ,
ẇ0 = ẇ (x, 0) , w′′

0 = w′′ (x, 0) .
Îöåíèì Φ (t) ñíèçó. Ïðèìåíÿÿ (3.5), (3.7), (3.9) äëÿ (3.1), ïîëó÷èì íåðàâåíñòâî

Φ (t) ≥
∫∫
J

(
φ2
t +

(
a2 − V 2

) π2

x20
φ2 +

2a2

y20
(φ (x, y0, t)− φ (x, y, t))2

)
dxdy−

−2a2V

c∫
b

φ (x, y0, t)w
′ (x, t) dx+

a2

ρ

c∫
b

(λ1D −N)w′2dx.

(3.11)

Ââåäåì îáîçíà÷åíèå

f(x, t) =

{ 0, x ∈ (0, b] ,
w′(x, t), x ∈ (b, c),
0, x ∈ [c, x0),

òîãäà èç (3.11) ïîëó÷èì íåðàâåíñòâî

Φ (t) ≥
∫∫
J

[
φ2
t (x, y, t) +

((
a2 − V 2

) π2

x20
+

2a2

y20

)
φ2 (x, y, t)− 4a2

y20
φ (x, y0, t)×

×φ (x, y, t) +
2a2

y20
φ2 (x, y0, t)−

2a2V

y0
φ (x, y0, t) f (x, t) +

a2 (λ1D −N)

ρy0
f 2 (x, t)

]
dxdy.

(3.12)
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Ââåäåì îáîçíà÷åíèÿ

d11 =
(a2 − V 2)π2

x20
+

2a2

y20
, d22 = d12 =

2a2

y20
, d23 =

V

y20
, d33 =

a2 (λ1D −N)

ρy0
. (3.13)

Ñîãëàñíî êðèòåðèþ Ñèëüâåñòðà êâàäðàòè÷íàÿ ôîðìà îòíîñèòåëüíî
φ (x, y, t) , φ (x, y0, t) , f (x, t) â (3.12) áóäåò ïîëîæèòåëüíî îïðåäåëåííîé, åñëè âû-
ïîëíÿþòñÿ óñëîâèÿ

λ1D −N > 0, (3.14)

λ1D −N

ρy0
· 2 (a

2 − V 2) π2

x20
− V 2

(
(a2 − V 2) π2

x20
+

2a2

y20

)
> 0. (3.15)

Ïðåîáðàçóåì íåðàâåíñòâî (3.15)

N < λ1D − V 2x20ρy0
2 (a2 − V 2) π2

(
(a2 − V 2) π2

x20
+

2a2

y20

)
. (3.16)

Îöåíèâàÿ êâàäðàòè÷íóþ ôîðìó â (3.12) îòíîñèòåëüíî w (x, t) ñ ó÷åòîì (3.8), ïîëó÷èì

Φ (t) ≥ ∆3y0
∆2 (c− b)

w2 (x, t) , (3.17)

ãäå ∆2 = d11d22 − d212 > 0 , ∆3 = d33∆2 − d223d11 > 0 .
Ó÷èòûâàÿ (3.4), (3.10), (3.17), ïîëó÷èì íåðàâåíñòâî

w2 (x, t) ≤ ∆2 (c− b)

∆3y0

∫∫
J

(
φ2
t0 +

(
a2 − V 2

)
φ2
x0 + a2φ2

y0

)
dxdy + a2

c∫
b

φ2 (x, y0, 0) dx+

+
a2

ρ

c∫
b

(
Mẇ2

0 +

(
D +

|N |+ ρV 2

λ1
+
β0
µ1

)
w′′

0
2

)
dx,

èç êîòîðîãî ñëåäóåò òåîðåìà

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (3.3), (3.14), (3.16). Òîãäà ðåøåíèå
w (x, t) ñèñòåìû óðàâíåíèé (2.1)-(2.8) óñòîé÷èâî ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëü-
íûõ äàííûõ φt0, φx0, φy0, φ (x, y0, 0) , ẇ0, w

′′
0 .

Àíàëîãè÷íî îöåíèâàÿ êâàäðàòè÷íóþ ôîðìó â (3.12) îòíîñèòåëüíî φ (x, y, t) , ïîëó÷èì

Φ (t) ≥ ∆3

d22d33 − d223

∫∫
J

φ2 (x, y, t) dxdy. (3.18)

Ó÷èòûâàÿ (3.4), (3.10), (3.18), ïîëó÷èì íåðàâåíñòâî∫∫
J

φ2 (x, y, t) dxdy ≤ d22d33 − d223
∆3

∫∫
J

(
φ2
t0 +

(
a2 − V 2

)
φ2
x0 + a2φ2

y0

)
dxdy+

+a2
c∫

b

φ2 (x, y0, 0) dx+
a2

ρ

c∫
b

(
Mẇ2

0 +

(
D +

|N |+ ρV 2

λ1
+
β0
µ1

)
w′′

0
2

)
dx,

èç êîòîðîãî ñëåäóåò òåîðåìà

Ò å î ð å ì à 3.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (3.3), (3.14), (3.16). Òîãäà ðåøåíèå
φ (x, y, t) ñèñòåìû óðàâíåíèé (2.1)-(2.8) óñòîé÷èâî â ñðåäíåì (â èíòåãðàëüíîì ñìûñëå)
ïî îòíîøåíèþ ê âîçìóùåíèÿì íà÷àëüíûõ äàííûõ φt0, φx0, φy0, φ (x, y0, 0) , ẇ0, w

′′
0 .
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4. Ïîñòàíîâêà çàäà÷è è èññëåäîâàíèå óñòîé÷èâîñòè äëÿ íåñæèìà-
åìîé ñðåäû

Ïîòåíöèàë ñêîðîñòè äëÿ íåñæèìàåìîé ñðåäû óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà:

φxx + φyy = 0, (x, y) ∈ J, t ≥ 0. (4.1)

Äîáàâëÿÿ óñëîâèÿ (2.2) - (2.8), ïîëó÷èì ñâÿçàííóþ çàäà÷ó äëÿ äâóõ íåèçâåñòíûõ ôóíê-
öèé � ïðîãèáà óïðóãîãî ýëåìåíòà ñòåíêè êàíàëà w (x, t) è ïîòåíöèàëà ñêîðîñòè íåñæèìà-
åìîé ñðåäû φ (x, y, t) .

Àíàëîãè÷íî èññëåäóåì óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ φ (x, y, t) ≡ 0, w (x, t) ≡ 0
ñèñòåìû (4.1), (2.2) - (2.8) ïî Ëÿïóíîâó. Ââåäåì ôóíêöèîíàë

Φ (t) =

∫∫
J

(
φ2
x + φ2

y

)
dxdy − 2V

c∫
b

φ (x, y0, t)w
′ (x, t) dx+

+
1

ρ

c∫
b

(
Mẇ2 +Dw′′2 −Nw′2 + β0w

2
)
dx.

(4.2)

Ïðè âûïîëíåíèè óñëîâèé (3.3) ïîëó÷èì íåðàâåíñòâî (3.4). Ïóñòü âûïîëíÿåòñÿ óñëîâèå
(3.14), à òàêæå óñëîâèå

N < λ1D − ρV 2 (π2y20 + 2x20)

2π2y0
. (4.3)

Òîãäà ñïðàâåäëèâû íåðàâåíñòâà∫∫
J

φ2 (x, y, t)dxdy ≤ d22d33 − d223
∆3

Ψ, w2 (x, t) ≤ ∆2 (c− b)

∆3y0
Ψ,

ãäå ââåäåíû îáîçíà÷åíèÿ ∆2 = d11d22 − d212 > 0 , ∆3 = d33∆2 − d223d11 > 0 , d11 =
π2

x20
+

+
2

y20
, d22 =

2

y20
, d12 = − 2

y20
, d23 = −V

y20
, d33 =

λ1D −N

ρy0
, Ψ =

∫∫
J

(
φ2
x0 + φ2

y0

)
dxdy+

+

c∫
b

φ2 (x, y0, 0) dx+
1

ρ

c∫
b

(
Mẇ2

0 +

(
D +

|N |+ ρV 2

λ1
+
β0
µ1

)
w′′

0
2

)
dx.

Èç ýòèõ íåðàâåíñòâ ñëåäóåò òåîðåìà

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (3.3), (3.14), (4.3). Òîãäà ðåøåíèå
w (x, t) ñèñòåìû óðàâíåíèé (4.1), (2.2)-(2.8) óñòîé÷èâî ïî îòíîøåíèþ ê âîçìóùåíèÿì
íà÷àëüíûõ äàííûõ φt0, φx0, φy0, φ (x, y0, 0) , ẇ0, w

′′
0 . Ïðè ýòîì ðåøåíèå φ (x, y, t) óñòîé-

÷èâî â ñðåäíåì (â èíòåãðàëüíîì ñìûñëå).

5. Ñðàâíåíèå óñëîâèé óñòîé÷èâîñòè äëÿ ñæèìàåìîé è íåñæèìàå-
ìîé æèäêîñòè

Ðàññìîòðèì ïðèìåð ìåõàíè÷åñêîé ñèñòåìû. Ðàáî÷àÿ ñðåäà - âîçäóõ ( ρ = 1 ), ïëàñòèíà
èçãîòîâëåíà èç àëþìèíèÿ (E = 7 · 1010 , ρpl = 8480 ). Äðóãèå ïàðàìåòðû ìåõàíè÷åñêîé
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ñèñòåìû: a = 331 , x0 = 5, y0 = 0, 1, b = 2, c = 3, h = 0, 005, ν = 0, 31, D =
Eh3

12 (1− ν2)
=

806, 7 . Ïóñòü êîíöû óïðóãîé ïëàñòèíû çàêðåïëåíû øàðíèðíî, òîãäà λ1 =
π2

(c− b)2
= π2 .

Âñå çíà÷åíèÿ ïðèâåäåíû â ñèñòåìå ÑÈ.
Äëÿ íåðàâåíñòâ (3.16), (4.3) ïîñòðîåíû îáëàñòè óñòîé÷èâîñòè íà ïëîñêîñòè ¾ñæèìàþ-

ùåå (ðàñòÿãèâàþùåå) óñèëèå N � ñêîðîñòü ïîòîêà V ¿ (ðèñ. 5.1). Íà ðèñ. 5.1 ñâåòëî ñåðàÿ
îáëàñòü - îáëàñòü óñòîé÷èâîñòè äëÿ ñæèìàåìîãî ïîòîêà (íåðàâåíñòâî (3.16)), ñâåòëî ñåðàÿ
ïëþñ òåìíî ñåðàÿ îáëàñòè � îáëàñòü óñòîé÷èâîñòè äëÿ íåñæèìàåìîãî ïîòîêà (íåðàâåíñòâî
(4.3)). Ðèñóíêè 5.1à è 5.1á ïîêàçûâàþò, ÷òî ïðè V ∈ [0, 30] îòëè÷èÿ îáëàñòåé íåçíà÷èòåëü-
íû. Ïðè V > 30 (ðèñ. 5.1â, 5.1ã) îòëè÷èÿ ñòàíîâÿòñÿ âñå áîëåå ñóùåñòâåííûìè (ìîäåëü
íåñæèìàåìîé ñðåäû óæå íå ðàáîòàåò). Íà ðèñóíêå 5.1ã âèäíî, ÷òî ïðÿìàÿ V = a (çîíà
òðàíñçâóêà) ÿâëÿåòñÿ àñèìïòîòîé ãðàíèöû îáëàñòè (3.16).

Ð è ñ ó í î ê 5.1

Îáëàñòè óñòîé÷èâîñòè íà ïëîñêîñòè (N, V )

Ñïèñîê ëèòåðàòóðû

1. ÂåëüìèñîâÏ.À., ÃîðøêîâÃ.Ì., ÐÿáîâÃ.Ê., Ïàò. 2062662 Ðîññèéñêàÿ Ôåäåðàöèÿ,
ÌÏÊ6 Â 06 Â 1/18, 1/20. Ãèäðîäèíàìè÷åñêèé èçëó÷àòåëü; çàÿâèòåëü è ïàòåíòî-
îáëàäàòåëü Óëüÿíîâñêèé ãîñ. òåõíè÷. óí-ò. � �5038746/28; çàÿâë. 20.07.92; îïóáë.
27.06.96, Áþë. �18.

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



52

2. ÊîëëàòöË., Çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ, Íàóêà, Ì., 1968, 503 ñ.

The stability of an elastic element of the channel wall

c⃝ A.V. Ankilov4, P.A. Velmisov5, Yu.K. Sagdeeva6

Abstract. The dynamic stability of an elastic element of the channel wall is studies. In the channel
�ow the subsonic the stream of an ideal compressible �uid (gas). Determination of the stability
of an elastic body corresponds to the concept of stability of dynamical systems by Lyapunov.
Obtained the su�cient conditions for stability. Conditions impose limitations on the speed of the
uniform stream of gas, compressed (tensile) element of e�orts, the elastic element sti�ness and
other parameters of the mechanical system.

Key Words: aerohydroelasticity, stability, elastic plate, deformation, subsonic �ow, compressed
and incompressible liquid (gas).
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Ìîäåëèðîâàíèå äèíàìèêè êàäðîâ ñ èñïîëüçîâàíèåì

äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îòêëîíÿþùèìñÿ

àðãóìåíòîì

c⃝ Â.À. Àòðÿõèí1, Ï.À. Øàìàíàåâ2

Àííîòàöèÿ. Â ðàáîòå îïèñûâàåòñÿ ïðîöåññ ôîðìèðîâàíèÿ ïðîãíîçíîé îöåíêè äèíàìèêè êàä-
ðîâ. Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçóåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ îòêëîíÿþùèìñÿ àðãóìåíòîì. Äëÿ îòûñêàíèÿ îöåíîê íåèçâåñòíûõ ïàðàìåòðîâ ñèñòåìû èñ-
ïîëüçóåòñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ.

Êëþ÷åâûå ñëîâà: ïîòðåáíîñòü â êàäðàõ, ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé,
îòêëîíÿþùèéñÿ àðãóìåíò, ìåòîä íàèìåíüøèõ êâàäðàòîâ, ïðîãíîçèðîâàíèå, èíòåãðî-
èíòåðïîëÿöèîííûé ìåòîä.

1. Ââåäåíèå

Â íàñòîÿùåé ñòàòüå îïèñûâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðîãíîçèðîâàíèÿ èçìåíåíèÿ
÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ ñ ïîìîùüþ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-
íèé. Â îñíîâó ôîðìèðîâàíèÿ ìîäåëè ïîëîæåíû ìåõàíèçìû, ìíîãèå ãîäû èñïîëüçóþùèåñÿ
äëÿ ïðîãíîçèðîâàíèÿ ñîöèîäåìîãðàôè÷åñêîãî ïîâåäåíèÿ íàñåëåíèÿ, íàïðèìåð ïðîãíîçè-
ðîâàíèÿ ìèãðàöèè ãîðîäñêîãî íàñåëåíèÿ [1]. Àíàëîãè÷íûå ïîäõîäû ïðèìåíÿþòñÿ äëÿ ïðî-
ãíîçèðîâàíèÿ äèíàìèêè ýêîíîìè÷åñêèõ ïðîöåññîâ [3].

Äëÿ ïîñòðîåíèÿ ïðîãíîçà ñîâîêóïíîñòü ðàáîòíèêîâ ñòàðøå 24 ëåò ðàçîáüåì íà 10 âîç-
ðàñòíûõ ãðóïï. Âîçðàñòíîé äèàïàçîí ãðóïï ñ ïåðâîé ïî äåâÿòóþ áóäåò ñîñòàâëÿòü ïÿòü
ëåò. Äåñÿòàÿ ãðóïïà áóäåò âêëþ÷àòü âñåõ ðàáîòíèêîâ ñòàðøå 75 ëåò. Ðàññìîòðèì ñòàòè-
ñòè÷åñêèå äàííûå î ÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ äëÿ êàæäîé èç ïîëó÷åííûõ
ãðóïï. Íå îãðàíè÷èâàÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî êîëè÷åñòâåííûé ñîñòàâ ãðóïï ìåíÿ-
åòñÿ òîëüêî îäèí ðàç â ãîä. Îïðåäåëåííîå êîëè÷åñòâî ðàáîòíèêîâ çàâåäåíèé ÂÏÎ áóäåò
óâîëüíÿòüñÿ, à êàêîå-òî êîëè÷åñòâî íîâûõ êàäðîâ áóäåò ïðèõîäèòü íà èõ ìåñòî. Î÷åâèä-
íî, ÷òî ïðèòîê (èëè îòòîê) ðàáîòíèêîâ çàâåäåíèé ÂÏÎ âî ìíîãîì çàâèñèò îò ñîöèàëüíî-
ýêîíîìè÷åñêîãî ñîñòîÿíèÿ ðåãèîíà è óñëîâèé òðóäà â êîíêðåòíîì ïîäðàçäåëåíèè âûáðàí-
íîãî çàâåäåíèÿ ÂÏÎ äëÿ âûáðàííîé âîçðàñòíîé ãðóïïû. Çà÷àñòóþ äàííûå ôàêòîðû îñòà-
þòñÿ ïîñòîÿííûìè èç ãîäà â ãîä. À çíà÷èò, âëèÿíèå ýòèõ ôàêòîðîâ ìîæåò áûòü îöåíåíî ïî
ñòàòèñòè÷åñêèì äàííûì î ïðèòîêå è îòòîêå ðàáîòíèêîâ çàâåäåíèé ÂÏÎ çà íåêîòîðûé îòðå-
çîê âðåìåíè, ïðåäøåñòâóþùèé ïðîãíîçèðóåìîìó è êîëè÷åñòâåííîìó ñîñòàâó ýòîé ãðóïïû
â äàííûé ìîìåíò âðåìåíè.

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè,Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãà-
ð¼âà, ã. Ñàðàíñê; atrvol@rambler.ru.

2 Çàâåäóþùèé êàôåäðîé ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í. Ï. Îãàð¼âà, ã. Ñàðàíñê; korspa@yandex.ru.
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2. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè

Î÷åâèäíî, ÷òî íèêàêîå âëèÿíèå â îïèñûâàåìîé ñèñòåìå âçàèìîñâÿçåé íå îñóùåñòâëÿ-
åòñÿ ìãíîâåííî. Âñÿ ñèñòåìà â öåëîì äîñòàòî÷íî èíåðòíà è íå ìîæåò ñðàçó ðåàãèðîâàòü
íà òå, èëè èíûå èìïóëüñû. Ðàññìîòðèì îòäåëüíûå ñâÿçè. Âî-ïåðâûõ, èçìåíåíèå ÷èñëåí-
íîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ ñâÿçàííî ñ èçìåíåíèåì ÷èñëåííîñòè ðàáîòíèêîâ çàâåäå-
íèé ÂÏÎ â íåêîòîðîì ïðîøëîì. Âî-âòîðûõ, èçìåíåíèå ÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé
ÂÏÎ ñâÿçàííî ñ ÷èñëåííîñòüþ ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â äàííûé ìîìåíò âðåìåíè.

Òàêèì îáðàçîì, èçìåíåíèå ïîòîêà ïðèñîåäèíÿþùèõñÿ ê ðàáîòíèêàì çàâåäåíèé ÂÏÎ â
äàííûé ìîìåíò ñòàâèòñÿ â çàâèñèìîñòè îò ÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â äàí-
íûé ìîìåíò âðåìåíè, èíòåíñèâíîñòè ïîòîêà ïðèñîåäèíÿþùèõñÿ ê ðàáîòíèêàì çàâåäåíèé
ÂÏÎ â íåêîòîðîì ïðîøëîì è èíòåíñèâíîñòè ïîòîêà âûáûâàþùèõ èç ãðóïïû ðàáîòíèêîâ
çàâåäåíèé ÂÏÎ â íåêîòîðîì ïðîøëîì. Â èòîãå èçìåíåíèå ïîòîêà ïðèñîåäèíÿþùèõñÿ ê
ðàáîòíèêàì çàâåäåíèé ÂÏÎ â ìîìåíò âðåìåíè t îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâ-
íåíèåì ñ îòêëîíÿþùèìñÿ àðãóìåíòîì ñëåäóþùåãî âèäà:

ẏ(t) = a′w(t) + b′y(t− h) + c′z(t− h), (2.1)

ãäå w(t) - ÷èñëåííîñòü ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â ìîìåíò âðåìåíè t ; y(t) - èíòåíñèâ-
íîñòü ïîòîêà ïðèñîåäèíÿþùèõñÿ ê ãðóïïå ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â ìîìåíò âðåìåíè t ;
z(t) - èíòåíñèâíîñòü ïîòîêà âûáûâàþùèõ èç ãðóïïû ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â ìîìåíò
âðåìåíè t .

Îáðàòèìñÿ òåïåðü ê ïîòîêó ïîêèäàþùèõ ãðóïïó ðàáîòíèêîâ çàâåäåíèé ÂÏÎ. Èçìåíå-
íèå ïîòîêà âûáûâàþùèõ èç ãðóïïû ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â äàííûé ìîìåíò ñòàâèò-
ñÿ â çàâèñèìîñòü îò ÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â äàííûé ìîìåíò âðåìåíè,
èíòåíñèâíîñòè ïîòîêà âûáûâàþùèõ èç ãðóïïû ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â íåêîòîðîì
ïðîøëîì è èíòåíñèâíîñòè ïîòîêà ïðèñîåäèíÿþùèõñÿ ê ãðóïïå ðàáîòíèêîâ çàâåäåíèé ÂÏÎ
â íåêîòîðîì ïðîøëîì. Òàêèì îáðàçîì, èçìåíåíèå ïîòîêà âûáûâàþùèõ èç ãðóïïû ðàáîò-
íèêîâ çàâåäåíèé ÂÏÎ â ìîìåíò âðåìåíè t îïèñûâàåòñÿ óðàâíåíèåì ñ îòêëîíÿþùèìñÿ
àðãóìåíòîì ñëåäóþùåãî âèäà:

ż(t) = a′′w(t) + b′′z(t− h) + c′′y(t− h), (2.2)

Áàëàíñîâîå óðàâíåíèå, ñâÿçûâàþùåå ïðèðîñò è îòòîê ÷èñëåííîñòè ïðåòåíäåíòîâ íà
ïîñòóïëåíèå â àñïèðàíòóðó ñ êîëè÷åñòâîì ëþäåé â äàííîé ãðóïïå èìååò âèä:

ẇ(t) = y(t)− z(t), (2.3)

Òàêèì îáðàçîì, ìàòåìàòè÷åñêàÿ ìîäåëü ïîòîêà ìîæåò áûòü ñôîðìóëèðîâàíà â âèäå
ñëåäóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé:

ẏ(t) = a′w(t) + b′y(t− h) + c′z(t− h),
ż(t) = a′′w(t) + b′′z(t− h) + c′′y(t− h),
ẇ(t) = y(t)− z(t),

(2.4)

âñå êîýôôèöèåíòû êîòîðîé ïîñòîÿííû è íå çàâèñÿò îò âðåìåíè t .
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3. Ïåðåõîä ê ðàçíîñòíîé ñõåìå

×òîáû ýêñïåðèìåíòàëüíî ïðîâåðèòü ïðàâèëüíîñòü ñôîðìóëèðîâàííîé ìîäåëè, íåîá-
õîäèìî ïåðåéòè îò ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ê íåêîòîðîé âû÷èñëèòåëüíîé
ñõåìå, ïîçâîëÿþùåé îöåíèòü âåëè÷èíû ÷èñëåííîñòè ïðåòåíäåíòîâ íà ïîñòóïëåíèå â àñ-
ïèðàíòóðó è ¾ìèãðàöèîííûõ¿ ïîòîêîâ â ðåàëüíîì ìàñøòàáå âðåìåíè ñ îðèåíòàöèåé íà
ñóùåñòâóþùèå ìåòîäû ó÷åòà. Çàìåòèì, ÷òî â ñèñòåìå (2.4) ìû èìåëè äåëî ñ ¾ìãíîâåí-
íûìè¿ çíà÷åíèÿìè ÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ, ïîòîêîâ âëèâàþùèõñÿ â ýòó
ãðóïïó è âûáûâàþùèõ èç íåå. Íà ïðàêòèêå æå ìû ðàñïîëàãàåì ëèøü äàííûìè ãîäîâîãî
ó÷åòà. Ïîýòîìó íàì íåîáõîäèìî ïåðåéòè îò ñèñòåìû (2.4) ê ñèñòåìå, â êîòîðîé ôèãóðè-
ðóþò èíòåãðàëû îò ñîîòâåòñòâóþùèõ ôóíêöèé. Äàííûé ïåðåõîä îñóùåñòâèì ñ ïîìîùüþ
èíòåãðî-èíòåðïîëÿöèîííîãî ìåòîäà ïîñòðîåíèÿ ðàçíîñòíûõ ñõåì [2].

Ïóñòü äëèíà îòðåçêà âðåìåíè [t0, T ] , çà êîòîðûé ìîæíî ïîëó÷èòü èíôîðìàöèþ, ðàâíà
T − t0 = Nδ , ãäå δ - øàã èíòåãðèðîâàíèÿ. Ïðåäïîëîæèì, ÷òî ñ òî÷íîñòüþ äî íåêîòîðî-
ãî ε > 0 êîýôôèöèåíòû ñèñòåìû (1) ïîñòîÿííû íà êàæäîì èíòåðâàëå ((i − 1)δ, iδ), i =
1, 2, ..., N) . Ïðîèíòåãðèðîâàâ ñèñòåìó (2.4) ïî èíòåðâàëó ((i− 1)δ, iδ) ïîëó÷èì íîâóþ ñè-
ñòåìó:



iδ∫
(i−1)δ

ẏ(τ)dτ = a′
iδ∫

(i−1)δ

w(τ)dτ + b′
iδ∫

(i−1)δ

y(τ − δ)dτ + c′
iδ∫

(i−1)δ

z(τ − δ)dτ,

iδ∫
(i−1)δ

ż(τ)dτ = a′′
iδ∫

(i−1)δ

w(τ)dτ + b′′
iδ∫

(i−1)δ

z(τ − δ)dτ + c′′
iδ∫

(i−1)δ

y(τ − δ)dτ,

iδ∫
(i−1)δ

ẇ(τ)dτ =
iδ∫

(i−1)δ

y(τ)dτ −
iδ∫

(i−1)δ

z(τ)dτ.

(3.1)

Ïîñêîëüêó ïðàêòè÷åñêè çíà÷åíèÿ âåëè÷èí Y, Z, w,R èçâåñòíû ëèøü â êîíå÷íîì ÷èñ-
ëå òî÷åê îòðåçêà [t0, T ] , òî ÷èñëî δ óäîáíî ñ÷èòàòü ìèíèìàëüíûì ðàññòîÿíèåì ìåæäó
òî÷êàìè îòðåçêà [t0, T ] , â êîòîðûõ è çàäàíû çíà÷åíèÿ ýòèõ âåëè÷èí.

Ïðåäïîëîæèì äàëåå, ÷òî ôóíêöèÿ w(t) ñëàáî ìåíÿåòñÿ íà èíòåðâàëå ((i− 1)δ, iδ), i =
1, 2, ..., N) è ÷òî çíà÷åíèÿ w(t) èçâåñòíû íàì ëèøü íà ãðàíèöàõ ýòîãî èíòåðâàëà. Òîãäà

ïðàâîìåðíà çàìåíà
iδ∫

(i−1)δ

w(τ)dτ â ñèñòåìå (3.1) íà âûðàæåíèå [w((i− 1)δ) +w(iδ)]δ/2, i =

1, 2, ..., N) .

Àïïðîêñèìèðóåì êîíå÷íûìè ðàçíîñòÿìè [
iδ∫

(i−1)δ

y(τ)dτ -
(i−1)δ∫
(i−2)δ

y(τ)dτ ]/δ , [
iδ∫

(i−1)δ

z(τ)dτ -

(i−1)δ∫
(i−2)δ

z(τ)dτ ]/δ - ñîîòâåòñòâóþùèå ïðîèçâîäíûå èç (3.1). Ñ ó÷åòîì ýòèõ çàìå÷àíèé, ïîëó÷èì

ñëåäóþùóþ ñèñòåìó êîíå÷íî-ðàçíîñòíûõ óðàâíåíèé:
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

[
iδ∫

(i−1)δ

y(τ)dτ −
(i−1)δ∫
(i−2)δ

y(τ)dτ ]/δ = a′[w((i− 1)δ) + w(iδ)]δ/2+

+b′
iδ∫

(i−1)δ

y(τ − δ)dτ + c′
iδ∫

(i−1)δ

z(τ − δ)dτ + d′,

[
iδ∫

(i−1)δ

z(τ)dτ −
(i−1)δ∫
(i−2)δ

z(τ)dτ ]/δ = a′′[w((i− 1)δ) + w(iδ)]δ/2+

+b′′
iδ∫

(i−1)δ

z(τ − δ)dτ + c′′
iδ∫

(i−1)δ

y(τ − δ)dτ + d′′,

[
iδ∫

(i−1)δ

w(τ)dτ −
(i−1)δ∫
(i−2)δ

w(τ)dτ ]/δ =
iδ∫

(i−1)δ

y(τ)dτ −
iδ∫

(i−1)δ

z(τ)dτ.

(3.2)

Ïðåäïîëàãàÿ, ÷òî ïåðåõîäû èç îäíîé âîçðàñòíîé ãðóïïû â äðóãóþ îñóùåñòâëÿþòñÿ â
ôèêñèðîâàííûé ìîìåíò âðåìåíè, ïîëîæèì δ = 1 . Ïðåíåáðåãàÿ òàêæå ïîãðåøíîñòÿìè d′ ,
d′′ , ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé:

ȳij = aij[w((i− 1)δ) + w(iδ)]/2 + (bij + 1)ȳij−1 + cij z̄
i
j−1,

z̄ij = kij[w((i− 1)δ) + w(iδ)]/2 + (lij + 1)z̄ij−1 +mi
j ȳ

i
j−1,

w̄i
j = w̄i−1

j + ȳij − z̄ij.
(3.3)

ãäå ȳij - êîëè÷åñòâî ëþäåé j -îé âîçðàñòíîé ãðóïïû, ïðèñîåäèíÿþùèõñÿ ê ãðóïïå ðàáîò-
íèêîâ çàâåäåíèé ÂÏÎ â i -îì ãîäó, z̄ij - êîëè÷åñòâî ðàáîòíèêîâ çàâåäåíèé ÂÏÎ j -îé âîç-
ðàñòíîé ãðóïïû, âûáûâàþùèõ èç ÷èñëà ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â i -îì ãîäó, w̄i

j -
÷èñëåííîñòü ãðóïïû ðàáîòíèêîâ çàâåäåíèé ÂÏÎ j -îé âîçðàñòíîé ãðóïïû â i -îì ãîäó.

4. Îïèñàíèå ÷èñëåííîãî àëãîðèòìà äëÿ ôîðìèðîâàíèÿ ïðîãíîç-
íîé îöåíêè ïîòðåáíîñòè â êàäðàõ

Ðàññìîòðèì àëãîðèòì ïðîâåäåíèÿ âû÷èñëåíèé ïî ïðåäëîæåííîé ìîäåëè íà ïðèìåðå
äåñÿòè âîçðàñòíûõ ãðóïï. Óñëîâíî èçìåíåíèÿ, êîòîðûå ïðîèñõîäÿò â ãðóïïå ðàáîòíèêîâ
çàâåäåíèé ÂÏÎ J -îãî ãîäà ðîæäåíèÿ ( J -îãî ïîòîêà) ïðåäñòàâëåíû íà ðèñóíêå 4.1.

Ð è ñ ó í î ê 4.1

Äèíàìèêà ïîòîêà ðàáîòíèêîâ çàâåäåíèé ÂÏÎ

Ïðåäïîëîæèì, ÷òî ó íàñ åñòü äàííûå î êîëè÷åñòâå ðàáîòíèêîâ çàâåäåíèé ÂÏÎ 1-îé
âîçðàñòíîé ãðóïïû. Ïî íèì ìû ìîæåì âûÿñíèòü êîëè÷åñòâî ðàáîòíèêîâ wi

j . Êðîìå òîãî
íàì èçâåñòíà âñÿ ñòàòèñòè÷åñêàÿ èíôîðìàöèÿ ïî N ïîòîêàì, ïðåäøåñòâóþùèì ðàññìàò-
ðèâàåìîìó J -îìó ïîòîêó: yij, z

i
j, w

i
j, j = J −N, J, i = 2, 10 . Öåëü âû÷èñëåíèé � íàõîæäåíèå

w10
j . Ïåðåîáîçíà÷èâ êîýôôèöèåíòû â ñèñòåìå (3.3), ïîëó÷èì ñèñòåìó (4.1), êîòîðîé áóäåì

ïîëüçîâàòüñÿ äëÿ âû÷èñëåíèé:
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
ȳij = ai(w̄i

j + w̄i−1
j )/2 + biȳij−1 + ciz̄ij−1,

z̄ij = ki(w̄i
j + w̄i−1

j )/2 + liz̄ij−1 +miȳij−1,
w̄i

j = w̄i−1
j + ȳij − z̄ij.

(4.1)

Âû÷èñëåíèÿ ïðîâîäÿòñÿ ïîýòàïíî äëÿ êàæäîãî i îò 2 äî 10. Êîýôôèöèåíòû ai, bi, ci, i =
2, 10 ñèñòåìû (4.1) íàõîäÿòñÿ êàê ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
ñëåäóþùåãî âèäà:

AiTY i = AiTAiX i,

ãäå i = 2, 10 , Y i =

 yi2
...
yiN

 ,Ai =


w̄i

2+w̄i−1
2

2
ȳi1 z̄i1

...
...

...
w̄i

N+w̄i−1
N

2
ȳiN−1 z̄iN−1

 ,X i =

 ai

bi

ci

 .

À êîýôôèöèåíòû ki, li,mi, i = 2, 10 ñèñòåìû (4.1) íàõîäÿòñÿ êàê ðåøåíèå ñèñòåìû
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñëåäóþùåãî âèäà:

BiTZi = BiTBiF i,

ãäå i = 2, 10 , Zi =

 zi2
...
ziN

 ,Bi =


w̄i

2+w̄i−1
2

2
z̄i1 ȳi1

...
...

...
w̄i

N+w̄i−1
N

2
z̄iN−1 ȳiN−1

 ,Z i =

 ki

li

mi

 .

Ïîñëå íàõîæäåíèÿ êîýôôèöèåíòîâ aij, b
i
j, c

i
j, k

i
j, l

i
j,m

i
j ïðîãíîçíûå çíà÷åíèÿ wi

N+1 âû-
÷èñëÿþòñÿ ïî èòåðàöèîííîé ôîðìóëå:

w̄i
j =

(1 + aij/2− kij/2)w̄
i−1
j + (bij −mi

j)ȳ
i
j−1 + (cij − lij)z̄

i
j−1

1 + kij/2− aij/2

Âû÷èñëåíèÿ ïðîäîëæàþòñÿ äî òåõ ïîð, ïîêà íå áóäåò íàéäåíî wi
10 .

Òàêèì îáðàçîì, ïîñòðîåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëÿåò ïðîãíîçèðîâàòü èçìå-
íåíèå ÷èñëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ íà îñíîâå ñòàòèñòè÷åñêèõ äàííûõ î ÷èñ-
ëåííîñòè ðàáîòíèêîâ çàâåäåíèé ÂÏÎ â ðàçðåçå âîçðàñòíûõ ãðóïï çà íåñêîëüêî ëåò, ïðåä-
øåñòâóþùèõ ïðîãíîçèðóåìîìó îòðåçêó âðåìåíè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ôåäåðàëüíîé öåëåâîé ïðîãðàììû ¾Íàó÷íûå è
íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè íà 2010-2013 ãã.¿ Ãîñóäàðñòâåííûé
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Abstract. This article describes the process formation of the prospective evaluation of sta�ng
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Àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ

ïîëóëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ ðàçðûâíûìè

êîýôôèöèåíòàìè è ðåøåíèÿìè

c⃝ Ô.Â. Ëóáûøåâ1, Ì.Ý. Ôàéðóçîâ2, À.Ð. Ìàíàïîâà3

Àííîòàöèÿ. Èçëàãàåòñÿ ìåòîä ðàçíîñòíîé àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ
äëÿ ïîëóëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèåì.

Êëþ÷åâûå ñëîâà: çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, ïîëóëèíåéíûå ýëëèïòè÷åñêèå óðàâíå-
íèÿ, ðàçíîñòíûé ìåòîä ðåøåíèÿ, ìåòîä ðåãóëÿðèçàöèè.

1. Ââåäåíèå

Îñîáûé èíòåðåñ äëÿ èññëåäîâàíèÿ ïðåäñòàâëÿþò ôèçèêî-ìàòåìàòè÷åñêèå ïîñòàíîâêè
çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ, â êîòîðûõ, â ñèëó õàðàêòåðà èññëåäóåìîãî ôèçè÷åñêî-
ãî ïðîöåññà, ñîñòîÿíèÿ îïèñûâàþòñÿ íåëèíåéíûìè óðàâíåíèÿìè ìàòåìàòè÷åñêîé ôèçè-
êè (ÓÌÔ) ñ ðàçðûâíûìè êîýôôèöèåíòàìè è, êðîìå òîãî, èçíà÷àëüíî ïî ñâîåé ôèçèêî-
ìàòåìàòè÷åñêîé ïîñòàíîâêå, ñàìè ðåøåíèÿ ÓÌÔ äîïóñêàþò ðàçðûâû. Òàêèå çàäà÷è îï-
òèìèçàöèè íàèìåíåå èçó÷åíû, õîòÿ ðàçâèòèå òåîðèè è ìåòîäîâ èõ ðåøåíèÿ âûçâàíî ïî-
òðåáíîñòÿìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïîäîáíûõ îïòèìàëüíûõ ïðîöåññîâ, áîëüøîé
ïðèêëàäíîé âàæíîñòüþ òàêèõ çàäà÷.

Â íàñòîÿùåé ðàáîòå, ïî òåìàòèêå ïðèìûêàþùåé ê [3]-[13], ðàññìîòðåíû è èññëåäîâàíû
ìàòåìàòè÷åñêèå ïîñòàíîâêè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ïîëóëèíåéíûõ óðàâíå-
íèé ýëëèïòè÷åñêîãî òèïà ñ ïåðåìåííûìè êîýôôèöèåíòàìè â íåîäíîðîäíûõ àíèçîòðîïíûõ
ñðåäàõ ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè (ñ óñëîâèÿìè ñîïðÿæåíèÿ òèïà íåèäå-
àëüíîãî êîíòàêòà [9]-[11]). Ïîñòðîåíû è èññëåäîâàíû ðàçíîñòíûå àïïðîêñèìàöèè ýêñòðå-
ìàëüíûõ çàäà÷, óñòàíîâëåíû îöåíêè ñêîðîñòè ñõîäèìîñòè àïïðîêñèìàöèé ïî ñîñòîÿíèþ
è ôóíêöèîíàëó, ñëàáàÿ ñõîäèìîñòü ïî óïðàâëåíèþ. Ïðîâåäåíà ðåãóëÿðèçàöèÿ àïïðîêñè-
ìàöèé. Ïðè ýòîì èññëåäîâàíèÿ àïïðîêñèìàöèé ïðîâîäÿòñÿ äëÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, îïèñûâàþùèõ ðàçðûâíûå ñîñòîÿíèÿ ïðîöåññîâ óïðàâëåíèÿ ñ îáîáùåííûìè ðåøå-
íèÿìè èç êëàññîâ Ñîáîëåâà, ïðè åñòåñòâåííûõ íåçàâûøåííûõ àïðèîðíûõ òðåáîâàíèÿõ ê
ãëàäêîñòè âõîäíûõ äàííûõ è óïðàâëåíèé.

2. Ïîñòàíîâêà çàäà÷ îïòèìèçàöèè äëÿ ïîëóëèíåéíûõ ýëëèïòè÷å-
ñêèõ óðàâíåíèé ñ ðàçðûâíûìè êîýôôèöèåíòàìè è ðåøåíèÿìè
è èõ êîððåêòíîñòü

Ïóñòü Ω =
{
x = (x1, x2) ∈ R2 : 0 ≤ xα ≤ lα, α = 1, 2

}
� ïðÿìîóãîëüíèê â R2 ñ ãðàíèöåé

∂Ω = Γ . È ïóñòü îáëàñòü Ω ðàçäåëåíà ïðÿìîé x1 = ξ , ãäå 0 < ξ < l1 (¾âíóòðåííåé

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé èíôîðìàòèêè è ÷èñëåííûõ ìåòîäîâ, Áàøêèðñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò, ã. Óôà; v.lubyshev@mail.ru.

2 Äîöåíò êàôåäðû ïðèêëàäíîé èíôîðìàòèêè è ÷èñëåííûõ ìåòîäîâ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò, ã. Óôà; fairuzovme@mail.ru.

3 Äîöåíò êàôåäðû ïðèêëàäíîé èíôîðìàòèêè è ÷èñëåííûõ ìåòîäîâ, Áàøêèðñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò, ã. Óôà; aygulrm@mail.ru.
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ãðàíèöåé¿ S =
{
x1 = ξ, 0 ≤ x2 ≤ l2

}
, ãäå 0 < ξ < l1 ) íà ïîäîáëàñòè Ω1 ≡ Ω− =

{
0 < x1 <

ξ, 0 < x2 < l2} è Ω2 ≡ Ω+ =
{
ξ < x1 < l1, 0 < x2 < l2} (íà ëåâóþ è ïðàâóþ ïîäîáëàñòè

Ω− è Ω+ ) ñ ãðàíèöàìè ∂Ω1 ≡ ∂Ω− è ∂Ω2 ≡ ∂Ω+ . Òàê ÷òî îáëàñòü Ω åñòü îáúåäèíåíèå
îáëàñòåé Ω1 è Ω2 è âíóòðåííèõ òî÷åê ¾êîíòàêòíîé ãðàíèöû S ¿ ïîäîáëàñòåé Ω1 è Ω2 ,
à ∂Ω � âíåøíÿÿ ãðàíèöà îáëàñòè Ω (â îòëè÷èå îò S -âíóòðåííåé ãðàíèöû îáëàñòè Ω ).
Äàëåå, áóäåì îáîçíà÷àòü ÷åðåç Γk � ãðàíèöû îáëàñòåé Ωk áåç S , k = 1, 2 , òàê ÷òî
∂Ω1 = Γ1 ∪ S , ∂Ω2 = Γ2 ∪ S , ãäå ÷àñòè Γk , k = 1, 2 � îòêðûòûå íåïóñòûå ïîäìíîæåñòâà
â ∂Ωk , k = 1, 2 (Γk � îñòàâøàÿñÿ ÷àñòü ∂Ωk ïîñëå âû÷åòà S ), Γ1 ∪ Γ2 = ∂Ω = Γ .
×åðåç nα , α = 1, 2 áóäåì îáîçíà÷àòü âíåøíþþ íîðìàëü ê ãðàíèöå ∂Ωα îáëàñòè Ωα ,
α = 1, 2 . Ïóñòü, äàëåå, n = n(x) � åäèíè÷íàÿ íîðìàëü ê S â êàêîé-ëèáî åå òî÷êå x ∈ S ,
îðèåíòèðîâàííàÿ, íàïðèìåð, òàêèì îáðàçîì, ÷òî íîðìàëü n ÿâëÿåòñÿ âíåøíåé íîðìàëüþ
ê S ïî îòíîøåíèþ ê îáëàñòè Ω , òî åñòü íîðìàëü n íàïðàâëåíà âíóòðü îáëàñòè Ω2 . Íèæå
ïðè ïîñòàíîâêå êðàåâûõ çàäà÷, S � ýòî ïðÿìàÿ, âäîëü êîòîðîé ðàçðûâíû êîýôôèöèåíòû
è ðåøåíèÿ êðàåâûõ çàäà÷, êîòîðûå â îáëàñòÿõ Ω1 è Ω2 îáëàäàþò íåêîòîðîé ãëàäêîñòüþ.

Â äàëüíåéøåì íà êóñêàõ
◦
Γk , k = 1, 2 ãðàíèö ∂Ωk ïîëîæèòåëüíîé ìåðû áóäóò çàäàâàòüñÿ

ãðàíè÷íûå óñëîâèÿ îïðåäåëåííîãî òèïà.
Ïóñòü óñëîâèÿ óïðàâëÿåìîãî ôèçè÷åñêîãî ïðîöåññà ïîçâîëÿþò ìîäåëèðîâàòü åãî ñëå-

äóþùåé çàäà÷åé, à èìåííî, ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó â îáëàñòè Ω =
Ω1 ∪ Ω2 ∪ S , ñîñòîÿùåé èç äâóõ ïîäîáëàñòåé Ω1 è Ω2 , ðàçáèòîé íà ÷àñòè âíóòðåííåé
ãðàíèöåé S.

Çàäà÷à À. Òðåáóåòñÿ íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω âèäà u(x) = u1(x) ,
x ∈ Ω1 = Ω− , u(x) = u2(x) , x ∈ Ω2 = Ω− , ãäå êîìïîíåíòû u1(x) è u2(x) óäîâëåòâîðÿþò
óñëîâèÿì:
1) Ôóíêöèè uk(x) , k = 1, 2 , îïðåäåëåííûå íà Ωk = Ωk ∪ ∂Ωk , óäîâëåòâîðÿþò â Ωk óðàâ-
íåíèÿì

Lk uk = −
2∑

k=1

2∑
α=1

∂

∂xα

(
k(k)α (x)

∂uk
∂xα

)
+ dk(x)qk(uk) = fk(x), â Ωk, k = 1, 2, (2.1)

à íà ãðàíèöàõ ∂Ωk \ S = Γk óñëîâèÿì

uk(x) = 0, x ∈ Γk, k = 1, 2 (2.2)

2) Èñêîìûå ôóíêöèè uk(x) , k = 1, 2 , óäîâëåòâîðÿþò åùå äîïîëíèòåëüíûì óñëîâèÿì íà
S � ãðàíèöå ðàçðûâà êîýôôèöèåíòîâ è ðåøåíèÿ, ïîçâîëÿþùèì ¾cøèòü¿ ðåøåíèÿ u1(x)
è u2(x) âäîëü êîíòàêòíîé ãðàíèöû S îáëàñòåé Ω1 è Ω2 , ñëåäóþùåãî âèäà:

g(x) = k
(1)
1 (x)

∂u1
∂x1

= k
(2)
1 (x)

∂u2
∂x1

= θ(x2) (u2(x)− u1(x)) , x ∈ S. (2.3)

Åñëè ââåñòè ôóíêöèè âèäà

u(x) =

{
u1(x), x ∈ Ω1;
u2(x), x ∈ Ω2,

(2.4)

kα(x), d(x), f(x), q(ξ) =

{
k
(1)
α (x), d1(x), f1(x), q1(ξ), x ∈ Ω1;
k
(2)
α (x), d2(x), f2(x), q2(ξ), x ∈ Ω2, α = 1, 2,

(2.5)

òî çàäà÷ó (2.1)− (2.3) ìîæíî ïåðåïèñàòü â áîëåå êîìïàêòíîì âèäå:
Òðåáóåòñÿ íàéòè ôóíêöèþ u(x) , îïðåäåëåííóþ íà Ω , óäîâëåòâîðÿþùóþ â êàæäîé èç

îáëàñòåé Ω1 è Ω2 ïîëóëèíåéíîìó óðàâíåíèþ

Lu(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
+ d(x)q(u) = f(x), x ∈ Ω1 ∪ Ω2, (2.6)
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ãðàíè÷íûì óñëîâèÿì íà âíåøíåé ãðàíèöå ∂Ω è óñëîâèÿì ñîïðÿæåíèÿ íà âíóòðåííåé ãðà-
íèöå S (íà ãðàíèöå ðàçäåëà îáëàñòåé Ω1 è Ω2 )

u(x) = 0, x ∈ ∂Ω = Γ1 ∪ Γ2 = (∂Ω1 \ S) ∪ (∂Ω2 \ S) ,[
k1(x)

∂u

∂x1

]
= 0, g(x) =

(
k1(x)

∂u

∂x1

)
= θ(x2)[u], x ∈ S,

(2.7)

ãäå [u] = u2(x)−u1(x) = u+−u− � ñêà÷îê ôóíêöèè u(x) íà S , à k(1)α (x), k
(2)
α (x), d(x), f(x)

è q(ξ) , α = 1, 2 � èçâåñòíûå ôóíêöèè, îïðåäåëÿåìûå ïî-ðàçíîìó â Ω1 è Ω2 , îáëàäàþ-
ùèå íåêîòîðûìè óñëîâèÿìè ãëàäêîñòè â ñîîòâåòñòâóþùèõ îáëàñòÿõ Ωk , k = 1, 2 , ïðå-
òåðïåâàþùèìè ðàçðûâ íà S ïåðâîãî ðîäà; f1(x) ≡ g(x) � óïðàâëåíèå. Îòíîñèòåëüíî
çàäàííûõ ôóíêöèé áóäåì ïðåäïîëàãàòü: kα(x) ∈ W 1

∞(Ω1) ×W 1
∞(Ω2) , 0 < ν ≤ kα(x) ≤ ν ,

α = 1, 2 , x ∈ Ω1 ∪ Ω2 , d(x) ∈ L∞(Ω1) × L∞(Ω2) , 0 ≤ d0 ≤ d(x) ≤ d0 , x ∈ Ω1 ∪ Ω2 ,
θ(x2) ∈ L∞(S) , 0 < θ0 ≤ θ(x2) ≤ θ0 , x ∈ S , f2(x) ∈ L2(Ω2) , ν, ν, d0, d0, θ0, θ0 � çàäàí-
íûå êîíñòàíòû; ôóíêöèè qα(ξ) îïðåäåëåíû íà R ñî çíà÷åíèÿìè â R è óäîâëåòâîðÿþò

óñëîâèÿì: qα(0) = 0, 0 ≤ q0 ≤ qα(ξ1)− qα(ξ2)

ξ1 − ξ2
≤ Lq <∞, äëÿ âñåõ ξ1, ξ2 ∈ R, ξ1 ̸= ξ2 .

Ââåäåì ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé

U =
{
g(x) = f1(x) ∈ H(1) = L2(Ω1) : g0 ≤ g(x) ≤ g0 ï.â. íà Ω1

}
, (2.8)

g0 , g0 � çàäàííûå ÷èñëà, à ï.â. � ïî÷òè âñþäó. Çàäàäèì ôóíêöèîíàë öåëè J : U → R â
âèäå

g → J(g) =

∫
Ω1

∣∣∣u(x1, x2; g)− u
(1)
0 (x)

∣∣∣2 dΩ1 = I(u(x, g)), . (2.9)

ãäå u
(1)
0 ∈ W 1

2 (Ω1) - çàäàííàÿ ôóíêöèÿ. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîèò â òîì,
÷òîáû íàéòè òàêîå óïðàâëåíèå g∗ ∈ U , êîòîðîå ìèíèìèçèðóåò íà ìíîæåñòâå U ⊂ H(1)

ôóíêöèîíàë öåëè g → J(g) , òî÷íåå, íà ðåøåíèÿõ u(x) = u(x; g) çàäà÷è (2.6)− (2.7) , îò-
âå÷àþùèõ âñåì äîïóñòèìûì óïðàâëåíèÿì g = f1 ∈ U , òðåáóåòñÿ ìèíèìèçèðîâàòü ôóíê-
öèîíàë öåëè (2.9) .

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî V (Ω(1,2)) , Ω(1,2) = Ω1 ∪ Ω2 ïàð ôóíêöèé u(x) =
(u1(x), u2(x)) :

V (Ω(1,2)) =
{
u(x) = (u1(x), u2(x)) ∈ W 1

2 (Ω1)×W 1
2 (Ω2)

}
. (2.10)

Çäåñü W 1
2 (Ωk) , k = 1, 2 � Ñîáîëåâñêîå ïðîñòðàíñòâî ôóíêöèé, çàäàííûõ â ïîäîáëàñòÿõ

Ωk , k = 1, 2 , ñ ãðàíèöåé ∂Ωk , k = 1, 2 è íîðìîé [1]

∥uk∥W 1
2 (Ωk) =

∫
Ωk

[ 2∑
α=1

(
∂u

∂xα

)2

+ u2k

]
dΩk, k = 1, 2. (2.11)

Ñíàáæåííîå ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé

(u, ϑ)V = (u1, ϑ1)W 1
2 (Ω1) + (u2, ϑ2)W 1

2 (Ω2), ∥u∥2V =
2∑

k=1

∥uk∥2W 1
2 (Ωk)

, (2.12)

V = V (Ω(1,2)) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì.
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Ìîæíî ïîêàçàòü, ÷òî â ãèëüáåðòîâîì ïðîñòðàíñòâå V (Ω(1,2)) ìîæíî ââåñòè ýêâèâà-
ëåíòíóþ íîðìó

∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +
2∑

k=1

∫
Γk

u2k dΓk +

∫
S

[u]2 dS. (2.13)

Ïóñòü
◦
Γk � ÷àñòü ∂Ωk . ×åðåç W 1

2

(
Ωk;

◦
Γk

)
îáîçíà÷èì çàìêíóòîå ïîäïðîñòðàíñòâî ïðî-

ñòðàíñòâà W 1
2 (Ωk) , ïëîòíûì ìíîæåñòâîì â êîòîðîì ÿâëÿåòñÿ ìíîæåñòâî âñåõ ôóíêöèé èç

C1(Ωk) , ðàâíûõ íóëþ âáëèçè
◦
Γk⊂ ∂Ωk , k = 1, 2 � êàêîãî-ëèáî ó÷àñòêà

◦
Γk ãðàíèöû ∂Ωk .

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
◦
V Γ1,Γ2 (Ω

(1,2)) ïàð ôóíêöèé u(x) = (u1(x), u2(x)) :

◦
V Γ1,Γ2 (Ω

(1,2)) =
{
u(x) = (u1(x), u2(x)) ∈ W 1

2 (Ω1; Γ1)×W 1
2 (Ω2; Γ2)

}
(2.14)

ñ íîðìîé (2.13) :

∥u∥ ◦
V Γ1,Γ2

= ∥u∥2∗ =
2∑

k=1

∫
Ωk

2∑
α=1

(
∂uk
∂xα

)2

dΩk +

∫
S

[u]2 dS. (2.15)

Îáîáùåííûì ðåøåíèåì çàäà÷è À áóäåì íàçûâàòü òàêóþ ôóíêöèþ u(x) ∈
◦
V Γ1,Γ2 (Ω

(1,2)) ,
êîòîðàÿ óäîâëåòâîðÿåò èíòåãðàëüíîìó òîæäåñòâó

Q(u, ϑ) =

∫
Ω1∪Ω2

[ 2∑
α=1

kα(x)
∂u

∂xα

∂ϑ

∂xα
+ d(x) q(u)ϑ

]
dΩ(1,2) +

∫
Ω1∪Ω2

θ(x)[u][ϑ]dS =

=

∫
Ω1∪Ω2

f(x)ϑdΩ(1,2) = l(ϑ), ∀ϑ ∈
◦
V Γ1,Γ2 (Ω

(1,2)).

(2.16)

Ò å î ð å ì à 2.1. Ïðè ëþáîì g ∈ U ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøå-

íèå u(x) ∈
◦
V Γ1,Γ2 (Ω0) çàäà÷è À â ñìûñëå îïðåäåëåíèÿ (2.16) . Çàäà÷à î íàõîæäåíèè îáîá-

ùåííîãî ðåøåíèÿ èç (2.16) ýêâèâàëåíòíà ðåøåíèþ îïåðàòîðíîãî óðàâíåíèÿ Au = F ,

ãäå íåëèíåéíûé îïåðàòîð A :
◦
V Γ1,Γ2→

◦
V Γ1,Γ2 îïðåäåëÿåòñÿ ðàâåíñòâîì (Au, ϑ) ◦

V Γ1,Γ2

=

Q(u, ϑ) , ∀u, ϑ ∈
◦
V Γ1,Γ2 (Ω(1,2)) , à ïðàâàÿ ÷àñòü F ∈

◦
V Γ1,Γ2 (Ω(1,2)) îïðåäåëÿåòñÿ ñîîòíî-

øåíèåì (F, ϑ) ◦
V Γ1,Γ2

= l(ϑ) , ∀ϑ ∈
◦
V Γ1,Γ2 (Ω(1,2)) , ïðè÷åì ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

∥u∥ ◦
V Γ1,Γ2

≤ C

2∑
k=1

∥fk(x)∥L2(Ωk)
.

Â äàëüíåéøåì, ïðè èññëåäîâàíèè ðàçíîñòíûõ àïïðîêñèìàöèé çàäà÷ îïòèìàëüíîãî
óïðàâëåíèÿ ïî ñîñòîÿíèþ è ôóíêöèîíàëó ñäåëàåì îòíîñèòåëüíî ãëàäêîñòè ðåøåíèÿ ïðÿ-
ìîé çàäà÷è ñëåäóþùåå ïðåäïîëîæåíèå (àíàëîãè÷íîå ïðåäïîëîæåíèþ, ñäåëàííîìó â ðàáîòå
[12], ñ.16 ïðè èññëåäîâàíèè òàì ðàçíîñòíûõ ñõåì äëÿ çàäà÷è ñ òàêèìè æå óñëîâèÿìè ñî-
ïðÿæåíèÿ), à èìåííî: ðåøåíèå êðàåâîé çàäà÷è A ïðèíàäëåæèò W 2

2 (Ω1)×W 2
2 (Ω2) , òî÷íåå,

ïðèíàäëåæèò ïðîñòðàíñòâó

◦

V̂ Γ1,Γ2 (Ω
(1,2)) =

◦
V Γ1,Γ2 (Ω

(1,2)) ∩ {u = (u1, u2) ∈ W 2
2 (Ω1)×W 2

2 (Ω2)}, (2.17)
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è ïðè êàæäîì ôèêñèðîâàííîì óïðàâëåíèè g ∈ U ñïðàâåäëèâà îöåíêà

2∑
k=1

∥uk(x, g)∥W 2
2 (Ωk) ≤M

2∑
k=1

∥fk(x)∥L2(Ωk), ∀g ∈ U, (2.18)

ãäå M = Const > 0 , íå çàâèñÿùàÿ îò óïðàâëåíèÿ g(x) = f1(x) ∈ U .
Ðàññìîòðèì òåïåðü çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (2.6)-(2.9). Ñïðàâåäëèâà ñëåäóþ-

ùàÿ òåîðåìà î ðàçðåøèìîñòè ýêñòðåìàëüíîé çàäà÷è (2.6)-(2.9).

Ò å î ð å ì à 2.2. Ñóùåñòâóåò, ïî êðàéíåé ìåðå, îäíî îïòèìàëüíîå óïðàâëåíèå
g∗ ∈ U çàäà÷è (2.6)-(2.9), ò.å. J∗ = inf

{
J(g) : g ∈ U

}
> −∞ , U∗ =

{
g∗ ∈ U : J(g∗) =

J∗
}

̸= ∅ . Ìíîæåñòâî òî÷åê ìèíèìóìà U∗ ôóíêöèîíàëà öåëè J(g) â ýêñòðåìàëüíîé

çàäà÷å (2.6)-(2.9) ñëàáî áèêîìïàêòíî â H(1) = L2(Ω1) . Ëþáàÿ ìèíèìèçèðóþùàÿ ïîñëå-
äîâàòåëüíîñòü

{
g(n)
}∞
n=1

⊂ U ôóíêöèîíàëà J(g) ñëàáî â H(1) ñõîäèòñÿ ê ìíîæåñòâó
U∗ .

3. Ðàçíîñòíàÿ àïïðîêñèìàöèÿ çàäà÷ äëÿ ñîñòîÿíèÿ ñ ðàçðûâíûìè
êîýôôèöèåíòàìè è ðåøåíèåì. Êîððåêòíîñòü àïïðîêñèìàöèé

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (2.6)-(2.9) ñ ðàçðûâíûìè êîýôôèöèåí-
òàìè è ðàçðûâíûì ðåøåíèåì. Äëÿ àïïðîêñèìàöèè çàäà÷è (2.6)-(2.9) è èññëåäîâàíèÿ ñõî-
äèìîñòè ðàçíîñòíûõ àïïðîêñèìàöèé íàì ïîíàäîáÿòñÿ íåêîòîðûå ñåòêè íà [0, lα] , α = 1, 2 ,
ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìû â Ω (ïî ïîâîäó îïðåäåëåíèÿ ñåòîê, íîðì è ñêàëÿðíûõ
ïðîèçâåäåíèé ñì. [8] ).

Îïðåäåëèì ñåòî÷íûå àíàëîãè ñêàëÿðíûõ ïðîèçâåäåíèé ñëåäîâ ñåòî÷íûõ ôóíêöèé yk(x)
è νk(x) , x ∈ ω(k) íà ãðàíèöàõ ∂ω(k) ñåòîê ω(k) , k = 1, 2 :

(yk, νk)L2(∂ω(k)) =
∑

x∈∂ω(k))

yk(x) νk(x) τk(x), k = 1, 2,

è ñåòî÷íûå àíàëîãè íîðì L2(∂ω
(k)) , ïîðîæäàåìûå ýòèìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè

∥yk∥2L2(∂ω(k)) = (yk, yk)L2(∂ω(k)) =
∑
∂ω(k)

y2k(x)τk(x), k = 1, 2,

τ1(x) =


h1(x1), x1 ∈ ω

(1)
1 , x2 = 0, l2;

h2(x2), x2 ∈ ω2, x1 = 0, ξ;
h1(x1) + h2(x2)

2
, x ∈ γ̃(1),

τ2(x) =


h1(x1), x1 ∈ ω

(1)
1 , x2 = 0, l2;

h2(x2), x2 ∈ ω2, x1 = ξ, l1;
h1(x1) + h2(x2)

2
, x ∈ γ̃(2),

γ̃(k) � ìíîæåñòâî óãëîâûõ òî÷åê ïðÿìîóãîëüíèêà Ωk , k = 1, 2 . Â ïîäðîáíîé çàïèñè,
íàïðèìåð, ñåòî÷íûé àíàëîã íîðìû áóäåò L2(∂ω

(1)) îïðåäåëÿòüñÿ ñ ïîìîùüþ âûðàæåíèÿ

∥y1∥2L2(∂ω(1)) =
∑
x2∈ω2

[
y21(0, x2) + y21(ξ, x2)

]
~2(x2) +

∑
x1∈ω1

[
y21(x1, 0) + y21(x1, l2)

]
~1(x1).

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



64 Ô.Â. Ëóáûøåâ, Ì.Ý. Ôàéðóçîâ, À.Ð. Ìàíàïîâà

Ïóñòü òåïåðü
0
γ (k) = ∂ω(k)∩

0

Γ k ≡ ∂ω(k) \ Sξ � ïîäìíîæåñòâî ãðàíè÷íûõ óçëîâ ∂ω(k)

ñåòêè ω(k) ⊂ Ωk , k = 1, 2 . ×åðåç L2

(
ωk), γ(k)

)
îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàíñòâà

ñåòî÷íûõ ôóíêöèé L2

(
ω(k)

)
, îáðàùàþùèõñÿ â íóëü íà γ(k) ñ íîðìàìè

∥yk∥2L2(ω(k);γ(k))
=
∑

x∈ω(k)

y2k(x)h1h2 +
1

2

∑
x∈Sξ

y2k(x)h1h2 =
∑

x∈ω(k)

y2k(x)h1h2 +
1

2

∑
x2∈ω2

y2k(ξ, x2)h1h2,

k = 1, 2 , èíäóöèðîâàííûìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè

(yk, νk)L2(ω(k);γ(k)) =
∑

x∈ω(k)

yk(x)νk(x)h1h2 +
1

2

∑
x∈Sξ

yk(x)νk(x)h1h2, k = 1, 2.

Â äàëüíåéøåì ∥yk∥2L2(Sξ)
=
∑
x∈Sξ

y2(x)h2 =
∑

x2∈ω2

y2(ξ, x2)h2 . Íåòðóäíî âèäåòü, ÷òî

(y1, ν1)L2(ω(1);γ(1)) = (y1, ν1)L2(ω(1)+×ω2), (y2, ν2)L2(ω(2);γ(2)) = (y2, ν2)L2(ω(2)−×ω2).

×åðåç W 1
2

(
ω(k), γ(k)

)
îáîçíà÷èì ïîäïðîñòðàíñòâî ïðîñòðàíñòâà ñåòî÷íûõ ôóíêöèé

W 1
2

(
ω(k)

)
, îáðàùàþùèõñÿ â íóëü íà γ(k) , k = 1, 2 ñïðàâåäëèâû íåðàâåíñòâà

∥yk∥2L2(ω(k))
≤ Cω(k),γ(k) ∥∇yk∥2 , Cω(k),γ(k) = Const > 0, k = 1, 2.

Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî
0

Hγ(1),γ(2) (ω(1,2)) è
0

V γ(1),γ(2) (ω(1,2))

ïàð ñåòî÷íûõ ôóíêöèé y = (y1, y2) :
0

Hγ(1),γ(2) (ω(1,2)) ={
y(x) = (y1(x), y2(x)) ∈ L2(ω

(1), γ(1))× L2(ω
(2), γ(2))

}
,

0

V γ(1),γ(2) (ω(1,2)) ={
y(x) = (y1(x), y2(x)) ∈ W 1

2 (ω
(1), γ(1))×W 1

2 (ω
(2), γ(2))

}
, ñ íîðìàìè

∥y∥20
H

γ(1),γ(2)

=
2∑

k=1

∥yk∥2L2(ω(k);γ(k) , ∥y∥20
V

γ(1),γ(2)

=
2∑

k=1

∥∇yk∥2 + ∥[y]∥2L2(Sξ)
. (3.1)

×åðåç e(1)1 (x1) áóäåì îáîçíà÷àòü ýëåìåíòàðíûå ÿ÷åéêè îòðåçêà [0, ξ] : e(1)1 (x1) = {r1 : x1 −
0.5h1 ≤ r1 ≤ x1 + 0.5h1} , x1 ∈ ω

(1)
1 ⊂ [0, ξ] , e(1)1 (0) = {r1 : 0 ≤ r1 ≤ 0.5h1} , e(1)1 (ξ) =

{r1 : ξ− 0.5h1 ≤ r1 ≤ ξ} , à ÷åðåç e(2)1 (x1) � ýëåìåíòàðíûå ÿ÷åéêè îòðåçêà [ξ, l1] : e
(2)
1 (x1) =

{r1 : x1 − 0.5h1 ≤ r1 ≤ x1 + 0.5h1} , x1 ∈ ω
(2)
1 ⊂ [ξ, l1] , e

(2)
1 (ξ) = {r1 : ξ ≤ r1 ≤ ξ + 0.5h1} ,

e
(1)
1 (l1) = {r1 : l1 − 0.5h1 ≤ r1 ≤ l1} . Ââåäåì òàêæå ýëåìåíòàðíûå ÿ÷åéêè îòðåçêà [0, l2] :
e2(x2) = {r2 : x2 − 0.5h2 ≤ r2 ≤ x2 + 0.5h2} , x2 ∈ ω2 ⊂ [0, l2] , e2(0) = {r2 : 0 ≤ r2 ≤ 0.5h2} ,
e2(l2) = {r2 : l2−0.5h2 ≤ r2 ≤ l2} . Äàëåå, ÷åðåç e(1)(x) ≡ e(1)(x1, x2) = e(1)(x1)×e2(x2) , x ∈
ω(1) = ω

(1)
1 ×ω2 ⊂ Ω1 áóäåì îáîçíà÷àòü ýëåìåíòàðíûå ÿ÷åéêè îáëàñòè Ω1 , à ÷åðåç e(2)(x) ≡

e(2)(x1, x2) = e(2)(x1) × e2(x2) , x ∈ ω(2) = ω
(2)
1 × ω2 ⊂ Ω2 � ýëåìåíòàðíûå ÿ÷åéêè îáëàñòè

Ω2 . Ïóñòü ν(x) = ν1(x) , x ∈ Ω1 . Îïðåäåëèì äëÿ ôóíêöèé ν1(x) , x ∈ Ω1 óñðåäíÿþùèå
îïåðàòîðû ïî Ñòåêëîâó Sxα ïî ïåðåìåííûì xα :

Sx1ν1(x) =
1
~1

∫
e
(1)
1 (x1)

ν1(r1, x2)dr1, x1 ∈ ω
(1)
1 , ~1 = ~1(x1) =

{
h1, x1 ∈ ω

(1)
1 ,

0.5h1, x1 = 0, ξ,

Sx2ν1(x) =
1
~2

∫
e2(x2)

ν1(x1, r2)dr2, x2 ∈ ω2, ~2 = ~2(x2) =
{
h2, x2 ∈ ω2,
0.5h2, x2 = 0, l2,
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C ïîìîùüþ îäíîìåðíûõ îïåðàòîðîâ Sxα , äåéñòâóþùèõ ïî íàïðàâëåíèþ xα , α = 1, 2 ,
îïðåäåëèì óñðåäíÿþùèé îïåðàòîð Sx = Sx1Sx2 êàê ïðîèçâåäåíèå îäíîìåðíûõ óñðåäíÿ-
þùèõ îïåðàòîðîâ. Àíàëîãè÷íî îïðåäåëÿþòñÿ óñðåäíÿþùèå îïåðàòîðû ïî Ñòåêëîâó äëÿ
ôóíêöèé ν2(x) , x ∈ Ω2 . Â äàëüíåéøåì ÷åðåç H(1)

h (ω(1) ∪Sξ) ≡ L2(ω
(1) ∪Sξ) áóäåì îáîçíà-

÷àòü ïðîñòðàíñòâî ñåòî÷íûõ óïðàâëåíèé Φh(x) , x ∈ ω(1)∪Sξ , çàäàííûõ íà ñåòêå ω(1)∪Sξ

ñî ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé:(
Φh, Φ̃h

)
H

(1)
h

=
(
Φh, Φ̃h

)
H

(1)
h (ω(1)∪Sξ)

=
∑

x∈ω(k)

Φh(x)Φ̃h(x)h1h2 +
1
2

∑
x∈Sξ

Φh(x)Φ̃h(x)h1h2,∥∥·∥∥2
H

(1)
h (ω(1)∪Sξ)

=
(
Φh,Φh

)
H

(1)
h

.

Çàäà÷àì îïòèìàëüíîãî óïðàâëåíèÿ (2.6) − (2.9) ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùèå
ðàçíîñòíûå àïïðîêñèìàöèè: ìèíèìèçèðîâàòü ñåòî÷íûé ôóíêöèîíàë

Jh(Φh) =
∑

x∈ω(1)

∣∣y(x; Φh)− u
(1)
0h (x)

∣∣2~1~2 = ∥∥y(x; Φh)− u
(1)
0h (x)

∥∥2
L2(ω(1))

, (3.2)

ïðè óñëîâèÿõ, ÷òî ñåòî÷íàÿ ôóíêöèÿ y(x) ≡ y(x; Φh) =
(
y1(x; Φh), y2(x; Φh)

)
∈

0

V γ(1),γ(2) ,
íàçûâàåìàÿ ðåøåíèåì ðàçíîñòíîé êðàåâîé çàäà÷è äëÿ çàäà÷è (2.6)− (2.7) , óäîâëåòâîðÿåò

äëÿ ëþáîé ñåòî÷íîé ôóíêöèè ν(x) =
(
ν1(x), ν2(x)

)
∈

0

V γ(1),γ(2) ñóììàòîðíîìó òîæäåñòâó

Qh(y, v) =

{∑
ω
(1)+
1

∑
ω2

a
(1)
1h (x) y1x1 v1x1h1h2 +

(∑
ω
(1)
1

∑
ω+
2

a
(1)
2h (x) y1x2 v1x2h1h2+

+
1

2

∑
ω+
2

a
(1)
2h (ξ, x2) y1x2(ξ, x2) v1x2(ξ, x2)h1h2

)}
+

{∑
ω
(2)+
1

∑
ω2

a
(2)
1h (x) y2x1 v2x1h1h2+

+

(∑
ω
(2)
1

∑
ω+
2

a
(2)
2h (x) y2x2 v2x2h1h2 +

1

2

∑
ω+
2

a
(2)
2h (ξ, x2) y2x2(ξ, x2) v2x2(ξ, x2)h1h2

)}
+

+

{(∑
ω(1)

d1h(x) q1(y1(x)) ν1(x)h1h2 +
1

2

∑
ω2

d1h(ξ, x2) q1(y1(ξ, x2)) ν1(ξ, x2)h1h2

)
+

+

{(∑
ω(2)

d2h(x) q2(y2(x)) ν2(x)h1h2 +
1

2

∑
ω2

d2h(ξ, x2) q2(y2(ξ, x2)) ν2(ξ, x2)h1h2

)}
+

+
∑
ω2

θh(x2)
[
y(ξ, x2)

] [
ν(ξ, x2)

]
h2 =

{(∑
ω(1)

Φh(x) ν1(x)h1h2 +
1

2

∑
ω2

Φh(ξ, x2) ν1(ξ, x2)h1h2

)
+

+

(∑
ω(2)

f2h(x) ν2(x)h1h2 +
1

2

∑
ω2

f2h(ξ, x2) ν2(ξ, x2)h1h2

)}
= lh(Φ, v),

(3.3)
à ñåòî÷íûå óïðàâëåíèÿ Φh(x) , x ∈ ω(1) ∪ Sξ òàêîâû, ÷òî

Φh(x) ∈ Uh =
{
Φh(x) ∈ H

(1)
h = L2(ω

(1) ∪ Sξ) : g0 ≤ Φh(x) ≤ g0, x ∈ ω(1) ∪ Sξ

}
. (3.4)

Çäåñü a(1)αh(x) , a
(2)
αh(x) , dαh(x) , α = 1, 2 , θh(x2) , f2h(x) , u

(1)
0h (x) � ñåòî÷íûå àïïðîêñèìàöèè

ôóíêöèé k
(1)
α (x) , k(2)α (x) , dα(x) , α = 1, 2 , θ(x2) , f2(x) , u

(1)
0 (x) , îïðåäåëÿåìûå ÷åðåç

óñðåäíåíèÿ ïî Ñòåêëîâó:

a
(α)
1h (x1, x2) =

1

h2

∫
e2(x2)

k
(α)
1 (x1 − 0.5h1, r2) dr2, x ∈ ω

(α)+
1 × ω2, α = 1, 2;
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a
(α)
2h (x1, x2) =

1

h1

∫
e
(α)
1 (x1)

k
(α)
2 (r1, x2 − 0.5h2) dr1, x ∈ ω

(α)
1 × ω+

2 , α = 1, 2;

a
(1)
2h (ξ, x2) =

2

h1

ξ∫
ξ−0.5h2

k
(1)
2 (r1, x2 − 0.5h2) dr, x2 ∈ ω+

2 ;

a
(2)
2h (ξ, x2) =

2
h1

ξ+0.5h2∫
ξ

k
(2)
2 (r1, x2 − 0.5h2) dr, x2 ∈ ω+

2 ;

dαh(x) =
1

h1h2

∫ ∫
e(α)(x)

dα(r1, r2) dr1dr2, x ∈ ω(α), α = 1, 2;

d1h(ξ, x2) =
2

h1h2

ξ∫
ξ−0.5h1

∫
e2(x2)

d1(r1, r2) dr1dr2, x2 ∈ ω2;

d2h(ξ, x2) =
2

h1h2

ξ+0.5h1∫
ξ

∫
e2(x2)

d2(r1, r2) dr1dr2, x2 ∈ ω2;

f2h(x) =
2

h1h2

∫ ∫
e2(x)

f2(r1, r2) dr1dr2, x ∈ ω(2), x2 ∈ ω2;

f2h(ξ, x2) =
2

h1h2

ξ+0.5h1∫
ξ

∫
e2(x2)

f2(r1, r2) dr1dr2, x2 ∈ ω2;

θh(x2) =
1

h2

∫
e2(x2)

θ(r2) dr2, x2 ∈ ω2;

u
(1)
0h (x) =

1

h1h2

∫ ∫
e(1)(x)

u
(1)
0 (r1, r2) dr1dr2, x ∈ ω(1) = ω

(1)
1 × ω2.

(3.5)

Ò å î ð å ì à 3.1. Çàäà÷à î íàõîæäåíèÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (3.3) ïðè ëþ-
áîì ôèêñèðîâàííîì óïðàâëåíèè Φh ∈ Uh ýêâèâàëåíòíà ðåøåíèþ îïåðàòîðíîãî óðàâíå-

íèÿ Ah y = Fh , ãäå Ah � ðàçíîñòíûé îïåðàòîð, äåéñòâóþùèé èç
◦
V γ(1),γ(2) (ω(1,2)) â

◦
V γ(1),γ(2) (ω(1,2)) è ñåòî÷íàÿ ôóíêöèÿ F ∈

◦
V γ(1),γ(2) (ω(1,2)) îïðåäåëÿþòñÿ ðàâåíñòâàìè

(Ah y, ϑ) ◦
V

γ(1),γ(2)

= Qh(y, ϑ) , (Fh, ϑ) ◦
V

γ(1),γ(2)

= lh(ϑ) , ∀y, ϑ ∈
◦
V γ(1),γ(2) (ω(1,2)) ; çàäà÷à (ðàç-

íîñòíàÿ ñõåìà) (3.3) îäíîçíà÷íî ðàçðåøèìà äëÿ ëþáîãî ñåòî÷íîãî óïðàâëåíèÿ Φh ∈ Uh ,
ïðè÷åì ñïðàâåäëèâà àïðèîðíàÿ îöåíêà∥∥y(x,Φh)

∥∥ ◦
V

γ(1),γ(2)
(ω(1,2))

≤M
(
∥f2h∥L2(ω(2)∪Sξ)

+ ∥Φh∥L2(ω(2)∪Sξ)

)
. (3.6)

Ò å î ð å ì à 3.2. Äëÿ êàæäîãî h > 0 ñóùåñòâóåò, ïî êðàéíåé ìåðå, îäíî îïòè-
ìàëüíîå óïðàâëåíèå Φh∗ ∈ Uh â ïîñëåäîâàòåëüíîñòè ñåòî÷íûõ ýêñòðåìàëüíûõ çàäà÷
(3.2)− (3.5) , ò.å. J∗ = inf

{
J(g) : g ∈ U

}
> −∞ , U∗ =

{
g∗ ∈ U : J(g∗) = J∗

}
̸= ∅ .

4. Àïðèîðíûå îöåíêè ïîãðåøíîñòè è ñêîðîñòè ñõîäèìîñòè ñåòî÷-
íûõ ýêñòðåìàëüíûõ çàäà÷ ïî ñîñòîÿíèþ

Óñòàíîâèì ñâÿçü ìåæäó u(r; g) � ðåøåíèåì ïðÿìîé çàäà÷è (2.6) ñ ðàçðûâíûìè êî-
ýôôèöèåíòàìè è ðåøåíèåì è y(x,Φh) =

(
y1(x,Φh), y2(x,Φh)

)
� ðåøåíèåì àïïðîêñèìè-
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ðóþùåé åå ðàçíîñòíîé çàäà÷è ñîñòîÿíèÿ (3.3) ïðè h → 0 , äëÿ ëþáûõ ôèêñèðîâàí-
íûõ óïðàâëåíèé g ∈ U è Φh ∈ Uh , ãäå U è Uh � ìíîæåñòâà äîïóñòèìûõ óïðàâëå-
íèé â çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ (2.6)-(2.9) è (3.2)− (3.5) ñîîòâåòñòâåííî. Ïóñòü

u(r; g) =
(
u1(r; g), u2(r; g)

)
∈

◦
V Γ1,Γ2 (Ω0) � ðåøåíèå ïðÿìîé çàäà÷è (2.6), îòâå÷àþùåå

äîïóñòèìîìó óïðàâëåíèþ g ∈ U , à y(x,Φh) =
(
y1(x,Φh), y2(x,Φh)

)
∈

◦
V Γ1,Γ2 (ω(1,2)) �

ðåøåíèå çàäà÷è (3.3) , îòâå÷àþùåå ñåòî÷íîìó óïðàâëåíèþ Φh ∈ Uh . Îáîçíà÷èì ÷åðåç
z(x) ≡ z(x; g,Φh) =

(
z1(x; g,Φh), z2(x; g,Φh)

)
=
(
y1(x; Φh) − u1(x; g), y2(x; Φh) − u2(x; g)

)
�

ïîãðåøíîñòü ìåòîäà ïî ñîñòîÿíèþ.
Àïðèîðíóþ îöåíêó ïîãðåøíîñòè ìåòîäà ïî ñîñòîÿíèþ óñòàíàâëèâàåò

Ò å î ð å ì à 4.1. Ïóñòü g ∈ U è Φh ∈ Uh � ïðîèçâîëüíûå óïðàâëåíèÿ, à u(r; g)
è y(x,Φh) � ñîîòâåòñòâóþùèå èì ðåøåíèÿ çàäà÷ ñîñòîÿíèÿ â ýêñòðåìàëüíûõ çàäà÷àõ
(2.6)-(2.9) è (3.2)−(3.5) . Òîãäà äëÿ ëþáûõ h > 0 ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè
ñõîäèìîñòè ìåòîäà ñåòîê ïî ñîñòîÿíèþ äëÿ ýêñòðåìàëüíîé çàäà÷è (2.6)-(2.9):

∥z(x; g,Φh)∥ ◦
V

γ(1),γ(2)
(ω(1,2))

= ∥y(x; Φh)− u(x; g)∥ ◦
V

γ(1),γ(2)
(ω(1,2))

≤

≤ C

{
|h|
[ 2∑
α=1

(
∥k(α)1 ∥L∞(Ωα)

+
2∑

α=1

∥k(α)2 ∥L∞(Ωα)
+ L qα∥dα∥L∞(Ωα)

)
∥uα∥W 2

2 (Ωα)+

+∥θ∥L∞(0,l2)

2∑
α=1

∥uα∥W 2
2 (Ωα)

]
+ ∥Sxf1(x)− Φh(x)∥L2(ω(1)∪Sξ)

}
.

(4.1)

5. Îöåíêè ïîãðåøíîñòè ñåòî÷íîãî ôóíêöèîíàëà è ñêîðîñòè ñõî-
äèìîñòè ñåòî÷íûõ àïïðîêñèìàöèé ïî ôóíêöèîíàëó, ñõîäèìîñòü
ïî óïðàâëåíèþ. Ðåãóëÿðèçàöèÿ àïïðîêñèìàöèé

Äëÿ îòâåòà íà âîïðîñ î ñõîäèìîñòè ñåòî÷íûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ (3.2)−
(3.5) ïî ôóíêöèîíàëó è óïðàâëåíèþ íåîáõîäèìî, ïðåæäå âñåãî, óñòàíîâèòü ñâÿçü ìåæäó
ôóíêöèîíàëàìè Jh(Φh) è J(g) ýêñòðåìàëüíûõ çàäà÷ (2.6)-(2.9) è (3.2)−(3.5) , äëÿ ëþáûõ
ôèêñèðîâàííûõ óïðàâëåíèé g ∈ U è Φh ∈ Uh , è ëþáûõ h > 0 .

Îöåíêó ïîãðåøíîñòè ñåòî÷íîãî ôóíêöèîíàëà Jh(Φh) ýêñòðåìàëüíîé çàäà÷è (3.2)−(3.5)
óñòàíàâëèâàåò ñëåäóþùàÿ

Ò å î ð å ì à 5.1. Äëÿ ëþáûõ óïðàâëåíèé g ∈ U è Φh ∈ Uh ýêñòðåìàëüíûõ çàäà÷
(2.6)-(2.9) è (3.2) − (3.5) ñîîòâåòñòâåííî è ëþáûõ h > 0 äëÿ ïîãðåøíîñòè ñåòî÷íîãî
ôóíêöèîíàëà Jh(Φh) ýêñòðåìàëüíîé çàäà÷è (3.2)− (3.5) ñïðàâåäëèâà îöåíêà:∣∣J(g)− Jh(Φh)

∣∣ = ∣∣I(u(r; g))− Ih(y(x; Φh))
∣∣ ≤M

[
|h|+ ∥Sxf1(x)− Φh(x)∥L2(ω(1)∪Sξ)

]
,

(5.1)
ãäå M = Const > 0 , íå çàâèñÿùàÿ îò h , y , u , Φh , g .

Ðàññìîòðèì ñåòî÷íûå óïðàâëåíèÿ Φh(x) , x = (x1, x2) ∈ ω(1) ∪ Sξ = ω(1)+ × ω2 è îïðå-
äåëèì êóñî÷íî-ïîñòîÿííûå âîñïîëíåíèÿ íà Ω1 ñåòî÷íûõ óïðàâëåíèé Φh(x) , x ∈ ω(1) ∪ Sξ

ïî ôîðìóëå
ĝh(r) = P̂1hΦh(r) = Φh(x), r ∈ ê(1)(x), x ∈ ω(1) ∪ Sξ, (5.2)

ãäå ê(1)(x) ⊂ Ω1 � ýëåìåíòàðíûå ÿ÷åéêè îáëàñòè Ω1 :
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ê(1)(x1, x2) = e(1)(x1, x2) = e
(1)
1 (x1)× e

(1)
2 (x2), x1 = 2h1, 3h1, . . . , ξ − h1,

x2 = 2h2, 3h2, . . . , l2 − h2;
ê(h1, h2) = {0 ≤ r1 ≤ 1.5h1, 0 ≤ r2 ≤ 1.5h2};
ê(h1, x2) = {0 ≤ r1 ≤ 1.5h1, x2 − 0.5h2 ≤ r2 ≤ x2 + 0.5h2}, x2 = 2h2, 3h2, . . . , l2 − 2h2;
ê(h1, l2 − h2) = {0 ≤ r1 ≤ 1.5h1, l2 − 1.5h2 ≤ r2 ≤ l2};
ê(ξ, h2) = {ξ − 0.5h1 ≤ r1 ≤ ξ, 0 ≤ r2 ≤ 1.5h2};
ê(ξ, x2) = {ξ − 0.5h1 ≤ r1 ≤ ξ, x2 − 0.5h2 ≤ r2 ≤ x2 + 0.5h2}, x2 = 2h2, 3h2, . . . , l2 − 2h2;
ê(ξ, l2 − h2) = {ξ − 0.5h1 ≤ r1 ≤ ξ, l2 − 1.5h2 ≤ r2 ≤ l2};
ê(x1, l2 − h2) = {x1 − 0.5h1 ≤ r1 ≤ x1 + 0.5h1, l2 − 1.5h2 ≤ r2 ≤ l2},
x1 = 2h1, 3h1, . . . , ξ − h1;
ê(x1, h2) = {x1 − 0.5h1 ≤ r1 ≤ x1 + 0.5h1, 0 ≤ r2 ≤ 1.5h2}, x1 = 2h1, 3h1, . . . , ξ − h1.

(5.3)
Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ðàçíîñòíûõ àïïðîêñèìàöèé çàäà÷ îïòèìàëüíîãî óïðàâ-

ëåíèÿ (2.6)-(2.9) ïî ôóíêöèîíàëó è óïðàâëåíèþ ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ðàç-
íîñòíûõ çàäà÷ ìèíèìèçàöèè (3.2) − (3.5) , çàâèñÿùèõ îò øàãà h = (h1, h2) ñåòêè ω =
ω(1)∪ω(2) = ω(1,2) ⊂ Ω1∪Ω2 ïðè |h| → 0 . Äëÿ èññëåäîâàíèÿ ñâÿçè ìåæäó ýêñòðåìàëüíûìè
çàäà÷àìè (2.6)-(2.9) è (3.2)− (3.5) ââåäåì îòîáðàæåíèÿ:

R1h : H(1) = L2(Ω1) → H
(1)
h = L2(ω

(1) ∪ Sξ), P̂1h : H
(1)
h = L2(ω

(1) ∪ Sξ) → L2(Ω1) = H(1),
(5.4)

êîòîðûå îïðåäåëèì ñëåäóþùèì îáðàçîì: R1hg = R1hf1 = Φh , P̂1hΦh = g , ãäå P̂1hΦh(r)
êóñî÷íî-ïîñòîÿííîå âîñïîëíåíèå íà Ω1 ñåòî÷íîãî óïðàâëåíèÿ Φh(x) , x ∈ ω(1) ∪ Sξ , îïðå-
äåëÿåìîå ôîðìóëîé (5.2) , à R1hg = R1hf1 = Sxf1(x) , x ∈ ω(1) ∪ Sξ � äèñêðåòèçàöèè íà
ñåòêå x ∈ ω(1) ∪ Sξ óïðàâëåíèÿ g(r) ≡ f1(r) = f1(r1, r2) , r ∈ Ω1 , ãäå Sx = Sx1Sx2 �
îïåðàòîð óñðåäíåíèÿ ïî Ñòåêëîâó.

Ò å î ð å ì à 5.2. Ïóñòü J∗ è Jh∗ � íèæíèå ãðàíè ôóíêöèîíàëîâ J(g) è Jh(Φh)
â ýêñòðåìàëüíûõ çàäà÷ (2.6)-(2.9) è (3.2)− (3.5) ñîîòâåòñòâåííî. Ñåìåéñòâî ñåòî÷íûõ
çàäà÷ (3.2) − (3.5) , çàâèñÿùèõ îò øàãà h = (h1, h2) ñåòêè ω = ω(1) ∪ ω(2) = ω(1,2) ⊂
Ω1 ∪ Ω2 ïðè |h| → 0 àïïðîêñèìèðóåò èñõîäíóþ ýêñòðåìàëüíóþ çàäà÷ó (2.6)-(2.9) ïî
ôóíêöèîíàëó, ò.å. lim Jh∗ = J∗ ïðè |h| → 0 , è ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè∣∣Jh∗ − J∗

∣∣ ≤M |h|. (5.5)

Ïðåäïîëîæèì òåïåðü, ÷òî ïðè êàæäîì h = (h1, h2) è ñîîòâåòñòâóþùåé ñåòêè ω = ωh =
ω(1) ∪ω(2) ñ ïîìîùüþ êàêîãî-ëèáî ìåòîäà ìèíèìèçàöèè ïîëó÷åíî ïðèáëèæåííîå çíà÷åíèå
Jh∗ + εh íèæíåé ãðàíè Jh∗ ôóíêöèîíàëà Jh(Φh) íà Uh â çàäà÷å (3.2) − (3.5) è íàéäåíî
ñåòî÷íîå óïðàâëåíèå Φhεh(x) ∈ Uh , äàþùåå ïðèáëèæåííîå ðåøåíèå çàäà÷è (3.2)− (3.5) â
ñëåäóþùåì ñìûñëå:

Jh∗ ≤ Jh(Φhεh) ≤ Jh∗ + εh, Φhεh ∈ Uh, (5.6)

ãäå ïîñëåäîâàòåëüíîñòü εh òàêîâà, ÷òî εh ≥ 0 è εh → 0 ïðè |h| → 0 . Çäåñü ïîñëåäîâà-
òåëüíîñòü εh õàðàêòåðèçóåò òî÷íîñòü ðåøåíèÿ çàäà÷è ìèíèìèçàöèè ôóíêöèîíàëà Jh(Φh)
íà Uh .

Âîçíèêàåò âîïðîñ, ìîæíî ëè ïðèíÿòü ñåòî÷íîå óïðàâëåíèå Φhεh(x) ∈ Uh èç (5.6) â
êà÷åñòâå íåêîòîðîãî ïðèáëèæåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ çàäà÷è (2.6)-(2.9).

Ò å î ð å ì à 5.3. Ïóñòü ïîñëåäîâàòåëüíîñòü ñåòî÷íûõ óïðàâëåíèé
{
Φhεh

}
⊂ Uh

îïðåäåëåíà èç óñëîâèé (5.6). Òîãäà ïîñëåäîâàòåëüíîñòü óïðàâëåíèé
{
P̂1hΦhεh(r)

}
, ãäå
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P̂1h : H
(1)
h → H(1) � îòîáðàæåíèå, îïðåäåëÿåìîå èç (5.4), ÿâëÿåòñÿ ìèíèìèçèðóþùåé äëÿ

ôóíêöèîíàëà J(g) èñõîäíîé çàäà÷è (2.6)-(2.9), òî åñòü lim J(P̂1hΦhεh) = J∗ ïðè |h| → 0
è ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè

0 ≤ J(P̂1hΦhεh)− J∗ ≤ C |h|+ εh.

Ïîñëåäîâàòåëüíîñòü
{
P̂1hΦhεh(r)

}
ñëàáî â H(1) = L2(Ω1) ñõîäèòñÿ ê ìíîæåñòâó U∗ ̸= ∅

îïòèìàëüíûõ óïðàâëåíèé èñõîäíîé ýêñòðåìàëüíîé çàäà÷è (2.6)-(2.9).

Ç à ì å ÷ à í è å 5.1. Èç îöåíêè (5.5) è íåðàâåíñòâà (5.6) íåòðóäíî ïîëó÷èòü,
÷òî lim Jh(Φhεh) = J∗ ïðè |h| → 0 , ïðè÷åì ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè∣∣Jh(Φhεh)− J∗

∣∣ ≤M |h|+ εh.

Ðàññìîòðèì òåïåðü âîïðîñ î ñèëüíîé ñõîäèìîñòè â H(1) = L2(Ω1) ïî àðãóìåíòó (óïðàâ-
ëåíèþ) ðàçíîñòíûõ àïïðîêñèìàöèé (3.2)− (3.5) . Â ñèëó òåîðåìû 2.2. çàäà÷à (3.2)− (3.5)
êîððåêòíî ïîñòàâëåíà â ñëàáîé òîïîëîãèè ïðîñòðàíñòâà H(1) . Îäíàêî, âîîáùå ãîâîðÿ, îíà
ÿâëÿåòñÿ íåêîððåêòíî ïîñòàâëåííîé çàäà÷åé ìèíèìèçàöèè ïî À.Í. Òèõîíîâó â ñèëüíîé òî-
ïîëîãèè ïðîñòðàíñòâà H(1) , òî åñòü íåò îñíîâàíèÿ îæèäàòü, ÷òî ëþáàÿ ìèíèìèçèðóþùàÿ
ïîñëåäîâàòåëüíîñòü (â òîì ÷èñëå è ïîñëåäîâàòåëüíîñòü èç òåîðåìû 5.3. ) áóäåò ñõîäÿùåé-
ñÿ â íîðìå H(1) = L2(Ω1) êî ìíîæåñòâó U∗ . Äëÿ ðàçðàáîòêè óñòîé÷èâûõ àëãîðèòìîâ ïî-
ñòðîåíèÿ ñèëüíî ñõîäÿùèõñÿ ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé óñïåøíî ïðèìåíÿåò-
ñÿ èçâåñòíûé ìåòîä ðåãóëÿðèçàöèè À.Í. Òèõîíîâà [14] . Ðàññìîòðèì îäèí âàðèàíò ìåòîäà
ðåãóëÿðèçàöèè À.Í. Òèõîíîâà, ïîçâîëÿþùèé ïîñòðîèòü äëÿ èñõîäíîé ýêñòðåìàëüíîé çà-
äà÷è ìèíèìèçèðóþùóþ ïîñëåäîâàòåëüíîñòü ïîëó÷àåìóþ íà îñíîâå ðàçíîñòíîé àïïðîêñè-
ìàöèè, ñèëüíî ñõîäÿùóþñÿ ê ìíîæåñòâó ¾Ω -íîðìàëüíûõ ðåøåíèé¿ çàäà÷è îïòèìàëüíîãî
óïðàâëåíèÿ (2.6)-(2.9). Áóäåì äîïóñêàòü, ÷òî âû÷èñëåíèÿ ñåòî÷íûõ ôóíêöèîíàëîâ Jh(Φh)
âåäóòñÿ ïðèáëèæåííî, êàê â ñèëó ïðèáëèæåííîé èñõîäíîé èíôîðìàöèè, òàê è â ñèëó òî-
ãî, ÷òî ñ÷åò âåäåòñÿ ñ îêðóãëåíèÿìè, òàê ÷òî âìåñòî ôóíêöèîíàëà Jh(Φh) , ôàêòè÷åñêè
èñïîëüçóåòñÿ ïðèáëèæåííûé ôóíêöèîíàë Jhδh(Φh) , êîòîðûé ñâÿçàí ñ Jh(Φh) ñîîòíîøå-
íèÿìè

Jhδh(Φh) = Jh(Φh) + θδh(Φh),
∣∣θδh(Φh)

∣∣ ≤ δh, ∀Φh ∈ Uh, δh → +0 ïðè |h| → 0.

Äëÿ ðåãóëÿðèçàöèè ñåìåéñòâà ñåòî÷íûõ ýêñòðåìàëüíûõ çàäà÷ (3.2) − (3.5) ââåäåì íà
U ôóíêöèîíàë-ñòàáèëèçàòîð Ω(g) = ∥g∥2

H(1) = ∥g∥2L2(Ω1)
, g ∈ U è åãî ñåòî÷íûé àíà-

ëîã Ωh(Φh) = ∥Φh∥2
H

(1)
h

= ∥Φh∥2L2(ω(1)∪Sξ)
, Φh ∈ Uh . Ïðè êàæäîì h = (h1, h2) ðàñ-

ñìîòðèì íà Uh ñåòî÷íûé ôóíêöèîíàë Òèõîíîâà çàäà÷è (3.2) − (3.5) : Thδhαh
(Φh) =

Jhδh(Φh) + αhΩ(Φh), Φh ∈ Uh , ãäå {αh} � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ïîëîæè-
òåëüíûõ ÷èñåë, ñõîäÿùàÿñÿ ê íóëþ ïðè |h| → 0 . Ðàññìîòðèì òåïåðü çàäà÷ó ìèíèìèçàöèè
ôóíêöèîíàëà Thδhαh

(Φh) íà Uh : ïðè êàæäîì h = (h1, h2) îïðåäåëèì ñåòî÷íîå óïðàâëåíèå
Φ̂h = Φhδhαhνh ∈ Uh , óäîâëåòâîðÿþùåå óñëîâèÿì

Thδhαh∗ = inf
{
Thδhαh

(Φh) : Φh ∈ Uh

}
≤ Thδhαh

(Φ̂h) ≤ Thδhαh∗ + νh, (5.7)

ãäå νh ≥ 0 è νh → +0 ïðè |h| → 0 . Ââåäåì ìíîæåñòâî Ω -íîðìàëüíûõ ðåøåíèé çàäà÷è
îïòèìàëüíîãî óïðàâëåíèÿ (2.6)-(2.9): U∗∗ = {g∗∗ ∈ U∗ : Ω(g∗∗) = inf Ω(g∗) : g∗ ∈ U∗} .

Ò å î ð å ì à 5.4. Ïóñòü ïîñëåäîâàòåëüíîñòü ñåòî÷íûõ óïðàâëåíèé
{
Φ̂h

}
îïðå-

äåëåíà èç óñëîâèé (5.7) . Òîãäà ïîñëåäîâàòåëüíîñòü
{
P̂1hΦ̂h(r)

}
, ãäå îòîáðàæåíèå P̂1h :
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H(1) → H(1) îïðåäåëåíî â (5.4) , ÿâëÿåòñÿ ìèíèìèçèðóþùåé äëÿ ôóíêöèîíàëà J(g) èñ-

õîäíîé ýêñòðåìàëüíîé çàäà÷è (2.6)-(2.9), òî åñòü lim J(P̂1hΦ̂h) = J∗ ïðè |h| → 0 è
ñïðàâåäëèâà îöåíêà ñêîðîñòè ñõîäèìîñòè:

0 ≤ J(P̂1hΦ̂h)− J∗ ≤M
(
|h|+ δh + νh + αh

)
.

Åñëè, êðîìå òîãî, ïîñëåäîâàòåëüíîñòè
{
αh

}
,
{
δh
}
,
{
νh
}
óäîâëåòâîðÿþò óñëîâèÿì αh ,

δh , νh > 0 , αh, δh, νh → 0 ïðè |h| → 0 , ïðè÷åì
{
αh

}
ñòðåìèòñÿ ê íóëþ ñîãëàñîâàíî ñ

âåëè÷èíàìè |h| , δh , νh òàê, ÷òî
(
|h| + νh + δh

)
/αh → 0 ïðè |h| → 0 , òî ïîñëåäîâà-

òåëüíîñòü
{
P̂1hΦ̂h

}
ñèëüíî â H(1) ñõîäèòñÿ ê ìíîæåñòâó Ω -íîðìàëüíûõ (â ñìûñëå

ìèíèìàëüíîé íîðìû) îïòèìàëüíûõ óïðàâëåíèé U∗∗ çàäà÷è (2.6)-(2.9), òî åñòü

lim ρ
(
P̂1hΦ̂h;U∗∗

)
= lim inf

{
∥P̂1hΦ̂h − g∗∗∥H(1) : g∗∗ ∈ U∗∗

}
= 0, ïðè|h| → 0,

limΩ
(
P̂1hΦ̂h

)
= limΩ

∥∥P̂1hΦ̂h

∥∥2
H(1) = Ω∗ = inf Ω(g∗), g∗ ∈ U∗, ïðè |h| → 0.

Ç à ì å ÷ à í è å 5.2. Ìîæíî ïîêàçàòü, ÷òî limThδhαh∗ = J∗ , limThδhαh
(Φ̂h) = J∗

ïðè |h| → 0 , ïðè÷åì ñïðàâåäëèâû îöåíêè ñêîðîñòè ñõîäèìîñòè:∣∣Thδhαh∗ − J∗
∣∣ ≤M

[
|h|+ δh + αh

]
,

∣∣Thδhαh
(Φ̂h)− J∗

∣∣ ≤M
[
|h|+ νh + δh + αh

]
.

Ç à ì å ÷ à í è å 5.3. Ïîëó÷åííûå ðåçóëüòàòû íå çàâèñÿò îò ñïîñîáà ðåøåíèÿ
ðàçíîñòíûõ çàäà÷ ìèíèìèçàöèè (3.2)− (3.5) .
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Abstract. Method of di�erence approximation of optimal controlling problem for semilinear
elliptic equations with discontinuous coe�cients and solution is stated.

Key Words: optimal controlling problem, semilinear elliptic equations, di�erence method of
solution, functional, regularization method.

4 Full professor of Applied Informatics and Numerical Methods Chair, Bashkir State University, Ufa;
v.lubyshev@mail.ru.

5 Associate professor of Applied Informatics and Numerical Methods Chair, Bashkir State University, Ufa;
fairuzovme@mail.ru.

6 Associate professor of Applied Informatics and Numerical Methods Chair, Bashkir State University, Ufa;
aygulrm@mail.ru.

MVMS journal. 2012. V. 14, No. 1



72 Â.Â. Ëóêàøåâ, Â.Í. Ïîïîâ, À.À. Þøêàíîâ

ÓÄÊ 517.9

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î òå÷åíèè Êóýòòà

c⃝ Â.Â. Ëóêàøåâ, 1Â.Í. Ïîïîâ,2 À.À. Þøêàíîâ 3

Àííîòàöèÿ. Íà ïðèìåðå çàäà÷è î òå÷åíèè Êóýòòà ïðåäëîæåí ìåòîä âû÷èñëåíèÿ ìàêðîïàðà-
ìåòðîâ ãàçà â êàíàëàõ, òîëùèíà êîòîðûõ ñîèçìåðèìà ñî ñðåäíåé äëèíîé ñâîáîäíîãî ïðîáåãà
ìîëåêóë ãàçà. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ëèíåàðèçîâàííàÿ ÁÃÊ (Áõàò-
íàãàð, Ãðîññ, Êðóê) ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, à â êà÷åñòâå ãðàíè÷íîãî
óñëîâèÿ íà ñòåíêàõ êàíàëà - ìîäåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ. Äëÿ ðàçëè÷íûõ çíà-
÷åíèé òîëùèíû êàíàëà è êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà ìîëåêóë ãàçà
ñòåíêàìè êàíàëà âû÷èñëåíû çíà÷åíèÿ ïîòîêîâ ìàññû ãàçà è òåïëà, ïðèõîäÿùèõñÿ íà åäèíè-
öó øèðèíû êàíàëà. Ïðîâåäåíî ñðàâíåíèå ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, îïóáëèêîâàííûìè â
îòêðûòîé ïå÷àòè.

Êëþ÷åâûå ñëîâà: òå÷åíèå ãàçà â êàíàëå, òå÷åíèå Êóýòòà, êèíåòè÷åñêîå óðàâíåíèå Áîëüö-
ìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ, òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ

1. Ââåäåíèå

Ìîäåëèðîâàíèå òå÷åíèé ðàçðåæåííîãî ãàçà èìååò áîëüøîå êîëè÷åñòâî ïðèìåíåíèé, ñðå-
äè êîòîðûõ òå÷åíèÿ â ìèêðî- è íàíîóñòðîéñòâàõ, èçó÷åíèå ñòðóêòóðû óäàðíûõ âîëí, ÿâëå-
íèé â êíóäñåíîâñêîì ïîãðàíè÷íîì ñëîå è.ò.ä. [1]. Ïðè ýòîì äëÿ ðàñ÷åòà ìàêðîïàðàìåòðîâ
ãàçà â îáùåì ñëó÷àå èñïîëüçóþò ìåòîäû ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ, îñíîâàííûå
íà òîì, ÷òî óðàâíåíèå Áîëüöìàíà ðåøàåòñÿ êîíå÷íî-ðàçíîñòíûì ìåòîäîì íà ôèêñèðîâàí-
íîé ñåòêå â ïðîñòðàíñòâå ñêîðîñòåé è êîîðäèíàò, à èñêîìûå ìàêðîïàðàìåòðû ãàçà íàõîäÿò-
ñÿ ïóòåì ÷èñëåííîãî íàõîæäåíèÿ â ïðîñòðàíñòâå ñêîðîñòåé çíà÷åíèé ìîìåíòîâ îò ôóíêöèè
ðàñïðåäåëåíèÿ. Îäíàêî ïðè òàêîì ïîäõîäå òðåáóåòñÿ íàëè÷èå ìîùíûõ âû÷èñëèòåëüíûõ
ðåñóðñîâ, êàê â ïëàíå îïåðàòèâíîé ïàìÿòè, òàê è â ïëàíå ïðîöåññîðíîãî âðåìåíè [1]. Îáúåì
âû÷èñëåíèé è, êàê ñëåäñòâèå, óðîâåíü òðåáîâàíèé ê ïðîèçâîäèòåëüíîñòè âû÷èñëèòåëüíîé
òåõíèêè, èñïîëüçóåìîé äëÿ ðàñ÷åòîâ, ìîæíî ñóùåñòâåííî óìåíüøèòü çà ñ÷åò (ïóñòü äà-
æå è ÷àñòè÷íîãî) ðåøåíèÿ çàäà÷è ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ. Èìåííî ýòî è
ïîçâîëÿåò ñäåëàòü ïðåäëîæåííûé â ðàáîòå ìåòîä, ñâîäÿùèé âû÷èñëåíèå ìàêðîïàðàìåòðîâ
ãàçà â êàíàëå ê ÷èñëåííîìó ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà.
Çàìåòèì, ÷òî ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàíû ýôôåêòèâíûå ïðîöåäóðû ÷èñëåííîãî
ðåøåíèÿ òàêîãî ðîäà óðàâíåíèé è èõ èñïîëüçîâàíèå íå ïðèâîäèò ê êàêèì-ëèáî âû÷èñ-
ëèòåëüíûì ñëîæíîñòÿì. Äëÿ îäíîàòîìíûõ ãàçîâ ñ èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ
çàäà÷à î òå÷åíèè Êóýòòà ðàññìàòðèâàëàñü â [2]-[5]. Â [6] íà îñíîâå ÁÃÊ ìîäåëè óðàâíåíèÿ
Áîëüöìàíà äëÿ ïî÷òè çåðêàëüíûõ ãðàíè÷íûõ óñëîâèé íà ñòåíêàõ êàíàëà ñ èñïîëüçîâàíèåì
àíàëèòè÷åñêèõ ìåòîäîâ ïîëó÷åíû âûðàæåíèÿ, îïèñûâàþùèå ïðîôèëü ìàññîâîé ñêîðîñòè
ãàçà è ïîòîêè òåïëà è ìàññû ãàçà âäîëü îñè êàíàëà. Â [7] àíàëîãè÷íûå èññëåäîâàíèÿ ïðî-
âåäåíû ñ èñïîëüçîâàíèåì ÁÃÊ ìîäåëè óðàâíåíèÿ Áîëüöìàíà äëÿ äèôôóçíûõ ãðàíè÷íûõ
óñëîâèé. Öåëüþ ïðåäñòàâëåííîé ðàáîòû ÿâëÿåòñÿ îáîáùåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ â

1 Àñïèðàíò êàôåäðû ìàòåìàòèêè, Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò, ã. Àðõàíãåëüñê;
v.lukashev@narfu.ru.

2 Çàâåäóþùèé êàôåäðîé ìàòåìàòèêè, Ñåâåðíûé (Àðêòè÷åñêèé) ôåäåðàëüíûé óíèâåðñèòåò, ã. Àðõàí-
ãåëüñê; v.popov@agtu.ru.

3 Ïðîôåññîð êàôåäðû òåîðåòè÷åñêîé ôèçèêè, Ìîñêîâñêèé ãîñóäàðñòâåííûé îáëàñòíîé óíèâåðñèòåò,
ã. Ìîñêâà; yushkanov@inbox.ru.
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[7] íà ñëó÷àé èñïîëüçîâàíèÿ çåðêàëüíî-äèôôóçíîé ìîäåëè ãðàíè÷íûõ óñëîâèé. Â êà÷å-
ñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ëèíåàðèçîâàííàÿ ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê)
ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà [8].

2. Ïîñòàíîâêà çàäà÷è. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ

Ðàññìîòðèì ïëîñêèé êàíàë òîëùèíîé D′ , ñòåíêè êîòîðîãî ðàñïîëîæåíû â ïëîñêîñòÿõ
x′ = ±d′ ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìû êîîðäèíàò ( d′ = D′/2 ), îñü Oz′ êîòîðîé
ïàðàëëåëüíà ñòåíêàì êàíàëà. Ïðåäïîëîæèì, ÷òî ñòåíêè êàíàëà äâèæóòñÿ â ñâîèõ ïëîñ-
êîñòÿõ â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ ñî ñêîðîñòÿìè u è −u . Áóäåì ñ÷èòàòü, ÷òî
òå÷åíèå íîñèò ñòàöèîíàðíûé õàðàêòåð, à ñêîðîñòü äâèæåíèÿ ñòåíîê êàíàëà ìíîãî ìåíüøå
ñêîðîñòè çâóêà â ãàçå. Òîãäà ðàññìàòðèâàåìàÿ çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ. Ó÷èòûâàÿ,
÷òî â çàäà÷àõ ñêîëüæåíèÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ïðîïîðöèîíàëüíà êàñàòåëüíîé ê îáòå-
êàåìîé ïîâåðõíîñòè êîìïîíåíòå ìàññîâîé ñêîðîñòè ãàçà, ôóíêöèþ ðàñïðåäåëåíèÿ ìîëåêóë
ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïðåäñòàâèì â âèäå

f(r′,v) = β3/2π−3/2 exp(−C2) [1 + Cz Z(x,Cx)] . (2.1)

Çäåñü r′ � ðàçìåðíûé ðàäèóñ-âåêòîð; C = β1/2 v � áåçðàçìåðíàÿ ñêîðîñòü ìîëåêóë
ãàçà; β = m/2kBT ; m � ìàññà ìîëåêóëû ãàçà; kB � ïîñòîÿííàÿ Áîëüöìàíà; T � òåìïåðà-
òóðà ãàçà; Z(x,Cx) � ëèíåéíàÿ ïîïðàâêà ê ëîêàëüíî-ðàâíîâåñíîé ôóíêöèè ðàñïðåäåëåíèÿ;
x = x′/lg � áåçðàçìåðíàÿ êîîðäèíàòà; lg = ηg β

−1/2/p � ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà
ìîëåêóë ãàçà, p è ηg � äàâëåíèå è êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè ãàçà.

Çàïèøåì â âûáðàííîé ñèñòåìå êîîðäèíàò ÁÃÊ ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüö-
ìàíà

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
(feq − f). (2.2)

Çäåñü feq(r
′,v) � ëîêàëüíî-ðàâíîâåñíûé ìàêñâåëëèàí. Ïîäñòàâëÿÿ (2.1) â (2.2) è ëè-

íåàðèçóÿ feq(r
′,v) îòíîñèòåëüíî àáñîëþòíîãî ìàêñâåëëèàíà, ïðèõîäèì ê óðàâíåíèþ äëÿ

íàõîæäåíèÿ Z(x, µ) (µ = Cx )

µ
∂Z

∂x
+ Z(x, µ) =

1√
π

∞∫
−∞

exp(−τ 2)Z(x, τ) dτ. (2.3)

Îáùåå ðåøåíèå (2.3) ïðèâåäåíî â [8]

Z(x, µ) = A0 + A1(x− µ) +

+∞∫
−∞

exp(−x
η
)F (η, µ)a(η) dη, (2.4)

F (η, µ) =
1√
π
η P

1

η − µ
+ exp(η2)λ(η) δ(η − µ), (2.5)

λ(z) = 1 +
1√
π
z

∞∫
−∞

exp(−µ2)

µ− z
dµ, (2.6)

P(1/z) � ðàñïðåäåëåíèå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïðè âû÷èñëåíèè èíòåãðàëà îò 1/z ,
δ(z) � äåëüòà-ôóíêöèÿ Äèðàêà, A0 , A1 è a(η) � íåèçâåñòíûå ïàðàìåòðû è ôóíêöèÿ,
ïîäëåæàùèå äàëüíåéøåìó îïðåäåëåíèþ.
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Ñ ó÷åòîì èñïîëüçóåìîé ìîäåëè çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ ãðàíè÷íûå óñëîâèÿ
íà âåðõíåé è íèæíåé ñòåíêàõ êàíàëà çàïèñûâàþòñÿ â âèäå

Z(d, µ) = (1− q)Z(d,−µ) + 2qU, µ < 0, (2.7)

Z(−d, µ) = (1− q)Z(−d,−µ)− 2qU, µ > 0. (2.8)

Çäåñü U = β1/2 u � ìîäóëü áåçðàçìåðíîé ñêîðîñòè äâèæåíèÿ ñòåíîê êàíàëà. Ïîäñòàâ-
ëÿÿ (2.4) â (2.7) è (2.8), ñ ó÷åòîì (2.5) ïðèõîäèì ê èíòåãðàëüíûì óðàâíåíèÿì

1√
π

+∞∫
−∞

η B(−η, d)
η + µ

dη + exp(µ2)B(µ, d)λ(µ) =

= q(2U − A0 − A1µ− A1d) + 2A1µ, µ < 0, (2.9)

1√
π

+∞∫
−∞

η B(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) =

= q(A1d− A0 − A1µ− 2U) + 2A1µ, µ > 0. (2.10)

Çäåñü

B(µ, d) = b(µ, d)− (1− q)b(−µ, d), b(η, x) = exp

(
−x
η

)
a(η). (2.11)

Çàìåíèâ â (2.9) µ íà −µ è ó÷èòûâàÿ, ÷òî íà äåéñòâèòåëüíîé îñè λ(z) ÿâëÿåòñÿ ÷åòíîé
ôóíêöèåé, ïåðåïèøåì åãî â ñëåäóþùåì âèäå

1√
π

+∞∫
−∞

η B(−η, d)
η − µ

dη + exp(µ2)B(−µ, d)λ(µ) =

= q(2U − A0 + A1µ− A1d)− 2A1µ, µ > 0. (2.12)

Ïðåäñòàâèì èíòåãðàë, âõîäÿùèé â (2.12) â âèäå ñóììû äâóõ èíòåãðàëîâ: ðåãóëÿðíîãî
è ñèíãóëÿðíîãî, ïîñëå ÷åãî çàìåíèì â ïåðâîì ïåðåìåííóþ èíòåãðèðîâàíèÿ η íà −η

1√
π

+∞∫
−∞

η B(−η, d)
η − µ

dη =
1√
π

+∞∫
0

η B(η, d)

η + µ
dη +

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη.

Àíàëîãè÷íî ïðåîáðàçîâàâ èíòåãðàë, âõîäÿùèé â (2.10), ïîëó÷èì ñèñòåìó óðàâíåíèé:

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη + exp(µ2)B(−µ, d)λ(µ) =

= q(2U − A0 + A1µ− A1d)− 2A1µ− 1√
π

+∞∫
0

η B(η, d)

η + µ
dη, µ > 0, (2.13)
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1√
π

+∞∫
0

ηB(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) =

= q(A1d− A0 − A1µ− 2U) + 2A1µ− 1√
π

+∞∫
0

ηB(−η,−d)
η + µ

dη, µ > 0. (2.14)

Ïîñëåäîâàòåëüíî ñêëàäûâàÿ è âû÷èòàÿ ïî÷ëåííî (2.13) è (2.14), ïðèõîäèì ê óðàâíåíè-
ÿì

1√
π

+∞∫
0

η [B(−η, d) +B(η,−d)]
η − µ

dη + exp(µ2)[B(−µ, d) +B(µ,−d)]λ(µ) =

= −2qA0 −
1√
π

+∞∫
0

η [B(η, d) +B(−η,−d)]
η + µ

dη, µ > 0, (2.15)

1√
π

+∞∫
0

η [B(η,−d)−B(−η, d)]
η − µ

dη + exp(µ2)[B(µ,−d)−B(−µ, d)]λ(µ) =

= 4A1µ+ 2q(A1d− A1µ− 2U)− 1√
π

+∞∫
0

η [B(−η,−d)−B(η, d)]

η + µ
dη,

µ > 0. (2.16)

Íåòðóäíî âèäåòü, ÷òî (2.15) îáðàùàåòñÿ â òîæäåñòâî ïðè âûïîëíåíèè óñëîâèé B(η, d) =
−B(−η,−d) , A0 = 0 . Îòñþäà ñ ó÷åòîì îïðåäåëåíèÿ ôóíêöèè B(η, d) (2.11) ïîëó÷àåì, ÷òî
a(−η) = −a(η) . Òåïåðü (2.16) ìîæíî ïåðåïèñàòü â âèäå

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη + exp(µ2)B(−µ, d)λ(µ) = f(µ), µ > 0, (2.17)

f(µ) = −2A1µ− q(A1d− A1µ− 2U)− 1√
π

+∞∫
0

η B(η, d)

η + µ
dη. (2.18)

Ðåøåíèå (2.17) èùåì ñ èñïîëüçîâàíèåì ìåòîäîâ êðàåâûõ çàäà÷ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Ñ ýòîé öåëüþ ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ, çàäàííóþ èíòå-
ãðàëîì òèïà Êîøè

N(z) =
1√
π

+∞∫
0

ηB(−η, d)
η − z

dη, (2.19)

äëÿ êîòîðîé
N+(µ)−N−(µ) = 2

√
πiµB(−µ, d), 0 < µ < +∞ (2.20)

N+(µ) +N−(µ) =
2√
π

+∞∫
0

ηB(η, d)

η − µ
dη, 0 < µ < +∞. (2.21)
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Çäåñü N+(µ) è N−(µ) � êðàåâûå çíà÷åíèÿ ôóíêöèè N(µ) íà âåðõíåì è íèæíåì áåðå-
ãàõ ðàçðåçà, ñîâïàäàþùåãî ñ äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóïðÿìîé. Àíàëîãè÷íûå
ñîîòíîøåíèÿ äëÿ λ(µ) , îïðåäåëÿåìîé ðàâåíñòâîì (2.6), èìåþò âèä

λ+(µ)− λ−(µ) = 2
√
πiµ exp(−µ2), 0 < µ < +∞ (2.22)

λ+(µ) + λ−(µ) = 2λ(µ), 0 < µ < +∞. (2.23)

Çäåñü ðàçðåç ñîâïàäàåò ñî âñåé äåéñòâèòåëüíîé ÷èñëîâîé ïðÿìîé. Ñ ó÷åòîì (2.20) �
(2.23) ñâåäåì èíòåãðàëüíîå óðàâíåíèå (2.17) ê êðàåâîé çàäà÷å Ðèìàíà íà äåéñòâèòåëüíîé
ïîëîæèòåëüíîé ïîëóîñè

N+(µ)λ+(µ)−N−(µ)λ−(µ) = 2
√
πµf(µ) exp(−µ2), µ > 0. (2.24)

Îñîáåííîñòü êðàåâîé çàäà÷è (2.24) ñîñòîèò â òîì, ÷òî ôóíêöèè N(z) è λ(z) èìåþò
ðàçëè÷íûå ðàçðåçû. ×òîáû óñòðàíèòü ýòó îñîáåííîñòü íåîáõîäèìî ðåøèòü çàäà÷ó ôàêòî-
ðèçàöèè, òî åñòü íàéòè òàêóþ íå îáðàùàþùóþñÿ â íîëü íè â îäíîé êîíå÷íîé òî÷êå ôóíê-
öèþ X(z) , äëÿ êîòîðîé íà äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóîñè âûïîëíÿåòñÿ óñëîâèå
(2.25) è êîòîðàÿ àíàëèòè÷íà âî âñåõ îñòàëüíûõ òî÷êàõ êîìïëåêñíîé ïëîñêîñòè

X+(µ)

X−(µ)
=
λ+(µ)

λ−(µ)
. (2.25)

Ðåøåíèå ýòîé çàäà÷è èìååò âèä [8]:

X(z) =
1

z
exp

[
1

π

∞∫
0

(θ(τ)− π)

τ − z
dt

]
, θ(τ) =

π

2
− arcctg

(
λ(τ)√

πτ exp−τ 2

)
.

Ñ ó÷åòîì ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è (2.25) ïåðåïèøåì (2.24)

N+(µ)X+(µ)−N−(µ)X−(µ) =
X−(µ)

λ−(µ)
2
√
πµf(µ) exp(−µ2), µ > 0. (2.26)

Ëèíèè ñêà÷êîâ ôóíêöèé N(z) è X(z) ñîâïàäàþò ñ êîíòóðîì êðàåâîãî óñëîâèÿ. Ñëåäî-
âàòåëüíî, ïîëó÷èëè êðàåâóþ çàäà÷ó Ðèìàíà - çàäà÷ó îïðåäåëåíèÿ àíàëèòè÷åñêîé ôóíêöèè
ïî çàäàííîìó ñêà÷êó. Ó÷èòûâàÿ ïîâåäåíèå âõîäÿùèõ â (2.26) ôóíêöèé, ïî ôîðìóëàì Ñî-
õîöêîãî ïîëó÷àåì åå îáùåå ðåøåíèå

N(z) =
1

X(z)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
. (2.27)

Ðàññìîòðèì ïîâåäåíèå ðåøåíèÿ, çàäàâàåìîãî âûðàæåíèåì (2.27) â îêðåñòíîñòè áåñêî-
íå÷íî óäàëåííîé òî÷êè. Ó÷èòûâàÿ, ÷òî ïðè |z| → +∞

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
= −1

z

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη +O

(
1

z2

)
,

1

X(z)
= z +Q1 +O

(
1

z

)
,
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íàõîäèì

N(z) = − 1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη +O

(
1

z

)
, |z| → +∞. (2.28)

Çäåñü Qn - èíòåãðàëû Ëîÿëêè,

Qn =
1√
π

+∞∫
0

X−(η)

λ−(η)
ηk+1 exp(−η2) dη, (2.29)

â ÷àñòíîñòè, Q1 = −1.01619 , Q2 = −1.26632 .
Òàê êàê ôóíêöèÿ N(z) ñîãëàñíî (2.19) çàäàíà èíòåãðàëîì òèïà Êîøè òî â îêðåñòíîñòè

áåñêîíå÷íî óäàëåííîé òî÷êè N(z) = O(1/z) . Îòñþäà, ñ ó÷åòîì (2.28) ïðèõîäèì ê óñëîâèþ
ðàçðåøèìîñòè êðàåâîé çàäà÷è (2.26)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη = 0. (2.30)

Ñ ó÷åòîì (2.18) è (2.29) ïåðåïèøåì (2.30) â âèäå

A1[qd− (2− q)Q1]− 2qU − 1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη 1√

π

+∞∫
0

τ B(τ, d)

τ + η
dη = 0. (2.31)

Èçìåíÿÿ â ïîñëåäíåì èíòåãðàëå ïîðÿäîê èíòåãðèðîâàíèÿ è, ó÷èòûâàÿ èíòåãðàëüíîå
ïðåäñòàâëåíèå ôóíêöèè X(z)

X(z) =
1√
π

+∞∫
0

X−(η)

λ−(η)

η exp(−η2) dη
η + z

, (2.32)

èç (2.31) íàõîäèì

A1 =
1

qd− (2− q)Q1

[
2qU +

1√
π

+∞∫
0

τ B(τ, d)X(−τ) dτ
]
. (2.33)

Êîýôôèöèåíò a(η) â ðàçëîæåíèè (2.4) ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïî ñîáñòâåí-
íûì âåêòîðàì íåïðåðûâíîãî ñïåêòðà íàéäåì èç óñëîâèÿ (2.20), ïðåäâàðèòåëüíî ïðåîáðà-
çîâàâ (2.27). Ïðèíèìàÿ âî âíèìàíèå (2.29) è (2.29), ïîëó÷àåì

N(z) = −q(A1d− 2U)− A1(2− q)z +
1

X(z)

[
A1(2− q)+

+
1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη

η − z

1√
π

+∞∫
0

τ B(τ, d)

τ + η
dη

]
.

Çàìåòèì, ÷òî:
1

η − z

1

τ + η
=

1

τ + z

[
1

η − z
+

1

η + τ

]
,
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òîãäà, ñ ó÷åòîì (2.32) è (2.29) ïîëó÷èì:

N(z) = −q(A1d− 2U)− A1(2− q)z +
1√
π

+∞∫
0

τB(τ, d) dτ

τ + z
+

+
1

X(z)

[
A1(2− q) +

1√
π

+∞∫
0

τB(τ, d)X(−τ) dτ

τ + z

]
.

Äëÿ ïîñòðîåííîãî ðåøåíèÿ N(z) , èñïîëüçóÿ ôîðìóëû Cîõîöêîãî-Ïëåìåëÿ, ìîæåì çà-
ïèñàòü

N+(µ)−N−(µ) = −
√
πiµ exp(−µ)
|λ+(µ)|2

X(−µ)
[
A1(2− q)+

+
1√
π

+∞∫
0

τB(τ, d)X(−τ) dτ

τ + µ

]
, µ > 0. (2.34)

Ïðèðàâíÿåì ïðàâûå ÷àñòè (2.20) è (2.34)

2
√
πiµB(−µ, d) = −

√
πiµ exp(−µ)
|λ+(µ)|2

X(−µ)
[
A1(2− q)+

1√
π

+∞∫
0

τB(τ, d)X(−τ) dτ

τ + µ

]
, µ > 0. (2.35)

Òåïåðü, ó÷èòûâàÿ íå÷åòíîñòü ôóíêöèè a(η) è ïîäñòàâëÿÿ â (2.35) â ÿâíîì âèäå âû-
ðàæåíèÿ äëÿ B(η, d) (2.11) è A1 (2.33), äëÿ íàõîæäåíèÿ a(µ) ïðèõîäèì ê óðàâíåíèþ
Ôðåäãîëüìà âòîðîãî ðîäà

a(µ) =
X(−µ) exp(−µ2)

2|λ+(µ)|2(exp(d/µ) + (1− q) exp(−d/µ))

[
2qU(2− q)

qd− (2− q)Q1

+

+
1√
π

+∞∫
0

τX(−τ)(exp(−d/τ)+(1−q) exp(d/τ))
[

2− q

qd− (2− q)Q1

+
1

τ + µ

]
a(τ) dτ

]
, µ > 0.

(2.36)

Ðåøåíèå (2.36) íàéäåì ñ èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ. Òàê êàê ïðàâàÿ ÷àñòü
(2.36) ñîäåðæèò ìíîæèòåëü exp(−µ2) , òî âõîäÿùèé â íåå èíòåãðàë áûñòðî ñõîäèòñÿ. Â
ñèëó ýòîãî â êà÷åñòâå âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ â (2.36) ïðèíèìàëîñü çíà÷åíèå,
ðàâíîå 5. Ââåäåì îáîçíà÷åíèÿ

h(µ) =
X(−µ) exp(−µ2)

2|λ+(µ)|2(exp(d/µ) + (1− q) exp(−d/µ))
, f(µ) = h(µ)

2qU(2− q)

qd− (2− q)Q1

,

K(τ, µ) = h(µ)τX(−τ)(exp(−d/τ) + (1− q) exp(d/τ))

[
2− q

qd− (2− q)Q1

+
1

τ + µ

]
,

λ = 1/
√
π è ïåðåïèøåì (2.36) â âèäå

a(µ) = f(µ) + λ

+∞∫
0

K(τ, µ) a(τ) dτ. (2.37)
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Ââåäåì ðàâíîìåðíóþ ñåòêó íà îòðåçêå [0, 5] ñ øàãîì h , çàìåíèì èíòåãðàë, âõîäÿùèé
â ïðàâóþ ÷àñòü óðàâíåíèÿ (2.37), åãî ïðèáëèæåííûì çíà÷åíèåì, âû÷èñëåííûì ñ ïîìî-
ùüþ êâàäðàòóðíîé ôîðìóëû, è çàïèøåì ïîëó÷åííîå âûðàæåíèå äëÿ êàæäîãî çíà÷åíèÿ
ïåðåìåííîé µ â óçëàõ ââåäåííîé ðàíåå ñåòêè

a(µj) = f(µj) + λ

5∑
i=0

DiK(τi, µj)a(τi), (2.38)

ãäå µi è τj - çíà÷åíèÿ ñâîáîäíîé è ïîäûíòåãðàëüíîé ïåðåìåííîé â óçëàõ ðàâíîìåðíîé
ñåòêè íà îòðåçêå, Di - âåñîâûå êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû.

Ââåäåì îáîçíà÷åíèÿ: Ki,j = K(τi, µj) , fj = f(µj) , aj = a(µj) è ïîëó÷èì ñèñòåìó èç n
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ n íåèçâåñòíûìè

a1(1− λD1K1,1)− a2λD2K2,1 − ...− anλDnKn,1 = f1

−a1λD2K1,2 + a2(1− λD2K2,2)− ...− anλDnKn,2 = f2

...

−a1λD1K1,n − a2λD2K2,n − ...+ an(1− λDnKn,n) = fn.

Äëÿ ðåøåíèÿ ïîñòðîåííîé ñèñòåìû óðàâíåíèé, áûë èñïîëüçîâàí ìàòðè÷íûé ìåòîä, â
ðåçóëüòàòå ïðèìåíåíèÿ êîòîðîãî èñêîìàÿ ôóíêöèÿ a(µ) áûëà íàéäåíà â âèäå n -ìåðíîãî
âåêòîðà åå çíà÷åíèé â óçëîâûõ òî÷êàõ.

Ñ èñïîëüçîâàíèåì ïîëó÷åííîãî n -ìåðíîãî âåêòîðà íàõîäèì çíà÷åíèå ïàðàìåòðà A1

A1 =
1

qd− (2− q)Q1

[
2qU + λ

5∑
k=0

Dka(τk)Jk

]
,

çäåñü Jk = τkX(−τk)(exp(−d/τk)− (1− q) exp(d/τk)) .
Òàêèì îáðàçîì, íåèçâåñòíûå ïàðàìåòðû A0 , A1 è ôóíêöèÿ a(µ) , âõîäÿùèå â (2.4)

íàéäåíû è ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïîñòðîåíà.

3. Âû÷èñëåíèå ìàêðîïàðàìåòðîâ ãàçà â êàíàëå

Ñ ó÷åòîì ïîñòðîåííîé ôóíêöèè ðàñïðåäåëåíèÿ âû÷èñëèì áåçðàçìåðíûé ïîòîê ìàññû
ãàçà ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà JM . Èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè
ðàñïðåäåëåíèÿ è ó÷èòûâàÿ (2.1), (2.4), íàõîäèì ïðîôèëü ìàññîâîé ñêîðîñòè ãàçà â êàíàëå

Uz(x) = π−3/2

∫
exp(−C2)C2

zZ(x,Cx) d
3C =

1

2
A1x−

1

2
√
π

+∞∫
−∞

a(η) exp(−x
η
) dη. (3.1)

Èíòåãðèðóÿ çàòåì (3.1) ïî x îò 0 äî d , íàõîäèì áåçðàçìåðíûé ïîòîê ìàññû ãàçà ÷åðåç
âåðõíþþ ïîëîâèíó êàíàëà

JM =
1

2d2

d∫
0

qz(x) dx =
A1

8
− 1

2d2
√
π

+∞∫
0

µa(µ)

[
ch

(
d

µ

)
− 1

]
dµ. (3.2)

Àíàëîãè÷íûì îáðàçîì âû÷èñëÿåì ïðîôëü ïîòîêà òåïëà â êàíàëå

q′z(x
′) =

∫
m

2
[v − u(r′)]2 |v − u(r′)| f(r′,v) d3v =

nkBT√
β

qz(x)
1

p

dp

dz
.
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D CES [4] LBE [4] BGK [4] (3.2)
q = 0.1

0.1 0.0541084 0.0481420 0.048118
1.0 0.0231248 0.0234756 0.023475
10 0.0115560 0.0117090 0.011707

q = 0.5
0.1 0.304586 0.274926 0.274814
1.0 0.113676 0.116120 0.116118
10 0.032447 0.032663 0.032662

q = 1
0.1 0.741991 0.72929 0.685750 0.68557
1.0 0.226777 0.22737 0.232188 0.23218
10 0.042142 0.04219 0.042281 0.04228

Òàáëèöà 1: Çàâèñèìîñòü ïîòîêà ãàçà JM ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà îò åãî òîëùèíû

Çäåñü

qz(x) = π−3/2

∫
exp(−C2)C2

z (C
2 − 5

2
)Z(x,Cx) d

3C (3.3)

åñòü áåçðàçìåðíàÿ z -êîìïîíåíòà âåêòîðà ïëîòíîñòè ïîòîêà òåïëà.
Èíòåãðèðóÿ (3.3) ïî ïîëîâèíå òîëùèíû êàíàëà, íàõîäèì ïîòîê òåïëà, ïðèõîäÿùèñÿ íà

åäèíèöó øèðèíû êàíàëà

JQ = − 1

2d2

d∫
0

qz(x) dx = − 1

4
√
π d2

+∞∫
0

µa(µ)

[
ch

(
d

µ

)
− 1

]
dµ. (3.4)

Çíà÷åíèÿ JM è JQ áûëè íàéäåíû ÷èñëåííûìè ìåòîäàìè, àíàëîãè÷íûìè òåì, ÷òî èñ-
ïîëüçîâàëèñü äëÿ íàõîæäåíèÿ A1 è a(µ) . Âñå âû÷èñëåíèÿ ïðîâîäèëèñü ñ èñïîëüçîâàíè-
åì ïàêåòà ïðèêëàäíûõ ïðîãðàìì Mathematica 7 ïóòåì èíòåðïîëÿöèè ïîäûíòåãðàëüíûõ
ôóíêöèé ëèíåéíûìè ñïëàéíàìè. Çíà÷åíèÿ JM è JQ , ðàññ÷èòàííûå äëÿ ðàçëè÷íûõ çíà-
÷åíèé òîëùèíû êàíàëà D = 2d íà îñíîâå (3.2) è (3.4) è ïîëó÷åííûå â [3], [4], ïðèâåäåíû â
òàáëèöàõ 1 è 2. Êàê ñëåäóåò èç òàáëèö ðåçóëüòàòû ïðåäñòàâëåííîé ðàáîòû ñ âûñîêîé ñòå-
ïåíüþ òî÷íîñòè ñîâïàäàþò ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàìêàõ ÁÃÊ
ìîäåëè. Îòëè÷èå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàìêàõ äðóãèõ ìîäåëåé îáúÿñíÿåòñÿ âû-
ñîêîé ÷óâñòâèòåëüíîñòüþ ðàññìàòðèâàåìûõ ìàêðîïàðàìåòðîâ, â ÷àñòíîñòè JQ , îò âûáîðà
ìîäåëè èíòåãðàëà ñòîëêíîâåíèé.

4. Çàêëþ÷åíèå

Èòàê, â ðàáîòå íà ïðèìåðå çàäà÷è î òå÷åíèè Êóýòòà ïðåäëîæåí ìåòîä âû÷èñëåíèÿ
ìàêðîïàðàìåòðîâ ãàçà â êàíàëàõ, òîëùèíà êîòîðûõ ñîèçìåðèìà ñî ñðåäíåé äëèíîé ñâî-
áîäíîãî ïðîáåãà ìîëåêóë ãàçà. Äëÿ ñëó÷àÿ äèôôóçíî-çåðàêëüíîãî îòðàæåíèÿ ìîëåêóë ãàçà
ñòåíêàìè êàíàëà âû÷èñëåíû ïîòîêè ìàññû ãàçà è òåïëà ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà.
Ïðîâåäåí ÷èñëåííûé àíàëèç ïîëó÷åííûõ âûðàæåíèé. Ïîêàçàíî, ÷òî ïîëó÷åííûå â ðàáîòå
ðåçóëüòàòû ñ âûñîêîé ñòåïåíüþ òî÷íîñòè ñîâïàäàþò ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó-
÷åííûìè ðàíåå èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ â ðàìêàõ ÁÃÊ-ìîäåëè.
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D BGK [3] CES [3] (3.4)
q = 0.1

0.1 1.66805(-2) 1.12938(-2) 1.66991(-2)
1.0 4.58954(-3) 4.34898(-3) 4.62002(-3)
10 1.98991(-4) 1.79134(-4) 1.98172(-4)

q = 0.5
0.1 9.17172(-2) 6.22276(-2) 9.18720(-2)
1.0 1.99715(-2) 1.81577(-2) 2.01022(-2)
10 4.29861(-4) 3.64077(-4) 4.30193(-4)

q = 1
0.1 2.12309(-1) 1.44794(-1) 2.12830(-1)
1.0 3.13629(-2) 2.69864(-2) 3.15636(-2)
10 3.62529(-4) 2.85980(-4) 3.65039(-4)

Òàáëèöà 2: Çàâèñèìîñòü ïîòîêà ãàçà JQ ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà îò åãî òîëùèíû
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Analytic solution of a problem of Couette Flow

c⃝ V.V. lukashev 4, V.N. Popov 5, A.A. Yushkanov 6

Abstract. On the example of a problem about Couette �ow the method of calculation of
macroparameters of gas in channels which thickness is commensurable with average length of free
run of molecules of gas is o�ered. As the basic equation it is used the linearize BGK (Bhatnagar,
Gross, Krook) model of Boltzmann kinetic equation, and as a boundary condition on walls of
the channel - the model of mirror- di�usion re�ections. For various values of thickness of the
channel and factor of accommodation of a tangential impulse of molecules of gas by the walls of
the channel values of streams of weight of gas and heat falling unit of width of the channel are
calculated. Comparison with the similar results published in an open press is lead.

Key Words: Boltzmann kinetic equation, the modelling kinetic equations, exact analytical
decisions, models of boundary conditions
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ÓÄÊ 519.85

Ïðîåêöèîííûé äâóõøàãîâûé ÌÏÌ è ÷èñëåííîå

ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

c⃝ Â.Ã. Ìàëèíîâ 1

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ïðîåêöèîííûé îáîáù¼ííûé äâóõøàãîâûé ìåòîä ïå-
ðåìåííîé ìåòðèêè (ÏÎÄÌÏÌ) äëÿ ðåøåíèÿ çàäà÷ ìèíèìèçàöèè â åâêëèäîâîì ïðîñòðàíñòâå
En â ñëó÷àå ôóíêöèé ñ îâðàæíûìè âûòÿíóòûìè ïîâåðõíîñòÿìè óðîâíåé. Ïîëó÷åíà îöåíêà
ñêîðîñòè ñõîäèìîñòè ìåòîäà â ñëó÷àå âûïóêëûõ ôóíêöèé. Ïðèâåä¼í ïðèìåð ÷èñëåííîãî ðå-
øåíèÿ òåñòîâîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ âåðòèêàëüíûì ïîäú¼ìîì ðàêåòû ñâåäåíèåì
ê íåëèíåéíîé îïòèìèçàöèè; èìåþòñÿ íåêîòîðûå ðåçóëüòàòû ñðàâíèòåëüíûõ âû÷èñëèòåëüíûõ
ýêñïåðèìåíòîâ íà ýòîé òåñò çàäà÷å ÏÎÄÌÏÌ è äðóãèõ ïðîåêöèîííûõ ìåòîäîâ ìèíèìèçàöèè.

Êëþ÷åâûå ñëîâà: ìèíèìèçàöèÿ íà ïðîñòîì ìíîæåñòâå, ïðîåêöèîííûé îáîáù¼ííûé äâóõ-
øàãîâûé äâóõýòàïíûé ìåòîä ïåðåìåííîé ìåòðèêè, ñêîðîñòü ñõîäèìîñòè, äèôôåðåíöèàëüíûå
óðàâíåíèÿ äâèæåíèÿ, çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, îïòèìèçàöèÿ.

1. Ââåäåíèå

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (ÇÎÓ)

dz

dt
= F (x(t),u(t), t), 0 ≤ t ≤ T, x(0) = x1, (1.1)

ãäå g(x(t),u(t), t) = 0 , φ(x(t),u(t), t) ≤ 0 � îãðàíè÷åíèÿ çàäà÷è, ôàçîâûé âåêòîð
x(t) ∈ Eq , âåêòîð óïðàâëåíèÿ u(t) ∈ Er . ×èñëåííîå ðåøåíèå ÇÎÓ ñâÿçàíî ñ ïðåîäîëåíèåì
ðÿäà ïðîáëåì: ó÷¼òà îãðàíè÷åíèé íà ôàçîâûå êîîðäèíàòû è óïðàâëåíèÿ; óäîâëåòâîðåíèÿ
çàäàííûì êîíå÷íûì óñëîâèÿì; îâðàæíîñòè ãèïåðïîâåðõíîñòåé óðîâíÿ âñïîìîãàòåëüíîé
ôóíêöèè, ìèíèìèçèðóåìîé äëÿ ðåøåíèÿ çàäà÷è (1) [1], [2]. Ïåðâóþ èç íèõ ìîæíî ðåøèòü
óäà÷íûì ïîäáîðîì âñïîìîãàòåëüíîé ôóíêöèè, à óñïåøíîå ðåøåíèå âòîðîé è òðåòüåé ñó-
ùåñòâåííî çàâèñèò îò ïðèìåíÿåìîãî ìåòîäà îïòèìèçàöèè. Ïîýòîìó íàøà îñíîâíàÿ öåëü �
èññëåäîâàíèå ìåòîäà îïòèìèçàöèè.

Ìåòîäîì ðåäóêöèè ÇÎÓ (1.1) ê íåëèíåéíîé çàäà÷å îïòèìèçàöèè ïåðåéä¼ì ê "äèñêðåò-
íîé"ÇÎÓ [1]. Ðàçîáü¼ì îòðåçîê [0;T ] íà m−1 ÷àñòåé ñ ìàëûì øàãîì hi = δti = ti+1−ti è ñ
ïîìîùüþ ìåòîäà ðåøåíèÿ ñèñòåìû ÎÄÓ ïîñòðîèì ñåòêó xi = x(ti) , ui = u(ti) , i ∈ [1 : m] ,
ti =

∑j=m−1
j=1 hj , F (zi) = F (xi,ui, ti) . Ïîëíûé ôàçîâûé âåêòîð x ∈ Emr , ïîëíûé âåêòîð

óïðàâëåíèé u ∈ Ems , ms = n . Ïîëó÷èì êîíå÷íîìåðíóþ çàäà÷ó ìèíèìèçàöèè íà âûïóê-
ëîì çàìêíóòîì ìíîæåñòâå Q

f(x) −→ inf, x ∈ Q ⊂ En, (1.2)

ãäå n -ìåðíîå åâêëèäîâî ïðîñòðàíñòâî En íîðìèðîâàíî, ∥x∥ = (x,x)1/2 ∀x ∈ En , âû-
ïóêëàÿ ôóíêöèÿ f(x) ∈ C1,1(Q) . Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ f(x) åñòü âñïîìîãàòåëüíàÿ
ôóíêöèÿ, ó÷èòûâàþùàÿ ôóíêöèîíàëüíûå îãðàíè÷åíèÿ çàäà÷è (1.1) â ìåòîäå øòðàôíûõ
ôóíêöèé (ÌØÔ), à ìíîæåñòâî Q îáðàçîâàíî êîîðäèíàòíûìè îãðàíè÷åíèÿìè, ãèïåðïî-
âåðõíîñòè óðîâíåé ôóíêöèè f(x) îâðàæíîé ñòðóêòóðû è

inf f(x) = f∗ > −∞, x ∈ Q; Q∗ = {x ∈ Q : f(x) = f∗} ̸= ∅. (1.3)

1 Äîöåíò êàôåäðû ÝÌÌèÈÒ, Óëüÿíîâñêèé ãîñóíèâåðñèòåò, ã. Óëüÿíîâñê; vgmalinov@mail.ru.
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Â ðàáîòàõ [3], [4] äëÿ ðåøåíèÿ çàäà÷ âèäà (1.2), (1.3) áûëè ïðåäëîæåíû ïðîåêöèîí-
íûå äâóõýòàïíûå äâóõøàãîâûå ìåòîäû (ÏÎÄÌ) ïåðåìåííîé ìåòðèêè, îðèåíòèðîâàííûå
íà ðåøåíèå çàäà÷ ìèíèìèçàöèè (ôóíêöèé ñ îâðàæíûìè ãèïåðïîâåðõíîñòÿìè óðîâíåé), ñî-
îòâåòñòâóþùèõ ïðèëîæåíèÿì ìåòîäîâ ê ÇÎÓ äâèæåíèåì ðàêåò è ñàìîë¼òîâ. Öåëüþ äàí-
íîé ðàáîòû ÿâëÿåòñÿ àïðîáàöèÿ ìåòîäîâ ðåøåíèÿ çàäà÷è (1.2), (1.3) íà ÇÎÓ âèäà (1.1) è
îöåíêà ñêîðîñòè õîäèìîñòè íîâîãî ìåòîäà.

2. Ìåòîäû îïòèìèçàöèè

Â ðàáîòàõ [3], [4] ðàññìàòðèâàëèñü äâå ìîäèôèêàöèè ÏÎÄÌ ïåðåìåííîé ìåòðèêè. Ïåð-
âàÿ èç äâóõ

1 ýòàï. yk = xk − xk−1; zk = PQ

(
xk + αky

k
)
; x−1 = x0 ∈ En

2 ýòàï. xk+1 = PQ

[
zk − βkB

−1(zk)∇f(zk)
]
, k = 0, 1, 2, ... (2.1)

å¼ äàëåå áóäåì îáîçíà÷àòü ÏÎÄÌÏÌ1, è âòîðàÿ ìîäèôèêàöèÿ � ÏÎÄÌÏÌ2

1 ýòàï.yk = xk − xk−1; zk = PQ

(
xk + αky

k/∥yk∥
)
; x−1 = x0 ∈ En

2 ýòàï. xk+1 = PQ

[
zk − βkB

−1(zk)∇f(zk)/∥∇f(zk)∥
]
, k = 0, 1, 2, ... (2.2)

ãäå PQ(v) � ïðîåêöèÿ âåêòîðà v íà ìíîæåñòâî Q ; αk , βk , γk , � ïàðàìåò-
ðû ìåòîäîâ; B(zk) = Bk � ïîñëåäîâàòåëüíîñòü (æåëàòåëüíî) äèàãîíàëüíûõ ìàò-
ðèö, èçìåíÿþùèõ ìåòðèêó ïðîñòðàíñòâà â êàæäîé òî÷êå zk . Èñïîëüçóþòñÿ ðå-
àëèçàöèè ìåòîäîâ ñ îäíîìåðíîé ìèíèìèçàöèåé äëÿ âû÷èñëåíèÿ ïàðàìåòðà äëè-
íû øàãà βk = argminβ>0f

(
zk − βB−1(zk)∇f(zk)

)
� äëÿ ìåòîäà (2.1), γk =

argminγ>0f
(
zk − γB−1(zk)∇f(zk)/∥∇f(zk)∥

)
� äëÿ ìåòîäà (2.2).

Â ðàáîòå [3] íàðÿäó ñ ñóùåñòâóþùåé ìåòðèêîé â En ââåäåíà íîâàÿ ìåòðèêà ñ ïîìîùüþ
íîâîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ (B(x)u,u) ∀u,x ∈ En è ïîëó÷åíî åâêëèäîâî ïðîñòðàí-
ñòâî ñ äâóìÿ ñêàëÿðíûìè ïðîèçâåäåíèÿìè è îïðåäåëÿåìûìè èìè ìåòðèêàìè, îáîçíà÷åííîå
En

1 . Äàëåå è çäåñü ïîäðàçóìåâàåì çàäà÷ó âèäà (2.1) â í¼ì. Â En
1 î ñõîäèìîñòè ìåòîäà (2.1)

ñ ïàðàìåòðàìè êîíñòàíòàìè αk = α , βk = β äîêàçàíà [3]
Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ: 1) ìíîæåñòâî Q ∈ En

1 âûïóêëî
è çàìêíóòî; 2) ôóíêöèÿ f(x) âûïóêëàÿ è âûïîëíåíû ñîîòíîøåíèÿ (1.3); 3) îïåðàòîð
B(x) ∀ x ∈ En

1 òàêîâ, ÷òî âûïîëíåíî íåðàâåíñòâî

m∥u∥2 ≤ (B(x)u,u), 0 < m, u, x ∈ En
1 ;

4) ñóùåñòâóåò âûïóêëàÿ ôóíêöèÿ varphi(x) ∈ C1,1(Q) òàêàÿ, ÷òî èìååò ìåñòî ðàâåí-
ñòâî ∇φ(x) = B−1(x)∇f(x) ∀x ∈ En

1 ; 5) ïàðàìåòðû êîíñòàíòû ìåòîäà (2.1) òàêîâû,
÷òî:

0 < α < 1/
√
5, 0 < β < (4− 10α− 5α3)/(2L− 10Lα2). (2.3)

Òîãäà ïîñëåäîâàòåëüíîñòü
{
xk
}
, îïðåäåëÿåìàÿ ìåòîäîì (2.1), (2.3), èç ëþáîé íà÷àëü-

íîé òî÷êè x0 ∈ En
1 ñõîäèòñÿ ê òî÷êå x∗ ∈ Q∗ ,

∥xk − x∗∥ −→ 0, f(xk) −→ f(x∗), k → ∞.

Ñëåäñòâèå. Èç òåîðåìû 1 ñëåäóåò âûïîëíåíèå íåðàâåíñòâ

∥xk+1 − x∗∥ ≤ ∥xk − x∗∥ ≤ ∥xk−1 − x∗∥ ≤ · · · ≤ ∥x0 − x∗∥,
∥xk−1 − xk∥ ≥ ∥xk − xk+1∥ ≥ ∥xk+1 − xk+2∥ ≥ · · · .
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3. Îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà (2.1) äëÿ âûïóêëûõ ôóíê-
öèé

Ïîëó÷èì îöåíêó ñêîðîñòè ñõîäèìîñòè ÏÎÄÌÏÌ (2.1) áåç òðàäèöèîííîãî äëÿ ìåòîäîâ
ïðîåêöèè ãðàäèåíòîâ ïðåäïîëîæåíèÿ î ñèëüíîé âûïóêëîñòè ôóíêöèè f(x) . Ïðè ýòîì
ïîÿâëÿåòñÿ íåîáðåìåíèòåëüíîå äîïîëíèòåëüíîå îãðàíè÷åíèå. Ñíà÷àëà â ëåììàõ ïîëó÷èì
èñïîëüçóåìûå ïðè ýòîì íåðàâåíñòâà, ïîëåçíûå äëÿ îáîñíîâàíèÿ ìåòîäîâ êëàññà ÏÎÄÌ.

Ëåììà 1. Â åâêëèäîâîì ïðîñòðàíñòâå En
1 èìååò ìåñòî íåðàâåíñòâî

∥u−w∥2 ≥ (1− ε)∥u− v∥2 + (1− ε−1)∥v −w∥2, ε > 0, u,v,w ∈ En
1 . (3.1)

Ä î ê à ç à ò å ë ü ñ ò â î. Âîñïîëüçóåìñÿ èçâåñòíûì ðàâåíñòâîì

∥u−w∥2 = ∥u− v∥2 + 2(u− v,v −w) + ∥v −w∥2 ∀ u,v,w ∈ En
1 . (3.2)

çàïèøåì åãî â ôîðìå

∥u−w∥2 = ∥u− v∥2 − 2(u− v,w − v) + ∥v −w∥2∀ u,v,w ∈ En
1 . (3.3)

è âòîðîå ñëàãàåìîå â åãî ïðàâîé ÷àñòè îöåíèì ñ ïîìîùüþ íåðàâåíñòâ Êîøè-Áóíÿêîâñêîãî
è 2|ab| ≤ εa2 + ε−1b2, a, b, ε > 0 , èç êîòîðîãî ñëåäóåò íåðàâåíñòâî

2|(u− v,w − v)| ≤ ε∥u− v∥2 ++ε−1)∥w − v∥2, ε > 0. (3.4)

Ïîëüçóÿñü (3.4) â (3.3), ïîëó÷èì, ∥u−w∥2 ≥ ∥u−v∥2−ε∥u−v∥2−ε−1∥v−w∥2+∥v−w∥2 .
Îòñþäà ñëåäóåò (3.1).

Ëåììà 1 äîêàçàíà.
Ëåììà 2. Ïóñòü ìíîæåñòâî òî÷åê ìèíèìóìà çàäà÷è (1.2), (1.3) Q∗ ̸= ∅.
Òîãäà äëÿ òî÷åê ïîñëåäîâàòåëüíîñòè

{
xk
}
ìåòîäîâ êëàññà ÏÎÄÌ â En

1 èìååò ìå-
ñòî íåðàâåíñòâî

∥xk+1 − xk∥2 ≥ (ε− 1)∥xk+1 − x∗∥2 − (1− ε−1)∥xk − x∗∥2, (3.5)

ãðàíèöû ÷èñëà ε > 0 ñëåäóþùèå: 0 < ε1 ≤ ε ≤ ε2 , ε1,2 =
(
(s∓ (s− 4l2l3)

1/2
)
/(2l2) , ãäå

s = l1 + l2 + l3 , l1 = ∥xk+1 − xk∥2 , l2 = ∥xk+1 − x∗∥2 , l3 = ∥xk − x∗∥2 .
Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñêîëüêó En

1 ìåòðè÷åñêîå ïðîñòðàíñòâî ñ ìåòðèêîé
ρ(u,v) = ∥u− v∥ ∀u,v ∈ En

1 , â í¼ì èìååò ìåñòî íåðàâåíñòâî ([6], ñ. 31)

|ρ(u,x)− ρ(v,y)| ≤ ρ(u,v) + ρ(x,y)∀u,v,x,y ∈ En. (3.6)

Îòñþäà ïðè u = xk+1, x = x∗, v = xk, y = x∗ , ñ ïîìîùüþ ôîðìóëû äëÿ ìåòðèêè ïîëó÷èì
íåðàâåíñòâî |∥xk+1 − x∗∥ − ∥xk − x∗∥| ≤ ∥xk+1 − xk∥+ ∥x∗ − x∗∥ . Âîçâåä¼ì åãî â êâàäðàò,
ïîä çíàêîì ìîäóëÿ ðàñêðîåì êâàäðàò ðàçíîñòè,

|∥xk+1 − x∗∥2 − 2∥xk+1 − x∗∥∥xk − x∗∥+ ∥xk − x∗∥2| ≤ ∥xk+1 − xk∥2,

è óäâîåííîå ïðîèçâåäåíèå ïîä çíàêîì ìîäóëÿ îöåíèì ñ ïîìîùüþ èçâåñòíîãî íåðàâåíñòâà
(3.4). Òîãäà ïðèä¼ì ê íåðàâåíñòâó

|∥xk+1 − x∗∥2 − ε|∥xk+1 − x∗∥2 −−ε−1∥xk − x∗∥2 + + ∥xk − x∗∥2| ≤ ∥xk+1 − xk∥2.
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Ðàçâåðí¼ì ìîäóëü è ïðåäñòàâèì â ôîðìå äâîéíîãî íåðàâåíñòâà

−∥xk+1 − xk∥2 ≤ (1− ε)∥xk+1 − x∗∥2 − (1− ε−1)∥xk − x∗∥2 ≤ ∥xk+1 − xk∥2. (3.7)

.Âîçüì¼ì ëåâóþ ÷àñòü ýòîãî íåðàâåíñòâà è, óìíîæèâ íà −1 , ïðèä¼ì ê íåðàâåíñòâó (3.5).
Ðåøèâ íåðàâåíñòâî l2ε

2 − sε + l3 ≤ 0 , ñëåäóþùåå èç (3.5), ïîëó÷èì ìíîæåñòâî äîïóñòè-
ìûõ äëÿ (3.5) çíà÷åíèé ÷èñëà ε > 0 . Çàìåòèì, ÷òî ïðàâîå íåðàâåíñòâî (3.7) ñîâïàäàåò ñ
íåðàâåíñòâîì (3.1).

Ëåììà 2 äîêàçàíà.
Ïðèìå÷àíèå 1. Âåðõíÿÿ è íèæíÿÿ ãðàíèöû ÷èñëà ε â (3.5) çàâèñÿò îò ñîîòíîøåíèÿ

äëèí ñòîðîí òðåóãîëüíèêà ñ âåðøèíàìè xk,xk+1,x∗ (ñëó÷àé èõ ðàñïîëîæåíèÿ íà îäíîé
ïðÿìîé íå èñêëþ÷àåòñÿ). Çàäàäèì äîïîëíèòåëüíûå îãðàíè÷åíèÿ, ïðè êîòîðûõ îáåñïå÷è-
âàþòñÿ êîíêðåòíûå çíà÷åíèÿ ε , èñïîëüçóåìûå â äîêàçàòåëüñòâå òåîðåì. Íàïðèìåð, íå
îáðåìåíèòåëüíû óñëîâèÿ: à) ∥xk+1 − x∗∥ ≤ ∥xk+1 − xk∥ ≤ ∥xk − x∗∥ ;

á)(21/10)∥xk+1 − x∗∥ ≤ ∥xk+1 − xk∥ ≤ ∥xk − x∗∥. (3.8)

Â ñëó÷àå à) äëÿ âû÷èñëåíèÿ ãðàíèö ε ðåøàåì íåðàâåíñòâî l2ε
2 − sε+ l3 ≤ 0 , ñëåäóþùåå

èç (3.5), íî ñ ó÷¼òîì íåðàâåíñòâà (3.8à), ïîëàãàÿ l1 = l2 = l3 . Ïîëó÷àåì çíà÷åíèÿ ε1,2 =
(3 ∓ 51/2)/2 , òî åñòü îêðóãë¼ííî ìîæíî ïðèíÿòü çíà÷åíèÿ èç èíòåðâàëà 0.39 ≤ ε ≤ 2.6 .
Â ñëó÷àå á) ðåøàåì íåðàâåíñòâî àíàëîãè÷íî, ïîëîæèâ (21/10)2l2 = l1 = l3 ; ïîëó÷àåì
ãðàíèöû ε1,2 = (491∓ 196981/2)/100 ; òîãäà ïðèáëèæ¼ííûé èíòåðâàë âîçìîæíûõ çíà÷åíèé
0.47 ≤ ε ≤ 9.3 äîñòàòî÷åí äëÿ ïðèìåíåíèÿ (3.5) â äàííîé ðàáîòå.

Ïðèìå÷àíèå 2. Íåðàâåíñòâî (3.1) îáúåäèíÿåò ðàçðîçíåííûå ïðîöåäóðû îöåíêè êâàä-
ðàòà íîðìû ðàçíîñòè âåêòîðîâ â En . Íåðàâåíñòâî (3.5) íîâîå, âûâåäåíî äëÿ îáîñíîâàíèÿ
ìåòîäîâ êëàññà ÏÎÄÌ, � íåîáõîäèìûé ìàòåìàòè÷åñêèé èíñòðóìåíò ïðè îöåíêå ñêîðîñòè
ñõîäèìîñòè ìíîãîøàãîâûõ ìåòîäîâ ìèíèìèçàöèè. Ïîÿâëåíèå äîïîëíèòåëüíûõ îãðàíè÷å-
íèé íåðàâåíñòâ ïðè åãî ïðèìåíåíèè çäåñü íå ïðåäñòàâëÿåòñÿ ñëèøêîì îáðåìåíèòåëüíûì.
Cëó÷àé íåðàâåíñòâà (3.6) äëÿ òð¼õ òî÷åê èçâåñòåí êàê âòîðîå íåðàâåíñòâî òðåóãîëüíèêà
äëÿ ìåòðèêè ([9], ñ. 27)

|ρ(x, z)− ρ(y, z)| ≤ ρ(x,y) ∀x,y, z ∈ X (3.9)

â ìåòðè÷åñêîì ïðîñòðàíñòâå (X, ρ) .
Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1 è, êðîìå òîãî, âûïîëíåíû íåðà-

âåíñòâà (3.8á), ïàðàìåòðû ìåòîäà (2.1), (2.3) òàêîâû, ÷òî

0 < α < 1/6, 0 < β < min[β31; β32], (3.10)

ãäå β31 = (6− 35α)/(2L− 20Lα2), β32 = (8− 10α)/(13L) .
Òîãäà ïîñëåäîâàòåëüíîñòü

{
xk
}
, îïðåäåëÿåìàÿ ìåòîäîì (2.1), (2.3), (3.10), (3.8), ñî

ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñõîäèòñÿ ê ðåøåíèþ çàäà÷è (1.2) è

∥xk − x∗∥ ≤ qk∥x0 − x∗∥, (3.11)

ãäå q = [(6 + 10α/3− Lβ)/(13− 8Lβ) , 0 < q2 < 2/3 ïðè óñëîâèÿõ (3.10).
Ä î ê à ç à ò å ë ü ñ ò â î. Ñíà÷àëà çàìåòèì, ÷òî â óñëîâèÿõ äàííîé òåîðåìû âñå

ðàññóæäåíèÿ è âûêëàäêè òåîðåìû 1 âåðíû è, â ÷àñòíîñòè, íåðàâåíñòâî (ñì. [3])

∥xk+1 − x∗∥2 + a∥xk+1 − xk∥2 + α∥xk−1 − x∗∥2 ≤
≤ b∥yk∥2 + (1 + α)∥xk − x∗∥2, k ≥ 0,

(3.12)
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ãäå a = (4− 2Lβ)/5 , b = 2α + α2(3 + α− 2Lβ) . Ïðåäñòàâèì (3.12) â ôîðìå

∥xk+1 − x∗∥2 + b20∥xk+1 − xk∥2 + b21∥xk+1 − xk∥2+
+α∥xk−1 − x∗∥2 ≤ b31∥xk − x∗∥2 + b41∥yk∥2, k ≥ 0,

(3.13)

ãäå b20 = 1/5−Lβ/5 , b21 = 3/5−Lβ/5 , b31 = 1+α , b41 = 2α+4α2− 2Lα2β ïðè α3 < α2 .
Ñ ïîìîùüþ íåðàâåíñòâà (3.5) èç ëåììû 2 îöåíèì âòîðîå ñëàãàåìîå â ëåâîé ÷àñòè (3.13),
ïîëîæèâ â (3.5) ε = 9 ,

b20∥xk+1 − xk∥2 ≥ 8b20∥xk+1 − x∗∥2 + (8b20/9)∥xk − x∗∥2.

×åòâ¼ðòîå ñëàãàåìîå â ëåâîé ÷àñòè (3.13) ïðåîáðàçóåì ñ ïîìîùüþ (3.1) ïðè u = xk−1 ,
v = xk , w = x∗ , ε = 3/2 ,

α∥xk−1 − x∗∥2 ≥ −(α/2)∥yk∥2 + (α/3)∥xk − x∗∥2.

Òîãäà (3.13) ïðåîáðàçóåòñÿ ê âèäó

b1∥xk+1 − x∗∥2 + b21∥xk+1 − xk∥2 ≤
≤ b3∥xk − x∗∥2 + b4∥yk∥2, k ≥ 0,

(3.14)

ãäå b1 = 1 + 8b20 = (13 − Lβ)/5 , b3 < 6/5 + 2α/3 − Lβ/5 , b4 = 7α/2 − 2Lα2β , 4α2 < α ;
b1 > 0 , b3 > 0 , b4 > 0 ïðè 0 < β < 1/L , 0 < α < 1/4 .

Äëÿ (3.14) ïîêàæåì, ÷òî b4∥yk∥2 − b21∥xk+1 − xk∥2 ≤ 0 . Äëÿ ýòîãî çàìåòèì, ÷òî èìåþò
ìåñòî íåðàâåíñòâà: ∥yk∥2 ≥ ∥xk+1 − xk∥2 (ââèäó ñëåäñòâèÿ òåîðåìû 1); b21 > b4 − b21 ,
b4 − b21 < 7α/2 − 2Lα2β + Lβ/5 − 3/5 < 0 (ïðè 0 < α < 6/35 , 4α2 < α , 0 < β ≤ β31 =
(6− 35α)/(2L− 20Lα2) , (b4 − b21)

(
∥xk+1 − xk∥2 − ∥yk∥2

)
≥ 0 . Ñ èõ ïîìîùüþ ïîëó÷àåì

0 ≥ (b4 − b21)
(
∥yk∥2 − ∥xk+1 − xk∥2

)
=

= b4∥yk∥2 − b4∥xk+1 − xk∥2 + b21
(
∥xk+1 − xk∥2 − ∥yk∥2

)
≥

≥ b4∥yk∥2 − b21∥xk+1 − xk∥2 + (b4 − b21)
(
∥xk+1 − xk∥2 − ∥yk∥2

)
≥

≥ b4∥yk∥2 − b21∥xk+1 − xk∥2.

Ñ ó÷¼òîì ïîñëåäíåé îöåíêè èç (3.14) ñëåäóåò íåðàâåíñòâî

∥xk+1 − x∗∥2 ≤ q2∥xk − x∗|2, k ≥ 0, (3.15)

ãäå q2 = b3/b1 , 0 < q2 < 2/3 ïðè óñëîâèÿõ (3.10) è (2.3); ïðè ýòîì 0 < β < (8 −
10α)/(13L) = β32 < β31 ïðè 0 < α < 1/6 . Èç (3.15) ñëåäóåò (3.11).

Òåîðåìà 2 äîêàçàíà.
Ïðèìå÷àíèå 3. Íåðàâåíñòâà (3.6) è (3.9) èìåþò ìåñòî ∀u,v,x,y ∈ En , ïîýòîìó (3.5)

è (3.8) ìîæíî çàïèñàòü â îáùåì âèäå. Ïîëüçóÿñü ôîðìóëîé äëÿ ìåòðèêè, èç (3.9) ïðè
x = x, z = x, y = v , ïîñëå ïðåîáðàçîâàíèé, àíàëîãè÷íûõ ïðîâåä¼ííûì â ëåììå 2 ïîñëå
íåðàâåíñòâà (3.6), ïîëó÷èì

∥u− v∥2 ≥ (ε− 1)∥u− x∥2 − (1− ε−1)∥v − x∥2. (3.16)

Ýòî íåðàâåíñòâî èìååò ñàìîñòîÿòåëüíîå çíà÷åíèå è ïîëåçíî ïðè îáîñíîâàíèè ìåòî-
äîâ êëàññà ÏÎÄÌ; èç íåãî ìîæíî ïîëó÷èòü êîíêðåòíûå íåðàâåíñòâà äëÿ òî÷åê ïî-
ñëåäîâàòåëüíîñòè

{
xk
}
. Ãðàíèöû ÷èñëà ε > 0 îïðåäåëÿþòñÿ èç (3.16) íåðàâåíñòâàìè

0 < ε1 ≤ ε ≤ ε2 , ε1,2 = [s ∓ (s − 4bc)1/2]/(2b) , ãäå s = a + b + c , a = ∥u − v∥2 ,
b = ∥u − x∥2 , c = ∥v − x∥2 . Èç (3.16) â ÷àñòíîñòè, ïðè äîïîëíèòåëüíîì òðåáîâàíèè
∥u − x∥ ≤ ∥u − v∥ ≤ ∥v − x∥ , äëÿ ÷èñëà ε > 0 ïîëó÷àåì ïðèáëèçèòåëüíûé èíòåðâàë
âîçìîæíûõ çíà÷åíèé 0.39 ≤ ε ≤ 2.61 , âû÷èñëåííûé äëÿ (3.8a). Àíàëîã íåðàâåíñòâà (3.8á)
çàïèøåòñÿ â âèäå (21/10)∥u− x∥ ≤ ∥u− v∥ ≤ ∥v − x∥ , äëÿ ÷èñëà ε > 0 â (3.16) ïðèáëè-
æ¼ííûé èíòåðâàë âîçìîæíûõ çíà÷åíèé 0.47 ≤ ε ≤ 9.3 .

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



88 Â.Ã. Ìàëèíîâ

4. Òåñòîâûé ïðèìåð ÇÎÓ

Ïðîöåññ âåðòèêàëüíîãî ïîäú¼ìà ðàêåòû íà ìàêñèìàëüíóþ âûñîòó íàä Çåìë¼é îïèñû-
âàåòñÿ ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx1(t)

dt
= −u(t), dx2(t)

dt
= x3(t),

dx3(t)

dt
= [V u(t)−Q(x(t))]/x1(t)− g (4.1)

ïðè íà÷àëüíûõ óñëîâèÿõ x1(0) = 1 , x2(0) = 0 , x3(0) = 0 . Òðåáóåòñÿ îïðåäåëèòü çàêîí
îïòèìàëüíîãî ðàñõîäà ìàññû (ãîðþ÷åãî) u(t) â ýòîì ïðîöåññå ñ ôèêñèðîâàííûì âðåìåíåì
T = 100c , 0 ≤ t ≤ T , ïðè óñëîâèè ðàñõîäà íå áîëåå 80 ïðîöåíòîâ çàïàñîâ òîïëèâà (÷òî
âëå÷¼ò êðàåâîå óñëîâèå äëÿ ìàññû x1(T ) = 0.2 èëè îãðàíè÷åíèå ðàâåíñòâî k2[x1(t) −
0.2] = 0 , k2 = 10 ), çàäàííûõ íà÷àëüíûõ è êðàåâîì óñëîâèè è îãðàíè÷åíèè íà óïðàâëåíèå
0 ≤ u(t) ≤ 0.04 . Îáîçíà÷åíèÿ â ìàòåìàòè÷åñêîé ìîäåëè (4.1): x1(t) � ìàññà ðàêåòû,
îòíåñ¼ííàÿ ê íà÷àëüíîé ìàññå; x2(t) � âûñîòà íàä Çåìë¼é (êì); x3(t) � ñêîðîñòü ðàêåòû
(êì/ñ); u(t) � ðàñõîä ìàññû â åäèíèöó âðåìåíè ( c−1 ); V = 2 êì/ñ � ñêîðîñòü èñòå÷åíèÿ
ãàçîâ èç ñîïëà äâèãàòåëÿ ðàêåòû; g = 0.01 êì/ñåê � óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ (const);
Q(x) = 0.05exp(−0.1x2)x

2
3 � âåëè÷èíà àýðîäèíàìè÷åñêîãî ñîïðîòèâëåíèÿ; T = 100c �

ïðîäîëæèòåëüíîñòü ïîë¼òà; k1 = 0.01; k2 = 10 � âåñîâûå êîýôôèöèåíòû.
Òðåáóåòñÿ ìèíèìèçèðîâàòü ôóíêöèþ f(x,u) = −k1x2(T ) ïðè çàäàííûõ íà÷àëüíûõ è

êðàåâîì óñëîâèè.
Ïîñòàâëåííàÿ çàäà÷à â [1] íàçâàíà êëàññè÷åñêîé òåñòîâîé çàäà÷åé îïòèìàëüíîãî óïðàâ-

ëåíèÿ. Äëÿ ÷èñëåííîãî ðåøåíèÿ ÇÎÓ (4.1) áûëà ïðåîáðàçîâàíà ê çàäà÷å ìèíèìèçàöèè
ôóíêöèîíàëà îò n-ìåðíîãî âåêòîðà óïðàâëÿþùèõ ïàðàìåòðîâ (n = ms , xi = u(ti) ,
i ∈ [1 : n] , ñì. ï.1) è ðåøàëàñü ÌØÔ. Ìîäåëüíàÿ ñèñòåìà ÎÄÓ èíòåãðèðîâàëàñü ìî-
äèôèöèðîâàííûì ìåòîäîì Ýéëåðà

hi = ti+1 − ti; x
i+1/2 = xi + hi/2;

zi+1/2 = zi + (hi/2)f(z
i); zi+1 = zi + hif(z

i+1/2)

â äâóõ âàðèàíòàõ: îòðåçîê [0;T ] ðàçáèâàëñÿ íà ÷àñòè, ÷òî îïðåäåëÿëî ðàçìåðíîñòü n
ïðîñòðàíñòâà (n = 101, n = 125 ; ïðè ðàñ÷¼òàõ ñ ïîëîâèííûì øàãîì n = 201, n = 250 ).

5. Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ çàäà÷è

Ðåçóëüòàòû ñðàâíèòåëüíûõ ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ðåøåíèþ çàäà÷è (4.1) ñ
íåñêîëüêèìè ìåòîäàìè ìèíèìèçàöèè ïðèâåäåíû â òàáëèöàõ 1 è 2. Äëÿ ñðàâíåíèÿ ïðè-
âåäåíû òàêæå ðåçóëüòàòû, ïîëó÷åííûå Ò.Ì. Ýíååâûì, Ð.Ï. Ôåäîðåíêî, Þ.Ã. Åâòóøåíêî.
Îáîçíà÷åíèÿ ìåòîäîâ ïðèâåäåíû â ïåðâûõ êîëîíêàõ òàáëèö. Ïðèíÿòû ñîêðàùåíèÿ: ÌØÔ
� ìåòîä øòðàôíûõ ôóíêöèé, ÊÌ � êîìáèíèðîâàííûé ìåòîä èç [1], íà ïåðâîì ýòàïå êîòîðî-
ãî ñ÷¼ò ïî ÌØÔ, à çàòåì � ìåòîäîì ïðîñòûõ èòåðàöèé; ÏÎÄÌÏÌ2 � ìåòîä (2.2); ÌÌÏÃ
� ìîäèôèêàöèÿ ìåòîäà ïðîåêöèè ãðàäèåíòà xk+1 = PQ

[
xk − γk∇f(xk)/∥∇f(xk)∥

]
; ÌLe-

D � ïðîåêöèîííàÿ ìîäèôèêàöèÿ àâòîðà äàííîé ñòàòüè ìåòîäà èç ðàáîòû [5]. ÏÎÄÌ×1 �
ÏÎÄÌ ÷åòûð¼õïàðàìåòðè÷åñêèé [8]

1 ýòàï. yk = xk − xk−1; zk = PQ

(
xk + αky

k
)
;

2 ýòàï. xk+1 = PQ

[
zk + βk(γ1ky

k − γ2k∇f(zk)
]
, k = 0, 1, 2, ....
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ÏÎÄÌ×2 � äðóãàÿ âåðñèÿ ÏÎÄÌ ÷åòûð¼õïàðàìåòðè÷åñêîãî [8]

1 ýòàï. y1k = (xk − xk−1)/∥xk − xk−1∥; zk = PQ

(
xk + αky

1k
)
;

2 ýòàï. xk+1 = PQ

[
zk + βk(γ1ky

1k − γ2k∇f(zk)/∥∇f(zk)∥
]
, k ≥ 0.

ãäå x0 ∈ En � íà÷àëüíàÿ òî÷êà; PQ[v] � ïðîåêöèÿ âåêòîðà v íà ìíîæåñòâî Q ⊂ En ;
x−1 = x0 ; αk, βk, γk, γ1k, γ2k � ïàðàìåòðû äëèí øàãîâ âäîëü ñîîòâåòñòâóþùèõ âåêòîðîâ
â ìåòîäàõ; ïîèñê βk, γk (â òîì ÷èñëå â (2.1) è (2.2)) � îäíîìåðíîé ìèíèìèçàöèåé ïî
MUM ([7], ñ. 47). Â íèæåïðèâåäåííûõ òàáëèöàõ â ñòîëáöå " 1 − u(t) "(îñòàòîê ãîðþ÷åãî
èç 1.0) ïðèâåäåíû äàííûå î òî÷íîñòè âûïîëíåíèÿ îãðàíè÷åíèÿ ðàâåíñòâà; it � ÷èñëî
èòåðàöèé ìåòîäà îïòèìèçàöèè; x2(T ) � äîñòèãíóòàÿ ðàêåòîé âûñîòà. Íà÷àëüíûå òî÷êè
(A) = (.008; .008; .008; ....008) , è (B) = (.011; .011; .011; .011; .011; .011; .011; .008; ....008) çà-
äàþò íà÷àëüíûå çíà÷åíèÿ óïðàâëÿþùåé ïåðåìåííîé u(t) â òî÷êàõ äåëåíèÿ îòðåçêà [0;T ] .

Ìåòîä it t(sek.) x2(T ) 1− u(t) n è íà÷.òî÷êà
Ýíååâ Ò.Ì. [1] 50 - 132.346 .19967 51; -

Ôåäîðåíêî Ð.Ï. [1] 12 - 132.180 .20000 51; -
[1] ÌØÔ 5 - 132.898 .19838 51; (A)
[1] KM 3 233 132.133 .2000006 51; (A)
ÌÌÏÃ 80 121 132.2098 .19998669 101; (Â)

ÏÎÄÌ×1 8 20 132.2107 .200000094 101; (À)
ÌLe-D 7 18 132.2059 .200000095 101; (Â)

ÏÎÄÌ×2 2 14 132.2037 .200000028 125; (À)
[1] KM 5 420 132.167 .199996 201; (A)
ÌÌÏÃ 14 68 132.4349 .200000007 201; (Â)
ÌLe-D 7 53 132.4349 .200000009 201; (Â)

ÏÎÄÌ×1 4 53 132.4349 .200000006 201; (Â)
ÏÎÄÌÏÌ1 1 44 132.2154 .200000023 250; (À)
ÏÎÄÌ×2 4 54 132.2134 .200000046 250; (À)
ÏÎÄÌÏÌ1 2 50 132.4349 .200000006 250; (Â)

Òàáëèöà 1: Ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ çàäà÷è

ÇÎÓ (4.1) ðåøàëàñü òàêæå ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà (ïðèíöèïîì ìèíèìó-
ìà Þ.Ã. Åâòóøåíêî ([1], ñ. 80); íåêîòîðûå ðåçóëüòàòû ïðèâåäåíû â òàáëèöå 2. Ôóíêöèÿ
Ãàìèëüòîíà- Ïîíòðÿãèíà H(x,u,p, t) = p1f1(x,u, t)+p2f2(x,u, t)+p3f3(x,u, t) äëÿ äàííîé
çàäà÷è ìèíèìèçàöèè èñïîëüçîâàíà â ñîñòàâå âñïîìîãàòåëüíîé ôóíêöèè FH(x,u,p, t) =
k2(x1(T ) − 0.2) − k1x2(T ) − H(x,u,p, t) , ãäå f1(x,u, t) = −u(t) ; f2(x,u, t) = x3(t) ;
f3(x,u, t) = [V u − Q(x)]/x1 − g , ïàðàìåòðû p1 = −1, p2 = 1, p3 = 1 âû÷èñëÿëèñü â
õîäå ìèíèìèçàöèè. ×èñëåííûå ðåçóëüòàòû àíàëîãè÷íû ïðèâåä¼ííûì â òàáëèöå 1 (ìíîãî
ñîâïàäàþùèõ).
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Ìåòîä it t(sek.) x2(T ) 1− u(t) n è íà÷.òî÷êà
ÌÌÏÃ 80 121 132.2098 .19998669 101; (À)

ÏÎÄÌÏÌ2 8 20 132.2107 .200000094 101; (À)
ÌLe-D 7 18 132.2059 .200000095 101; (À)
ÌLe-D 1 6 132.1431 .200000007 125; (À)

ÏÎÄÌÏÌ2 1 12 132.2065 .200000004 125; (À)
ÏÎÄÌ×2 4 53 132.4949 .200000006 201; (B)
ÌLe-D 21 180 132.2154 .200000042 250; (À)

Òàáëèöà 2: Ðåçóëüòàòû ðåøåíèÿ çàäà÷è ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà

Âûâîäû. Ïðåäñòàâëÿþò èíòåðåñ ðåçóëüòàòû ïî îöåíêå ñêîðîñòè ñõîäèìîñòè ÏÎÄ-
ÌÏÌ íàðÿäó ñî âñïîìîãàòåëüíûìè íåðàâåíñòâàìè. Ðåçóëüòàòû ñðàâíèòåëüíûõ âû÷èñëè-
òåëüíûõ ýêñïåðèìåíòîâ ïîêàçûâàþò ðàáîòîñïîñîáíîñòü ïðåäëîæåííûõ ìåòîäîâ ìèíèìè-
çàöèè è èõ ñïîñîáíîñòü ðåøàòü ÇÎÓ ñ äîñòàòî÷íîé òî÷íîñòüþ è áûñòðîäåéñòâèåì.
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Projected two-step VMM and numerical solution of

optimal control problem

c⃝ V.G. Malinov 2

Abstract. This paper describes a new projection generalized two-step variable metric method
(PTVMM) for solving minimization problems in the Euclidean space En in the case when function
f(x) has prolate level surfaces. The estimate of rate of convergence of the method in the case of
convex functions is presented. Finally, we indicate, how these considered methods can be used to
solving of testing optimal control problem. Some results of comparative numerical experiments are
given.

Key Words: minimization on the simple set, projection generalized two-step two-stage variable
metric method, rate of convergence, di�erencial equations of movement, optimal control problem,
optimization.

2 Assistant Professor of Ulyanovsk State University, Ulyanovsk; vgmalinov@mail.ru.

MVMS journal. 2012. V. 14, No. 1



92 Ì.È. Ìàëêèí

ÓÄÊ 512.917+513.9

Íåïðåðûâíàÿ çàâèñèìîñòü ÷èñåë âðàùåíèÿ äëÿ

ìîäåëüíûõ ñåìåéñòâ êóñî÷íî-íåïðåðûâíûõ îäíîìåðíûõ

îòîáðàæåíèé

c⃝ Ì.È. Ìàëêèí1

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ êóñî÷íî-ìîíîòîííûå, êóñî÷íî-íåïðåðûâíûå îòîáðàæåíèÿ âå-
ùåñòâåííîé ïðÿìîé, ìîäåëèðóþùèå äèíàìèêó íåêîòîðûõ íåéðîííûõ è òåëåêîììóíèêàöèîí-
íûõ ñåòåé. Äëÿ îòîáðàæåíèé èç ðàññìàòðèâàåìûõ êëàññîâ íåáëóæäàþùåå ìíîæåñòâî ïðåä-
ñòàâëÿåò ñîáîé íåñâÿçíóþ ñóììó íåáëóæäàþùèõ ìíîæåñòâ äâóõ îòîáðàæåíèé ëîðåíöåâñêîãî
òèïà. Òåì ñàìûì ìîæíî îïðåäåëèòü ìíîæåñòâî âðàùåíèÿ èçó÷àåìîãî îòîáðàæåíèÿ. Äîêàçà-
íî, ÷òî ìíîæåñòâî âðàùåíèÿ åñòü îáúåäèíåíèå äâóõ çàìêíóòûõ èíòåðâàëîâ, ãðàíè÷íûå òî÷êè
êîòîðûõ íåïðåðûâíî çàâèñÿò îò îòîáðàæåíèÿ (ñ õàóñäîðôîâîé òîïîëîãèåé).

Êëþ÷åâûå ñëîâà: ×èñëà âðàùåíèÿ, îòîáðàæåíèÿ ëîðåíöåâñêîãî òèïà, ìíîæåñòâà âðàùåíèÿ

1. Ââåäåíèå

×èñëî âðàùåíèÿ áûëî ââåäåíî À.Ïóàíêàðå äëÿ ñîõðàíÿþùèõ îðèåíòàöèþ ãîìåîìîð-
ôèçìîâ îêðóæíîñòè. Îíî èçìåðÿåò àñèìïòîòè÷åñêóþ ôàçîâóþ ñêîðîñòü òðàåêòîðèè, ïðè-
÷¼ì äëÿ âñåõ òðàåêòîðèé ãîìåîìîðôèçìà ýòî ÷èñëî îäíî è òî æå. Ïîòîêè íà òîðå áåç ñî-
ñòîÿíèé ðàâíîâåñèÿ ìîæíî êëàññèôèöèðîâàòü ïðè ïîìîùè ÷èñëà âðàùåíèÿ îòîáðàæåíèÿ
ïîñëåäîâàíèÿ (îòîáðàæåíèÿ Ïóàíêàðå) íà ñåêóùåé. Ó áîëåå ñëîæíûõ ñèñòåì (íàïðèìåð,
ñèñòåì ñ àòòðàêòîðîì Ëîðåíöà) ðàçíûå òðàåêòîðèè ìîãóò äàâàòü ðàçíûå àñèìïòîòè÷åñêèå
ñêîðîñòè. Îêàçàëîñü, ÷òî äëÿ íåêîòîðûõ êëàññîâ ñëîæíûõ ñèñòåì ìîæíî ââåñòè ìíîæå-
ñòâî âðàùåíèÿ - íàáîð ÷èñåë âðàùåíèÿ èíäèâèäóàëüíûõ òðàåêòîðèé, ïðè÷åì ìíîæåñòâî
âðàùåíèÿ ïðåäñòàâëÿåò ñîáîé çàìêíóòûé (âîçìîæíî òðèâèàëüíûé) èíòåðâàë - èíòåðâàë
âðàùåíèÿ. Èíòåðâàë âðàùåíèÿ îòðàæàåò ñòåïåíü ðàçíîîáðàçèÿ àñèìïòîòè÷åñêîãî ïîâå-
äåíèÿ ïåðèîäè÷åñêèõ îðáèò è ÿâëÿåòñÿ âàæíîé õàðàêòåðèñòèêîé, îòðàæàþùåé ñòåïåíü
õàîòè÷íîñòè ñèñòåìû. Â ÷àñòíîñòè, äëÿ ýíäîìîðôèçìîâ îêðóæíîñòè ñòåïåíè 1 âèä èíòåð-
âàëà âðàùåíèÿ è åãî âåëè÷èíà â äîñòàòî÷íîé ñòåïåíè õàðàêòåðèçóþò äèíàìè÷åñêèå ñâîé-
ñòâà ýíäîìîðôèçìà: èç íåòðèâèàëüíîñòè èíòåðâàëà âðàùåíèÿ ñëåäóåò ïîëîæèòåëüíðñòü
òîïîëîãè÷åñêîé ýíòðîïèè (à ñëåäîâàòåëüíî, õàîñ ïî Ëè-Éîðêó) è íàëè÷èå ïåðèîäè÷åñêèõ
îðáèò âñåõ ïåðèîäîâ, êðîìå, âîçìîæíî, êîíå÷íîãî ÷èñëà (ñì. [14]). Èçìåíåíèå èíòåðâàëà
âðàùåíèÿ â îäíîïàðàìåòðè÷åñêèõ ñåìåéñòâàõ ýíäîìîðôèçìîâ ñâÿçàíî ñ âàæíûìè áèôóð-
êàöèîííûìè ñâîéñòâàìè ([3], [19], [18]). Ïîäîáíûå ñâîéñòâà èìåþò ìåñòî è äëÿ îäíîìåð-
íûõ îòîáðàæåíèé ëîðåíöåâñêîãî òèïà è óíèìîäàëüíûõ îòîáðàæåíèé (ñì.[1], [2], [6], [12],
[13]). Áîëåå òîãî, ñ ïîìîùüþ ýòîãî èíâàðèàíòà óäàëîñü óñòàíîâèòü íåêîòîðûå ýôôåêòû,
ñâÿçàííûå ñ õàîòè÷åñêèì ïîâåäåíèåì îðáèò (íàïðèìåð, Cr -ñòðóêòóðíóþ íåóñòîé÷èâîñòü
îòîáðàæåíèé, ó êîòîðûõ êîíöåâûå òî÷êè èíòåðâàëà âðàùåíèÿ � èððàöèîíàëüíûå ÷èñëà,
ñì. [6], [13]).

Êóñî÷íî-ìîíîòîííûå, êóñî÷íî-íåïðåðûâíûå îòîáðàæåíèÿ ïðÿìîé íàõîäÿò ïðèìåíåíèå
â êà÷åñòâå ìîäåëåé, äåìîíñòðèðóþùèõ ðàçëè÷íûå òèïû äèíàìè÷åñêîãî ïîâåäåíèÿ, èíòå-
ðåñíûå ñöåíàðèè ïåðåõîäà îò ïîðÿäêà ê õàîñó è ñîîòâåòñòâóþùèå áèôóðêàöèè. Îòìåòèì
â ýòîé ñâÿçè ìîäåëü èìïóëüñíîãî îñöèëëÿòîðà, ìîäåëü íåéðîíîâ ñ öèêëè÷åñêîé ïîäêà÷êîé

1 Äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé è ìàòåìàòè÷åñêîãî àíàëèçà, Íèæåãîðîäñêèé ãîñó-
äàðñòâåííûé óíèâåðñèòåò èì. Í.È.Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä, malkin@mm.unn.ru
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[16], ìîäåëü áèîëîãè÷åñêîãî îñöèëëÿòîðà [8], ìîäåëè òåëåêîììóíèêàöèîííûõ è íåéðîííûõ
ñåòåé [5], [7], [11], ìàòåìàòè÷åñêèå ìîäåëè â ýêîíîìèêå, èñïîëüçóåìûå ïðè èçó÷åíèè öå-
íîâîé äèíàìèêè [17]. ×àñòî âñòðå÷àþùèåñÿ êóñî÷íî-ìîíîòîííûå, êóñî÷íî-íåïðåðûâíûå
ìîäåëè èìåþò âèä

F (x) =


g1(x), x ≤ −1
f(x), −1 ≤ x ≤ 1
g2(x), x ≥ 1,

(1.1)

ãäå g1(x), g2(x) è f(x) � ìîíîòîííî âîçðàñòàþùèå, íåïðåðûâíûå ôóíêöèè (âåòâè), çàäàí-
íûå íà èíòåðâàëàõ (−∞,−1), (−1, 1) è (1,+∞) ñîîòâåòñòâåííî è f(0) = 0 (áåç îãðàíè-
÷åíèÿ îáùíîñòè çäåñü ïðèíÿòû çíà÷åíèÿ àáñöèññ òî÷åê ðàçðûâà ±1 , ò.ê. ê ýòèì çíà-
÷åíèÿì ëåãêî ïåðåéòè ïðè çàìåíå êîîðäèíàò). Â ÷àñòíîñòè, â ýêîíîìè÷åcêèõ ìîäåëÿõ
èíîãäà èñïîëüçóåòñÿ ñåìåéñòâî âèäà (1.1) äëÿ ôóíêöèé f1(x) = f2(x) = Ax + eBx − 1 ,
g(x) = Cx+ eDx − 1 , ãäå A,B,C,D � ïîëîæèòåëüíûå ïàðàìåòðû (îáû÷íî, ìåíüøèå åäè-
íèöû).

Äëÿ îòîáðàæåíèé (1.1) åñòåñòâåííî ïðåäïîëàãàòü, ÷òî âûïîëíÿþòñÿ óñëîâèÿ

g2(1) < 1 < f(1), f(−1) < −1 < g1(−1), (1.2)

òàê êàê â ïðîòèâíîì ñëó÷àå äèíàìèêà îòîáðàæåíèÿ íà âñåé ÷èñëîâîé ïðÿìîé èëè íà îäíîé
èç ïîëóîñåé òðèâèàëüíà. Ëåãêî âèäåòü, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ (1.2) èìåþòñÿ äâà
èíâàðèàíòíûõ èíòåðâàëà, à èìåííî I1 = [f(−1), g1(−1)] è I2 = [g2(1), f(1)] , à òðàåêòîðèè,
íà÷èíàþùèåñÿ âíå ýòèõ èíòåðâàëîâ, ëèáî ÷åðåç êîíå÷íîå ÷èñëî èòåðàöèé ïîïàäàþò â ýòè
èíòåðâàëû, ëèáî ñòðåìÿòñÿ ê íåïîäâèæíûì òî÷êàì, ëèáî óõîäÿò íà áåñêîíå÷íîñòü (ïðè
âûïîëíåíèè ëèøü îäíîãî èç äâîéíûõ íåðàâåíñòâ (1.2) èìååòñÿ îäèí èíâàðèàíòíûé èí-
òåðâàë, à òðàåêòîðèè, íà÷èíàþùèåñÿ âíå ýòîãî èíòåðâàëà ÷åðåç êîíå÷íîå ÷èñëî èòåðàöèé
ïîïàäàþò â íåãî èëè ñòðåìÿòñÿ ê íåïîäâèæíûì òî÷êàì èëè óõîäÿò íà áåñêîíå÷íîñòü).
Îãðàíè÷åíèå îòîáðàæåíèÿ (1.1) íà êàæäîì èç èíòåðâàëîâ I1 è I2 ïðåäñòàâëÿåò ñîáîé
îòîáðàæåíèå ëîðåíöåâñêîãî òèïà, ò.å. ðàçðûâíîå îòîáðàæåíèå îòðåçêà ñ îäíîé òî÷êîé ðàç-
ðûâà è äâóìÿ ïðîìåæóòêàìè ìîíîòîííîãî âîçðàñòàíèÿ. Òàêèì îáðàçîì, íåáëóæäàþùåå
ìíîæåñòâî îòîáðàæåíèÿ âèäà (1.1) ïðåäñòàâëÿåò ñîáîé íåñâÿçíóþ ñóììó íåáëóæäàþùèõ
ìíîæåñòâ äâóõ îòîáðàæåíèé ëîðåíöåâñêîãî òèïà è, âîçìîæíî, íåêîòîðîå ìíîæåñòâî íåïî-
äâèæíûõ òî÷åê.

Ðàññìàòðèâàÿ äëÿ êàæäîãî èç óêàçàííûõ îòîáðàæåíèé ëîðåíöåâñêîãî òèïà ìíîæåñòâî
âðàùåíèÿ, êîòîðîå íà ñàìîì äåëå ìîæíî íàçâàòü èíòåðâàëîì âðàùåíèÿ (ñì. [12]), ìû ìî-
æåì îïðåäåëèòü ìíîæåñòâî âðàùåíèÿ îòîáðàæåíèÿ (1.1) êàê íàáîð èç ýòèõ äâóõ èíòåðâà-
ëîâ âðàùåíèÿ. Îñíîâíîé ðåçóëüòàò äàííîé ñòàòüè çàêëþ÷àåòñÿ â òîì, ÷òî èíòåðâàëû âðà-
ùåíèÿ îòîáðàæåíèÿ (1.1) èçìåíÿþòñÿ íåïðåðûâíî ïðè íåïðåðûâíîì èçìåíåíèè ôóíêöèé
g1, f, g2 (â C0 -òîïîëîãèè, èëè, ÷òî ýêâèâàëåíòíî, â õàóñäîðôîâîé òîïîëîãèè îòîáðàæåíèé
(1.1)). Òåì ñàìûì, â ìîäåëüíûõ ñåìåéñòâàõ ïîëó÷àåò îáúÿñíåíèå ñèòóàöèÿ ñòðóêòóðíîé
íåóñòîé÷èâîñòè, êîãäà êîíöåâàÿ òî÷êà (õîòÿ áû îäíîãî èç) èíòåðâàëîâ âðàùåíèÿ ïðèíè-
ìàåò èððàöèîíàëüíîå çíà÷åíèå.

2. Íåïðåðûâíîñòü èíòåðâàëîâ âðàùåíèÿ ëîðåíöåâñêîãî òèïà

Ðàññìîòðèì ìíîæåñòâî îòîáðàæåíèé f : I → I èíòåðâàëà I = [0, 1] , èìåþùèõ îäíó
òî÷êó ðàçðûâà c = c(f) è óäîâëåòâîðÿþùèõ óñëîâèÿì

1. f íåïðåðûâíî è ìîíîòîííî âîçðàñòàåò íà èíòåðâàëàõ [0, c) è (c, 1] ,
2. lim

x→c+
f(x) = 0, lim

x→c−
f(x) = 1.
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Îáîçíà÷èì ìíîæåñòâî îòîáðàæåíèé ëîðåíöåâñêîãî òèïà ÷åðåç FL . Ëåãêî âèäåòü, ÷òî
äëÿ îòîáðàæåíèé, óäîâëåòâîðÿþùèõ ëèøü ïåðâîìó óñëîâèþ, îãðàíè÷åíèå íà èíòåðâàë
J = [f(c + 0), f(c − 0)] åñòü îòîáðàæåíèå ëîðåíöåâñêîãî òèïà (ñ òî÷íîñòüþ äî ëèíåéíîé
çàìåíû êîîðäèíàò, ïåðåâîäÿùåé f(c+0) â 0 è f(c− 0) â 1 ), ïðè÷¼ì ëþáàÿ òî÷êà âíå J
(çà èñêëþ÷åíèåì, âîçìîæíî, òî÷åê 0 è 1, åñëè îíè íåïîäâèæíû) çà êîíå÷íîå ÷èñëî èòåðà-
öèé ïîïàäàåò â J (ïîýòîìó âòîðîå óñëîâèå èñïîëüçóåòñÿ ëèøü äëÿ óäîáñòâà, à èíòåðâàë
J îáû÷íî íàçûâàþò èñòèííûì èíòåðâàëîì îòîáðàæåíèÿ, íå óäîâëåòâîðÿþùåãî âòîðîìó
óñëîâèþ). Îáîçíà÷èì ÷åðåç φ : F → FL îïåðàòîð ïðîåêòèðîâàíèÿ, äåéñòâèå êîòîðîãî
ñâîäèòñÿ ê îãðàíè÷åíèþ f ∈ F íà èñòèííûé èíòåðâàë ñ ïîñëåäóùåé ëèíåéíîé çàìåíîé
êîîðäèíàò. Òàêèì îáðàçîì, ïåðåõîäÿ îò f ê φ(f) , ìîæåì ñ÷èòàòü, ÷òî óñëîâèå 2 âûïîë-
íåíî. Çàìåòèì, ÷òî f(0) 6 f(1) .

Ñèìâîëè÷åñêàÿ ìîäåëü îòîáðàæåíèÿ f ∈ F ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Ëþáîé òî÷-
êå x ∈ I\D (ãäå D � ìíîæåñòâî ïðîîáðàçîâ òî÷êè ðàçðûâà c ïîä äåéñòâèåì âñåõ èòåðà-
öèé) ñòàâèòñÿ â ñîîòâåòñòâèå íèäèíã ïîñëåäîâàòåëüíîñòü áåç çíàêà U(x) = (Un(x))

∞
n=0 èç

ñèìâîëîâ −1 è 1 , ãäå

Un(x) =

{
−1, fn(x) ∈ [0, c)
1, fn(x) ∈ (c, 1].

Ïîëó÷àåì îòîáðàæåíèå U èç I\D â îäíîñòîðîííþþ ñõåìó Áåðíóëëè Ω+
2 èç äâóõ ñèì-

âîëîâ +1 , −1 (ñ ëåêñèêîãðàôè÷åñêèì ïîðÿäêîì). Î÷åâèäíî, ÷òî îòîáðàæåíèå U ñîõðà-
íÿåò ïîðÿäîê. Ïîä ñèìâîëè÷åñêîé ìîäåëüþ îòîáðàæåíèÿ ïîíèìàåòñÿ σ+|Σ+

f , ãäå Σ+
f åñòü

çàìûêàíèå U(I\D) â Ω+
2 , è σ+ - îäíîñòîðîííèé ñäâèã. Ïàðà ïîñëåäîâàòåëüíîñòåé

K+
f = lim

x→c+
U(x), K−

f = lim
x→c−

U(x)

íàçûâàåòñÿ íèäèíã-èíâàðèàíòàìè ëîðåíöåâîãî îòîáðàæåíèÿ f .
Îòîáðàæåíèå f ∈ FL ìîæíî ñ÷èòàòü îòîáðàæåíèåì îêðóæíîñòè S1 , åñëè îòîæäå-

ñòâèòü êîíöû èíòåðâàëà I .Òîãäà îòîæäåñòâë¼ííàÿ òî÷êà ñòàíîâèòñÿ òî÷êîé ðàçðûâà, à
c � òî÷êîé íåïðåðûâíîñòè. Îáîçíà÷èì ýòî îòîáðàæåíèå îêðóæíîñòè ÷åðåç F . Äëÿ F ,
êàê è äëÿ íåïðåðûâíûõ îòîáðàæåíèé îêðóæíîñòè, ìîæíî îïðåäåëèòü ïîäíÿòèå, ò.å. òàêîå
îòîáðàæåíèå f̄ : R → R , äëÿ êîòîðîãî Fπ = πf̄ , ãäå π : R → S1 = R/Z - êàíîíè÷åñêàÿ
ïðîåêöèÿ. Äëÿ äàííîãî f ∈ FL çàôèêñèðóåì ïîäíÿòèå f̄ âèäà

f̄(x) =

{
[x] + f({x}), {x} ∈ [0, c)
f({x}) + [x] + 1, {x} ∈ [c, 1).

ãäå [x] , {x} ñîîòâåòñòâåííî öåëàÿ è äðîáíàÿ ÷àñòè ÷èñëà x (òàêèì îáðàçîì, ïðåäïîëàãàåì,
÷òî f̄ ïðèíèìàåò çíà÷åíèÿ â öåëûõ òî÷êàõ ïî íåïðåðûâíîñòè ñïðàâà).

Äëÿ îòîáðàæåíèÿ îêðóæíîñòè F ñ ïîäíÿòèåì f̄ ìîæíî ââåñòè ìíîæåñòâî âðàùåíèÿ
ρ(f̄) ñëåäóþùèì îáðàçîì:

ρ(f̄ , x) = lim
n→∞

f̄n(x)− x

n
, x ∈ I,

ρ(f̄) = {ρ(f̄ , x) : x ∈ I}.
Ñ äðóãîé ñòîðîíû, ìîæíî îïðåäåëèòü ìíîæåñòâî âðàùåíèÿ ρ(σ+,Σ

+
f ) ñèìâîëè÷åñêîé

ìîäåëè σ+|Σ+
f òàê

ρ(σ+, ω) = lim
n→∞

1

n

n−1∑
i=0

χ{+1}(ωi),
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ρ(σ+|Σ+
f ) = {ρ(σ+, ω) : ω ∈ Σ+

f },

ãäå χ - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ. Íåòðóäíî âèäåòü, ÷òî ôàêòè÷åñêè ýòè îïðåäåëåíèÿ
ýêâèâàëåíòíû.

Â ñèëó òîãî, ÷òî èñêàòü ìíîæåñòâî âðàùåíèÿ ïî ïðèâåä¼ííûì îïðå-
äåëåíèÿì íå âñåãäà óäîáíî, ââåä¼ì ñëåäóþùóþ êîíñòðóêöèþ. Äëÿ äàííî-
ãî ïîäíÿòèÿ f̄ è öåëîãî k ðàññìîòðèì çíà÷åíèÿ u

(k)
0 = f̄(k + 0) = f̄(k)

è u
(k)
1 = f̄(k − 0) . Òîãäà u

(k)
0 ≤ u(k) < u

(k)
0 + 1 è u

(k+1)
0 = u

(k)
0 + 1 ,u(k+1)

1 = u
(k)
1 + 1 . Åñëè

u
(k)
0 = u

(k)
1 , òî f̄ åñòü ïîäíÿòèå ãîìåîìîðôèçìà îêðóæíîñòè, è òîãäà â ñèëó óñëîâèÿ ïëîò-

íîñòè ìíîæåñòâà D , f åñòü òðàíçèòèâíûé ãîìåîìîðôèçì îêðóæíîñòè ñ èððàöèîíàëüíûì
÷èñëîì âðàùåíèÿ. Ïóñòü òåïåðü èíòåðâàë [u

(k)
0 , u

(k)
1 ] -íåòðèâèàëüíûé, è u ïðèíàäëåæèò

ýòîìó èíòåðâàëó.Òîãäà ìîæíî îäíîçíà÷íî îïðåäåëèòü òî÷êè a(u) ≤ k, b(u) ≥ k òàêèå,
÷òî f(a(u)) = f(b(u)) = u . Äëÿ ëþáîãî τ , 0 ≤ τ ≤ 1 , îïðåäåëèì èíòåðâàëû J

(k)
τ , k ∈ Z ,

ñëåäóþùèì îáðàçîì:
J (k)
τ = [a(k)τ , b(k)τ ] = [a(u), b(u)],

ãäå u = u
(k)
0 + τ(u

(k)
1 − u

(k)
0 ) . Ïîñòðîèì òåïåðü îòîáðàæåíèå fτ : R → R âèäà

f̄τ (x) =

{
f̄(x), x /∈ J

(k)
τ

u
(k)
0 + τ(u

(k)
1 − u

(k)
0 ), x ∈ J

(k)
τ .

Ëåãêî âèäåòü, ÷òî f̄τ ïðè ëþáîì τ , 0 ≤ τ ≤ 1 , ïðåäñòàâëÿåò ñîáîé íåïðåðûâíóþ
íåóáûâàþùóþ ôóíêöèþ íà R ñ èíòåðâàëàìè ïîñòîÿíñòâà J (k)

τ , è âûïîëíÿåòñÿ f̄τ (x+1) =
f̄τ (x) + 1 äëÿ âñåõ x ∈ R . Ïîýòîìó f̄τ åñòü ïîäíÿòèå äëÿ íåïðåðûâíîãî îòîáðàæåíèÿ
îêðóæíîñòè fτ : S1 → S1 ñòåïåíè 1.

Äëÿ íåîáðàòèìûõ ëîðåíöåâûõ îòîáðàæåíèé (îòîáðàæåíèé ñ ïåðåêðûòèåì) íåïðåðûâ-
íîñòü èíòåðâàëîâ âðàùåíèÿ äîêàçàíà â [12]. Äëÿ ëîðåíöåâûõ îòîáðàæåíèé f , ó êîòîðûõ
çíà÷åíèÿ â êîíöåâûõ òî÷êàõ ñîâïàäàþò (ò.å. f(0) = f(1) ) ðåçóëüòàò î íåïðåðûâíîñòè
÷èñëà âðàùåíèÿ ñëåäóåò èç êëàññè÷åñêèõ ðåçóëüòàòîâ î ÷èñëå âðàùåíèÿ Ïóàíêàðå äëÿ
ãîìåîìîðôèçìîâ îêðóæíîñòè ñòåïåíè 1. Ïîýòîìó äëÿ òîãî, ÷òîáû äîêàçàòü îñíîâíîé ðå-
çóëüòàò äàííîé ðàáîòû, òðåáóåòñÿ ðàññìîòðåòü îáðàòèìûå ëîðåíöåâû îòîáðàæåíèÿ, ò.å.
îòîáðàæåíèÿ f , äëÿ êîòîðûõ f(0) > f(1) . Îáîçíà÷èì ÷åðåç Υ− ñåìåéñòâî ïîäíÿòèé f̄
ëîðåíöåâûõ îáðàòèìûõ îòîáðàæåíèé, ò.å. îòîáðàæåíèé f : [0, 1] → [0, 1] , äëÿ êîòîðûõ
âûïîëíÿåòñÿ f(0) > f(1) . Â ðàáîòå [10] äîêàçàíî, ÷òî äëÿ òàêèõ îòîáðàæåíèé ñóùåñòâóåò

÷èñëî âðàùåíèÿ ρ(f̄) = lim
n→∞

f̄ (n)(x)−x
n

, íå çàâèñåùåå îò íà÷àëüíîé òî÷êè x , è (òàê æå, êàê

äëÿ ãîìåîìîðôèçìîâ îêðóæíîñòè ñòåïåíè 1) îíî åäèíñòâåííî è ïðè èçìåíåíèè ïîäíÿòèÿ
f̄ ′ = f̄ +m ìåíÿåòñÿ íà öåëîå ÷èñëî : ρ(f̄ ′) = ρ(f̄) +m.

Òàêèì îáðàçîì, ìîæíî ãîâîðèòü î ÷èñëå âðàùåíèÿ ñàìîãî ëîðåíöåâîãî îòîáðàæåíèÿ
f . Èç îïðåäåëåíèÿ ÷èñëà âðàùåíèÿ âûòåêàþò ñëåäóþùèå ñâîéñòâà :

1) ρ(f̄m + k) = mρ(f̄) + k ,

2) Åñëè f̄ ≤ ḡ (ãäå f̄ , ḡ - ïîäíÿòèÿ ëîðåíöåâûõ îáðàòèìûõ îòîáðàæåíèé f, g ),
òî ρ(f̄) ≤ ρ(ḡ).

Äåéñòâèòåëüíî, âòîðîå ñâîéñòâî î÷åâèäíî, à ïåðâîå ñëåäóåò èç íåðàâåíñòâ: ρ(f̄m+k) =

ρ(f̄m) + k = k + lim
n→∞

f̄ (mn)(x)−x
n

= k + lim
mn→∞

f̄ (mn)(x)−x
mn

m = k + lim
l→∞

f̄ (l)(x)−x
l

m = mρ(f̄) + k

Òåïåðü ìû ãîòîâû óñòàíîâèòü îñíîâíîé ðåçóëüòàò äàííîé ðàáîòû, äëÿ ýòîãî îñòàëîñü
äîêàçàòü ñëåäóþùèé ôàêò.

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



96 Ì.È. Ìàëêèí

Ò å î ð å ì à 2.1. ×èñëî âðàùåíèÿ ρ(f̄) íåïðåðûâíî çàâèñèò îò f̄ ∈ Υ− , ãäå ìíî-
æåñòâî Υ− ðàññìàòðèâàåòñÿ â C0 òîïîëîãèè:

d(f̄ , ḡ) = sup
x∈R

|f̄ − ḡ| = sup
x∈[0,1]

|f̄ − ḡ|

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü f̄ ∈ Υ− � ïîäíÿòèå äàííîãî ëîðåíöåâîãî îòîáðàæåíèÿ
f . Äëÿ ïðîèçâîëüíîãî ε âîçüì¼ì ðàöèîíàëüíûå ÷èñëà p1

q1
è p2

q2
òàêèå, ÷òî p1

q1
< ρ(f̄) < p2

q2

è ρ(f̄)− p1
q1
< ε, p2

q2
− ρ(f̄) < ε . Òîãäà ôóíêöèÿ F (x) = f̄ q1(x)− p1 ïîëîæèòåëüíà ïðè âñåõ

x ∈ R è ïîýòîìó ρ(F ) > 0 . Äëÿ ïîäíÿòèé ḡ , äîñòàòî÷íî áëèçêèõ ê f̄ áóäåò âûïîëíÿòüñÿ
G(x) = ḡq1(x)−p1 > 0 (òàê êàê F (x) ≥ δ äëÿ íåêîòîðîãî äîñòàòî÷íî ìàëîãî δ > 0 ). Çíà÷èò
ρ(G) > 0. Ïåðåõîäÿ ê èñõîäíûì ïîäíÿòèÿì f, g , â ñèëó ñâîéñòâà 1, ïîëó÷èì ρ(ḡ) > p1

q1
.

Àíàëîãè÷íî ïîëó÷èì íåðàâåíñòâî ρ(g) < p2
q2
, åñëè ðàññìîòðèì ïîäíÿòèÿ f̄ q2−p2 è ḡq2−p2 .

Â ðåçóëüòàòå áóäåì èìåòü |ρ(g)− ρ(f)| < ε , ÷òî è òðåáîâàëîñü äîêàçàòü.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ, ãðàíòû 12-01-00672, 11-01-12056-îôè-ì è
11.G34.31.00390
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Continuous dependence of rotation numbers for model

family of piecewise continuous one-dimensional maps

c⃝ M.I. Malkin2

Abstract.We consider a piecewise monotonic, piecewise continuous maps the real line, simulating
the dynamics of some neural and telecommunications networks. For maps of the classes
nonwandering set is the disjoint union of the sets of nonwandering two maps of Lorenz type.
Thus, we can de�ne the rotation rotation of the studied maps. It is proved that there are a lot
of rotation the union of two closed intervals, the boundary points are continuously depend on the
maps (with the Hausdor� topology).

Key Words: rotation numbers, maps of Lorentz type, rotation set

2 Associate Professor of di�erential equations and mathematical analysis, Nizhny Novgorod State University,
Nizhny Novgorod; malkin@mm.unn.ru.
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ÓÄÊ 517.938

Ýíåðãåòè÷åñêàÿ ôóíêöèÿ äëÿ äèôôåîìîðôèçìîâ

ïîâåðõíîñòåé ñ êîíå÷íûì ãèïåðáîëè÷åñêèì öåïíî

ðåêóððåíòíûì ìíîæåñòâîì

c⃝ Ò.Ì. Ìèòðÿêîâà1, Î.Â. Ïî÷èíêà,2, À.Å. Øèøåíêîâà3

Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè ó
äèôôåîìîðôèçìîâ ïîâåðõíîñòåé ñ êîíå÷íûì ãèïåðáîëè÷åñêèì öåïíî ðåêóððåíòíûì ìíîæå-
ñòâîì. Ïîñòðîåííàÿ ôóíêöèÿ ÿâëÿåòñÿ ôóíêöèåé Ìîðñà, òåñíî ñâÿçàííîé ñ äèíàìèêîé êàñêà-
äà ðàññìàòðèâàåìîãî êëàññà. Ïîñòðîåíèå äëÿ äàííîé äèíàìè÷åñêîé ñèñòåìû ýíåðãåòè÷åñêîé
ôóíêöèè � ôóíêöèè, íåâîçðàñòàþùåé âäîëü òðàåêòîðèé äèíàìè÷åñêîé ñèñòåìû âî ìíîãèõ
ñëó÷àÿõ ÿâëÿåòñÿ êëþ÷îì ê ïîíèìàíèþ ñòðóêòóðû èñêóñòâåííîé íåéðîííîé ñåòè. Èìåííî íà
ñóùåñòâîâàíèè òàêîé ôóíêöèè îñíîâàí ìåòîä Õåááà îáó÷åíèÿ ïåðñåïòðîíà.

Êëþ÷åâûå ñëîâà: äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû, öåïíî ðåêóððåíòíîå ìíîæåñòâî,
ýíåðãåòè÷åñêàÿ ôóíêöèÿ, ôóíêöèÿ Ìîðñà, îáó÷åíèå ïåðñåïòðîíà.

1. Ââåäåíèå

Ïóñòü Mn � ãëàäêîå îðèåíòèðóåìîå çàìêíóòîå n -ìíîãîîáðàçèå ñ ìåòðèêîé d è
f :Mn →Mn � äèôôåîìîðôèçì. ε -öåïüþ äëèíû m , ñîåäèíÿþùåé òî÷êó x ∈Mn ñ òî÷-
êîé y ∈ Mn äëÿ äèôôåîìîðôèçìà f íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü x = x0, . . . , xm = y
òî÷åê â Mn òàêàÿ, ÷òî d(f(xi−1), xi) < ε äëÿ 1 ≤ i ≤ m . Òî÷êà x ∈Mn íàçûâàåòñÿ öåïíî
ðåêóððåíòíîé äëÿ f , åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò m , çàâèñÿùåå îò ε > 0 , è ε -öåïü
äëèíû m , ñîåäèíÿþùàÿ òî÷êó x c íåé ñàìîé. Ìíîæåñòâî âñåõ öåïíî ðåêóððåíòíûõ òî-
÷åê f :Mn →Mn íàçûâàåòñÿ öåïíî ðåêóððåíòíûì ìíîæåñòâîì f è îáîçíà÷àåòñÿ Rf .
Çàìåòèì, ÷òî öåïíî ðåêóððåíòíîå ìíîæåñòâî èíâàðèàíòíî è çàìêíóòî. Ââåäåì íà ìíîæå-
ñòâå Rf îòíîøåíèå ýêâèâàëåíòíîñòè ∼ ñëåäóþùèì îáðàçîì: x ∼ y òîãäà è òîëüêî òîãäà,
êîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ε -öåïü, ñîåäèíÿþùàÿ òî÷êó x c òî÷êîé y è ε -öåïü,
ñîåäèíÿþùàÿ òî÷êó y c òî÷êîé x . Äâå òàêèå òî÷êè íàçûâàþòñÿ öåïíî ýêâèâàëåíòíûìè.
Êëàññ ýêâèâàëåíòíîñòè íàçûâàåòñÿ öåïíîé êîìïîíåíòîé Rf .

Ñëåäóÿ èäåÿì À. Ì. Ëÿïóíîâà, Ê. Êîíëè ââåë ïîíÿòèå ôóíêöèè Ëÿïóíîâà, êàê íåïðå-
ðûâíîé ôóíêöèè, óáûâàþùåé âäîëü òðàåêòîðèé âíå öåïíî ðåêêóðåíòíîãî ìíîæåñòâà è
ïîñòîÿííîé íà öåïíûõ êîìïîíåíòàõ. Ôàêò ñóùåñòâîâàíèÿ òàêîé ôóíêöèè ó ëþáîé äèíà-
ìè÷åñêîé ñèñòåìû äîêàçàí Ê. Êîíëè [5] â 1978 ãîäó è íàçâàí ïîçæå ôóíäàìåíòàëüíîé
òåîðåìîé äèíàìè÷åñêèõ ñèñòåì.

Ãëàäêàÿ ôóíêöèÿ Ëÿïóíîâà φ íàçûâàåòñÿ ýíåðãåòè÷åñêîé ôóíêöèåé äëÿ äèôôåîìîð-
ôèçìà f , åñëè ìíîæåñòâî êðèòè÷åñêèõ òî÷åê ôóíêöèè φ ñîâïàäàåò ñ öåïíî ðåêóððåíòíûì
ìíîæåñòâîì Rf .

Ïåðâûå ðåçóëüòàòû ïî ïîñòðîåíèþ ýíåðãåòè÷åñêîé ôóíêöèè ïðèíàäëåæàò Ñ. Ñìåéëó
[11], êîòîðûé â 1961 ãîäó äîêàçàë ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè, ÿâëÿþùåéñÿ
ôóíêöèåé Ìîðñà (ñì. îïðåäåëåíèå â ñëåäóþùåì ðàçäåëå), ó ãðàäèåíòíî-ïîäîáíîãî ïîòîêà

1 Ñòàðøèé ïðåïîäàâàòåëü, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í.È. Ëîáà÷åâñêîãî,
Íèæíèé Íîâãîðîä; tatiana.mitryakova@yandex.ru

2 Äîöåíò, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í.È. Ëîáà÷åâñêîãî, Íèæíèé Íîâãîðîä;
olga-pochinka@yandex.ru

3 Äîöåíò, Íèæåãîðîäñêàÿ ãîñóäàðñòâåííàÿ ñåëüñêîõîçÿéñòâåííàÿ àêàäåìèÿ, Íèæíèé Íîâãîðîä;
math@agri.sci-nnov.ru.
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(ïîòîêà Ìîðñà-Ñìåéëà áåç çàìêíóòûõ òðàåêòîðèé). Ê. Ìåéåð [6] â 1968 ãîäó îáîùèë ýòîò
ðåçóëüòàò è ïîñòðîèë ýíåðãåòè÷åñêóþ ôóíêöèþ, ÿâëÿþùóþñÿ ôóíêöèåé Ìîðñà-Áîòòà4,
äëÿ ïîòîêà Ìîðñà-Ñìåéëà.

Â 1977 ãîäó Ä. Ïèêñòîí [9] óñòàíîâèë ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè, ÿâëÿ-
þùåéñÿ ôóíêöèåé Ìîðñà, äëÿ äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà íà ïîâåðõíîñòÿõ. Êðîìå
òîãî, îí ïîñòðîèë äèôôåîìîðôèçì íà 3-ñôåðå, íå îáëàäàþùèé ýíåðãåòè÷åñêîé ôóíêöè-
åé è îáúÿñíèë, ÷òî ýòîò ýôôåêò ñâÿçàí ñ äèêèì âëîæåíèåì ñåïàðàòðèñ ñåäëîâûõ òî÷åê.
Â ðàáîòàõ [1], [2], [3] äîñòèãíóò çíà÷èòåëüíûé ïðîãðåññ â íàõîæäåíèè óñëîâèé ñóùåñòâî-
âàíèÿ ýíåðãåòè÷åñêîé ôóíêöèè íà 3-ìíîãîîáðàçèÿõ, à èìåííî ïîêàçàíî, ÷òî óñëîâèÿ ñó-
ùåñòâîâàíèÿ ýíåðãåòè÷åñêîé ôóíêöèè Ìîðñà ó ëþáîãî äèôôåîìîðôèçìà Ìîðñà-Ñìåéëà
f : M3 → M3 ñâÿçàíû ñ òèïîì âëîæåíèÿ ãëîáàëüíûõ àòòðàêòîðîâ è ðåïåëëåðîâ, ÿâëÿþ-
ùèõñÿ çàìûêàíèÿìè îäíîìåðíûõ íåóñòîé÷èâûõ è óñòîé÷èâûõ ìíîãîîáðàçèé ñîîòâåòñòâåí-
íî ñåäëîâûõ ïåðèîäè÷åñêèõ òî÷åê.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ Φ ñîõðàíÿþùèõ îðèåíòàöèþ äèôôåîìîð-
ôèçìîâ f ñ êîíå÷íûì ãèïåðáîëè÷åñêèì öåïíî ðåêóððåíòíûì ìíîæåñòâîì, çàäàííûõ íà
îðèåíòèðóåìûõ çàìêíóòûõ ïîâåðõíîñòÿõ M2 . Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ äîêàçà-
òåëüñòâî ñëåäóþùåé òåîðåìû.

Ò å î ð å ì à 1.1. Äëÿ ëþáîãî äèôôåîìîðôèçìà f ∈ Φ ñóùåñòâóåò ýíåðãåòè÷å-
ñêàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ ôóíêöèåé Ìîðñà.

ÁËÀÃÎÄÀÐÍÎÑÒÈ

Àâòîðû áëàãîäàðÿò ãðàíòû ÐÔÔÈ 11-01-12056-îôè-ì, 12-01-00672, ãðàíò ïðàâèòåëüñòâà
Ðîññèéñêîé Ôåäåðàöèè 11.G34.31.0039 è ãðàíò Ìèíîáðíàóêè ÐÔ â ðàìêàõ ãîñóäàðñòâåí-
íîãî çàäàíèÿ íà îêàçàíèå óñëóã â 2012-2014 ãã. ïîäâåäîìñòâåííûìè âûñøèìè ó÷åáíûìè
çàâåäåíèÿìè (øèôð çàÿâêè 1.1907.2011) çà ÷àñòè÷íóþ ôèíàíñîâóþ ïîääåðæêó.

2. Âñïîìîãàòåëüíûå ôàêòû

2.1. Ôóíêöèÿ Ìîðñà-Ëÿïóíîâà

Òàê êàê öåïíî ðåêóððåíòíîå ìíîæåñòâî Rf äèôôåîìîðôèçìà f ∈ Φ êîíå÷íî, òî
îíî ñîñòîèò èç ïåðèîäè÷åñêèõ òî÷åê è åñòåñòâåííî èñêàòü ýíåðãåòè÷åñêóþ ôóíêöèþ è
ôóíêöèþ Ëÿïóíîâà äëÿ f â êëàññå ôóíêöèé Ìîðñà.

Íàïîìíèì îïðåäåëåíèå ôóíêöèè Ìîðñà. Åñëè X � ãëàäêîå n -ìíîãîîáðàçèå è f :
X → R � Cr -ãëàäêàÿ ( r ≥ 2 ) ôóíêöèÿ, òî òî÷êà p ∈ X íàçûâàåòñÿ êðèòè÷åñêîé òî÷-
êîé f , åñëè gradf(p) = 0 , òî åñòü ∂f

∂x1
(p) = · · · = ∂f

∂xn
(p) = 0 â ëîêàëüíûõ êîîðäèíàòàõ

x1, . . . , xn òî÷êè p . Ïðè ýòîì, òî÷êà p íàçûâàåòñÿ íåâûðîæäåííîé, åñëè ìàòðèöà âòîðûõ

ïðîèçâîäíûõ (ìàòðèöà Ãåññà)
(

∂2f
∂xi∂xj

)
|p íåâûðîæäåíà, â ïðîòèâíîì ñëó÷àå � òî÷êà p

íàçûâàåòñÿ âûðîæäåííîé. Ôóíêöèÿ f íàçûâàåòñÿ ôóíêöèåé Ìîðñà, åñëè âñå åå êðèòè÷å-
ñêèå òî÷êè íåâûðîæäåíû.

Â ñèëó ñèììåòðè÷íîñòè, ìàòðèöà Ãåññà èìååò òîëüêî äåéñòâèòåëüíûå ñîáñòâåííûå çíà-
÷åíèÿ è ÷èñëî åå îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé íàçûâàþò èíäåêñîì êðèòè÷åñêîé
òî÷êè p è îáîçíà÷àþò Ip .

4 Cr -ãëàäêàÿ ( r ≥ 2 ) ôóíêöèÿ f : X → R íà ãëàäêîì n -ìíîãîîáðàçèè X íàçûâàåòñÿ ôóíêöè-

åé Ìîðñà-Áîòòà, åñëè Ãåññèàí â êàæäîé êðèòè÷åñêîé òî÷êå íåâûðîæäåí â íàïðàâëåíèè íîðìàëüíîì ê
êðèòè÷åñêîìó ìíîæåñòâó óðîâíÿ.
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Ï ð å ä ë î æ å í è å 2.1. (Ëåììà Ìîðñà) Ïóñòü p � íåâûðîæäåííàÿ êðèòè-
÷åñêàÿ òî÷êà ôóíêöèè Ìîðñà f : X → R . Òîãäà ñóùåñòâóþò ëîêàëüíûå êîîðäèíàòû
x1, . . . , xn â òî÷êå p , íàçûâàåìûå êîîðäèíàòàìè Ìîðñà, â êîòîðûõ ëîêàëüíîå ïðåäñòàâ-
ëåíèå f èìååò âèä

fp(x1, . . . , xn) = f(p)− x21 − · · · − x2q + x2q+1 + · · ·+ x2n,

ãäå q = Ip � èíäåêñ f â òî÷êå p .

Â ñëåäóþùåì ïðåäëîæåíèè èçëîæåíû ñâîéñòâà ôóíêöèè Ëÿïóíîâà, ÿâëÿþùåéñÿ ôóíê-
öèåé Ìîðñà, äëÿ äèôôåîìîðôèçìà f : Mn → Mn ñ êîíå÷íûì ãèïåðáîëè÷åñêèì öåïíî
ðåêóððåíòíûì ìíîæåñòâîì.

Ï ð å ä ë î æ å í è å 2.2. ([2]) Ïóñòü φ : Mn → R � ôóíêöèÿ Ëÿïóíîâà, ÿâëÿ-
þùàÿñÿ ôóíêöèåé Ìîðñà äëÿ äèôôåîìîðôèçìà f :Mn →Mn . Òîãäà

1) −φ � ôóíêöèÿ Ëÿïóíîâà äëÿ f−1 ;
2) åñëè p � ïåðèîäè÷åñêàÿ òî÷êà f , òî φ(x) < φ(p) äëÿ ëþáîé òî÷êè x ∈ W u

p \ p è
φ(x) > φ(p) äëÿ ëþáîé òî÷êè x ∈ W s

p \ p ;
3) åñëè p � ïåðèîäè÷åñêàÿ òî÷êà f , òî p � êðèòè÷åñêàÿ òî÷êà φ ñ èíäåêñîì

dimW u
p .

Ñîãëàñíî ïóíêòó 2) ïðèâåäåííîãî âûøå ïðåäëîæåíèÿ, òî÷êà p ÿâëÿåòñÿ ìàêñèìóìîì
(ñîîòâ. ìèíèìóìîì) îãðàíè÷åíèÿ φ íà íåóñòîé÷èâîé (ñîîòâ. óñòîé÷èâîå) ìíîãîîáðàçèå
W u

p (ñîîòâ. W s
p ). Åñëè ïðè ýòîì ìàêñèìóì (ñîîòâ. ìèíèìóì) ÿâëÿåòñÿ íåâûðîæäåííûì,

òî, ñëåäóÿ ðàáîòå [2], íàçîâåì ôóíêöèþ Ëÿïóíîâà φ : M → R äëÿ äèôôåîìîðôèçìà
f : Mn → Mn ôóíêöèåé Ìîðñà-Ëÿïóíîâà. Âåçäå äàëåå ïîä ýíåðãåòè÷åñêîé ôóíêöèåé
äèôôåîìîðôèçìà f ñ êîíå÷íûì ãèïåðáîëè÷åñêèì öåïíî ðåêóððåíòíûì ìíîæåñòâîì ìû
áóäåì ïîíèìàòü ôóíêöèþ Ìîðñà-Ëÿïóíîâà, ìíîæåñòâî êðèòè÷åñêèõ òî÷åê êîòîðîé ñîâ-
ïàäàåò ñ ìíîæåñòâîì ïåðèîäè÷åñêèõ òî÷åê.

Ï ð å ä ë î æ å í è å 2.3. ([2]) Ïóñòü O � ãèïåðáîëè÷åñêàÿ ïåðèîäè÷åñêàÿ îð-
áèòà äèôôåîìîðôèçìà f : Mn → Mn , p ∈ O è q = dimW u

p . Òîãäà ñóùåñòâóåò
îêðåñòíîñòü UO îðáèòû O è ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ : UO → R äëÿ f òàêàÿ,
÷òî (W u

p ∩ UO) ⊂ Ox1 . . . xq, (W s
p ∩ UO) ⊂ Oxq+1 . . . xn äëÿ êîîðäèíàò Ìîðñà x1, . . . , xn

ôóíêöèè φ â îêðåñòíîñòè òî÷êè p .

2.2. Äèíàìè÷åñêèå ñâîéñòâà äèôôåîìîðôèçìîâ êëàññà Φ

Ïóñòü f :M2 →M2 � äèôôåîìîðôèçì êëàññà Φ . Çàìåòèì, ÷òî ñîãëàñíî [10], ãèïåð-
áîëè÷íîñòü öåïíî ðåêóððåíòíîãî ìíîæåñòâà ðàâíîñèëüíà Ω -óñòîé÷èâîñòè äèôôåîìîð-
ôèçìà f ∈ Φ . Ñëåäîâàòåëüíî, ïåðèîäè÷åñêèå îðáèòû äèôôåîìîðôèçìà f äîïóñêàþò
íóìåðàöèþ O1, . . . ,Okf , ñîãëàñóþùóþñÿ ñ îòíîøåíèåì Ñ. Ñìåéëà, òî åñòü i ≤ j , åñëè
W s

Oi
∩ W u

Oj
̸= ∅ . Íå óìåíüøàÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî íóìåðàöèÿ îðáèò âûáðàíà

òàê, ÷òî íîìåð ëþáîé ñåäëîâîé îðáèòû áîëüøå íîìåðà ëþáîé ñòîêîâîé è ìåíüøå íîìåðà
ëþáîé èñòî÷íèêîâîé îðáèòû. Äëÿ i = 1, . . . , kf ïîëîæèì W s

i = W s
Oi
,W u

i = W u
Oi

è äëÿ

i = 1, . . . , kf − 1 ïîëîæèì Ai =
i∪

j=1

W u
j , Ri =

kf∪
j=i+1

W s
j .

Äëÿ i = 1, . . . , kf − 1 ïîëîæèì Vi = M2 \ (Ai ∪ Ri) . Îáîçíà÷èì ÷åðåç V̂i = Vi/f

ïðîñòðàíñòâî îðáèò äåéñòâèÿ äèôôåîìîðôèçìà f íà ìíîæåñòâå Vi è ÷åðåç p
i
: Vi → V̂i

� åñòåñòâåííóþ ïðîåêöèþ.
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Ïóñòü Ωq , q ∈ {0, 1, 2} � ïîäìíîæåñòâî ïåðèîäè÷åñêèõ òî÷åê r òàêèõ, ÷òî dim W u
r =

q , kq � ÷èñëî âñåõ ïåðèîäè÷åñêèõ îðáèò ñ èíäåêñîì Ìîðñà (èíäåêñ Ìîðñà ïåðèîäè÷åñêîé
òî÷êè r ðàâåí ðàçìåðíîñòè dim W u

r ), ìåíüøèì èëè ðàâíûì q .
Â ðàáîòå [7] óñòàíîâëåíû ñëåäóþùèå ñâîéñòâà äèôôåîìîðôèçìîâ f ∈ Φ .

Ï ð å ä ë î æ å í è å 2.4. Ïóñòü f ∈ Φ . Òîãäà

1) M2 =
kf∪
i=1

W u
i ;

2) W u
i ÿâëÿåòñÿ ãëàäêèì ïîäìíîãîîáðàçèåì ìíîãîîáðàçèÿ M2 ;

3) ìíîæåñòâî Ai ÿâëÿåòñÿ àòòðàêòîðîì äèôôåîìîðôèçìà f ∈ Φ ;
4) (cl W u

i+1 \W u
i+1) ⊂ Ai .

Ï ð å ä ë î æ å í è å 2.5. Ïóñòü f ∈ Φ . Òîãäà
1) ïðîåêöèÿ p

i
: Vi → V̂i ÿâëÿåòñÿ íàêðûòèåì, èíäóöèðóþùèì ñòðóêòóðó ãëàäêîãî

çàìêíóòîãî 2 -ìíîãîîáðàçèÿ íà ïðîñòðàíñòâå îðáèò V̂i è îòîáðàæåíèå ηi , ñîñòîÿùåå
èç íåòðèâèàëüíûõ ãîìîìîðôèçìîâ η

v̂i
: π1(v̂i) → Z íà êàæäîé êîìïîíåíòå ñâÿçíîñòè v̂i

ìíîãîîáðàçèÿ V̂i ;
2) ìíîãîîáðàçèå V̂i ñîñòîèò èç êîíå÷íîãî ÷èñëà êîìïîíåíò ñâÿçíîñòè, êàæäàÿ èç

êîòîðûõ ãîìåîìîðôíà äâóìåðíîìó òîðó.

Ñëåäóþùåå ïðåäëîæåíèå ìîæíî äîêàçàòü àíàëîãè÷íî ëåììå 3.2.1 êíèãè [4].

Ï ð å ä ë î æ å í è å 2.6. Â êàæäîé êîìïîíåíòå ñâÿçíîñòè ìíîæåñòâà Vi , i =
k0, . . . , k1 − 1 ñóùåñòâóåò îêðóæíîñòü òàêàÿ, ÷òî îáúåäèíåíèå ýòèõ îêðóæíîñòåé ïå-
ðåñåêàåòñÿ ñ êàæäîé ñåïàðàòðèñîé ìíîæåñòâà W u

i+1 \ Oi+1 â îäíîé òî÷êå.

Ñîãëàñíî îïðåäåëåíèþ àòòðàêòîðà, ìíîæåñòâî Ai îáëàäàåò çàõâàòûâàþùåé îêðåñòíî-
ñòüþ Mi , ãäå Mi êîìïàêòíîå ìíîæåñòâî òàêîå, ÷òî f(Mi) ⊂ int Mi (Mi � f -ñæèìàåìà)
è
∩
k≥0

fk(Mi) = Ai (ñì., íàïðèìåð, [10]). Äëÿ i = 1, . . . , k1 îáîçíà÷èì ÷åðåç ci ÷èñëî êîì-

ïîíåíò ñâÿçíîñòè àòòðàêòîðà Ai , ÷åðåç ri � ÷èñëî ñåäëîâûõ òî÷åê è ÷åðåç si � ÷èñëî
ñòîêîâûõ òî÷åê â Ai . Ïîëîæèì gi = ci + ri − si .

Àíàëîãè÷íî ðàáîòå [3], äàäèì ñëåäóþùåå îïðåäåëåíèå.

Î ï ð å ä å ë å í è å 2.1. Çàõâàòûâàþùóþ îêðåñòíîñòü Mi , i = 1, . . . , k1 àò-
òðàêòîðà Ai íàçîâåì òåñíîé, åñëè Mi ñîñòîèò èç ci äèñêîâ ñ äûðàìè, îáùåå ÷èñëî
êîòîðûõ ðàâíî gi .

Åñëè ïðè ýòîì äëÿ êàæäîé ñåäëîâîé òî÷êè σ ∈ Oi ïåðåñå÷åíèå W s
σ ∩Mi ñîñòîèò â

òî÷íîñòè èç îäíîãî îòðåçêà, òî îêðåñòíîñòü Mi áóäåì íàçûâàòü êàíîíè÷åñêîé.

Ë å ì ì à 2.1. Êàæäûé àòòðàêòîð Ai , i = 1, . . . , k1 äèôôåîìîðôèçìà f ∈ Φ îá-
ëàäàåò êàíîíè÷åñêîé îêðåñòíîñòüþ.

Ä î ê à ç à ò å ë ü ñ ò â î. Èíäóêöèåé ïî i = 1, . . . , k1 äîêàæåì ñóùåñòâîâàíèå
êàíîíè÷åñêîé îêðåñòíîñòè Mi äëÿ Ai .

Ïóñòü i = 1 . Ñîãëàñíî ïðåäëîæåíèþ 2.3., ñóùåñòâóåò îêðåñòíîñòü UA1 ⊂ W s
A1

íóëü-
ìåðíîãî àòòðàêòîðà A1 è ýíåðãåòè÷åñêàÿ ôóíêöèÿ φA1 : UA1 → R äëÿ f òàêàÿ, ÷òî
φA1(A1) = 0 è äëÿ äîñòàòî÷íî ìàëûõ ε > 0 êàæäàÿ êîìïîíåíèòà ñâÿçíîñòè ìíîæåñòâà
M1 = φ−1

A1
((−∞, ε]) èìååò âèä {(x1, x2) ∈ UA1 : x21 + x22 ≤ ε} â ëîêàëüíûõ êîîðäèíàòàõ

x1, x2 . Òîãäà M1 � êàíîíè÷åñêàÿ îêðåñòíîñòü äëÿ íóëüìåðíîãî àòòðàêòîðà A1 , êîòîðàÿ
ÿâëÿåòñÿ îáúåäèíåíèåì c1 äâóìåðíûõ äèñêîâ.
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Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò êàíîíè÷åñêàÿ îêðåñòíîñòü Mi−1 àòòðàêòîðà Ai−1 . Äî-
êàæåì ñóùåñòâîâàíèå êàíîíè÷åñêîé îêðåñòíîñòè äëÿ i . Ðàññìîòðèì äâà ñëó÷àÿ: 1) i ≤ k0 ;
2) i > k0 .

Â ñëó÷àå 1), êàê âûøå, ñóùåñòâóåò êàíîíè÷åñêàÿ îêðåñòíîñòü Mi íóëüìåðíîãî àòòðàê-
òîðà Ai , ÿâëÿþùàÿñÿ îáúåäèíåíèåì ci ïîïàðíî íå ïåðåñåêàþùèõñÿ 2-äèñêîâ.

Ð è ñ ó í î ê 2.1

Â ñëó÷àå 2) ñîãëàñíî ïðåäëîæåíèþ 2.3., ñóùåñòâóåò îêðåñòíîñòü UOi
îðáèòû Oi è

ýíåðãåòè÷åñêàÿ ôóíêöèÿ φOi
: UOi

→ R äëÿ f òàêàÿ, ÷òî φOi
(Oi) = 0 è äëÿ äîñòàòî÷íî

ìàëûõ ε > 0 êàæäàÿ êîìïîíåíòà ñâÿçíîñòè Hi = φ−1
Oi
((−∞, ε]) èìååò âèä {(x1, x2) ∈

UOi
: −x21+x22 ≤ ε} â ëîêàëüíûõ êîîðäèíàòàõ x1, x2 . Â ñèëó λ -ëåììû, ñóùåñòâóåò k ∈ N

òàêîå, ÷òî f−k(∂Mi−1) ïåðåñåêàåò êàæäóþ êîìïîíåíòó ñâÿçíîñòè Hi \W s
i è f(Hi \W s

i ) â
òî÷íîñòè ïî îäíîìó îòðåçêó è f(Hi) \ int f−k(Mi−1) ⊂ intHi (ñì. ðèñóíîê 2.1). Ïîëîæèì
Mi = f−k(Mi−1) ∪Hi .

Àíàëîãè÷íî òåîðåìå 2.2.2 êíèãè [4] ìîæíî äîêàçàòü, ÷òî Mi çàõâàòûâàþùàÿ îêðåñò-
íîñòü àòòðàêòîðà Ai . Ïîêàæåì, ÷òî îíà ÿâëÿåòñÿ êàíîíè÷åñêîé. Äëÿ ýòîãî äîñòàòî÷íî
ïðîâåðèòü, ÷òî îíà ÿâëÿåòñÿ îáúåäèíåíèåì ci äèñêîâ ñ äûðàìè, îáùåå ÷èñëî êîòîðûõ
ðàâíî gi

Ïî ïîñòðîåíèþ Mi ñîñòîèò èç ci êîìïîíåíò ñâÿçíîñòè, êàæäàÿ èç êîòîðûõ ÿâëÿåòñÿ
äèñêîì ñ äûðàìè. Îáîçíà÷èì ÷åðåç g

Mi
îáùåå ÷èñëî äûð ìíîæåñòâà Mi . Ïîêàæåì, ÷òî

g
Mi

= gi .
Âî ââåäåííûõ, îáîçíà÷åíèÿõ ÷èñëî òî÷åê â îðáèòå Oi ðàâíî (ri−ri−1) . Ïîñêîëüêó Ai =

Ai−1 ∪W u
Oi

è cl W u
Oi

\W u
Oi

⊂ Ai−1 , òî ci ≤ ci−1 . Çàìåòèì, ÷òî ÷èñëî êîìïîíåíò ñâÿçíîñòè
ìíîæåñòâà Hi \ int f−k(Mi−1) ðàâíî (ri− ri−1) . Ïî ïîñòðîåíèþ êàæäàÿ èç ýòèõ êîìïîíåíò
ÿâëÿåòñÿ äèñêîì è ñðåäè íèõ èìååòñÿ ((ri−ri−1)−(ci−1−ci)) äèñêîâ, óäàëåíèåì êîòîðûõ èç
ìíîæåñòâà Mi ïîëó÷àåòñÿ ìíîæåñòâî, âíîâü ñîñòîÿùåå èç ci êîìïîíåíò ñâÿçíîñòè. Òîãäà
îáùåå ÷èñëî äûð g

Mi−1
ìíîæåñòâà Mi−1 âû÷èñëÿåòñÿ ïî ôîðìóëå g

Mi−1
= g

Mi
− ((ri −

ri−1) − (ci−1 − ci)) , îòêóäà g
Mi

= g
Mi−1

+ ri − ri−1 − ci−1 + ci . Ïîñêîëüêó g
Mi−1

= gi−1 , òî
g
Mi

= ci−1 + ri−1 − si−1 + ri − ri−1 − ci−1 + ci = ci + ri − si−1 . Òàê êàê si−1 = si , òî g
Mi

= gi .
Ñãëàæèâàÿ ìíîæåñòâî Mi ïîëó÷àåì èñêîìóþ êàíîíè÷åñêóþ îêðåñòíîñòü.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Àíàëîãè÷íî ëåììå 7.2.1 êíèãè [4] ìîæíî äîêàçàòü ñëåäóþùåå ïðåäëîæåíèå.

Ï ð å ä ë î æ å í è å 2.7. Ïóñòü i ∈ {1, . . . , k1} è Qi � çàõâàòûâàþùàÿ îêðåñò-
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íîñòü àòòðàêòîðà Ai òàêàÿ, ÷òî ∂Qi � ëèíèÿ óðîâíÿ ýíåðãåòè÷åñêîé ôóíêöèè φ
Qi

:
Qi → R . Òîãäà äëÿ ëþáîé òåñíîé îêðåñòíîñòè Pi àòððàêòîðà Ai ñóùåñòâóåò ýíåðãå-
òè÷åñêàÿ ôóíêöèÿ φ

Pi
: Pi → R äëÿ f ñ ìíîæåñòâîì óðîâíÿ ∂Pi .

3. Ïîñòðîåíèå ýíåðãåòè÷åñêîé ôóíêöèè äëÿ f ∈ Φ

Ðàçîáüåì ïîñòðîåíèå ýíåðãåòè÷åñêîé ôóíêöèè äëÿ f :M2 →M2 íà øàãè.
Øàã 1. Èíäóêöèåé ïî i = 1, . . . , k1 äîêàæåì ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè

φ
Mi

íà êàíîíè÷åñêîé îêðåñòíîñòè Mi àòòðàêòîðà Ai ñ ìíîæåñòâîì óðîâíÿ Si = ∂Mi .
Äëÿ i = 1 àòòðàêòîð A1 ñîâïàäàåò ñî ñòîêîâîé îðáèòîé O1 äèôôåîìîðôèçìà f .

Â ñèëó ïðåäëîæåíèÿ 2.3., ñóùåñòâóåò îêðåñòíîñòü UO1 ⊂ M2 îðáèòû O1 , îñíàùåííàÿ
ýíåðãåòè÷åñêîé ôóíêöèåé φO1 : UO1 → R äëÿ f è òàêàÿ, ÷òî φO1(O1) = 1 . Â ñèëó ïðåä-
ëîæåíèÿ 2.7., ñóùåñòâóåò ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ

M1
íà îêðåñòíîñòè M1 àòòðàêòîðà

A1 ñ ìíîæåñòâîì óðîâíÿ S1 .
Ïóñòü ïî ïðåäïîëîæåíèþ èíäóêöèè ñóùåñòâóåò ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ

Mi−1
íà

îêðåñòíîñòè Mi−1 àòòðàêòîðà Ai−1 ñ ìíîæåñòâîì óðîâíÿ Si−1 . Ïîñòðîèì ôóíêöèþ φ
Mi
.

Ðàññìîòðèì äâå âîçìîæíîñòè: a) i ≤ k0 ; b) i > k0 .
Â ñëó÷àå a) îêðåñòíîñòü Mi ñîñòîèò èç ci ïîïàðíî íå ïåðåñåêàþùèõñÿ äâóìåðíûõ

äèñêîâ. Â ñèëó ïðåäïîëîæåíèÿ èíäóêöèè è ïðåäëîæåíèÿ 2.7. ñóùåñòâóåò ýíåðãåòè÷åñêàÿ
ôóíêöèÿ φ

Mi−1
íà êàíîíè÷åñêîé îêðåñòíîñòè Mi−1 , ïîñòîÿííàÿ íà ∂Mi−1 . Àíàëîãè÷íî

ñëó÷àþ i = 1 äîêàçûâàåòñÿ ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè φOi
íà UOi

ñ ìíîæå-
ñòâîì óðîâíÿ ∂UOi

. Òîãäà ôóíêöèÿ φ
Mi
, ñîñòàâëåííàÿ èç ôóíêöèé φ

Mi−1
è φOi

ÿâëÿåòñÿ
èñêîìîé.

Â ñëó÷àå b) îðáèòà Oi èìååò îêðåñòíîñòü UOi
⊂ M2 , îñíàùåííóþ ýíåðãåòè÷åñêîé

ôóíêöèåé φOi
: UOi

→ R äëÿ f ñ φOi
(Oi) = i . Áîëåå òîãî, äëÿ êàæäîé êîìïîíåíòû

ñâÿçíîñòè Uσ , σ ∈ Oi ìíîæåñòâà UOi
ñóùåñòâóþò êîîðäèíàòû Ìîðñà (x1, x2) òàêèå, ÷òî

φOi
(x1, x2) = i − x21 + x22 , îñü Ox1 ñîäåðæèòñÿ â íåóñòîé÷èâîì ìíîãîîáðàçèè, à îñü Ox2

ñîäåðæèòñÿ â óñòîé÷èâîì ìíîãîîáðàçèè òî÷êè σ .
Èç ñâîéñòâ êàíîíè÷åñêîé îêðåñòíîñòè Mi è λ -ëåììû ñëåäóåò ñóùåñòâîâàíèå òðóá÷à-

òîé îêðåñòíîñòè N(Di) ⊂Mi äèñêîâ Di =Mi∩W s
Oi

òàêîé, ÷òî N(Di)∩Ai−1 = ∅ , ìíîæå-
ñòâî Pi−1 = Mi \ int N(Di) ÿâëÿåòñÿ f -ñæèìàåìûì è ∂Pi−1 òðàíñâåðñàëüíî ïåðåñåêàåò
êàæäóþ êîìïîíåíòó ñâÿçíîñòè ìíîæåñòâà φ−1

Oi
(i) \ Oi ïî äâóì òî÷êàì. Ìíîæåñòâî Pi−1

ÿâëÿåòñÿ òåñíîé îêðåñòíîñòüþ àòòðàêòîðà Ai−1 . Ïî ïðåäïîëîæåíèþ èíäóêöèè è ïðåäëî-
æåíèþ 2.7. íà îêðåñòíîñòè Pi−1 ñóùåñòâóåò ýíåðãåòè÷åñêàÿ ôóíêöèÿ φ

Pi−1
ñ ìíîæåñòâîì

óðîâíÿ ∂Pi−1 .
Äëÿ εi ∈ (0, 1), t ∈ [−εi, εi] ïîëîæèì Pt = φ−1

Pi−1
([1, φ

Pi−1
(∂Pi−1) − εi + t]) , Ht = {x ∈

UOi
: φOi

(x) ≤ i+ t} è Eεi = (Pεi \ int P−εi)∩ (Hεi \ int H−εi) (ñì. ðèñóíîê 3.1). Çàìåòèì,
÷òî Pεi = Pi−1 è, ñëåäîâàòåëüíî, f(Pεi) ⊂ int Pεi . Òàê êàê φOi

� ôóíêöèÿ Ëÿïóíîâà
äëÿ f |UOi

, òî φOi
(f−1(φ−1

Oi
(i) \ Oi)) > i è, ñëåäîâàòåëüíî, (H0 \ Oi) ⊂ int f−1(H0 \ Oi) .

Îòñþäà è èç óñëîâèé âûáîðà îêðåñòíîñòè N(Di) ñëåäóåò ñóùåñòâîâàíèå çíà÷åíèÿ εi ñî
ñëåäóþùèìè ñâîéñòâàìè:

(1) f(Pεi) ⊂ int P−εi ;

(2) äëÿ ëþáîãî t ∈ [−εi, εi] ∂Pt òðàíñâåðñàëüíî ïåðåñåêàåò êàæäóþ êîìïîíåíòó ñâÿç-
íîñòè ìíîæåñòâà ∂Ht \Di ïî äâóì òî÷êàì;

(3) f−1(Eεi) ∩Hεi = ∅ .
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Ð è ñ ó í î ê 3.1

Äëÿ t ∈ [−εi, εi] ïîëîæèì Qt = Pt ∪ Ht . Ïî ïîñòðîåíèþ ìíîæåñòâî Qt, t ̸= 0 ÿâëÿ-
åòñÿ f -ñæèìàåìûì. Áîëåå òîãî, Q−εi ïîñëå ñãëàæèâàíèÿ ÿâëÿåòñÿ òåñíîé îêðåñòíîñòüþ
àòòðàêòîðà Ai−1 , à Qεi ïîñëå ñãëàæèâàíèÿ ÿâëÿåòñÿ òåñíîé îêðåñòíîñòüþ àòòðàêòîðà Ai .
Â ñèëó ïðåäïîëîæåíèÿ èíäóêöèè è ëåììû 2.7., íà ìíîæåñòâå Q−εi ñóùåñòâóåò ýíåðãåòè-
÷åñêàÿ ôóíêöèÿ φ

Q−εi
, ïîñòîÿííàÿ íà ∂Q−εi . Ïîñêîëüêó φ

Q−εi
(Ai−1) ≤ i − 1 , òî ìîæíî

ñ÷èòàòü, ÷òî φ
Q−εi

(Q−εi) = i− εi .
Îïðåäåëèì íà ìíîæåñòâå Qεi ôóíêöèþ φ

Qεi
: Qεi → R ôîðìóëîé:

φ
Qεi

(x) =

{
φ

Q−εi
(x), åñëè x ∈ Q−εi ;

i+ t, åñëè x ∈ Qt

Ïðîâåðèì, ÷òî φ
Qεi

ÿâëÿåòñÿ ýíåðãåòè÷åñêîé ôóíêöèåé äëÿ f , òîãäà ñóùåñòâîâàíèå
èñêîìîé ôóíêöèè φ

Mi
:Mi → R áóäåò ñëåäîâàòü èç ïðåäëîæåíèÿ 2.7..

Ïðåäñòàâèì ìíîæåñòâî Qεi â âèäå îáúåäèíåíèÿ ïîäìíîæåñòâ ñ ïîïàðíî íåïåðåñå-
êàþùèìèñÿ âíóòðåííîñòÿìè: Qεi = A ∪ B ∪ C , ãäå A = Q−εi , B = Pεi \ Q−εi è
C = Qεi \ (Pεi ∪ Q−εi) . Ïî ïîñòðîåíèþ ôóíêöèÿ φ

Qεi
|A ÿâëÿåòñÿ ýíåðãåòè÷åñêîé ôóíê-

öèåé äëÿ f , φ
Qεi

(∂A) = i − εi , ôóíêöèÿ φ
Qεi

|B íå èìååò êðèòè÷åñêèõ òî÷åê è ôóíêöèÿ
φ

Qεi
|C ñîâïàäàåò ñ ôóíêöèåé φOi

|C . Ïðîâåðèì ñâîéñòâî óáûâàíèÿ ôóíêöèè φ
Qεi

âäîëü
òðàåêòîðèé.

Åñëè x ∈ A , òî f(x) ∈ A è φ
Qεi

(f(x)) < φ
Qεi

(x) , ïîñêîëüêó φ
Qεi

|A � ôóíêöèÿ
Ëÿïóíîâà. Åñëè x ∈ B , òî, â ñèëó óñëîâèÿ (1) âûáîðà εi , f(x) ∈ A è, ñëåäîâàòåëüíî,
φ

Qεi
(x) > i − εi , à φ

Qεi
(f(x)) < i − εi , îòêóäà φ

Qεi
(f(x)) < φ

Qεi
(x) . Åñëè x ∈ C , òî, â

ñèëó óñëîâèÿ (3) âûáîðà εi , ëèáî f(x) ∈ A è óáûâàíèå äîêàçûâàåòñÿ àíàëîãè÷íî ñëó÷àþ
x ∈ B , ëèáî f(x) ∈ C è óáûâàíèå ñëåäóåò èç òîãî, ÷òî φ

Qεi
|C � ôóíêöèÿ Ëÿïóíîâà.

Øàã 2. Çàìåòèì, ÷òî ìíîæåñòâî èñòî÷íèêîâ Ω2 ÿâëÿåòñÿ àòòðàêòîðîì äëÿ äèôôåî-
ìîðôèçìà f−1 è, ñëåäîâàòåëüíî èìååò êàíîíè÷åñêóþ îêðåñòíîñòü M̃ . Àíàëîãè÷íî øàãó 1
ïîñòðîèì ýíåðãåòè÷åñêóþ ôóíêöèþ φ̃M̃ äëÿ f−1 íà îêðåñòíîñòè M̃ ñ ìíîæåñòâîì óðîâíÿ
S̃ = ∂M̃ .

Øàã 3. Ïî ïîñòðîåíèþ ìíîæåñòâî Pk1 = M2 \ int M̃ ÿâëÿåòñÿ òåñíîé îêðåñòíî-
ñòüþ àòòðàêòîðà Ak1 , îòêóäà ñëåäóåò ñóùåñòâîâàíèå èñêîìîé ôóíêöèè φ . Äåéñòâèòåëüíî,
â ñèëó ïðåäëîæåíèÿ 2.7., èç ñóùåñòâîâàíèÿ ýíåðãåòè÷åñêîé ôóíêöèè φ

Mk1
íà îêðåñò-

íîñòè Mk1 àòòðàêòîðà Ak1 ñëåäóåò ñóùåñòâîâàíèå ýíåðãåòè÷åñêîé ôóíêöèè φ
Pk1

íà

Pk1 ñ ìíîæåñòâîì óðîâíÿ ∂Pk1 . Ôóíêöèþ φ
Pk1

ìîæíî ïîñòðîèòü òàê, ÷òî φ
Pk1

(S̃) =

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



Ýíåðãåòè÷åñêàÿ ôóíêöèÿ äëÿ äèôôåîìîðôèçìîâ ïîâåðõíîñòåé ñ êîíå÷íûì . . . 105

kf + 1 − φ̃M̃(S̃) . Ïîñêîëüêó ∂Pk1 = S̃ , òî èñêîìàÿ ôóíêöèÿ φ îïðåäåëÿåòñÿ ôîðìóëîé

φ(x) =

{
φ

Pk1
(x), åñëè x ∈ Pk1 ;

kf + 1− φ̃M̃(x), åñëè x ∈ M̃.
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Energy function for di�eomorphisms on surfaces with �nite

hyperbolic chain recurrent set

c⃝ T.M. Mitryakova5, O.V. Pochinka6, A.E. Shishenkova7.

Abstract. In the present paper the existence of energy function for di�eomorphisms of surfaces
with �nite hyperbolic chain recurrent set is established. The constructed function is Morse function
which closely connected with dynamic of the cascade and its existence allows to prove Poincare-Hopf
theorem for systems of the considered class. Construction of energy function for this dynamical
system, that is a function which is not increasing along trajectories, in many cases is key to
understanding of structure of arti�cial neural network. On the existence of such function Hebb's
method of training of perseptron is based.
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Êðàòêèå ñîîáùåíèÿ

ÓÄÊ 517.929

Ìåòîä ïîíèæåíèÿ ïîðÿäêà è îïåðàöèÿ ñäâèãà

c⃝ Ì.Á. Àâäååâà1, À.Â. Çóáîâ2

Àííîòàöèÿ. Â ýòîé ñòàòüå èçëîæåí ýôôåêòèâíûé ìåòîä ïîíèæåíèÿ ïîðÿäêà, ÿâëÿþùèéñÿ
íåêîòîðûì àíàëîãîì àëãîðèòìà Ðàóñà è ïîçâîëÿþùèé îïðåäåëèòü ÷èñëî êîðíåé èñõîäíîãî
ìíîãîã÷ëåíà, ëåæàùèõ êàê â ëåâîé, òàê è â ïðàâîé ïîëóïëîñêîñòè, íå áîëåå ÷åì çà 5/4n(n+1)
ýëåìåíòàðíûõ àðèôìåòè÷åñêèõ îïåðàöèé.

Êëþ÷åâûå ñëîâà: ïîëóïëîñêîñòü, êîýôôèöèåíò, óñòîé÷èâîñòü, âåùåñòâåííûå êîðíè, àáñî-
ëþòíàÿ óñòîé÷èâîñòü è íåóñòîé÷èâîñòü.

1. Ââåäåíèå

Â ýòîé ñòàòüå èçëîæåí ýôôåêòèâíûé ìåòîä ïîíèæåíèÿ ïîðÿäêà, ÿâëÿþùèéñÿ íåêî-
òîðûì àíàëîãîì àëãîðèòìà Ðàóñà è ïîçâîëÿþùèé îïðåäåëèòü ÷èñëî êîðíåé èñõîäíîãî
ìíîãî÷ëåíà, ëåæàùèõ êàê â ëåâîé Rez < 0 , òàê è ïðàâîé Rez > 0 ïîëóïëîñêîñòè, íå
áîëåå ÷åì çà 5

4
n(n+ 1) ýëåìåíòàðíûõ àðèôìåòè÷åñêèõ îïåðàöèé [4].

Èçâåñòíî, ÷òî àëãîðèòì Ðàóñà ñëóæèò äëÿ îïðåäåëåíèÿ óñòîé÷èâîñòè ìíîãî÷ëåíîâ, ò.
å. äëÿ îïðåäåëåíèÿ ïðèíàäëåæíîñòè âñåõ êîðíåé ýòîãî ìíîãî÷ëåíà ëåâîé ïîëóïëîñêîñòè
Rez < 0 . Ýòîò àëãîðèòì íà êàæäîì øàãó ïîñëåäîâàòåëüíî ïîíèæàåò ïîðÿäîê ìíîãî÷ëåíà
fn(z) ñòåïåíè n ñ ïîëîæèòåëüíûìè äåéñòâèòåëüíûìè êîýôôèöèåíòàìè

fn(z) = a0 + a1z + . . .+ an−1z
n−1 + anz

n (1.1)

ïîñðåäñòâîì îïåðàöèè ïîíèæåíèÿ ïîðÿäêà

fn−1(z) = fn(z)− αnzSn(z), αn = an \ an−1 > 0, (1.2)

ãäå Sn−1(z) = an−1z
n−1 + an−3z

n−3 + an−5z
n−5 + . . . .

Ðàóñ ïîêàçàë, ÷òî, åñëè ìíîãî÷ëåí fn(z) ÿâëÿåòñÿ óñòîé÷èâûì, òî ìíîãî÷ëåí fn−1(z)
òàêæå ÿâëÿåòñÿ óñòîé÷èâûì è, îáðàòíî. Òàêèì îáðàçîì, åñëè èñõîäíûé ìíîãî÷ëåí fn(z)
ÿâëÿåòñÿ óñòîé÷èâûì, òî, ïîñëåäîâàòåëüíî ïðèìåíÿÿ îïåðàöèþ ïîíèæåíèÿ ïîðÿäêà (1.2),
ïðèäåì ê ìíîãî÷ëåíó ïåðâîãî ïîðÿäêà, èìåþùåìó îòðèöàòåëüíûé âåùåñòâåííûé êîðåíü,
ïðè ýòîì âñå αi > 0 , (i = n, . . . , 2) [1].

2. Ïîñòðîåíèå àëãîðèòìà ïîñëåäîâàòåëüíîãî ïîíèæåíèÿ ïîðÿäêà
èñõîäíîãî ìíîãî÷ëåíà

Ïîñòàâèì çàäà÷ó: ïîñòðîèòü àëãîðèòì ïîñëåäîâàòåëüíîãî ïîíèæåíèÿ ïîðÿäêà èñõîä-
íîãî ìíîãî÷ëåíà ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè ñ öåëüþ îïðåäåëåíèÿ ÷èñëà êîðíåé
ýòîãî ìíîãî÷ëåíà, ëåæàùèõ êàê â ëåâîé Rez < 0 , òàê è â ïðàâîé Rez > 0 ïîëóïëîñêîñòè
[5].

1 Àñïèðàíò, ÑÏáÃÓ ô-ò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov@mail.ru
2 Äîöåíò, ÑÏáÃÓ ô-ò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov@mail.ru
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Î ï ð å ä å ë å í è å 2.1. Ìíîãî÷ëåí f(z) ñòåïåíè n(n ≥ 1)

f(z) = a0 + a1z + . . .+ an−1z
n−1 + anz

n (2.1)

íàçûâàåòñÿ àáñîëþòíî óñòîé÷èâûì, åñëè âñå åãî êîðíè ëåæàò â ëåâîé ïîëóïëîñêîñòè
Rez < 0 . Åñëè, êðîìå êîðíåé, ëåæàùèõ â ëåâîé ïîëóïëîñêîñòè, ýòîò ìíîãî÷ëåí èìå-
åò è ÷èñòî ìíèìûå êîðíè åäèíè÷íîé êðàòíîñòè, òî îí íàçûâàåòñÿ óñòîé÷èâûì. Âî
âñåõ îñòàëüíûõ ñëó÷àÿõ ìíîãî÷ëåí íàçûâàåòñÿ íåóñòîé÷èâûì. Î÷åâèäíî, ÷òî äëÿ õàðàê-
òåðèñòè÷åñêîãî ìíîãî÷ëåíà ýòè òðè ñëó÷àÿ ñîîòâåòñòâóþò àñèìïòîòè÷åñêîé óñòîé-
÷èâîñòè, óñòîé÷èâîñòè (ïî Ëÿïóíîâó) è íåóñòîé÷èâîñòè, ïîðîæäàþùåé åãî ëèíåéíîé
ñòàöèîíàðíîé ñèñòåìû.

Çàìåòèì, ÷òî â ëèòåðàòóðå ïåðâûé òèï ïîëèíîìîâ íàçûâàåòñÿ óñòîé÷èâûì, à îñòàë-
íûå íåóñòîé÷èâûìè [2], [3] - ýòî ÿâëÿåòñÿ áîëåå ãðóáîé êëàññèôèêàöèåé ïîëèíîìîâ ïî
ëîêàëèçàöèè êîðíåé, ÷åì ïðåäëàãàåòñÿ âûøå.

Î ï ð å ä å ë å í è å 2.2. Ïóñòü çàäàí ìíîãî÷ëåí f(z) ñòåïåíè n , íå èìåþùèé
íóëåâûõ êîðíåé. Ìíîãî÷ëåí F (z) = Sαf(z) ñòåïåíè n+ 1 , íå èìåþùèé íóëåâûõ êîðíåé,
ãäå

F (z) = (1 + αz)f(z) + f(−z), α ̸= 0 (2.2)

áóäåì íàçûâàòü ïðèñîåäèíåííûì ê ìíîãî÷ëåíó f(z) , îïåðàöèþ Sα áóäåì íàçûâàòü îïå-
ðàöèåé ïðèñîåäèíåíèÿ, à ìíîãî÷ëåí f(z) íàçûâàåòñÿ ïîðîæäàþùèì ìíîãî÷ëåíîì äëÿ
ìíîãî÷ëåíà F (z) .

Óñòàíîâèì äëÿ îïåðàöèè ïðèñîåäèíåíèÿ äâà îñíîâíûõ ñâîéñòâà.

Ò å î ð å ì à 2.1. 1) Ìíîãî÷ëåí F (z) , ïðèñîåäèíåííûé ê ìíîãî÷ëåíó f(z) ñ äåé-
ñòâèòåëüíûìè êîýôôèöèåíòàìè, èìååò îäíè è òå æå êîñîñèììåòðè÷íûå êîðíè (ñ ó÷å-
òîì èõ êðàòíîñòåé), ÷òî è ìíîãî÷ëåí f(z) . 2) Åñëè âåùåñòâåííîå ÷èñëî α > 0 (α < 0) ,
òî ÷èñëî êîðíåé ìíîãî÷ëåíà F (z) , ëåæàùèõ â ëåâîé ïîëóïëîñêîñòè Re z < 0 (ïðàâîé
ïîëóïëîñêîñòè Re z > 0 ), óâåëè÷èâàåòñÿ íà åäèíèöó ïî ñðàâíåíèþ ñ ÷èñëîì òàêèõ æå
êîðíåé ó ìíîãî÷ëåíà f(z) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðâîå óòâåðæäåíèå òåîðåìû ýëåìåíòàðíî âûâîäèòñÿ èç
ðàâåíñòâà

F (z) = (1 + αz)r(z)f0(z) + r(−z)f0(−z) =
= r(z)((1 + αz)f0(z) + f0(−z)) = r(z)F0(z),

(2.3)

ãäå êîðíÿìè ìíîãî÷ëåíà r(z) ÿâëÿþòüñÿ òîëüêî êîñîñèììåòðè÷íûå êîðíè ìíîãî÷ëåíà
f(z) (r(z) = r(−z)) ñ ó÷åòîì èõ êðàòíîñòåé, à êîðíè ìíîãî÷ëåíà f0(z) ñîâïàäàþò ñ
îñòàëüíûìè êîðíÿìè ìíîãî÷ëåíà f(z) , òàêæå ñ ó÷åòîì èõ êðàòíîñòåé.

Äîêàæåì òåïåðü âòîðîå óòâåðæäåíèå òåîðåìû. Ââåäåì â ðàññìîòðåíèå ìíîãî÷ëåí

Φµ(z) = (1 + αz)f0(z) + µf0(−z), µ ∈ [0, 1], α ̸= 0.

Çàìåòèì, ÷òî êîýôôèöèåíòû ýòîãî ìíîãî÷ëåíà ÿâëÿþòñÿ âåùåñòâåííûìè è íåïðåðûâ-
íûìè ôóíêöèÿìè âåùåñòâåííîãî ïàðàìåòðà µ ∈ [0, 1] . Îòñþäà âûòåêàåò, ÷òî êîðíè ýòîãî
ìíîãî÷ëåíà zj(µ) òàêæå ÿâëÿþòñÿ íåïðåðûâíûìè ôóíêöèÿìè ïàðàìåòðà µ ïðè µ ∈ [0, 1] .

Î÷åâèäíî, ÷òî èç ðàâåíñòâ (2.3) è âèäà ìíîãî÷ëåíà Φµ(z) ñëåäóåò, ÷òî
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Φ1(z) = F0(z), F (z) = r(z)Φ1(z).

Ñ äðóãîé ñòîðîíû, Φ0(z) = (1 + αz)f0(z) . Ýòî îçíà÷àåò, ÷òî êîðíè zj(µ) ìíîãî÷ëåíà
Φµ(z) ïðè µ = 0 ñîâïàäàþò ñ êîðíÿìè zj ìíîãî÷ëåíà f0(z) , ò.å. ñ êîðíÿìè zj(0) = zj ñ
äîáàâëåíèåì êîðíÿ z = −1/α .

Ïîêàæåì, ÷òî íåïðåðûâíûå êðèâûå zj(µ) ïðè µ ∈ [0, 1] íå ïåðåñåêàþò ìíèìóþ îñü,
ò.å. zj(µ) ̸= iβ ïðè µ ∈ [0, 1] . Äîïóñòèì, ÷òî ýòî íå òàê. Ïóñòü ñóùåñòâóåò òàêîå β ̸= 0 ,
÷òî ñïðàâåäëèâî ðàâåíñòâî

Φµ(iβ) = (1 + iαβ)f0(iβ) + µf0(−iβ) = 0 ïðè µ ∈ [0, 1].

Òàê êàê ïî óñëîâèþ ìíîãî÷ëåí f0(z) ÿâëÿåòñÿ ìíîãî÷ëåíîì ñ äåéñòâèòåëüíûìè êî-
ýôôèöèåíòàìè è íå èìååò êîñîñèììåòðè÷íûõ êîðíåé, à òåì ñàìûì è ÷èñòî ìíèìûõ, òî
f0(iβ) ̸= 0 äëÿ ëþáîãî âåùåñòâåííîãî β ̸= 0 . Òîãäà èç ñâîéñòâ êîìïëåêñíûõ ÷èñåë ñëåäóåò,
÷òî | ¯f0(z)| = |f0(z̄| è èç ïðåäûäóùåãî ðàâåíñòâà âûòåêàåò ñîîòíîøåíèå

|1 + iαβ| |f0(iβ)| = |µ| |f0(−iβ)| = |µ| |f0(iβ)|.
Ýòî ðàâåíñòâî, ðàçäåëèâ íà |f(iβ)| ̸= 0 îáå åãî ÷àñòè, ìîæíî ïåðåïèñàòü â âèäå

1 + α2β2 = µ2 . Òàê êàê âåëè÷èíû α ̸= 0 è β ̸= 0 , òî âåëè÷èíà |µ| > 1 , ÷òî ïðîòèâî-
ðå÷èò óñëîâèþ µ ∈ [0, 1] . Îòñþäà ñëåäóåò, ÷òî ó ìíîãî÷ëåíà Φµ(z) íåò ÷èñòî ìíèìûõ
êîðíåé ïðè µ ∈ [0, 1] . Ýòî è îçíà÷àåò, ÷òî íåïðåðûâíûå êðèâûå zj(µ) ïðè µ ∈ [0, 1] íå
ïåðåñåêàþò ìíèìóþ îñü, è, ñëåäîâàòåëüíî, îñòàþòñÿ ïðè µ ∈ [0, 1] â òîé æå ïîëóïëîñêîñòè
êîìïëåêñíîãî ïåðåìåííîãî, ÷òî è âåëè÷èíû zj(0) = zj , z = −1/α .

Òàê êàê êîðíè ìíîãî÷ëåíà Φ0(z) ñîâïàäàþò ñ êîðíÿìè zj ìíîãî÷ëåíà f0(z) ñ äîáàâ-
ëåíèåì êîðíÿ z = −1/α , òî ïðè α > 0 (α < 0) ÷èñëî êîðíåé ìíîãî÷ëåíà Φ0(z) , ëåæàùèõ
â ëåâîé ïîëóïëîñêîñòè Rez < 0 (ïðàâîé ïîëóïëîñêîñòè), íà åäèíèöó áîëüøå ÷èñëà òàêèõ
æå êîðíåé ó ìíîãî÷ëåíà f0(z) . Ñ ó÷åòîì òîãî, ÷òî êðèâûå zj(µ) ïðè µ ∈ [0, 1] îñòàþò-
ñÿ â îäíîé è òîé æå ïîëóïëîñêîñòè, ìîæíî ñäåëàòü âûâîä î òîì, ÷òî ìíîãî÷ëåí Φµ(z) ,
è, ñëåäîâàòåëüíî, è ìíîãî÷ëåí Φ1(z) , èìååò òàêîå æå ÷èñëî êîðíåé â ëåâîé è ïðàâîé
ïîëóïëîñêîñòè, ÷òî è ìíîãî÷ëåí Φ0(z) . Èç ïðåäñòàâëåíèÿ F (z) = r(z)Φ0(z) âûòåêàåò
ñïðàâåäëèâîñòü âòîðîãî óòâåðæäåíèÿ òåîðåìû. Òåîðåìà äîêàçàíà.

Ò å î ð å ì à 2.2. Äëÿ ïðîèçâîëüíîãî ìíîãî÷ëåíà F (z) ñòåïåíè n + 1 , íå èìåþ-
ùåãî íóëåâûõ êîðíåé

F (z) = A0 + A1z + . . .+ An+1z
n+1, A1 ̸= 0, (2.4)

ñóùåñòâóåò åäèíñòâåííûé ïîðîæäàþùèé åãî ìíîãî÷ëåí f(z) ñòåïåíè n , êîýôôèöè-
åíòû êîòîðîãî ìîæíî îäíîçíà÷íî îïðåäåëèòü ìåòîäîì ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ) çà
2n+ 1 àðèôìåòè÷åñêóþ îïåðàöèþ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì, ÷òî ìíîãî÷ëåí f(z) , ïîðîæäàþùèé ìíîãî-
÷ëåí F (z) , ñóùåñòâóåò, òîãäà îí óäîâëåòâîðÿåò óðàâíåíèþ (2.2) ïî îïðåäåëåíèþ îïåðàöèè
ïðèñîåäèíåíèÿ. Èç óðàâíåíèÿ (2.2) ëåãêî ïîëó÷èòü óðàâíåíèå äëÿ èñêîìîãî ìíîãî÷ëåíà
f(z)

α2z2(z) = (αz − 1)F (z) + F (−z) =
= (αA0 − 2A1)z + αA1z

2 + . . .+ αAn+1z
n+2 (2.5)

Ïîëàãàÿ â óðàâíåíèè (2.5) α = 2A1/A0 , ïîëó÷èì, ÷òî â íåì ñïðàâà ñòîèò ìíîãî÷ëåí
ñòåïåíè n + 2 , â êîòîðîì ìîæíî âûíåñòè çà ñêîáêè îáùèé ìíîæèòåëü z2 . Ðàçäåëèâ îáå
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÷àñòè óðàâíåíèÿ (2.5) íà α2z2 , ïîëó÷èì, ÷òî ìíîãî÷ëåí f(z) íå èìååò íóëåâûõ êîðíåé
è ÿâëÿåòñÿ îäíîçíà÷íî îïðåäåëåííûì ìíîãî÷ëåíîì ñòåïåíè n , ïîðîæäàþùèì ìíîãî÷ëåí
F (z) . Ýòî âûòåêàåò èç òîãî, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ (2.5) îäíîçíà÷íî îïðåäåëåíà äëÿ
ëþáîãî α . Åñëè âûáðàòü α ̸= 2A1/A0 , òî óðàâíåíèå (2.5) óæå íå áóäåò îïðåäåëÿòü ìíîãî-
÷ëåíà f(z) ñòåïåíè n . Íåòðóäíî âèäåòü, ÷òî êîýôôèöèåíòû ìíîãî÷ëåíà f(z) îäíîçíà÷íî
íàõîäÿòñìÿ ïî ðåêóððåòíûì ôîðìóëàì:

a2l =
A2l+1

α
, a2l−1 =

A2l

α
− 2A2l+1

α2 , α = 2A1

A0
,

a0 =
A0

2
, An+2 = 0, l = 0, 1, . . . , [n/2],

(2.6)

ãäå [n/2] - öåëàÿ ÷àñòü ÷èñëà n/2 . Ýòîò àëãîðèòì â äàëüíåéøåì áóäåì íàçûâàòü ìåòî-
äîì ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ). Îòñþäà ñëåäóåò, ÷òî êîýôôèöèåíòû ìíîãî÷ëåíà f(z)
âû÷èñëÿþòñÿ èç êîýôôèöèåíòîâ ìíîãî÷ëåíà F (z) çà 2n+ 1 àðèôìåòè÷åñêóþ îïåðàöèþ.
Òåîðåìà äîêàçàíà.

Ò å î ð å ì à 2.3. Äëÿ ëþáîãî ñòàíäàðòíîãî ïîëèíîìà Ãóðâèöà ñòåïåíè n > 1
ñóùåñòâóåò åäèíñòâåííûé ïîðîæäàþùèé åãî ñòàíäàðòíûé ïîëèíîì Ãóðâèöà ïåðâîãî
ïîðÿäêà a+ bz , a > 0 , b > 0 .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì âíà÷àëå, ÷òî äëÿ ëþáîãî ñòàíäàðòíîãî ïîëè-
íîìà Ãóðâèöà F (z) ñòåïåíè n + 1 , n ≥ 1 ñóùåñòâóåò åäèíñòâåííûé ïîðîæäàþùèé åãî
ñòàíäàðòíûé ïîëèíîì Ãóðâèöà ñòåïåíè n .

Ñîãëàñíî ëåììå 3 äëÿ ëþáîãî ñòàíäàòíîãî ïîëèíîìà Ãóðâèöà F (z) = A0 +A1z + . . .+
An+1z

n+1 ñòåïåíè n + 1 ñóùåñòâóåò ïîðîæäàþùèé åãî ñòàíäàðòíûé ïîëèíîì Ãóðâèöà
ñòåïåíè n f(z) = a0 + a1z + . . .+ anz

n , ò.å. F (z) = Sαf(z) . Òîãäà èç ôîðìóëû (2.7)

F (z) = (1 + αz)f(z) + f(−z), α > 0 (2.7)

âûòåêàåò, ÷òî êîýôôèöèåíòû ýòèõ ïîëèíîìîâ ñâÿçàíû ñîîòíîøåíèÿìè

A0 = 2a0, A1 = αa0, An+1 = αan, A2l = 2a2l + αa2l−1,

A2l+1 = αa2l + αa2l−1, (l = 1, . . . , [
n

2
]), (2.8)

ãäå [] - öåëàÿ ÷àñòü ÷èñëà. Ïðåäïîëîæèì, ÷òî åñòü äâà ðàçëè÷íûõ ñòàíäàðòíûõ ïîëèíîìà
Ãóðâèöà ñòåïåíè n , ïîðîæäàþùèõ ïîëèíîì, F (z) , ò.å. F (z) = Sαf(z) = Aᾱf̄(z) . Òîãäà
èç ôîðìóë (2.8) ñëåäóþò î÷åâèäíûå ðàâåíñòâà

2A1

A0

=
2αa0
2a0

=
2ᾱā0
2ā0

= α = ᾱ.

Îòñþäà è èç ôîðìóë (2.8) âûòåêàåò, ÷òî ïîðîæäàþùèé ïîëèíîì ÿâëÿåòñÿ åäèíñòâåí-
íûì, ò.ê. ìåæäó ÷èñëîì α > 0 , êîýôôèöèåíòàìè ïîðîæäàþùåãî ïîëèíîìà f(z) è êîýô-
ôèöèåíòàìè ïðèñîåäèíåííîãî ïîëèíîìà F (z) åñòü âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå

ā2i =
A2l+1

α
, ā2i−1 = a2l−1 =

A2l

α
− 2A2l+1

α2
,

α = ᾱ =
2A1

A0

, a0 = ā0 =
A0

2
, l = 1, . . . , [

n

2
]. (2.9)

Èòàê, ìû ïîêàçàëè, ÷òî äëÿ ëþáîãî ñòàíäàðòíîãî ïîëèíîìà Ãóðâèöà F (z) ñòåïåíè
n+ 1 , n > 1 ñóùåñòâóåò åäèíñòâåííûé ïîðîæäàþùèé åãî ñòàíäàðòíûé ïîëèíîì Ãóðâèöà
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f(z) ñòåïåíè n , êîýôôèöèåíòû êîòîðîãî íàõîäÿòñÿ ïî ôîðìóëå (2.9). Ïðîäîëæàÿ ïðîöåññ
ïîíèæåíèÿ ïîðÿäêà, ò.å. ïåðåõîäÿ ïî ôîðìóëàì (2.9) ê ñòàíäàðòíîìó ïîëèíîìó Ãóðâèöà
íà åäèíèöó ìåíüøåé ñòåïåíè çà n øàãîâ, ìû ïîëó÷èì ñòàíäàðòíûé ïîëèíîì Ãóðâèöà
ïåðâîãî ïîðÿäêà a+ bz , a > 0 , b > 0 . Òåîðåìà äîêàçàíà.
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algorithm Rauses and is allows to de�ne the number of roots the previous polynom, is lies so in
left, that in right semi-plane, no more that for 5
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ÓÄÊ 517.929

Çàäà÷à ïîèñêà ìèíèìàëüíîãî ìíîãî÷ëåíà

c⃝ È.Â. Çóáîâ1, Â.È. Çóáîâ2

Àííîòàöèÿ. Â äàííîé ñòàòüå íà îñíîâå ìåòîäà ïîíèæåíèÿ ïîðÿäêà èçëàãàåòñÿ àëãîðèòì
âû÷èñëåíèÿ ÷èñëà ÷èñòî ìíèìûõ êîðíåé ó õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

Êëþ÷åâûå ñëîâà: àëãîðèòì, êîðåíü, ïåðåìåíà çíàêà, ìíîãî÷ëåí, ëåâàÿ è ïðàâàÿ ïîëóïëîñ-
êîñòè.

1. Ââåäåíèå

Â ñòàòüå ïðåäëàãàåòñÿ íîâûé ìåòîä ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà ñ ïîìîùüþ
ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ýòîò ìåòîä ïîçâîëÿåò íàõîäèòü êî-
ýôôèöèåíòû ìèíèìàëüíîãî ìíîãî÷ëåíà â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ ÷èñåë â êîì-
ïüþòåðå è ñâîáîäåí îò îøèáîê îêðóãëåíèÿ. Çíàÿ êîýôôèöèåíòû ìèíèìàëüíîãî ìíîãî÷ëå-
íà ëåãêî ðåøèòü âîïðîñ îá óñòîé÷èâîñòè èëè íåóñòîé÷èâîñòè ìàòðèöû ñèñòåìû ïåðâîãî
ïðèáëèæåíèÿ ñ ïîìîùüþ ìåòîäà Ðàóñà èëè ìåòîäà ïîíèæåíèÿ ïîðÿäêà.

2. Ïîñòàíîâêà çàäà÷è

Ïóñòü A - âåùåñòâåííàÿ, ïîñòîÿííàÿ ìàòðèöà ðàçìåðà n×n . Ïîñòàâèì çàäà÷ó ïîèñêà
ìèíèìàëüíîãî ìíîãî÷ëåíà ýòîé ìàòðèöû, ò. å. ìíîãî÷ëåíà íàèìåíüøåé ñòåïåíè àíóëèðóþ-
ùåãî ìàòðèöó A ñ êîýôôèöèåíòîì ïðè ñòàðøåé ñòåïåíè ðàâíûì åäèíèöå. Òàêèì îáðàçîì
ìèíèìàëüíûé ìíîãî÷ëåí èìååò âèä:

f(λ) = λk + ck−1λ
k−1 + . . .+ c1λ+ c0 = 0, (2.1)

ïðè÷åì âûïîëíÿåòñÿ ìàòðè÷íîå òîæäåñòâî:

Ak + ck−1A
k−1 + . . .+ c1A+ c0E = 0 (2.2)

Çàìåòèì, ÷òî âåùåñòâåííûå ìàòðèöû ðàçìåðà n× n îáðàçóþò âåùåñòâåííîå ëèíåéíîå
ïðîñòðàíñòâî ðàçìåðíîñòè n2 , ãäå ìîæíî èñïîëüçîâàòü âñå ðåçóëüòàòû è îïðåäåëåíèÿ,
ïîëó÷åííûå â ëèíåéíîé àëãåáðå òàêèå êàê: ëèíåéíàÿ çàâèñèìîñòü è íåçàâèñèìîñòü ýëå-
ìåíòîâ; áàçèñ è ðàçëîæåíèå ïî íåìó è òîìó ïîäîáíîå [1].

Èñõîäÿ èç ýòîãî, ìîæíî ñôîðìóëèðîâàòü î÷åâèäíîå óòâåðæäåíèå.

3. Òåîðåìà î ñòåïåíè ìèíèìàëüíîãî ìíîãî÷ëåíà

Ò å î ð å ì à 3.1. Ñòåïåíü ìèíèìàëüíîãî ìíîãî÷ëåíà ðàâíà k+1 , åñëè ìàòðèöû

Ak, Ak−1, . . . , A,A0, A0 = E (3.1)

- ëèíåéíî íåçàâèñèìû, à ìàòðèöû

Ak+1, Ak, Ak−1, . . . , A, E (3.2)

1 Ïðîôåññîð, ÑÏáÃÓ ôàêóëüòåò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã, a_v_zubov@mail.ru
2 Àñïèðàíò, ÑÏáÃÓ ôàêóëüòåò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã, a_v_zubov@mail.ru
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óæå ëèíåéíî çàâèñèìû.

Ä î ê à ç à ò å ë ü ñ ò â î. Äåéñòâèòåëüíî, åñëè ìàòðèöû (3.2) ëèíåéíî çàâèñèìû, òî
ñóùåñòâóåò âåùåñòâåííûå ÷èñëà c0, c1, . . . , ck+1 íå âñå ðàâíûå íóëþ òàêèå, ÷òî âûïîëíÿåòñÿ
ìàòðè÷íîå òîæäåñòâî:

k+1∑
i=0

ciA
i = 0, A0 = E. (3.3)

Èç ýòîãî òîæäåñòâà ñëåäóåò, ÷òî ck+1 ̸= 0 , èáî â ïðîòèâíîì ñëó÷àå ýòî áóäåò îçíà÷àòü,
÷òî ìàòðèöû (3.1) - ëèíåéíî çàâèñèìû. Îòñþäà âûòåêàåò, ÷òî ñïðàâåäëèâî ìàòðè÷íîå
ðàâåíñòâî:

Ak+1 +
ck
ck+1

Ak + . . .+
c1
ck+1

A+
c0
ck+1

E = 0. (3.4)

Òàêèì îáðàçîì, êîýôôèöèåíòû ýòîãî ìàòðè÷íîãî òîæäåñòâà, ÿâëÿþòñÿ êîýôôèöèåí-
òàìè ìèíèìàëüíîãî ìíîãî÷ëåíà [2].
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ââåäåì ïîíÿòèå ðàçâåðíóòîé ìàòðèöû Bk äëÿ ìàòðè÷íîé ñîâîêóïíîñòè (3.1). Ýòà ìàò-
ðèöà n2 × (k + 1) ñòîëáöû êîòîðîé ñîñòàâëåíû èç ñòîëáöîâ Aim , i = 1, n ìàòðèö Am ,
m = k, 0 , çàïèñàííûõ îäèí ïîä äðóãèì ïîäðÿä, íà÷èíàÿ ñ ïåðâîãî ñòîëáöà ýòîé ìàòðèöû,
êîí÷àÿ ïîñëåäíèì [5]:

Bk =


A1k A1k−1 . . . E1

A2k A2k−1 . . . E2
...

... . . .
...

Ank Ank−1 . . . En

 = (Ak, . . . , A0), Am =


A1m

A2m
...

Anm

 , m = k, 0 (3.5)

Î÷åâèäíî, ÷òî ëèíåéíàÿ íåçàâèñèìîñòü ìàòðèö (3.1) ýêâèâàëåíòíà ëèíåéíîé íåçàâèñè-
ìîñòè ñòîëáöîâ ìàòðèöû Bk , ò.ê. ñïðàâåäëèâî ñîîòíîøåíèå [3]

BkC = 0 ↔
k∑

i=0

ciA
i = 0, C = (ck, ck−1, . . . , c0)

T . (3.6)

Ýòî îçíà÷àåò, ÷òî ëèíåéíàÿ íåçàâèñèìîñòü ìàòðèö (3.1) ýêâèâàëåíòíà òîìó, ÷òî ìàò-
ðèöà Bk ðàçìåðà n2 × (k + 1) , ÿâëÿåòñÿ ìàòðèöåé ïîëíîãî ðàíãà, ò.å. åå ðàíã ðàâåí k + 1
[4].

Îòñþäà âûòåêàåò, ÷òî òåîðåìó 3.1. ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Ò å î ð å ì à 3.2. Åñëè äëÿ ïåðâîãî èç ÷èñåë k = ¯0, n ñèñòåìà ëèíåéíûõ àëãåáðà-
è÷åñêèõ óðàâíåíèé

BkC = Ak+1, C = (ck, ck−1, . . . , c0)
T (3.7)

èìååò ðåøåíèå, òî ìèíèìàëüíûé ìíîãî÷ëåí ìàòðèöû A èìååò âèä:

f(λ) = λk+1 − ckλ
k − ck−1λ

k−1 − . . .− c1λ− c0 = 0. (3.8)

Ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå î òîì, ÷òî êîýôôèöèåíòû ìèíèìàëüíîãî ìíî-
ãî÷ëåíà (3.8) C = (ck, ck−1, . . . , c0)

T , ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé (3.7).
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Ä î ê à ç à ò å ë ü ñ ò â î. Ðàçðåøèìîñòü óðàâíåíèÿ (3.7) îçíà÷àåò ðàçðåøèìîñòü
ìàòðè÷íîãî òîæäåñòâà

Ak+1 = ckA
k + ck−1A

k−1 + . . .+ c1A+ c0E. (3.9)

Òàê êàê k ÿâëÿåòñÿ ìèíèìàëüíûì èç ÷èñåë 0, n , òî ìíîãî÷ëåí (3.8), ÿâëÿåòñÿ ìè-
íèìàëüíûì ìíîãî÷ëåíîì.

Ñ äðóãîé ñòîðîíû, åñëè ìíîãî÷ëåí (3.8), ÿâëÿåòñÿ ìèíèìàëüíûì ìíîãî÷ëåíîì, òî
ñïðàâåäëèâî ìàòðè÷íîå òîæäåñòâî (3.9), êîòîðîå ýêâèâàëåíòíî ðàçðåøèìîñòè ñèñòå-
ìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (3.7). Òåîðåìà äîêàçàíà.

Ç à ì å ÷ à í è å 3.1. Èòàê, ìåòîäèêà ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà çà-
êëþ÷àåòñÿ â ïîèñêå ðåøåíèÿ C = (ck, ck−1, . . . , c0)

T ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé (3.7) äëÿ íàèìåíüøåãî öåëîãî ÷èñëà k , k = 1, n . Ïðè ýòîì âåëè÷èíû
−ck,−ck−1, . . . ,−c0 áóäóò êîýôôèöèåíòàìè ìèíèìàëüíîãî ìíîãî÷ëåíà (3.8). Çàìåòèì,
÷òî â ñèëó òåîðåìû Êåëè-Ãàìèëüòîíà ìàòðè÷íîå óðàâíåíèå (3.9) âñåãäà èìååò ðåøå-
íèå.

Ç à ì å ÷ à í è å 3.2. Åñëè ðåøåíèå óðàâíåíèÿ (3.7) ïðè íàèìåíüøåì èç ÷èñåë k =
0, n , óäîâëåòâîðÿåò óñëîâèþ c0 = 0 , òî ìàòðèöà A - íåâûðîæäåííàÿ. Áîëåå òîãî, åñëè
â ýòîì ðåøåíèè p ïåðâûõ êîìïîíåíò íóëåâûå c0 = c1 = . . . = cp−1 = 0 , òî êðàòíîñòü
íóëåâîãî ñîáñòâåííîãî ÷èñëà ìàòðèöû A íå ìåíüøå ÷åì p .

Ç à ì å ÷ à í è å 3.3. Åñëè ìàòðèöû (3.1) ëèíåéíî íåçàâèñèìû, à ìàòðèöû (3.2)
ëèíåéíî çàâèñèìû, òî ìàòðèöà BT

k Bk ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, à ìàò-
ðèöà BT

k+1Bk+1 íåîòðèöàòåëüíîé è èìååò îäíî ñîáñòâåííîå ÷èñëî ðàâíîå íóëþ. Êàê èç-
âåñòíî [1], äëÿ ïðÿìîóãîëüíîé ìàòðèöû A ðàçìåðà n×m ðàíã r ñèíãóëÿðíîé ìàòðèöû
ATA ñîâïàäàåò ñ ðàíãîì ìàòðèöû A , à å¼ ñèíãóëÿðíûå ÷èñëà ρi íåîòðèöàòåëüíûå.
Ïðè÷åì, åñëè, íàïðèìåð, m ≤ n , òî ÷èñëî íóëåâûõ ρi ðàâíî m − r . Òàêèì îáðàçîì,
÷òîáû íàéòè êîýôôèöèåíòû ìèíèìàëüíîãî ìíîãî÷ëåíà íå îáÿçàòåëüíî èñêàòü ðåøåíèÿ
ñèñòåìû (3.7) ïðè k = 0, 1, 2, . . . , à äîñòàòî÷íî ïðîâåðèòü ïðè êàêîì ÷èñëå k àòðè-
öà BT

k+1Bk+1 ñòàíîâèòñÿ íåîòðèöàòåëüíîé (ïðè ìåíüøèõ âåëè÷èíàõ k ýòà ìàòðèöà
ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé). Ýòî ñèëüíî ñîêðàòèò ÷èñëî âû÷èñëåíèé è äëÿ
ïîëó÷åíèÿ êîýôôèöèåíòîâ ìèíèìàëüíîãî ìíîãî÷ëåíà íåîáõîäèìî íàéòè ðåøåíèå òîëüêî
îäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (3.7) èìåííî äëÿ ýòîãî ÷èñëà k .
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ÓÄÊ 517.929

Ïðèìåíåíèå îïåðàöèè ñäâèãà

c⃝ Ñ.Â. Çóáîâ1

Àííîòàöèÿ. Â ýòîé ñòàòüå ïðåäëîæåí ñïîñîá ïðèìåíåíèÿ ÌÏÏ â ñëó÷àå, êîãäà ïðè åãî èñ-
ïîëüçîâàíèè âñòðå÷àåòñÿ ìíîãî÷ëåí, ó êîòîðîãî êîýôôèöèåíò ïðè ïåðâîé ñòåïåíè àðãóìåíòà
ðàâåí íóëþ.

Êëþ÷åâûå ñëîâà: êîýôôèöèåíò, îïåðàöèÿ ñäâèãà, êîðåíü, ñòåïåíü ÷åòíàÿ è íå÷åòíàÿ, ïðà-
âàÿ è ëåâàÿ ïîëóïëîñêîñòè.

1. Ââåäåíèå

Íåîáõîäèìîñòü èññëåäîâàíèÿ ðîáàñòíîé óñòîé÷èâîñòè â ñèñòåìàõ óïðàâëåíèÿ äèêòóåò-
ñÿ, âî-ïåðâûõ, ñîâðåìåííûìè ïîòðåáíîñòÿìè íàóêè è òåõíèêè è åå ïðèëîæåíèÿìè â ïðàê-
òè÷åñêèõ çàäà÷àõ, ñâÿçàííûõ ñ êîíñòðóèðîâàíèåì è ìîäåëèðîâàíèåì ïðîöåññîâ óïðàâëå-
íèÿ â òåõíèêå, ýêîíîìèêå, áèîëîãèè è ò.ä., à âî-âòîðûõ, íàëè÷èåì áîëüøîãî ÷èñëà íåðå-
øåííûõ çàäà÷, ïðÿìî ñâÿçàííûõ ñ èíæåíåðíîé ïðàêòèêîé. Ôàêòè÷åñêè, ðåçóëüòàòû, ïî-
ëó÷åííûå â òåîðèè ðîáàñòíîé óñòîé÷èâîñòè, ïîçâîëÿþò îáåñïå÷èâàòü äèíàìè÷åñêóþ áåç-
îïàñíîñòü óïðàâëÿåìûõ ñèñòåì íà ýòàïå èõ êîíñòðóèðîâàíèÿ è ýêñïëóàòàöèè.

2. Èñïîëüçîâàíèå îïåðàöèè ñäâèãà

Ïóñòü çàäàí ìíîãî÷ëåí F (z) ñòåïåíè n ñ äåéñòâèòåëüíûìè êîýôôèöèåíòàìè, íå èìå-
þùèé íóëåâûõ êîðíåé, ê êîòîðîìó ìåòîä ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ) íå ïðèìåíèì

F (z) = a0 + a2z
2 + . . .+ a2p+1z

2p+1 + . . .+ anz
n, (2.1)

ò.å. äëÿ îáùíîñòè ïîëîæèì, ÷òî íå òîëüêî a1 = 0 , íî è

a3 = . . . = a2p−1 = 0, a2p+1 ̸= 0, p ≥ 1.

Ïåðåïèøåì ýòîò ìíîãî÷ëåí â âèäå

F (z) = g(z) + z2ph(z), (2.2)

g(z) = a0 + a2z
2 + a4z

4 + . . . , h(z) = a2p+1z + a2p+3z
3 + a2p+5z

5 + . . .

Î ï ð å ä å ë å í è å 2.1. Îïåðàöèåé ñäâèãà áóäåì íàçûâàòü îïåðàöèþ, ïðåîáðàçó-
þùóþ ìíîãî÷ëåí (2.2) â ìíîãî÷ëåí âèäà

f(z) = g(z) + (−1)ph(z). (2.3)

Î ï ð å ä å ë å í è å 2.2. Êîñîñèììåòðè÷íûìè êîðíÿìè ìíîãî÷ëåíà F (z) ìû áó-
äåì íàçûâàòü êîðíè ýòîãî ìíîãî÷ëåíà zj , äëÿ êîòîðûõ âûïîëíÿþòñÿ ðàâåíñòâà F (zj) =
F (−zj) = 0 . Íåòðóäíî âèäåòü, ÷òî êîñîñèììåòðè÷íûìè êîðíÿìè ÿâëÿþòñÿ, â ÷àñòíî-
ñòè, âñå ÷èñòî ìíèìûå êîðíè.

1 Äîöåíò, ÑÏáÃÓ ôàêóëüòåò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov@mail.ru
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Ñïðàâåäëèâû ñëåäóþùèå äâå òåîðåìû.

Ò å î ð å ì à 2.1. Îïåðàöèÿ ñäâèãà îñòàâëÿåò ìíîæåñòâî êîñîñèììåòðè÷íûõ
êîðíåé ïðîèçâîëüíîãî ìíîãî÷ëåíà áåç èçìåíåíèé, ò. å. êîñîñèììåòðè÷íûå êîðíè ìíîãî-
÷ëåíà (2.2) ñîâïàäàþò ñ êîñîñèììåòðè÷íûìè êîðíÿìè ìíîãî÷ëåíà (2.3) è îáðàòíî. Åñëè
îïåðàöèÿ ñäâèãà ïðèìåíåíà ê ìíîãî÷ëåíó, íå èìåþùåìó íóëåâûõ êîðíåé, òî ïîëó÷èòñÿ
ìíîãî÷ëåí, òàêæå íå èìåþùèé íóëåâûõ êîðíåé.

Ä î ê à ç à ò å ë ü ñ ò â î. Î÷åâèäíî, ÷òî âñå êîñîñèììåòðè÷íûå êîðíè ìíîãî÷ëåíà
(2.3) ÿâëÿþòñÿ îáùèìè êîðíÿìè ìíîãî÷ëåíîâ g(z) è z2ph(z) è íàîáîðîò. Òàê êàê îáùèå
êîðíè ìíîãî÷ëåíîâ g(z) è (−1)ph(z) ñîâïàäàþò ñ îáùèìè êîðíÿìè ìíîãî÷ëåíîâ g(z) è
z2ph(z) , òî êîñîñèììåòðè÷íûå êîðíè ìíîãî÷ëåíà (2.3) ÿâëÿþòñÿ êîñîñèììåòðè÷íûìè êîð-
íÿìè ìíîãî÷ëåíà (2.2) è îáðàòíî. Ýòî âûòåêàåò èç òîãî, ÷òî âñå êîñîñèììåòðè÷íûå êîðíè
ìíîãî÷ëåíà (2.3) ÿâëÿþòñÿ îáùèìè êîðíÿìè ìíîãî÷ëåíîâ g(z) è (−1)ph(z) è íàîáîðîò
[1].

Äîêàçàòåëüñòâî âòîðîé ÷àñòè òåîðåìû âûòåêàåò èç òîãî, ÷òî ñâîáîäíûé ÷ëåí èñõîäíîãî
ìíîãî÷ëåíà ïðè îïåðàöèè ñäâèãà îñòàåòñÿ áåç èçìåíåíèé.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Ñâîéñòâà îïåðàöèè ñäâèãà

Ò å î ð å ì à 3.1. Äëÿ ìíîãî÷ëåíîâ c äåéñòâèòåëüíûìè êîýôôèöèåíòàìè, íå èìå-
þùèõ íóëåâûõ êîðíåé, îïåðàöèÿ ñäâèãà îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1) åñëè îïåðàöèþ ñäâèãà (ÎÑ) ïðèìåíèòü ê ìíîãî÷ëåíó (2.2) ñ äåéñòâèòåëüíûìè êî-
ýôôèöèåíòàìè ÷åòíîé ñòåïåíè, òî ïîëó÷èâøèéñÿ ìíîãî÷ëåí (2.3) ñ äåéñòâèòåëüíûìè
êîýôôèöèåíòàìè èìååò òàêîå æå ÷èñëî êîðíåé, ëåæàùèõ â ïðàâîé (ëåâîé) ïîëóïëîñêî-
ñòè, ÷òî è èñõîäíûé ìíîãî÷ëåí;

2) åñëè â ðåçóëüòàòå ïðèìåíåíèÿ îïåðàöèè ñäâèãà (ÎÑ) ê ìíîãî÷ëåíó (2.2) ñ äåé-
ñòâèòåëüíûìè êîýôôèöèåíòàìè íå÷åòíîé ñòåïåíè nF ïîëó÷èòñÿ ìíîãî÷ëåí (2.3) ñ
äåéñòâèòåëüíûìè êîýôôèöèåíòàìè òàêæå íå÷åòíîé ñòåïåíè nf , òî ó ïîëó÷èâøåãî-
ñÿ ìíîãî÷ëåíà ÷èñëî êîðíåé, ëåæàùèõ â ëåâîé (ïðàâîé) ïîëóïëîñêîñòè, ïî ñðàâíåíèþ ñ
èñõîäíûì ìíîãî÷ëåíîì (2.2) óìåíüøàåòñÿ íà îäíó è òó æå âåëè÷èíó (nF − nf )/2 ;

3) åñëè â ðåçóëüòàòå ïðèìåíåíèÿ îïðåàöèè ñäâèãà (ÎÑ) ê ìíîãî÷ëåíó (2.2) ñ äåéñòâè-
òåëüíûìè êîýôôèöèåíòàìè íå÷åòíîé ñòåïåíè nF ïîëó÷èëñÿ ìíîãî÷ëåí (2.3) ñ äåéñòâè-
òåëüíûìè êîýôôèöèåíòàìè ÷åòíîé ñòåïåíè nf , òî ÷èñëî êîðíåé ýòîãî ìíîãî÷ëåíà, ëå-
æàùèõ â ïðàâîé ïîëóïëîñêîñòè mf , çàâèñèò îò çíàêîâ êîýôôèöèåíòîâ ïðè ñòàðøèõ
÷ëåíàõ â ìíîãî÷ëåíàõ (2.2), (2.3) è âåëè÷èíû ñäâèãà p ñëåäóþùèì îáðàçîì:

mf = mF − (nF − nf − 1)/2

ïðè
sign(−1)p+(nF−1)/2anF

= sign(−1)nf/2anf
;

mf = mF − (nF − nf + 1)/2

ïðè
sign(−1)p+(nF−1)/2anF

̸= sign(−1)nf/2anf
,
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Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè ìíîãî÷ëåí F (z) èìååò êîñîñèììåòðè÷íûå êîðíè, â
òîì ÷èñëå è ÷èñòî ìíèìûå, òî åãî ìîæíî íàïèñàòü â âèäå

F (z) = r(z)F0(z) = r(z)(g0(z) + z2ph0(z)),

ãäå r(z) - ìíîãî÷ëåí, ñîäåðæàùèé âñå êîñîñèììåòðè÷íûå êîðíè ìíîãî÷ëåíà F (z) , â òîì
÷èñëå è ÷èñòî ìíèìûå, à ìíîãî÷ëåí F0(z) íå ñîäåðæèò òàêèõ êîðíåé. Åñëè ïðèìåíèòü ê
ýòîìó ìíîãî÷ëåíó ÎÑ, òî ïîëó÷èì ìíîãî÷ëåí [2]

f(z) = r(z)f0(z) = r(z)(g0(z) + (−1)ph0(z)).

Òàêèì îáðàçîì, ðåçóëüòàò ïðèìåíåíèÿ îïåðàöèè ñäâèãà (ÎÑ) ê ìíîãî÷ëåíó F (z) íå èç-
ìåíèòñÿ, åñëè îïåðàöèþ ñäâèãà (ÎÑ) ïðèìåíèòü âíà÷àëå ê ìíîãî÷ëåíó F0(z) , íå èìåþùèõ
÷èñòî ìíèìûõ êîðíåé, à çàòåì óìíîæèòü ðåçóëüòàò íà ìíîãî÷ëåí r(z) . Îòñþäà âûòåêàåò,
÷òî èçìåíåíèå ÷èñëà êîðíåé ìíîãî÷ëåíà F (z) , ëåæàùèõ â ëåâîé (ïðàâîé) ïîëóïëîñêîñòè
â ðåçóëüòàòå ïðèìåíåíèÿ îïåðàöèè ñäâèãà (ÎÑ), íå çàâèñèò îò òîãî, åñòü ëè ó ìíîãî÷ëå-
íà F (z) ÷èñòî ìíèìûå êîðíè. Ïîýòîìó äàëåå áóäåì ñ÷èòàòü, ÷òî ó ìíîãî÷ëåíà F (z) íåò
÷èñòî ìíèìûõ êîðíåé äëÿ òîãî, ÷òîáû ìîæíî áûëî èñïîëüçîâàòü êðèòåðèé Ìèõàéëîâà [3].

Äàëüíéøåå äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà àíàëèçå ïîâåäåíèÿ ãîäîãðàôîâ Ìè-
õàéëîâà ìíîãî÷ëåíîâ (2.2) è (2.3) â çàâèñèìîñòè îò çíà÷åíèÿ è êðàòíîñòè âåëè÷èíû p

F (iω) = ḡ(ω) + i(−1)pω2ph̄(ω), f(iω) = ḡ(ω) + i(−1)ph̄(ω),

ḡ(ω) = a0 − a2ω
2 + . . .+ (−1)ka2kω

2k + . . . , (3.1)

h̄(ω) = a2p+1ω − a2p+3ω
3 + . . .+ (−1)ka2(p+k)+1ω

2k+1 + . . . .

Ïóñòü 0 = ω1 < . . . < ωs - âåùåñòâåííûå êîðíè ìíîãî÷ëåíîâ ḡ(ω) è (−1)ph̄(ω) , çàäàí-
íûå â ïîðÿäêå èõ âîçðàñòàíèÿ. Î÷åâèäíî, ÷òî ýòè êîðíè ñîâïàäàþò ñ êîðíÿìè ìíîãî÷ëåíîâ
ḡ(ω) è (−1)pω2ph̄(ω) è îáðàòíî.

Îòñþäà âûòåêàåò, ÷òî ïðèðàùåíèå àðãóìåíòîâ ãîäîãðàôîâ Ìèõàéëîâà ýòèõ ìíîãî÷ëå-
íîâ ïðè èçìåíåíèè ω îò 0 äî +∞ îòëè÷àåòñÿ ëèøü íà ó÷àñòêå îò ωs äî +∞ . Ïóòåì
àíàëèçà ýòîãî ïðèðàùåíèÿ è èñïîëüçîâàíèÿ ìåòîäà ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ) ëåãêî óñòà-
íîâèòü ñïðàâåäëèâîñòü âñåõ óòâåðæäåíèé òåîðåìû [4].
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 3.1. Î÷åâèäíî, ÷òî â ðåçóëüòàòå ìíîãîêðàòíîãî ïðèìåíåíèÿ
ìåòîäà ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ) è, åñëè ýòî íåîáõîäèìî, îïåðàöèè ñäâèãà (ÎÑ) ê ïðî-
èçâîëüíîìó ìíîãî÷ëåíó, íå èìåþùåìó íóëåâûõ êîðíåé, áóäåò ïîëó÷åí îñòàòîê - ïîðîæ-
äàþùèé ìíîãî÷ëåí ïåðâîé ñòåïåíè èëè, ìíîãî÷ëåí, èìåþùèé òîëüêî êîñîñèììåòðè÷íûå
êîðíè. Â ïåðâîì ñëó÷àå çàäà÷à èññëåäîâàíèÿ áóäåò ðåøåíà, ò. ê., îïèðàÿñü íà ñâîéñòâà
ìåòîäà ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ) è îïåðàöèè ñäâèãà (ÎÑ), ìîæíî ëåãêî âû÷èñëèòü
÷èñëî êîðíåé èñõîäíîãî ìíîãî÷ëåíà, ëåæàùèõ â ëåâîé (ïðàâîé) ïîëóïëîñêîñòè, îïèðàÿñü
íà ñâîéñòâà ìåòîäà ïîíèæåíèÿ ïîðÿäêà (ÌÏÏ) è îïåðàöèè ñäâèãà (ÎÑ) (òåîðåìû 1, 2).
Âî âòîðîì ñëó÷àå, ïîëó÷åííûé â êà÷åñòâå îñòàòêà ìíîãî÷ëåí ìîæåò ñîäåðæàòü íå
òîëüêî ÷èñòî ìíèìûå, íî è äðóãèå êîñîñèììåòðè÷íûå êîðíè (äåéñòâèòåëüíûå èëè êîì-
ïëåêñíûå), òîãäà íåîáõîäèìî ïðîäîëæèòü èññëåäîâàíèå ïîëîæåíèÿ êîðíåé ýòîãî ìíîãî-
÷ëåíà îòíîñèòåëüíî ìíèìîé îñè.
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The application of operation displacement

c⃝ S.V. Zubov2

Abstract. In this article is supposes way of application method of low to order in case, when by
his using is meet polynom, by that coe�cient by �rst degree of argument equality zero.

Key Words: coe�cient, operation of displacement, root, degree even and noeven, right and left
semi-plane.
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Äðóãîé ïîäõîä ïîèñêà ðåøåíèé ñèñòåìû ëèíåéíûõ

àëãåáðàè÷åñêèõ óðàâíåíèé

c⃝ Ñ.À. Ñòðåêîïûòîâ1, È.Ñ. Ñòðåêîïûòîâ2, È.Ñ. Âèòàøåâñêàÿ3

Àííîòàöèÿ. Â äàííîé ñòàòüå ðàññìîòðåí äðóãîé ïîäõîä ïîèñêà ðåøåíèé è ïñåâäîðåøåíèé
ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Ýòîò ìåòîä îñíîâàí íà ïîñòðîåíèè ñèñòåìû
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðîå èìååò åäèíñòâåííîå àñèìïòîòè÷åñêîå
óñòîé÷èâîå ïîëîæåíèå ðàâíîâåñèÿ, ÿâëÿþùååñÿ ðåøåíèåì èëè ïñåâäîðåøåíèåì èñõîäíîé ñè-
ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: âåêòîð, ìàòðè÷íîå òîæäåñòâî, ñîáñòâåííîå ÷èñëî, ðàíã ìàòðèöû.

1. Ââåäåíèå

Ðåøåíèå ñèñòåìû (2.1) ìîæíî èñêàòü ìåòîäîì Ãàóññà èëè èíûì ìåòîäîì. Â ñòàòüå
ïðåäëîæåí äðóãîé ïîäõîä ïîèñêà ðåøåíèé è ïñåâäîðåøåíèé ñèñòåìû ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé, îñíîâàííûé íà ïîñòðîåíèè ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, êîòîðîå èìååò åäèíñòâåííîå àñèìïòîòè÷åñêè óñòîé÷èâîå ïîëîæåíèå ðàâíîâå-
ñèÿ, ÿâëÿþùååñÿ ðåøåíèåì èëè ïñåâäîðåøåíèåì èñõîäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé [1].

2. Ìåòîä ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Îñòàíîâèìñÿ íà ìåòîäå ðåøåíèÿ ïðÿìîóãîëüíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (2.1)

AX = B, (2.1)

ãäå ìàòðèöà A ðàçìåðà n×m (m ≤ n) è âåêòîð B ðàçìåðà n× 1 , ÿâëÿþòñÿ âåùåñòâåí-
íûìè è ïîñòîÿííûìè [5].

Íåòðóäíî âèäåòü, ÷òî åñëè ðàíã ìàòðèöû A ðàâåí m , òî ìàòðèöà ATA ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé. Ýòî âûòåêàåò èç î÷åâèäíûõ ñîîòíîøåíèé:

∀X ̸= 0 AX = C ̸= 0 ⇒ CTC = XTATAX = ∥C∥2 > 0 ⇒ ATA > 0.

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòî-
ÿííûìè êîýôôèöèåíòàìè, ãäå ìàòðèöà A ðàçìåðà n×m , n ≥ m èìååò ðàíã ðàâíûé m
[6],

Ẋ = −ATAX + ATB. (2.2)

Ñïðàâåäëèâà òåîðåìà.

Ò å î ð å ì à 2.1. Ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû (2.2) ÿâëÿåòñÿ ðåøåíèåì ñè-
ñòåìû (2.1) èëè åå ïñåâäîðåøåíèåì.

1 Äîöåíò, ê.ô.-ì.í., ÑÏáÃÓ ôàêóëüòåò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov@mail.ru.
2 Àñïèðàíò, ÑÏáÃÓ ôàêóëüòåò ÏÌ-ÏÓ, ã. Ñàíêò-Ïåòåðáóðã; a_v_zubov@mail.ru.
3 Ïðåïîäàâàòåëü, ÑÏáÃÓ ôàêóëüòåò ÏÌ-ÏÓ, ã.Ñàíêò-Ïåòåðáóðã; a_v_zubov@mail.ru.
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Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ìàòðèöà −ATA - îòðèöàòåëüíî îïðåäåëåííàÿ, òî
ëþáîå ðåøåíèå ýòîãî óðàâíåíèÿ àñèìïòîòè÷åñêè ñòðåìèòñÿ ê ïîëîæåíèþ ðàâíîâåñèÿ ýòîé
ñèñòåìû X = C , êîòîðîå óäîâëåòâîðÿåò ñîîòíîøåíèþ:

−ATAC + ATB = 0 èëè C = (ATA)−1ATB. (2.3)

Îòñþäà âûòåêàåò, ÷òî åñëè AC = B , òî ðåøåíèå óðàâíåíèÿ (2.1) ïîëó÷åíî [1].
Äîïóñòèì òåïåðü, ÷òî AC ̸= B . Ïðåäñòàâèì âåêòîð B â âèäå ðàçëîæåíèÿ ïî ïîä-

ïðîñòðàíñòâàì, îäíî èç êîòîðûõ L1 , ÿâëÿåòñÿ ëèíåéíîé îáîëî÷êîé íàòÿíóòîé íà ñòîëáöû
ìàòðèöû A , à âòîðîå L2 , ÿâëÿåòñÿ îðòîãîíàëüíûì äîïîëíåíèåì ïåðâîãî, ò.å. B = B1+B2 ,
B1 ∈ L1 , B2 ∈ L2 , L1 ⊥ L2 . Òîãäà óðàâíåíèå (2.3) ïðèìåò âèä:

−ATAC + AT (B1 +B2) = −ATAC + ATB1 = 0

èëè

C = (ATA)−1ATB1 = (ATA)−1ATB. (2.4)

Ïîêàæåì, ÷òî íàéäåííàÿ âåëè÷èíà C , ÿâëÿåòñÿ ïñåâäîðåøåíèåì óðàâíåíèÿ (2.1), ò.å.
èìååò ìåñòî íåðàâåíñòâî [2]

∥AC −B∥ < ∥AX −B∥, X ̸= C,

ãäå ∥ ∥ - åâêëèäîâà íîðìà. Ýòî áóäåò îçíà÷àòü, ÷òî êâàäðàòè÷íîå îòêëîíåíèå ∥AX − B∥
ïðè X = C ïðèíèìàåò íàèìåíüøåå çíà÷åíèå [3].

Ââåäåì îáîçíà÷åíèÿ:

U = B − AC, V = AC − AX, U + V = B − AX,

òîãäà,

∥U + V ∥2 = UTV + V TU + ∥U∥2 + ∥V ∥2

V TU = UTV = (C −X)TAT (B − AC) = (C −X)T (ATB − ATAC) = 0.

Îòñþäà âûòåêàåò ðàâåíñòâî:

∥B − AX∥2 = ∥B − AC∥2 + ∥A(X − C)∥2.

Î÷åâèäíî, ÷òî ïðè X = C âåëè÷èíà ∥B − AX∥ èìååò íàèìåíüøåå çíà÷åíèå, ò. å.
âåêòîð C = (ATA)−1ATB ÿâëÿåòñÿ ïñåâäîðåøåíèåì.

Äëÿ òîãî ÷òîáû èçáåæàòü âû÷èñëåíèÿ âåëè÷èíû C = (ATA−1)ATB äîñòàòî÷íî íàé-
òè ñòàöèîíàðíóþ òî÷êó óðàâíåíèÿ (2.1) ïðîèçâîëüíûì ÷èñëåííûì ìåòîäîì, ê ïðèìåðó,
ìåòîäîì Ýéëåðà

Xk+1 = (E − hATA)Xk + hATB, (2.5)

ãäå h < ∥ATA∥ . Ýòîò ìåòîä ïîèñêà ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (2.1) ñâîáîäåí îò
îøèáîê îêðóãëåíèÿ è èìååò òî÷íîñòü â ïðåäåëàõ òî÷íîñòè ïðåäñòàâëåíèÿ ÷èñåë â êîìïüþ-
òåðå. Äëÿ òîãî, ÷òîáû â ýòîì óáåäèòüñÿ ìîæíî ââåñòè îáîçíà÷åíèå α = ∥E − hATA∥ < 1 ,
òîãäà ñïðàâåäëèâû ñòàíäàðòíûå îöåíêè [4]

∥Xk − C∥ ≤ α

1− α
∥Xk+1 −Xk∥
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∥Xk+1 −Xk∥ ≤ αk∥X1 −X0∥, k = 1, 2, . . .

Äëÿ ñèñòåì áîëüøîãî ïîðÿäêà èòåðàöèîííûé ïðîöåññ (2.5) áóäåò çàíèìàòü ìåíüøåå êî-
ëè÷åñòâî îïåðàöèé, ÷åì îáðàùåíèå ìàòðèöû ATA ìåòîäîì Ãàóññà è âû÷èñëåíèå âåëè÷èíû
(ATA)−1ATB .

Îòìåòèì åùå ðàç, ÷òî ìåòîä íàõîæäåíèÿ ðåøåíèÿ (ïñåâäîðåøåíèÿ) óðàâíåíèÿ (2.1) ñ
ïîìîùüþ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (2.2) íå äàåò îøè-
áîê îêðóãëåíèÿ, à ïîëó÷åííûé ðåçóëüòàò ëåæèò â ïðåäåëàõ òî÷íîñòè êîìïüþòåðà. Èñïîëü-
çîâàíèå ÷èñëåííûõ ìåòîäîâ áîëüøåãî ïîðÿäêà (Ðóíãå-Êóòòà è ò.ä.) íå ÿâëÿåòñÿ íåîáõîäè-
ìûì, ò.ê. îíè èñïîëüçóþòñÿ ïðè ïîñòðîåíèè ðåøåíèé (òðàåêòîðèé) äèôôåðåíöèàëüíûõ
óðàâíåíèé, ÷òîáû ìèíèìèçèðîâàòü ñóììàðíûå îøèáêè îêðóãëåíèÿ [2].

Ò å î ð å ì à 2.2. Åñëè äëÿ ïåðâîãî èç ÷èñåë k = 0, n ñèñòåìà ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé (2.1) èìååò ðåøåíèå, òî ìèíèìàëüíûé ìíîãî÷ëåí ìàòðèöû A èìååò
âèä:

f(λ) = λk+1 − ckλ
k − ck−1λ

k−1 − . . .− c1λ− c0 = 0. (2.6)

Ñïðàâåäëèâî è îáðàòíîå óòâåðæäåíèå î òîì, ÷òî êîýôôèöèåíòû ìèíèìàëüíîãî ìíî-
ãî÷ëåíà (2.6) C = (ck, ck−1, . . . , c0)

T , ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû ëèíåéíûõ àëãåáðàè-
÷åñêèõ óðàâíåíèé (2.1) [3].

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàçðåøèìîñòü óðàâíåíèÿ (2.1) îçíà÷àåò ðàçðåøèìîñòü
ìàòðè÷íîãî òîæäåñòâà

Ak+1 = ckA
k + ck−1A

k−1 + . . .+ c1A+ c0E. (2.7)

Òàê êàê k ÿâëÿåòñÿ ìèíèìàëüíûì èç ÷èñåë 0, n , òî ìíîãî÷ëåí (2.6), ÿâëÿåòñÿ ìèíè-
ìàëüíûì ìíîãî÷ëåíîì [4].

Ñ äðóãîé ñòîðîíû, åñëè ìíîãî÷ëåí (2.6), ÿâëÿåòñÿ ìèíèìàëüíûì ìíîãî÷ëåíîì, òî ñïðà-
âåäëèâî ìàòðè÷íîå òîæäåñòâî (2.7), êîòîðîå ýêâèâàëåíòíî ðàçðåøèìîñòè ñèñòåìû ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé (2.1).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 2.1. Èòàê, ìåòîäèêà ïîñòðîåíèÿ ìèíèìàëüíîãî ìíîãî÷ëåíà çà-
êëþ÷àåòñÿ â ïîèñêå ðåøåíèÿ C = (ck, ck−1, . . . , c0)

T ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé (2.1) äëÿ íàèìåíüøåãî öåëîãî ÷èñëà k, k = 1, n . Ïðè ýòîì âåëè÷èíû
−ck,−ck−1, . . . ,−c0 áóäóò êîýôôèöèåíòàìè ìèíèìàëüíîãî ìíîãî÷ëåíà (2.6). Çàìåòèì,
÷òî â ñèëó òåîðåìû Êåëè-Ãàìèëüòîíà ìàòðè÷íîå óðàâíåíèå (2.7) âñåãäà èìååò ðåøå-
íèå.

Ç à ì å ÷ à í è å 2.2. Åñëè ðåøåíèå óðàâíåíèÿ (2.1) ïðè íàèìåíüøåì èç ÷èñåë k =
0, n óäîâëåòâîðÿåò óñëîâèþ c0 = 0 , òî ìàòðèöà A - âûðîæäåííàÿ. Áîëåå òîãî, åñëè
â ýòîì ðåøåíèè p ïåðâûõ êîìïîíåíò íóëåâûå c0 = c1 = . . . = cp−1 = 0 , òî êðàòíîñòü
íóëåâîãî ñîáñòâåííîãî ÷èñëà ìàòðèöû A íå ìåíüøå ÷åì p .

Ç à ì å ÷ à í è å 2.3. Åñëè ìàòðèöû Ak, Ak−1, . . . , A,A0 , A0 = E ëèíåéíî íåçà-
âèñèìû, à ìàòðèöû Ak+1, Ak, Ak−1, . . . , A,E ëèíåéíî çàâèñèìû, òî ìàòðèöà BT

k Bk ÿâ-
ëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, à ìàòðèöà BT

k+1Bk+1 íåîòðèöàòåëüíîé è èìååò
îäíî ñîáñòâåííîå ÷èñëî ðàâíîå íóëþ. Êàê èçâåñòíî [3], äëÿ ïðÿìîóãîëüíîé ìàòðèöû A
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ðàçìåðà n ×m ðàíã r ñèíãóëÿðíîé ìàòðèöû ATA ñîâïàäàåò ñ ðàíãîì ìàòðèöû A , à
å¼ ñèíãóëÿðíûå ÷èñëà ρi íåîòðèöàòåëüíûå. Ïðè÷åì, åñëè, íàïðèìåð, m ≤ n , òî ÷èñëî
íóëåâûõ ρi ðàâíî m − r . Òàêèì îáðàçîì, ÷òîáû íàéòè êîýôôèöèåíòû ìèíèìàëüíîãî
ìíîãî÷ëåíà íå îáÿçàòåëüíî èñêàòü ðåøåíèÿ ñèñòåìû (2.1) ïðè k = 0, 1, 2, . . . , à äîñòà-
òî÷íî ïðîâåðèòü ïðè êàêîì ÷èñëå k ìàòðèöà BT

k+1Bk+1 ñòàíîâèòñÿ íåîòðèöàòåëüíîé
(ïðè ìåíüøèõ âåëè÷èíàõ k ýòà ìàòðèöà ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé) [5].
Ýòî ñèëüíî ñîêðàòèò ÷èñëî âû÷èñëåíèé è äëÿ ïîëó÷åíèÿ êîýôôèöèåíòîâ ìèíèìàëüíîãî
ìíîãî÷ëåíà íåîáõîäèìî íàéòè ðåøåíèå òîëüêî îäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (2.1) èìåííî äëÿ ýòîãî ÷èñëà k .
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Abstract. In giving article is looks another approach of research solutions systems linear algebraic
equations and pseudo solutions of systems linear algebraic equations. This method is bases on
building system ordinary di�erential equations, that is have single asymptotic stability situation
equally weight, is appears solution or pseudo solution initial system linear algebraic equations.
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Âîïðîñû ïðåïîäàâàíèÿ è ïðèëîæåíèÿ

ÓÄÊ 513.5

Ìîäåëèðîâàíèå ðàáîòû èíôîðìàöèîííîé ñèñòåìû

c⃝ Ë.Â. Êóëàãèíà1, Í.Â. Êóëàãèí2

Àííîòàöèÿ. Â ðàáîòå îïèñûâàåòñÿ ìîäåëèðîâàíèå ðàáîòû ïðîöåäóð è çàïðîñîâ â êîðïîðà-
òèâíîé èíôîðìàöèîííîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: èíôîðìàöèîííûå ñèñòåìû, êëèåíò ñåðâåðíûå òåõíîëîãèè, áàçû äàííûõ.

1. Ââåäåíèå

Êîðïîðàòèâíàÿ ñèñòåìà, ïîääåðæèâàþùàÿ ðàáîòó ïðåäïðèÿòèÿ, äîëæíà èìåòü õîðî-
øèå àäàïòèâíûå ñâîéñòâà è âêëþ÷àòü èíñòðóìåíòàëüíûå ñðåäñòâà ïîääåðæêè è óïðàâëå-
íèÿ IT-ñðåäîé êîðïîðàöèè. Äåéñòâèòåëüíî, ñåãîäíÿ äèíàìè÷íî ìåíÿþòñÿ êàê íàïðàâëåíèÿ
ðàçâèòèÿ áèçíåñà, òàê è îðãàíèçàöèîííî-ôóíêöèîíàëüíàÿ ìîäåëü êîðïîðàöèè, ñîâåðøåí-
ñòâóåòñÿ ñèñòåìà óïðàâëåíèÿ, ðàñøèðÿåòñÿ ãåîãðàôè÷åñêèé ìàñøòàá è ò.ä. Âìåñòå ñ êîðïî-
ðàöèåé ðàçâèâàåòñÿ è èçìåíÿåòñÿ åå èíôîðìàöèîííàÿ ñðåäà. Èçìåíåíèÿ îòðàæàþòñÿ êàê
íà ôóíêöèîíàëüíîì è ñåðâèñíîì óðîâíå, òàê è íà óðîâíå ïðîãðàììíî-àïïàðàòíîãî îáåñïå-
÷åíèÿ. Êðîìå òîãî, åæåäíåâíàÿ ðàáîòà ñîïðÿæåíà ñ âîçíèêíîâåíèåì ìíîæåñòâà ñèòóàöèé,
òðåáóþùèõ èçìåíåíèÿ è íàñòðîéêè êîìïîíåíò IT-ñðåäû, íàïðèìåð: ñîçäàíèå íîâîãî ðà-
áî÷åãî ìåñòà, èçìåíåíèå ïðàâ äîñòóïà, ââåäåíèå â ïðîìûøëåííóþ ýêñïëóàòàöèþ íîâîé
êîìïîíåíòû êîðïîðàòèâíîé èíôîðìàöèîííîé ñèñòåìû (ÊÈÑ). Òàêèì îáðàçîì, ñèñòåìà
óïðàâëåíèÿ êîðïîðàòèâíîé èíôîðìàöèîííîé ñðåäîé äîëæíà ïîìèìî çàäà÷ ìîíèòîðèíãà
è óïðàâëåíèÿ ñåòÿìè, âû÷èñëèòåëüíûìè ïëàòôîðìàìè, ðåøàòü çàäà÷è óïðàâëåíèÿ ìîäè-
ôèêàöèÿìè ïðèëîæåíèé ÊÈÑ, õðàíåíèåì è ïîääåðæêîé öåëîñòíîñòè äàííûõ, óïðàâëåíè-
åì ðàáî÷èìè ìåñòàìè ñîòðóäíèêîâ è ìåíåäæåðîâ êîðïîðàöèè è ò.ä. Êàê è äðóãèå îáëàñòè,
ñèñòåìà óïðàâëåíèå IT �ñðåäîé ÿâëÿåòñÿ îáúåêòîì ñòàíäàðòèçàöèè è ïðè åå ñîçäàíèè íåîá-
õîäèìî îïèðàòüñÿ íà ëó÷øèå ìèðîâûå ïðàêòèêè è íàêîïèâøèéñÿ îïûò â äàííîé îáëàñòè.

Âûñîêèå òðåáîâàíèÿ ê ýôôåêòèâíîñòè óïðàâëåíèÿ èíôîðìàöèîííîé èíôðàñòðóêòó-
ðîé è âûñîêèå èçäåðæêè íà ïîääåðæàíèå òåêóùåãî ñîñòîÿíèÿ IT-ñðåäû, ïîñòîÿííûå èç-
ìåíåíèÿ è âíóòðåííåé è âíåøíåé êîðïîðàòèâíîé ñðåäû äåëàþò íåîáõîäèìûì âíåäðåíèå
êîìïëåêñíîé, ìàñøòàáèðóåìîé ñèñòåìû öåíòðàëèçîâàííîãî óïðàâëåíèÿ ÊÈÑ. Èíôîðìà-
öèîííàÿ ñðåäà, ïîääåðæèâàþùàÿ àâòîìàòèçàöèþ îñíîâíûõ è îáåñïå÷èâàþùèõ ïðîöåññîâ
êîðïîðàöèè, ñàìà ÿâëÿåòñÿ îáúåêòîì àâòîìàòèçàöèè.

Îñíîâíîé öåëüþ ÊÈÑ ìîæíî ñ÷èòàòü ïîâûøåíèå ïðèáûëè êîìïàíèè çà ñ÷åò íàèáî-
ëåå ýôôåêòèâíîãî èñïîëüçîâàíèÿ âñåõ åå ðåñóðñîâ è ïîâûøåíèÿ êà÷åñòâà ïðèíèìàåìûõ
óïðàâëåí÷åñêèõ ðåøåíèé.

Ïåðå÷èñëèì ïðåèìóùåñòâà, êîòîðûå äàåò ðàçðàáîòêà è âíåäðåíèå êîìïîíåíò ÊÈÑ.

1. Ñòàíäàðòèçèðóþòñÿ è óíèôèöèðóþòñÿ ïðîèçâîäñòâåííûå ïðîöåññû è ïðîöåññû
ôèíàíñîâî-õîçÿéñòâåííîé äåÿòåëüíîñòè.

2. Ñîâåðøåíñòâóåòñÿ èíôîðìàöèîííàÿ ïîääåðæêà ìåíåäæìåíòà ïðè âûïîëíåíèè ôóíê-
öèé ïëàíèðîâàíèÿ, àíàëèçà, ïðîãíîçèðîâàíèÿ.

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ïðèêëàäíàÿ ìàòåìàòèêà, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè-
÷åñêèé óíèâåðñèòåò èìåíè Ð. Å. Àëåêñååâà, ã. Íèæíèé Íîâãîðîä; kulaginal@mail.ru.

2 Âåäóùèé èíæåíåð Ãàçïðîì òðàíñãàç Íèæíèé Íîâãîðîä, ã. Íèæíèé Íîâãîðîä; kulaginal@mail.ru.
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3. Ñîâåðøåíñòâóþòñÿ ó÷åòíûå ñèñòåìû çà ñ÷åò èñïîëüçîâàíèÿ èíòåãðèðîâàííîãî èí-
ôîðìàöèîííîãî ïðîñòðàíñòâà (CPM).

4. Ïðèíèìàþòñÿ áîëåå îáîñíîâàííûå îïåðàòèâíûå è ñòðàòåãè÷åñêèå ðåøåíèÿ.

5. Ñîêðàùàåòñÿ ÷èñëî îøèáîê ïåðñîíàëà çà ñ÷åò îäíîðàçîâîãî ââîäà èíôîðìàöèè è
íàëè÷èÿ ïðîöåäóð îöåíêè êîððåêòíîñòè è íåïðîòèâîðå÷èâîñòè.

6. Ïîâûøàåòñÿ ïðîèçâîäèòåëüíîñòü òðóäà ïåðñîíàëà çà ñ÷åò àâòîìàòèçàöèè ôóíêöèé,
ïîâûøåíèÿ îïåðàöèîííîé ïðîèçâîäèòåëüíîñòè (8�25% ðîñò ïðîèçâîäèòåëüíîñòè òðó-
äà).

7. Óëó÷øàåòñÿ êà÷åñòâî îáñëóæèâàíèÿ êëèåíòîâ (CRM) è âçàèìîîòíîøåíèé ñ ïîñòàâ-
ùèêàìè (SRM).

8. Óâåëè÷èâàåòñÿ ÷èñëî ñâîåâðåìåííî âûïîëíÿåìûõ çàêàçîâ.

9. Ñîêðàùàåòñÿ ñðîê âûõîäà íà ðûíîê íîâûõ ïðîäóêòîâ è óñëóã.

10. Ñîêðàùàþòñÿ çàòðàòû íà óïðàâëåíèå.

11. Ïîâûøàåòñÿ ýôôåêòèâíîñòü óïðàâëåíèÿ îáîðîòíûìè ñðåäñòâàìè çà ñ÷åò ñîêðàùå-
íèÿ ñêëàäñêèõ çàïàñîâ.

Êîíöåïòóàëüíûé ïðîåêò ñèñòåìû ÿâëÿåòñÿ îñíîâîé äëÿ àíàëèçà è âûáîðà èíñòðóìåí-
òàëüíîé ñðåäû è ïðîãðàììíî-àïïàðàòíîé/èíòåãðàöèîííîé ïëàòôîðìà áóäóùåé ñèñòåìû.

Âàæíûì ôàêòîðîì, îïðåäåëÿþùèì ýôôåêòèâíîñòü ðàçðàáîòêè è âíåäðåíèÿ ÊÈÑ, ÿâ-
ëÿåòñÿ ïîäãîòîâêà ïðåäïðèÿòèÿ ê àâòîìàòèçàöèè, ïîýòîìó ýêîíîìè÷åñêèé ýôôåêò îïðå-
äåëÿåòñÿ êà÷åñòâîì ïðîâåäåíèÿ òàêèõ ðàáîò, êàê:

• ñòàíäàðòèçàöèÿ ñèñòåìû óïðàâëåíèÿ ïðåäïðèÿòèåì;

• äîêóìåíòèðîâàíèå è îïòèìèçàöèÿ îñíîâíûõ è îáåñïå÷èâàþùèõ áèçíåñ-ïðîöåññîâ;

• ðàçðàáîòêà ñèñòåìû óïðàâëåí÷åñêîãî ó÷åòà è îò÷åòíîñòè;

• ðàçðàáîòêà íà îñíîâå îïèñàííûõ áèçíåñ-ïðîöåññîâ ðåãëàìåíòîâ ðàáîò â ñèñòåìå è
èíñòðóêöèé ïîëüçîâàòåëåé;

• ñîçäàíèå ïðîãðàìì ïîäãîòîâêè êîíå÷íûõ ïîëüçîâàòåëåé ïî âñåì ôóíêöèîíàëüíûì
íàïðàâëåíèÿì;

• îáó÷åíèå ïåðñîíàëà è ïðîâåäåíèå òåìàòè÷åñêèõ ñåìèíàðîâ êàê ïî ïðîáëåìàì ìåòî-
äîëîãèè è òåõíîëîãèè ñîâåðøåíñòâîâàíèÿ ñèñòåìû óïðàâëåíèÿ, òàê è ïî âîïðîñàì
ðàçðàáîòêè è âíåäðåíèÿ ÊÈÑ.

2. Ïðîöåññ ìîäåëèðîâàíèÿ

Ðàíåå â ðàáîòàõ [1-4] áûëà ïðåäëîæåíà ìîäåëü ïðîöåññà îáñëóæèâàíèÿ çàïðîñîâ ê
ñåðâåðó. Îïðåäåëåíû ìàòåìàòè÷åñêèå õàðàêòåðèñòèêè, êîòîðûå áóäóò îêàçûâàòü âëèÿíèå
íà ïàðàìåòðû èíôîðìàöèîííîé ñèñòåìû. Âûÿâëåíî, ÷òî ýôôåêòèâíîñòü ðàáîòû ïðîöåññîâ
íàïðÿìóþ çàâèñèò îò ìåòîäîâ ïåðåäà÷è äàííûõ.

Ðàññìîòðèì ðàáîòó ñèñòåìû íà íåáîëüøîì âðåìåííîì ïðîìåæóòêå. Èñòî÷íèêàìè èí-
ôîðìàöèè äëÿ ìîäåëèðîâàíèÿ ïðîöåññà ÿâëÿþòñÿ äàííûå ðàáîòû òîé èëè èíîé ïðîöåäóðû.

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1



126 Ë.Â. Êóëàãèíà, Í.Â. Êóëàãèí

Ìîäåëèðîâàíèå ðàáîòû ïðîöåäóðû ïðîèçâîäèëîñü ïóòåì ïðîâåäåíèÿ 10 îïûòîâ äëÿ êàæ-
äîé ïðîöåäóðû ñ îäèíàêîâûìè èñõîäíûìè äàííûìè. Èñõîäíûå äàííûå ãåíåðèðîâàëèñü
ñëó÷àéíûì îáðàçîì èñõîäÿ èç êîëè÷åñòâà ïîëüçîâàòåëåé è âðåìåííûõ ïåðèîäîâ èññëåäî-
âàíèÿ. Äëÿ óäîáñòâà è ìîáèëüíîñòè îáðàáîòêè äàííûõ ðàññìîòðèì ïðåäïðèÿòèå ñ íåáîëü-
øèì êîëè÷åñòâîì ïîëüçîâàòåëåé, íî èìåþùèì òåððèòîðèàëüíî ðàñïðåäåëåííûå ôèëèàëû.
Êîëè÷åñòâî ïîëüçîâàòåëåé ìåíÿëîñü îò 4 äî 10. Äëÿ êàæäîãî êîëè÷åñòâà ïîëüçîâàòåëåé
êîëè÷åñòâî âðåìåííûõ ïåðèîäîâ èçìåíÿëîñü îò 5 äî 10. Äëÿ ñðàâíåíèÿ èñïîëüçîâàëèñü
óñðåäíåííûå äàííûå. Ïîêàçàòåëÿìè ýôôåêòèâíîñòè áûëè âûáðàíû ñêîðîñòü ðàáîòû ïðî-
öåäóðû è âðåìÿ îáðàáîòêè çàïðîñîâ.

Òàê êàê ýôôåêòèâíîñòü ðàáîòû ïðîöåäóðû áóäåò çàâèñåòü îò ìåòîäîâ ïåðåäà÷è äàííûõ,
êîòîðûå áûëè ïðèâåäåíû è ïðîàíàëèçèðîâàíû â ãëàâå 2, òî íåïîñðåäñòâåííî ðàññìîòðèì
ïðîöåññ îáðàùåíèé çàïðîñîâ ê ñåðâåðó.

Ð è ñ ó í î ê 2.1

Ñðàâíåíèå ñêîðîñòè ðàáîòû ïðîöåäóð, ïîëó÷åííûõ ïðåäëîæåííûì ìåòîäîì è ðàíåå

èñïîëüçîâàííûì (ñòàíäàðòíûì) äëÿ ìàëûõ ïðåäïðèÿòèé

Ð è ñ ó í î ê 2.2

Ñðàâíåíèå âðåìåíè îáðàáîòêè çàïðîñîâ, ïîëó÷åííûõ ïðåäëîæåííûì ìåòîäîì è ðàíåå

èñïîëüçîâàííûì (ñòàíäàðòíûì) äëÿ ìàëûõ ïðåäïðèÿòèé

Ïðîìîäåëèðóåì ïðîöåññ äëÿ ñðåäíåãî ïðåäïðèÿòèÿ, ãäå êîëè÷åñòâî ïîëüçîâàòåëåé ìå-
íÿåòñÿ îò 400 äî 500 è èìåþòñÿ òåððèòîðèàëüíî ðàñïðåäåëåííûå ôèëèàëû. Ìîäåëèðîâàíèå
ðàáîòû ïðîöåäóðû ïðîèçâîäèëîñü ïóòåì ïðîâåäåíèÿ 10 îïûòîâ äëÿ êàæäîé ïðîöåäóðû ñ
îäèíàêîâûìè èñõîäíûìè äàííûìè. Èñõîäíûå äàííûå ãåíåðèðîâàëèñü ñëó÷àéíûì îáðàçîì
èñõîäÿ èç êîëè÷åñòâà ïîëüçîâàòåëåé è âðåìåííûõ ïåðèîäîâ èññëåäîâàíèÿ. Äëÿ êàæäîãî
êîëè÷åñòâà ïîëüçîâàòåëåé êîëè÷åñòâî âðåìåííûõ ïåðèîäîâ èçìåíÿëîñü îò 5 äî 10. Äëÿ
ñðàâíåíèÿ èñïîëüçîâàëèñü óñðåäíåííûå äàííûå. Ïîêàçàòåëÿìè ýôôåêòèâíîñòè áûëè âû-
áðàíû ñêîðîñòü ðàáîòû ïðîöåäóðû è âðåìÿ îáðàáîòêè çàïðîñîâ.
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Ð è ñ ó í î ê 2.3

Ñðàâíåíèå ñêîðîñòè ðàáîòû ïðîöåäóð, ïîëó÷åííûõ ïðåäëîæåííûì ìåòîäîì è ðàíåå

èñïîëüçîâàííûì (ñòàíäàðòíûì) äëÿ ñðåäíèõ ïðåäïðèÿòèé

Ð è ñ ó í î ê 2.4

Ñðàâíåíèå âðåìåíè îáðàáîòêè çàïðîñîâ, ïîëó÷åííûõ ïðåäëîæåííûì ìåòîäîì è ðàíåå

èñïîëüçîâàííûì (ñòàíäàðòíûì) äëÿ ñðåäíèõ ïðåäïðèÿòèé

Èññëåäóÿ ïîëó÷åííûå ðåçóëüòàòû, ìû ïðîâåðèëè àäåêâàòíîñòü ïðåäëîæåííîé ìîäåëè
è äîêàçàëè, ÷òî ðàáîòà êîðïîðàòèâíîé èíôîðìàöèîííîé ñèñòåìû íàïðÿìóþ çàâèñèò îò
ñïîñîáà ïåðåäà÷è äàííûõ ìåæäó òåððèòîðèàëüíî ðàñïðåäåëåííûìè ôèëèàëàìè.

3. Çàêëþ÷åíèå

Ïðîâåðåíà àäåêâàòíîñòü ïðåäëîæåííîé ìîäåëè íà èññëåäîâàíèè ïðîöåññîâ äëÿ ìàëûõ,
ñ ÷èñëî ïîëüçîâàòåëåé äî 10, è ñðåäíèõ ïðåäïðèÿòèé, ñ ÷èñëîì ïîëüçîâàòåëåé äî 500. Ïîä-
òâåðæäåíî, ýôôåêòèâíîñòü ðàáîòû èíôîðìàöèîííîé ñèñòåìû çàâèñèò îò ñïîñîáà ïåðåäà÷è
äàííûõ. Èç ïîëó÷åííûõ ãðàôèêîâ âèäíî, ÷òî ïðåäëîæåííàÿ â ðàáîòå ìåòîäèêà ïîçâîëÿåò
óëó÷øèòü ðàáîòó ñèñòåìû. Èññëåäóÿ ïîëó÷åííûå ðåçóëüòàòû, ìû ïðîâåðèëè àäåêâàòíîñòü
ïðåäëîæåííîé ìîäåëè è äîêàçàëè, ÷òî ðàáîòà êîðïîðàòèâíîé èíôîðìàöèîííîé ñèñòåìû
íàïðÿìóþ çàâèñèò îò ñïîñîáà ïåðåäà÷è äàííûõ ìåæäó òåððèòîðèàëüíî ðàñïðåäåëåííûìè
ôèëèàëàìè.
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Ïðàâèëà îôîðìëåíèÿ ðóêîïèñåé

äëÿ ïóáëèêàöèè â æóðíàëå ¾Æóðíàë ÑÂÌÎ¿

Îáðàùàåì Âàøå âíèìàíèå íà òî, ÷òî óêàçàííûå íèæå ïðàâèëà äîëæíû âûïîëíÿòüñÿ
àáñîëþòíî òî÷íî. Â ñëó÷àå, åñëè ïðàâèëà îôîðìëåíèÿ ðóêîïèñè íå áóäóò âûïîëíåíû,
Âàøà ñòàòüÿ íå áóäåò îïóáëèêîâàíà.

Òåêñò äîêëàäà äîëæåí áûòü íàáðàí â èçäàòåëüñêîé ñèñòåìå TEX (èëè îäíîì èç åå
êëîíîâ). Äëÿ âåðñòêè ðóêîïèñè ñëåäóåò èñïîëüçîâàòü ïðåàìáóëó, êîòîðóþ ìîæíî ïîëó÷èòü
íà ñàéòå http://www.svmo.ru.

Îáúåì ñòàòüè íå äîëæåí ïðåâûøàòü 10 ñòðàíèö. Òåêñò ñòàòüè äîëæåí áûòü ïîìåùåí
â ôàéë ñ èìåíåì <ôàìèëèÿ àâòîðà>.tex (êîòîðûé âêëþ÷àåòñÿ êîìàíäîé \input â ïðåàì-
áóëå). Íàïðèìåð,

\input{voskresensky.tex}

Ñîäåðæàíèå ïðåàìáóëû èçìåíÿòü íåëüçÿ. Îïðåäåëåíèå íîâûõ êîìàíä àâòîðîì ñòàòüè
íå äîïóñêàåòñÿ äëÿ ïðåäóïðåæäåíèÿ êîíôëèêòîâ èìåí ñ êîìàíäàìè, êîòîðûå ìîãëè áû
áûòü îïðåäåëåíû â ñòàòüÿõ äðóãèõ àâòîðîâ.

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà ðóññêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êîìàíäó
\headerRus. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerRus{ÓÄÊ}{íàçâàíèå ñòàòüè}{àâòîð(û)}{Àâòîð1\footnote{Äîëæíîñòü,
ìåñòî ðàáîòû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãî-
ðîä; e-mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íà àíãëèéñêîì ÿçûêå ñëåäóåò èñïîëüçîâàòü êî-
ìàíäó \headerEn. Ýòà êîìàíäà èìååò ñëåäóþùèå àðãóìåíòû:

\headerEn{íàçâàíèå ñòàòüè} {Àâòîð1\footnote{Äîëæíîñòü, ìåñòî ðàáî-
òû, ãîðîä; e-mail.}, Àâòîð2\footnote{Äîëæíîñòü, ìåñòî ðàáîòû, ãîðîä; e-
mail.}}{Àííîòàöèÿ}{Êëþ÷åâûå ñëîâà}

Åñëè ñòàòüÿ íà àíãëèéñêîì ÿçûêå, òî äëÿ îôîðìëåíèÿ çàãîëîâêà ñòàòüè íåîáõîäèìî
èñïîëüçîâàòü êîìàíäó \headerFirstEn ñ òàêèìè æå ïàðàìåòðàìè, êàê äëÿ êîìàíäû
\headerRus.

Ñòàòüÿ ìîæåò ñîäåðæàòü ïîäçàãîëîâêè ëþáîé âëîæåííîñòè. Ïîäçàãîëîâêè ñàìîãî âåðõ-
íåãî óðîâíÿ ââîäÿòñÿ ïðè ïîìîùè êîìàíäû \sect ñ îäíèì ïàðàìåòðîì:

\sect{Çàãîëîâîê}

Ïîäçàãîëîâêè áîëåå íèçêèõ óðîâíåé ââîäÿòñÿ êàê îáû÷íî êîìàíäàìè \subsection,
\subsubsection è \paragraph.

Ñëåäóåò èìåòü â âèäó, ÷òî âíå çàâèñèìîñòè îò óðîâíÿ âëîæåííîñòè ïîäçàãîëîâêîâ â
Âàøåé ñòàòüå, íóìåðàöèÿ îáúåêòîâ (ôîðìóë, òåîðåì, ëåìì è ò.ä.) âñåãäà áóäåò äâîéíîé è
áóäåò ïîä÷èíåíà ïîäçàãîëîâêàì ñàìîãî âåðõíåãî óðîâíÿ.

Äëÿ îôîðìëåíèÿ òåîðåì, ëåìì, ïðåäëîæåíèé, ñëåäñòâèé, îïðåäåëåíèé, çàìå÷àíèé è
ïðèìåðîâ ñëåäóåò èñïîëüçîâàòü ñîîòâåòñòâåííî îêðóæåíèÿ Th, Lemm, Prop, Cor, De�n,
NB è Example. Åñëè â Âàøåé ñòàòüå ïðèâîäÿòñÿ äîêàçàòåëüñòâà óòâåðæäåíèé, èõ ñëåäó-
åò îêðóæèòü êîìàíäàìè \proof è \proofend (äëÿ ïîëó÷åíèÿ ñòðîê 'Äîêàçàòåëüñòâî.' è
'Äîêàçàòåëüñòâî çàêîí÷åíî.' ñîîòâåòñòâåííî).
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Äëÿ îáîçíà÷åíèÿ ïðîñòðàíñòâ ñëåäóåò èñïîëüçîâàòü êîìàíäû \R, \Rn, \C, \Z, \N è
ò.ä.

Äëÿ âñòàâîê áóêâ φ è ε íåîáõîäèìî èñïîëüçîâàòü êîìàíäû \phi, \epsilon ñîîòâåò-
ñòâåííî. Ñèìâîëû ÷àñòíûõ ïðîèçâîäíûõ ∂

∂xi
è ∂u

∂xi
âñòàâëÿþòñÿ êîìàíäàìè \px{i} è

\pxtog{u}{i}.
Äëÿ âñòàâîê áóêâ êèðèëëèöû â ôîðìóëû ñëåäóåò èñïîëüçîâàòü êîìàíäû \textrm,

\textit. Íàïðèìåð, äëÿ âñòàâîê ôîðìóë Ãi , Äi â òåêñò ñòàòüè íåîáõîäèìî íàáðàòü êî-
ìàíäû \textrm{Ã}_i, \textit{Ä}_i.

Äëÿ íóìåðîâàíèÿ ôîðìóë è ñîçäàíèÿ ïîñëåäóþùèõ ññûëîê íà ýòè ôîðìóëû íåîáõîäèìî
èñïîëüçîâàòü ñîîòâåòñòâåííî êîìàíäû \label{ìåòêà} è \eqref{ìåòêà}, ãäå â êà÷åñòâå
ìåòêè íóæíî èñïîëüçîâàòü ñòðîêó ñëåäóþùåãî âèäà: 'Ôàìèëèÿ ÀâòîðàÍîìåð Ôîðìóëû'.
Íàïðèìåð, ôîðìóëó (14) â ñòàòüå Èâàíîâà íóæíî ïîìåòèòü \label{ivanov14}, òåîðåìó
5 èç ýòîé ñòàòüè � \label{ivanovt5} è ò.ï. (Äëÿ ññûëîê íà òåîðåìû, ëåììû è äðóãèå
îáúåêòû, îòëè÷íûå îò ôîðìóë, íóæíî èñïîëüçîâàòü êîìàíäó \ref{ìåòêà}).

Äëÿ âñòàâêè â òåêñò ñòàòüè ðèñóíêîâ íåîáõîäèìî ïîëüçîâàòüñÿ ñëåäóþùèìè êîìàíäà-
ìè:

à) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà áåç ïîäïèñè è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicture{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ}

ãäå ñòåïåíü_ñæàòèÿ ÷èñëî îò 0 äî 1.

á) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ

\insertpicturewcap{ìåòêà}{èìÿ_ôàéëà.eps}{ïîäïèñü_ïîä_ðèñóíêîì}

â) âñòàâêà çàíóìåðîâàííîãî ðèñóíêà ñ ïîäïèñüþ è ñ óêàçàíèåì ñòåïåíè ñæàòîñòè

\insertpicturecapscale{ìåòêà}{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

ã) âñòàâêà ðèñóíêà áåç íîìåðà ïîä ðèñóíêîì, íî ñ ïîäïèñüþ èëè íåò

\insertpicturenonum{èìÿ_ôàéëà.eps}{ñòåïåíü_ñæàòèÿ} {ïîä-
ïèñü_ïîä_ðèñóíêîì}

Âñå âñòàâëÿåìûå êàðòèíêè äîëæíû íàõîäèòüñÿ â ôàéëàõ â ôîðìàòå EPS (Encapsulated
PostScript).

Âíèìàíèå! Íîâûå ïðàâèëà. Äëÿ îôîðìëåíèÿ ñïèñêà ëèòåðàòóðû íà ðóññêîì ÿçû-
êå ñëåäóåò èñïîëüçîâàòü îêðóæåíèå thebibliography. Ñïèñîê öèòèðóåìîé ëèòåðàòó-
ðû äîëæåí áûòü îôîðìëåí â ôîðìàòå AMSBIB. Ïîäðîáíîñòè ñìîòðèòå â ïðèëàãàåìîì
ôàéëå amsbib.pdf. Äëÿ ïðàâèëüíîé ðàáîòû äàííîãî ñòèëÿ îôîðìëåíèÿ ëèòåðàòóðû íåîá-
õîäèìî èñïîëüçîâàòü ñòèëåâîé ôàéë svmobib.sty (ïðèëàãàåòñÿ).

Ñïèñîê ëèòåðàòóðû íà àíãëèéñêîì ÿçûêå îôîðìëÿòü íå íóæíî.
Ñïèñîê ëèòåðàòóðû íà ðóññêîì ÿçûêå îôîðìëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè êîìàíä

\RBibitem{ìåòêà äëÿ ññûëêè íà èñòî÷íèê}.

Äëÿ ïðèâåäåííîãî âûøå ïðèìåðà â êà÷åñòâå ìåòêè äëÿ ïóíêòà 7 â ñïèñêå ëèòåðàòó-
ðû íóæíî èñïîëüçîâàòü ñòðîêó 'ivanovb7'. Äëÿ ññûëîê íà ýëåìåíòû ñïèñêà ëèòåðàòóðû
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó \cite èëè \pgcite (ïàðàìåòðû ñì. â ïðåàìáóëå).

Ìåòêè âñåõ îáúåêòîâ ñòàòüè äîëæíû áûòü óíèêàëüíûìè.
Êîìïèëÿöèÿ æóðíàëà ïðîèçâîäèòñÿ ïðè ïîìîùè MiKTEX 2.9, äèñòðèáóòèâ êîòîðîãî

ìîæíî ïîëó÷èòü íà ñàéòå http://www.miktex.org.
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Â 2008 ã. íà XVI Ìåæäóíàðîäíîé ïðîôåññèîíàëüíîé
âûñòàâêå ¾Ïðåññà¿ æóðíàë ¾Òðóäû Ñðåäíåâîëæñêîãî
ìàòåìàòè÷åñêîãî îáùåñòâà¿ óäîñòîåí Çíàêà îòëè÷èÿ
¾Çîëîòîé ôîíä ïðåññû-2008¿ â íîìèíàöèè ¾Íàóêà, òåõ-
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Óâàæàåìûå ÷èòàòåëè è ïîäïèñ÷èêè!

Ïîäïèñêà íà æóðíàë ¾Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà¿ îñóùåñòâëÿåòñÿ ÷åðåç îòäåëåíèÿ ïî÷òîâîé ñâÿçè
¾Ïî÷òà Ðîññèè¿ íà âñåé òåððèòîðèè Ðîññèéñêîé Ôåäåðàöèè.

Ïîäïèñíîé èíäåêñ æóðíàëà â êàòàëîãå Ðîññèéñêîé ïðåññû
¾Ïî÷òà Ðîññèè¿ � 38278.

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 1


