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Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî

ïîëîæåíèÿ ïîêîÿ â ñèñòåìàõ ñ çàïàçäûâàíèåì

c⃝ Ó.Ï. Çàðàíèê1, Ñ. Å. Êóïöîâà2, Í.À. Ñòåïåíêî3

Àííîòàöèÿ. Â ðàáîòå èññëåäóåòñÿ ïðåäåëüíîå ïîâåäåíèå ðåøåíèé ñèñòåì íåëèíåéíûõ íåñòà-
öèîíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì. Â ÷àñòíîñòè, ðàñ-
ñìàòðèâàåòñÿ ñëó÷àé, êîãäà ó ðåøåíèé ñèñòåìû ñóùåñòâóåò íóëåâîå ïðåäåëüíîå ïîëîæåíèå,
êîòîðîå ìîæåò íå ÿâëÿòüñÿ èíâàðèàíòíûì ìíîæåñòâîì ðàññìàòðèâàåìîé ñèñòåìû. Ââîäèòñÿ
ïîíÿòèå àñèìïòîòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ äëÿ òðàåêòîðèé ñèñòåì ñ çàïàçäûâàíèåì. Íà áàçå
âòîðîãî ìåòîäà Ëÿïóíîâà (ñ ïîìîùüþ ïîäõîäà Ðàçóìèõèíà, â êîòîðîì ïðåäëàãàåòñÿ èññëåäî-
âàòü ïîâåäåíèå ðåøåíèé ñèñòåìû ïðè ïîìîùè ïîñòðîåíèÿ êëàññè÷åñêîé ôóíêöèè Ëÿïóíîâà,
íî îöåíêó åå ïðîèçâîäíîé âäîëü ðåøåíèé ñèñòåìû ïðîâîäèòü íå íà âñåì ìíîæåñòâå èíòå-
ãðàëüíûõ êðèâûõ, à íà íåêîòîðîì åãî ïîäíîæåñòâå) áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ,
ïðè âûïîëíåíèè êîòîðûõ èñõîäíàÿ ñèñòåìà èìååò àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ, à òàêæå
àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ â öåëîì.Ñ öåëüþ äåìîíñòðàöèè ïðèìåíåíèÿ ïîëó÷åííûõ
ðåçóëüòàòîâ ïðèâîäÿòñÿ ïðèìåðû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíè-
åì, èìåþùèõ àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ, íà êîòîðûõ ïðîäåìîíñòðèðîâàíî ïðèìåíåíèå
ïîëó÷åííûõ ðåçóëüòàòîâ.

Êëþ÷åâûå ñëîâà: óñòîé÷èâîñòü ïî Ëÿïóíîâó, íåëèíåéíûå ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ, ôóíêöèÿ Ëÿ-
ïóíîâà, ïîäõîä Ðàçóìèõèíà.

1. Ââåäåíèå

Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì øèðîêî ïðèìåíÿþòñÿ
äëÿ îïèñàíèÿ è ìîäåëèðîâàíèÿ ðàçëè÷íûõ äèíàìè÷åñêèõ ïðîöåññîâ, â êîòîðûõ íåîáõîäè-
ìî ó÷èòûâàòü çàâèñèìîñòü ñêîðîñòè ïðîöåññà íå òîëüêî îò òåêóùåãî, íî è îò ïðîøëûõ
ñîñòîÿíèé ñèñòåìû. Ðàçâèòèå òåîðèè óñòîé÷èâîñòè äâèæåíèé ñèñòåì äèôôåðåíöèàëüíî-
ðàçíîñòíûõ óðàâíåíèé, áåðóùåå íà÷àëî â ðàáîòàõ Í. Í. Êðàñîâñêîãî [1], Ð. Áåëëìàíà è
Ê. Ë. Êóêà [2], Äæ. Õåéëà [3] è Â. È. Çóáîâà [4]�[5],äî íàñòîÿùåãî âðåìåíè ÿâëÿåòñÿ àê-
òóàëüíîé òåìîé èññëåäîâàíèé. Â ïðåäëîæåííîé ðàáîòå çàòðàãèâàåòñÿ âîïðîñ ïîÿâëåíèÿ
â ñèñòåìàõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé àñèìïòîòè÷åñêèõ ïîëîæåíèé ïîêîÿ.
Ïîíÿòèå àñèìïòîòòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
áûëî ââåäåíî Â. È. Çóáîâûì [6] â ñâÿçè ñ íåîáõîäèìîñòüþ èçó÷åíèÿ òàêèõ äâèæåíèé, êîòî-
ðûå èìåþò ïðåäåëüíîå ïîâåäåíèå ïðè íåîãðàíè÷åííîì âîçðàñòàíèè âðåìåíè, ïðè÷åì ñàìè
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ïðåäåëüíûå ìíîæåñòâà íå ÿâëÿþòñÿ èíâàðèàíòíûìè ìíîæåñòâàìè èñõîäíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé. Èññëåäîâàíèå òàêèõ äâèæåíèé äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíå-
íèé ïðîâîäèëîñü â ðàáîòàõ [7]�[10], äëÿ ñèñòåì ðàçíîñòíûõ óðàâíåíèé � â ðàáîòàõ [11]�[12].
Â íàñòîÿùåé ðàáîòå ýòî ïîíÿòèå ðàñïðîñòðàíÿåòñÿ íà ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì. Îñíîâíûì ìåòîäîì èññëåäîâàíèÿ êà÷åñòâåííîãî ïî-
âåäåíèÿ ðåøåíèé ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ âòîðîé ìåòîä Ëÿïóíîâà.
Äëÿ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé äàííûé ìåòîä ðàçäåëÿåòñÿ íà äâà ïîäõîäà.
Â ïåðâîì, êîòîðûé ïîëó÷èë íàçâàíèå ìåòîä Êðàñîâñêîãî, â êà÷åñòâå ôóíêöèèé Ëÿïóíî-
âà äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè óðàâíåíèé ïðåäëàãàåòñÿ èñïîëüçîâàòü ôóíêöèîíàëû
Ëÿïóíîâà-Êðàñîâñêîãî. Âî âòîðîì ìåòîäå óðàâíåíèÿ äâèæåíèÿ èññëåäóþòñÿ ïðè ïîìîùè
êëàññè÷åñêîé ôóíêöèè Ëÿïóíîâà, íî ïðîèçâîäíàÿ ýòîé ôóíêöèè â ñèëó ñèñòåìû îöåíè-
âàåòñÿ íå íà âñåì ìíîæåñòâå èíòåãðàëüíûõ êðèâûõ, à íà íåêîòîðîì åãî ïîäìíîæåñòâå.
Ýòîò ìåòîä ïîëó÷èë íàçâàíèå ìåòîäà Ðàçóìèõèíà [13]�[14]è èìåííî îí ïðèìåíÿëñÿ â äàí-
íîé ðàáîòå äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ðåøåíèé ñèñòåì äèôôåðåíöèàëüíî-ðàçíîñòíûõ
óðàâíåíèé.

2. Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Ðàññìîòðèì ñèñòåìó óðàâíåíèé

ẋ = f(t, x(t), x(t− h)), (2.1)

ãäå x(t) = (x1(t), . . . , xn(t))
⊤ � íåèçâåñòíûé n -ìåðíûé âåêòîð; h > 0 � çàïàçäûâàíèå;

f(t, x, y) = (f1, . . . , fn)
⊤ � n -ìåðíàÿ âåêòîð-ôóíêöèÿ, îòíîñèòåëüíî êîòîðîé ìû ïðåä-

ïîëàãàåì, ÷òî îíà îïðåäåëåíà è íåïðåðûâíà íà ìíîæåñòâå t ≥ 0 , x ∈ Rn , y ∈ Rn è
óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî âñåì àðãóìåíòàì, íà÷èíàÿ ñî âòîðîãî, ò.å. äëÿ ëþáî-
ãî ÷èñëà H > 0 íàéäåòñÿ ÷èñëî L = L(H) ≥ 0 òàêîå, ÷òî äëÿ ëþáûõ n -ìåðíûõ âåêòîðîâ
x, x̄, y, ȳ, óäîâëåòâîðÿþùèõ óñëîâèþ ∥x∥ ≤ H, ∥x̄∥ ≤ H, ∥y∥ ≤ H, ∥ȳ∥ ≤ H è äëÿ
ëþáîãî t ≥ 0 âûïîëíÿåòñÿ íåðàâåíñòâî:

∥f(t, x, y)− f(t, x̄, ȳ)∥ ≤ L
(
∥x− x̄∥+ ∥y − ȳ)∥

)
.

Ïîä ∥z∥ çäåñü è äàëåå ïîíèìàåòñÿ åâêëèäîâà íîðìà âåêòîðà.
Ïðèäåðæèâàÿñü òåðìèíîëîãèè èç [15], îáîçíà÷èì ÷åðåç PC

(
[a, b],Rn

)
áåñêîíå÷íîìåð-

íîå ïðîñòðàíñòâî êóñî÷íî-íåïðåðûâíûõ íà îòðåçêå [a, b] n -ìåðíûõ âåêòîð-ôóíêöèé ñ êî-
íå÷íûì ÷èñëîì òî÷åê ðàçðûâà ïåðâîãî ðîäà, ÷åðåç x(t, t0, φ) � ðåøåíèå ñèñòåìû (2.1),
óäîâëåòâîðÿþùåå ñëåäóþùèì íà÷àëüíûì óñëîâèÿì: x(t, t0, φ) ≡ φ(t−t0) ïðè t ∈ [t0−h, t0],
φ ∈ PC

(
[−h, 0],Rn

)
. Çäåñü è äàëåå ïðåäïîëàãàåì, ÷òî t0 ∈ R1

+ , ãäå R1
+ =

{
t ∈ R1

∣∣ t ≥ 0
}
.

Èçâåñòíî [3], ÷òî ïðè âûïîëíåíèè óñëîâèé, íàëîæåííûõ íà ïðàâóþ ÷àñòü ñèñòåìû, íàé-
äåòñÿ β > 0 òàêîå, ÷òî x(t, t0, φ) áóäåò ïðîäîëæèìî, ïî êðàéíåé ìåðå, íà ìíîæåñòâî
[t0 − h, t0 + β], ïðè÷åì x(t, t0, φ) áóäåò íåïðåðûâíîé ôóíêöèåé íà îòðåçêå [t0, t0 + β].

Ïîä ñîñòîÿíèåì ñèñòåìû â ìîìåíò t ≥ t0 áóäåì ïîíèìàòü ñåãìåíò ðåøåíèÿ x(t, t0, φ),
ïðèíàäëåæàùèé îòðåçêó [t− h, t], ò.å.

xt(t0, φ) : s→ x(t+ s, t0, φ), s ∈ [−h, 0].

Ïðè ýòîì íà÷àëüíîå ñîñòîÿíèå ñèñòåìû îïðåäåëèòñÿ ñëåäóþùèì îáðàçîì:

xt0(t0, φ) : s→ φ(s), s ∈ [−h, 0].
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Îáîçíà÷èì X = PC
(
[−h, 0],Rn

)
è ïóñòü φ � ïðîèçâîëüíûé ýëåìåíò ìíîæåñòâà X. Ââå-

äåì íîðìó φ ñëåäóþùèì îáðàçîì:

∥φ∥h = sup
s∈[−h,0]

∥φ(s)∥.

Î ï ð å ä å ë å í è å 2.1 Ïîëîæåíèå x = 0 íàçîâåì àñèìïòîòè÷åñêèì ïîëîæå-
íèåì ïîêîÿ äëÿ òðàåêòîðèé ñèñòåìû (2.1), åñëè ñóùåñòâóåò ε > 0 òàêîå, ÷òî ïðè
∥φ∥h < ε, ðåøåíèå x(t, t0, φ) ñèñòåìû (2.1) áóäåò îïðåäåëåíî íà ìíîæåñòâå t ≥ t0 è

∥x(t, t0, φ)∥ → 0 ïðè t→ +∞. (2.2)

Î ï ð å ä å ë å í è å 2.2 Ïîëîæåíèå x = 0 íàçîâåì àñèìïòîòè÷åñêèì ïîëîæå-
íèåì ïîêîÿ â öåëîì, åñëè âñå ðåøåíèÿ ñèñòåìû (2.1) îïðåäåëåíû íà ìíîæåñòâå t ≥ t0 è
îáëàäàþò ñâîéñòâîì (2.2).

Ïóñòü ïðè êàæäîì t ∈ R1
+ íà ìíîæåñòâå X îïðåäåëåí ôóíêöèîíàë W (t, φ). Ïîä

ôóíêöèîíàëîì áóäåì ïîíèìàòü îòîáðàæåíèå W : R1
+ ×X → R1.

Î ï ð å ä å ë å í è å 2.3 Ôóíêöèîíàë W (t, φ) áóäåì íàçûâàòü íåïðåðûâíûì íà
ìíîæåñòâå R1

+ ×X åñëè äëÿ ëþáûõ ε > 0, t ∈ R1
+ è φ ∈ X ñóùåñòâóåò ÷èñëî δ > 0

òàêîå, ÷òî äëÿ ëþáûõ τ ∈ R1
+ è ψ ∈ X, óäîâëåòâîðÿþùèõ ñîîòíîøåíèþ |t− τ |+ ∥φ−

ψ∥h < δ, âûïîëíåíî |W (t, φ)−W (τ, ψ)| < ε.
Ðàññìîòðèì ôóíêöèþ V (t, x), îïðåäåëåííóþ è íåïðåðûâíóþ íà ìíîæåñòâå R1

+ × Rn,
à òàêæå íåïðåðûâíóþ è ïîëîæèòåëüíóþ íà ìíîæåñòâå t ≥ 0 ôóíêöèþ λ(t).

Î ï ð å ä å ë å í è å 2.4 Ôóíêöèþ V (t, x) íàçîâåì îòðèöàòåëüíî îïðåäåëåííîé
íà ìíîæåñòâå ∥x∥ ≥ λ(t), åñëè

1. V (t, x) íåïðåðûâíà ïî âñåì ñâîèì àðãóìåíòàì íà ìíîæåñòâå t ≥ 0, x ∈ Rn ;

2. V (t, x) ≤ −V1(x) íà ìíîæåñòâå ∥x∥ ≥ λ(t), ãäå V1(x) � íåïðåðûâíàÿ â Rn ôóíê-
öèÿ òàêàÿ, ÷òî V1(x) > 0 äëÿ ëþáîãî x ∈ Rn.

Ïîñëå ïîäñòàíîâêè â V (t, x) ðåøåíèÿ x(t, t0, φ) ïîëó÷èì ôóíêöèþ âðåìåíè v(t) =
= V

(
t, x(t, t0, φ)

)
. Ïîä ïðîèçâîäíîé ôóíêöèè V (t, x) âäîëü ðåøåíèé ñèñòåìû (2.1) áó-

äåì ïîíèìàòü ïðîèçâîäíóþ ïî âðåìåíè îò ôóíêöèè v(t) è îáîçíà÷àòü V̇ |(2.1). Â ñëó÷àå

ñóùåñòâîâàíèÿ ó V (t, x) ÷àñòíûõ ïðîèçâîäíûõ, V̇ |(2.1) ìîæåò áûòü íàéäåíà ñëåäóþùèì
îáðàçîì:

V̇ |(2.1) =
∂V

∂t
+
(
∇V, f

)
= W (t, xt). (2.3)

Ïîíÿòíî, ÷òî äëÿ ðàññìàòðèâàåìûõ íàìè ñèñòåì ôóíêöèîíàë W (t, xt) = W̃ (t, x(t), x(t −
h)). Áóäåì ãîâîðèòü, ÷òî V (t, x) íåïðåðûâíî-äèôôåðåíöèðóåìà âäîëü ðåøåíèé ñèñòåìû,
åñëè ôóíêöèîíàë â ïðàâîé ÷àñòè ðàâåíñòâà (2.3) ÿâëÿåòñÿ íåïðåðûâíûì.

Ââåäåì åùå îäíî âñïîìîãàòåëüíîå îïðåäåëåíèå, êîòîðîå áóäåì èñïîëüçîâàòü â äîêàçà-
òåëüñòâàõ òåîðåì.

Î ï ð å ä å ë å í è å 2.5 Ïóñòü v(t) � íåïðåðûâíàÿ íà ìíîæåñòâå t ≥ t0 ôóíê-
öèÿ. Áóäåì ãîâîðèòü, ÷òî äëÿ íåêîòîðîãî ÷èñëà c òî÷êà t1 > t0 îáëàäàåò ñâîéñòâîì
(A) íà ìíîæåñòâå t ∈ [t1 −∆, t1], åñëè äëÿ íåêîòîðîãî ∆ > 0 áóäóò âûïîëíåíû ñëåäó-
þùèå ñîîòíîøåíèÿ: {

v(t1) = c,
v(t) < c, t ∈ [t1 −∆, t1).
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3. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî ïîëî-

æåíèÿ ïîêîÿ â öåëîì

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 3.1 Åñëè äëÿ ñèñòåìû (2.1) ñóùåñòâóþò íåïðåðûâíàÿ íà ìíîæå-
ñòâå R1

+ × Rn ôóíêöèÿ V (t, x) è íåïðåðûâíûé íà ìíîæåñòâå R1
+ × X ôóíêöèîíàë

W (t, xt) òàêèå, ÷òî

1. V1(x) ≤ V (t, x) ≤ V2(x) , ãäå ôóíêöèè V1(x) è V2(x) ïîëîæèòåëüíî îïðåäåëåíû â
Rn è V1(x) → +∞ ïðè ∥x∥ → +∞;

2. V̇ |(2.1) = W (t, xt), ïðè÷åì ôóíêöèîíàë W (t, xt) òàêîâ, ÷òî âäîëü èíòå-
ãðàëüíûõ êðèâûõ ñèñòåìû (2.1), óäîâëåòâîðÿþùèõ óñëîâèþ V

(
ξ, x(ξ, t0, φ)

)
≤

≤ g
(
V
(
t, x(t, t0, φ)

))
äëÿ âñåõ ξ ∈ [t− h, t), äîïóñêàåò îöåíêó

W (t, xt) ≤ W1(t, x),

ãäå ôóíêöèÿ W1(t, x) îòðèöàòåëüíî îïðåäåëåíà íà ìíîæåñòâå ∥x∥ ≥ λ(t) ;

3. g(r) � äëèííåå íåïðåðûâíàÿ, ñòðîãî ìîíîòîííî âîçðàñòàþùàÿ íà ìíîæåñòâå r ≥ 0
ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ g(r) > r ïðè r > 0 ;

4. λ(t) ∈ C0(R1
+), λ(t) > 0 è λ(t) → 0 ïðè t→ +∞,

òîãäà x = 0 ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ïîëîæåíèåì ïîêîÿ â öåëîì äëÿ òðàåêòîðèé
ñèñòåìû (2.1).

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ïðîèçâîëüíûé ìîìåíò t0 ≥ 0, ïðîèçâîëüíóþ êóñî÷íî-
íåïðåðûâíóþ íà [t0 − h, t0] íà÷àëüíóþ ôóíêöèþ φ(t) è ðàññìîòðèì ðåøåíèå x(t, t0, φ).
Ñäåëàåì ñëåäóþùåå çàìå÷àíèå.

Ç à ì å ÷ à í è å 3.1 Ïî óñëîâèÿì òåîðåìû ôóíêöèîíàë W (t, xt) çàäàí è íåïðå-
ðûâåí íà ìíîæåñòâå R1

+ × X , ñëåäîâàòåëüíî, ó ôóíêöèè v(t) = V (t, x(t, t0, φ)) áóäåò
ñóùåñòâîâàòü ïðîèçâîäíàÿ v̇(t) = w(t) = W (t, xt(t0, φ)) íà âñåì èíòåðâàëå ñóùåñòâî-
âàíèÿ ðåøåíèÿ t ∈

[
t0, T (t0, φ)

)
çà èñêëþ÷åíèåì,ìîæåò áûòü, êîíå÷íîãî ÷èñëà òî÷åê

ðàçðûâà ïåðâîãî ðîäà, ðàñïîëîæåííûõ íà ìíîæåñòâå [t0, t0 + h]
∩
[t0, T (t0, φ)

)
.

Äëÿ êàæäîãî t ≥ 0 îïðåäåëèì ôóíêöèþ l(t) ñëåäóþùèì îáðàçîì:

l(t) = sup
∥x∥<λ(t)

V2(x).

Â ñèëó âûïîëíåíèÿ ïåðâîãî è ÷åòâåðòîãî óñëîâèé òåîðåìû l(t) áóäåò çàäàíà è îãðàíè÷åíà
íà ìíîæåñòâå t ≥ 0, à òàêæå îáëàäàòü ñëåäóþùèì ñâîéñòâîì

l(t) −→ 0 ïðè t −→ +∞. (3.1)

Òàêæå äëÿ âñåõ t èç îáëàñòè îïðåäåëåíèÿ x(t, t0, φ) áóäóò ñïðàâåäëèâû ñëåäóþùèå ñîîò-
íîøåíèÿ

åñëè ∥x(t, t0, φ)∥ < λ(t), òî v(t) ≤ l(t),

åñëè v(t) > l(t), òî ∥x(t, t0, φ)∥ ≥ λ(t). (3.2)

1. Ïîêàæåì ïðîäîëæèìîñòü ðåøåíèÿ x(t, t0, φ) íà èíòåðâàë [t0,+∞). Ïóñòü ýòî íå òàê,
òîãäà íàéäåòñÿ ìîìåíò t∗ ≥ t0 òàêîé, ÷òî ðåøåíèå x(t, t0, φ) îïðåäåëåíî íà ìíîæåñòâå
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t ∈ [t0, t∗) è íå îïðåäåëåíî ïðè t = t∗. Òîãäà ëèáî ñóùåñòâóþò íåêîòîðîå ÷èñëî H0 > 0
è ïîñëåäîâàòåëüíîñòü τk → t∗ − 0 òàêèå, ÷òî ∥x(τk, t0, φ)∥ ≤ H0 äëÿ ëþáîãî k ≥ 1,
÷òî ïðîòèâîðå÷èò òåîðåìå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îñíîâíîé íà÷àëüíîé
çàäà÷è [3], ëèáî

∥x(t, t0, φ)∥ −→ +∞ ïðè t −→ t∗ − 0,

÷òî èñõîäÿ èç ïåðâîãî óñëîâèÿ òåîðåìû âëå÷åò çà ñîáîé âûïîëíåíèå óñëîâèÿ

v(t) −→ +∞ ïðè t −→ t∗ − 0. (3.3)

Â ñèëó òîãî, ÷òî w(t) ìîæåò èìåòü òîëüêî êîíå÷íîå ÷èñëî òî÷åê ðàçðûâà ïåðâîãî ðî-
äà íà îòðåçêå [t0, t0 + h], ñóùåñòâóåò ∆1 > 0 òàêîå, ÷òî îíà áóäåò íåïðåðûâíîé ïðè
t ∈ (t∗ −∆1, t∗) . Èç îãðàíè÷åííîñòè ôóíêöèè l(t) è ñîîòíîøåíèÿ (3.3) ñëåäóåò, ÷òî ñó-
ùåñòâóåò âåëè÷èíà ∆2 > 0 òàêàÿ, ÷òî v(t) > l(t) ïðè t ∈ [t∗ − ∆2, t∗) . Ïîëîæèì
∆ = min{∆1,∆2} è îïðåäåëèì ïîëîæèòåëüíûå ÷èñëî

L0 = max
[t0−h,t∗−∆]

v(t).

Â ñèëó ñîîòíîøåíèÿ (3.3) äëÿ ÷èñëà 2L0 íàéäåòñÿ òî÷êà t1 ∈ (t∗ − ∆, t∗), îáëàäàþùàÿ
íà [t∗ −∆, t1] ñâîéñòâîì (A) ; ñëåäîâàòåëüíî, v̇(t1) ≥ 0 . Ñ äðóãîé ñòîðîíû, v(t) < v(t1) <
< g(v(t1)) äëÿ ëþáîãî t ∈ [t1 − h, t1) è â ñèëó (3.1) ∥x(t, t0, φ)∥ ≥ λ(t) ïðè t ∈ [t∗ −∆, t1] ;
ñëåäîâàòåëüíî, â ñèëó òðåòüåãî óñëîâèÿ òåîðåìû, v̇(t1) < 0 . Ïîëó÷åííîå ïðîòèâîðå÷èå
óñòàíàâëèâàåò ïðîäîëæèìîñòü x(t, t0, φ) íà ìíîæåñòâî t ≥ t0.

2. Ïîêàæåì îãðàíè÷åííîñòü ðåøåíèÿ x(t, t0, φ). Çàìåòèì, ÷òî â ñèëó ïåðâîãî óñëîâèÿ
òåîðåìû äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü îãðàíè÷åííîñòü ôóíêöèè v(t). Ïðåäïîëîæèì, ÷òî
ýòî íå òàê, òîãäà äëÿ ëþáîãî ÷èñëà M > 0 ñóùåñòâóåò ÷èñëî T = T (M) ≥ t0 òàêîå, ÷òî
v(T ) > M . Ñëåäîâàòåëüíî, äëÿ âåëè÷èíû

L = max
[0,+∞)

l(t)

íàéäåòñÿ T0 ≥ t0 + h òàêîé, ÷òî v(T0) > L. Îïðåäåëèì êîíñòàíòó

L0 = max
[t0,T0]

v(t).

Äëÿ ÷èñëà 2L0 íàéäåòñÿ òî÷êà t1 > T0 , îáëàäàþùàÿ íà [t0, t1] ñâîéñòâîì (A); , ñëåäîâà-
òåëüíî, v̇(t1) ≥ 0 . Ñ äðóãîé ñòîðîíû, v(t) < v(t1) < g(v(t1)) äëÿ ëþáîãî t ∈ [t1 − h, t1) è
∥x(t1, t0, φ)∥ ≥ λ(t1) , ñëåäîâàòåëüíî; v̇(t1) < 0 . Ïîëó÷åííîå ïðîòèâîðå÷èå ãîâîðèò î òîì,
÷òî v(t) ≤ 2L0 äëÿ ëþáîãî t ≥ t0 , ÷òî äîêàçûâàåò îãðàíè÷åííîñòü ðåøåíèÿ x(t, t0, φ) .

3. Ïîêàæåì, ÷òî ∥x(t, t0, φ)∥ → 0 ïðè t→ +∞ . Äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü, ÷òî
v(t) → 0 ïðè t→ +∞ , ò.å. äëÿ ëþáîãî γ > 0 ñóùåñòâóåò T = T (γ) > 0 òàêîé, ÷òî

v(t) ≤ γ ïðè t ≥ T. (3.4)

Îáîçíà÷èì ÷åðåç Γ ìíîæåñòâî âñåõ ÷èñåë γ , äëÿ êîòîðûõ ñîîòíîøåíèå (3.4) âûïîëíåíî.
Ýòî ìíîæåñòâî íå ÿâëÿåòñÿ ïóñòûì, ò.ê. ÷èñëî 2L0 èç âòîðîãî ïóíêòà äîêàçàòåëüñòâà òåî-
ðåìû, ïðèíàäëåæèò Γ . Çàìåòèì, ÷òî äëÿ äîêàçàòåëüñòâà íàøåãî óòâåðæäåíèÿ äîñòàòî÷íî
óñòàíîâèòü, ÷òî inf Γ = 0 . Ïðåäïîëîæèì, ÷òî ýòî íå òàê ïóñòü

inf Γ = γ0 > 0. (3.5)

Èç ñâîéñòâ ôóíêöèè g ñëåäóåò, ÷òî ñóùåñòâóåò η0 = η0(γ0) > 0 òàêàÿ, ÷òî

g(r)− r > 2η0 ïðè γ0 − η0 ≤ r ≤ γ0 + η0. (3.6)
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Â ñèëó ñîîòíîøåíèÿ (3.1) ñóùåñòâóåò ìîìåíò t1 ≥ t0 + h òàêîé, ÷òî l(t) < γ0 − η0 ïðè
t ≥ t1. ×èñëî γ0+η0 ∈ Γ , ñëåäîâàòåëüíî, ñóùåñòâóåò t2 ≥ t1 òàêîé, ÷òî v(t) ≤ γ0+η0 ïðè
t ≥ t2 . Ïîñêîëüêó γ0 − η0 ̸∈ Γ, äëÿ ëþáîãî t ≥ t2 + h íàéäåòñÿ ìîìåíò t3 > t òàêîé, ÷òî

v(t3) > γ0 − η0. (3.7)

Â ñèëó íåïðåðûâíîñòè ôóíêöèè v(t) ñóùåñòâóåò ÷èñëî ∆ > 0 òàêîå, ÷òî

γ0 − η0 ≤ v(t) ≤ γ0 + η0 äëÿ ëþáîãî t ∈ [t3 −∆, t3],

òîãäà èç (3.6) ñëåäóåò, ÷òî γ0 + η0 < g
(
v(t)

)
ïðè t ∈ [t3 −∆, t3] ; ñëåäîâàòåëüíî, íà òîì æå

îòðåçêå áóäåò âûïîëíåíî

v(ξ) ≤ γ0 + η0 < g
(
v(t)

)
ïðè ξ ∈ [t− h, t).

Èç ñîîòíîøåíèÿ (3.2) ñëåäóåò, ÷òî

∥x(t, t0, φ)∥ ≥ λ(t) ïðè t ∈ [t3 −∆, t3].

Òàêèì îáðàçîì, ïðè t ∈ [t3 − ∆, t3] ìîæíî âîñïîëüçîâàòüñÿ âòîðûì óñëîâèåì òåîðåìû.
Îáîçíà÷èì

min
x∈[γ0−η0,γ0+η0]

W 1(x) = α > 0,

ãäå W1(x) � äëèííåå ïîëîæèòåëüíî îïðåäåëåííàÿ â Rn ôóíêöèÿ òàêàÿ, ÷òî

W1(t, x) ≤ −W 1(x) íà ìíîæåñòâå ∥x∥ ≥ λ(t).

Òîãäà
v̇ ≤ −α ïðè t ∈ [t3 −∆, t3]. (3.8)

Äëÿ ìîìåíòà t3 âîçìîæíû äâà ñëó÷àÿ:

1. ñóùåñòâóåò t∗ ∈ [t3 −∆, t3) òàêîé, ÷òî v(t∗) = γ0 − η0;

2. v(t) > γ0 − η0 äëÿ ëþáîãî t ∈ [t2 + h, t3].

Â ïåðâîì ñëó÷àå, èíòåãðèðóÿ íåðàâåíñòâî (3.8) â ïðåäåëàõ îò t∗ äî t3, ïðèäåì ê ïðîòè-
âîðå÷èþ ñ (3.7):

γ0 − η0 < v(t3) ≤ v(t∗)− α(t3 − t∗) = γ0 − η0 − α(t3 − t∗) < γ0 − η0.

Ñëåäîâàòåëüíî, v(t) ≤ γ0 − η0 äëÿ âñåõ t ≥ t∗. Âî âòîðîì ñëó÷àå ïðîèíòåãðèðóåì íåðà-
âåíñòâî (3.8) â ïðåäåëàõ îò t2 + h äî t :

v(t) ≤ v(t2 + h)− α(t− t2 − h) ≤ γ0 + η0 − α(t− t2 − h).

Ïîíÿòíî, ÷òî îáÿçàòåëüíî íàéäåòñÿ ìîìåíò t∗ > t2 + h , â êîòîðûé âïåðâûå íàðóøèòñÿ
íåðàâåíñòâî v(t) > γ0−η0 , ò.å. áóäåò ñïðàâåäëèâî ðàâåíñòâî v(t∗) = γ0−η0 . Ñîãëàñíî (3.7),
ñóùåñòâóåò t4 > t∗ òàêîé, ÷òî v(t4) > γ0 − η0 , à òîãäà äëÿ ìîìåíòà t4 áóäåò âîçìîæåí
ëèøü ïåðâûé èç ðàññìîòðåííûõ, äëÿ ìîìåíòà t3 ñëó÷àåâ è, ñëåäîâàòåëüíî, v(t) ≤ t∗ äëÿ
âñåõ t ≥ t∗ .

Òàêèì îáðàçîì, áûëî óñòàíîâëåíî, ÷òî ÷èñëî γ0− η0 ∈ Γ , ÷òî ïðîòèâîðå÷èò ïðåäïîëî-
æåíèþ (3.5).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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4. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ëîêàëüíîãî àñèìïòîòè÷å-

ñêîãî ïîëîæåíèÿ ïîêîÿ

Ïóñòü H -íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî. Îáîçíà÷èì

Ω =
{
(t, x)

∣∣ t ∈ R1
+, ∥x∥ ≤ H

}
.

Ò å î ð å ì à 4.1 Åñëè äëÿ ñèñòåìû (2.1) ñóùåñòâóþò íåïðåðûâíàÿ íà ìíîæå-
ñòâå Ω ôóíêöèÿ V (t, x) è íåïðåðûâíûé íà ìíîæåñòâå R1

+ × X ôóíêöèîíàë W (t, xt)
òàêèå, ÷òî

1. V (t, x) ïîëîæèòåëüíî îïðåäåëåíà íà ìíîæåñòâå Ω è äîïóñêàåò áåñêîíå÷íî ìàëûé
âûñøèé ïðåäåë;

2. V̇ |(2.1) = W (t, xt) , ïðè÷åì ôóíêöèîíàë W (t, xt) òàêîâ, ÷òî âäîëü èíòå-
ãðàëüíûõ êðèâûõ ñèñòåìû (2.1), óäîâëåòâîðÿþùèõ óñëîâèþ V

(
ξ, x(ξ, t0, φ)

)
≤

≤ g
(
V
(
t, x(t, t0, φ)

))
äëÿ âñåõ ξ ∈ [t− h, t) , äîïóñêàåò îöåíêó

W (t, xt) ≤ W1(t, x),

ãäå ôóíêöèÿ W1(t, x) îòðèöàòåëüíî îïðåäåëåíà íà ìíîæåñòâå λ(t) ≤ ∥x∥ ≤ H ;

3. g(r) � íåïðåðûâíàÿ, ñòðîãî ìîíîòîííî âîçðàñòàþùàÿ íà ìíîæåñòâå r ≥ 0 ôóíê-
öèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ g(r) > r ïðè r > 0 ;

4. λ(t) ∈ C0(R1
+) , λ(t) > 0 è λ(t) → 0 ïðè t→ +∞ ;

5. ñóùåñòâóåò ÷èñëî H1 > Λ , H1 < H òàêîå, ÷òî

sup
∥x∥<Λ

V (t, x) < inf
∥x∥=H1

V (t, x), ãäå Λ = max
t≥0

λ(t),

òîãäà x = 0 ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ïîëîæåíèåì ïîêîÿ äëÿ òðàåêòîðèé ñèñòå-
ìû (2.1).

Ä î ê à ç à ò å ë ü ñ ò â î. Íà ìíîæåñòâå R1
+ îïðåäåëèì ÷èñëà

c0 = sup
∥x∥<Λ

V (t, x) è c = inf
∥x∥=H1

V (t, x)

Ðàññìîòðèì ïðîèçâîëüíûé ìîìåíò t0 ≥ 0 , ïðîèçâîëüíóþ êóñî÷íî-íåïðåðûâíóþ íà
[t0 − h, t0] íà÷àëüíóþ ôóíêöèþ φ(t) , óäîâëåòâîðÿþùóþ ñîîòíîøåíèþ ∥φ∥h < Λ è èí-
òåãðàëüíóþ êðèâóþ x(t, t0, φ) . Ïîêàæåì, ÷òî

∥x(t, t0, φ)∥ < H1 äëÿ ëþáîãî t ≥ t0. (4.1)

Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ñóùåñòâóåò ìîìåíò t1 > t0 òàêîé, ÷òî ∥x(t1, t0, φ)∥ = H1,
òîãäà, â ñèëó òîãî, ÷òî v(t0) ≤ c0 , v(t1) > c è c0 < c , íàéäåòñÿ ìîìåíò t∗ ∈ (t0, t1], â
êîòîðûé âïåðâûå íàðóøèòñÿ íåðàâåíñòâî v(t) < c . Òàêèì îáðàçîì, äëÿ äàííîãî c ÷èñëî
t∗ íà ìíîæåñòâå t ∈ [t0 − h, t∗) îáëàäàåò ñâîéñòâîì (A) ; ñëåäîâàòåëüíî, åñëè ñóùåñòâóåò
v̇(t∗) , òî v̇(t∗) ≥ 0 . Ñ äðóãîé ñòîðîíû, v(t) < v(t∗) < g(v(t∗)) ïðè t ∈ [t∗ − h, t∗) è
∥x(t∗, t0, φ)∥ ≥ λ(t∗) , ò.ê. v(t∗) > l(t∗) , ñëåäîâàòåëüíî, ïî âòîðîìó óñëîâèþ òåîðåìû 2
v̇(t∗) < 0 . Ïîëó÷åííîå äëÿ òî÷êè t∗ ïðîòèâîðå÷èå íàçîâåì ïðîòèâîðå÷èåì (B) .

Åñëè ó v(t) íå ñóùåñòâóåò ïðîèçâîäíîé â òî÷êå t∗ , òî èç çàìå÷àíèÿ (3.1) ñëåäóåò, ÷òî
íàéäåòñÿ ÷èñëî ∆ > 0 òàêîå, ÷òî v(t) áóäåò íåïðåðûâíî äèôôåðåíöèðóåìîé íà èíòåðâàëå
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t ∈ (t∗ − ∆, t∗) . Òàêæå íàéäóòñÿ ÷èñëà c̃ , äîñòàòî÷íî áëèçêèå ê ÷èñëó c , c̃ < c è t̃ ∈
(t∗ − ∆, t∗), äëÿ êîòîðûõ áóäåò âûïîëíåíî ñâîéñòâî (A) , ÷òî ïðèâåäåò ê ïðîòèâîðå÷èþ
(B) .

Òàêèì îáðàçîì, ñïðàâåäëèâîñòü ñîîòíîøåíèÿ (4.1) óñòàíîâëåíà. Äîêàçàòåëüñòâî ñòðåì-
ëåíèÿ ê íóëþ ðåøåíèÿ x(t, t0, φ) áóäåò ïîëíîñòüþ ïîâòîðÿòü òðåòèé ïóíêò äîêàçàòåëüñòâà
òåîðåìû 3.1
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ç à ì å ÷ à í è å 4.1 Îòìåòèì, ÷òî ïðèìåíåíèå ïðèâåäåííûõ òåîðåì ìîæåò
áûòü ïîëåçíî â ñëó÷àå èññëåäîâàíèÿ ïîâåäåíèÿ ðåøåíèé ñèñòåì ñ âîçìóùåíèÿìè

ẋ = F (t, x(t), x(t− h)) +R(t, xt),

åñëè èçâåñòíî ,÷òî ñèñòåìà ẋ = F (t, x(t), x(t− h)) èìååò àñèìïòîòè÷åñêè óñòîé÷èâîå
â öåëîì íóëåâîå ðåøåíèå è âåêòîð âîçìóùåíèé òàêîé, ÷òî

∥R(t, xt)∥ ≤ R(t) → 0 ïðè t→ +∞.

5. Ïðèìåðû èñïîëüçîâàíèÿ ïðèâåäåííûõ òåîðåì

Ï ð è ì å ð 5.1 Ðàññìîòðèì óðàâíåíèå

ẋ = −2x3(t) + x3(t− h) + e−t. (5.1)

Â êà÷åñòâå ôóíêöèè Ëÿïóíîâà âîçüìåì V (x) =
1

2
x2 è âû÷èñëèì

V̇ |(5.1) = −2x4(t) + x(t)x3(t− h) + x(t)e−t =W
(
t, x(t), x(t− h)

)
.

Î÷åâèäíî, ÷òî ôóíêöèÿ V (x) óäîâëåòâîðÿåò ïåðâîìó óñëîâèþ òåîðåìû 3.1 è ôóíêöèîíàë
W íåïðåðûâåí â ñìûñëå îïðåäåëåíèÿ 2.3 Îáîçíà÷èì x = x(t) è y = x(t − h) , âûáåðåì
ïðîèçâîëüíîå ÷èñëî p ∈ (1, 3

√
2) è ðàññìîòðèì ìíîæåñòâî

M =
{
(x, y)

∣∣ V (y) < pV (x)
}
=
{
(x, y)

∣∣ |y| < p|x|
}
,

ãäå g(r) = pr áûëà âûáðàíà ôóíêöèÿ pr. Íà ìíîæåñòâå M ôóíêöèîíàë W äîïóñêàåò
ñëåäóþùóþ îöåíêó

W (t, x, y) < −4x4 + 2p3|x|4 + 2|x|e−t = −(4− 2p3)x4 + 2|x|e−t =W1(t, x).

Îáîçíà÷èì Q = 3

√
4

4− 2p3
è ðàññìîòðèì ôóíêöèþ λ(t) = Qe

− t

3 . Òîãäà

W1(t, x) ≤ −(2− p3)x4 íà ìíîæåñòâå |x| ≥ Qe
− t

3 .

Òàêèì îáðàçîì, âûïîëíåíû âñå óñëîâèÿ òåîðåìû 3.1, è çíà÷èò, ïîëîæåíèå x = 0 ÿâëÿåòñÿ
äëÿ óðàâíåíèÿ (5.1) àñèìïòîòè÷åñêèì ïîëîæåíèåì ïîêîÿ â öåëîì.
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Ï ð è ì å ð 5.2 Ðàññìîòðèì óðàâíåíèå

ẋ = −8x3(t) + x3(t− h) + x5(t) + e−t. (5.2)

Ïîñòðîèì ôóíêöèè V (t, x), λ(t), g(r), W1(t, x) è ôóíêöèîíàë W (t, x(t), x(t − h)) èç

óñëîâèé òåîðåìû 4.1. Â êà÷åñòâå ôóíêöèè V (t, x) âîçüìåì V (x) =
1

2
x2 è âû÷èñëèì

V̇ |(5.2) = −8x4(t) + x(t)x3(t− h) + x6(t) + x(t)e−t = W
(
t, x(t), x(t− h)

)
.

Îáîçíà÷èì x = x(t) è y = x(t− h) è ïðåäñòàâèì ôóíêöèîíàë W â ñëåäóþùåì âèäå

W (t, x, y) = −8x4 + xy3 + x6 + xe−t =W (x, y) + x6 + xe−t.

Íà ïëîñêîñòè (x, y) ïîñòðîèì ìíîæåñòâî

N =
{
(x, y)

∣∣ W (x, y) < 0
}
=
{
(x, y)

∣∣ y < 2x, x > 0
}∪{

(x, y) : y > 2x, x < 0
}
.

Î÷åâèäíî, ÷òî

M =
{
(x, y)

∣∣ V (y) <
3

2
V (x)

}
=
{
(x, y)

∣∣ |y| < 3

2
|x|
}
⊂ N.

ãäå g(r) = 3
2
r áûëà âûáðàíà ôóíêöèÿ 3

2
r . Îöåíèì W (t, x, y) íà ìíîæåñòâå M :

W (t, x, y) < −8x4 +
27

8
|x|4 + x6 + |x|e−t ≤ −4x4 + x6 + |x|e−t =W1(t, x).

Ðàññìîòðèì ôóíêöèþ λ(t) = e
− t

3 . Íà ìíîæåñòâå λ(t) ≤ |x| ≤
√
2 ñïðàâåäëèâà îöåíêà

W1(t, x) ≤ −4x4 + 2x4 + x4 = −x4.

Òàêæå çàìåòèâ, ÷òî Λ = 1 è H1 =
√
2 , óáåäèìñÿ â âûïîëíåíèè ïÿòîãî óñëîâèÿ òåîðå-

ìû 4.1:
1/2 = sup

|x|<1

V (x) < inf
|x|=

√
2
V (x) = 1.

Òàêèì îáðàçîì, âñå ðåøåíèÿ x(t, t0, φ) óðàâíåíèÿ (5.2), ïðè âûïîëíåíèè óñëîâèÿ ∥φ∥h < 1
áóäóò ñòðåìèòüñÿ ê íóëþ ïðè t→ +∞ .
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Su�cient conditions for the existence of an asymptotic

quiescent position in time-delay systems

c⃝ U.P. Zaranik1, S. E. Kuptsova2, N.A. Stepenko3

Abstract. In the present paper we study motions of time-delay systems. In particular, the case is
studied, when the system has zero limit position which may not be an invariant set with respect
to initial di�erential-di�erence equations. The concept of an asymptotic quiescent position for the
trajectories of time-delay systems is introduced. Su�cient conditions for existence of an asymptotic
quiescent position and an asymptotic quiescent position in the large are obtained. The method
of proof is based on the modi�cation of the second Lyapunov method, which was proposed by
Razumikhin. Its idea is to use the classical Lyapunov functions, but to evaluate their derivatives
along the solutions of the system not on the entire set of integral curves of the system, but on
its certain subset. The article considers examples of non-linear time-delay equations that have an
asymptotic quiescent position illustrating the theory being developed.

Key Words: Lyapunov stability, nonlinear time-delay systems, asymptotic stability of quiescent
position, asymptotic quiescent position, Lyapunov function, Razumihin's approach.
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