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Àííîòàöèÿ. Â ðàáîòå âûïîëíåíî ÷èñëåííîå ìîäåëèðîâàíèå ïðîöåññà ïðîíèêíîâåíèÿ âíåøíå-
ãî ìàãíèòíîãî ïîëÿ â òîëñòûé äèñê âûñîêîòåìïåðàòóðíîãî ñâåðõïðîâîäíèêà (ÂÒÑÏ) íàõîäÿ-
ùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè. Çàäà÷à ñâåäåíà ê íàõîæäåíèþ ìèíèìóìà öåëåâîé ôóíêöèè,
âêëþ÷àþùåé èíòåãðàëüíûå óðàâíåíèÿ 1-ãî ðîäà. Ïðè ýòîì îáúåì äèñêà, çàíÿòûé ýêðàíè-
ðóþùèì òîêîì (ñâåðõòîêîì), îòäåëÿåòñÿ êðèâîëèíåéíîé êîíè÷åñêîé ïîâåðõíîñòüþ, ôîðìà
êîòîðîé îïðåäåëÿåòñÿ ñëó÷àéíûì áëóæäàíèåì â ïëîñêîñòè (r, z) äèñêà. Ïðèâåäåí ðåçóëüòàò
ðàçðàáîòêè ïðîãðàììû íà ÿçûêå ïðîãðàììèðîâàíèÿ C# äëÿ ðàñ÷åòà îïòèìàëüíîé êîíôèãó-
ðàöèè îáúåìà ñâåðõòîêà â äèñêå ÂÒÑÏ ñ èñïîëüçîâàíèåì àëãîðèòìà ñëó÷àéíûõ áëóæäàíèé.
Ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà, íà îñíîâå ìîäåëè Áèíà, äëÿ ñëó÷àåâ
êîãäà âíåøíåå ìàãíèòíîå ïîëå â ïëîñêîñòè z = 0 ïðîíèêàåò â ñâåðõïðîâîäÿùèé äèñê íà
ãëóáèíó 20, 50 è 80 % îò ðàäèóñà äèñêà. Ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû ïðîãðàììû äëÿ
ñåòêè 50x50 â ïëîñêîñòè (r,z) ÷åòâåðòè ñå÷åíèÿ äèñêà. Îáðàáîòêà è âèçóàëèçàöèÿ ïîëó÷åííûõ
÷èñëåííûõ äàííûõ âûïîëíÿëèñü ïðîãðàììíûìè ñðåäñòâàìè OriginLab è MS Excel.

Êëþ÷åâûå ñëîâà: ñâåðõïðîâîäíèê 2-ãî ðîäà, âûñîêîòåìïåðàòóðíûé ñâåðõïðîâîäíèê, êðè-
òè÷åñêîå ñîñòîÿíèå, ýêðàíèðóþùèé ñâåðõòîê, ìîäåëü Áèíà, èíòåãðàëüíûå óðàâíåíèÿ 1-ãî ðî-
äà, öåëåâàÿ ôóíêöèÿ, àëãîðèòì ñëó÷àéíûõ áëóæäàíèé.

1. Ââåäåíèå

Âûñîêîòåìïåðàòóðíûå ñâåðõïðîâîäíèêè (ÂÒÑÏ) ðàçëè÷íîé ñòðóêòóðû èìåþò ïðàêòè-
÷åñêè âàæíûå ìàãíèòíûå ñâîéñòâà è âûñîêèå çíà÷åíèÿ êðèòè÷åñêèõ ïàðàìåòðîâ. Ïîýòîìó
èíòåðåñ ê íèì íå óãàñàåò è â íàñòîÿùåå âðåìÿ. Ïðè èñïîëüçîâàíèè ÂÒÑÏ â ýëåêòðîòåõíè-
êå è â ðàäèî- è ýëåêòðîèçìåðèòåëüíîé òåõíèêå íåîáõîäèìî òî÷íî çíàòü ãåîìåòðè÷åñêóþ
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íåíèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê,
óë. Áîëüøåâèñòñêàÿ, ä. 68), ORCID: http://orcid.org/0000-0002-2029-8479, shishkin92@mail.ru

Í.Ä. Êóçüìè÷åâ, È.Â. Áóðüÿíîâ, Ì.À. Âàñþòèí, À.Þ. Øèòîâ. ×èñëåííîå . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 1 89

ôîðìó îáúåìà çàíÿòîãî ýêðàíèðóþùèì âíåøíèå ìàãíèòíûå ïîëÿ ñâåðõïðîâîäÿùèì òî-
êîì (ñâåðõòîêîì). Ñóùåñòâóþùèå ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ýêðàíèðóþùèå
ñâîéñòâà ÂÒÑÏ, ïëîõî îïèñûâàþò êàðòó ðàñïðåäåëåíèÿ ýêðàíèðóþùåãî ñâåðõòîêà è íà-
ìàãíè÷åííîñòü ÂÒÑÏ.

2. Ïîñòàíîâêà çàäà÷è è ìîäåëü ðàñ÷åòà

Èçâåñòíî, ÷òî ìàãíèòíîå ïîëå ïðîíèêàåò â ñâåðõïðîâîäíèê âòîðîãî ðîäà, êàêîâûìè
ÿâëÿþòñÿ ÂÒÑÏ, â âèäå âèõðåâûõ íèòåé Àáðèêîñîâà è ðàñïðîñòðàíÿåòñÿ ôðîíòîì âíóòðü
ñâåðõïðîâîäíèêà, ïðåîäîëåâàÿ ñèëó ïèííèíãà [1], [2]. Â ñèëó èçìåíåíèÿ ìàãíèòíîãî ïîòîêà,
â îáëàñòè åãî ïðîíèêíîâåíèÿ, âîçíèêàåò ýëåêòðè÷åñêîå ïîëå, êîòîðîå ñîçäàåò ýêðàíèðóþ-
ùèé ñâåðõòîê ñ ïëîòíîñòüþ, ðàâíîé êðèòè÷åñêîé Jc . Â îáùåì ñëó÷àå âåëè÷èíà Jc , çàâè-
ñèò îò âíåøíåãî ìàãíèòíîãî ïîëÿ èíäóêöèåé B , ò.å. Jc = Jc(B) [3]. Ïîëíîå ìàãíèòíîå
ïîëå (ñóììà âíåøíåãî àêñèàëüíî-íàïðàâëåííîãî ïîëÿ è ïîëÿ ñîçäàííîãî ýêðàíèðóþùèì
ñâåðõòîêîì ñâåðõïðîâîäÿùåãî äèñêà) îïðåäåëÿåòñÿ èíòåãðàëüíûìè âûðàæåíèÿìè, çàïè-
ñàííûìè â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò. Äëÿ ýêðàíèðîâàííîé îáëàñòè äèñêà D−

èíòåãðàëüíûå âûðàæåíèÿ äëÿ àêñèàëüíîé Hz è ðàäèàëüíîé Hr ñîñòàâëÿþùèõ ìàãíèò-
íîãî ïîëÿ, ñîçäàííîãî ýêðàíèðóþùèì ñâåðõòîêîì, ïðèìóò âèä èíòåãðàëüíûõ óðàâíåíèé
1-ãî ðîäà îòíîñèòåëüíî êðèòè÷åñêîé ïëîòíîñòè ýêðàíèðóþùåãî ñâåðõòîêà J(r, z) [3]�[9]:

∫
D+Gz(r, z, r

′, z′) · J(r′, z′)dr′dz′ = −2π ·H0;∫
D+Gr(r, z, r

′, z′) · J(r′, z′)dr′dz′ = 0.
(2.1)

Çäåñü H0 � íàïðÿæåííîñòü âíåøíåãî àêñèàëüíî-íàïðàâëåííîãî ìàãíèòíîãî ïîëÿ,
r, r′, z, z′ - òåêóùèå êîîðäèíàòû â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò (r, z ϵ D−) , Gz è
Gr � ÿäðà èíòåãðàëüíûõ óðàâíåíèé âûðàæåííûå ÷åðåç ïîëíûå ýëëèïòè÷åñêèå èíòåãðàëû
1-ãî ðîäà K(k) è E(k) :

Gz(r, z, r
′, z′) =

1√
(r′ + r)2 + (z − z′)2

·
[
K(k)− r′2 − r2 − (z − z′)2

(r′ + r)2 + (z − z′)2
· E(k)

]
;

Gr(r, z, r
′, z′) =

z − z′

r
√

(r′ + r)2 + (z − z′)2
·
[
−K(k) +

r′2 + r2 + (z − z′)2

(r′ − r)2 + (z − z′)2
· E(k)

]
.

K(k) =

∫ π/2

0

1√
1− k2 · sin2 θ

dθ;

E(k) =

∫ π/2

0

√
1− k2 · sin2 θ dθ,

à àðãóìåíò ýëëèïòè÷åñêèõ èíòåãðàëîâ ðàâåí:

k2(r, z, r′, z′) =
4 · r′ · r

(r′ + r)2 + (z − z′)2

Íà Ðèñ. 2.1 ïðåäñòàâëåíî ñå÷åíèå ÷åòâåðòè äèñêà, â êîòîðîå ïðîíèêàåò ñâåðõòîê è
ìàãíèòíîå ïîëå â âèäå íèòåé Àáðèêîñîâà (îáëàñòü D+ ). Â îáëàñòü D− (ýêðàíèðîâàííàÿ
îáëàñòü) ñâåðõòîê è ìàãíèòíîå ïîëå íå ïðîíèêàþò. Äàííûå îáëàñòè îòäåëåíû öèëèíäðè-
÷åñêè ñèììåòðè÷íîé êðèâîëèíåéíîé êîíè÷åñêîé ïîâåðõíîñòüþ. Ñå÷åíèå ýòîé ïîâåðõíîñòè
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ïðåäñòàâëÿåò ñîáîé êðèâóþ L(r, z) = 0 , óðàâíåíèå êîòîðîé íåîáõîäèìî íàéòè ÷èñëåííûìè
ìåòîäàìè. Äëÿ ýòîãî íà îñíîâå óðàâíåíèÿ (2.1) äëÿ Hz áûëà ïîñòðîåíà öåëåâàÿ ôóíêöèÿ
F (r, z) , ìèíèìóì êîòîðîé äîñòèãàåòñÿ ïðè ðàâíûõ íóëþ çíà÷åíèÿõ Hz(r, z) è Hr(r, z) â
îáëàñòè D− è îïðåäåëÿåò îïòèìàëüíóþ êðèâóþ L(r, z) = 0 [4].

Ð è ñ ó í î ê 2.1

×åòâåðòàÿ ÷àñòü ñå÷åíèÿ äèñêà, ïðîõîäÿùåãî ÷åðåç îñü z . Â îáëàñòè D+ ñâåðõòîê åñòü, à â

îáëàñòè D− - îòñóòñòâóåò. R - ðàäèóñ äèñêà, b - åãî ïîëóòîëùèíà

Îïðåäåëåííàÿ òàêèì îáðàçîì öåëåâàÿ ôóíêöèÿ èìååò âèä:

F (r, z) =

∫
D+

Gz(r, z, r
′, z′) · J(r′, z′)dr′dz′ + 2π ·H0; r, z ϵ D−. (2.2)

Êðèòåðèåì îïòèìàëüíîñòè ÿâëÿëîñü óñëîâèå F (r, z) < ε , ãäå ε � ìàëîå íàïåðåä çàäàí-
íîå ÷èñëî ( ε/H0 << 1 ), îïðåäåëÿþùåå òî÷íîñòü âû÷èñëåíèÿ.

Äëÿ òîãî ÷òîáû ïîëó÷èòü ãåîìåòðè÷åñêóþ ôîðìó îáúåìà ïðîíèêøåãî ñâåðõòîêà â äèñê
ÂÒÑÏ íàìè áûë ðàçðàáîòàí àëãîðèòì ñëó÷àéíûõ áëóæäàíèé äëÿ ïîèñêà ÷èñëåííîãî óðàâ-
íåíèÿ îïòèìàëüíîé êðèâîé Lopt(r, z) = 0 .

3. Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ

Â ïðîãðàììå çàäàþòñÿ çíà÷åíèÿ ðàäèóñà R è ïîëóòîëùèíû b äèñêà. Çàòåì ôîðìèðó-
åòñÿ ñåòêà (50x50, ïðè ñîîòâåòñòâóþùèõ øàãàõ m è n ïî r è z ñîîòâåòñòâåííî: hr = R/50
è hz = b/50 ) äëÿ ÷åòâåðòè ñå÷åíèÿ äèñêà è îïðåäåëÿåòñÿ îáëàñòü, â êîòîðóþ ïðîíèê ñâåðõ-
òîê â ÂÒÑÏ [6]. Ëèíèÿ îòäåëÿþùàÿ îáëàñòè D+ è D− , ïîêàçàííûõ íà Ðèñ. 2.1, áóäåò
íàõîäèòñÿ ìåæäó ïðÿìîé è äèàãîíàëüþ (Ðèñ. 3.1), òàê êàê ïðîèçâîäíûå äëÿ ýòèõ ôîðì
êðèâûõ L(r, z) (dHz/dr)|z=0 èìåþò ðàçíûå çíàêè â îáëàñòè D− .

Ð è ñ ó í î ê 3.1
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à) ïåðâàÿ îáëàñòü, â êîòîðîé áóäåò ðàáîòàòü àëãîðèòì: m1(n) = 49 � âåðõíÿÿ ãðàíèöà,

m2(n) = 50− 2 · n � íèæíÿÿ ãðàíèöà, n = 25 - ïðàâàÿ ãðàíèöà, á) ñîîòâåòñòâóþùèå èì

çíà÷åíèÿ öåëåâîé ôóíêöèè F1, F2 ïðè ãëóáèíå ïðîíèêíîâåíèÿ âíåøíåãî ìàãíèòíîãî ïîëÿ â

äèñê äëÿ z = 0, ρ/R = 0.5

Äëÿ îïòèìàëüíîé êðèâîé Lopt(r, z) âåëè÷èíà (dHz/dr)|z=0 = 0 . Â ïðîãðàììå êîîð-
äèíàòû r, z çàäàþòñÿ â åäèíèöàõ hr è hz . Îáëàñòü ïîèñêà îïòèìàëüíîé êðèâîé îãðà-
íè÷èâàåòñÿ óðàâíåíèÿìè: n = 25,m = 49 è m(n) = 50− 2n . Ðàññ÷èòûâàåì äëÿ îáëàñòåé
îãðàíè÷åííûõ âûøå óêàçàííûìè ëèíèÿìè íàïðÿæåííîñòü Hz ìàãíèòíîãî ïîëÿ (Ðèñ. 3.1).

Ïîñëå ïîëó÷åíèÿ çíà÷åíèé, ïðîãðàììà èùåò îïòèìàëüíûå îáëàñòè, â êîòîðûõ, âåðî-
ÿòíåå âñåãî, îêàæåòñÿ íóæíàÿ íàì êðèâàÿ, êîòîðàÿ äàñò òî÷íóþ ôîðìó îáúåìà, çàíÿòîãî
ýêðàíèðóþùåì ñâåðõòîêîì. Â ðåçóëüòàòå ïîëó÷àåì ëèíèè èëè êðèâûå, êîòîðûå ñîîòâåò-
ñòâóþò çíà÷åíèþ ïîëíîãî ìàãíèòíîãî ïîëÿ îêîëî íóëÿ, ò.å.

√
H2

z +H2
r −H0 ≈ 0 è èìåþò

ôîðìó âûòÿíóòîé êðèâîé (Ðèñ. 3.2).

Ð è ñ ó í î ê 3.2

à) ðàññ÷èòàííûå ïðîãðàììîé ëèíèè m3(n)−m7(n) ñîçäàííûå â ÷åòâåðòè ñå÷åíèÿ äèñêà, á)

ñîîòâåòñòâóþùèå èì çíà÷åíèÿ öåëåâîé ôóíêöèè F3− F7

Äàëåå çàïóñêàåòñÿ àëãîðèòì ñëó÷àéíûõ áëóæäàíèé, êîòîðûé èùåò ôîðìó ðàñïðåäåëå-
íèÿ ñâåðõòîêà, ñîîòâåòñòâóþùóþ îïòèìàëüíîé ôóíêöèè F (r, z) . Ðåçóëüòàòû ðàáîòû àë-
ãîðèòìà ïðè ðàçëè÷íûõ ãëóáèíàõ ïðîíèêíîâåíèÿ ìàãíèòíîãî ïîëÿ ρ/R = 0.5, 0.2 è 0.8
ïðåäñòàâëåíû íà Ðèñ. 3.3 � 3.5.

Ð è ñ ó í î ê 3.3

Ðåçóëüòàòû ðàáîòû àëãîðèòìà ñëó÷àéíûõ áëóæäàíèé ïðè ρ/R = 0.5 (50%)
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Ð è ñ ó í î ê 3.4

Ðåçóëüòàòû ðàáîòû àëãîðèòìà ñëó÷àéíûõ áëóæäàíèé ïðè ρ/R = 0.2 (20%)

Ð è ñ ó í î ê 3.5

Ðåçóëüòàòû ðàáîòû àëãîðèòìà ñëó÷àéíûõ áëóæäàíèé ïðè ρ/R = 0.8 (80%)

Ðàçðàáîòàííûé àëãîðèòì ïîèñêà îñóùåñòâëÿåòñÿ ÷åðåç ðåêóðñèâíûé âûçîâ ôóíêöèè,
êîòîðûé ïåðåáèðàåò ðàçëè÷íûå âàðèàíòû ôîðì ïðîíèêíîâåíèÿ ìàãíèòíîãî ïîëÿ â ñâåðõ-
ïðîâîäíèê, âû÷èñëÿåò èíòåãðàë äëÿ F ïî ôîðìóëå (2.2) è íà êàæäîì ýòàïå ñðàâíèâàåò
åãî ñî ñðåäíèì çíà÷åíèåì ïîëó÷åííûõ èíòåãðàëîâ. Ïî ñóòè àëãîðèòìà ïîèñêà îïòèìàëüíîé
êîíôèãóðàöèè îáúåìà ñâåðõòîêà ñâîäèòñÿ ê ïîñòðîåíèþ êðèâûõ â îáëàñòÿõ ñ îêîí÷àòåëüíî
óñòàíîâëåííûìè âåðõíåé m1(n) è íèæíåé m2(n) ãðàíèöàìè. Çíà÷åíèå øàãà ñëó÷àéíî, íî
âàðüèðóåòñÿ â ïðåäåëàõ çíà÷åíèé äàííûõ ãðàíè÷íûõ îáëàñòåé. Ïî ìåðå âîçðàñòàíèÿ çíà-
÷åíèé [m1(n)−m2(n)] íèæíÿÿ ãðàíèöà ïðîèçâîëüíûõ øàãîâ óâåëè÷èâàåòñÿ. Êàê òîëüêî
íàõîäèòñÿ ëó÷øèé âàðèàíò, ïðè êîòîðîì ñðåäíåå îòêëîíåíèå ≤ 3% , äàííûå çàïèñûâàþò-
ñÿ â ôàéë, ïîñëå ÷åãî äàííûå îáðàáàòûâàþòñÿ â MS Excel è OriginPro ñ öåëüþ ïîëó÷åíèÿ
2D è 3D ãðàôèêîâ.

4. Çàêëþ÷åíèå

Ðàçðàáîòàííûé àëãîðèòì ñëó÷àéíûõ áëóæäàíèé ïîçâîëÿåò ðàññ÷èòûâàòü îïòèìàëü-
íóþ êîíôèãóðàöèþ îáúåìà äèñêà çàíÿòîãî ýêðàíèðóþùèì ñâåðõòîêîì. Àëãîðèòì íàõî-
äèò ìèíèìóì öåëåâîé ôóíêöèè ÷òî, ïî ñóòè, ðåøàåò èíòåãðàëüíûå óðàâíåíèÿ 1-ãî ðîäà
(2.1). Ðåøåíèåì ÿâëÿåòñÿ ÷èñëåííîå óðàâíåíèå êðèâîé Lopt(r, z) = 0 , îáðàçóþùåé êðèâî-
ëèíåéíûé êîíóñ, âíóòðè êîòîðîãî ïîëå è ñâåðõòîê îòñóòñòâóþò. Ñ ïîìîùüþ ïðîãðàììû,
ðàçðàáîòàííîé íà ÿçûêå C#, ñ èñïîëüçîâàíèåì îïèñàííîãî âûøå àëãîðèòìà, áûëî âûïîë-
íåíî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ïðîíèêíîâåíèÿ âíåøíåãî ìàãíèòíîãî ïîëÿ â
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ÂÒÑÏ-äèñê. Ðàñ÷åòû áûëè âûïîëíåíû äëÿ ñëó÷àåâ, êîãäà âíåøíåå ìàãíèòíîå ïîëå â ïëîñ-
êîñòè z = 0 ïðîíèêàåò íà ãëóáèíó 20, 50 è 80 % îò ðàäèóñà äèñêà. Ïîëó÷åííûå ðåçóëüòàòû
ïîêàçàëè ýôôåêòèâíîñòü ðàçðàáîòàííîãî àëãîðèòìà, ÷òî ïîçâîëÿåò èñïîëüçîâàòü åãî äëÿ
äðóãèõ çàäà÷ ïîäîáíûõ ðàñìîòðåííîé. Íàïðèìåð, äëÿ ðàñ÷åòà ðàñïðåäåëåíèÿ ïëîòíîñòè
êðèòè÷åñêîãî òîêà â îáúåìå äèñêà äëÿ ìîäåëè êðèòè÷åñêîãî ñîñòîÿíèÿ òèïà Êèìà [2] �
[3] ñâåðõïðîâîäíèêîâ 2-ãî ðîäà [7]. Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû ïðîãðàììû
äëÿ ñåòêè 50x50 â ïëîñêîñòè (r, z) ÷åòâåðòè ñå÷åíèÿ äèñêà.
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Numerical modeling of the process of penetration of an

external magnetic �eld into a thick disk-shaped of a

high-temperature superconductors on the basis of the

random walk algorithm

c⃝ N.D. Kuzmichev 5, I. V. Buryanov 6, M.A. Vasyutin 7, A.Yu. Shitov 8

Abstract. In this paper a mathematical modeling of the process of penetration of an external
magnetic �eld into a thick disk-shaped sample of high-temperature superconductor (HTSC) in
a critical state is performed. The problem is reduced to �nding the minimum of the objective
function that includes integral equations of the �rst kind. At the same time, volume of the disk
is occupied by the shielding superconducting current (overcurrent). Disk is separated by a curved
conical surface with shape that is determined by a random walk in the disk (r, z) plane. The result
of the development of the program in language C# is given; this program calculates the optimal
con�guration of the overcurrent volume in HTSC using the random walk algorithm. The results of
the computational experiment based on Bean's model for cases when an external magnetic �eld in
the z = 0 plane penetrates in a superconducting disk to the depth of 20, 50 and 80 % of the disk
radius, are given. The results of the program's work for the grid of 50x50 in the plane (r, z) of the
quarter of the disk section are presented. Processing and visualization of obtained numerical data
were carried out using OriginLab and MS Excel.

Key Words: type-II superconductor, high-temperature superconductor, critical state, shielding
overcurrent, Bean's model,integral equations of the �rst kind, objective function, random walk
algorithm
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