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×èñëåííûé ìåòîä ðåøåíèÿ ñèñòåì íåëèíåéíûõ

èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà I ðîäà

ñ ðàçðûâíûìè ÿäðàìè

c⃝ À.Í. Òûíäà 1, Ä.Í. Ñèäîðîâ 2, È. Ð. Ìóôòàõîâ 3

Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà ÷èñëåííîìó èññëåäîâàíèþ ñèñòåì íåëèíåéíûõ èíòåãðàëüíûõ
óðàâíåíèé Âîëüòåððà I ðîäà ñ ÿäðàìè, èìåþùèìè êîíå÷íûå ðàçðûâû âäîëü íåïðåðûâíûõ êðè-
âûõ. Ïðèâåäåíû íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ îòíîñèòåëüíî ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèé òàêèõ ñèñòåì. Ïðåäëàãàåòñÿ íîâûé èòåðàöèîííûé ÷èñëåííûé ìåòîä, â
îñíîâå êîòîðîãî ëåæèò ëèíåàðèçàöèÿ èíòåãðàëüíûõ îïåðàòîðîâ ïî ìîäèôèöèðîâàííîé ñõåìå
Íüþòîíà-Êàíòîðîâè÷à. Äëÿ ýòîãî âû÷èñëåíû ïðîèçâîäíûå Ôðåøå êîìïîíåíòîâ íåëèíåéíîãî
âåêòîðíîãî èíòåãðàëüíîãî îïåðàòîðà â òî÷êå íà÷àëüíîãî ïðèáëèæåíèÿ. ßäðà èíòåãðàëüíûõ
óðàâíåíèé ëèíåéíûõ ñèñòåì îñòàþòñÿ íåèçìåííûìè íà êàæäîé èòåðàöèè, ÷òî ïîçâîëÿåò ñíè-
çèòü âû÷èñëèòåëüíûå çàòðàòû ïðè ÷èñëåííîé ðåàëèçàöèè ìåòîäà. Äëÿ ëèíåéíûõ ñèñòåì èí-
òåãðàëüíûõ óðàâíåíèé, âîçíèêàþùèõ íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà, ïðèìåíÿåòñÿ
êóñî÷íî-ïîñòîÿííàÿ àïïðîêñèìàöèÿ òî÷íîãî ðåøåíèÿ è ñïåöèàëüíûå àäàïòèâíûå ñåòêè, ó÷è-
òûâàþùèå ðàçðûâû ÿäåð. Ïðèâåäåíà îöåíêà ïîãðåøíîñòè ìåòîäà. Ïðåäëîæåííûé ÷èñëåííûé
ïîäõîä äîïóñêàåò òàêæå èñïîëüçîâàíèå áîëåå òî÷íûõ àïïðîêñèìàöèé ðåøåíèÿ â ñî÷åòàíèè
ñ ñîîòâåòñòâóþùèìè êâàäðàòóðíûìè ôîðìóëàìè. Ïðè èñïîëüçîâàíèè êóñî÷íî-ëèíåéíîé àï-
ïðîêñèìàöèè ïîðÿäîê òî÷íîñòè âîçðàñòàåò íà åäèíèöó.

Êëþ÷åâûå ñëîâà: ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà, ðàçðûâíûå
ÿäðà, ìåòîä Íüþòîíà-Êàíòîðîâè÷à, àäàïòèâíûå ñåòêè, àïïðîêñèìàöèÿ èíòåãðàëîâ.

1. Ââåäåíèå

Ôóíêöèîíàëüíûå óðàâíåíèÿ (äèôôåðåíöèàëüíûå, èíòåãðàëüíûå è èíòåãðî-
äèôôåðåíöèàëüíûå óðàâíåíèÿ) ñ ðàçëè÷íîãî ðîäà îòêëîíÿþùèìèñÿ àðãóìåíòàìè
(çàäåðæêàìè) ÿâëÿþòñÿ óíèâåðñàëüíûì ñðåäñòâîì ìîäåëèðîâàíèÿ äèíàìè÷åñêèõ ñèñòåì
â ðÿäå îáëàñòåé ôèçèêè, òåõíèêè, ìåäèöèíû, ýêîíîìèêè è â äðóãèõ îáëàñòÿõ, ñì.,
íàïðèìåð, [1]�[2]. Ïðè ýòîì îñíîâàííûå íà íèõ ìîäåëè îáåñïå÷èâàþò íàèáîëåå ðåàëè-
ñòè÷íîå îòðàæåíèå ñâîéñòâ íàáëþäàåìûõ ïðîöåññîâ, ÿâëÿÿñü çà÷àñòóþ åäèíñòâåííûì
ìàòåìàòè÷åñêèì àïïàðàòîì äëÿ èõ îïèñàíèÿ. Èíòåãðàëüíûìè äèíàìè÷åñêèìè ìîäåëÿìè
c çàïàçäûâàíèÿìè ìîæíî îïèñûâàòü áîëüøîå ìíîãîîáðàçèå ïðîöåññîâ. Òàêèå ìîäåëè
ó÷èòûâàþò ýôôåêò ïàìÿòè äèíàìè÷åñêèõ ñèñòåì, êîãäà ïðîøëûå ñîñòîÿíèÿ ñèñòåìû
âîçäåéñòâóþò íà ðàçâèòèå â áóäóùåì. Èíòåãðàëüíûå óðàâíåíèÿ ñ îòêëîíÿþùèìèñÿ
àðãóìåíòàìè (çàäåðæêàìè) ÿâëÿþòñÿ óäîáíûì àïïàðàòîì ìîäåëèðîâàíèÿ äèíàìè÷åñêèõ
ñèñòåì â ðÿäå îáëàñòåé ôèçèêè, òåõíèêè, ýêîíîìèêè è ò. ä. Òî÷íûå ðåøåíèÿ òàêèõ
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óðàâíåíèé â áîëüøèíñòâå íåòðèâèàëüíûõ ñëó÷àåâ íå ìîãóò áûòü íàéäåíû àíàëèòè÷åñêè,
ïîýòîìó àêòóàëüíîé ÿâëÿåòñÿ ðàçðàáîòêà ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ èõ ðåøåíèÿ.

Îäíèì èç êëàññîâ ôóíêöèîíàëüíûõ óðàâíåíèé ñ çàäåðæêàìè ÿâëÿþòñÿ èíòåãðàëüíûå
óðàâíåíèÿ Âîëüòåððà è èõ ñèñòåìû, ÿäðà êîòîðûõ òåðïÿò êîíå÷íûå ðàçðûâû âäîëü ñåìåé-
ñòâà ãëàäêèõ êðèâûõ. Â öèêëå ðàáîò àâòîðîâ [2] � [5] ïðåäëàãàåòñÿ ðÿä ÷èñëåííûõ ìåòî-
äîâ ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè â ïðåäåëàõ
èíòåãðèðîâàíèÿ, èãðàþùèìè ðîëü âðåìåííûõ çàäåðæåê. Â äàííîé ðàáîòå èòåðàöèîííûé
÷èñëåííûé ìåòîä îáîáùàåòñÿ è ðàñïðîñòðàíÿåòñÿ íà ñèñòåìû óðàâíåíèé òàêîãî òèïà.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé Âîëüòåððà I ðîäà [2], [4]:

t∫
0

h1(t, s, x1(s), x2(s), ..., xn(s))ds− f1(t) = 0,

t∫
0

h2(t, s, x1(s), x2(s), ..., xn(s))ds− f2(t) = 0,

...
t∫
0

hn(t, s, x1(s), x2(s), ..., xn(s))ds− fn(t) = 0,

(2.1)

ãäå t ∈ [0, T ] , à ÿäðà hi(t, s, x1(s), x2(s), ..., xn(s)) , òåðïÿùèå êîíå÷íûå ðàçðûâû íà ëèíèÿõ
αj(t), j = 1, n− 1, èìåþò âèä

hi(t, s, x1(s), x2(s), ..., xn(s)) =


Ki1(t, s)Gi1(s, x1(s)), (t, s) ∈ m1,

Ki2(t, s)Gi2(s, x2(s)), (t, s) ∈ m2,
...

Kin(t, s)Gin(s, xn(s)), (t, s) ∈ mn,

(2.2)

ãäå mj = {(t, s)| αj−1(t) < s ≤ αj(t)} ; α0(t) = 0 ; αn(t) = t ; i = 1, n ; j = 1, n . Ôóíêöèè
Kij(t, s) , fi(t) è αj(t) èìåþò íåïðåðûâíûå ïðîèçâîäíûå îòíîñèòåëüíî t ïðè (t, s) ∈ mj ,
Kin(t, t) ̸= 0 , 0 < α1(t) < α2(t) < ... < αn−1(t) < t . Ôóíêöèè α1(t), ..., αn−1(t) ÿâëÿþòñÿ
íåóáûâàþùèìè ïðè t ∈ [0, T ] . Âîïðîñ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ òàêîãî
êëàññà íåëèíåéíûõ ñèñòåì èçó÷àëñÿ â ðàáîòå [4].

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ èòåðàöèîííûé ìåòîä ðåøåíèÿ òàêîãî ðîäà ñèñòåì, îñ-
íîâàííûé íà ëèíåàðèçàöèè èíòåãðàëüíîãî âåêòîð-îïåðàòîðà. Äëÿ ðåøåíèÿ âîçíèêàþùèõ
â èòåðàöèîííîì ïðîöåññå ñèñòåì ëèíåéíûõ óðàâíåíèé ñ ðàçðûâíûìè ÿäðàìè èñïîëüçóåò-
ñÿ îáîáùåíèå àëãîðèòìà ïðÿìîé äèñêðåòèçàöèè, ïðåäëîæåííîãî â ðàáîòàõ [3]�[5]. Ìåòîä
îñíîâàí íà êóñî÷íî-ïîñòîÿííîé àïïðîêñèìàöèè òî÷íûõ ðåøåíèé è èìååò ïåðâûé ïîðÿäîê
òî÷íîñòè.

3. Îïèñàíèå ïðèáëèæåííîãî ìåòîäà

Îáîçíà÷èì ÷åðåç Pi ëåâóþ ÷àñòü i -ãî óðàâíåíèÿ ñèñòåìû (2.1):

Pi =
n∑

j=1

αj(t)∫
αj−1(t)

Kij(t, s)Gij(s, xj(s))ds− fi(t), (3.1)
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÷åðåç X � âåêòîð íåèçâåñòíûõ ôóíêöèé, à ÷åðåç F � âåêòîð ïðàâûõ ÷àñòåé fi

X =


x1(t)
x2(t)
...

xn(t)

 , F =


f1(t)
f2(t)
...

fn(t)

 .

Òàêæå ââåäåì ìàòðè÷íûé èíòåãðàëüíûé îïåðàòîð

P (X) ≡


P11 P12 · · · P1n

P21 P22 · · · P2n
...

...
. . .

...
Pn1 Pn2 · · · Pnn



x1
x2
...
xn

−


f1
f2
...
fn

 , (3.2)

êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ íåëèíåéíûå èíòåãðàëüíûå îïåðàòîðû

(Pijx)(t) ≡
αj(t)∫

αj−1(t)

Kij(t, s)Gij(s, x(s))ds, i, j = 1, n.

Ïåðåïèøåì ñèñòåìó (2.1) â îïåðàòîðíîì âèäå:

P (X) = 0. (3.3)

Äëÿ ïîñòðîåíèÿ èòåðàöèîííîãî ÷èñëåííîãî ìåòîäà ðåøåíèÿ óðàâíåíèÿ (3.3) èñïîëüçóåì
ìîäèôèöèðîâàííóþ ñõåìó Íüþòîíà-Êàíòîðîâè÷à [6]:

Xm+1 = Xm − [P ′(X0)]−1(P (Xm)),m = 0, 1, ..., (3.4)

ãäå X0 =


x01(t)
x02(t)
...

x0n(t)

 � âåêòîð-ôóíêöèÿ íà÷àëüíîãî ïðèáëèæåíèÿ, à ðåøåíèå óðàâíåíèÿ

(3.3) îïðåäåëÿåòñÿ êàê ïðåäåë X∗ = lim
m→∞

Xm. Ïðîèçâîäíàÿ P ′(X0) îïåðàòîðà (3.2) èìååò
âèä: 

∂P11

∂x1(t)

∂P12

∂x2(t)
· · · ∂P1n

∂xn(t)
∂P21

∂x1(t)

∂P22

∂x2(t)
· · · ∂P2n

∂xn(t)
...

...
. . .

...
∂Pn1

∂x1(t)

∂Pn2

∂x2(t)
· · · ∂Pnn

∂xn(t)




x01
x02
...
x0n

 . (3.5)

Åå êîìïîíåíòû

(
∂Pij

∂xj(t)

)
(x0j), i, j = 1, n, îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

(
∂Pij

∂xj(t)

)
(x0j)(t) = lim

ω→0

Pij(x
0
j + ωx)− Pij(x

0
j)

ω
=

= lim
ω→0

1

ω

αj(t)∫
αj−1(t)

Kij(t, s)[Gij(s, x
0
j(s) + ωx(s))−Gij(s, x

0
j(s))]ds.
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Îñóùåñòâèâ ïðåäåëüíûé ïåðåõîä ïîä çíàêîì èíòåãðàëà, ïîëó÷èì:

(
∂Pij

∂xj(t)

)
(x0j)(t) =

αj(t)∫
αj−1(t)

Kij(t, s)Gijx(s, x
0
j(s))x(s)ds,

ãäå

Gijx(s, x
0
j(s)) =

∂Gij(s, xj(s))

∂xj

∣∣∣∣
x=x0

j

.

Íà èòåðàöèè ñ íîìåðîì m èìååì îïåðàòîðíîå óðàâíåíèå îòíîñèòåëüíî ïîïðàâêè
∆Xm+1 = Xm+1 −Xm, m = 0, 1, 2, . . .

P ′(X0)∆Xm+1 = −P (Xm),

êîòîðîå â ðàçâåðíóòîì âèäå ýêâèâàëåíòíî ñëåäóþùåé ñèñòåìå óðàâíåíèé:

n∑
j=1

αj(t)∫
αj−1(t)

K1j(t, s)G1j(s, x
0
j(s))∆x

m+1
j (s)ds = f1(t)−

n∑
j=1

αj(t)∫
αj−1(t)

K1j(t, s)G1j(s, x
m
j (s))ds,

n∑
j=1

αj(t)∫
αj−1(t)

K2j(t, s)G2j(s, x
0
j(s))∆x

m+1
j (s)ds = f2(t)−

n∑
j=1

αj(t)∫
αj−1(t)

K1j(t, s)G2j(s, x
m
j (s))ds,

...
n∑

j=1

αi(t)∫
αi−1(t)

Knj(t, s)Gnj(s, x
0
j(s))∆x

m+1
j (s)ds = fn(t)−

n∑
j=1

αj(t)∫
αj−1(t)

K1j(t, s)Gnj(s, x
m
j (s))ds.

Ïîñëåäíÿÿ ñèñòåìà ïîñëå ðÿäà óïðîùåíèé ïðèâîäèòñÿ ê âèäó:

n∑
j=1

αj(t)∫
αj−1(t)

K1j(t, s)G1j(s, x
0
j(s))x

m+1
j (s)ds = Ψm

1 (t),

n∑
j=1

αj(t)∫
αj−1(t)

K2j(t, s)G2j(s, x
0
j(s))x

m+1
j (s)ds = Ψm

2 (t),

...
n∑

j=1

αi(t)∫
αi−1(t)

Knj(t, s)Gnj(s, x
0
j(s))x

m+1
j (s)ds = Ψm

n (t),

m = 0, 1, 2, ..., (3.6)

ãäå

Ψm
i (t) = fi(t)−

n∑
j=1

αj(t)∫
αj−1(t)

Kij(t, s)[Gijx(s, x
0
j(s))x

m
j (s)−Gij(s, x

m
j (s))]ds.

Ñèñòåìà (3.6) ÿâëÿåòñÿ ñèñòåìîé ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà ñ ðàç-
ðûâíûìè ÿäðàìè Kij(t, s)Gij(s, x

0
j(s)), i = 1, n, j = 1, n, íå èçìåíÿþùèìèñÿ îò èòåðàöèè

ê èòåðàöèè. ×èñëåííûé ìåòîä ðåøåíèÿ ïîäîáíûõ ñèñòåì óðàâíåíèé, ó÷àñòâóþùèõ â èòå-
ðàöèîííîì ïðîöåññå (3.4), ïðåäëîæèì äàëåå.
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4. Äèñêðåòèçàöèÿ ñèñòåìû ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

4.1. Ôîðìóëèðîâêà ïðîáëåìû

Â äàííîì ïàðàãðàôå ïðåäëàãàåòñÿ ÷èñëåííûé ìåòîä ðåøåíèÿ ñèñòåì ëèíåéíûõ èíòå-
ãðàëüíûõ óðàâíåíèé, âîçíèêàþùèõ íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà (3.4).

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé I ðîäà ñëåäóþùåãî âèäà:

n∑
j=1

αj(t)∫
αj−1(t)

h1(t, s)xj(s)ds = f1(t),

n∑
j=1

αj(t)∫
αj−1(t)

h2(t, s)xj(s)ds = f2(t),

...
n∑

j=1

αj(t)∫
αj−1(t)

hn(t, s)xj(s)ds = fn(t),

(4.1)

ãäå ÿäðà hi(t, s), i = 1, n òåðïÿò êîíå÷íûå ðàçðûâû íà ëèíèÿõ αj(t), j = 1, n− 1 è èìåþò
âèä:

hi(t, s) =


Ki1 := Ki1(t, s)Gi1(s, x

0
j(s)) ïðè α0(t) ≤ s ≤ α1(t);

Ki2 := Ki2(t, s)Gi2(s, x
0
j(s)) ïðè α1(t) ≤ s ≤ α2(t);

...

Kin := Kin(t, s)Gin(s, x
0
j(s)) ïðè αn−1(t) ≤ s ≤ αn(t).

Çäåñü, êàê è ðàíåå, α0(t) ≡ 0; α0(t) < α1(t) < ... < αn(t) ≡ t; f(0) = 0. Ââåäåííûå ñ öåëüþ
óïðîùåíèÿ èçëîæåíèÿ íîâûå ÿäðà Kij(t, s) è ïðàâàÿ ÷àñòü fi(t) ÿâëÿþòñÿ íåïðåðûâíûìè
è äîñòàòî÷íî ãëàäêèìè ôóíêöèÿìè. Ôóíêöèè αj(t) ∈ C1[0, T ] è ÿâëÿþòñÿ íåóáûâàþùèìè.
Êðîìå òîãî, α′

1(0) ≤ α′
2(0) ≤ ... ≤ α′

n−1(0) < 1 . Ïîäðîáíîå òåîðåòè÷åñêîå èññëåäîâàíèå
óðàâíåíèé òàêîãî òèïà ïðîâåäåíî â êíèãå [2].

4.2. Êóñî÷íî-ïîñòîÿííàÿ àïïðîêñèìàöèÿ

Äëÿ ïîñòðîåíèÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (4.1) íà îòðåçêå [0, T ] (â óñëîâèÿõ ñó-
ùåñòâîâàíèÿ åäèíñòâåííîãî íåïðåðûâíîãî ðåøåíèÿ) ââåäåì ñåòêó óçëîâ (íåîáÿçàòåëüíî
ðàâíîìåðíóþ):

0 = t0 < t1 < t2 < ... < tN = T, h = max
j=1,N

(tj − tj−1) = O
(
N−1

)
.

Ïðèáëèæåííîå ðåøåíèå ñèñòåìû (4.1) áóäåì èñêàòü â âèäå âåêòîðà êóñî÷íî-ïîñòîÿííûõ
ôóíêöèé:

XN(t) =



N∑
j=1

xj1δj(t)

N∑
j=1

xj2δj(t)

...
N∑
j=1

xjnδj(t)


, t ∈ (0, T ], δj(t) =

{
1 ïðè t ∈ ∆j = (tj−1, tj],

0 ïðè t /∈ ∆j
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ñ íåîïðåäåëåííûìè ïîêà êîýôôèöèåíòàìè xji , i = 1, n, j = 1, N.
Äëÿ îïðåäåëåíèÿ çíà÷åíèé x0i = xi(0), i = 1, n, ïðîäèôôåðåíöèðóåì îáå ÷àñòè êàæäî-

ãî óðàâíåíèÿ ñèñòåìû (4.1) ïî t :

f ′
i(t) =

n∑
j=1

( αj(t)∫
αj−1(t)

∂Kij(t, s)

∂t
xj(s)ds+ α′

j(t)Kij(t, αj(t))xj(αj(t))−

− α′
j−1(t)Kij(t, αj−1(t))xj(αi−1(t))

)
.

Èñïîëüçóÿ ïîñëåäíåå ñîîòíîøåíèå, ïðèõîäèì ê íåîáõîäèìîñòè ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé 

n∑
j=1

K1j(0, 0)[α
′
j(0)− α′

j−1(0)]x
0
j = f ′

1(0),

n∑
j=1

K2j(0, 0)[α
′
j(0)− α′

j−1(0)]x
0
j = f ′

2(0),

...
n∑

j=1

Knj(0, 0)[α
′
j(0)− α′

j−1(0)]x
0
j = f ′

n(0)

(4.2)

îòíîñèòåëüíî çíà÷åíèé x0j , j = 1, n. Ïðåäïîëàãàåòñÿ, ÷òî êîìïîíåíòû óðàâíåíèÿ (4.1)
òàêîâû, ÷òî ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (4.2) èìååò åäèíñòâåííîå íåòðè-
âèàëüíîå ðåøåíèå.

Ââåäåì äàëåå îáîçíà÷åíèå fk
i = fi(tk), i = 1, . . . , n, k = 1, . . . , N . Äëÿ îïðåäåëåíèÿ

êîýôôèöèåíòîâ x1j çàïèøåì êàæäîå óðàâíåíèå ñèñòåìû (4.1) â òî÷êå t = t1 :

n∑
j=1

αj(t1)∫
αj−1(t1)

Kij(t1, s)xj(s)ds = f 1
i . (4.3)

Ïîñêîëüêó íà äàííîì øàãå äëèíû âñåõ îòðåçêîâ èíòåãðèðîâàíèÿ αj(t1) − αj−1(t1) â
(4.3) íå ïðåâîñõîäÿò ìàêñèìàëüíîãî øàãà ñåòêè h , à êîìïîíåíòû ïðèáëèæåííîãî ðåøå-
íèÿ ïðèíèìàþò çíà÷åíèÿ x1j , j = 1, n , òî, ïðèìåíÿÿ êâàäðàòóðíóþ ôîðìóëó ñðåäíèõ
ïðÿìîóãîëüíèêîâ, ïîëó÷èì ñèñòåìó:

n∑
j=1

(αj(t1)− αj−1(t1))Ki(t1,
αj(t1) + αj−1(t1)

2
)x1j = f 1

1 ,

n∑
j=1

(αj(t1)− αj−1(t1))Ki(t1,
αj(t1) + αj−1(t1)

2
)x1j = f 1

2 ,

...
n∑

j=1

(αj(t1)− αj−1(t1))Ki(t1,
αj(t1) + αj−1(t1)

2
)x1j = f 1

n,

èç êîòîðîé îïðåäåëÿþòñÿ çíà÷åíèÿ x1j , j = 1, n.
Îáîçíà÷èì äàëåå ÷åðåç lkj íîìåð îòðåçêà ñåòêè, íà êîòîðûé ïîïàäàåò çíà÷åíèå αj(tk),

ò. å. âûïîëíÿåòñÿ óñëîâèå tlkj−1 ≤ αj(tk) ≤ tlkj .
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Òåïåðü ïðåäïîëîæèì, ÷òî óæå íàéäåíû çíà÷åíèÿ x2j , x
3
j , ..., x

lkj−1

j , j = 1, n. Ïðåîáðàçóåì
ñèñòåìó óðàâíåíèé (4.1) è ïîòðåáóåì âûïîëíåíèÿ ðàâåíñòâ â òî÷êå t = tk :

n∑
j=1

αj(tk)∫
t
lk
j
−1

K1j(tk, s)xj(s)ds = fk
1 −

n∑
j=1

t
lk
j
−1∫

αj−1(tk)

K1j(tk, s)x
N
j (s)ds,

n∑
j=1

αj(tk)∫
t
lk
j
−1

K2j(tk, s)xj(s)ds = fk
2 −

n∑
j=1

t
lk
j
−1∫

αj−1(tk)

K2j(tk, s)x
N
j (s)ds,

...

n∑
j=1

αj(tk)∫
t
lk
j
−1

Knj(tk, s)xj(s)ds = fk
n −

n∑
j=1

t
lk
j
−1∫

αj−1(tk)

Knj(tk, s)x
N
j (s)ds.

Ñ ó÷åòîì èñïîëüçóåìîé àïïðîêñèìàöèè ïðèõîäèì ê ñëåäóþùåé ñèñòåìå óðàâíåíèé:

n∑
j=1

x
lkj
j

αj(tk)∫
t
lk
j
−1

K1j(tk, s)ds = fk
1 −

n∑
j=1

t
lk
j
−1∫

αj−1(tk)

K1j(tk, s)x
N
j (s)ds,

n∑
j=1

x
lkj
j

αj(tk)∫
t
lk
j
−1

K2j(tk, s)ds = fk
2 −

n∑
j=1

t
lk
j
−1∫

αj−1(tk)

K2j(tk, s)x
N
j (s)ds,

...

n∑
j=1

x
lkj
j

αj(tk)∫
t
lk
j
−1

Knj(tk, s)ds = fk
n −

n∑
j=1

t
lk
j
−1∫

αj−1(tk)

Knj(tk, s)x
N
j (s)ds.

(4.4)

Ïðè ýòîì äëÿ âû÷èñëåíèÿ èíòåãðàëîâ â (4.4) èñïîëüçóþòñÿ ñîñòàâíûå ôîðìóëû ñðåäíèõ
ïðÿìîóãîëüíèêîâ, ïîñòðîåííûå ïî âñïîìîãàòåëüíîé ñåòêå óçëîâ, ïðèâÿçàííîé ïðè êàæäîì
êîíêðåòíîì çíà÷åíèè N ê ëèíèÿì αi(t) ðàçðûâîâ ÿäðà K(t, s).

Î÷åâèäíî, ÷òî ïðè òàêîé àïïðîêñèìàöèè ìåòîä èìååò ïåðâûé ïîðÿäîê òî÷íîñòè, à
îöåíêó ïîãðåøíîñòè ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

εN = ∥X −XN∥C[0,T ] = O

(
1

N

)
.

Òàêæå ñëåäóåò îòìåòèòü, ÷òî ïðåäëîæåííûé ÷èñëåííûé ïîäõîä äîïóñêàåò èñïîëüçî-
âàíèå áîëåå òî÷íîé àïïðîêñèìàöèè ðåøåíèÿ. Â ÷àñòíîñòè, ïðè èñïîëüçîâàíèè êóñî÷íî-
ëèíåéíîé àïïðîêñèìàöèè ïîðÿäîê òî÷íîñòè âîçðàñòàåò íà åäèíèöó.
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