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Î ñâîéñòâàõ ðåøåíèÿ ðåêóððåíòíîãî óðàâíåíèÿ,

ïåðå÷èñëÿþùåãî ìàêñèìàëüíûå íåçàâèñèìûå ìíîæåñòâà

â ïîëíûõ äåðåâüÿõ

c⃝ Ä.Ñ. Òàëåöêèé1

Àííîòàöèÿ. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåëèíåéíîå ðåêóððåíòíîå óðàâíåíèå
âòîðîãî ïîðÿäêà, âîçíèêàþùåå ïðè àíàëèçå êîëè÷åñòâà íåçàâèñèìûõ ìíîæåñòâ â ïîëíûõ
q -àðíûõ äåðåâüÿõ. Ðàíåå áûëî äîêàçàíî, ÷òî ïðè q = 2 ðåøåíèå äàííîãî óðàâíåíèÿ èìå-
åò ïðåäåë, à ïðè ëþáîì äîñòàòî÷íî áîëüøîì q îíî ðàñïàäàåòñÿ íà òðè ñõîäÿùèåñÿ ïîäïî-
ñëåäîâàòåëüíîñòè, èíäåêñû êîòîðûõ ñîîòâåòñòâóþò êëàññàì âû÷åòîâ ïî ìîäóëþ òðè. Ðàíåå
ïðîâåäåííûé âû÷èñëèòåëüíûé ýêñïåðèìåíò ïîçâîëèë ïðåäïîëîæèòü, ÷òî ýòîò ýôôåêò èìååò
ìåñòî ïðè ëþáîì q ≥ 11 . Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ ðàñõîäèìîñòü ðåøåíèÿ ïðè ëþáîì
q ≥ 3 . Íåîáõîäèìûì óñëîâèåì îäíîâðåìåííîé ñõîäèìîñòè âñåõ òðåõ ïîäïîñëåäîâàòåëüíîñòåé
ðåøåíèÿ, èíäåêñû êîòîðûõ ñîîòâåòñòâóþò êëàññàì âû÷åòîâ ïî ìîäóëþ òðè, ÿâëÿåòñÿ ñóùå-
ñòâîâàíèå ñïåöèàëüíîãî ðåøåíèÿ íåêîòîðîé ñèñòåìû íåëèíåéíûõ óðàâíåíèé. Ïðîâåäåííûé
â íàñòîÿùåé ðàáîòå ÷èñëåííûé ïîèñê ðåøåíèé ñèñòåìû ïîêàçàë, ÷òî ïðè 3 ≤ q ≤ 9 ñîîò-
âåòñòâóþùåãî ðåøåíèÿ ñèñòåìû íå ñóùåñòâóåò. ×èñëåííî-àíàëèòè÷åñêèì îáðàçîì â äàííîé
ðàáîòå ïîêàçûâàåòñÿ íåðàñïàäàåìîñòü íà òðè ïîäïîñëåäîâàòåëüíîñòè è äëÿ q = 10 .

Êëþ÷åâûå ñëîâà: ðåêóððåíòíîå óðàâíåíèå, òåîðåìà ðàñõîäèìîñòè, âû÷èñëèòåëüíûé ýêñ-
ïåðèìåíò.

1. Ââåäåíèå

Èññëåäîâàíèþ àñèìïòîòèêè êîëè÷åñòâà íåçàâèñèìûõ ìíîæåñòâ â ãðàôàõ èç ïàðàìåò-
ðè÷åñêè çàäàííûõ êëàññîâ (â çàâèñèìîñòè îò ïàðàìåòðîâ êëàññà) ïîñâÿùåíî ìíîæåñòâî
ðàáîò ([1]�[8]). Òàê, À. Ä. Êîðøóíîâ è À. À. Ñàïîæåíêî èññëåäîâàëè àñèìïòîòèêó êîëè-
÷åñòâà íåçàâèñèìûõ ìíîæåñòâ â n -ìåðíîì êóáå [1]. Í. Êàëêèí è Ã. Âèëô îïèñàëè ñëàáóþ
àñèìïòîòèêó êîëè÷åñòâà íåçàâèñèìûõ ìíîæåñòâ â ïëîñêîé ïðÿìîóãîëüíîé ðåøåòêå [5].
Ï. Êèðøåíõîôåð, Õ. Ïðîäèíãåð è Ð. Òèøàé ðàññìàòðèâàëè ñëó÷àé ïîëíûõ q -àðíûõ äåðå-
âüåâ. Êîëè÷åñòâî íåçàâèñèìûõ ìíîæåñòâ â ïîëíîì q -àðíîì äåðåâå âûñîòû n îáîçíà÷èì
÷åðåç i(q, n) . Ï. Êèðøåíõîôåð, Õ. Ïðîäèíãåð è Ð. Òèøàé äîêàçàëè â [2] ñóùåñòâîâàíèå
òàêèõ êîíñòàíò β′

q, α
′
q, α

′
q,1, α

′
q,2 (α′

q,1 ̸= α′
q,2 ), ÷òî äëÿ ëþáîãî q ∈ 2, 4 ïðè n −→ ∞ âû-

ïîëíåíà àñèìïòîòèêà i(q, n) ∼ α′
q · (β′

q)
qn è äëÿ ëþáîãî q ≥ 5 ïðè k −→ ∞ ñïðàâåäëèâû

àñèìïòîòèêè:
i(q, 2k) ∼ α′

q,1 · (β′
q)

q2k , i(q, 2k + 1) ∼ α′
q,2 · (β′

q)
q2k+1

.

Â ðàáîòå [4] ðàññìàòðèâàëàñü âåëè÷èíà mi(q, n) � êîëè÷åñòâî ìàêñèìàëüíûõ íåçàâè-
ñèìûõ ìíîæåñòâ â ïîëíûõ q -àðíûõ äåðåâüÿõ âûñîòû n . Ñîãëàñíî äàííîìó èññëåäîâàíèþ,
äëÿ íåêîòîðûõ êîíñòàíò α2 è β2 ïðè n −→ ∞ ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî
mi(q, n) ∼ α2 · (β2)2

n
. Â ðàáîòå [4] áûëî òàêæå äîêàçàíî, ÷òî äëÿ ëþáîãî äîñòàòî÷íî áîëü-

øîãî q , íåêîòîðûõ òðåõ ïîïàðíî ðàçëè÷íûõ êîíñòàíò α
(1)
q , α

(2)
q , α

(3)
q è êîíñòàíòû bq ïðè

1 Òàëåöêèé Äìèòðèé Ñåðãååâè÷, ëàáîðàíò êàôåäðû àëãåáðû, ãåîìåòðèè è äèñêðåòíîé ìàòåìà-
òèêè, ÔÃÀÎÓ ÂÎ ¾Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. È. Ëîáà÷åâñêîãî¿ (603950,
Ðîññèÿ, ã. Íèæíèé Íîâãîðîä, ïð. Ãàãàðèíà, ä. 23), ORCID: http://orcid.org/0000-0003-0966-3903,
dmitalmail@gmail.com

Ä.Ñ. Òàëåöêèé. Î ñâîéñòâàõ ðåøåíèÿ ðåêóððåíòíîãî óðàâíåíèÿ, ïåðå÷èñëÿþùåãî . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 1 47

k −→ ∞ èìåþò ìåñòî àñèìïòîòè÷åñêèå ðàâåíñòâà:

mi(q, 3k) ∼ α(1)
q · (βq)q

3k

,mi(q, 3k + 1) ∼ α(2)
q · (βq)q

3k+1

,mi(q, 3k + 2) ∼ α(3)
q · (βq)q

3k+2

.

Ïðîâåäåííûé â [4] âû÷èñëèòåëüíûé ýêñïåðèìåíò ïîçâîëèë ïðåäïîëîæèòü, ÷òî âòîðîé
ðåçóëüòàò ñïðàâåäëèâ äëÿ ëþáîãî q ≥ 11 . Îáà ðåçóëüòàòà ïîëó÷åíû àíàëèçîì ñâîéñòâ
ðåøåíèÿ îïðåäåëåííîãî ðåêóððåíòíîãî óðàâíåíèÿ ñ íåêîòîðûìè íà÷àëüíûìè óñëîâèÿìè,
ñâÿçûâàþùåãî âåëè÷èíû mi(q, n),mi(q, n − 1) è mi(q, n − 2) . Åñëè ïðèíÿòü a(q, n) ,

mi(q, n)

(mi(q, n− 1))q
, òî äàííîå óðàâíåíèå ïðèîáðåòàåò âèä:

a(q, n) = 1
(a(q,n−1))q

+ 1− (1− 1
a(q,n−1)·(a(q,n−2))q

)q,

a(q, 1) = 2,
a(q, 2) = 1.

(1.1)

Â [4] áûëî äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü {a(2, n)} èìååò ïðåäåë è ÷òî êàæäàÿ èç
ïîñëåäîâàòåëüíîñòåé {a(q, 3k)}, {a(q, 3k + 1)}, {a(q, 3k + 2)} òàêæå èìååò ñâîé ïðåäåë ïðè
ëþáîì äîñòàòî÷íî áîëüøîì q . Èç ýòîãî óòâåðæäåíèÿ ñëåäóþò ðåçóëüòàòû, óïîìÿíóòûå â
ïðåäûäóùåì àáçàöå. Îäíàêî â ðàáîòå [4] íå èññëåäîâàëîñü ïîâåäåíèå ïîñëåäîâàòåëüíîñòè
{a(q, n)} ïðè ìàëûõ q . Â íàñòîÿùåé ðàáîòå ìû ïîêàçûâàåì, ÷òî ïðè ëþáîì q ≥ 3 ïî-
ñëåäîâàòåëüíîñòü {a(q, n)} íå èìååò ïðåäåëà, à ñëåäîâàòåëüíî íå ñóùåñòâóåò êîíñòàíò α′′

q

è b′′q òàêèõ, ÷òî mi(q, n) ∼ α′′
q · (β′′

q )
qn . Ýòî ïåðâûé îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáî-

òû. Íåîáõîäèìûì óñëîâèåì îäíîâðåìåííîé ñõîäèìîñòè âñåõ òðåõ ïîäïîñëåäîâàòåëüíîñòåé
{a(q, 3k)}, {a(q, 3k+1)}, {a(q, 3k+2)} ÿâëÿåòñÿ ñóùåñòâîâàíèå ñïåöèàëüíîãî ðåøåíèÿ íåêî-
òîðîé ñèñòåìû íåëèíåéíûõ óðàâíåíèé. Ïðîâåäåííûé â íàñòîÿùåé ðàáîòå ÷èñëåííûé ïîèñê
ðåøåíèé äàííîé ñèñòåìû ïîêàçàë, ÷òî ïðè 3 ≤ q ≤ 9 ñîîòâåòñòâóþùåãî ðåøåíèÿ íå ñóùå-
ñòâóåò. Ïîýòîìó äëÿ òàêèõ çíà÷åíèé q íå ñóùåñòâóåò òðåõ ïîïàðíî ðàçëè÷íûõ êîíñòàíò
α
(I)
q , α

(II)
q , α

(III)
q è êîíñòàíòû b′′′q òàêèõ, ÷òî ïðè k −→ ∞ èìåþò ìåñòî àñèìïòîòè÷åñêèå

ðàâåíñòâà:

mi(q, 3k) ∼ α(I)
q · (β′′′

q )
q3k ,mi(q, 3k + 1) ∼ α(II)

q · (β′′′
q )

q3k+1

,mi(q, 3k + 2) ∼ α(III)
q · (β′′′

q )
q3k+2

.

Äîïîëíèòåëüíûå ÷èñëåííî-àíàëèòè÷åñêèå ðàññóæäåíèÿ ïîêàçàëè, ÷òî äàííîå óòâåð-
æäåíèå ñïðàâåäëèâî òàêæå äëÿ q = 10 . Ïîëó÷åííûå ðåçóëüòàòû ñîñòàâëÿþò âòîðîé îñ-
íîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû.

2. Î ðàñõîäèìîñòè ïîñëåäîâàòåëüíîñòè a(q, n) ïðè q ≥ 3

Â äàííîì ðàçäåëå äîêàæåì, ÷òî ïðè ëþáîì q ≥ 3 ïîñëåäîâàòåëüíîñòü {a(q, n)} íå
èìååò ïðåäåëà. Ââåäåì îáîçíà÷åíèå: f(t1, t2) , 1

tq1
+1− (1− 1

t1t
q
2
)q . Îòìåòèì, ÷òî â ñïèñêàõ

àðãóìåíòîâ ôóíêöèé ìû íå áóäåì ÿâíî óêàçûâàòü àðãóìåíò q . Òîãäà ñîîòíîøåíèå 1.1
èìååò âèä: a(q, n) = f(a(q, n − 1), a(q, n − 2)) . Ñîãëàñíî ðàáîòå [4] äîêàçàíî, ÷òî 1 ≤
a(q, n) ≤ 2 äëÿ ëþáûõ q ≥ 2 è n , ïîýòîìó äàëåå áóäåì ðàññìàòðèâàòü ôóíêöèþ f(t1, t2)
òîëüêî íà ìíîæåñòâå {(t1, t2) : (t1, t2) ∈ [1, 2]2, f(t1, t2) ≥ 1} .

×àñòíûå ïðîèçâîäíûå ôóíêöèè f(t1, t2) èìåþò âèä:

f ′
t1
(t1, t2) = − q

tq+1
1

− q · (1− 1
t1t

q
2
)q−1 · 1

t21t
q
2
,

f ′
t2
(t1, t2) = −q · (1− 1

t1t
q
2
)q−1 · q

t1t
q+1
2

.
(2.1)

Ïîñêîëüêó ÷àñòíûå ïðîèçâîäíûå ôóíêöèè f(t1, t2) îòðèöàòåëüíû ïðè ïîëîæèòåëüíûõ
t1 è t2 , òî ôóíêöèÿ f(t1, t2) óáûâàåò â ïåðâîì êâàäðàíòå. Âìåñòå ñ òåì f(1, 1) = 2 è

Ä.Ñ. Òàëåöêèé. Î ñâîéñòâàõ ðåøåíèÿ ðåêóððåíòíîãî óðàâíåíèÿ, ïåðå÷èñëÿþùåãî . . .



48 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 1

f(2, 2) < 2 äëÿ ëþáîãî q ≥ 2 . Ïîýòîìó óðàâíåíèå f(t, t) = t èìååò åäèíñòâåííîå ðåøåíèå
íà ìíîæåñòâå [1,2], êîòîðîå ìû îáîçíà÷èì ÷åðåç Lq . Î÷åâèäíî, ÷òî 1 < Lq < 2 . Íå
ñóùåñòâóåò òàêîãî n , ÷òî âûïîëíåíî ðàâåíñòâî a(q, n+1) = a(q, n) = Lq . Äåéñòâèòåëüíî,
èíà÷å Lq = f(Lq, a(q, n− 1)) , îòêóäà ïî ôîðìóëàì 2.1 ñëåäîâàëî áû, ÷òî a(q, n− 1) = Lq

è ïîýòîìó a(q, 1) = a(q, 2) . Äàííîå ðàâåíñòâî íå âîçìîæíî.
Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì q ≥ 3 ïîñëåäîâàòåëüíîñòü {a(q, n)} èìååò ïðåäåë.

Òîãäà îí äîëæåí áûòü ðåøåíèåì óðàâíåíèÿ f(t, t) = t , ò.å. ñîâïàäàòü ñ Lq .
Ââåäåì îáîçíà÷åíèÿ:

Aq , f ′
t1
(Lq, Lq) = − q

Lq+1
q

− q · (1− 1

Lq+1
q

)q−1 · 1

Lq+2
q
,

Bq , f ′
t2
(Lq, Lq) = −q2 · (1− 1

Lq+1
q

)q−1 · 1

Lq+2
q
,

Tq , 1− 1

Lq+1
q
.

Òîãäà ðàâåíñòâî f(Lq, Lq) = Lq ïåðåïèøåòñÿ ñëåäóþùèì îáðàçîì:T
q
q + Lq · Tq = 1

Tq = 1− 1

Lq+1
q

.
(2.2)

Ë å ì ì à 2.1 Ïðè ëþáîì q ≥ 3 ñïðàâåäëèâû íåðàâåíñòâà Bq < −1 è Bq < Aq+1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Êîìïüþòåðíûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî âåðíû ðàâåíñòâà:

L3 = 1.265..., L4 = 1.238..., L5 = 1.216...,

A3 = −1.515..., A4 = −1.689..., A5 = −1.836...,

B3 = −1.032..., B4 = −1.255..., B5 = −1.447...

Î÷åâèäíî, ÷òî óòâåðæäåíèå ëåììû âåðíî ïðè 3 ≤ q ≤ 5 . Ïðåäïîëîæèì, ÷òî q ≥ 6 .

Ïóñòü λ = 1.432... � ðåøåíèå óðàâíåíèÿ λ · eλ = 6 . Î÷åâèäíî, ÷òî |Bq| = q2 ·
T q−1
q

Lq+2
q

.

Ïðåäïîëîæèì, ÷òî Tq ≥ 1− λ

q
. Èç âòîðîãî ðàâåíñòâà ñèñòåìû 2.2, íåðàâåíñòâà Áåðíóëëè

T q
q > 1 − q

Lq+1
q

è íåðàâåíñòâà (1 − 1/x)x >
1

e
, âåðíîãî äëÿ ëþáîãî x > 1 , ñëåäóåò, ÷òî

ñïðàâåäëèâî íåðàâåíñòâî:

1

eλ
+ 1− λ

q
< max

((
1− λ

q

)q

+ 1− λ

q
, 1− q

Lq+1
q

+ Lq · Tq
)

≤ T q
q + Lq · Tq = 1,

îòêóäà q < λ ·eλ = 6 . Ïîýòîìó Tq < 1− λ

q
. Òîãäà

1

Lq+1
q

>
λ

q
è |Bq| > λ ·q ·

T q−1
q

Lq

. Ïîêàæåì,

÷òî λ · q ·
T q−1
q

Lq

> 1 . Ïðåäïîëîæèì ïðîòèâíîå: T q
q ≤ Lq · Tq

λ · q
. Îòñþäà è ïåðâîãî ðàâåíñòâà

ñèñòåìû (2.2) ñëåäóåò, ÷òî Lq · Tq · (1 +
1

λ · q
) ≥ 1 , ò. å.

Lq · Tq ≥
λ · q

1 + λ · q
= 1− 1

λ · q + 1
> 1− 1

λ · q
.
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Òîãäà èç ïîñëåäíåãî íåðàâåíñòâà è ïåðâîãî ðàâåíñòâà ñèñòåìû (2.2) ñëåäóåò, ÷òî âû-
ïîëíåíû íåðàâåíñòâà:

T q
q <

1

λ · q
, Lq

q · T q
q >

(
1− 1

λ · q

)q

> e−
1
λ .

Ïîñêîëüêó 1

Lq+1
q

> λ
q
, òî q

λ
> Lq+1

q > Lq
q . Òîãäà

1
λ2 > Lq

q · T q
q > e−

1
λ , ò. å. λ2e−

1
λ < 1 .

Íî λ2e−
1
λ = 1.020... . Ïîëó÷àåì ïðîòèâîðå÷èå ñ ïðåäïîëîæåíèåì. Ïîýòîìó íåðàâåíñòâî

Bq < −1 âûïîëíåíî äëÿ ëþáîãî q ≥ 3 .

Î÷åâèäíî, ÷òî Aq = − q

Lq+1
q

+ Bq

q
è ïîýòîìó íåðàâåíñòâî Bq < 1 + Aq ðàâíîñèëüíî

íåðàâåíñòâó:

q · (q − 1) · T q−1
q

Lq+2
q

>
q

Lq+1
q

− 1. (2.3)

Ïðåäïîëîæèì, ÷òî íåðàâåíñòâî (2.3) íå âûïîëíÿåòñÿ. Òîãäà âûïîëíåíû íåðàâåíñòâà:

q · (q − 1) · T q−1
q

Lq+2
q

≤ q

Lq+1
q

, T q
q ≤ Lq · Tq

q − 1
.

Îòñþäà è âòîðîãî ðàâåíñòâà ñèñòåìû (2.2) ñëåäóåò, ÷òî âûïîëíåíî íåðàâåíñòâî Lq ·Tq ≥
(1− 1

q
) . Íî òîãäà âûïîëíåíû íåðàâåíñòâà:

Lq−1
q · T q−1

q ≥ (1− 1

q
)q−1 ≥ (1− 1

q − 1
)q−1 >

1

e
,

ò. å. T q−1
q >

1

e · Lq−1
q

. Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò âûïîëíåíèå íåðàâåíñòâ:

q · (q − 1) · T q−1
q

Lq+2
q

>
q · (q − 1)

e · L2q+1
q

>
q · (q − 1)

e · L2q+2
q

.

Ïðîâåðèì, ÷òî âûïîëíåíî íåðàâåíñòâî
q · (q − 1)

e · L2q+2
q

>
q

Lq+1
q

− 1 . Ðàññìîòðèì ôóíêöèþ

g(t) , q · (q − 1)

e
· t2 − q · t+1 . Ôóíêöèÿ g(t) ÿâëÿåòñÿ êâàäðàòíûì òðåõ÷ëåíîì ñ ïîëîæè-

òåëüíûì ñòàðøèì êîýôôèöèåíòîì. Óðàâíåíèå g(t) = 0 íå èìååò âåùåñòâåííûõ êîðíåé,

ïîñêîëüêó ñîîòâåòñòâóþùèé äèñêðèìèíàíò ðàâåí q2 − 4

e
· q · (q − 1) , êîòîðûé ÿâëÿåòñÿ

îòðèöàòåëüíûì ïðè ëþáîì q ≥ 4 . Òîãäà g(t) > 0 äëÿ ëþáîãî t . Çàìåòèì, ÷òî

g

(
1

Lq+1
q

)
=
q · (q − 1)

e · L2q+2
q

− q

Lq+1
q

+ 1 > 0.

Ïîýòîìó ïðåäïîëîæåíèå áûëî íåâåðíûì è âûïîëíÿåòñÿ íåðàâåíñòâî 2.3, ò. å. íåðàâåí-
ñòâî Bq < 1 + Aq .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ë å ì ì à 2.2 Ïóñòü zq,1, zq,2 � êîðíè óðàâíåíèÿ z2 = Aq · z + Bq , âîçìîæíî,
êîìïëåêñíûå. Òîãäà âûïîëíåíî íåðàâåíñòâî min(|zq,1|, |zq,2|) > 1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå z2 − Aq · z − Bq = 0 èìååò êîýôôèöèåíòû
Aq < 0 è Bq < −1 , ñîãëàñíî ïðåäûäóùåé ëåììå. Äèñêðèìèíàíò Dq ýòîãî óðàâíåíèÿ
ðàâåí A2

q + 4 ·Bq . Åñëè Dq ≥ 0 , òî A2
q ≥ −4 ·Bq > 4 , ò. å. Aq < −2 . Òîãäà
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zq,1 =
Aq −

√
Dq

2
, zq,2 =

Aq +
√
Dq

2
, zq,1 ≤ zq,2.

Ïîñêîëüêó Bq < Aq+1 , ñîãëàñíî ïðåäûäóùåé ëåììå, òî âûïîëíåíî íåðàâåíñòâî zq,2 <
−1 . Åñëè Dq < 0 , òî ñïðàâåäëèâû ðàâåíñòâà:

|Dq| = −A2
q − 4 ·Bq, zq,1 =

Aq −
√
|Dq| · i

2
, zq,2 =

Aq +
√

|Dq| · i
2

.

Òîãäà |zq,1| = |zq,2| = −Bq > 1 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 2.1 Äëÿ ëþáîãî q ≥ 3 ïîñëåäîâàòåëüíîñòü {a(q, n)} íå èìååò
ïðåäåëà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü ϵq(n) , a(q, n)− Lq . Òîãäà
ϵq(n) −→ 0 , êîãäà n −→ ∞ , ïðè÷åì ïîñëåäîâàòåëüíîñòü {ϵq(n)} íå ñîäåðæèò äâóõ ïîäðÿä
èäóùèõ íóëåé. Èç ôîðìóëû Òåéëîðà ñëåäóåò, ÷òî

ϵq(n) = Aq · ϵq(n− 1) +Bq · ϵq(n− 2) +O(ϵ2q(n− 1) + ϵ2q(n− 2)).

Óðàâíåíèå bq(n) = Aq · bq(n− 1)+Bq · bq(n− 2) ñ íåòðèâèàëüíûìè íà÷àëüíûìè óñëîâèÿìè
(bq(1), bq(2)) ̸= (0, 0) èìååò õàðàêòåðèñòè÷åñêîå óðàâíåíèå z2 = Aq · z + Bq . Çíà÷èò, äëÿ
íåêîòîðûõ êîíñòàíò Cq,1, Cq,2 ñïðàâåäëèâî ðàâåíñòâî bq(n) = Cq,1 · (zq,1)n + Cq,2 · (zq,2)n .
Ïîñêîëüêó (bq(1), bq(2)) ̸= (0, 0) , òî C2

q,1 + C2
q,2 ̸= 0 . Ïîýòîìó bq(n) 9 0 ïðè n −→ ∞ .

Ïðè áîëüøèõ n çíà÷åíèå bq(n) áóäåò áëèçêî ê ϵq(n) . Çíà÷èò, ϵq(n) 9 0 ïðè n −→ ∞ .
Ïîëó÷àåì ïðîòèâîðå÷èå ñ ïðåäïîëîæåíèåì.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. ×èñëåííî-àíàëèòè÷åñêîå îáîñíîâàíèå îòñóòñòâèÿ ïðè ìàëûõ q
ïåðèîäè÷åñêèõ òî÷åê ïåðèîäà 3

Â äàííîì ðàçäåëå ìû ðàññìàòðèâàåì çíà÷åíèÿ q ∈ 3, 10 è ÷èñëåííî-àíàëèòè÷åñêè ïî-
êàçûâàåì, ÷òî ïîäïîñëåäîâàòåëüíîñòè {a(q, 3k)}, {a(q, 3k+1)}, {a(q, 3k+2)} íå ìîãóò áûòü
îäíîâðåìåííî ñõîäÿùèìèñÿ. Ïðåäïîëîæèì ïðîòèâíîå, ò. å. ÷òî îäíîâðåìåííî âûïîëíåíû
ïðåäåëüíûå ïåðåõîäû:

a(q, 3k + 1) −→ z∗q , a(q, 3k + 2) −→ x∗q, a(q, 3k + 3) −→ y∗q .

Î÷åâèäíî, ÷òî (x∗q, y
∗
q , z

∗
q ) ̸= [1, 2]3 \ {(Lq, Lq, Lq)} � ðåøåíèå ñëåäóþùåé ñèñòåìû íåëè-

íåéíûõ óðàâíåíèé: 
x = f(z, y),

y = f(x, z),

z = f(y, x).

(3.4)

Ìû áóäåì ðàáîòàòü ñî ñëåäóþùåé ñèñòåìîé óðàâíåíèé, êîòîðàÿ ÿâëÿåòñÿ ñëåäñòâèåì
ñèñòåìû (3.4), è ÷èñëåííî èñêàòü âñå åå ðåøåíèÿ íà ìíîæåñòâå [0, 2]2 :{

x = f(f(y, x), y),

y = f(x, f(y, x)).
(3.5)
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Ñèñòåìó (3.5) áóäåì ÷èñëåííî ðåøàòü ñëåäóþùèì îáðàçîì. Íà êâàäðàòå [0, 2]2 ââåäåì
ñåòêó 1000×1000 è áóäåì èñêàòü òî÷êè äàííîé ñåòêè, ïðèíàäëåæàùèå ìíîæåñòâó [0, 2]2 \
[Lq −

1

10
, Lq +

1

10
]2 , â êîòîðûõ íåâÿçêà ñèñòåìû 3.5 áëèçêà ê ìèíèìàëüíîé. Íà êâàäðàòå

[Lq −
1

10
, Lq +

1

10
]2 îïÿòü íàëîæèì ñåòêó 1000× 1000 è áóäåì èñêàòü òî÷êè äàííîé ñåòêè,

â êîòîðûõ íåâÿçêà ñèñòåìû (3.5) áëèçêà ê ìèíèìàëüíîé. Ïðîâåäåííûé âû÷èñëèòåëüíûé
ýêñïåðèìåíò ïîêàçàë, ÷òî ðåøåíèÿ ñèñòåìû 3.4 èìåþò ñëåäóþùèé âèä:

Òàáëèöà 1: Ðåøåíèÿ ñèñòåìû 3.4.
q Ðåøåíèÿ ñèñòåìû 3.4

3 (1.265..., 1.265..., 1.265...) = (L3, L3, L3)
4 (1.238..., 1.238..., 1.238...) = (L4, L4, L4)
5 (1.216..., 1.216..., 1.216...) = (L5, L5, L5)
6 (1.198..., 1.198..., 1.198...) = (L6, L6, L6)
7 (1.183..., 1.183..., 1.183...) = (L7, L7, L7)
8 (1.171..., 1.171..., 1.171...) = (L8, L8, L8)
9 (1.160..., 1.160..., 1.160...) = (L9, L9, L9)
10 (1.151..., 1.151..., 1.151...) = (L10, L10, L10)

(1.001..., 1.034..., 1.715...), (1.715..., 1.001..., 1.034...), (1.034..., 1.715..., 1.001...)

Èç ïðîâåäåííîãî ýêñïåðèìåíòà âèäíî, ÷òî ïðè ëþáîì q ∈ 3, 9 òî÷êè (x∗q, y
∗
q , z

∗
q ) íå

ñóùåñòâóåò. Çíà÷èò, ïðè âñåõ òàêèõ q ïîäïîñëåäîâàòåëüíîñòè {a(q, 3k)}, {a(q, 3k + 1)} ,
{a(q, 3k + 2)} íå ìîãóò áûòü îäíîâðåìåííî ñõîäÿùèìèñÿ.

Îïðåäåëèì ïàðàìåòðû:

ζq,k , a(q, 3k + 1)− z∗q , θq,k , a(q, 3k + 3)− y∗q .

Â ðàáîòå [4] áûëà ïîêàçàíà ñïðàâåäëèâîñòü ñëåäóþùåãî ðàâåíñòâà:(
ζq,k+1

θq,k

)
= Mq ·

(
ζq,k
θq,k−1

)
+O(ζ2q,k + θ2q,k−1),

ãäå Mq ,
(
M

(1,1)
q M

(1,2)
q

M
(2,1)
q M

(2,2)
q

)
è êîýôôèöèåíòû M

(1,1)
q ,M

(1,2)
q ,M

(2,1)
q ,M

(2,2)
q îïðåäåëÿþòñÿ

ñëåäóþùèì îáðàçîì:

M (1,1)
q , f ′

t1
(y∗q , x

∗
q) · f ′

t1
(x∗q, z

∗
q ) · f ′

t1
(z∗q , y

∗
q ) + f ′

t1
(y∗q , x

∗
q) · f ′

t2
(x∗q, z

∗
q ) + f ′

t1
(z∗q , y

∗
q ) · f ′

t2
(y∗q , x

∗
q)

M (1,2)
q , f ′

t1
(y∗q , x

∗
q) · f ′

t1
(x∗q, z

∗
q ) · f ′

t2
(z∗q , y

∗
q ) + f ′

t2
(y∗q , x

∗
q) · f ′

t2
(z∗q , y

∗
q )

M (2,1)
q , f ′

t1
(x∗q, z

∗
q ) · f ′

t1
(z∗q , y

∗
q ) + f ′

t2
(x∗q, z

∗
q )

M (2,2)
q , f ′

t1
(x∗q, z

∗
q ) · f ′

t2
(z∗q , y

∗
q )

Äàëåå ïðèìåì q = 10 è âû÷èñëèì îáå ÷àñòíûå ïðîèçâîäíûå ôóíêöèè f(t1, t2) â òðåõ
òî÷êàõ. Â òî÷êå (x∗10, y

∗
10, z

∗
10) = (1.001..., 1.034..., 1.715...) îíè ðàâíû:

f ′
t1
(x∗q, z

∗
q ) = −9.934..., f ′

t1
(z∗q , y

∗
q ) = −0.045..., f ′

t1
(y∗q , x

∗
q) = −6.922...,

f ′
t2
(x∗q, z

∗
q ) = −0.254..., f ′

t2
(z∗q , y

∗
q ) = −0.312..., f ′

t2
(y∗q , x

∗
q) = 0.000...;

â òî÷êå (x∗10, y
∗
10, z

∗
10) = (1.715..., 1.001..., 1.034...) îíè ðàâíû:

f ′
t1
(x∗q, z

∗
q ) = −6.922..., f ′

t1
(z∗q , y

∗
q ) = −9.934..., f ′

t1
(y∗q , x

∗
q) = −0.045...,

f ′
t2
(x∗q, z

∗
q ) = 0.000..., f ′

t2
(z∗q , y

∗
q ) = −0.254..., f ′

t2
(y∗q , x

∗
q) = −0.312...;
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â òî÷êå (x∗10, y
∗
10, z

∗
10) = (1.034..., 1.715..., 1.001...) îíè ðàâíû:

f ′
t1
(x∗q, z

∗
q ) = −0.045..., f ′

t1
(z∗q , y

∗
q ) = −6.922..., f ′

t1
(y∗q , x

∗
q) = −9.934...,

f ′
t2
(x∗q, z

∗
q ) = −0.312..., f ′

t2
(z∗q , y

∗
q ) = 0.000..., f ′

t2
(y∗q , x

∗
q) = −0.254...;

Â ïåðâîì ñëó÷àå M10 =

(
−1.336... −21.454
0.193... 3.099...

)
, âî âòîðîì M10 =(

−0.005... 0.0001...
68.763... 1.758...

)
, à â òðåòüåì M10 =

(
1.763... 0.000...
−0.312... 0.000...

)
. Â ïåðâîì ñëó÷àå

ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû M10 ðàâíû 1.762... è 0.0002..., âî âòîðîì � 1.761... è
-0.008..., à â òðåòüåì � 1.763... è 0.000...

Ïðè áîëüøèõ çíà÷åíèÿõ k ïàðà (ζ10,k+1, θ10,k) áóäåò áëèçêà ê ïàðå (xk+1, yk) �

ðåøåíèþ ñèñòåìû

(
xk+1

yk

)
= M10 ·

(
xk
yk−1

)
ñ íåêîòîðûìè íà÷àëüíûìè óñëîâèÿìè. Îáùèì

ðåøåíèåì äàííîé ñèñòåìû áóäåò

(
xk+1

yk

)
= C1 · λk1 · v1 + C2 · λk2 · v2 , ãäå λ1 > 1, λ2

� ñîáñòâåííûå ÷èñëà ìàòðèöû M10 , à v1,v2 � åå ñîáñòâåííûå âåêòîðû. Åñëè äëÿ

íåêîòîðûõ íà÷àëüíûõ óñëîâèé C1 = 0 , òî íîðìà âåêòîðà

(
xk+1

yk

)
áóäåò ýêñïîíåíöèàëüíî

áûñòðî ñõîäèòüñÿ ê íóëþ, à ñëåäîâàòåëüíî íîðìà âåêòîðà

(
ζ10,k+1

θ10,k

)
òàêæå äîëæíà

ýêñïîíåíöèàëüíî áûñòðî ñõîäèòüñÿ ê íóëþ. Ïðîâåäåííûé â ðàáîòå [4] âû÷èñëèòåëüíûé

ýêñïåðèìåíò ïîêàçàë, ÷òî ýòî íå òàê. Ïîýòîìó C1 ̸= 0 . Çíà÷èò, íîðìà âåêòîðà

(
xk+1

yk

)
íå

áóäåò ñòðåìèòüñÿ ê íóëþ, è ïîýòîìó ëèáî a(10, 3k + 1) 9 z∗10 , ëèáî a(10, 3k + 2) 9 x∗10 ,
ëèáî a(10, 3k + 3) 9 y∗10 .

Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ðîññèéñêîãî íà-
ó÷íîãî ôîíäà â ðàìêàõ íàó÷íîãî ïðîåêòà � 17-11-01336.
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On properties of solution of a reccurent equation

appearing in enumeration of maximal independent sets in

complete trees

c⃝ D. S. Taletskii2

Abstract. The article considers a second-order nonlinear recurrent equation arising in analysis of
the independent sets' quantity in complete q -ary trees. We proved earlier that for q = 2 its solution
has a limit and for any su�ciently large q the solution splits into three converging subsequences
with indices corresponding to the residue classes modulo 3. Computational experiment allowed
to assume that this e�ect holds for any q ≥ 11 . The present paper proves divergence of the
solution for any q ≥ 3 . The necessary condition for simultaneous convergence of all subsequences
of the solution, with indices corresponding to the residue classes modulo 3, is the existence of a
special solution of some nonlinear equations' system. Numerical search for solutions of the system,
conducted in the present paper, showed that there is no corresponding solution of the system for
any 3 ≤ q ≤ 9 . We numerically and analytically show that the non-disintegrability into three
subsequences takes place also for q = 10 .

Key Words: recurrent equation, divergence theorem, computational experiment.
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