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Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî ïî-
ëîæåíèÿ ïîêîÿ äëÿ îäíîðîäíûõ íåñòàöèîíàðíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ âîçìóùåíèÿìè â âèäå èñ÷åçàþùèõ ñî âðåìåíåì ôóíêöèé. Ìåòîä äîêàçàòåëü-
ñòâà îñíîâàí íà ïîñòðîåíèè ôóíêöèè Ëÿïóíîâà, êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì äîêàçàííîé
Â. È. Çóáîâûì òåîðåìû î ñóùåñòâîâàíèè àñèìïòîòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ. Ðàññìîòðåí
ïðèìåð ñèñòåìû íåëèíåéíûõ è íåñòàöèîíàðíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé, êîòîðûé èëëþñòðèðóåò ïîëó÷åííûå ðåçóëüòàòû.
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íåñòàöèîíàðíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ,
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1. Ââåäåíèå

Ïîíÿòèå àñèìïòîòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ áûëî ââåäåíî Â. È. Çóáîâûì â ðàáîòå [1].
Ïðè èññëåäîâàíèè ñèñòåì, íå èìåþùèõ íóëåâîãî ðåøåíèÿ, àêòóàëüíûì ÿâëÿåòñÿ èçó÷åíèå
ïîâåäåíèÿ ðåøåíèé, íà÷èíàþùèõñÿ â äîñòàòî÷íî ìàëîé îêðåñòíîñòè íóëÿ. Áûëè ïîëó÷åíû
äîñòàòî÷íûå óñëîâèÿ [1]�[2] äëÿ óêàçàííûõ ñèñòåì è ðàññìîòðåí ñëó÷àé ñèñòåìû ñòàöèî-
íàðíûõ îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîä âîçäåéñòâèåì ñòðåìÿùåéñÿ ê íóëþ
ôóíêöèè. Íåñòàöèîíàðíûå îäíîðîäíûå ñèñòåìû, äëÿ êîòîðûõ ñóùåñòâóåò ñðåäíåå, áûëè
ðàññìîòðåíû â ðàáîòàõ [3]�[4]. Äëÿ äàííûõ ñèñòåì áûëè ïðèâåäåíû [5] äîñòàòî÷íûå óñëî-
âèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ ïîä âîçäåéñòâèåì àíàëîãè÷íûõ
âîçìóùåíèé. Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû îáîáùåíèÿ ðàíåå ïîëó÷åííûõ ðåçóëüòàòîâ
íà ñëó÷àé áîëåå øèðîêîãî êëàññà âîçìóùàþùèõ ôóíêöèé; ïîëó÷åíû äîñòàòî÷íûå óñëî-
âèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ äëÿ ñèñòåì ñ ìàëûì ïàðàìåòðîì.
Ðàññìîòðåí ïðèìåð, ïîêàçûâàþùèé ðîëü ìàëîãî ïàðàìåòðà â ïîâåäåíèè ðåøåíèé.
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2. Ïîñòàíîâêà çàäà÷è

Ïðèâåäåì îïðåäåëåíèå àñèìïòîòè÷åñêîãî ïîëîæåíèÿ ïîêîÿ [1].

Î ï ð å ä å ë å í è å 2.1 Ïîëîæåíèå x = 0 áóäåì íàçûâàòü àñèìïòîòè÷åñêèì
ïîëîæåíèåì ïîêîÿ äëÿ ñèñòåìû òðàåêòîðèé, îïðåäåëÿåìûõ äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè

ẋ = F (t, x), (2.1)

åñëè ñóùåñòâóåò íåêîòîðàÿ îêðåñòíîñòü ïîëîæåíèÿ x = 0, ∥x∥ < ε òàêàÿ, ÷òî ëþáîå
ðåøåíèå

x = x(t, x0, t0)

ñèñòåìû (2.1), íà÷èíàþùååñÿ â ýòîé îêðåñòíîñòè ïðè t = t0 , t0 > 0 , áóäåò îãðàíè÷åíî
ïðè t > t0 , à, êðîìå òîãî,

∥x(t, x0, t0)∥ → 0 ïðè t→ +∞.

Ðàññìîòðèì äâå ñèñòåìû ñëåäóþùåãî âèäà:

ẋ = F µ(t, x) +G(t, x), (2.2)

ẋ = F µ(t, x) + νG(t, x), (2.3)

ãäå F µ(t, x) � îäíîðîäíàÿ ïî x ôóíêöèÿ ïîðÿäêà µ > 1, îïðåäåëåííàÿ ïðè t ∈ [0,+∞)
è x ∈ En. Áóäåì ñ÷èòàòü, ÷òî âåùåñòâåííàÿ ôóíêöèÿ G(t, x) çàäàíà è íåïðåðûâíà ïî
t, íåïðåðûâíî äèôôåðåíöèðóåìà ïî x ïðè t ∈ [0,+∞) è x ∈ En, ν � âåùåñòâåííàÿ
ïîñòîÿííàÿ. Êðîìå òîãî,

G(t, x)
x

⇒
t→+∞

0 (2.4)

âî âñÿêîé îãðàíè÷åííîé îáëàñòè, ñîäåðæàùåé òî÷êó x = 0 . Íåâîçìóùåííîé ñèñòåìîé äëÿ
(2.2) è (2.3) áóäåì íàçûâàòü

ẋ = F µ(t, x). (2.5)

Ñäåëàåì íåêîòîðûå äîïîëíèòåëüíûå ïðåäïîëîæåíèÿ îòíîñèòåëüíî ôóíêöèè F µ(t, x).
Ïóñòü îíà ÿâëÿåòñÿ íåïðåðûâíîé ïî t è íåïðåðûâíî äèôôåðåíöèðóåìîé ïî x . Êðîìå
òîãî, íàéäóòñÿ ïîñòîÿííûå α > 0 è βi > 0 , i = 1, ..., n, òàêèå, ÷òî ïðè ëþáûõ t è x èç
îáëàñòè îïðåäåëåíèÿ âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà

∥F µ(t, x)∥ ≤ α∥x∥µ, (2.6)∥∥∥∥∂F µ(t, x)

∂xi

∥∥∥∥ ≤ βi∥x∥µ−1. (2.7)

Òàêæå áóäåì ñ÷èòàòü, ÷òî äëÿ ôóíêöèè F µ(t, x) ñóùåñòâóåò ñðåäíåå

F̃ µ(x) = lim
T→+∞

1

T

t+T∫
t

F µ(τ, x)dτ, (2.8)

ïðè÷åì èìååò ìåñòî ðàâíîìåðíàÿ ñõîäèìîñòü ïî (t, x) ∈ [0,+∞) × {∥x∥ ≤ 1} . Â ýòîì
ñëó÷àå óñðåäíåííàÿ ñèñòåìà äëÿ íåâîçìóùåííîé ñèñòåìû (2.5) áóäåò èìåòü âèä

ẋ = F̃ µ(x). (2.9)
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Äàëåå ïðåäïîëîæèì, ÷òî ôóíêöèÿ F̃ µ(x) ÿâëÿåòñÿ äâàæäû íåïðåðûâíî äèôôåðåí-
öèðóåìîé, à ñèñòåìà (2.9) àñèìïòîòè÷åñêè óñòîé÷èâà ïî Ëÿïóíîâó. Â ýòîì ñëó÷àå [6] äëÿ
äàííîé ñèñòåìû íàéäåòñÿ ôóíêöèÿ Ëÿïóíîâà, íåïðåðûâíî äèôôåðåíöèðóåìàÿ ñòîëüêî æå
ðàç, êàê è ôóíêöèÿ F̃ µ(x).

Äëÿ òîãî ÷òîáû ñèñòåìà (2.1) èìåëà àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ, íåîáõîäèìî [1],
÷òîáû âûïîëíÿëèñü óñëîâèÿ ñëåäóþùåé òåîðåìû.

Ò å î ð å ì à 2.1 Åñëè:
1) íàéäåòñÿ ôóíêöèÿ V (t, x1, . . . , xn) � ïîëîæèòåëüíî-îïðåäåëåííàÿ è

V
t

⇒
x→0

0 ïðè t > 0;

2) ïîëíàÿ ïðîèçâîäíàÿ

dV

dt
=
∂V

∂t
+

n∑
i=1

∂V

∂xs
Fs =W +W1,

îïðåäåëÿåìàÿ â ñèëó ñèñòåìû (2.1), îáëàäàåò òàêèìè ñâîéñòâàìè: ôóíêöèÿ W =
W (t, x1, . . . , xn) � îòðèöàòåëüíî-îïðåäåëåííàÿ, ôóíêöèÿ W1 = W1(t, x1, . . . , xn) ñòðåìèò-
ñÿ ê íóëþ ïðè t → +∞ ðàâíîìåðíî îòíîñèòåëüíî x1, . . . , xn âî âñÿêîé îãðàíè÷åííîé
îáëàñòè, ñîäåðæàùåé òî÷êó x = 0;

3) ñóùåñòâóþò ÷èñëà ε1 > 0, ε2 > 0, ε1 < ε2 òàêèå, ÷òî

inf
∥x∥=ε2

V (t, x) > sup
∥x∥=ε1

V (t, x) äëÿ âñåõ t > 0

è W +W1 < 0 ïðè ε1 6 ∥x∥ < ε2, t > 0, òî ïîëîæåíèå x = 0 åñòü àñèìïòîòè÷åñêîå
ïîëîæåíèå ïîêîÿ.

Òàêæå äëÿ äîêàçàòåëüñòâà ïîòðåáóåòñÿ ñëåäóþùàÿ ëåììà.

Ë å ì ì à 2.1 [4] Åñëè äëÿ îïðåäåëåííîé, êóñî÷íî íåïðåðûâíîé ïî t ∈ (−∞,+∞),
íåïðåðûâíîé ïî x ∈ En è îäíîðîäíîé ïî x ïîðÿäêà îäíîðîäíîñòè µ > 1 ôóíêöèè fµ(t, x)
âûïîëíåíû óñëîâèÿ:

|fµ(t, x)| ≤M∥x∥µ,

ãäå M � íåîòðèöàòåëüíàÿ ïîñòîÿííàÿ;

1

T

t+T∫
t

fµ(τ, x)dτ → 0 ïðè T → +∞ (2.10)

ðàâíîìåðíî ïî (t, x) ∈ (−∞,+∞)× {∥x∥ ≤ 1} , òî áóäåò âåðíà îöåíêà∣∣∣∣∣∣ε
t∫

−∞

e−ε(t−τ)fµ(τ, x)dτ

∣∣∣∣∣∣ ≤ φ(ε) ∥x∥µ , (2.11)

ãäå φ(ε) ≥ 0 è φ(ε) → 0 ïðè ε→ 0.
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3. Äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ àñèìïòîòè÷åñêîãî ïîëî-

æåíèÿ ïîêîÿ

Ò å î ð å ì à 3.1 Åñëè íóëåâîå ðåøåíèå ñèñòåìû (2.9) àñèìïòîòè÷åñêè óñòîé÷è-
âî ïî Ëÿïóíîâó è âûïîëíåíû óêàçàííûå âûøå óñëîâèÿ (2.4), (2.6), (2.7) è (2.8), òî ñóùå-
ñòâóåò âåëè÷èíà ∆ > 0 òàêàÿ, ÷òî ïðè |ν| < ∆ ñèñòåìà (2.3) èìååò àñèìïòîòè÷åñêîå
ïîëîæåíèå ïîêîÿ â òî÷êå x = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñòîé÷èâîñòè óñðåäíåííîé íåâîçìóùåííîé ñèñòåìû (2.9)
ñëåäóåò [6], ÷òî ñóùåñòâóþò îäíîðîäíàÿ ïîðÿäêà m ïîëîæèòåëüíî-îïðåäåëåííàÿ ôóíê-
öèÿ Ṽ (x) è ïîëîæèòåëüíî-îïðåäåëåííàÿ îäíîðîäíàÿ ôóíêöèÿ W̃ (x) ïîðÿäêà m+ µ− 1,
ñâÿçàííûå ðàâåíñòâîì

∂Ṽ (x)

∂x
F̃ µ(x) = −W̃ (x).

Êðîìå òîãî, êàê ìû ïðåäïîëîæèëè âûøå, ôóíêöèÿ Ṽ (x) � äâàæäû íåïðåðûâíî äèô-
ôåðåíöèðóåìàÿ. Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåì ôóíêöèþ Ëÿïóíîâà, êîòîðàÿ ñòðîèòñÿ
íà îñíîâå ôóíêöèè Ëÿïóíîâà äëÿ óñðåäíåííîé ñèñòåìû

V (t, x) = Ṽ (x) +

t∫
0

e−ε(t−τ)∂Ṽ (x)

∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ .

Ïîñêîëüêó Ṽ (x) è W̃ (x) � îäíîðîäíûå ôóíêöèè ïîðÿäêîâ m è m + µ − 1 ñîîòâåò-
ñòâåííî, èìåþò ìåñòî îöåíêè:

a2∥x∥m ≥ Ṽ (x) ≥ a1∥x∥m,

b2∥x∥m+µ−1 ≥ W̃ (x) ≥ b1∥x∥m+µ−1,

ãäå a1, a2, b1, b2 � ïîëîæèòåëüíûå ïîñòîÿííûå. Èñïîëüçóÿ ýòè îöåíêè, ñâîéñòâà îäíî-
ðîäíûõ ôóíêöèé è (2.6), ïîëó÷èì ñëåäóþùåå íåðàâåíñòâî:

V (t, x) ≤ a2∥x∥m +
c

ε
∥x∥m+µ−1,

ãäå c � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Î÷åâèäíî, ÷òî V
t

⇒
x→0

0 ïðè t > 0. Äèôôåðåíöèðóÿ

V (t, x), â ñèëó ñèñòåìû (2.3), ïîëó÷èì

dV (t,x)
dt

∣∣∣
(2.3)

= ∂Ṽ (x)
∂x

F µ(t, x) + ∂Ṽ (x)
∂x

νG(t, x) + ∂Ṽ (x)
∂x

F̃ µ(x) −

−∂Ṽ (x)
∂x

F µ(t, x)− ε
t∫
0

e−ε(t−τ) ∂Ṽ (x)
∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ +

+ ∂
∂x

{
t∫
0

e−ε(t−τ) ∂Ṽ (x)
∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ

}
[F µ(t, x) + νG(t, x)] .

Óïðîñòèâ äàííîå ðàâåíñòâî, ïîëó÷èì:

dV (t,x)
dt

∣∣∣
(2.3)

= −W̃ (x) + ∂Ṽ (x)
∂x

νG(t, x)− ε
t∫
0

e−ε(t−τ) ∂Ṽ (x)
∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ +

+ ∂
∂x

{
t∫
0

e−ε(t−τ) ∂Ṽ (x)
∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ

}
[F µ(t, x) + νG(t, x)] .
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Ïðîâåðèì âûïîëíåíèå âòîðîãî óñëîâèÿ òåîðåìû:

W = −W̃ (x)− ε
t∫
0

e−ε(t−τ) ∂Ṽ (x)
∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ +

+ ∂
∂x

{
t∫
0

e−ε(t−τ) ∂Ṽ (x)
∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ

}
F µ(t, x),

W1 = ν

∂Ṽ (x)

∂x
+

∂

∂x


t∫

0

e−ε(t−τ)∂Ṽ (x)

∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ


G(t, x), (3.1)

Èñïîëüçóÿ óñëîâèÿ (2.4), (2.6) è (2.7) çàïèøåì, ÷òî W1 → 0 ðàâíîìåðíî ïî x íà ëþáîì
îãðàíè÷åííîì ìíîæåñòâå ïðè t→ +∞. Åñëè â êà÷åñòâå fm+µ−1(t, x) âçÿòü ôóíêöèþ

fm+µ−1(t, x) = 0, t < 0,

fm+µ−1(t, x) =
(

∂Ṽ
∂x

)(
F̃ µ(x)− F µ(t, x)

)
, t ≥ 0,

òî äëÿ äëÿ íåå, â ñèëó ïðåäåëüíîãî ñîîòíîøåíèÿ (2.8), ñïðàâåäëèâî óñëîâèå (2.10). Ñëåäî-
âàòåëüíî, âûïîëíåíû óñëîâèÿ ëåììû è, òàêèì îáðàçîì, èç íåðàâåíñòâà (2.11) ïîëó÷èì∣∣∣∣∣∣ε

t∫
0

e−ε(t−τ)∂Ṽ (x)

∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ

∣∣∣∣∣∣ ≤ η(ε) ∥x∥m+µ−1 → 0 ïðè ε→ 0. (3.2)

Èñïîëüçóÿ ñâîéñòâà (2.4), (2.6), ïîñòðîèì îöåíêó ñëåäóþùåãî âèäà:∣∣∣∣∣∣ ∂∂x


t∫
0

e−ε(t−τ)∂Ṽ (x)

∂x

[
F̃ µ(x)− F µ(τ, x)

]
dτ

F µ(t, x)

∣∣∣∣∣∣ ≤ d∥x∥m+2µ−2.

Ïîñëå ýòîãî âûáåðåì âåëè÷èíû ε è δ òàêèå, ÷òîáû ïðè ∥x∥ ≤ δ âûïîëíÿëèñü íåðà-
âåíñòâà:

a1 −
η(ε)

ε
∥x∥µ−1 > 0,

−b1 + η(ε) + d∥x∥µ−1 < 0.

Ýòî âîçìîæíî â ñèëó òåîðåìû è óñëîâèÿ (3.2). Òîãäà V (t, x) ïîëîæèòåëüíî îïðåäåëåíà,
à W (t, x) îòðèöàòåëüíî îïðåäåëåíà. Îñòàëîñü óáåäèòüñÿ â òîì, ÷òî âûïîëíÿåòñÿ òðåòüå
óñëîâèå òåîðåìû 2.1. Ïîêàæåì, ÷òî ñóùåñòâóþò òàêèå ÷èñëà n1 > 0, n2 > 0, n1 < n2, ÷òî
íåðàâåíñòâî

inf
∥x∥=n2

V (t, x) > sup
∥x∥=n1

V (t, x), ñïðàâåäëèâî äëÿ âñåõ t > 0.

Äëÿ âåëè÷èí â ïðàâîé è ëåâîé ÷àñòÿõ ïîñëåäíåãî íåðàâåíñòâà ìîæíî ïîñòðîèòü îöåíêè:

inf
∥x∥=n2

V (t, x) > nm
2

[
a1 −

η(ε)

ε
nµ−1
2

]
, sup

∥x∥=n1

V (t, x) 6 nm
1

[
a2 +

η(ε)

ε
nµ−1
1

]
.

Ñëåäóåò îòìåòèòü, ÷òî âåëè÷èíà
η(ε)

ε
çàôèêñèðîâàíà è ðàâíà íåêîòîðîé êîíñòàíòå.

Òàêèì îáðàçîì, äîñòàòî÷íî íàéòè òàêèå 0 < n1 < n2, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî:

nm
1

[
a2 +

η(ε)

ε
nµ−1
1

]
< nm

2

[
a1 −

η(ε)

ε
nµ−1
2

]
.
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Áóäåì èñêàòü èõ â ìíîæåñòâå n2 < δ . Â ýòîì ñëó÷àå òðåáóåìîå íåðàâåíñòâî ýêâèâà-
ëåíòíî ñëåäóþùåìó: [

a2 +
η(ε)
ε
nµ−1
1

]
[
a1 − η(ε)

ε
nµ−1
2

] < [n2

n1

]m
. (3.3)

Äðîáü â ëåâîé ÷àñòè íåðàâåíñòâà (3.3) ñòðåìèòñÿ ê a2/a1 ïðè n1, n2 → 0. Ïîýòîìó äëÿ
ïðîèçâîëüíîãî ε̃ > 0 ìîæíî âûáðàòü òàêîå äîñòàòî÷íî ìàëîå δ̃, ÷òî ïðè n1, n2 < δ̃ áóäåò
âûïîëíÿòüñÿ âêëþ÷åíèå [

a2 +
η(ε)

ε
nµ−1
1

]
[
a1 − η(ε)

ε
nµ−1
2

] ∈
[
a2
a1

− ε̃,
a2
a1

+ ε̃

]
.

Ðàññìîòðèì íåðàâåíñòâî
a2
a1

+ε̃ <

[
n2

n1

]m
, êîòîðîå âûïîëíÿåòñÿ ïðè n1 <

n2

m

√
a2
a1

+ ε̃
. Òå-

ïåðü âûáåðåì n2 < min{δ, δ̃}, n1 < min{δ̃, n2

m

√
a2
a1

+ ε̃
}. Î÷åâèäíî òàêèå n1, n2 ñóùåñòâóþò,

è äëÿ íèõ âûïîëíÿåòñÿ öåïî÷êà íåðàâåíñòâ

[
n2

n1

]m
>
a2
a1

+ ε̃ >

[
a2 +

η(ε)
ε
nµ−1
1

]
[
a1 − η(ε)

ε
nµ−1
2

] .
Òàêèì îáðàçîì, óñëîâèå (3.3) âûïîëíåíî è n2 < δ . Äàëåå áóäåì ñ÷èòàòü, ÷òî ïàðàìåòðû
ε è δ âûáðàíû òàêèì îáðàçîì, ÷òîáû ïðè ∥x∥ ≤ δ

−b1 + η(ε) + d ∥x∥µ−1 < −h
2
,

ãäå h � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Òîãäà ïðè n1 ≤ ∥x∥ ≤ n2 ,

W < −h
2
∥x∥m+µ−1 ≤ −h

2
n1

m+µ−1.

Âûáåðåì ∆ òàêèì îáðàçîì, ÷òîáû ïðè n1 ≤ ∥x∥ ≤ n2 è t > 0 áûëî ñïðàâåäëèâûì
íåðàâåíñòâî:

W1 ≤
h

2
n1

m+µ−1. (3.4)

Î÷åâèäíî, ýòî âîçìîæíî â ñèëó óñëîâèé (2.4), (2.6) è (2.7). Òîãäà áóäåò ñïðàâåäëèâî
íåðàâåíñòâî W + W1 < 0 . Òðåòüå óñëîâèå òåîðåìû 2.1 äîêàçàíî. Ñëåäîâàòåëüíî [1], ó
ñèñòåìû (2.3) åñòü àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ â òî÷êå x = 0.

Ç à ì å ÷ à í è å 3.1 Ñëåäóåò îòìåòèòü, ÷òî íàëè÷èå ìàëîãî ïàðàìåòðà íîñèò
ñóùåñòâåííûé õàðàêòåð. Äëÿ ñèñòåìû (2.2) òî÷êà x = 0 ïðè t0 = 0 ìîæåò íå âõî-
äèòü â îáëàñòü ïðèòÿæåíèÿ. Íèæå áóäåò ðàññìîòðåí ïðèìåð, ïîäòâåðæäàþùèé äàí-
íîå óòâåðæäåíèå.

Ò å î ð å ì à 3.2 Äëÿ ñèñòåìû (2.2) ñóùåñòâóåò t0 òàêîå, ÷òî òî÷êà x = 0 áó-
äåò âêëþ÷åíà â îáëàñòü ïðèòÿæåíèÿ ïðè t > t0.
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Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì t0 òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî
(3.4). Ýòî ìîæíî ñäåëàòü â ñèëó (2.4) è (3.1) ïðè ν = 1. Òîãäà ñ ïîìîùüþ çàìåíû τ = t+t0
ïîëó÷èì

dx

dτ
= F̃ µ(τ, x) + G̃(τ, x), (3.5)

ãäå F̃ µ(τ, x) = F µ(t + t0, x), G̃(τ, x) = G(t + t0, x). Äëÿ ñèñòåìû (3.5) âåðíû âñå óñëîâèÿ
äîêàçàííîé âûøå òåîðåìû 3.1. Íàëè÷èå ìàëîãî ïàðàìåòðà óæå íå ÿâëÿåòñÿ íåîáõîäèìûì,
ò. ê. óñëîâèå (3.4) âûïîëíåíî. Òàêèì îáðàçîì, x = 0 ÿâëÿåòñÿ àñèìïòîòè÷åñêèì ïîëîæå-
íèåì ïîêîÿ. Îòñþäà ñëåäóåò, ÷òî äëÿ èñõîäíîé ñèñòåìû (2.2) âñå ðåøåíèÿ èç íåêîòîðîé
îêðåñòíîñòè íóëåâîé òî÷êè áóäóò ñòðåìèòñÿ ê íóëþ ïðè t > t0. Ñëåäñòâèå äîêàçàíî.

4. Ïðèìåð ñèñòåìû ñ àñèìïòîòè÷åñêèì ïîëîæåíèåì ïîêîÿ

Ï ð è ì å ð 4.1 Ïðèâåäåì ïðèìåð, èëëþñòðèðóþùèé ïîëó÷åííûå ðåçóëüòàòû.
Äëÿ ýòîãî ðàññìîòðèì ñèñòåìó

ẋ = −x3 + φ(t)y3 + ν
ey

t+ 1
,

ẏ = −y3 + ψ(t)x3 + ν
ex

t2 + 1
.

(4.1)

Â êà÷åñòâå ôóíêöèé φ(t) è ψ(t) âîçüìåì ñëåäóþùèå ïî÷òè ïåðèîäè÷åñêèå ôóíêöèè:

φ(t) = cos(
√
2t) + sin(t),

ψ(t) = sin(
√
2t) + cos(t).

Èçâåñòíî [7], ÷òî äëÿ íèõ ñóùåñòâóåò ðàâíîìåðíîå ñðåäíåå è áóäåò âûïîëíåíî óñëîâèå
(2.8). Óñðåäíåííàÿ íåâîçìóùåííàÿ ñèñòåìà èìååò âèä:

ẋ = −x3,
ẏ = −y3.

Î÷åâèäíî, ÷òî íóëåâîå ðåøåíèå äëÿ íåå ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì. Äëÿ
èñõîäíîé ñèñòåìû (4.1) âûïîëíåíû âñå óñëîâèÿ òåîðåìû 3.1. Ðàññìîòðèì òðàåêòîðèè ðå-
øåíèé, íà÷èíàþùèõñÿ â òî÷êå (0, 0) , ïðè ðàçëè÷íûõ íà÷àëüíûõ äàííûõ è çíà÷åíèÿõ ïà-
ðàìåòðà ν (Ðèñ. 4.1).
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Ð è ñ ó í î ê 4.1

Òðàåêòîðèÿ ïðè t0 = 0 è ν = 0.1

Èç ðèñóíêà âèäíî, ÷òî ïðè äàííûõ çíà÷åíèÿõ òðàåêòîðèÿ íà÷èíàåòñÿ â íóëåâîé òî÷êå,
îòäàëÿåòñÿ îò íåå, à çàòåì âîçâðàùàåòñÿ ê íåé ñ òå÷åíèåì âðåìåíè. Ìîæíî ïîêàçàòü, ÷òî
ñèñòåìà èìååò àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ (Ðèñ. 4.2).

Ð è ñ ó í î ê 4.2

Òðàåêòîðèÿ ïðè t0 = 0 è ν = 1

Ãðàôèê ïîêàçûâàåò, ÷òî ñèñòåìà ïåðåñòàåò èìåòü àñèìïòîòè÷åñêîå ïîëîæåíèå ïîêîÿ
ïðè óâåëè÷åíèè ïàðàìåòðà ν. Ýòî ñëåäóåò èç òîãî, ÷òî ðåøåíèå, íà÷èíàþùååñÿ â íóëåâîé
òî÷êå, îòäàëÿåòñÿ îò íåå è íå âîçâðàùàåòñÿ ñ òå÷åíèåì âðåìåíè.
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Ð è ñ ó í î ê 4.3

Òðàåêòîðèÿ ïðè t0 = 10 è ν = 1

Èç òðàåêòîðèè (Ðèñ. 4.3) âèäíî, ÷òî òî÷êà (0, 0) ïîïàäàåò â îáëàñòü ïðèòÿæåíèÿ ïðè
óâëå÷åíèè t0. Ãðàôèê èìååò ñõîäñòâî ñ èçîáðàæåííûì íà Ðèñ. 4.1. Äðóãèìè ñëîâàìè, ðå-
øåíèå, íà÷èíàþùååñÿ â íóëåâîé òî÷êå, îòäàëÿåòñÿ îò íåå, íî ñ òå÷åíèåì âðåìåíè ïðèáëè-
æàåòñÿ ê íåé ñíîâà. Ìîæíî ñêàçàòü, ÷òî ñèñòåìà áóäåò èìåòü àñèìïòîòè÷åñêîå ïîëîæåíèå
ïîêîÿ íà÷èíàÿ ñ íåêîòîðîãî t0.
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Stability of the asymptotic quiescent position of perturbed

homogeneous nonstationary systems

c⃝ A.P. Zhabko 4, O.G. Tikhomirov 5, O.N. Ñhizhova 6

Abstract. Su�cient conditions for the existence of an asymptotic quiescent position for
homogeneous non-stationary systems of ordinary di�erential equations with perturbations in the
form of functions that disappear with time are obtained in this article. The method of proof is
based on the construction of the Lyapunov function, which satis�es the conditions of the theorem
proved by V. I. Zubov for the existence of an asymptotic quiescent position. An example of a system
of non-linear and non-stationary ordinary di�erential equations is considered, which illustrates the
obtained results.
Key Words: asymptotic quiescent position, asymptotic stability, non-autonomous di�erential
equations, homogeneous di�erential equation, almost periodic functions, almost uniform average.
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