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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíå-
íèé ñî ñìåøàííûìè ïðîèçâîäíûìè è íåîãðàíè÷åííîé íåëèíåéíîñòüþ. Ñòðîèòñÿ è èññëåäóåòñÿ
ðàçíîñòíàÿ ñõåìà ðåøåíèÿ äàííîãî êëàññà çàäà÷ è ðåàëèçóþùèé åå èòåðàöèîííûé ïðîöåññ.
Ïðîâåäåíî ñòðîãîå èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà, ñ ïîìîùüþ êîòîðîãî
äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ íåëèíåéíîé ðàçíîñòíîé ñõåìû, àïïðîê-
ñèìèðóþùåé èñõîäíóþ äèôôåðåíöèàëüíóþ çàäà÷ó. Óñòàíîâëåíû ñîãëàñîâàííûå ñ ãëàäêîñòüþ
èñêîìîãî ðåøåíèÿ îöåíêè ñêîðîñòè ñõîäèìîñòè ðàçíîñòíûõ ñõåì, àïïðîêñèìèðóþùèõ íåëè-
íåéíîå óðàâíåíèå ñ íåîãðàíè÷åííîé íåëèíåéíîñòüþ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ýëëèïòè÷åñêèå óðàâíåíèÿ, ðàçíîñòíûé ìåòîä ðåøåíèÿ, òî÷-
íîñòü ðàçíîñòíûõ àïïðîêñèìàöèé, èòåðàöèîííûé ïðîöåññ.

1. Ââåäåíèå

Îäíèì èç îñíîâíûõ âîïðîñîâ òåîðèè ðàçíîñòíûõ ñõåì äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé
ôèçèêè (ÓÌÔ) ÿâëÿåòñÿ âîïðîñ î òî÷íîñòè [1, 2]. Äëÿ ñëó÷àÿ, êîãäà ðåøåíèå èñõîäíîé
äèôôåðåíöèàëüíîé çàäà÷è äîñòàòî÷íî ãëàäêîå, â òåîðèè ìåòîäà ñåòîê ïðîâåäåíî äîñòà-
òî÷íî ïîëíîå èññëåäîâàíèå ñõîäèìîñòè ðàçíîñòíûõ ñõåì è ïîëó÷åíû îöåíêè òî÷íîñòè â
ñîîòâåòñòâóþùèõ ìåòðèêàõ [1-2]. Ïðè ïîíèæåíèè òðåáîâàíèé ê äèôôåðåíöèàëüíûì ñâîé-
ñòâàì èñêîìîãî ðåøåíèÿ àíàëèç ñõîäèìîñòè ðàçíîñòíîé ñõåìû ñóùåñòâåííî óñëîæíÿåòñÿ
[3-11].

Â ðàáîòàõ [3, 4] ïðåäëîæåí íîâûé ïîäõîä ïîëó÷åíèÿ òàêèõ îöåíîê òî÷íîñòè ìåòîäà
ñåòîê äëÿ ÓÌÔ ñ îáîáùåííûìè ðåøåíèÿìè, â êîòîðûõ ïîðÿäîê ñêîðîñòè ñõîäèìîñòè ñî-
ãëàñîâàí ñ ãëàäêîñòüþ ðåøåíèÿ èñõîäíîé äèôôåðåíöèàëüíîé çàäà÷è:

∥y(x)− u(x)∥W s
2 (ω)

≤M |h|m−s∥u∥Wm
2 (Ω), s < m,

ãäå u ∈ Wm
2 (Ω) � ðåøåíèå äèôôåðåíöèàëüíîé çàäà÷è, à y = y(x) , x ∈ ω � ðåøåíèå àï-

ïðîêñèìèðóþùåé çàäà÷è, ∥·∥W s
2 (ω)

è ∥·∥Wm
2 (Ω) � íîðìû ïðîñòðàíñòâ Ñîáîëåâà äèñêðåòíîãî

è íåïðåðûâíîãî àðãóìåíòîâ ñîîòâåòñòâåííî.
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Â íàñòîÿùåå âðåìÿ äëÿ øèðîêîãî êëàññà ëèíåéíûõ çàäà÷ óñòàíîâëåíû ñîãëàñîâàí-
íûå îöåíêè òî÷íîñòè ðàçíîñòíûõ ñõåì. Íî, êàê ïðàâèëî, áîëüøèíñòâî ðåàëüíûõ çàäà÷
íåëèíåéíû, ïðè÷åì ïðèðîäà íåëèíåéíîñòåé ðàçëè÷íà. Äëÿ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ
óðàâíåíèé ñ îáîáùåííûìè ðåøåíèÿìè â ñëó÷àå íàëè÷èÿ îãðàíè÷åííûõ íåëèíåéíîñòåé ñî-
ãëàñîâàííûå îöåíêè òî÷íîñòè ðàçíîñòíûõ ñõåì ìîæíî íàéòè, íàïðèìåð, â [3, 4].

Òåîðèÿ ðàçíîñòíûõ ñõåì äëÿ íåëèíåéíûõ ÓÌÔ ñ íåîãðàíè÷åííîé íåëèíåéíîñòüþ ÿâ-
ëÿåòñÿ îäíîé èç íàèáîëåå ñëîæíûõ è àêòóàëüíûõ îáëàñòåé âû÷èñëèòåëüíîé ìàòåìàòèêè
[9-11]. Èññëåäîâàíèÿ ñõîäèìîñòè ðàçíîñòíûõ ñõåì äëÿ äàííîãî êëàññà çàäà÷ ïîêàçàëè,
÷òî äàæå íà ãëàäêèõ ðåøåíèÿõ ýòè èññëåäîâàíèÿ ïðåäñòàâëÿþò äîâîëüíî ñëîæíóþ òåõíè-
÷åñêóþ ïðîáëåìó. Ïðîáëåìà ñõîäèìîñòè è òî÷íîñòè ðàçíîñòíûõ ñõåì ìåíåå èçó÷åíà äëÿ
íåëèíåéíûõ ÓÌÔ ñ îáîáùåííûìè ðåøåíèÿìè è íåîãðàíè÷åííîé íåëèíåéíîñòüþ. Â ðàáî-
òàõ [10, 11] âïåðâûå (äëÿ îäíîìåðíîãî ñëó÷àÿ) èññëåäîâàíà ñõîäèìîñòü ðàçíîñòíûõ ñõåì ê
îáîáùåííûì ðåøåíèÿì îäíîìåðíûõ àíàëîãîâ êâàçèëèíåéíûõ óðàâíåíèé ýëëèïòè÷åñêîãî
òèïà ñ íåëèíåéíîñòüþ íåîãðàíè÷åííîãî ðîñòà è ïîëó÷åíû ñîãëàñîâàííûå îöåíêè ñêîðîñòè
ñõîäèìîñòè. Èç ïóáëèêàöèé çà ïîñëåäíèå ãîäû ñëåäóåò, ïðåæäå âñåãî, âûäåëèòü ðàáîòû
[12-16]. Â ïåðâóþ î÷åðåäü îòìåòèì ìîíîãðàôèþ [12] è îáçîðíóþ ðàáîòó [13].

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ è èññëåäîâàíèþ ñõîäèìîñòè è òî÷íîñòè ðàç-
íîñòíûõ ñõåì äëÿ íåëèíåéíûõ ÓÌÔ ýëëèïòè÷åñêîãî òèïà ñî ñìåøàííûìè ïðîèçâîäíûìè
è íåîãðàíè÷åííîé íåëèíåéíîñòüþ. Óñòàíîâëåíû àïðèîðíûå ñîãëàñîâàííûå îöåíêè ñêîðî-
ñòè ñõîäèìîñòè ðàçíîñòíûõ ñõåì â ñåòî÷íîé íîðìå W 2

2,0(ω) , àïïðîêñèìèðóþùèõ íåëè-
íåéíóþ çàäà÷ó ñ íåîãðàíè÷åííîé íåëèíåéíîñòüþ. Äîêàçàòåëüñòâî ñõîäèìîñòè ðàçíîñòíûõ
ñõåì ïðîâîäèòñÿ â ïðåäïîëîæåíèè, ÷òî ñàìî òî÷íîå ðåøåíèå êðàåâîé çàäà÷è ñóùåñòâóåò
â êëàññå Wm

2,0(Ω) , 3 < m ≤ 4 è ïðèíàäëåæèò íåêîòîðîé îãðàíè÷åííîé îáëàñòè Du è
òîëüêî â ýòîé îáëàñòè ôóíêöèè, âõîäÿùèå â óðàâíåíèå, óäîâëåòâîðÿþò òðåáóåìûì ñâîé-
ñòâàì. Òàêèì îáðàçîì, ïîëó÷åíà øêàëà àïðèîðíûõ îöåíîê ñêîðîñòè ñõîäèìîñòè â ñåòî÷íîé
W 2

2,0(ω) -íîðìå äëÿ ðàçíîñòíîãî ðåøåíèÿ. Óñëîâèÿ, íàëàãàåìûå íà êîýôôèöèåíòû óðàâíå-
íèÿ, âûïîëíåíû â íàñòîÿùåé ðàáîòå ëèøü â íåêîòîðîé îêðåñòíîñòè çíà÷åíèé òî÷íîãî ðå-
øåíèÿ èñõîäíîé çàäà÷è, ÷òî ãîâîðèò êàê î íàëè÷èè íåëèíåéíîñòåé íåîãðàíè÷åííîãî ðîñòà,
òàê è çíà÷èòåëüíî ðàñøèðÿåò êëàññ äîïóñòèìûõ ôóíêöèé, óäîâëåòâîðÿþùèõ, íàïðèìåð,
óñëîâèþ ðàâíîìåðíîé ýëëèïòè÷íîñòè íà ðåøåíèÿõ óðàâíåíèÿ.

Íàñòîÿùàÿ ðàáîòà äîïîëíÿåò è ðàçâèâàåò ðåçóëüòàòû, óñòàíîâëåííûå â ðàáîòàõ [10, 11],
äëÿ îäíîìåðíûõ àíàëîãîâ êâàçèëèíåéíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà ñ íåîãðàíè-
÷åííîé íåëèíåéíîñòüþ. Â îòëè÷èè îò [10, 11] ðåçóëüòàòû íàñòîÿùåé ðàáîòû óñòàíîâëåíû
äëÿ íåëèíåéíûõ äâóìåðíûõ ÓÌÔ ýëëèïòè÷åñêîãî òèïà ñî ñìåøàííûìè ïðîèçâîäíûìè è
íåîãðàíè÷åííîé íåëèíåéíîñòüþ.

Ðåçóëüòàòû, ïîëó÷åííûå â íàñòîÿùåé ðàáîòå, áóäóò ñóùåñòâåííî èñïîëüçîâàíû â äàëü-
íåéøåì ïðè ðåøåíèè ïðîáëåì, ñâÿçàííûõ ñ ðàçðàáîòêîé è èññëåäîâàíèåì ðàçíîñòíûõ
àïïðîêñèìàöèé çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåì, îïèñûâàåìûõ íåëèíåéíûìè
ÓÌÔ ñ îáîáùåííûìè ðåøåíèÿìè (ñîñòîÿíèÿìè) è íåîãðàíè÷åííîé íåëèíåéíîñòüþ. Èññëå-
äîâàíèþ ýòèõ ïðîáëåì (ñõîäèìîñòü àïïðîêñèìàöèé ïî ñîñòîÿíèþ, ôóíêöèîíàëó, óïðàâ-
ëåíèþ, ðåãóëÿðèçàöèÿ àïïðîêñèìàöèé [17, 18]) äëÿ äàííîãî êëàññà çàäà÷ îïòèìàëüíîãî
óïðàâëåíèÿ áóäåò ïîñâÿùåíà îòäåëüíàÿ ðàáîòà.

2. Ïîñòàíîâêà äèôôåðåíöèàëüíîé çàäà÷è

Ïóñòü Ω =
{
x = (x1, x2) ∈ R2 : 0 < xα < lα, α = 1, 2

}
� ïðÿìîóãîëüíèê â R2 ñ ãðàíèöåé

Γ = ∂Ω . Ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà: òðåáóåòñÿ íàéòè ôóíêöèþ u = u(x) , x ∈ Ω̄ , óäîâëåòâîðÿþùóþ
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óñëîâèÿì

Lu(x) = −
2∑

α,β=1

kαβ(u)
∂2u(x)

∂xα∂xβ
= f(u), x ∈ Ω, (2.1)

u(x) = 0, x ∈ ∂Ω = Γ, (2.2)

ãäå kαβ(η) = kβα(η) , α, β = 1, 2 , f(η) � çàäàííûå ôóíêöèè η .
Àïðèîðè ïðåäïîëàãàåòñÿ, ÷òî çàäà÷à (2.1)-(2.2) îäíîçíà÷íî ðàçðåøèìà â êëàññå

Wm
2,0(Ω) = Wm

2 (Ω)∩
◦
W 1

2 (Ω) , 3 < m ≤ 4 . Îáîçíà÷èì ÷åðåç Mu

Mu = {u :M1 ≤ u(x) ≤M2, x ∈ Ω} (2.3)

� îáëàñòü çíà÷åíèé òî÷íîãî ðåøåíèÿ çàäà÷è (2.1)-(2.2) (êîòîðàÿ, â ñèëó ïðåäïîëîæåíèÿ
î ãëàäêîñòè ðåøåíèÿ èñõîäíîé çàäà÷è ÿâëÿåòñÿ îãðàíè÷åííûì ìíîæåñòâîì). Îïðåäåëèì
îêðåñòíîñòü Du ( δ -îêðåñòíîñòü) îáëàñòè çíà÷åíèé òî÷íîãî ðåøåíèÿ Mu :

Du =
{
ū : M̄1 =M1 − δ ≤ ū(x) ≤M2 + δ = M̄2, x ∈ K ⊆ Ω̄, δ > 0

}
, (2.4)

çäåñü δ > 0 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, êîòîðàÿ ìîæåò áûòü äîñòàòî÷íî ìàëîé.
Áóäåì ïðåäïîëàãàòü, ÷òî äëÿ ñòàðøèõ êîýôôèöèåíòîâ kαβ(η) , α, β = 1, 2 , óðàâíåíèÿ

(2.1) âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ íà ðåøåíèè çàäà÷è (2.1)-(2.2):

ν

2∑
α=1

ξ2α ≤
2∑

α,β=1

kαβ(η)ξαξβ ≤ µ

2∑
α=1

ξ2α, kαβ(η) = kβα(η), α, β = 1, 2, (2.5)

äëÿ ëþáûõ η ∈ Du , ∀ξ ∈ R2 , è ëþáûõ âåùåñòâåííûõ ïàðàìåòðîâ ξ1 , ξ2 , ãäå ν è µ �
ïîëîæèòåëüíûå ïîñòîÿííûå.

Ïóñòü, êðîìå òîãî, âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ ãëàäêîñòè íà êîýôôèöèåíòû
kαβ(η) , α, β = 1, 2 , f(η) óðàâíåíèÿ (2.1) íà ðåøåíèè çàäà÷è (2.1)-(2.2)

|kαβ(η1)− kαβ(η2)| ≤ L|η1 − η2|, ∀η1, η2 ∈ Du, α, β = 1, 2; (2.6)

|f(η)| ≤ f0, ∀η ∈ Du; (2.7)

|f(η1)− f(η2)| ≤ Lf |η1 − η2|,∀η1, η2 ∈ Du; (2.8)

2µ(max lα)
2

ν2

{
Lf +

µf0[2(2 +
√
2)L]

ν2

}
= q∗0, (2.9)

q∗1 =
q∗0
2
< 1. (2.10)

Èñõîäíîå óðàâíåíèå (2.1) â áîëåå ïîäðîáíîé çàïèñè ïðèíèìàåò ñëåäóþùèé âèä

−
2∑

α=1

kαα(u)
∂2u

∂x2α
− 2k12(u)

∂2u

∂x1∂x2
= f(u), x ∈ Ω,

k12(u) = k21(u).

(2.11)
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3. Ïîñòàíîâêà ñåòî÷íîé çàäà÷è (ðàçíîñòíîé ñõåìû)

Äëÿ àïïðîêñèìàöèè çàäà÷è (2.1)-(2.2) è èññëåäîâàíèÿ ñõîäèìîñòè ðàçíîñòíûõ àïïðîê-

ñèìàöèé íàì ïîíàäîáÿòñÿ ñåòêè íà [0, lα] , α = 1, 2 è â Ω̄ : ω̄α = {xα = x
(iα)
α = iαhα ∈ [0, lα] :

iα = 0, Nα, Nαhα = lα} , α = 1, 2 ; ωα = ω̄α ∩ (0, lα) ; ω
+
α = ω̄α ∩ (0, lα] , ω

−
α = ω̄α ∩ [0, lα) ,

α = 1, 2 ; ω̄ = ω̄1 × ω̄2 ; ω
(±1) = ω±

1 × ω2 , ω
(±2) = ω1 × ω±

2 ; γ = ω̄ \ ω ; |h|2 = h21 + h22 .

Ïóñòü V � ìíîæåñòâî ñåòî÷íûõ ôóíêöèé, çàäàííûõ íà ñåòêå ω̄ = ω̄1 × ω̄2 , à
◦
V � åãî

ïîäìíîæåñòâî, ñîñòîÿùåå èç ñåòî÷íûõ ôóíêöèé, îáðàùàþùèõñÿ â íóëü íà γ = ω̄ \ω . Äëÿ
ñåòî÷íûõ ôóíêöèé èç ìíîæåñòâà

◦
V ââåäåì ñêàëÿðíûå ïðîèçâåäåíèÿ, íîðìû è ïîëóíîðìû

[1-3]:

(y, v)L2(ω) =
∑
ω

h1h2y(x)v(x), ∥y∥2L2(ω)
= (y, y)L2(ω) =

∑
ω

h1h2y
2(x),

∥y∥2◦
W 1

2 (ω)
= ∥yx̄1∥2L2(ω

+
1 ×ω2)

+ ∥yx̄2∥2L2(ω1×ω+
2 )

= |y|2W 1
2 (ω)

=
2∑

α=1

∑
ω(+α)

h1h2y
2
x̄α

= ∥∇y∥2L2(ω)
,

∥y∥2W 2
2,0(ω)

= ∥yx̄1x1∥2L2(ω)
+ ∥yx̄2x2∥2L2(ω)

+ 2∥yx̄1x̄2∥2L2(ω
+
1 ×ω+

2 )
=

=
2∑

α=1

∑
ω

h1h2y
2
x̄αxα

+ 2
∑

ω+
1 ×ω+

2

h1h2y
2
x̄1x̄2

= |y|2W 2
2 (ω)

,

∥y∥C(ω̄) = ∥y∥L∞(ω̄) = max
ω̄

|y(x)|.

Çäåñü ñèìâîëàìè | · |W 1
2 (ω)

è | · |W 2
2 (ω)

îáîçíà÷åíû ïîëóíîðìû â W 1
2 (ω) è W 2

2 (ω) ñîîò-
âåòñòâåííî.

Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ë å ì ì à 3.1. Äëÿ ëþáîé ñåòî÷íîé ôóíêöèè y(x) , x ∈ ω̄ , çàäàííîé íà ñåòêå ω̄ =
ω̄1 × ω̄2 ⊂ Ω̄ è îáðàùàþùåéñÿ â íóëü íà ãðàíèöå γ = ∂ω : y(x) = 0 , x ∈ γ , ñïðàâåäëèâû
ñëåäóþùèå ðàçíîñòíûå àíàëîãè òåîðåì âëîæåíèÿ:

∥y∥L2(ω) ≤ C1∥y∥ ◦
W 1

2 (ω)
, C2

1 =
(l1l2)

2

8(l21 + l22)
; (3.12)

∥y∥C(ω̄) ≤ C2∥y∥W 2
2,0(ω)

, C2 =
(max lα)

2

2(l1l2)1/2
; (3.13)

∥y∥L2(ω) ≤ C3∥y∥W 2
2,0(ω)

, C3 = C2(l1l2)
1/2 =

(max lα)
2

2
; (3.14)

∥y∥ ◦
W 1

2 (ω)
≤ C4∥y∥W 2

2,0(ω)
, C4 =

(
l21 + l22
32

)1/2

. (3.15)

Ïîñòàâèì â ñîîòâåòñòâèå äèôôåðåíöèàëüíîé çàäà÷å (2.1)-(2.2) ñëåäóþùóþ ðàçíîñòíóþ
ñõåìó: òðåáóåòñÿ íàéòè ñåòî÷íóþ ôóíêöèþ y(x) , x ∈ ω̄h , çàäàííóþ íà ñåòêå ω̄h = ω̄1× ω̄2 ,
êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé ñåòî÷íîé çàäà÷è

−
2∑

α=1

kαα(y)yx̄αxα − 2k12(y)Q(y) = f(y), x ∈ ωh, (3.16)

y(x) = 0, x ∈ γh, (3.17)
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ãäå

Q(y)(x) =
yx1x2(x) + yx̄1x2(x) + yx1x̄2(x) + yx̄1x̄2

4
(x) =

=
y(x1 + h1, x2 + h2)− y(x1 − h1, x2 + h2)− y(x1 + h1, x2 − h2) + y(x1 − h1, x2 − h2)

4h1h2
=

= y ◦
x1

◦
x2
(x1, x2). (3.18)

4. Èòåðàöèîííûé ïðîöåññ äëÿ íåëèíåéíîé ñåòî÷íîé çàäà÷è

Çàäà÷à (3.16)-(3.18) � ýòî ñèñòåìà íåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî ñåòî÷íîé ôóíê-
öèè y = y(x) , x ∈ ω̄ = ω̄1× ω̄2 . Â ñâÿçè ñ ýòèì âîçíèêàåò åñòåñòâåííûé âîïðîñ î ñóùåñòâî-
âàíèè è åäèíñòâåííîñòè ðåøåíèÿ íåëèíåéíîé çàäà÷è. Êàê èçâåñòíî, îäíèìè èç îñíîâíûõ
ìåòîäîâ íàõîæäåíèÿ ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé ÿâëÿþòñÿ èòåðàöèîííûå ìåòîäû.
Îíè æå ïîçâîëÿþò â ðÿäå ñëó÷àåâ èññëåäîâàòü ïðîáëåìû ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé. Ïîýòîìó âîçíèêàåò åñòåñòâåííàÿ íåîáõîäèìîñòü â
ïðèâëå÷åíèè ñîîòâåòñòâóþùèõ èòåðàöèîííûõ ìåòîäîâ ê èññëåäîâàíèþ ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèÿ íåëèíåéíîé ðàçíîñòíîé ñõåìû (3.16)-(3.18), à òàêæå åå ÷èñëåííîé
ðåàëèçàöèè. Ñëåäóåò çàìåòèòü, ÷òî âûáîð òîãî èëè èíîãî ìåòîäà èòåðàöèé ñóùåñòâåííûì
îáðàçîì âëèÿåò è íà óñëîâèÿ ñõîäèìîñòè ñàìîé íåëèíåéíîé ðàçíîñòíîé ñõåìû ê ðåøåíèþ
äèôôåðåíöèàëüíîé çàäà÷è (2.1)-(2.2). Êðîìå òîãî, ïðîáëåìà ñòðîãîãî îáîñíîâàíèÿ ñõî-
äèìîñòè èòåðàöèîííûõ ìåòîäîâ â ñëó÷àå íàëè÷èÿ íåëèíåéíîñòåé íåîãðàíè÷åííîãî ðîñòà
èìååò ñàìîñòîÿòåëüíûé èíòåðåñ è ÿâëÿþòñÿ íåòðèâèàëüíîé çàäà÷åé [10, 11].

Â äàëüíåéøåì ÷åðåç A(θ)v áóäåì îáîçíà÷àòü ñåòî÷íûé îïåðàòîð (çàâèñÿùèé îò ïàðà-
ìåòðà θ = θ(x) ), çàäàâàåìûé ñîîòíîøåíèåì

A(θ)v = −
2∑

α=1

kαα(θ)vx̄αxα(x)− 2k12(θ)Q(v)(x), x ∈ ωh, (4.19)

íà ìíîæåñòâå ñåòî÷íûõ ôóíêöèé v(x) , x ∈ ω̄h ; v(x) = 0 , x ∈ γh , ãäå θ(x) , x ∈ ω̄ �
ïðîèçâîëüíàÿ ñåòî÷íàÿ ôóíêöèÿ, çàäàííàÿ íà ñåòêå ω̄ , èãðàþùàÿ ðîëü ôóíêöèîíàëüíîãî
ïàðàìåòðà, à ïîä A(θ)v ïîíèìàåòñÿ ðåçóëüòàò ïðèìåíåíèÿ ñåòî÷íîãî îïåðàòîðà A(θ) ê
ýëåìåíòó v .

Ë å ì ì à 4.1. Ïóñòü θ(x) , x ∈ ω̄ � ïðîèçâîëüíàÿ ñåòî÷íàÿ ôóíêöèÿ, çàäàííàÿ íà
ñåòêå ω̄ , òàêàÿ ÷òî θ(x) ∈ Du , ∀x ∈ ω̄ . Òîãäà îïåðàòîð A(θ) , çàäàâàåìûé ñîîòíîøå-
íèåì (4.19) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè

ν2

2µ
∥v∥W 2

2,0(ω̄)
≤ ∥A(θ)v∥L2(ω̄), (4.20)

∥A(θ)v∥W 2
2,0(ω̄)

≤ (1 + C2
3)

1/26µ2∥v∥W 2
2,0(ω̄))

, (4.21)

∥v∥W 2
2,0(ω̄)

≤ C0∥A(θ)v∥L2(ω̄), (4.22)

ïðè ëþáûõ v(x) , x ∈ ω̄h , v(x) = 0 , x ∈ γ ; θ(x) ∈ Du , x ∈ ω̄ , ãäå

C0 =
2µ

ν2
, (4.23)

à êîíñòàíòà C3 îïðåäåëåíà â ëåììå 3.1..
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Äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ íåëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé (3.16)-
(3.18) ïîñòðîèì èòåðàöèîííûé ïðîöåññ, ñâÿçàííûé ñ ïîñëåäîâàòåëüíûìè ïðèáëèæåíèÿìè
ïî íåëèíåéíîñòÿì, êîãäà êîýôôèöèåíòû ñåòî÷íîãî îïåðàòîðà A(y) áåðóòñÿ èç ïðåäû-
äóùåé èòåðàöèè, òàê ÷òî íîâîå ïðèáëèæåíèå y(s+1)(x) , x ∈ ω̄h , íàõîäèòñÿ èç ðåøåíèÿ
ëèíåéíîé çàäà÷è:

A(y(s))y(s+1) = −
2∑

α=1

kαα(y
(s))y

(s+1)
x̄αxα

− 2k12(y
(s))Q(y(s+1)) = f(y(s)), x ∈ ω, (4.24)

y(s+1)(x) = 0, x ∈ γh. (4.25)

Ë å ì ì à 4.2. Ïóñòü y(s) ∈ Du , x ∈ ω̄ . Òîãäà ñåòî÷íàÿ ôóíêöèÿ y(s+1)(x) , x ∈
ω̄h , îïðåäåëÿåìàÿ èç èòåðàöèîííîãî ïðîöåññà (4.24)-(4.25), îãðàíè÷åíà â ñåòî÷íîé íîðìå
∥ · ∥W 2

2,0(ω)
:

∥y(s+1)∥W 2
2,0(ω)

≤ C5, C5 = C0f0(l1, l2)
1/2. (4.26)

Â ïðîöåññå äîêàçàòåëüñòâà òåîðåìû î ñõîäèìîñòè ìåòîäà íàì ïîíàäîáèòñÿ îöåíêà ïî-
ãðåøíîñòè ïåðâîãî ïðèáëèæåíèÿ z(1)(x) = y(1)(x)− u(x) , x ∈ ω̄ , â ðàâíîìåðíîé ìåòðèêå.
Äëÿ òîãî, ÷òîáû èçáåæàòü â óñëîâèÿõ òåîðåìû î ñõîäèìîñòè ìåòîäà èòåðàöèé îãðàíè÷å-
íèé íà çíà÷åíèå ïåðâîé èòåðàöèè y(1) , x ∈ ω̄ , îòäåëüíî èçó÷èì çàäà÷ó äëÿ ïîãðåøíîñòè
ïåðâîãî ïðèáëèæåíèÿ z(1) , x ∈ ω̄ .

Îáîçíà÷èì ÷åðåç ψ(x) , x ∈ ω � íåâÿçêó ðàçíîñòíîãî óðàâíåíèÿ (3.16) (ïîãðåøíîñòü
àïïðîêñèìàöèè ðàçíîñòíîãî óðàâíåíèÿ (3.16) íà ðåøåíèè èñõîäíîãî óðàâíåíèÿ (2.1)):

ψ(x) = f(u)−

[
−

2∑
α=1

kαα(u)ux̄αxα − 2k12(u)Q(u)

]
= f(u)− A(u)u, x ∈ ω. (4.27)

Ðàññìîòðèì óðàâíåíèå (4.24) ïðè s = 0 è ñëîæèì ñ íåâÿçêîé ψ(x) , x ∈ ω . Òîãäà ïîñëå
íåêîòîðûõ ïðåîáðàçîâàíèé äëÿ ïîãðåøíîñòè z(1)(x) = y(1)(x) − u(x) , x ∈ ω̄ , ïîëó÷èì
ñëåäóþùóþ çàäà÷ó

A(u)z(1) = −
2∑

α=1

[
kαα(u)− kαα(y

(0))
]
y
(1)
x̄αxα

− 2
[
k12(u)− k12(y

(0))
]
Q(y(1))+

+
[
f(y(0))− f(u)

]
+ ψ(x), x ∈ ω,

(4.28)

z(1) = 0, x ∈ γ, (4.29)

ãäå

A(u)z(1) = −
2∑

α=1

kααz
(1)
x̄αxα

− 2k12(u)Q(z
(1)), x ∈ ω, (4.30)

à ñåòî÷íàÿ ôóíêöèÿ ψ(x) , x ∈ ω , èìååò âèä (4.27).
Îöåíêó ïîãðåøíîñòè ïåðâîãî ïðèáëèæåíèÿ z(1)(x) = y(1)(x) − u(x) , x ∈ ω̄ ⊂ Ω̄ , â

ìåòðèêå W 2
2,0(ω) è â ðàâíîìåðíîé ìåòðèêå C(ω̄) óñòàíàâëèâàåò ñëåäóþùàÿ

Ë å ì ì à 4.3. Ïóñòü y(0)(x) , x ∈ ω̄ � íà÷àëüíîå ïðèáëèæåíèå èòåðàöèîííîãî
ïðîöåññà (4.24)-(4.25), à u(ξ) � òî÷íîå ðåøåíèå äèôôåðåíöèàëüíîé çàäà÷è (2.1)-(2.2). Òî-
ãäà ïðè y(0)(x) ∈ Du èìåþò ìåñòî îöåíêè

∥y(1)(x)− u(x)∥W 2
2,0(ω)

= ∥z(1)∥W 2
2,0(ω)

≤ C0C8∥z(0)(x)∥C(ω̄) + C0∥ψ(x)∥L2(ω), (4.31)
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∥y(1)(x)− u(x)∥C(ω̄) = ∥z(1)∥C(ω̄) ≤ C0C2C8∥z(0)∥C(ω̄) + C0C2∥ψ∥L2(ω) =

=
q∗0
2
∥z(0)∥C(ω̄) + C0C2∥ψ(x)∥L2(ω) ≤

(
1 +

q∗0
2

)
∥z(0)∥C(ω̄) + C0C2∥ψ∥L2(ω) = β,

(4.32)

ãäå

C0C2C8 =
q∗0
2

=
µ(max lα)

2

ν2

{
Lf +

µf0[2(2 +
√
2)L]

ν2

}
;

C0 =
2µ

ν2
, C2

1 =
(l1l2)

2

8(l21 + l22)
, C2 =

(max lα)
2

2(l1l2)1/2
,

C3 =
(max lα)

2

2
, C4 =

(
l21 + l22
32

)1/2

, C5 = C0f0(l1l2)
1/2,

C6 = [2(2 +
√
2)L]C5, C7 = Lf (l1l2)

1/2, C8 = C6 + C7.

(4.33)

Ñ ë å ä ñ ò â è å 4.1. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 4.3.. Òîãäà äëÿ ðàçíîñòè
∆y(1)(x) = y(1)(x)− y(0)(x) èìååò ìåñòî îöåíêà

∥∆y(1)(x)∥C(ω̄) ≤
(
1 +

q∗0
2

)
∥z(0)∥C(ω̄) + C0C2∥ψ(x)∥L2(ω) = β. (4.34)

Ë å ì ì à 4.4. Ïóñòü y(k)(x) ∈ Du , k = 0, 1, 2, ..., s � ïðèáëèæåíèÿ, ïîñòðîåííûå
íà îñíîâå èòåðàöèîííîãî ïðîöåññà (4.24)-(4.25). Òîãäà èìååò ìåñòî îöåíêà

∥∆y(s+1)(x)∥C(ω̄) ≤
q∗0
2
∥∆y(s)(x)∥C(ω̄), (4.35)

îòêóäà

∥∆y(s+1)(x)∥C(ω̄) ≤
q∗0
2
∥∆y(s)(x)∥C(ω̄) ≤ ... ≤

(
q∗0
2

)s

∥∆y(1)(x)∥C(ω̄), s = 0, 1, 2, ... (4.36)

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 4.4.. Òîãäà ñïðàâåäëèâà îöåíêà

∥∆y(s+1)∥C(ω̄) = max
x∈ω̄

|y(s+1)(x)− y(s)(x)| ≤ β

(
q∗0
2

)s

, (4.37)

ãäå ∆y(s+1) = y(s+1) − y(s) , à êîíñòàíòû β > 0 è q∗0 > 0 îïðåäåëåíû â ëåììå 4.3..

5. Òåîðåìû î ñõîäèìîñòè è ñêîðîñòè ñõîäèìîñòè ìåòîäà èòåðà-
öèé, î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ íåëèíåéíîé
ðàçíîñòíîé ñõåìû

Ïîä δ -îêðåñòíîñòüþ òî÷íîãî ðåøåíèÿ u = u(x) äèôôåðåíöèàëüíîé çàäà÷è (2.1)-(2.2)
áóäåì ïîíèìàòü ìíîæåñòâî Su =

{
v : ∥v − u∥C ≤ δ

}
. Î÷åâèäíî, ÷òî åñëè v ∈ Su , òî

v ∈ Du , è äëÿ ýòîãî ýëåìåíòà ñïðàâåäëèâû âñå èçëîæåííûå âûøå óòâåðæäåíèÿ.
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà î ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà (4.24)-(4.25) è

î ñóùåñòâîâàíèè ðåøåíèÿ íåëèíåéíîé ðàçíîñòíîé êðàåâîé çàäà÷è (3.16)-(3.18).
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Ò å î ð å ì à 5.1. Ïóñòü âûïîëíåíû óñëîâèÿ èç ï.1 - ïðè ïîñòàíîâêå çàäà÷è (2.1)-
(2.2) è âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ y(0)(x) â èòåðàöèîííîì ïðîöåññå (4.24)-(4.25) äëÿ
íåëèíåéíîé ñåòî÷íîé êðàåâîé çàäà÷è (3.16)-(3.18) ïîä÷èíåí óñëîâèþ

y(0) ∈ S∗
u,

β

1− q∗1
< δ, q∗1 =

q∗0
2
< 1, (5.38)

ãäå

S∗
u =

{
v : ∥v − u∥C ≤ 1− q∗1

1 + q∗1
· δ
2

}
, (5.39)

à âåëè÷èíà β îïðåäåëÿåòñÿ ñîîòíîøåíèåì

β = (1 + q∗1)∥z(0)∥C(ω̄) + C0C2∥ψ(x)∥L2(ω), z(0) = y(0) − u. (5.40)

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) âñå ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ y(1), y(2), ... , îïðåäåëÿåìûå èç èòåðàöèîííî-

ãî ïðîöåññà (4.24)-(4.25), ñîäåðæàòñÿ â Su : y(s) ∈ Su , s = 1, 2, ... (ò.å. äëÿ ëþáûõ
s = 0, 1, 2, ... ïîñëåäîâàòåëüíîñòü ðåøåíèé çàäà÷è (4.24)-(4.25) ïðèíàäëåæèò Su , ò.å.
íå âûõîäèò èç Su ).

2) ìåòîä èòåðàöèé (4.24)-(4.25) ñõîäèòñÿ, ò.å. ñóùåñòâóåò

lim
s→∞

y(s) = y, ïðè÷åì y ∈ Su, (5.41)

è ïðåäåë y ∈ Su ïîñëåäîâàòåëüíîñòè {y(s)}∞s=1 ÿâëÿåòñÿ ðåøåíèåì íåëèíåéíîé ðàçíîñò-
íîé êðàåâîé çàäà÷è (3.16)-(3.18), ò.å. ðåøåíèå y ðàçíîñòíîé êðàåâîé çàäà÷è (3.16)-(3.18)
ëåæèò â îêðåñòíîñòè Su � òî÷íîãî ðåøåíèÿ u = u(x) äèôôåðåíöèàëüíîé çàäà÷è (2.1)-
(2.2).

3) ñêîðîñòü ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà õàðàêòåðèçóåòñÿ îöåíêîé

∥y(s)(x)− y(x)∥C(ω̄) ≤
β

1− q∗1
(q∗1)

s. (5.42)

Ò å î ð å ì à 5.2. Ïóñòü âûïîëíåíû óñëîâèÿ ï.1 ïðè ïîñòàíîâêå êðàåâîé çàäà-
÷è (2.1)-(2.2). Íåëèíåéíàÿ ðàçíîñòíàÿ êðàåâàÿ çàäà÷à (3.16)-(3.18) èìååò â Su � δ -
îêðåñòíîñòè òî÷íîãî ðåøåíèÿ u êðàåâîé çàäà÷è (2.1)-(2.2) � åäèíñòâåííîå ðåøåíèå.

6. Îöåíêè ïîãðåøíîñòè è ñêîðîñòè ñõîäèìîñòè ðàçíîñòíîé ñõåìû
íà ðåøåíèÿõ èç êëàññà Wm

2 (Ω) , 3 < m ≤ 4

Ïåðåéäåì ê èçó÷åíèþ ïîãðåøíîñòè àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû (3.16)-(3.18) íà
ñåòêå ω̄ = ω̄1 × ω̄2 .

Îöåíêó ïîãðåøíîñòè ìåòîäà ñåòîê óñòàíàâëèâàåò ñëåäóþùàÿ

Ò å î ð å ì à 6.1. Ïóñòü âûïîëíåíû óñëîâèÿ ï.1 ïðè ïîñòàíîâêå äèôôåðåíöèàëü-
íîé çàäà÷è. Ïóñòü íà÷àëüíîå ïðèáëèæåíèå y(0)(x) â èòåðàöèîííîì ïðîöåññå (4.24)-(4.25)
ïðèíàäëåæèò S∗

u . Òîãäà ïðè äîñòàòî÷íî ìàëîì h < h0 ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà
ïîãðåøíîñòè ìåòîäà ñåòîê z(x) = y(x)− u(x) â ñåòî÷íîé íîðìå W 2

2,0(ω) :

∥z(x)∥W 2
2,0(ω)

= ∥y(x)− u(x)∥W 2
2,0(ω)

≤ C0

1− q∗1
∥ψ∥L2(ω), (6.43)
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ãäå

ψ(x) = f(u)−

[
−

2∑
α=1

kαα(u)ux̄αxα − 2k12(u)Q(u) + q(u)u

]
= f(u)− A(u)u =

=
2∑

α=1

kαα(u)

(
ux̄αxα(x)−

∂2u(x)

∂x2α

)
+ 2k12(u)

(
Q(u)− ∂2u(x)

∂x1∂x2

) (6.44)

� íåâÿçêà ðàçíîñòíîãî óðàâíåíèÿ (3.16)-(3.18).

Ðàññìîòðèì òåïåðü ñåòî÷íóþ ôóíêöèþ ψ(x) , x ∈ ω = ω1 × ω2 � ïîãðåøíîñòü àïïðîê-
ñèìàöèè ðàçíîñòíîé ñõåìû (3.16)-(3.18), îïðåäåëÿåìóþ ïî ôîðìóëå (6.44).

Ïðîâîäÿ îöåíêó ïðàâîé ÷àñòè (6.44), ïîëó÷èì

∥ψ(x)∥L2(ω) ≤M∗|h|m−2∥u∥Wm
2 (Ω), 3 < m ≤ 4, (6.45)

ãäå ïîñòîÿííàÿ M∗ íå çàâèñèò îò h è u(x) .

Ò å î ð å ì à 6.2. Ïóñòü ðåøåíèå äèôôåðåíöèàëüíîé çàäà÷è (2.1)-(2.2) ïðèíàäëå-
æèò êëàññó Wm

2 (Ω) , ãäå m � ëþáîå ÷èñëî èç èíòåðâàëà 3 < m ≤ 4 è íà÷àëüíîå ïðèáëè-
æåíèå y(0) â èòåðàöèîííîì ïðîöåññå (3.16)-(3.18) ïðèíàäëåæèò S∗

u . Òîãäà ïðè äîñòà-
òî÷íî ìàëîì h < h0 è ïðè âûïîëíåíèè óñëîâèé ï.1 ïðè ïîñòàíîâêå çàäà÷è (2.1)-(2.2),
ðåøåíèå ðàçíîñòíîé ñõåìû (3.16)-(3.18) ñõîäèòñÿ ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è
(2.1)-(2.2) è ïðè ýòîì ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè ìåòîäà ñåòîê
â ñåòî÷íîé íîðìå W 2

2,0(ω)

∥z(x)∥W 2
2,0(ω)

= ∥y(x)− u(x)∥W 2
2,0(ω)

≤ M̃∗|h|m−2∥u∥Wm
2 (Ω), 3 < m ≤ 4, (6.46)

ãäå ïîñòîÿííàÿ M̃∗ íå çàâèñèò îò h è u(x) .
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Accuracy of di�erence schemes for nonlinear elliptic

equations with non-restricted nonlinearity

c⃝ F.V. Lubyshev 4, M. E. Fairuzov5, A.R. Manapova6

Abstract. We consider the �rst boundary-value problem for nonlinear elliptic equations with
mixed derivatives and unrestricted nonlinearity. Di�erence scheme for solution of a given problem
class and an iterative process implementing the scheme are constructed and studied. Rigorous
study of the iterative process' convergence is conducted. Existence and uniqueness of solution of
nonlinear di�erence scheme approximating the original di�erential problem are proved. Estimates
of convergence rates for di�erence schemes approximating nonlinear equation with non-restricted
nonlinearity are obtained. These estimates are consistent with the smoothness of the sought
solution.
Key Words: nonlinear elliptic equations, di�erence method of solving, accuracy of di�erence
approximations, iterative process
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