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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ëîêàëüíîãî íåíóëåâîãî èíòåãðàëüíîãî ìíî-
ãîîáðàçèÿ íåëèíåéíîé (n+m) -ìåðíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé, íå ðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíûõ. Ïðåäïîëàãàåòñÿ, ÷òî ó èçó÷àåìîé ñèñòåìû
èìååòñÿ n -ìåðíîå òðèâèàëüíîå èíòåãðàëüíîå ìíîãîîáðàçèå ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà, à
ñîîòâåòñòâóþùàÿ ëèíåéíàÿ ïîäñèñòåìà èìååò m -ïàðàìåòðè÷åñêîå ñåìåéñòâî ïåðèîäè÷åñêèõ
ðåøåíèé. Ýòî îçíà÷àåò, â ÷àñòíîñòè, ÷òî ëèíåéíàÿ ñèñòåìà íå îáëàäàåò ñâîéñòâîì ýêñïîíåíöè-
àëüíîé äèõîòîìèè. Äîïóñêàåòñÿ, ÷òî ìàòðèöà ëèíåéíîãî ïðèáëèæåíèÿ ñèñòåìû ïðè íóëåâîì
çíà÷åíèè ïàðàìåòðà ÿâëÿåòñÿ ôóíêöèåé îò íåçàâèñèìîé ïåðåìåííîé. Ïðîáëåìà ñóùåñòâî-
âàíèÿ èíòåãðàëüíîãî ìíîãîîáðàçèÿ ñâîäèòñÿ ê ïðîáëåìå ðàçðåøèìîñòè îïåðàòîðíûõ óðàâ-
íåíèé â ïðîñòðàíñòâå îãðàíè÷åííûõ Ëèïøèö-íåïðåðûâíûõ ïåðèîäè÷åñêèõ âåêòîð-ôóíêöèé.
Äëÿ äîêàçàòåëüñòâà íàëè÷èÿ èíòåãðàëüíîãî ìíîãîîáðàçèÿ èñõîäíàÿ ñèñòåìà ïîäâåðãàåòñÿ ëè-
íåàðèçàöèè, ê êîòîðîé ïðèìåíÿåòñÿ ìåòîä ïðåîáðàçóþùåé ìàòðèöû. Ìåòîä ïðåîáðàçóþùåé
ìàòðèöû óäàåòñÿ ðàñïðîñòðàíèòü â òîì ÷èñëå è íà ñëó÷àé îòñóòñòâèÿ ëèíåéíûõ ïî ïàðàìåò-
ðó ÷ëåíîâ îïåðàòîðíûõ óðàâíåíèé. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ â îêðåñò-
íîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ ñèñòåìû n -ìåðíîãî íåíóëåâîãî ïåðèîäè÷åñêîãî èíòåãðàëüíîãî
ìíîãîîáðàçèÿ.

Êëþ÷åâûå ñëîâà: ìåòîä ïðåîáðàçóþùåé ìàòðèöû, èíòåãðàëüíîå ìíîãîîáðàçèå, ñèñòåìà
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïåðàòîðíîå óðàâíåíèå, óìåíüøåíèå ðàçìåð-
íîñòè ôàçîâîãî ïðîñòðàíñòâà.

1. Ââåäåíèå

Ïóñòü ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

f(ν, y, ẏ, t) = 0 (1.1)

äëÿ ëþáûõ ν, t èìååò ñîñòîÿíèå ðàâíîâåñèÿ y = 0 è â îáëàñòè Λ åå ðåøåíèÿ
ñóùåñòâóþò è åäèíñòâåííû. Çäåñü è äàëåå f, y, ν � (n + m) -âåêòîðû, ẏ = dy

dt
,

f(ν, y, ẏ, t+ T ) ≡ f(ν, y, ẏ, t) , Λ = Λ1 × Λ2 , Λ1 = {y : ∥y∥ 6 ∆1} ⊂ Rn+m ,
Λ2 = {ν : ∥ν∥ 6 ∆2} ⊂ Rn+m , ∆1, ∆2 - êîíñòàíòû, Rp - ñòàíäàðòíîå åâêëèäîâî ïðî-
ñòðàíñòâî ðàçìåðíîñòè p è ∥·∥ � åâêëèäîâà íîðìà â Rp .
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Ïðåäïîëîæèì, ÷òî çàìåíà ïåðåìåííûõ

y = Γ(ε, x, ϕ, t), ν = ξ(ε) (1.2)

ñèñòåìó (1.1) ïðèâîäèò ê âèäó {
ẋ = X(ε,x,ϕ,t) · x,
ϕ̇ = Φ(ε,x,ϕ,t),

(1.3)

ãäå Γ, ξ, ε � (n+m) -âåêòîðû, X � (n×n) -ìàòðèöà, x � n -âåêòîð, ϕ, Φ � m -âåêòîðû,
Γ(ε, x, ϕ, t) ̸= 0 ïðè x ̸= 0 , Γ(ε, 0, ϕ, t) ≡ 0 . Êðîìå òîãî, áóäåì ïîëàãàòü, ÷òî ñèñòåìà{

ẋ = X(0, 0, ϕ,t) · x,
ϕ̇ = Φ(0, 0, ϕ,t),

(1.4)

èìååò m -ïàðàìåòðè÷åñêîå ñåìåéñòâî íåíóëåâûõ kT -ïåðèîäè÷åñêèõ ðåøåíèé x = x(ϕ0, t) ,
ϕ = ϕ(ϕ0, t) .

Áóäåì ãîâîðèòü, ÷òî ó ñèñòåìû (1.1) ñóùåñòâóåò n -ìåðíîå íåòðèâèàëüíîå ïåðèîäè-
÷åñêîå èíòåãðàëüíîå ìíîãîîáðàçèå χ(ϕ0, t) , åñëè äëÿ âñåõ ϕ0 íàéäåòñÿ òàêîå çíà÷åíèå
ν0 = ξ(ε0) ïàðàìåòðà ν , ïðè êîòîðîì

f(ξ(ε0),Γ(ε0, χ(ϕ0, t), Γ̇(ε0, χ(ϕ0, t), ϕ
χ(ϕ0, t), t), ϕ

χ(ϕ0, t), t), t) ≡ 0,

ïðè÷åì χ(ϕ0, t) íå îáðàùàåòñÿ â íîëü íè ïðè êàêèõ çíà÷åíèÿõ ϕ0 è t , ÿâëÿåòñÿ ω -
ïåðèîäè÷åñêèì ïî êîìïîíåíòàì m -âåêòîðà ϕ0 , kT -ïåðèîäè÷åñêèì ïî t , ãäå k � íàòó-
ðàëüíîå ÷èñëî, ϕ = ϕχ(ϕ0, t) îïðåäåëÿåò èíòåãðàëüíóþ êðèâóþ íà ìíîãîîáðàçèè. Çàäà-
÷à ñóùåñòâîâàíèÿ íåòðèâèàëüíîãî ïåðèîäè÷åñêîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ ñèñòåìû
(1.1) âáëèçè åå ñîñòîÿíèÿ ðàâíîâåñèÿ è ðåøàåòñÿ â äàííîé ðàáîòå.

Îáùèé ïîäõîä ê ðåøåíèþ ïîñòàâëåííîé çàäà÷è, ðàçðàáîòàííûé Í.Í. Áîãîëþáîâûì,
Þ.À. Ìèòðîïîëüñêèì è À.Ì. Ñàìîéëåíêî [1] � [4], ñîñòîèò â ïîñòðîåíèè ôóíêöèè Ãðèíà
è óñïåøíî ïðèìåíÿåòñÿ äëÿ ìíîãèõ ñèñòåì âèäà (1.3) (ñì., íàïðèìåð, [5], [6]). Îäíàêî â
äàííîì ñëó÷àå ýòîò ïîäõîä ðåàëèçîâàòü íå óäàåòñÿ, ïîñêîëüêó ñèñòåìà (1.3) ïðè âñåõ çíà÷å-
íèÿõ ïàðàìåòðà ε èìååò íóëåâîå èíòåãðàëüíîå ìíîãîîáðàçèå x = 0 , à ñèñòåìà (1.4) � m -
ïàðàìåòðè÷åñêîå ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé. Óêàçàííûå óñëîâèÿ óäàåòñÿ îáîéòè
ëèøü ñ ïîìîùüþ íàõîæäåíèÿ ðåøåíèÿ âñïîìîãàòåëüíîãî âåêòîðíîãî (áèôóðêàöèîííîãî)
óðàâíåíèÿ è ïåðåõîäà â åãî îêðåñòíîñòü [7], [8].

Èçëîæåííûå â äàííîé ðàáîòå ðåçóëüòàòû ïîëó÷åíû íà îñíîâå ìîäèôèêàöèè ïðåäëî-
æåííîãî â [9] ìåòîäà ïðåîáðàçóþùåé ìàòðèöû, ïðèìåíåíèå êîòîðîãî ïîçâîëèëè ïîëó÷èòü
íîâûå äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ëîêàëüíîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ äëÿ
ñèñòåì áîëåå îáùåãî âèäà, ÷åì ðàññìàòðèâàåìûå â ðàáîòàõ [10] � [13].

2. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Ïóñòü F (ϕ, t) ∈ Ω1, ε(ϕ) ∈ Ω2 �� ω �ïåðèîäè÷åñêèå ïî êîìïîíåíòàì âåêòîðà ϕ îãðà-
íè÷åííûå ñîîòâåòñòâåííî ÷èñëàìè δ10 è δ20 âåêòîð-ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ
Ëèïøèöà:

∥F (ϕ1, t1)− F (ϕ2, t2)∥ 6 δ11 ∥ϕ1 − ϕ2∥+ δ12 |t1 − t2| , (2.1)

∥ε(ϕ1)− ε(ϕ2)∥ 6 δ21 ∥ϕ1 − ϕ2∥ , (2.2)
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èìåþùèå ñîîòâåòñòâåííî ðàçìåðíîñòü n è l , 0 < l 6 n+m , F (ϕ, t) kT �ïåðèîäè÷åñêàÿ

ïî t , ∥F (ϕ, t)∥ =


n∑
i=1

sup
ϕi ∈ [0, ω]
t ∈ [0, kT ]

|Fi(ϕ, t)|


1/2

, ∥ε(ϕ)∥ =

[
l∑

i=1

sup
ϕi∈[0, ω]

|εi(ϕ)|

]1/2

. Îòìå-

òèì, ÷òî åñëè äëÿ ìíîæåñòâ Ωi ââåñòè óêàçàííóþ íîðìó, òî îíè ñòàíîâÿòñÿ âûïóêëûìè
êîìïàêòàìè [9, ñ.15].

Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ϕ̇ = Φ(ε(ϕ0), F (ϕ0, t), ϕ, t), (2.3)

óäîâëåòâîðÿþùåãî íà÷àëüíûì äàííûì ϕ(0) = ϕ0 , ïðèìåì îáîçíà÷åíèå ϕFt . Ïóñòü, êðîìå
òîãî, Y F

ε (ϕ0, t) � ìàòðèöàíò óðàâíåíèÿ

ẋ = X(ε(ϕ0), F (ϕ0, t), ϕ
F
t , t) · x. (2.4)

Çäåñü è äàëåå F (ϕ0, t) ∈ Ω1 , n + m − l çíà÷åíèé êîìïîíåíòîâ âåêòîðà ε ïðèíÿòû
ðàâíûìè 0 , à âìåñòî îñòàâøèõñÿ l çíà÷åíèé â óðàâíåíèÿ ñèñòåìû (1.3) ïîäñòàâëåíû ýëå-
ìåíòû ôóíêöèè ε(ϕ0) ∈ Ω2 .

Î ï ð å ä å ë å í è å 2.1. Íåîñîáåííóþ ôóíêöèîíàëüíóþ n × n � ìàòðèöó
QF
ε (ϕ0) ñ ïîñòîÿííûì îïðåäåëèòåëåì, íåïðåðûâíóþ ïî âñåì ñâîèì ïåðåìåííûì è

ω �ïåðèîäè÷åñêóþ ïî êîìïîíåíòàì âåêòîðà ϕ0 , áóäåì íàçûâàòü ïðåîáðàçóþùåé ìàò-
ðèöåé ñèñòåìû (1.3), åñëè ó ìàòðèöû

(Y F
ε (ϕ0, kT )− In) ·QF

ε (ϕ0) (2.5)

ñóùåñòâóåò, ïî êðàéíåé ìåðå, îäèí ñòîëáåö qFε (ϕ0) ̸≡ 0 . Çäåñü In � åäèíè÷íàÿ
n × n �ìàòðèöà.

Îáîçíà÷èì X = {x : ∥x∥ 6 δ1} ⊂ Rn, E = {ε : ∥ε∥ 6 δ2} ⊂ Rn+m .

3. Òåîðåìà î ñóùåñòâîâàíèè èíòåãðàëüíîãî ìíîãîîáðàçèÿ

Çäåñü è äàëåå ìû ïðåäïîëàãàåì, ÷òî ïðàâûå ÷àñòè ñèñòåìû (1.3) ÿâëÿþòñÿ
ω �ïåðèîäè÷åñêèìè ïî êîìïîíåíòàì âåêòîðà ϕ è T �ïåðèîäè÷åñêèìè ïî íåçàâèñèìîé ïå-
ðåìåííîé t ∈ R , íåïðåðûâíû è îáåñïå÷èâàþò ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé
ñèñòåìû (1.3) â îáëàñòè Rm+1×X×E ïðè äîñòàòî÷íî ìàëûõ δ1 è δ2 . Èíà÷å ãîâîðÿ, ìû ïî-
ëàãàåì, ÷òî çàìåíà ïåðåìåííûõ (1.2) ñîõðàíÿåò ñâîéñòâà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèé ñèñòåìû (1.1).

Ââåäåì â ðàññìîòðåíèå ñèñòåìó óðàâíåíèé
qFε (ϕ0) = 0,∫ kT

0

Φ(ε(ϕ0), F (ϕ0, t), ϕ
F
t , t) dt = 0.

(3.1)

Ò å î ð å ì à 3.1. Ïóñòü ïðåîáðàçóþùóþ ìàòðèöó ñèñòåìû (1.3) óäàåòñÿ ïîñòðî-
èòü òàê, ÷òî ñóùåñòâóþò òàêîå ÷èñëî l ( 0 < l 6 n+m ) è òàêîé ñòîëáåö qFε (ϕ0) , ïðè
êîòîðûõ äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû (3.1) äîñòàòî÷íî íàéòè ðåøåíèå íåêîòîðîé,
âîîáùå ãîâîðÿ, îòëè÷íîé îò (3.1) ñèñòåìû l óðàâíåíèé

SFε (ϕ0) = 0, (3.2)
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èìåþùåé äëÿ êàæäîé ôóíêöèè F (ϕ0, t) ∈ Ω1 åäèíñòâåííîå ðåøåíèå εF (ϕ0) ∈ Ω2.
Êðîìå òîãî, ïóñòü ïðè t ∈ [0; kT ] âûïîëíåíî:∥∥Y F

ε (ϕ0, t) ·QF
ε (ϕ0)

∥∥ 6 r0, (3.3)∥∥Y F
ε (ϕ∗

0, t
∗) ·QF

ε (ϕ
∗
0)− Y F

ε (ϕ0, t) ·QF
ε (ϕ0)

∥∥ 6 r1 ∥ϕ∗
0 − ϕ0∥+ r2 |t∗ − t| . (3.4)

Òîãäà äëÿ ëþáîãî âåêòîðà ϕ0 ∈ Rm ìîæíî óêàçàòü òàêîå çíà÷åíèå ïàðàìåòðà ν ,
÷òî ñèñòåìà (1.1) áóäåò èìåòü íåíóëåâîå èíòåãðàëüíîå ìíîãîîáðàçèå â îêðåñòíîñòè
ñîñòîÿíèÿ ðàâíîâåñèÿ y = 0 .

4. Äîêàçàòåëüñòâî òåîðåìû î ñóùåñòâîâàíèè èíòåãðàëüíîãî ìíî-
ãîîáðàçèÿ

1. Ïîñêîëüêó ε = εF (ϕ0) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (3.2), òî, çíà÷èò, ïðè ε = εF (ϕ0)
â òîæäåñòâî îáðàùàåòñÿ è âûðàæåíèå (3.1). Ñëåäîâàòåëüíî, äèôôåðåíöèàëüíîå óðàâíåíèå
(2.4) äëÿ êàæäîé ôóíêöèè F (ϕ0, t) ∈ Ω1 èìååò kT�ïåðèîäè÷åñêîå ðåøåíèå

xF (ϕ0, t) = Y F
ε (ϕ0, t) ·QF

ε (ϕ0) · C, (4.1)

ãäå âñå ýëåìåíòû ïîñòîÿííîãî n �âåêòîðà C ðàâíû íóëþ, êðîìå ýëåìåíòà, ñîîòâåòñòâóþ-
ùåãî íîìåðó ñòîëáöà qFε (ϕ0) , êîòîðûé ðàâåí c �� ïðîèçâîëüíîé êîíñòàíòå. Íåîñîáåííîñòü
ïðåîáðàçóþùåé ìàòðèöû îáåñïå÷èâàåò íåòðèâèàëüíîñòü xF (ϕ0, t) .

2. Ñîãëàñíî óñëîâèÿì (3.3) è (3.4), xF (ϕ0, t) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ ïî-
ñòîÿííîé r1 · c ïî ïåðåìåííîé ϕ0 è r2 · c ïî t , îãðàíè÷åíî ÷èñëîì r0 · c . Çíà÷èò, çà ñ÷åò
óìåíüøåíèÿ c âñåãäà ìîæíî äîáèòüñÿ âûïîëíåíèÿ xF (ϕ0, t) ∈ Ω1 .

3. Òàêèì îáðàçîì, ìû ïîñòðîèëè îïåðàòîð, îïðåäåëÿåìûé ðàâåíñòâàìè (3.2) è (4.1), ê
êîòîðîìó, â ñèëó åäèíñòâåííîñòè çíà÷åíèÿ εF (ϕ0) äëÿ êàæäîé ôóíêöèè F (ϕ0, t) ∈ Ω1 ,
ìîæíî ïðèìåíèòü òåîðåìó [14, ñ.26] (èëè òåîðåìó 1.3 [9, ñ.20]). Ñëåäîâàòåëüíî, ó ýòîãî
îïåðàòîðà ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà Ψ(ϕ0, t) = Y Ψ

ε (ϕ0, t) ·QΨ
ε (ϕ0) · C .

4. ßñíî, ÷òî ïðè ε = εΨ(ϕ0) ôóíêöèè Ψ(ϕ0, t) , ϕ
Ψ
t îïðåäåëÿþò ñåìåéñòâî íåíóëåâûõ

kT �ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû (1.3). Äåéñòâèòåëüíî, äëÿ òîãî, ÷òîáû óáåäèòñÿ â
ýòîì, äîñòàòî÷íî ïðèíÿòü âî âíèìàíèå îáðàùåíèå â òîæäåñòâî óðàâíåíèÿ (3.1) è ïðîäèô-
ôåðåíöèðîâàòü Ψ(ϕ0, t) , ó÷èòûâàÿ, ÷òî ôóíêöèÿ ϕΨ

t óäîâëåòâîðÿåò óðàâíåíèþ (2.3).
5. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû îñòàåòñÿ âåðíóòüñÿ ê ñèñòåìå (1.1) ñ

ïîìîùüþ çàìåíû (1.2). Èòàê, Ψ(ϕ0, t) � èñêîìîå n �ìåðíîå íåòðèâèàëüíîå ïåðèîäè÷åñêîå
èíòåãðàëüíîå ìíîãîîáðàçèå ñèñòåìû (1.1), ÷òî è òðåáîâàëîñü äîêàçàòü.

5. Îäèí ïðèìåð ñèñòåìû, óäîâëåòâîðÿþùåé óñëîâèÿì òåîðåìû î
ñóùåñòâîâàíèè èíòåãðàëüíîãî ìíîãîîáðàçèÿ

Â êà÷åñòâå èëëþñòðàöèè èñïîëüçîâàíèÿ òåîðåìû 3.1. ðàññìîòðèì ñèñòåìó ñïåöèàëüíîãî
âèäà, ê êîòîðîé íå ìîæåò áûòü ïðèìåíåí íè îäèí èç äîñòàòî÷íûõ ïðèçíàêîâ ñóùåñòâîâà-
íèÿ èíòåãðàëüíûõ ìíîãîîáðàçèé èç ðàáîò [1] � [14].

Ï ð è ì å ð 5.1. Ïóñòü â ñèñòåìó òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ẏ1 − [cos t+ ε1

2 − ε2
4 · (1 + sin2t)− ε3

4 − y1
2 · y32] · y1 = 0,

(y2
2 + y3

2)u(ε, y, ẏ, t)− 4y1
2y2

2y3
2 = 0,

y2 · ẏ3 − y3 · ẏ2 − [cos 2t+ α2(ε) + y2] · (y22 + y3
2) = 0,

(5.1)
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âõîäèò òîëüêî îäíà âåêòîðíàÿ âåëè÷èíà ε = (ε1, ε2, ε3)
T è u(ε, y, ẏ, t) = y3ẏ2 + y2ẏ3 +

(cos 2t+ α2(ε) + y2)(y3
2 − y2

2)− 2(sin t+ α1(ε))y2y3,

αi(ε) = ai1 · ε1 + ai2 · ε2 + ai3 · ε3 + ᾱi(ε), ᾱi(ε) = o(∥ε∥), a12 · a23 ̸= a13 · a22.

Áóäåì òàêæå ïîëàãàòü, ÷òî äëÿ âûðàæåíèé ᾱi(ε) âûïîëíåíû óñëîâèÿ Ëèïøèöà ñ
òàêèìè ïîñòîÿííûìè γi , äëÿ êîòîðûõ γi → 0 ïðè δ20 → 0 (ñì. ï. 2.). Ïîñëå çàìåíû
ïåðåìåííûõ y1 = x1, y2 = x2 · cosϕ, y3 = x2 · sinϕ , óðàâíåíèÿ (5.1) ïðåîáðàçóþòñÿ ê âèäó
(1.3): 

ẋ1 =
[
cos t+ ε1

2 − ε2
4 · (1 + sin2t)− ε3

4 − x1
2 · x22 · sin2ϕ

]
· x1,

ẋ2 = [sin t+ α1(ε) + x1
2 · sin 2ϕ] · x2,

ϕ̇ = cos 2t+ α2(ε) + x2 · cosϕ.
Òîãäà ñèñòåìà (1.4) çäåñü ñîñòîèò èç òðåõ óðàâíåíèé:

ẋ1 = cos t · x1,
ẋ2 = sin t · x2,
ϕ̇ = cos 2t

è èìååò îäíîïàðàìåòðè÷åñêîå (m = 1) ñåìåéñòâî 2π �ïåðèîäè÷åñêèõ ðåøåíèé x1 =
esin t , x2 = e1−cos t , ϕ = ϕ0 + 0, 5 · sin 2t .

Âìåñòî óðàâíåíèé (2.3) è (2.4) áóäóò ñîîòâåòñòâåííî ðàññìàòðèâàòüñÿ

ϕ̇ = cos 2t+ α2(ε(ϕ0)) + F2(ϕ0, t) · cosϕ, (5.2){
ẋ1 = [cos t+X1(ϕ0, t)] · x1,
ẋ2 = [sin t+X2(ϕ0, t)] · x2,

(5.3)

ãäå

X1(ϕ0, t) = ε1
2(ϕ0)− ε2

4(ϕ0) · (1 + sin2t)− ε3
4(ϕ0)− F1

2(ϕ0, t) · F2
2(ϕ0, t) · sin2(ϕFt ),

X2(ϕ0, t) = α1(ε(ϕ0)) + F1
2(ϕ0, t) · sin(2ϕFt ),

ïðè÷åì
F (ϕ0, t) = (F1(ϕ0, t), F2(ϕ0, t))

T ,

ε(ϕ0) = (ε1(ϕ0), ε2(ϕ0), ε3(ϕ0))
T � 2π �ïåðèîäè÷åñêèå ïî ϕ0 , à F (ϕ0, t) è ïî t .

Êðîìå òîãî, â ñèëó ñâîéñòâ ïðàâûõ ÷àñòåé ñèñòåìû (5.1), ðåøåíèå ϕFt óðàâíåíèÿ
(5.2) îãðàíè÷åíî, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî âñåì ñâîèì ïåðåìåííûì ïðè t ∈
[0, 2π] è 2π �ïåðèîäè÷åñêîå ïî íà÷àëüíûì äàííûì ϕ0 . Òîãäà ìàòðèöàíò óðàâíåíèÿ (5.3)
ïðåäñòàâëÿåò ñîáîé äèàãîíàëüíóþ ìàòðèöó

Y F
ε (ϕ0, t) = diag

(
exp

[
sin t+

∫ t

0

X1(ϕ0, τ) dτ

]
, exp

[
1− cos t+

∫ t

0

X2(ϕ0, τ) dτ

])
è îáëàäàåò òî÷íî òàêèìè æå ñâîéñòâàìè (ñì., íàïðèìåð, [9, ñ.29]).

Âûáèðàÿ òåïåðü ïðåîáðàçóþùóþ ìàòðèöó QF
ε (ϕ0) ≡

(
1 0
1 1

)
, äëÿ âûðàæåíèÿ (2.5)

ïîëó÷àåì

(
Y F
ε (ϕ0, 2π)− I2

)
·QF

ε (ϕ0) =

 exp

[∫ 2π

0

X1(ϕ0, τ) dτ

]
− 1 0

exp

[∫ 2π

0

X2(ϕ0, τ) dτ

]
− 1 exp

[∫ 2π

0

X2(ϕ0, τ) dτ

]
− 1

 .
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Ïîëîæèâ òîãäà â óñëîâèÿõ òåîðåìû î ñóùåñòâîâàíèè èíòåãðàëüíîãî ìíîãîîáðàçèÿ
l = 3 è

qFε (ϕ0) =

(
exp

[∫ 2π

0

X1(ϕ0, τ) dτ

]
− 1, exp

[∫ 2π

0

X2(ϕ0, τ) dτ

]
− 1

)
,

äëÿ ñèñòåìû (3.1) ïîëó÷èì ïðåäñòàâëåíèå

exp

[∫ 2π

0

X1(ϕ0, τ) dτ

]
= 1,

exp

[∫ 2π

0

X2(ϕ0, τ) dτ

]
= 1,

α2(ε(ϕ0)) · 2π +

∫ 2π

0

F2(ϕ0, τ) · cosϕFτ dτ = 0.

Çíà÷èò, â êà÷åñòâå ñèñòåìû (3.2) äîñòàòî÷íî ðàññìîòðåòü ñèñòåìó òðåõ óðàâíåíèé

ε1(ϕ0) ·
√
2π =

√
ε24(ϕ0) · 3π + ε34(ϕ0) · 2π +

∫ 2π

0

F1
2(ϕ0, τ) · F2

2(ϕ0, τ) · sin2(ϕFτ ) dτ ,

α1(ε(ϕ0)) · 2π +

∫ 2π

0

F1
2(ϕ0, τ) · sin(2ϕFτ ) dτ = 0,

α2(ε(ϕ0)) · 2π +

∫ 2π

0

F2(ϕ0, τ) · cosϕFτ dτ = 0.

(5.4)

Â ñèëó óñëîâèÿ a12 · a23 ̸= a13 · a22 ìàòðèöà A =

 1 0 0
a11 a12 a13
a21 a22 a23

 áóäåò íåîñîáåííîé

è ñèñòåìó (5.4) ìîæíî çàïèñàòü â âèäå:

ε(ϕ0) = A−1 · yF,ε(ϕ0), (5.5)

ãäå
yF,ε(ϕ0) = ( yF,ε1 (ϕ0), yF,ε2 (ϕ0), yF,ε3 (ϕ0) )T ,

yF,ε1 (ϕ0) = 1
/√

2π ·

√
ε24(ϕ0) · 3π + ε34(ϕ0) · 2π +

∫ 2π

0

F1
2(ϕ0, τ) · F2

2(ϕ0, τ) · sin2(ϕFτ ) dτ ,

yF,ε2 (ϕ0) = −ᾱ1(ε(ϕ0))− 1/2π ·
∫ 2π

0

F1
2(ϕ0, τ) · sin(2ϕFτ ) dτ,

yF,ε3 (ϕ0) = −ᾱ2(ε(ϕ0))− 1/2π ·
∫ 2π

0

F2(ϕ0, τ) · cosϕFτ dτ.

Ïóòåì óìåíüøåíèÿ ÷èñåë δij (ñì. ï. 2.) ëåãêî óáåäèòüñÿ, ÷òî îïåðàòîð, çàäàþùèé
óðàâíåíèå (5.5), ÿâëÿåòñÿ ñæèìàþùèì è äëÿ êàæäîé ôóíêöèè F (ϕ0, t) ∈ Ω1 ïåðåâîäèò
ïðîñòðàíñòâî Ω2 â Ω2 . Ýòèì ôàêòîì îêîí÷àòåëüíî óñòàíàâëèâàåòñÿ âûïîëíåíèå âñåõ
óñëîâèé òåîðåìû 3.1. è, çíà÷èò, ñóùåñòâîâàíèå ëîêàëüíîãî íåíóëåâîãî èíòåãðàëüíîãî
ìíîãîîáðàçèÿ ñèñòåìû (5.1).
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Â çàêëþ÷åíèå îòìåòèì, ÷òî αi(ε) ìîæíî âûáðàòü òàêèì îáðàçîì, ÷òîáû ñèñòåìà
àëãåáðàè÷åñêèõ óðàâíåíèé âèäà

ε1
2 − 1, 5 · ε24 − ε3

4 = 0,
α1(ε) = 0,
α2(ε) = 0

íå èìåëà íåòðèâèàëüíûõ ðåøåíèé, à ìàòðèöà A îñòàâàëàñü íåîñîáåííîé. Äåéñòâèòåëü-
íî, ýòî âûïîëíÿåòñÿ, íàïðèìåð, ïðè α1(ε) = ε2−ε3 , α2(ε) = ε2+ε3 è, ñëåäîâàòåëüíî, íè
îäèí èç äîñòàòî÷íûõ ïðèçíàêîâ ñóùåñòâîâàíèÿ èíòåãðàëüíûõ ìíîãîîáðàçèé íå òîëüêî
èç ðàáîò [1] � [8], íî è èç [9] � [13] íå ìîæåò áûòü ïðèëîæåí ê ñèñòåìå (5.1).
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To the problem of existence of integral manifolds systems

of di�erential equations not solved with respect to

derivatives

c⃝ M. I. Kuptsov 4, M.T. Terekhin 5, V.V. Tenyaev 6

Abstract. The issue of the article is �nding a local non-zero integral manifold of a nonlinear
(n + m) -dimensional system of ordinary di�erential equations that is not solved with respect to
derivatives. It is assumed that the examined system has n -dimensional trivial integral manifold
for all parameter values and that corresponding linear subsystem has the m -parametric family
of periodic solutions. In particular it means that the linear system does not have the property
of exponential dichotomy. It is allowed for the linear approximation matrix to be a function
of independent variable when the parameter value is zero. The problem of existence of integral
manifolds is reduced to the issue of operator equations' solution in the space of bounded
Lipschitz-continuous periodic vector functions. Linearization is used to prove the existence of
integral manifolds of the original system; the method of transforming matrix is used here. This
method may be extended on the case of absence of a linearity in the parameter of the operator
equations members. The su�cient conditions of existence of n -dimensional nonzero periodic
integral manifold in the neighborhood of the equilibrium state of the system were obtained.

Key Words: the method of transforming matrix, integral manifold, ordinary di�erential
equations' system, operator equation, dimensional reduction of phase space.
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