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Àííîòàöèÿ. Îáñóæäàåòñÿ ìàòåìàòè÷åñêàÿ çàäà÷à íàõîæäåíèÿ ñîáñòâåííûõ ìîä äëÿ âîëíî-
âîãî óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè, îïèñûâàþùåãî ìàëûå êîëåáàíèÿ íåñæèìà-
åìîé èäåàëüíîé îäíîñëîéíîé èëè äâóõñëîéíîé æèäêîñòè â çàìêíóòîì áàññåéíå ñ íåðîâíûì
äíîì. Íàéäåíû ñîáñòâåííûå ìîäû êîëåáàíèé ïðè îïðåäåëåííîé ôóíêöèîíàëüíîé çàâèñèìîñòè
øèðèíû è ãëóáèíû áàññåéíà. Ïîêàçàíî, ÷òî òàêèå ñîáñòâåííûå ìîäû âûðàæàþòñÿ ÷åðåç ìíî-
ãî÷ëåíû ×åáûøåâà âòîðîãî ðîäà. Ïðèâåäåíû íåêîòîðûå ñâîéñòâà ñîáñòâåííûõ ìîä. Â ÷àñòíî-
ñòè, èññëåäîâàíû ñîáñòâåííûå ìîäû äëÿ áàññåéíîâ ñëåäóþùèõ êîíôèãóðàöèé: 1) ïîñòîÿííîé
øèðèíû, 2) ïîñòîÿííîé ãëóáèíû, 3) ¾ñîãëàñîâàííîãî¿ êàíàëà ïåðåìåííûõ øèðèíû è ãëóáèíû.
Â ïåðâîì ñëó÷àå íàéäåí èõ ïàðàìåòðè÷åñêèé âèä, à â äâóõ äðóãèõ ñëó÷àÿõ ÿâíûé âèä. Â çà-
êëþ÷åíèè îáñóæäàåòñÿ ôèçè÷åñêàÿ èíòåðïðåòàöèÿ è îáîñíîâàíèå ðåàëèçóåìîñòè ïîëó÷åííûõ
ðåøåíèé.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå ñ ïåðåìåííûìè êîýôôèöèåíòàìè, óðàâíåíèå Êëåéí�
Ãîðäîíà, çàäà÷à Øòóðìà�Ëèóâèëëÿ, ìíîãî÷ëåíû ×åáûøåâà âòîðîãî ðîäà, êîëåáàíèÿ èäåàëü-
íîé æèäêîñòè â çàìêíóòîì áàññåéíå.

1. Ââåäåíèå

Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ äëÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïðèâîäèò
ê çàäà÷å Øòóðìà�Ëèóâèëëÿ. Â ïðîñòåéøèõ ñëó÷àÿõ íåîáõîäèìî íàéòè íåòðèâèàëüíûå
ðåøåíèÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

L(y) + λρ(x)y = 0, a < x < b, ρ(x) > 0 (1.1)

ñ ãðàíè÷íûìè óñëîâèÿìè òèïà Íåéìàíà èëè Äèðèõëå, ãäå

L(y) ≡ d

dx

(
k(x)

dy

dx

)
− q(x)y, k(x), q(x) ≥ 0, (1.2)
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λ � ñîáñòâåííîå ÷èñëî. Ëèøü òîëüêî äëÿ íåêîòîðûõ ôèçè÷åñêèõ çàäà÷ óäàåòñÿ íàéòè
ðåøåíèÿ óðàâíåíèÿ (1.1), ïðè÷åì, êàê ïðàâèëî, â âèäå ñïåöèàëüíûõ ôóíêöèé.

Òðàíñôîðìàöèîííàÿ òåõíèêà ([1],[2],[3]) ïîçâîëÿåò ïåðåéòè îò ãèïåðáîëè÷åñêîãî âîë-
íîâîãî óðàâíåíèÿ

∂

∂x

(
k(x)

∂η

∂x

)
= ρ(x)

∂2η

∂t2
(1.3)

ê óðàâíåíèþ Êëåéíà�Ãîðäîíà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè è òåì ñàìûì íàéòè ðåøå-
íèå çàäà÷è Øòóðìà�Ëèóâèëëÿ â ýëåìåíòàðíûõ ôóíêöèÿõ. Äëÿ ýòîãî ïåðåõîäà êîýôôè-
öèåíòû óðàâíåíèÿ (1.3) äîëæíà ñâÿçûâàòü íåêîòîðàÿ ôóíêöèîíàëüíàÿ çàâèñèìîñòü, ÷òî,
êîíå÷íî, ñóæàåò îáùíîñòü èñõîäíîé çàäà÷è. Òåì íå ìåíåå, òàêèå ñëó÷àè èíòåðåñíû äëÿ
ôèçèêîâ, ïîñêîëüêó ïîçâîëÿþò äîêàçàòü ñóùåñòâîâàíèå áåãóùèõ âîëí â ñèëüíî íåîäíî-
ðîäíûõ ñðåäàõ.

Èçëîæåííûé ïîäõîä ìû ïðèìåíèì ê íàõîæäåíèþ ñîáñòâåííûõ ìîä êîëåáàíèé íåñæèìà-
åìîé èäåàëüíîé æèäêîñòè â îãðàíè÷åííîì êàíàëå ïðÿìîóãîëüíîãî ñå÷åíèÿ. Â [4] íàìè íàé-
äåíà êîíôèãóðàöèÿ áàññåéíà, ïðè êîòîðîé èñõîäíîå âîëíîâîå óðàâíåíèå êîëåáàíèé æèäêî-
ñòè (ñ ïåðåìåííûìè êîýôôèöèåíòàìè) çàìåíîé ñâîäèòñÿ ê óðàâíåíèþ Êëåéíà�Ãîðäîíà ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè. Íåêîòîðûå òàêèå ÷àñòíûå êîíôèãóðàöèè áûëè ïîëó÷åíû
â [5]. Â íàñòîÿùåé ðàáîòå íàìè áóäåò èññëåäîâàí ñëó÷àé, êîãäà êîýôôèöèåíòû âîëíîâîãî
óðàâíåíèÿ, ïî êðàéíåé ìåðå îäèí èç íèõ, íà êîíöàõ èíòåðâàëà îáðàùàþòñÿ â íóëü. Ïîêà-
çàíî, ÷òî ñîáñòâåííûå ìîäû òàêîãî óðàâíåíèÿ ìîãóò áûòü âûðàæåíû ÷åðåç ìíîãî÷ëåíû
×åáûøåâà âòîðîãî ðîäà, à ïîòîìó îáëàäàþò ðÿäîì çàìå÷àòåëüíûõ ñâîéñòâ. Â ÷àñòíîñòè,
áóäóò èññëåäîâàíû ñîáñòâåííûå ìîäû äëÿ áàññåéíà 1) ïîñòîÿííîé øèðèíû, 2) ïîñòîÿíííîé
ãëóáèíû, 3) ¾ñîãëàñîâàííîãî¿ êàíàëà ïåðåìåííûõ øèðèíû è ãëóáèíû.

2. Ïðåîáðàçîâàíèå âîëíîâîãî óðàâíåíèÿ ê óðàâíåíèþ Êëåéíà�
Ãîðäîíà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

Âîëíîâûå äâèæåíèÿ ìàëîé àìïëèòóäû íåñæèìàåìîé èäåàëüíîé æèäêîñòè â êàíàëå
ïðÿìîóãîëüíîãî ñå÷åíèÿ îïèñûâàþòñÿ âîëíîâûì óðàâíåíèåì [6]

B(x)
∂2η

∂t2
− ∂

∂x

(
B(x)c2(x)

∂η

∂x

)
= 0, (2.1)

ãäå η(x, t) � ñìåùåíèå ðàçäåëà ñëîåâ ðàçíîé ïëîòíîñòè â ñëó÷àå âíóòðåííèõ âîëí è âîäíîé
ïîâåðõíîñòè â ñëó÷àå ïîâåðõíîñòíûõ âîëí, c(x) � ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëí, B(x)
� øèðèíà êàíàëà ïðÿìîóãîëüíîé ôîðìû. Äëÿ ïîâåðõíîñòíûõ âîëí êâàäðàò ñêîðîñòè ðàñ-
ïðîñòðàíåíèÿ âîëí îïðåäåëÿåòñÿ ðàâåíñòâîì c2(x) = gh(x), ãäå g � çíà÷åíèå óñêîðåíèÿ
ñâîáîäíîãî ïàäåíèÿ, h(x) � ãëóáèíà áàññåéíà, à äëÿ âíóòðåííèõ âîëí �

c2(x) = g′
h1h2(x)

h1 + h2(x)
, (2.2)

ãäå h1 è h2(x) � ãëóáèíû âåðõíåãî è íèæíåãî ñëîåâ, g′ = g(ρ2−ρ1)/ρ1 � ðåäóöèðîâàííîå
çíà÷åíèå óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ, ρ1 < ρ2 � ïëîòíîñòè âåðõíåãî è íèæíåãî ñëîåâ.

Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (2.1) â âèäå

η(t, x) = A(x)Φ(t, τ), (2.3)

ãäå A(x) � àìïëèòóäà è τ(x) � ôàçà �� âðåìÿ ðàñïðîñòðàíåíèÿ âîëíû. Òîãäà óðàâíå-
íèå (2.1) ìîæíî ïðèâåñòè ê óðàâíåíèþ Êëåéíà�Ãîðäîíà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

∂2Φ

∂t2
− ∂2Φ

∂τ 2
+ pΦ = 0, (2.4)
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ãäå p � ïðîèçâîëüíàÿ êîíñòàíòà. Ïðè ýòîì äîëæíû âûïîëíÿòüñÿ òðè óñëîâèÿ [5]. Ïåðâîå
îïðåäåëÿåò ôàçó

τ(x) =

∫
dx

c(x)
, (2.5)

Âòîðîå çàäàåò àìïëèòóäó

A(x) =
const√
c(x)B(x)

. (2.6)

Òðåòüå ñâÿçûâàåò ñêîðîñòü ðàñïðîñòðàíåíèÿ (ñëåäîâàòåëüíî, ãëóáèíó) è øèðèíó êàíà-
ëà

d

dx

[√
c(x)

B(x)

d

dx
(c(x)B(x))

]
= 2p

√
B(x)

c(x)
. (2.7)

3. Îïðåäåëåíèå ñîáñòâåííûõ ìîä óðàâíåíèÿ (2.1)

Â ðàáîòå àâòîðîâ [4] äëÿ óðàâíåíèÿ (2.7) ïîëó÷åí îáùèé âèä ðåøåíèÿ è íàéäåíû óñëî-
âèÿ, ïðè êîòîðûõ ðåøåíèÿ ÿâëÿþòñÿ îãðàíè÷åííûìè è îïðåäåëåííûìè âñþäó. Íàéäåíî
òàêæå îãðàíè÷åííîå, íî ñèíãóëÿðíîå ðåøåíèå ( c(x) èëè B(x) îáðàùàþòñÿ â íóëü). Îíî
ïîëó÷àåòñÿ òîëüêî ïðè p < 0. Òàêîå ðåøåíèå ñîîòâåòñòâóåò êîíôèãóðàöèè êàíàëà òèïà
¾îçåðî¿. Åãî ìîæíî çàïèñàòü â ñëåäóþùåì âèäå

c(x) =
√
q

√
1− ψ2(x)

|ψ′(x)|
,

B(x) =
γ
√
q
|ψ′(x)|

√
1− ψ2(x),

(3.1)

ãäå ψ(x) � íåïðåðûâíàÿ íà [0, L] è äèôôåðåíöèðóåìàÿ íà (0, L) ôóíêöèÿ, L � äëèíà
êàíàëà, q = −p > 0, γ > 0 � ïðîèçâîëüíàÿ êîíñòàíòà.

Ïîñêîëüêó ðåøåíèÿ c(x) è B(x) íå èçìåíÿþòñÿ ïðè çàìåíå ψ(x) íà −ψ(x), òî ìîæíî
ïîëàãàòü, ÷òî ψ′(x) ≥ 0, òî åñòü ψ(x) � âîçðàñòàþùàÿ íà [0, L] ôóíêöèÿ.

Áóäåì òàêæå ñ÷èòàòü, ÷òî
ψ(0) = −1, ψ(L) = 1. (3.2)

Òàêèì îáðàçîì, c(x) è B(x) åñëè è èìåþò îñîáûå òî÷êè, òî òîëüêî íà êîíöàõ îòðåçêà
[0, L].

Äëÿ ïîëó÷åíèÿ ôàçû è àìïëèòóäû ïðèìåíèì ôîðìóëû (2.5)�(2.6):

τ(x) =

x∫
0

dx

c(x)
=

x∫
0

ψ′(x)dx
√
q
√

1− ψ2(x)
=

1
√
q
(arcsinψ(x) +

π

2
), (3.3)

A(x) =
a0√

c(x)B(x)
=

a0√
γ

1√
1− ψ2(x)

, (3.4)

ãäå a0 � ïðîèçâîëüíàÿ êîíñòàíòà.
Çíà÷åíèÿ τ îãðàíè÷åíû, ÷òî ñîîòâåòñòâóåò êîíå÷íîìó âðåìåíè ðàñïðîñòðàíåíèÿ, ïðè

ýòîì
τ(0) = 0, τ(L) =

π
√
q
. (3.5)

Ðåøåíèÿ óðàâíåíèÿ Êëåéíà�Ãîðäîíà (2.4) áóäåì èñêàòü â âèäå

Φ(t, τ) = cos(ωt− φ) sinKτ. (3.6)
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Çàìåòèì, ÷òî àìïëèòóäà A(x) íà êîíöàõ èíòåðâàëà [0, L] íåîãðàíè÷åííî âîçðàñòàåò è
ïîòîìó äëÿ îãðàíè÷åííîñòè ðåøåíèÿ η(x, t) íåîáõîäèìî ïîòðåáîâàòü

Φ(t, τ(0)) = 0, Φ(t, τ(L) = 0. (3.7)

Èç óñëîâèé (3.7) ñ ó÷åòîì (3.5) íàõîäèì çíà÷åíèå äëÿ K :

Kn = n
√
q. (3.8)

Äëÿ òîãî, ÷òîáû ôóíêöèÿ Φ(t, τ) ÿâëÿëàñü ðåøåíèåì óðàâíåíèÿ (2.4), íåîáõîäèìî âû-
ïîëíåíèå ñîîòíîøåíèÿ

ω2
n = K2

n + p. (3.9)

Îòñþäà íàõîäèì ñîáñòâåííîå çíà÷åíèå, îïðåäåëÿþùåå ÷àñòîòó êîëåáàíèé ñîáñòâåííûõ
ìîä ¾îçåðà¿:

ωn =
√
q
√
n2 − 1. (3.10)

Êàê âèäèì, ñïåêòð ÷àñòîò òàêîãî ¾îçåðà¿ íå ÿâëÿåòñÿ ýêâèäèñòàíòíûì. Òàêèì îáðàçîì,

Φn(t, τ) = cos(ωnt− φ) sin(n
√
qτ). (3.11)

Â ñèëó (3.3) èìååì

sin(n
√
qτ(x)) = sin

(
n
(
arcsinψ(x) +

π

2

))
= (−1)n+1 sin(n arccosψ(x)), (3.12)

ñëåäîâàòåëüíî,

η(t, x) = A(x)Φ(t, τ) =
(−1)n+1a0√

γ
cos(ωnt− φ)

sin(n arccosψ(x))√
1− ψ2(x)

. (3.13)

Ïîëîæèâ

An =
(−1)n+1a0√

γ
, un(x) =

sin(n arccosψ(x))√
1− ψ2(x)

áóäåì îêîí÷àòåëüíî èìåòü âûðàæåíèå äëÿ n -îé ñîáñòâåííîé ìîäû êîëåáàíèé

ηn(t, x) = An cos(ωnt− φ)un(x). (3.14)

Îáùèé âèä ðåøåíèÿ óðàâíåíèÿ (2.1) èìååò âèä

η(t, x) =
∞∑
n=1

ηn(t, x) =
∞∑
n=1

An cos(ωnt− φ)un(x). (3.15)

Îáîçíà÷èâ s = ψ(x), ôóíêöèþ un(x) ìîæíî ïåðåïèñàòü â âèäå

un(s) =
sin(n arccos s)√

1− s2
, s ∈ [−1, 1]. (3.16)

Ôîðìóëà (3.16) îïðåäåëÿåò â òî÷íîñòè ìíîãî÷ëåí ×åáûøåâà âòîðîãî ðîäà Un−1(s) íà
îòðåçêå [−1, 1] (ñì., íàïðèìåð, [7],[8]). Áëàãîäàðÿ ýòîìó ôóíêöèè un(x) îáëàäàþò ðÿäîì
çàìå÷àòåëüíûõ ñâîéñòâ.
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4. Ñâîéñòâà ôóíêöèé un(x)

Îáîçíà÷èì ÷åðåç L2([0, L], w) ïðîñòðàíñòâî ôóíêöèé ñ èíòåãðèðóåìûì êâàäðàòîì íà
[0, L] îòíîñèòåëüíî âåñîâîé ôóíêöèè w(x) = ψ′(x)

√
1− ψ2(x). Ñêàëÿðíîå ïðîèçâåäåíèå â

L2([0, L], w) áóäåì îáîçíà÷àòü ÷åðåç ⟨·, ·⟩, à íîðìó � ÷åðåç ∥ · ∥.

Â ñèëó îðòîãîíàëüíîñòè ìíîãî÷ëåíîâ ×åáûøåâà âòîðîãî ðîäà {Un(s)} íà îòðåçêå
[−1, 1] ñ âåñîâîé ôóíêöèåé

√
1− s2 èìååì:

Ñâîéñòâî 10 Ôóíêöèè {un(x)} îðòîãîíàëüíû â L2([0, L], w) è ∥un(x)∥ =
√

π
2
.

Ñëåäóþùåå ñâîéñòâî âûòåêàåò èç ðåêóðåíòíîãî ñîîòíîøåíèÿ äëÿ ìíîãî÷ëåíîâ ×åáû-
øåâà âòîðîãî ðîäà Un+1(s) = 2sUn(s)− Un−1(s), ãäå U0(s) = 1, U1(s) = 2s.

Ñâîéñòâî 20 Èìååò ìåñòî ðåêóððåíòíîå ñîîòíîøåíèå

un+1(x) = 2ψ(x)un(x)− un−1(x), n ∈ N,

ãäå u0(x) = 0, u1(x) = 1.

Â ÷àñòíîñòè, ìû ïîëó÷àåì:

u1(x) = 1, u2(x) = 2ψ(x), u3(x) = 4ψ2(x)− 1,

u4(x) = 8ψ3(x)− 4ψ(x), u5(x) = 16ψ4(x)− 12ψ2(x) + 1.

Èç îáùåé ôîðìóëû äëÿ ìíîãî÷ëåíîâ ×åáûøåâà âòîðîãî ðîäà

Un(s) =

[n
2
]∑

k=0

C2k+1
n+1 (s2 − 1)ksn−2k,

ãäå Ck
n � ÷èñëî ñî÷åòàíèé èç n ïî k, ïîëó÷àåì

Ñâîéñòâî 30 Èìååò ìåñòî ôîðìóëà

un(x) =

[n−1
2

]∑
k=0

C2k+1
n (ψ2(x)− 1)kψn−1−2k(x),

ãäå [n−1
2
] � öåëàÿ ÷àñòü ÷èñëà n−1

2
.

Èñïîëüçóÿ íåïðåðûâíîñòü s = ψ(x) è ïðàâèëî Ëîïèòàëÿ, ìîæíî äîêàçàòü

Ñâîéñòâî 40 Äëÿ n > 1 èìååì un(0) = (−1)n+1n, un(L) = n.

Èç ìîíîòîííîñòè ψ(x) íà (0, L) âûòåêàåò

Ñâîéñòâî 50 Ñóùåñòâóåò ðîâíî n− 1 íóëåé x1, x2, . . . , xn−1 ∈ (0, L) ôóíêöèè un(x),
ïðè÷åì ψ(xk) = cos πk

n
, ãäå k = 1, 2, . . . , n− 1.

Ñâîéñòâî 60 Åñëè ψ(L−x) = −ψ(x), òî xk+xn−k = L, ãäå k = 1, 2, . . . , n−1, òî åñòü
íóëè ôóíêöèè un(x) ðàñïîëîæåíû ñèììåòðè÷íî îòíîñèòåëüíî ñåðåäèíû îòðåçêà [0, L].

Äåéñòâèòåëüíî, â ñèëó óñëîâèÿ ψ(L− x) = −ψ(x) èìååò ìåñòî öåïî÷êà ðàâåíñòâ:

ψ(L− xn−k) = −ψ(xn−k) = − cos
π(n− k)

n
= − cos

(
π − πk

n

)
= cos

πk

n
= ψ(xk).
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Ïîñêîëüêó ôóíêöèÿ ψ(x) ìîíîòîííà, òî L−xn−k = xk, ñëåäîâàòåëüíî, xk+xn−k = L,
ãäå k = 1, 2, . . . , n− 1.

Èç ñâîéñòâ ìíîãî÷ëåíîâ ×åáûøåâà âòîðîãî ðîäà (ñì., íàïðèìåð, ñòð.106�108 â [7]) ïî-
ëó÷àåì

Ñâîéñòâî 70 Èìåþò ìåñòî îöåíêè

|un(x)| ≤
1√

1− ψ2(x)
, x ∈ (0, L); (4.1)

|un(x)| ≤ n, x ∈ [0, L], (4.2)

ïðè÷åì îöåíêà (4.2) òî÷íàÿ: ðàâåíñòâî |un(x)| = n äîñòèãàåòñÿ òîëüêî íà êîíöàõ îòðåçêà
[0, L].

Òàêèì îáðàçîì, ôóíêöèè un(x) íà êîíöàõ îòðåçêà [0, L] ïî àáñîëþòíîé âåëè÷èíå âîç-
ðàñòàþò ñî ñêîðîñòüþ n, à âî âíóòðåííèõ òî÷êàõ èíòåðâàëà (0, L) îãðàíè÷åíû. Âûñîêèå
ìîäû ¾ïðèæàòû¿ ê êðàÿì áàññåéíà.

Ðàññìîòðèì òåïåðü êîíêðåòíûå êîíôèãóðàöèè áàññåéíà.

5. Êàíàë ïîñòîÿííîé øèðèíû B(x)=const

Ñîãëàñíî (3.1) â ñëó÷àå B(x) = B0 = const ôóíêöèÿ ψ(x) äîëæíà óäîâëåòâîðÿòü
óðàâíåíèþ

γ
√
q
ψ′(x)

√
1− ψ2(x) = B0, (5.1)

ïðè÷åì c(x) = γ
B0
(1 − ψ2(x)). Åñëè ÷åðåç c0 îáîçíà÷èòü ìàêñèìóì c(x) íà [0, L], òî

γ = c0B0. Èíòåãðèðóÿ óðàâíåíèå (5.1) ñ ó÷åòîì óñëîâèé (3.2), ïîëó÷èì
√
q = πc0

2L
è

1

2

(
ψ
√
1− ψ2 + arcsinψ

)
=

π

2L
x− π

4
. (5.2)

Îáîçíà÷èâ s = ψ(x), áóäåì èìåòü ïàðàìåòðè÷åñêîå çàäàíèå ôóíêöèè c(x) : c(s) = c0(1− s2),

x(s) =
L

π

(
s
√
1− s2 + π − arccos s

)
,

(5.3)

ãäå s ∈ [−1, 1]. Îòìåòèì, ÷òî c′(x) → ∞ ïðè x → 0 + 0 è x → L − 0. Ôóíêöèè ψ(x) è
c(x) èçîáðàæåíû íà ðèñ. 5.1.

x

c(x)

0

L/2 L

x

-1

1

0

L/2 L

( )xy

Ð è ñ ó í î ê 5.1
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Îðòîãîíàëüíûå ôóíêöèè un(x) çàïèøóòñÿ â ýòîì ñëó÷àå òàêæå ïàðàìåòðè÷åñêè:
un(s) =

sin(n arccos s)√
1− s2

,

x(s) =
L

π

(
s
√
1− s2 + π − arccos s

)
.

(5.4)

Îòìåòèì, ÷òî ïîñêîëüêó ïðè x→ 0+0 è x→ L−0 èìååì ψ′(x) → ∞, òî è u′n(x) → ∞,
∀n > 1. Ïîñëåäíåå îçíà÷àåò, ÷òî ãðàôèêè ôóíêöèé un(x) êàñàþòñÿ âåðòèêàëüíûõ ïðÿìûõ
x = 0 è x = L (ñì. ðèñ. 5.2). Òàêèì îáðàçîì, äëÿ ýòèõ ôóíêöèé ¾áåðåã¿ ÿâëÿåòñÿ îñîáîé
(ñèíãóëÿðíîé) òî÷êîé, ãäå âîëíîâîå ïîëå, õîòÿ è îãðàíè÷åííî, íî åå ïðîèçâîäíàÿ ñòðåìèòñÿ
ê áåñêîíå÷íîñòè.

u (x) u (x) u (x) u (x)

x xx x

-2 -2 -2 -2

2 2 2 2

3 3 3 3

-3 -3 -3 -3

4 4 4 4

-4 -4 -4 -4

5 5 5 5

-5 -5 -5 -5

2 3 4 5

L L L L

0 0 0 0

Ð è ñ ó í î ê 5.2

Ïîñêîëüêó s ∈ [−1, 1], òî ïîëîæèâ s = cos θ, θ ∈ [0, π], áóäåì èìåòü
un(cos θ) =

sin(nθ)

sin θ
,

x(cos θ) =
L

π
(sin θ cos θ + π − θ) .

(5.5)

Îòñþäà íåòðóäíî ïîëó÷èòü íóëè ôóíêöèè un(x) :

xk =
L

2π
sin

2πk

n
+
L(n− k)

n
, k = 1, . . . , n− 1.

Â ñèëó îöåíêè (4.1) ìîäóëü |un(x)| îãðàíè÷èâàåò ôóíêöèÿ y(x) = 1√
1−ψ2(x)

è ïîýòîìó

âñå ôóíêöèè un(x) ëåæàò â çàêðàøåííîé ÷àñòè ðèñ. 5.3.
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x

y

0
1

-1
L/2 L

Ð è ñ ó í î ê 5.3

6. Êàíàë ïîñòîÿííîé ãëóáèíû c(x)=const

Åñëè áàññåéí èìååò ïîñòîÿííóþ ãëóáèíó c(x) = c0 = const, òî ñîãëàñíî (3.1) ôóíêöèÿ
ψ(x) äîëæíà óäîâëåòâîðÿòü óðàâíåíèþ

√
q
√

1− ψ2(x) = c0ψ
′(x), (6.1)

ïðè÷åì B(x) = γ
c0
(1 − ψ2(x)). Îáîçíà÷èì ÷åðåç B0 ìàêñèìóì B(x) íà [0, L], òîãäà γ =

c0B0. Èíòåãðèðóÿ (6.1) ñ ó÷åòîì óñëîâèé (3.2), ïîëó÷èì
√
q = πc0

L
è ψ(x) = − cos πx

L
.

Îòêóäà

B(x) = B0 sin
2 πx

L
. (6.2)

Ãðàôèê ôóíêöèè B(x) èçîáðàæåí íà ðèñ. 6.1.

x

B(x)

0

L/2 L

Ð è ñ ó í î ê 6.1

Â ýòîì ñëó÷àå ôóíêöèè un(x) èìåþò âèä

un(x) = (−1)n+1 sin
πnx
L

sin πx
L

. (6.3)

Â ÷àñòíîñòè (ñì. ðèñ. 6.2),

u1(x) = 1, u2(x) = −2 cos
πx

L
, u3(x) = 4 cos2

πx

L
− 1,
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u4(x) = −8 cos3
πx

L
+ 4 cos

πx

L
, u5(x) = 16 cos4

πx

L
− 12 cos2

πx

L
+ 1.

u (x) u (x) u (x) u (x)

x xx x

-2 -2 -2 -2

2 2 2 2

3 3 3 3

-3 -3 -3 -3

4 4 4 4

-4 -4 -4 -4

5 5 5 5

-5 -5 -5 -5

2 3 4 5

L L L L

0 0 0 0

Ð è ñ ó í î ê 6.2

Ïîñêîëüêó ψ′(0) = ψ′(L) = 0, òî u′n(0) = u′n(L) = 0. Íóëè ôóíêöèè un(x) ðàñïðåäå-
ëåíû ðàâíîìåðíî: xk =

Lk
n
, k = 1, . . . , n− 1. Â ñèëó îöåíêè (4.1) âíóòðè èíåðâàëà (0, L)

ìîäóëü |un(x)| îãðàíè÷åí ôóíêöèåé y(x) = sin−1 πx
L

(ñì. ðèñ. 5.3).
Îòìåòèì òàêæå, ÷òî â ýòîì ñëó÷àå âñå ìîäû îïèñûâàþòñÿ àíàëèòè÷åñêèìè ôóíêöèÿìè

è íà ¾áåðåãàõ¿ îíè èìåþò íóëåâûå ïðîèçâîäíûå.

7. ¾Ñîãëàñîâàííûé¿ êàíàë ïåðåìåííîé øèðèíû è ãëóáèíû
c(x)/B(x)=const

Ñîãëàñíî (3.1) óñëîâèå c(x)/B(x) = λ0 = const âëå÷åò, ÷òî

ψ′(x) =
√
γλ0/

√
q (7.1)

è c(x) = q√
γλ0

√
1− ψ2(x), B(x) = γ

√
γλ0
q

√
1− ψ2(x). Îáîçíà÷èì ÷åðåç c0 è B0 ìàêñèìóìû

ôóíêöèé c(x) è B(x) íà [0, L]. Òîãäà èíòåãðèðóÿ (7.1) ñ ó÷åòîì óñëîâèé (3.2), ïîëó÷èì
ψ(x) = 2x−L

L
,
√
q = 2c0

L
, γ = c0B0, λ0 = c0/B0. Îòñþäà

c(x) =
2c0
L

√
x(L− x),

B(x) =
2B0

L

√
x(L− x).

(7.2)

Îòìåòèì, ÷òî ïðîèçâîäíûå c′(x) è B′(x) íà êîíöàõ îòðåçêà [0, L] áåñêîíå÷íû. Ãðà-
ôèêè ôóíêöèé c(x) è B(x) ïîõîæè íà ãðàôèê ôóíêöèè c(x) íà ðèñ. 5.1.

Ôóíêöèè un(x) èìåþò âèä

un(x) =
L

2

sin
(
n arccos 2x−L

L

)√
x(L− x)

. (7.3)

Ïîñêîëüêó ψ(x) = 2x−L
L

� ìíîãî÷ëåí, òî â ñèëó ñâîéñòâà 30 ôóíêöèÿ un(x) � ìíîãî-
÷ëåí ñòåïåíè n− 1. Òàê (ñì. ðèñ. 7.1),

u1(x) = 1, u2(x) =
4x

L
− 2, u3(x) =

16x2 − 16Lx+ 3L2

L2
,
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u4(x) =
4(16x3 − 24x2L+ 10xL2 − L3)

L3
.

u (x) u (x) u (x)

xx x

-2 -2 -2

2 2 2

3 3 3

-3 -3 -3

4 4 4

-4 -4 -4

2 3 4

L L L

0 0 0

Ð è ñ ó í î ê 7.1

Ñîãëàñíî îöåíêå (4.1) ôóíêöèè un(x) ïî ìîäóëþ îãðàíè÷åíû âíóòðè èíòåðâàëà (0, L)
ôóíêöèåé y(x) = L

2
√
x(L−x)

(ñì. ðèñ. 5.3). Çàìåòèì, ÷òî un(x) èìåþò êîíå÷íûå ïðîèçâîä-

íûå íà êîíöàõ îòðåçêà [0, L].
Èòàê, è â ýòîì ñëó÷àå âñå ñîáñòâåííûå ìîäû îïèñûâàþòñÿ àíàëèòè÷åñêèìè ôóíêöèÿìè

è íà ¾áåðåãàõ¿ îíè èìåþò êîíå÷íûå íåíóëåâûå (êðîìå n = 1 ) ïðîèçâîäíûå.

8. Çàêëþ÷åíèå

Âûøå ìû ïîêàçàëè ñóùåñòâîâàíèå îãðàíè÷åííûõ ñîáñòâåííûõ ìîä êîëåáàíèé æèäêî-
ñòè â çàìêíóòîì áàññåéíå ïåðåìåííîé ãëóáèíû (¾îçåðà¿), ãëóáèíà êîòîðîãî ñòðåìèòñÿ ê
íóëþ íà ¾áåðåãàõ¿ áàññåéíà. Â ýòîé ñâÿçè íåîáõîäèìî åùå ðàç îáñóäèòü ãðàíè÷íûå óñëîâèÿ
â òàêîãî ðîäà çàäà÷àõ. Ýòî îáñóæäåíèå óæå ïðèâîäèëîñü â êíèãå Ñðåòåíñêîãî [9], â êîòîðîé
óòâåðæäàëîñü, ÷òî äàæå ñèíãóëÿðíîå ðåøåíèå, îáðàùàþùååñÿ â áåñêîíå÷íîñòü íà áåðåãó,
èìååò ôèçè÷åñêèé ñìûñë, ïîñêîëüêó âîëíà íà áåðåãó îáðóøèâàåòñÿ è äèññèïèðóåò. Â ýòîì
ñëó÷àå âîëíà íå ìîæåò îòðàçèòüñÿ îò áåðåãà è, ñëåäîâàòåëüíî, â ðàìêàõ ëèíåéíîé òåîðèè
íàêàïëèâàåòñÿ íåîãðàíè÷åííî íà áåðåãó. Íî èç íàáëþäåíèé èçâåñòíî, ÷òî ïðè îïðåäåëåí-
íûõ óñëîâèÿõ âîëíà íå îáðóøèâàåòñÿ íà áåðåãó, à îòðàæàåòñÿ îò íåå. Ýòîò ïðîöåññ ìîæåò
áûòü ñòðîãî îïèñàí â ðàìêàõ íåëèíåéíîé òåîðèè ìåëêîé âîäû, åñëè ãëóáèíà ìåíÿåòñÿ ëè-
íåéíî â îêðåñòíîñòè áåðåãîâîé ëèíèè � óðåçà [10],[11]. Òàì æå ïîëó÷åí àíàëèòè÷åñêèé
êðèòåðèé îáðóøåíèÿ âîëíû, êîòîðûé ñîîòâåòñòâóåò òàê íàçûâàåìîé ãðàäèåíòíîé êàòà-
ñòðîôå. Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî òàêîé æå ðåæèì âîçìîæåí è â ¾îçåðàõ¿ äðóãîé
êîíôèãóðàöèè. Òîãäà ôèçè÷åñêè ðàçóìíûì ãðàíè÷íûì óñëîâèåì ¾íà áåðåãó¿ áóäåò óñëî-
âèå îãðàíè÷åííîñòè âîëíîâîé ôóíêöèè. Èìåííî ýòî óñëîâèå èñïîëüçîâàíî â [12],[13], ÷òî
ïîçâîëèëî àíàëèòè÷åñêè ðàññìîòðåòü íàêàò íåîáðóøåííûõ âîëí íà ¾áåçîòðàæàòåëüíûé¿
ïëÿæ. Â íàøåé çàäà÷å òàêæå ïîëó÷àþòñÿ îãðàíè÷åííûå ñîáñòâåííûå ìîäû, ÷òî ñâèäå-
òåëüñòâóåò îá èõ ôèçè÷åñêîé ðåàëèçóåìîñòè. Ñèíãóëÿðíîñòü (òàì, ãäå îíà ïîÿâëÿåòñÿ)
ïðîÿâëÿåòñÿ òîëüêî â âåëè÷èíå ïðîèçâîäíîé îò ñìåùåíèÿ, êîòîðàÿ íå íåñåò ôèçè÷åñêî-
ãî ñìûñëà. È õîòÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ ðåøàåòñÿ íå ñî ñòàíäàðòíûìè ãðàíè÷íûìè
óñëîâèÿìè òèïà Íåéìàíà èëè Äèðèõëå, îíà ñòàâèòñÿ êîððåêòíî è åå ðåøåíèÿ îïèñûâàþò
ñîáñòâåííûå ìîäû îãðàíè÷åííîãî âîäíîãî áàññåéíà ïåðåìåííîé êîíôèãóðàöèè (¾îçåðà¿).

Áëàãîäàðíîñòè. Ïðåäñòàâëåííûå ðåçóëüòàòû ïîëó÷åíû â ðàìêàõ âûïîëíåíèÿ ãîñ. çà-
äàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè (Çàäàíèå � 5.5176.2017/Á×), à òàêæå ïðè ôèíàíñî-
âîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ãîñóäàðñòâåííîé ïîääåðæêè âåäóùèõ íàó÷íûõ
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Eigenmodes of water oscillations in the closed basin of

variable depth

c⃝ A.V. Bagaev3, E.N. Pelinovsky4

Abstract. Eigenvalue problem for variable coe�cient wave equation describing small oscillations
of an incompressible ideal single-layer or two-layer �uid in a closed basin with uneven bottom
is discussed. Eigenmodes of oscillations are founded for the channel with functionally associated
width and depth. It is shown that such eigenmodes are expressed through Chebyshev polynomials
of the second kind. Some properties of the eigenmodes are found. In particular, eigenmodes are
described for the following con�gurations of channel: 1) constant width, 2) constant depth, 3)
�coherent� channel of variable width and depth. In the �rst case the parametric form and in two
other cases the explicit form of eigenmodes are found. In conclusion, the physical interpretation
and the feasibility of the obtained solutions are discussed.

Key Words: varible-coe�cient wave equation, Klein�Gordon equation, Sturm�Liouville problem,
Chebyshev polynomials of the second kind, water oscillations in the closed basin.
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