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Âû÷èñëåíèå ñîáñòâåííûõ ÷àñòîò êàíàòà äâèæóùåãîñÿ â

ïðîäîëüíîì íàïðàâëåíèè
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Àííîòàöèÿ. Â ñòàòüå èññëåäóþòñÿ êîëåáàíèÿ êàíàòà, äâèæóùåãîñÿ â ïðîäîëüíîì íàïðàâëå-
íèè. Ìîäåëü ó÷èòûâàåò íàòÿæåíèå êàíàòà, èçãèáíóþ æ¼ñòêîñòü è ñîïðîòèâëåíèå âíåøíåé ñðå-
äû. Îáúåêò èññëåäîâàíèÿ îòíîñèòñÿ ê øèðîêîìó êðóãó êîëåáëþùèõñÿ îäíîìåðíûõ îáúåêòîâ ñ
äâèæóùèìèñÿ ãðàíèöàìè. Ïðè ïîñòîÿííîé ñêîðîñòè ïðîäîëüíîãî äâèæåíèÿ êîëåáàíèÿ êàíàòà
õàðàêòåðèçóþòñÿ íàáîðîì ñîáñòâåííûõ ÷àñòîò. Â ñëó÷àå îòñóòñòâèÿ ñîïðîòèâëåíèÿ ñðåäû äëÿ
ðåøåíèÿ çàäà÷è èñïîëüçîâàíî äèñêðåòíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå. Â ðåçóëüòàòå
â âèäå ðÿäà ïîëó÷åíî óðàâíåíèå, ïîçâîëÿþùåå íàéòè òî÷íûå çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò.
Ïðè íàëè÷èè ñîïðîòèâëåíèÿ ñðåäû çàäà÷à ðåøàëàñü ìåòîäîì Êàíòîðîâè÷à-Ãàëåðêèíà. Ïîëó-
÷åííîå óðàâíåíèå ïîçâîëÿåò íàéòè ïðèáëèæ¼ííûå çíà÷åíèÿ äâóõ ïåðâûõ ñîáñòâåííûõ ÷àñòîò.
Ñðàâíåíèåì òî÷íûõ è ïðèáëèæ¼ííûõ ÷àñòîò îöåíåíà òî÷íîñòü ðåøåíèÿ, ïîëó÷åííîãî ìåòî-
äîì Êàíòîðîâè÷à-Ãàëåðêèíà. Â ñòàòüå ïðîàíàëèçèðîâàíî, êàê âëèÿåò ñêîðîñòü ïðîäîëüíîãî
äâèæåíèÿ êàíàòà íà ôîðìó ñîáñòâåííûõ êîëåáàíèé. Ðåøåíèå ïðîèçâåäåíî â áåçðàçìåðíûõ
ïåðåìåííûõ, ÷òî ïîçâîëÿåò èñïîëüçîâàòü ïîëó÷åííûå ðåçóëüòàòû äëÿ ðàñ÷¼òà êîëåáàíèé øè-
ðîêîãî êðóãà òåõíè÷åñêèõ îáúåêòîâ.
Êëþ÷åâûå ñëîâà: êîëåáàíèÿ îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè, êðàåâûå çàäà÷è, ìàòå-
ìàòè÷åñêèå ìîäåëè, ðåçîíàíñíûå ñâîéñòâà.

1. Ââåäåíèå

Â ñòàòüå èññëåäóþòñÿ ïîïåðå÷íûå êîëåáàíèÿ êàíàòà, äâèæóùåãîñÿ â ïðîäîëüíîì íà-
ïðàâëåíèè. Ìîäåëü ó÷èòûâàåò íàòÿæåíèå êàíàòà, èçãèáíóþ æ¼ñòêîñòü è ñîïðîòèâëåíèå
âíåøíåé ñðåäû. Îáúåêò èññëåäîâàíèÿ îòíîñèòñÿ ê øèðîêîìó êðóãó êîëåáëþùèõñÿ îä-
íîìåðíûõ îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè è íàãðóçêàìè. Òàêèå îáúåêòû øèðîêî
ðàñïðîñòðàíåíû â òåõíèêå. Ýòî êàíàòû ãðóçîïîäú¼ìíûõ óñòàíîâîê [1, 2, 3], ãèáêèå çâå-
íüÿ ïåðåäà÷ [4, 5, 6], áàëêè [7], ëåíòîïðîòÿæíûå ìåõàíèçìû [8], êîíâåéåðû [9, 10] è ò.ä.
Íàëè÷èå äâèæóùèõñÿ ãðàíèö äåëàåò íåïðèìåíèìûìè ê ðåøåíèþ òàêèõ êðàåâûõ çàäà÷
êëàññè÷åñêèå ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè, ïîýòîìó îíè â íàñòîÿùåå âðåìÿ èçó÷åíû
íåäîñòàòî÷íî.
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2. Ïîñòàíîâêà çàäà÷è

Ñõåìà îáúåêòà èçó÷åíèÿ èçîáðàæåíà íà ðèñóíêå 2.1.

Ð è ñ ó í î ê 2.1
Ñõåìà îáúåêòà

Óðàâíåíèå, ó÷èòûâàþùåå èçãèáíóþ æ¼ñòêîñòü, íàòÿæåíèå êàíàòà è ñîïðîòèâëåíèå
âíåøíåé ñðåäû, èìååò âèä [11]:

utt(x, t) + buxxxx(x, t)− a2uxx(x, t) +Gut(x, t) = 0. (2.1)

Çäåñü u(x, t) � ïîïåðå÷íîå ñìåùåíèå òî÷êè êàíàòà ñ êîîðäèíàòîé x â ìîìåíò âðåìåíè
t ; b = EI

ρ
(E � ìîäóëü óïðóãîñòè ìàòåðèàëà êàíàòà; I � îñåâîé ìîìåíò èíåðöèè ñå÷åíèÿ

êàíàòà, ρ � ìàññà åäèíèöû äëèíû êàíàòà); a2 = T
ρ
(T � íàòÿæåíèå êàíàòà); G � êîýôôè-

öèåíò ñîïðîòèâëåíèÿ ñðåäû (ñèëà, äåéñòâóþùàÿ íà åäèíèöó äëèíû ñòðóíû ïðè åäèíè÷íîé
ñêîðîñòè ïîïåðå÷íîãî äâèæåíèÿ). Ãðàíè÷íûå óñëîâèÿ èìåþò âèä:

u(vt, t) = 0;u(vt+ l, t) = 0; ux(vt, t) = 0;ux(vt+ l, t) = 0, (2.2)

ãäå v � ñêîðîñòü ïðîäîëüíîãî äâèæåíèÿ êàíàòà, l � äëèíà êîëåáëþùåéñÿ ÷àñòè. Ââåäåì
áåçðàçìåðíûå ïåðåìåííûå:

u(x, t) = U(ξ, τ); ξ =
2π(x− vt)

l
; τ =

2π
√
a2 − v2

l
t.

Â ðåçóëüòàòå ïîëó÷èì çàäà÷ó ñ óñëîâèÿìè, çàäàííûìè íà íåïîäâèæíûõ ãðàíèöàõ:

Uττ (ξ, τ) + βUξξξξ(ξ, τ)− Uξξ(ξ, τ)− γUξτ (ξ, τ) + λUτ (ξ, τ)− ηUξ(ξ, τ) = 0; (2.3)

U(0, τ) = 0;U(2π, τ) = 0;Uξ(0, τ) = 0;Uξ(2π, τ) = 0. (2.4)

Çäåñü

β =
4π2b

l2(a2 − v2)
;λ =

Gl

2π
√
a2 − v2

; γ =
2v√
a2 − v2

; η =
Gvl

2π(a2 − v2)
.

×åòûðå êîýôôèöèåíòà óðàâíåíèÿ (2.1) ìîãóò áûòü âûðàæåíû ÷åðåç òðè áåçðàçìåðíûõ
ïàðàìåòðà:

α =
v

a
; θ =

4π2b

l2a2
;D =

Gl

2πα
.

Ïàðàìåòðû õàðàêòåðèçóþò: α � ñêîðîñòü ïðîäîëüíîãî äâèæåíèÿ êàíàòà; θ � èçãèáíóþ
æ¼ñòêîñòü; D � ñîïðîòèâëåíèå ñðåäû.

×åðåç áåçðàçìåðíûå ïàðàìåòðû êîýôôèöèåíòû óðàâíåíèÿ (2.3) âûðàæàþòñÿ ñëåäóþ-
ùèì îáðàçîì:

β =
θ

1− α2
; γ =

2α√
1− α2

;λ =
D√

1− α2
; η =

αD

1− α2
.
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3. Ðåøåíèå çàäà÷è

Ðåøèì çàäà÷ó (2.3), (2.4) áåç ó÷¼òà èçãèáíîé æ¼ñòêîñòè (β = 0 ). Ðåøåíèå áóäåì èñêàòü
â âèäå [12]:

U(ξ, τ) = µ(ξ)eωτ .

Äëÿ âû÷èñëåíèÿ ôóíêöèè µ(ξ) ïîëó÷èì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

µ′′(ξ) + (γω + η)µ′(ξ)− (ω2 + λω)µ(ξ) = 0; (3.1)

µ(0) = 0;µ(2π) = 0. (3.2)

Ðåøåíèå çàäà÷è (3.1-3.2) íå ïðåäñòàâëÿåò çàòðóäíåíèé. Â ðåçóëüòàòå ðåøåíèÿ ïîëó÷åíî
âûðàæåíèå äëÿ ñîáñòâåííûõ ÷àñòîò êîëåáàíèé:

ωn = −γη + 2λ

γ2 + 4
+ i

√
(γ2 + 4)(n2 + η2)− (γη + 2λ)2

γ2 + 4
, (3.3)

Çäåñü i � ìíèìàÿ åäèíèöà; n � ïîðÿäêîâûé íîìåð ÷àñòîòû. Äåéñòâèòåëüíàÿ ÷àñòü
âûðàæåíèÿ (3.3) õàðàêòåðèçóåò çàòóõàíèå êîëåáàíèé, à ìíèìàÿ ÷àñòîòó. Ïðè îòñóòñòâèè
çàòóõàíèÿ (λ = η = 0) âûðàæåíèå (3.3) ïðèìåò âèä:

ωn = i
n√
γ2 + 4

. (3.4)

Ïðè ýòîì ñîáñòâåííûå ôóíêöèè îïðåäåëÿþòñÿ âûðàæåíèåì:

µ(ξ) = sin

(
(1− α)nξ

2

)
+ sin

(
(1 + α)nξ

2

)
.

Êàê èçìåíÿþòñÿ ñîáñòâåííûå ôóíêöèè µ(ξ) â çàâèñèìîñòè îò ïàðàìåòðà α ïîêàçàíî
íà ðèñ. 3.1.

Àíàëèç ðèñóíêà 3.1 ïîêàçûâàåò, ÷òî ÷åì áîëüøå ñêîðîñòü äâèæåíèÿ êàíàòà, òåì áîëü-
øå èñêàæàþòñÿ ñîáñòâåííûå ôóíêöèè. Èñêàæåíèå ïðîèñõîäèò íà ãðàíèöå, äâèæóùåéñÿ
íàâñòðå÷ó áåãóùèì âîëíàì.

Ðåøèì çàäà÷ó ñ ó÷¼òîì èçãèáíîé æ¼ñòêîñòè, íî áåç ó÷åòà çàòóõàíèÿ (λ = η = 0) .
Ðåøåíèå áóäåì èñêàòü â âèäå [12]

U(ξ, τ) = µ(ξ)eiωτ .

Äëÿ îïðåäåëåíèÿ µ(ξ) ïîëó÷èì ñëåäóþùóþ çàäà÷ó:

βµ′′′′(ξ)− µ′′(ξ)− iγωµ′(ξ)− ω2µ(ξ) = 0; (3.5)

µ(0) = 0;µ(2π) = 0;µ′(0) = 0;µ′(2π) = 0. (3.6)

Äëÿ ðåøåíèÿ èñïîëüçóåì äèñêðåòíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå [13]:

F (p) =

∫ 2π

0

µ(ξ)eipξdξ; p = 0,±1,±2...
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Ð è ñ ó í î ê 3.1

Çàâèñèìîñòü ñîáñòâåííûõ ôóíêöèé îò ñêîðîñòè ïðîäîëüíîãî äâèæåíèÿ êàíàòà

Â ðåçóëüòàòå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ ïîëó÷èì:

F (p) =
ipβµ2 − βµ3

βp4 + p2 − βωp− ω2
,

ãäå µ2 = µ′′(2π)− µ′′(0);µ3 = µ′′′(2π)− µ′′′(0) .
Îáðàòíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå èìååò âèä:

µ(ξ) =
1

2π

∞∑
p=−∞

F (p)e−ipξ.

Îáúåäèíÿÿ â äàííîì ðàâåíñòâå ÷ëåíû ïðè p è −p , ïîëó÷èì:

µ(ξ) =
1

2π

(
βµ3

ω2
+ 2

∞∑
p=1

ipβµ2Bp − βµ3Ap
A2
p −B2

p

cos(pξ)

)
+
i

π

∞∑
p=1

−ipβµ2Ap + βµ3Bp

A2
p −B2

p

sin(pξ).

(3.7)
Çäåñü Ap = βp4 + p2 − ω2;Bp = γωp .
Ïðè ïðèìåíåíèè èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ áûëî ó÷òåíî, ÷òî

µ(2π)− µ(0) = 0;µ′(2π)− µ′(0) = 0;

Ïîýòîìó, ÷òîáû âûïîëíÿëèñü ãðàíè÷íûå óñëîâèÿ (3.6), äâå ïðîèçâîëüíûå ïîñòîÿííûå
µ2 è µ3 äîëæíû áûòü ïîëó÷åíû èç óñëîâèé: µ(0) = 0 è µ′(0) = 0 . Ïîäñòàâëÿÿ â äàííûå
óñëîâèÿ µ(ξ) , îïðåäåëÿåìîå âûðàæåíèåì (3.7), ïîëó÷èì ëèíåéíóþ îäíîðîäíóþ ñèñòåìó
àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî µ2 è µ3 . Èç ðàâåíñòâà íóëþ å¼ îïðåäåëèòåëÿ
ïîëó÷àåòñÿ óðàâíåíèå ñîáñòâåííûõ ÷àñòîò:
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(
β

ω2
− 2

∞∑
p=1

βAp
A2
p −B2

p

)
∞∑
p=1

βp2Ap
A2
p −B2

p

+ 2

(
∞∑
p=1

βpBp

A2
p −B2

p

)2

= 0. (3.8)

Ðåøèì çàäà÷ó (2.3), (2.4) ìåòîäîì Êàíòîðîâè÷à-Ãàëåðêèíà [14, 15]. Ðåøåíèå áóäåì èñ-
êàòü â âèäå:

U(ξ, τ) = µ(ξ)eωτ .

Äëÿ îïðåäåëåíèÿ µ(ξ) ïîëó÷èì ñëåäóþùóþ çàäà÷ó:

L[µ(ξ)] = βµ′′′′(ξ)− µ′′(ξ)− (γω + η)µ′(ξ) + (ω2 + ωλ)(ξ) = 0; (3.9)

µ(0) = 0;µ(2π) = 0;µ′(0) = 0;µ′(2π) = 0. (3.10)

Ôóíêöèþ µ(ξ) âîçüì¼ì â âèäå:

µ(ξ) = C1µ1(ξ) + C2µ2(ξ),

ãäå µ1(ξ) = ξ2(ξ − 2π)2 ; µ2(ξ) = ξ2(ξ − 2π)2(ξ − π) . Äàííûå ôóíêöèè óäîâëåòâîðÿþò
ãðàíè÷íûì óñëîâèÿì (3.10) è ÿâëÿþòñÿ îðòîãîíàëüíûìè íà èíòåðâàëå (0, 2π) .

Ñîãëàñíî ìåòîäó Êàíòîðîâè÷à-Ãàëåðêèíà [14, 15], ïðîèçâîëüíûå ïîñòîÿííûå C1 è C2

íàõîäÿòñÿ èç ñëåäóþùåé îäíîðîäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:∫ 2π

0

L[µ(ξ)]µ1(ξ)dξ = 0;

∫ 2π

0

L[µ(ξ)]µ2(ξ)dξ = 0.

Äèôôåðåíöèàëüíûé îïåðàòîð L[µ(ξ)] îïðåäåëÿåòñÿ âûðàæåíèåì (3.9).
Ïðîèçâåäÿ èíòåãðèðîâàíèå è ïðèðàâíÿâ îïðåäåëèòåëü ñèñòåìû ê íóëþ, ïîëó÷èì óðàâ-

íåíèå ñîáñòâåííûõ ÷àñòîò:

ω4 + 2λω3 + ω2(2.86457β + λ2 + 0.27795γ2 + 1.41853)+

+ω(2.86457λβ + 1.41852λ+ 0.55591γη)+

+(0.82177β2 + 0.77244β + 0.27795η2 + 0.69921) = 0.

(3.11)

Äàííîå óðàâíåíèå ïîçâîëÿåò ïîëó÷èòü äâå ïåðâûå ñîáñòâåííûå ÷àñòîòû ïîïåðå÷íûõ
êîëåáàíèé êàíàòà.

Óðàâíåíèå (3.8) áûëî ðåøåíî ÷èñëåííî ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ α è θ .
Ðåçóëüòàòû âû÷èñëåíèé ïðèâåäåíû â òàáëèöå 1. Ïðè θ = 0 ðÿäû, âõîäÿùèå â óðàâíåíèå
(3.8) ðàñõîäÿòñÿ, ïîýòîìó çíà÷åíèÿ ÷àñòîò áûëè âû÷èñëåíû ïî ôîðìóëå (3.4).

Óðàâíåíèå (3.11) ðåøàëîñü â ñðåäå MATLAB. Äëÿ îöåíêè òî÷íîñòè ìåòîäà
Êàíòîðîâè÷à-Ãàëåðêèíà óðàâíåíèå (3.11) áûëî ðåøåíî äëÿ ñëó÷àÿ îòñóòñòâèÿ çàòóõàíèÿ
(λ = η = 0) . Ðåçóëüòàòû âû÷èñëåíèé ïðèâåäåíû â òàáëèöå 1. Ïðè êàæäîì çíà÷åíèè α
ïðèâåäåíû ñëåäóþùèå ÷àñòîòû: òî÷íîå çíà÷åíèå ïåðâîé ñîáñòâåííîé ÷àñòîòû, òî÷íîå çíà-
÷åíèå âòîðîé ñîáñòâåííîé ÷àñòîòû, ïðèáëèæ¼ííîå çíà÷åíèå ïåðâîé ñîáñòâåííîé ÷àñòîòû,
ïðèáëèæ¼ííîå çíà÷åíèå âòîðîé ñîáñòâåííîé ÷àñòîòû. Ïðè îòñóòñòâèè èçãèáíîé æ¼ñòêîñòè
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Òàáëèöà 1: Çàâèñèìîñòü ÷àñòîòû îò ñêîðîñòè ïðîäîëüíîãî äâèæåíèÿ êàíàòà è èçãèáíîé
æåñòêîñòè

α\θ 0 1 2 3 4 5 ïðèìå÷àíèÿ

0

0.500 0.792 0.975 1.129 1.263 1.385 ω1(òî÷í.)
1.000 1.898 2.450 2.914 3.307 3.658 ω2(òî÷í.)

0.792 0.940 1.086 1.220 1.342 ω1(ïðèáë.)
1.912 2.503 2.972 3.375 3.734 ω2(ïðèáë.)

0.2

0.490 0.795 0.985 1.143 1.281 1.406 ω1(òî÷í.)
0.980 1.924 2.501 2.967 3.369 3.728 ω2(òî÷í.)

0.792 0.948 1.100 1.239 1.364 ω1(ïðèáë.)
1.955 2.556 3.034 3.345 3.811 ω2(ïðèáë.)

0.4

0.458 0.806 1.019 1.193 1.344 1.479 ω1(òî÷í.)
0.917 2.015 2.644 3.148 3.581 3.966 ω2(òî÷í.)

0.795 0.980 1.150 1.302 1.439 ω1(ïðèáë.)
2.100 2.737 3.246 3.685 4.076 ω2(ïðèáë.)

0.6

0.400 0.841 1.101 1.311 1.490 1.650 ω1(òî÷í.)
0.800 2.227 2.973 3.561 4.063 4.510 ω2(òî÷í.)

0.818 1.063 1.271 1.452 1.615 ω1(ïðèáë.)
2.419 3.141 3.723 4.224 4.671 ω2(ïðèáë.)

0.8

0.300 0.966 1.346 1.643 1.894 2.117 ω1(òî÷í.)
0.600 2.817 4.221 4.662 5.343 5.946 ω2(òî÷í.)

0.936 1.314 1.613 1.868 2.093 ω1(ïðèáë.)
3.237 4.193 4.966 5.633 6.229 ω2(ïðèáë.)

0.9

0.218 1.200 1.750 2.174 2.530 2.842 ω1(òî÷í.)
0.436 3.748 5.220 6.344 7.293 8.130 ω2(òî÷í.)

1.178 1.732 2.159 2.518 2.833 ω1(ïðèáë.)
4.455 5.732 6.836 7.754 8.574 ω2(ïðèáë.)

0.99

0.071 3.300 5.089 6.445 7.576 8.565 ω1(òî÷í.)
0.141 11.180 15.847 19.376 22.338 24.946 ω2(òî÷í.)

3.346 5.136 6.445 7.624 8.614 ω1(ïðèáë.)
13.745 17.824 21.116 23.955 26.490 ω2(ïðèáë.)

(θ = 0) ÷àñòîòû, ïîëó÷åííûå ìåòîäîì Êàíòîðîâè÷à-Ãàëåðêèíà, èìåþò áîëüøóþ ïîãðåø-
íîñòü, ïîýòîìó â òàáëèöå îíè íå ïðèâåäåíû. Â ýòîì ñëó÷àå îíè ìîãóò áûòü âû÷èñëåíû ïî
ôîðìóëå (3.3).

Â òàáëèöå æèðíûì øðèôòîì âûäåëåíû ïðèáëèæ¼ííûå ÷àñòîòû èìåþùèå ïîãðåøíîñòü
áîëåå 5% . Àíàëèç òàáëè÷íûõ äàííûõ ïîêàçûâàåò, ÷òî ïîãðåøíîñòü ÷àñòîò, ïîëó÷åííûõ
ìåòîäîì Êàíòîðîâè÷à-Ãàëåðêèíà, óâåëè÷èâàåòñÿ ñ óâåëè÷åíèåì α è óìåíüøàåòñÿ ñ óâå-
ëè÷åíèåì θ .

Óðàâíåíèå (3.8) ïîçâîëÿåò ïîëó÷èòü ëþáóþ ñîáñòâåííóþ ÷àñòîòó. Íàïðèìåð, ïðè α =
= 0.4 è θ = 2 ïîëó÷åíû ñëåäóþùèå ñîáñòâåííûå ÷àñòîòû:

ω1 = 1.019;ω2 = 2.644;ω3 = 4.995;ω4 = 8.103;ω5 = 11.972;ω6 = 16.620.

Óðàâíåíèå (3.11) ïîçâîëÿåò ó÷åñòü çàòóõàíèå (D ̸= 0) . Íàïðèìåð, äëÿ ïàðàìåòðîâ
α = 0.8 ; θ = 2 ; D = 0.1 ïîëó÷åíû ñëåäóþùèå ÷àñòîòû:

ω1 = −0.0859 + 1.312ι;ω2 = −0.0807 + 4.192ι.
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Äåéñòâèòåëüíàÿ ÷àñòü ÷àñòîò õàðàêòåðèçóåò çàòóõàíèå êîëåáàíèé, à ìíèìàÿ ÷àñòîòó.
Åñëè ωn áåçðàçìåðíàÿ ÷àñòîòà (çàäà÷à (2.3), (2.4)), òî ÷àñòîòà èñõîäíîé çàäà÷è (2.1),

(2.2) íàõîäèòñÿ ïî ôîðìóëå:

Wn =
π(α2 − ν2)βωn

lν
.

4. Çàêëþ÷åíèå

Â ñòàòüå ïðîèçâåäåí àíàëèç êîëåáàíèé êàíàòà äâèæóùåãîñÿ â ïðîäîëüíîì íàïðàâëå-
íèè. Ìîäåëü ó÷èòûâàåò íàòÿæåíèå êàíàòà, èçãèáíóþ æ¼ñòêîñòü è ñîïðîòèâëåíèå âíåøíåé
ñðåäû. Ðåøåíèå ïðîèçâåäåíî òî÷íûì è ïðèáëèæ¼ííûì ìåòîäàìè, ÷òî ïîçâîëÿåò îöåíèòü
ïðèìåíèìîñòü ìåòîäà Êàíòîðîâè÷à-Ãàëåðêèíà äëÿ îïèñàíèÿ êîëåáàíèé ñèñòåì ñ äâèæó-
ùèìèñÿ ãðàíèöàìè. Ïîëó÷åííûå êîëè÷åñòâåííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû
äëÿ ðàñ÷¼òà øèðîêîãî êðóãà òåõíè÷åñêèõ îáúåêòîâ.
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Calculation of eigen frequencies of a rope moving in

longitudinal direction

c⃝ V. N. Anisimov3, V. L. Litvinov4

Abstract. The article studies the oscillations of a rope moving in the longitudinal direction. The
model takes into account the tension of the rope, �exural sti�ness and resistance of the external
environment. The object of the study refers to a wide range of oscillating one-dimensional objects
with moving boundaries. At a constant speed of longitudinal motion, the rope oscillations are
characterized by a set of eigenfrequencies. In the absence of medium resistance a discrete integral
Fourier transform is used to solve the problem. As a result, an equation is obtained in the form
of series, that makes it possible to �nd the exact values of the eigenfrequencies. In the presence
of medium resistance the problem was solved by the Kantorovich-Galerkin method. The equation
obtained allows us to �nd approximate values of the �rst two eigenfrequencies. A comparison of
the exact and approximate frequencies estimates the accuracy of the solution obtained by the
Kantorovich-Galerkin method. The article analyzes how the speed of longitudinal rope motion
a�ects the shape of natural oscillations. The solution is made in dimensionless variables. It allows
us to use the obtained results to calculate the oscillations of a wide range of technical objects.
Key Words: oscillations of objects with moving boundaries, boundary value problems,
mathematical models, resonant properties.
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