
Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 1 67

DOI 10.15507/2079-6900.19.2017.01.67-76

ÓÄÊ 517.925

Îïðåäåëåíèå óñëîâèé ñóùåñòâîâàíèÿ ïðåäåëüíûõ

öèêëîâ ïåðâîãî ðîäà ñèñòåì ñ öèëèíäðè÷åñêèì

ôàçîâûì ïðîñòðàíñòâîì

c⃝ Ñ.Ñ. Ìàìîíîâ 1, À.Î. Õàðëàìîâà2

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ öèëèíäðè÷åñêèì ôà-
çîâûì ïðîñòðàíñòâîì, êîòîðàÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ñèñòåìû ÷àñòîòíî-ôàçîâîé
àâòîïîäñòðîéêè ÷àñòîòû (×ÔÀÏ×). Äëÿ ñèñòåìû (×ÔÀÏ×) ìàëî èçó÷åííûì ÿâëÿåòñÿ âîïðîñ
ðåàëèçàöèè êîëåáàòåëüíûõ ðåæèìîâ, êîòîðûå ñâÿçàíû ñ íàðóøåíèåì óñòîé÷èâîñòè ñîñòîÿíèÿ
ðàâíîâåñèÿ, ñîîòâåòñòâóþùåãî ðåæèìó ñèíõðîíèçàöèè è îáðàçîâàíèþ óñòîé÷èâîãî ïðåäåëü-
íîãî öèêëà âîêðóã ýòîãî ñîñòîÿíèÿ ðàâíîâåñèÿ. Â ðàáîòå ñ èñïîëüçîâàíèåì ïðèíöèïà òîðà,
ìåòîäà íåëîêàëüíîãî ñâåäåíèÿ è ðåçóëüòàòîâ, ïîëó÷åííûõ äëÿ íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû
ìàòðè÷íûõ óðàâíåíèé, ðåøàåòñÿ çàäà÷à ðàçðàáîòêè ÷èñëåííî-àíàëèòè÷åñêîãî ïîäõîäà äëÿ
îïðåäåëåíèÿ óñëîâèé ñóùåñòâîâàíèÿ ïðåäåëüíûõ öèêëîâ ïåðâîãî ðîäà ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé, êîòîðûå ñîîòâåòñòâóþò êîëåáàòåëüíûì ðåæèìàì ñèñòåìû (×ÔÀÏ×).
Ñîñòàâëåí àëãîðèòì äëÿ ïðîâåðêè óñëîâèé ñóùåñòâîâàíèÿ ïðåäåëüíûõ öèêëîâ ïåðâîãî ðîäà,
ïîçâîëÿþùèé îïðåäåëèòü â ôàçîâîì ïðîñòðàíñòâå èñõîäíîé ñèñòåìû îáëàñòü, ñîäåðæàùóþ
íà÷àëüíûå óñëîâèÿ ïðåäåëüíîãî öèêëà ïåðâîãî ðîäà. Ïðèêëàäíîå çíà÷åíèå ïîëó÷åííûõ ðå-
çóëüòàòîâ çàêëþ÷àåòñÿ â âîçìîæíîñòè èñïîëüçîâàíèÿ ñèñòåìû (×ÔÀÏ×) êàê ãåíåðàòîðà ìî-
äóëèðîâàííûõ êîëåáàíèé, à òàêæå äëÿ îïðåäåëåíèÿ óñëîâèé ñóùåñòâîâàíèÿ êâàçèñèíõðîííûõ
ðåæèìîâ ôàçîâûõ ñèñòåì.
Êëþ÷åâûå ñëîâà: ôàçîâàÿ ñèñòåìà, êâàçèñèíõðîííûå ðåæèìû, ïðåäåëüíûå öèêëû ïåðâîãî
ðîäà, ðåæèìû ñèíõðîíèçàöèè, íåïîäâèæíàÿ òî÷êà, îïåðàòîð ñäâèãà ïî òðàåêòîðèÿì.

1. Ââåäåíèå

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ öèëèíäðè÷åñêèì ôàçîâûì ïðî-
ñòðàíñòâîì

ẋ = Ax+ bφ (σ) + d 2kcT x

1+τ2(cT x)2
,

σ̇ = cTx,
(1.1)

ãäå x, b, c, d ∈ R2, k, τ ∈ R , ìàòðèöà A èìååò äåéñòâèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ,
φ (σ)� ∆ -ïåðèîäè÷åñêàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ñèñòåìà (1.1) ÿâëÿ-
åòñÿ ìàòåìàòè÷åñêîé ìîäåëüþ ñèñòåìû ÷àñòîòíî-ôàçîâîé àâòîïîäñòðîéêè (×ÔÀÏ) [1-4].

Î ï ð å ä å ë å í è å 1.1. Ðåøåíèå z(t, z0) =

(
x(t, x0)
σ(t, σ0)

)
ñèñòåìû (1.1) íàçûâà-

åòñÿ ïðåäåëüíûì öèêëîì ïåðâîãî ðîäà, åñëè ñóùåñòâóåò τ > 0 , òàêîå ÷òî äëÿ ëþáîãî
t ∈ R âûïîëíÿþòñÿ íåðàâåíñòâà x(t+ τ, x0) = x(t, x0) , σ(t+ τ, σ0) = σ(t, σ0) .
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Â ñòàòüå èñïîëüçóþòñÿ ìåòîäû íàõîæäåíèÿ ïðåäåëüíûõ öèêëîâ âòîðîãî ðîäà, ïðåäëî-
æåííûå â ðàáîòå [4] äëÿ îïðåäåëåíèÿ öèêëîâ ïåðâîãî ðîäà. Öèêëû ïåðâîãî ðîäà èçó÷àëèñü
â ðàáîòàõ [5], [6], ãäå áûëè ïîëó÷åíû óñëîâèÿ èõ ñóùåñòâîâàíèÿ áåç èñïîëüçîâàíèÿ ðåøå-
íèÿ ñèñòåìû ìàòðè÷íûõ óðàâíåíèé, íàéäåíû ïàðàìåòðû áèôóðêàöèè è ðàçðàáîòàí àëãî-
ðèòì íàõîæäåíèÿ íåóñòîé÷èâûõ öèêëîâ ñèñòåìû (1.1). Ïðàêòè÷åñêàÿ çíà÷èìîñòü öèêëîâ
ïåðâîãî ðîäà çàêëþ÷àåòñÿ â òîì, ÷òî îíè îïðåäåëÿþò êâàçèñèíõðîííûå ðåæèìû ôàçîâîé
ñèñòåìû [3] èëè ñèíõðîíèçì âòîðîãî ðîäà [2]. Óñòàíîâëåíèå â ñèñòåìå ×ÔÀÏ êâàçèñèíõðîí-
íîãî ðåæèìà ñâÿçàíî ñ íàðóøåíèåì óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ, ñîîòâåòñòâóþùå-
ãî ðåæèìó ñèíõðîíèçàöèè è îáðàçîâàíèþ óñòîé÷èâîãî ïðåäåëüíîãî öèêëà âîêðóã ýòîãî
ñîñòîÿíèÿ ðàâíîâåñèÿ.

2. Îñíîâíîé ðåçóëüòàò

Ò å î ð å ì à 2.1. Ïóñòü äëÿ ñèñòåìû (1.1) âûïîëíåíû óñëîâèÿ:
1) cT b = −Γ < 0, cTA = lT , lT b = ν > 0, cTd = ξ2 > 0, lTd = −ξ1 < 0, rang ∥c, l∥ =

= 2, lTA = −α1l
T − β1c

T , cTA−1b ̸= 0, α1 > 0, β1 > 0, k > 0;
2) φ (σ)� ∆ -ïåðèîäè÷åñêàÿ ôóíêöèÿ, èìåþùàÿ äâà íóëÿ íà ïåðèîäå φ (σ1) = φ (σ2) =

= 0, 0 < σ1 < σ2 < ∆ , äëÿ σ̃ = σ − σ1 ñïðàâåäëèâû ñîîòíîøåíèÿ φ (σ) = a2σ̃+
+σ̃2φ2 (σ̃) , |φ2 (σ̃)| ≤ τ1+τ2 |σ̃| , φ (σ) = φ (σ̃ + σ1) = φ0 (σ̃) , φ̇0 (0) > 0, σ̃2 = σ2−σ1, φ̇0 (σ̃2) <
< 0, φ̇ (σ̃) � îãðàíè÷åíà íà ñåãìåíòå [0;∆], τ1 ≥ 0, τ2 ≥ 0;

3) ñèñòåìà ìàòðè÷íûõ óðàâíåíèé îòíîñèòåëüíî ìàòðèö H, L2 M2

ATH +HA = −L2 − 2λ̃1H, (2.1)(
A+ 2kdcT

)T
H +H

(
A+ 2kdcT

)
= −M2 + 2m2cc

T − 2λ̃1H, (2.2)

Hb = −c, (2.3)

ïðè λ̃1 > 0, m2 > 0 èìååò ðåøåíèå H = HT ≥ 0, L2 = LT2 ≥ 0, M2 = MT
2 ≥ 0 , ìàòðèöà

H èìååò äåéñòâèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ;
4) ìàòðèöû H, L2, M2 óäîâëåòâîðÿþò ñîîòíîøåíèÿì

H = γ̄1cc
T + γ̄2

(
l + νΓ−1c

) (
l + νΓ−1c

)T
, (2.4)

L2 = 2η̄1 (l + η̄2c) (l + η̄2c)
T , (2.5)

M2 = 2ν̄1 (l + ν̄2c) (l + ν̄2c)
T , (2.6)

ãäå γ̄1, γ̄2, η̄1, ν̄1 ∈ R+ ;
5) ñóùåñòâóþò λ1, λ2, λ̃1 ∈ R , óäîâëåòâîðÿþùèå íåðàâåíñòâàì

λ22 = a2 +
√
γ̄1λ1

(
νΓ−1 − 2λ̃1

)
+ λ21, (2.7)

λ̃1
(
λ21 + λ22

)
−
√
γ̄1λ1a2Γ− γ̄1

− 1
2λ1λ

2
2 − γ̄1

− 1
2λ31 ≤ 0; (2.8)

6) ñóùåñòâóåò R ∈ R , òàêîå ÷òî(
λ1√
γ̄1

− λ̃1

)
R2 +

√
γ̄1λ1√
γ̄2λ2

R2 +

(√
λ21 + λ22√
γ̄1λ32

τ1 +

√
γ̄1Γλ1
λ32

τ1

)
R3 +

+

(√
λ21 + λ22√
γ̄1λ42

τ2 +

√
γ̄1Γλ1
λ42

τ2

)
R4 +

m2

2τ
√
γ̄1
R +

∣∣∣∣2k√γ̄1ξ2λ1 − m2λ1√
γ̄1

∣∣∣∣ R

2τλ2
< 0;

(2.9)
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7) ñóùåñòâóåò R > 0 òàêîå, ÷òî ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî
ïîðÿäêà

ẏ = − νy

Γ
√
Γ
− φ (σ) + µ+ ξ2

2ky√
Γ (1 + τ 2Γy2)

, σ̇ = y, (2.10)

ïðè µ = µ1 >
R

Γ
√
γ̄2

èìååò ðåøåíèå, îïðåäåëÿþùåå ôóíêöèþ f−
1 (σ) , f−

1 (−σ̄3) = f−
1 (σ̄2) =

= 0,−σ̄3 < 0, σ̄2 > 0, f−
1 (σ) < 0 äëÿ ëþáîãî σ ∈ (−σ̄3; σ̄2) ;

8) ñóùåñòâóåò R > 0 òàêîå, ÷òî ñèñòåìà (2.10) ïðè µ = −µ2 < − R
Γ
√
γ̄2

èìååò

ðåøåíèå, îïðåäåëÿþùåå ôóíêöèþ f+
1 (σ) , f+

1 (−σ̄1) = f+
1 (σ̄2) ,−σ̄3 < −σ̄1 < 0, f+

1 (σ) > 0
äëÿ ëþáîãî σ ∈ (−σ̄1; σ̄2) ;

9) äëÿ ëþáîãî σ ∈ [−σ̄3;−σ̄1] âûïîëíÿåòñÿ ñîîòíîøåíèå
(
− R√

γ̄2
− Γφ (σ)

)
> 0 ;

10) ðàññìîòðèì ôóíêöèè g±1 (σ) =
(√

γ̄1
√
Γf±

1 (σ) + σ̃λ1

)2
+ γ̄2ν

2Γ−1
(
f±
1 (σ)

)2
+ σ̃2λ22−

−R2 , òîãäà íà ïðîìåæóòêå [−σ̄5; σ̄4] ñïðàâåäëèâû íåðàâåíñòâà g−1 (σ) < f−
1 (σ) , g+1 (σ) >

> f+
1 (σ) .
Òîãäà ñèñòåìà (1.1) èìååò ïðåäåëüíûé öèêë ïåðâîãî ðîäà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ôóíêöèè V1 (z) = xTHx+ 2
√
γ̄1c

Txσ̃λ1 + σ̃2λ21+
+σ̃2λ22 − R2, V +

1 (z) = cTx −
√
Γf+

1 (σ) , V −
1 (z) = cTx −

√
Γf−

1 (σ) , W (z) = cTx ,

ãäå z =

(
x
σ

)
, f+

1 (σ) , f−
1 (σ) óäîâëåòâîðÿþò óñëîâèÿì 7 è 8 òåîðåìû. Ïóñòü D =

=
{
z : V1 (z) = xTHx+ 2

√
γ̄1c

Txσ̃λ1 + σ̃2λ21 + σ̃2λ22 −R2 ≤ 0
}
, ∂D = {z : V1 (z) = 0} . Ìíî-

æåñòâî D ïðåäñòàâëÿåò ñîáîé ýëëèïñîèä.
Ïóñòü

∂Q1 =
{
z : V +

1 (z) = cTx−
√
Γf+

1 (σ) = 0, σ ∈ [−σ̄1; σ̄2]
}
,

∂Q2 =
{
z : V −

1 (z) = cTx−
√
Γf−

1 (σ) = 0, σ ∈ [−σ̄3; σ̄2]
}
,

∂Q3 =
{
z : W (z) = cTx = 0, σ ∈ [−σ̄3;−σ̄1]

}
,

∂Q = ∂Q1 ∪ ∂Q2 ∪ ∂Q3 , òîãäà ∂Q ÿâëÿåòñÿ öèëèíäðè÷åñêîé ïîâåðõíîñòüþ. Îáîçíà÷èì
âíåøíîñòü öèëèíäðè÷åñêîé ïîâåðõíîñòè âìåñòå ñ ïîâåðõíîñòüþ ∂Q ÷åðåç ìíîæåñòâî Q .

Ìíîæåñòâî Ω = Q ∩ D ÿâëÿåòñÿ òîðîèäàëüíûì, ñå÷åíèå åãî ïëîñêîñòüþ lTx = 0
èçîáðàæåíî íà ðèñóíêå 2.1, à ãðàíèöà ýòîãî ìíîæåñòâà îïðåäåëÿåòñÿ ðàâåíñòâîì ∂Ω =
= ∂Ω1∪∂Ω2∪∂Ω3∪∂Ω4 , ãäå ∂Ω1 = ∂Q1∩D, ∂Ω2 = ∂Q2∩D, ∂Ω3 = ∂Q3∩D, ∂Ω4 = Q∩∂D.
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Ð è ñ ó í î ê 2.1

Ðàññìîòðèì ìíîæåñòâî ∂Ω4 , åñëè z ∈ ∂Ω4 , òî èç (2.4) ñïðàâåäëèâî ðàâåíñòâî

V 1 (z) = xTHx+ 2
√
γ̄1c

Txσ̃λ1 + σ̃2λ21 + σ̃2λ22 −R2 = γ̄1
(
cTx
)2

+ γ̄2
(
lTx+ νΓ−1cTx

)2
+ σ̃2λ21+

+ 2
√
γ̄1c

Txσ̃λ1 + σ̃2λ22 −R2 =
(√

γ̄1c
Tx+ σ̃λ1

)2
+ γ̄2

(
lTx+ νΓ−1cTx

)2
+ σ̃2λ22 −R2 = 0.

(2.11)

Èñïîëüçóÿ óñëîâèÿ 1�6 òåîðåìû è ñîîòíîøåíèÿ (2.1), (2.2), (2.11) íàéäåì ïðîèçâîäíóþ
ôóíêöèè V1 (z) íà ìíîæåñòâå ∂Ω4 â ñèëó ñèñòåìû (1.1) è ñ ó÷¼òîì ðàâåíñòâà φ (σ) =
= a2σ̃ + σ̃2φ2 (σ̃)

V̇1 (z) = xT
(
ATH +HA

)
x− 2cTxφ (σ) +

2k

1 + τ 2 (cTx)2
xT
(
cdTH +HdcT

)
x+

+ 2
√
γ̄1λ1l

Txσ̃ − 2
√
γ̄1λ1Γφ (σ) σ̃ + 2

√
γ̄1λ1σ̃ξ2

2kcTx

1 + τ 2 (cTx)2
+ 2

√
γ̄1λ1

(
cTx
)2

+

+ 2
(
λ21 + λ22

)
σ̃cTx =

1

1 + τ 2 (cTx)2

(
−τ 2

(
cTx
)2
xTL2x+ 2

(
cTx
)2
m2 − xTM2x

)
−

− 2λ̃1x
THx+ 2

√
γ̄1λ1l

Txσ̃ − 2
√
γ̄1λ1Γφ (σ) σ̃ + 2

√
γ̄1λ1σ̃ξ2

2kcTx

1 + τ 2 (cTx)2
+

+ 2
√
γ̄1λ1

(
cTx
)2

+ 2
(
λ21 + λ22

)
σ̃cTx− 2cTxφ (σ) .

(2.12)
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Èç (2.11) ïîëó÷èì, ÷òî V1 (z) óäîâëåòâîðÿåò ñîîòíîøåíèþ

V1 (z) = σ̃2
(
λ21 + λ22

)
+ 2
√
λ21 + λ22

√
γ̄1λ1√
λ21 + λ22

cTxσ̃ +
γ̄1λ

2
1

λ21 + λ22

(
cTx
)2 − γ̄1λ

2
1

λ21 + λ22

(
cTx
)2

+

+ γ̄1
(
cTx
)2

+ γ̄2
(
lTx+ νΓ−1cTx

)2 −R2 =

(
σ̃
√
λ21 + λ22 +

√
γ̄1λ1√
λ21 + λ22

cTx

)2

+
(
cTx
)2×

×
√
γ̄1λ

2
2√

λ21 + λ22
+ γ̄2

(
lTx+ νΓ−1cTx

)2 −R2 = 0.

(2.13)

Ïðîèçâîäíàÿ ôóíêöèè V1 (z) â ñèëó (2.12) ïðèìåò âèä

V̇1 (z) ≤
2m2

(
cTx
)2

1 + τ 2 (cTx)2
− 2λ̃1x

THx− 2cTxφ (σ) + 2
(
λ21 + λ22

)
σ̃cTx+ 2

√
γ̄1λ1l

Txσ̃−

− 2
√
γ̄1λ1Γφ (σ) σ̃ + 2

√
γ̄1λ1σ̃ξ2

2kcTx

1 + τ 2 (cTx)2
+ 2

√
γ̄1λ1

(
cTx
)2

+ 2
√
γ̄1λ1l

Txσ̃−

− 2
√
γ̄1λ1Γφ (σ) σ̃ + 2

√
γ̄1λ1σ̃ξ2

2kcTx

1 + τ 2 (cTx)2
+ 2

√
γ̄1λ1

(
cTx
)2
.

(2.14)

Èç ñîîòíîøåíèÿ (2.14) çàïèøåì ñëàãàåìîå
√
γ̄1λ1

(
cTx
)2

â âèäå

√
γ̄1λ1

(
cTx
)2

= γ̄1
− 1

2λ1

(
γ̄1
(
cTx
)2

+ 2
√
γ̄1c

Txλ1σ̃ + λ21σ̃
2 − 2

√
γ̄1c

Txλ1σ̃ − λ21σ̃
2
)
=

= γ̄1
− 1

2λ1
(√

γ̄1c
Tx+ λ1σ̃

)2 − 2λ21c
Txσ̃ − γ̄1

− 1
2λ31σ̃

2.
(2.15)

Â ñèëó óñëîâèé (2.14), (2.15) è òîãî, ÷òî φ (σ) = a2σ̃ + σ̃2φ2 (σ̃) èìååì

V̇1 (z) ≤
2m2

(
cTx
)2

1 + τ 2 (cTx)2
+ 2

√
γ̄1λ1σ̃ξ2

2kcTx

1 + τ 2 (cTx)2
− 2λ̃1R

2 + 4
√
γ̄1λ1λ̃1c

Txσ̃+

+ 2λ̃1
(
λ21 + λ22

)
σ̃2 − 2cTxσ̃a2 − 2cTxσ̃2φ2 (σ̃) + 2

(
λ21 + λ22

)
σ̃cTx+ 2

√
γ̄1λ1×

×
(
lTx+ νΓ−1cTx

)
σ̃ − 2νΓ−1√γ̄1λ1cTxσ̃ − 2

√
γ̄1λ1Γa2σ̃

2 − 2
√
γ̄1λ1Γσ̃

3φ2 (σ̃)−
− 2γ̄1

− 1
2λ1λ

2
2σ̃

2 + 2γ̄1
− 1

2λ1R
2 − 4λ21c

Txσ̃ − 2γ̄1
− 1

2λ31σ̃
2.

(2.16)

Â íåðàâåíñòâå (2.16) íàéäåì êîýôôèöèåíò ïðè 1
2
cTxσ̃ è èñïîëüçóÿ (2.7) ïîëó÷èì

2
√
γ̄1λ1λ̃1 − a2 +

(
λ21 + λ22

)
− νΓ−1√γ̄1λ1 − 2λ21 = 0. (2.17)

Èç (2.16), èñïîëüçóÿ ñîîòíîøåíèå (2.8), íàéäåì êîýôôèöèåíò ïðè 1
2
σ̃2

λ̃1
(
λ21 + λ22

)
−
√
γ̄1λ1a2Γ− γ̄1

− 1
2λ1λ

2
2 − γ̄1

− 1
2λ31 ≤ 0. (2.18)

Â (2.16) ïðåîáðàçóåì ñëàãàåìîå
2m2(cT x)

2

1+τ2(cT x)2
+ 2

√
γ̄1λ1σ̃ξ2

2kcT x

1+τ2(cT x)2
ê âèäó

2m2

(
cTx
)2

1 + τ 2 (cTx)2
+ 2

√
γ̄1λ1σ̃ξ2

2kcTx

1 + τ 2 (cTx)2
=

2m2

(
cTx
) (√

γ̄1c
Tx+ λ1σ̃ − λ1σ̃

)
√
γ̄1
(
1 + τ 2 (cTx)2

) +

+ 2k
√
γ̄1λ1ξ2

2σ̃cTx

1 + τ 2 (cTx)2
=
(√

γ̄1c
Tx+ λ1σ̃

) 2m2c
Tx

√
γ̄1
(
1 + τ 2 (cTx)2

)−
− 2m2γ̄1

− 1
2λ1σ̃

cTx

1 + τ 2 (cTx)2
+ 4k

√
γ̄1λ1ξ2σ̃

cTx

1 + τ 2 (cTx)2
.

(2.19)
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Â ñèëó (2.11), (2.13), (2.16), (2.19) äëÿ z ∈ ∂Ω4 ñïðàâåäëèâû îöåíêè

cTx

1 + τ 2 (cTx)2
≤ 1

2τ
, (2.20)

∣∣cT√γ̄1 + σ̃λ1
∣∣ ≤ R, (2.21)

|σ̃| ≤ Rλ−1
2 , (2.22)∣∣lTx+ νΓ−1cTx
∣∣ ≤ Rγ̄2

− 1
2 , (2.23)∣∣cTx∣∣ ≤ R

√
λ21 + λ22
γ̄1λ2

, (2.24)

Èñõîäÿ èç ñîîòíîøåíèé (2.9), (2.17), (2.18), (2.20)�(2.24) ïðîèçâîäíàÿ ôóíêöèè V1 (z)
íà ìíîæåñòâå ∂Ω4 â ñèëó ñèñòåìû (1.1) ïðè φ (σ) = a2σ̃ + σ̃2φ2 (σ̃) ïðèìåò âèä

1

2
V̇1 (z) ≤

(
λ1√
γ̄1

− λ̃1

)
R2 +

√
γ̄1λ1√
γ̄2λ2

R2 +
∣∣cTx∣∣ (τ1 + τ2 |σ̃|) σ̃2 +

√
γ̄1Γλ1 (τ1 + τ2 |σ̃|) |σ̃|3+

+
m2

2τ
√
γ̄1
R +

(
2k

√
γ̄1ξ2λ1 −

m2√
γ̄1
λ1

)
cTx

1 + τ 2 (cTx)2
σ̃ ≤

(
λ1√
γ̄1

− λ̃1

)
R2 +

√
γ̄1λ1√
γ̄2λ2

R2+

+

(√
λ21 + λ22√
γ̄1λ32

τ1 +

√
γ̄1Γλ1
λ32

τ1

)
R3 +

(√
λ21 + λ22√
γ̄1λ42

τ2 +

√
γ̄1Γλ1
λ42

τ2

)
R4 +

m2

2τ
√
γ̄1
R+

+

∣∣∣∣2k√γ̄1ξ2λ1 − m2√
γ̄1
λ1

∣∣∣∣ R

2τλ2
< 0.

(2.25)

Ïóñòü z ∈ ∂Ω1 , òîãäà ñïðàâåäëèâû ñîîòíîøåíèÿ

cTx =
√
Γf+

1 (σ) , σ ∈ [−σ̄1; σ̄2] , (2.26)∣∣lTx+ νΓ−1cTx
∣∣ ≤ Rγ̄2

− 1
2 . (2.27)

Èñïîëüçóÿ (2.26), (2.27), óñëîâèÿ 1, 8 òåîðåìû íàéä¼ì ïðîèçâîäíóþ ôóíêöèè V +
1 (z) â

ñèëó ñèñòåìû (1.1) íà ìíîæåñòâå ∂Ω1

V̇ +
1 (z) = cTAx+ cT bφ (σ) + cTd

2kcTx

1 + τ 2 (cTx)2
−

√
Γ
df+

1 (σ)

dσ
cTx = lTx− Γφ (σ)+

+ ξ2
2kcTx

1 + τ 2 (cTx)2
− Γf+

1 (σ)
df+

1 (σ)

dσ
≥ −Rγ̄2−

1
2 − νΓ− 1

2f+
1 (σ)− Γφ (σ)+

+ ξ2
2k

√
Γf+

1 (σ)

1 + τ 2Γ
(
f+
1 (σ)

)2 − Γf+
1 (σ)

df+
1 (σ)

dσ
= −Rγ̄2−

1
2 + µ2Γ > −Rγ̄2−

1
2 +Rγ̄2

− 1
2 = 0.

(2.28)

Äëÿ z ∈ ∂Ω2 âûïîëíÿåòñÿ óñëîâèå

cTx =
√
Γf−

1 (σ) , σ ∈ [−σ̄3; σ̄2] . (2.29)

Íàéä¼ì ïðîèçâîäíóþ ôóíêöèè V −
1 (z) â ñèëó ñèñòåìû (1.1) íà ìíîæåñòâå ∂Ω2 . Àíà-

ëîãè÷íî (2.28), èñïîëüçóÿ (2.27), (2.29), óñëîâèÿ 1, 7 òåîðåìû, ïîëó÷èì

V̇ −
1 (z) < 0. (2.30)
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Ðàññìîòðèì ìíîæåñòâî ∂Ω3 , åñëè z ∈ ∂Ω3 , òî ñïðàâåäëèâû íåðàâåíñòâî (2.27) è ðà-
âåíñòâî

cTx = 0, σ ∈ [−σ̄3;−σ̄1] . (2.31)

Â ñèëó óñëîâèé 1, 9 òåîðåìû è (2.27), (2.31) ïîëó÷èì, ÷òî ïðîèçâîäíàÿ ôóíêöèè W (z)
â ñèëó ñèñòåìû (1.1) óäîâëåòâîðÿåò ñîîòíîøåíèþ

Ẇ (z) = lTx− Γφ (σ) + ξ2
2kcTx

1 + τ 2 (cTx)2
= lTx− Γφ (σ) ≥ −Rγ̄2−

1
2 − Γφ (σ) > 0. (2.32)

Ñ ó÷¼òîì ñîîòíîøåíèé (2.25), (2.28), (2.30), (2.32) ïîëó÷èì, ÷òî ìíîæåñòâî Ω ÿâëÿåòñÿ
ïîëîæèòåëüíî èíâàðèàíòíûì.

Ðàññìîòðèì ôóíêöèþ Q0 (z) = σ̃ è ïëîñêîñòü P = {z : Q0 (z) = 0} . Íàéä¼ì ïåðåñå÷å-
íèå ìíîæåñòâà Ω è ïëîñêîñòè P , îáîçíà÷èì ïîëó÷èâøèåñÿ ìíîæåñòâà ÷åðåç D1 è D2 ,
òîãäà Ω ∩ P = D1 ∪ D2 , ãäå D1 = Ω ∩ P ∩

{
z : cTx > 0

}
, D2 = Ω ∩ P ∩

{
z : cTx < 0

}
.

Ðàññìîòðèì ôóíêöèþ Q1 (z) = cTx è ïëîñêîñòü L = {z : Q1 (z) = 0} . Íàéä¼ì ïåðåñå÷å-
íèå ìíîæåñòâà Ω è ïëîñêîñòè L , îáîçíà÷èì ïîëó÷èâøèåñÿ ìíîæåñòâà ÷åðåç D3 è D4 ,
òîãäà Ω ∩ L = D3 ∪D4 , ãäå D3 = Ω ∩ L ∩ {z : σ̃ > 0} , D4 = Ω ∩ L ∩ {z : σ̃ < 0} .

Èñïîëüçóÿ óñëîâèÿ 1 è 2 òåîðåìû, íåðàâåíñòâî (2.14), ïîëîæèòåëüíóþ èíâàðèàíòíîñòü
ìíîæåñòâà Ω ïîëó÷èì, ÷òî ôóíêöèÿ σ̃ (t)� áåñêîíå÷íîå ÷èñëî ðàç ìåíÿåò çíàê.

Âîçüì¼ì òî÷êó z0 ∈ D1 , è ââåäåì îïåðàòîð Tz = z (t0 + Tz) . Èç íåïðåðûâíîñòè òðàåê-
òîðèé gz0 ñèñòåìû (1.1) è òîãî ôàêòà, ÷òî ìíîæåñòâî D1 �ìíîæåñòâî áåç êîíòàêòà ñëå-
äóåò íåïðåðûâíîñòü îïåðàòîðà T . Ìíîæåñòâî D1 � çàìêíóòîå, îãðàíè÷åííîå, âûïóêëîå,
îïåðàòîð T îòîáðàæàåò ìíîæåñòâî D1 â ñåáÿ, T (D1) ⊂ D1 , òîãäà ïî òåîðåìå Áðàóý-
ðà ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà îïåðàòîðà T òàêàÿ, ÷òî Tz∗ = z∗ ∈ D1 . Íåïîäâèæíàÿ
òî÷êà z∗ îïðåäåëÿåò íà÷àëüíûå óñëîâèÿ ïðåäåëüíîãî öèêëà ïåðâîãî ðîäà. Òàêèì îáðàçîì,
ñèñòåìà (1.1) èìååò ïðåäåëüíûé öèêë ïåðâîãî ðîäà. Òåîðåìà äîêàçàíà.

Ë å ì ì à 2.1. Ïóñòü äëÿ ñèñòåìû ìàòðè÷íûõ óðàâíåíèé (2.1)� (2.3) âûïîëíåíû

ñîîòíîøåíèÿ A =

(
−λ̃1 0

0 −λ̃2

)
, c =

(
c1
c2

)
, b =

(
b1
b2

)
, d =

(
d1
d2

)
, c1b

−1
1 < 0, c2b

−1
2 <

< 0, cT b = −Γ, cTAb = ν > 0, ε0 = νΓ−1, α = λ̃2 − λ̃1, rang ∥c, l∥ = 2, òîãäà ìàòðè÷íûå
óðàâíåíèÿ (2.1)� (2.3) èìåþò ðåøåíèå H = HT ≥ 0, L2 = LT2 ≥ 0, M2 = MT

2 ≥ 0 ,
ìàòðèöû H, L2, M2 óäîâëåòâîðÿþò ñîîòíîøåíèÿì (2.4)� (2.6), ãäå

γ̄1 = Γ−1, γ̄2 =
(
Γ
(
λ̃2 − ε0

)(
ε0 − λ̃1

))−1

, (2.33)

η̄1 =
(
Γ
(
ε0 − λ̃1

))−1

, η̄2 = λ̃1, (2.34)

m2 = −α−1k2c2b2
(
d1b

−1
1 − d2b

−1
2

)2 − 2kd1b
−1
1 , (2.35)

ν̄1 = − (αb2c2)
−1 , ν̄2 = λ̃1 + kc2b2

(
d1b

−1
1 − d2b

−1
2

)
. (2.36)

Ä î ê à ç à ò å ë ü ñ ò â î. Íåïîñðåäñòâåííîé ïîäñòàíîâêîé â óðàâíåíèå (2.1) ïî-

êàçûâàåòñÿ, ÷òî ìàòðèöû H =

(
−c1b−1

1 0
0 −c2b−1

2

)
, L2 =

(
0 0
0 −2αc2b

−1
2

)
óäîâëåòâîðÿþò

ñîîòíîøåíèÿì (2.4), (2.5), ãäå γ̄1, γ̄2, η̄1, η̄2 îïðåäåëÿþòñÿ ðàâåíñòâàìè (2.33), (2.34).
Èñïîëüçóÿ (2.1) èç (2.2) îïðåäåëèì ìàòðèöó M2

−M2 = −L2 +
(
2kdcT

)T
H +H

(
2kdcT

)
− 2m2cc

T . (2.37)
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Èç óðàâíåíèÿ (2.37) îïðåäåëÿåòñÿ çíà÷åíèå m2 , äëÿ êîòîðîãî detM2 = 0 . Åñëè m2

óäîâëåòâîðÿåò (2.37), òî detM2 = 0 è M2 = ūūT . Òàê êàê rang ∥c, l∥ = 2 , òî äëÿ âåêòîðà
ū ñïðàâåäëèâî ðàçëîæåíèå ïî ëèíåéíî íåçàâèñèìûì âåêòîðàì c è l , u =

√
2ν̄1 (l + ν̄2c) ,

ãäå ν̄1 , ν̄2 íàõîäÿòñÿ ñ ïîìîùüþ ñîîòíîøåíèé (2.36). Ëåììà äîêàçàíà.

Ï ð è ì å ð 2.1. Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

˙̃x = Ãx̃+ b̃φ (σ) + d̃
2kc̃T x̃

1 + τ 2 (c̃T x̃)2
, σ̇ = c̃T x̃, (2.38)

ãäå Ã =

(
−α1 −β1
1 0

)
, b̃ =

(
ν
−Γ

)
, c̃ =

(
0
1

)
, d̃ =

(
−ξ1
ξ2

)
, φ (σ) = sin (σ) − γ, D = α2

1−

−4β1 > 0. Ìàòðèöà Ã èìååò äåéñòâèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ
(
−λ̃1

)
,
(
−λ̃2

)
, λ̃1 =

= 2−1
(
α1 −

√
D
)
, λ̃2 = 2−1

(
α1 +

√
D
)
, λ̃1λ̃2 = β1, λ̃1 + λ̃2 = α1, λ̃2 − λ̃1 =

√
D = α.

Â ñèñòåìå (2.38) ñäåëàåì çàìåíó ïåðåìåííûõ x̃ = Sx , ïîëó÷èì ñèñòåìó (1.1), ãäå A =

= S−1ÃS, b = S−1b̃, cT = c̃TS, d = S−1d̃. Ïóñòü S =

(
β1 −λ̃2
−λ̃2 1

)
, òîãäà detS = ∆s =

= −λ̃2
√
D < 0, S−1 = ∆−1

s

(
1 λ̃2
λ̃2 β1

)
, A =

(
−λ̃1 0

0 −λ̃2

)
, b = ∆−1

s

(
ν − λ̃2Γ

λ̃2ν − Γβ1

)
, c =

=

(
−λ̃2
1

)
, d = ∆−1

s

(
−ξ1 + λ̃2ξ2
−λ̃2ξ1 + β1ξ2

)
, l = AT c =

(
β1
−λ2

)
, lTA = −α1l

T − β1c
T , lT b =

= ν, det ∥c, l∥ = −∆s ̸= 0, rang ∥c, l∥ = 2. Äëÿ ñèñòåìû (1.1) âûïîëíÿåòñÿ óñëîâèå 1
òåîðåìû. Ðàññìîòðèì ñëó÷àé α1 = 1.25, β1 = 0.0519, ξ1 = 0.0344, ξ2 = 0.8, Γ = 1, ν =
= 0.043, τ = 55.9, k = 0.0374, φ (σ) = sin σ − γ, γ = 0.36.

Ôóíêöèÿ φ (σ)� ∆ -ïåðèîäè÷åñêàÿ ñ ïåðèîäîì ∆ = 2π . Óðàâíåíèå φ (σ) = 0 íà
ñåãìåíòå [0;∆] èìååò äâà êîðíÿ φ (σ1) = φ (σ2) = 0 , ãäå 0 < σ1 < σ2 < ∆, σ1 =
arcsin γ, σ2 = = π − 2 arcsin γ , ïîëó÷èì σ1 = 0.368, σ2 = 2.41. Îáîçíà÷èì σ̃ = σ − σ1 ,
òîãäà σ = σ̃ + σ1 . Ôóíêöèþ φ (σ) ïðåäñòàâèì â âèäå φ (σ) = a2σ̃ + σ̃2φ2 (σ̃) , äëÿ
ýòîãî íàéäåì ïðîèçâîäíûå ôóíêöèè φ0(σ̃) = −γ + sin (σ̃ + σ1) â íóëå, ïîëó÷èì ðàç-
ëîæåíèå ôóíêöèè φ0 (σ̃) â ðÿä φ0 (σ̃) = cosσ1σ̃ − sinσ1

2!
σ̃2 − cosσ1

3!
σ̃3 + sinσ1

4!
σ̃4 + ..., îò-

ñþäà a2 = cos σ1 =
√
1− γ2 = 0.933. Íàéäåì ðàçëîæåíèå â ðÿä ôóíêöèè φ2 (σ̃) =

=
(
− γ

2!
+ γ

4!
σ̃2 − γ

6!
σ̃4 + ...

)
+ σ̃ cosσ1

(
− 1

3!
+ σ̃2

5!
− σ̃4

7!
+ ...

)
= φ21 + σ̃φ22 . Ðÿäû φ21 è φ22�

ñõîäÿòñÿ, òîãäà |−φ2| ≤ |−φ21|+ |σ̃| |−φ22| ≤ 2−1γ+6−1a2 |σ̃| . Ïîëó÷èëè, ÷òî φ2 (σ̃)� çíà-
êî÷åðåäóþùèéñÿ ðÿä 0 < s < a1 , ãäå a1 > 0 òàêèì îáðàçîì, ôóíêöèÿ |φ2 (σ̃)| ≤ τ1+τ2 |σ̃| ,
ãäå τ1 = 2−1γ = 0.18, τ2 = 6−1

√
1− γ2 = 0.155. Íàéä¼ì φ̇0 (0) = cos 0 = 1 > 0, φ̇0 (σ̃2) =

= cos σ2 = cos 2.41 = −0.737 < 0, φ̇ (σ̃) = cos σ̃� îãðàíè÷åííàÿ ôóíêöèÿ íà ñåãìåíòå
[0;∆] . Äëÿ ñèñòåìû (1.1) âûïîëíåíî óñëîâèå 2 òåîðåìû.

Èñïîëüçóÿ ñîîòíîøåíèÿ (2.33)� (2.36) ëåììû, íàéäåì çíà÷åíèÿ γ̄1 = 1, ε0 = 0.043, α =
= 1.164, γ̄2 = 106, m2 = 0.0598, η̄1 = 1.16 · 106, η̄2 = 0.043, ν̄1 = 1.16 · 106, ν̄2 = 0.043, h11 =
= −c1b−1

1 = 1.457, h22 = −c2b−1
2 = 1.355 · 106. Òàê êàê h11 > 0, h22 > 0, η̄1 > 0, ν̄2 > 0 , òî

ìàòðèöà H èìååò äåéñòâèòåëüíûå ñîáñòâåííûå çíà÷åíèÿ detH ≥ 0, L1, L2 óäîâëåòâîðÿþò
íåðàâåíñòâàì L1 ≥ 0, L2 ≥ 0 . Äëÿ ñèñòåìû (1.1) âûïîëíåíû óñëîâèÿ 3, 4 òåîðåìû.

Ðåøàÿ íåðàâåíñòâà (2.7) �(2.8) îòíîñèòåëüíî λ1 ó÷èòûâàÿ, ÷òî λ̃1 = 0.043 , ïîëó÷èì
λ1 ∈ [0.0215;+∞) . Äëÿ ñèñòåìû (1.1) âûïîëíåíî óñëîâèå 5 òåîðåìû.

Âîçüì¼ì λ1 = 0.0215 è ïî ôîðìóëå (2.7) îïðåäåëèì λ2 = 0.966 . Ðåøåíèå íåðàâåíñòâà
(2.9) îïðåäåëÿåòñÿ êîðíÿìè ìíîãî÷ëåíà ÷åòâåðòîé ñòåïåíè. ×èñëåííî ïîêàçûâàåòñÿ, ÷òî
åñëè R ∈ [0.0407; 0.06107] , òî óñëîâèå 6 òåîðåìû âûïîëíåíî.
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Âîçüì¼ì R√
γ̄2

= 4.404 · 10−5 > 0 . ×èñëåííî ïîêàçûâàåòñÿ, ÷òî ñèñòåìà âòîðîãî ïîðÿä-

êà (2.10) ïðè µ = −µ2 = −4.414 · 10−5 < −4.404 · 10−5 èìååò ðåøåíèå, îïðåäåëÿþùåå
ôóíêöèþ f+

1 (σ) òàêóþ, ÷òî f+
1 (0) = 0.008 è äëÿ ëþáîãî σ ∈ (−0.00826; 0.0083) ôóíêöèÿ

f+
1 (σ) > 0 , f+

1 (−0.00826) = f+
1 (0.0083) = 0 . Óñëîâèå 8 òåîðåìû âûïîëíÿåòñÿ. Àíàëîãè÷íî

ïðîâîäèòñÿ ïðîâåðêà óñëîâèÿ 7.
×èñëåííî ïîêàçûâàåòñÿ, ÷òî ïðè σ ∈ [−0.00832;−0.00826] âûïîëíÿåòñÿ ñîîòíîøåíèå

(−4.404 · 10−5 − φ (σ)) > 0 . Â òåîðåìå âûïîëíåíî óñëîâèå 9.
×èñëåííûìè ìåòîäàìè ïîêàçàíî, ÷òî ïðè σ ∈ [−0.0365; 0.0365] äëÿ ôóíêöèé

f+
1 (σ) , f−

1 (σ) , g+1 (σ) , g+1 (σ) âûïîëíÿþòñÿ íåðàâåíñòâà èç óñëîâèÿ 10.
Äëÿ ñèñòåìû (1.1) âûïîëíåíû âñå óñëîâèÿ òåîðåìû, òîãäà ñèñòåìà (1.1) èìååò ïðå-

äåëüíûé öèêë ïåðâîãî ðîäà. Óñëîâèÿ òåîðåìû ïîçâîëÿþò îïðåäåëèòü îáëàñòü íà÷àëü-
íûõ óñëîâèé öèêëà ïåðâîãî ðîäà ñèñòåìû (1.1). Äëÿ ðàññìàòðèâàåìîãî ïðèìåðà íàéä¼ì
M = Ω ∩ {z : σ̃ = 0} . Äëÿ ãðàíèöû ìíîæåñòâà Ω âîçüì¼ì f+

1 (0) = f−
1 (0) = 0.008 . Ìíî-

æåñòâî M îïðåäåëÿåòñÿ ëèíèÿìè

L1 : x
THx+ 2

√
γ̄1c

Txσ̃λ1 + σ̃2λ21 + σ̃2λ22 = R2 ⇔ x̃T (S−1)
T
HS−1x̃ = R2 ⇔

⇔ 106x̃21 + 2 · 43 · 103x̃1x̃2 + 1850x̃22 = 0.044041,

L2 : c
Tx =

√
Γf+

1 (0) ⇔ x2 = 0.008,

L3 : c
Tx =

√
Γf−

1 (0) ⇔ x2 = −0.008.

×èñëåííûìè ìåòîäàìè ïîêàçûâàåòñÿ, ÷òî öèêë ïåðâîãî ðîäà îïðåäåëÿåòñÿ íà÷àëüíûìè
óñëîâèÿìè x1 = −0.00057, x2 = 0.0132568713, σ = 0.368.

Ïðàêòè÷åñêàÿ çíà÷èìîñòü ïîëó÷åííûõ ðåçóëüòàòîâ çàêëþ÷àåòñÿ â òîì, ÷òî îíè ïîç-
âîëÿþò îïðåäåëèòü óñëîâèÿ ñóùåñòâîâàíèÿ êâàçèñèíõðîííûõ ðåæèìîâ äëÿ ñèñòåìû
÷àñòîòíî-ôàçîâîé àâòîïîäñòðîéêè ÷àñòîòû .
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Determination of the conditions of existence of limit cycles

of a �rst-order systems with cylindrical phase space

c⃝ S. S. Mamonov 3, A. O. Kharlamova4

Abstract. This article deals with a system of di�erential equations with a cylindrical phase space,
which is a mathematical model of a frequency-phase locked loop (FPLL) system. For the system
(FPLL) little studied is the implementation of oscillatory regimes that are associated with a
violation of stability of the equilibrium state corresponding to the synchronization regime and to
the formation of stable limit cycle around this equilibrium state. A numerical-analytical approach
is developed to determine the conditions of existence of the �rst kind limiting cycles of a di�erential
equations' system that correspond to the system oscillatory modes. To do this, author used the
torus principle, the nonlocal reduction method and the results obtained to �nd the solution of the
system of matrix equations. An algorithm is developed for checking the conditions for the existence
of limit cycles of the �rst kind, which allows to determine a region in the phase space of initial
system that contains containing initial conditions of the cycle. Applicative value of the obtained
results is in the possibility of using the system (FPLL) for generation of modulated oscillations, as
well as for determining the conditions of the existence of phase systems' quasisynchronous regimes.
Key Words: phase system, quasi-synchronous modes, limiting �rst-order cycles, synchronization
modes, �xed point, shift operator along trajectories.
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