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ÓÄÊ 517.9

Èññëåäîâàíèå óñòîé÷èâîñòè íåêîòîðîãî ðåøåíèÿ

ñèñòåìû êèíåòè÷åñêèõ óðàâíåíèé õèìè÷åñêîé ðåàêöèè

c⃝ Î. Ñ. ßçîâöåâà1, Ò. Ô. Ìàìåäîâà2, È. Ì. Ãóáàéäóëëèí 3

Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü õèìè÷åñêîé ðåàêöèè ãèä-
ðîàëþìèíèðîâàíèÿ îëåôèíîâ. Èññëåäóåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü íåíóëåâîãî ïî-
ëîæåíèÿ ðàâíîâåñèÿ äàííîé ñèñòåìû. Ïîäõîä îñíîâàí íà èñïîëüçîâàíèè ìåòîäà ñðàâíåíèÿ
Å.Â. Âîñêðåñåíñêîãî è ïîêîìïîíåíòíî àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóåðó èññëå-
äóåìîé ñèñòåìû è íåêîòîðîé ëèíåéíîé ñèñòåìû. Ïîêàçàíî, ÷òî ïîëîæåíèå ðàâíîâåñèÿ àñèìï-
òîòè÷åñêè íåóñòîé÷èâî ïî îòäåëüíûì êîìïîíåíòàì.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ðåàêöèÿ ãèäðîàëþìèíèðîâàíèÿ îëåôè-
íîâ, ïîêîìïîíåíòíî àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü ïî Áðàóåðó, àñèìïòîòè÷åñêàÿ óñòîé-
÷èâîñòü ïî ÷àñòè ïåðåìåííûõ, ìåòîä ñðàâíåíèÿ

1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â õèìè÷åñêèõ òåõíîëîãèÿõ ÷àñòî ïðèâîäèò ê ðàáî-
òå ñ íåëèíåéíûìè îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Ïîñêîëüêó ïîèñê
àíàëèòè÷åñêîãî ðåøåíèÿ ÷àùå âñåãî çàòðóäíåí, àêòóàëüíîñòü ïðèîáðåòàåò âîïðîñ î êà÷å-
ñòâåííîì èññëåäîâàíèè ìîäåëåé õèìè÷åñêî-òåõíîëîãè÷åñêèõ ïðîöåññîâ.

Ðàññìîòðèì ñèñòåìó êèíåòè÷åñêèõ óðàâíåíèé õèìè÷åñêîé ðåàêöèè ãèäðîàëþìèíèðî-
âàíèÿ îëåôèíîâ, êîòîðàÿ ïðîòåêàåò ïî ñëåäóþùåé ñõåìå [1]:

[Cp2ZrH2 · ClAlBu2]2 ↔ 2 [Cp2ZrH2 · ClAlBu2];

[Cp2ZrH2 · ClAlBu2]2 +HAlBu2 → [Cp2ZrH2 ·HAlBu2 · ClAlBu2] + [Cp2ZrH2 · ClAlBu2];

[Cp2ZrH2 · ClAlBu2] +HAlBu2 → [Cp2ZrH2 ·HAlBu2 · ClAlBu2];

Îáîçíà÷èì êîíöåíòðàöèè âåùåñòâ [Cp2ZrH2 · ClAlBu2]2 , [Cp2ZrH2 · ClAlBu2] ,
HAlBu2 , [Cp2ZrH2 ·HAlBu2 · ClAlBu2] ÷åðåç v1 , v2 , v3 , v4 , ñîîòâåòñòâåííî.

Ñîñòàâèì ìàòåìàòè÷åñêóþ ìîäåëü, ñîîòâåòñòâóþùóþ âûáðàííîé ÷àñòè ðåàêöèè [2]:
dv1
dt

= − k1v1 + k2v
2
2 − k3v1v3;

dv2
dt

= 2k1v1 − 2k2v
2
2 + k3v1v3 − k4v2v3;

dv3
dt

= − k3v1v3 − k4v2v3;
dv4
dt

= k3v1v3 + k4v2v3.

(1.1)

Òàê êàê êîíöåíòðàöèè âåùåñòâ ÿâëÿþòñÿ íåîòðèöàòåëüíûìè è îãðàíè÷åííûìè âåëè-
÷èíàìè, òî ðåøåíèÿ ñèñòåìû (1.1) áóäåì ðàññìàòðèâàòü íà ìíîæåñòâå 0 ≤ vi ≤ 1, i = 1, 4
ïðè âñåõ t ≥ 0 .

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõà-
íèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿, ã. Ñàðàíñê; kurinaos@gmail.com

2 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõà-
íèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàð¼âà¿, ã. Ñàðàíñê; mamedovatf@yandex.ru

3 Ñòàðøèé íàó÷íûé ñîòðóäíèê ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè Èíñòèòóòà íåôòåõèìèè è êàòàëèçà
ÐÀÍ, ïðîôåññîð êàôåäðû òåõíîëîãèè íåôòè è ãàçà Óôèìñêîãî ãîñóäàðñòâåííîãî íåôòÿíîãî òåõíè÷åñêîãî
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Ïðàêòè÷åñêîå çíà÷åíèå èìååò èññëåäîâàíèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷àñòè
ïåðåìåííûõ íåêîòîðîãî íåòðèâèàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ v∗ , ñîîòâåòñòâóþùåãî ïî-
ëîæåíèþ õèìè÷åñêîãî ðàâíîâåñèÿ ñèñòåìû (1.1).

Ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé âèäà (1.1), â êîòîðîé ìàòðèöà ëèíåéíîãî ïðèáëèæåíèÿ ÿâëÿåòñÿ âûðîæäåííîé.
Ñëåäîâàòåëüíî, äëÿ èññëåäîâàíèÿ ïîäîáíîé ñèñòåìû íà óñòîé÷èâîñòü íå ïîäõîäèò ïåðâûé
ìåòîä Ëÿïóíîâà, òàê êàê ïîâåäåíèå ïåðâîãî ëèíåéíîãî ïðèáëèæåíèÿ ñèñòåìû íåèçâåñòíî
[3]. Äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ ðåøåíèé ñèñòåìû âèäà (1.1) ïðèìåíèì ìåòîä ñðàâíåíèÿ
Å.Â. Âîñêðåñåíñêîãî [4]-[7].

2. Èññëåäîâàíèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâ-

íîâåñèÿ ïî ÷àñòè ïåðåìåííûõ ìåòîäîì ñðàâíåíèÿ E.B. Bîñêðå-

ñåíñêîãî

Ìåòîä ñðàâíåíèÿ Å.Â. Âîñêðåñåíñêîãî ïîçâîëÿåò ïðîâîäèòü àíàëèç óñòîé÷èâîñòè ïî
÷àñòè ïåðåìåííûõ íåëèíåéíûõ ñèñòåì â óñëîâèÿõ íåïðèìåíèìîñòè ïåðâîãî ìåòîäà Ëÿ-
ïóíîâà (ââèäó êðèòè÷åñêîãî ñëó÷àÿ) è ñëîæíîñòè ïðèìåíåíèÿ âòîðîãî ìåòîäà Ëÿïóíîâà
(ââèäó ïðàêòè÷åñêîé ñëîæíîñòè ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà äëÿ ìíîãîìåðíûõ ñèñòåì).

Çàïèøåì ñèñòåìó (1.1) â âèäå

dv

dt
= Av + g(v), (2.1)

ãäå v = colon(v1, v2, v3, v4) ,

A =


−k1 0 0 0
2k1 0 0 0
0 0 0 0
0 0 0 0

 , (2.2)

g(v) =


k2v

2
2 − k3v1v3;

2k2v
2
2 + k3v1v3 − k4v2v3;
− k3v1v3 − k4v2v3;

k3v1v3 + k4v2v3.

(2.3)

Ïîëîæåíèå õèìè÷åñêîãî ðàâíîâåñèÿ v∗ íàéäåì êàê ðåøåíèå óðàâíåíèÿ

Av + g(v) = 0. (2.4)

Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè íåòðèâèàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ v∗ , ñäåëàåì â
ñèñòåìå (2.1) çàìåíó v = x+ v∗ , ïîëó÷èì:

dx

dt
= Ax+ f(x), (2.5)

ãäå
f(x) = Av∗ + g(x+ v∗) =

= Av∗ +


k2(x2 + v∗2)

2 − k3(x1 + v∗1)(x3 + v∗3)
−2k2(x2 + v∗2)

2 + k3(x1 + v∗1)(x3 + v∗3)− k4(x2 + v∗2)(x3 + v∗3)
−k3(x1 + v∗1)(x3 + v∗3)− k4(x2 + v∗2)(x3 + v∗3)
k3(x1 + v∗1)(x3 + v∗3) + k4(x2 + v∗2)(x3 + v∗3))

 . (2.6)
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Òàê êàê f(0) ≡ 0 , òî ñèñòåìà (2.5) èìååò òðèâèàëüíîå ðåøåíèå x ≡ 0 . Èññëåäóåì òðè-
âèàëüíîå ðåøåíèå ñèñòåìû (2.5) íà àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ.

Ïðåäñòàâèì ñèñòåìó (2.6) â âèäå:

dx

dt
= (A+M)x+ h(x), (2.7)

ãäå h(x) = f(x)−Mx ,

M =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (2.8)

Òàê êàê â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ v∗ ðåøåíèÿ ñèñòåìû (2.1) îãðàíè÷åíû,
òî ôóíêöèÿ h(x) íà ðåøåíèÿõ ñèñòåìû (2.1) òàê æå ÿâëÿåòñÿ îãðàíè÷åííîé.

Â êà÷åñòâå ñèñòåìû ñðàâíåíèÿ âûáåðåì ñèñòåìó

dy

dt
= (A+M)y, (2.9)

Äëÿ ñèñòåìû (2.7) ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû 1.6.5 èç ðàáîòû [5].
Ôóíäàìåíòàëüíàÿ ìàòðèöà Y (t) è îáðàòíàÿ ê íåé äëÿ ñèñòåìû ñðàâíåíèÿ (2.9) èìåþò

âèä

Y (t) =


−1

2
e−k1t(k1+1)

k1
0 0 0

e−k1t et 0 0
0 0 et 0
0 0 0 et

 , Y −1(t) =


−2e−k1tkl

k1+1
0 0 0

2k1e−t

k1+1
e−t 0 0

0 0 e−t 0
0 0 0 e−t

 .

Îïðåäåëèì ýòàëîííûå ôóíêöèè ñðàâíåíèÿ µi(t) è mi(t) èç íåðàâåíñòâ âèäà

µi(t) ≥ max
j
|yij(t)|, mi(t) ≥ max{max

j∈M̄0

|yij(t)|, µi(t)}, t ≥ 0, i ∈M0 = {2, 3, 4}.

Ïîëó÷èì
µi(t) = cie

t, mi(t) = die
t, i ∈M0,

ãäå ci , di � âåùåñòâåííûå êîíñòàíòû.
Ïðîâåðèì ñõîäèìîñòü èíòåãðàëîâ âèäà

Ii =
t∫
t0

∑
j∈N,k∈B

|yik(t)yjk(s)|λj(c0m(s))ds+

+
+∞∫
t

∑
j∈N,k∈M

|yik(t)yjk(s)|λj(c0m(s))ds, i ∈M0

(2.10)

çäåñü B = N \M , M =M0 .
Â êà÷åñòâå ìàæîðàíò âûáåðåì ôóíêöèè

λj(z2, z3, z4) = C +D(z0,52 + z0,53 + z0,54 ), j = 1, n,

ãäå C , D � âåùåñòâåííûå êîíñòàíòû.
Òîãäà

|hj(x)| ≤ λj(z2, z3, z4) ïðè âñåõ t ≥ 0, zi = |xi|, i ∈M0.
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Ñëåäîâàòåëüíî, äëÿ èíòåãðàëîâ (2.8) ñïðàâåäëèâû îöåíêè

Ii ≤ de−0.5t < +∞, t ≥ 0, i ∈M0,

ãäå d � âåùåñòâåííàÿ êîíñòàíòà.
Òàê êàê óñëîâèÿ òåîðåìû 1.6.5 èç ðàáîòû [5] âûïîëíåíû è ðåøåíèÿ ñèñòåìû (2.9)

íåóñòîé÷èâû ïî y2 , y3 è y4 , òî ïîâåäåíèå ðåøåíèé ñèñòåìû (2.7) ïîêîìïîíåíòíî àñèìïòî-
òè÷åñêè ýêâèâàëåíòíî ïî Áðàóåðó ïîâåäåíèþ ðåøåíèé ñèñòåìû (2.9) è òðèâèàëüíîå ðåøå-
íèå (2.7) ÿâëÿåòñÿ íåóñòîé÷èâûì ïî ïåðåìåííûì x2 , x3 è x4 . Ñëåäîâàòåëüíî, ïîëîæåíèå
ðàâíîâåñèÿ v∗ ñèñòåìû (2.1) àñèìïòîòè÷åñêè íåóñòîé÷èâî ïî ïåðåìåííûì v2 , v3 , v4 .

3. ×èñëåííîå ìîäåëèðîâàíèå èçìåíåíèÿ êîíöåíòðàöèé âåùåñòâ

Äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ êîíöåíòðàöèé âåùåñòâ ñèñòåìû (1.1) èñïîëüçîâàíà
ìîäèôèêàöèÿ Ìåðñîíà ìåòîäà Ðóíãå-Êóòòû [8], [9]. Äëÿ âûáðàííîé ðåàêöèè êîíñòàíòû
ñêîðîñòåé õèìè÷åñêèõ ðåàêöèé â ñèñòåìå (1.1) ïðèíèìàþò çíà÷åíèå:

k1 = 0.2, k2 = 0.17, k3 = 3.5, k4 = 0.7.

Íà ãðàôèêå ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ êîíöåíòðàöèé âåùåñòâ
[Cp2ZrH2 ·ClAlBu2] , [HAlBu2] è [Cp2ZrH2 ·HAlBu2 ·ClAlBu2] ïðè íà÷àëüíûõ äàííûõ
v(0) = (0.086, 0, 0.903, 0.011) è ṽ(0) = (0.09, 0, 0.9, 0.01) .

Ð è ñ ó í î ê 3.1

×èñëåííîå çíà÷åíèå v2 � êîíöåíòðàöèè âåùåñòâà [Cp2ZrH2 · ClAlBu2]
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Ð è ñ ó í î ê 3.2

×èñëåííîå çíà÷åíèå v3 � êîíöåíòðàöèè âåùåñòâà [HAlBu2]

Ð è ñ ó í î ê 3.3

×èñëåííîå çíà÷åíèå v4 � êîíöåíòðàöèè âåùåñòâà [Cp2ZrH2 ·HAlBu2 · ClAlBu2]

Êàê âèäíî èç ãðàôèêîâ ðåøåíèé v2(t) , v3(t) , v4(t) ïðè âíåñåíèè ìàëûõ èçìåíåíèé â
íà÷àëüíûõ óñëîâèÿõ àñèìïòîòè÷åñêè íå ïðèáëèæàþòñÿ äðóã ê äðóãó, òî ìîæíî ñäåëàòü
âûâîä î íåóñòîé÷èâîñòè èññëåäóåìûõ ðåøåíèé.

4. Çàêëþ÷åíèå

×èñëåííûé ýêñïåðèìåíò ïîäòâåðæäàåò ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ ìåòîäà
Å.Â. Âîñêðåñåíñêîãî, îá àñèìïòîòè÷åñêîé íåóñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû
êèíåòè÷åñêèõ óðàâíåíèé õèìè÷åñêîé ðåàêöèè.

Êà÷åñòâåííîå èññëåäîâàíèå íà óñòîé÷èâîñòü íåòðèâèàëüíîãî ðåøåíèÿ ñèñòåìû êèíå-
òè÷åñêèõ óðàâíåíèé õèìè÷åñêîé ðåàêöèè ãèäðîàëþìèíèðîâàíèÿ îëåôèíîâ ñîãëàñóåòñÿ ñ
ïîëó÷åííûìè ïðàêòè÷åñêèìè ðåçóëüòàòàìè.
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Èç îòñóòñòâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ, ñîîòâåòñòâóþùèõ
îïðåäåëåííûì ïðîäóêòàì ðåàêöèè, ñëåäóåò çíà÷èòåëüíîå âëèÿíèå êîëåáàíèé íà÷àëüíûõ
êîíöåíòðàöèé ðåàãåíòà íà âûõîä öåëåâîãî ïðîäóêòà. Òàêèì îáðàçîì, äàæå íåçíà÷èòåëüíûé
òåõíîëîãè÷åñêèé ñáîé â ïîäà÷å èñõîäíûõ ìàòåðèàëîâ ìîæåò ïðèâåñòè ê çíà÷èòåëüíûì
îòêëîíåíèÿì âûõîäà ïðîäóêòà ðåàêöèè îò îæèäàåìîãî.
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Investigation of the stability of a nontrivial solution of the

system of kinetic equations of chemical reaction

c⃝ O. S. Yazovtseva 4, T. F. Mamedova5, I. M. Gubaidullin6

Abstract. The article deals with a mathematical model of ole�ns' hydroaluminazing chemical
reaction. The authors investigate asymptotic stability of non-zero equilibrium position of the
system. The approach is based on the comparison method of E.V. Voskresensky and on Brower
component-wise asymptotic equivalence of examined system and some linear system. It is shown
that the equilibrium position is asymptotically stable in the �rst component and unstable with
respect to the rest of the components.

Key Words: mathematical modeling, reaction of hydroaluminizing ole�ns, Brower component-
wise asymptotic equivalence, asymptotic stability with respect to some variables, comparison
method
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