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Ñòàáèëèçàöèÿ ïðîãðàììíîãî äâèæåíèÿ

ìàíèïóëÿöèîííûõ ðîáîòîâ íà îñíîâå èçìåðåíèÿ

êîîðäèíàò çâåíüåâ

c⃝ Î.À. Ïåðåãóäîâà 1, Ä.Ñ. Ìàêàðîâ2

Àííîòàöèÿ. Ïðèìåíåíèå èçâåñòíûõ ñòðàòåãèé è àëãîðèòìîâ ïîñòðîåíèÿ è ðåàëèçàöèè óïðàâ-
ëåíèÿ íåëèíåéíûìè ìåõàíè÷åñêèìè ñèñòåìàìè èìååò îïðåäåëåííûå òðóäíîñòè, ñâÿçàííûå
ñ íåîáõîäèìîñòüþ óñòàíîâêè äàò÷èêîâ ïîëíîãî èçìåðåíèÿ òåêóùèõ êîîðäèíàò è ñêîðîñòåé,
óñëîæíÿþùèõ êîíñòðóêöèþ óïðàâëÿåìîãî îáúåêòà. Äëÿ áîëüøèíñòâà ïðàêòè÷åñêèõ çàäà÷
óïðàâëåíèÿ ñîâðåìåííûìè ìàíèïóëÿöèîííûìè ðîáîòàìè, ñîñòîÿùèìè èç íåñêîëüêèõ çâåíüåâ,
òðåáîâàíèå î íàëè÷èè ïîëíîé èíôîðìàöèè î òåêóùèõ çíà÷åíèÿõ êîîðäèíàò è ñêîðîñòåé çâå-
íüåâ ÿâëÿåòñÿ íåäîñòèæèìûì. Â ñòàòüå èññëåäóåòñÿ ïðîáëåìà ïîñòðîåíèÿ ñòàáèëèçèðóþùèõ
çàêîíîâ óïðàâëåíèÿ äâèæåíèåì ìàíèïóëÿöèîííûõ ðîáîòîâ ïðè îòñóòñòâèè äàò÷èêîâ ñêîðî-
ñòåé. Ïðåäëîæåí ïîäõîä, îñíîâàííûé íà ïîñòðîåíèè íåëèíåéíîãî äèíàìè÷åñêîãî êîìïåíñàòî-
ðà ïåðâîãî ïîðÿäêà, ïîçâîëÿþùèé ïîñòðîèòü äîñòàòî÷íî ïðîñòîé ïî ñâîåé ñòðóêòóðå íåëè-
íåéíûé çàêîí óïðàâëåíèÿ. Íîâèçíà ðåçóëüòàòîâ ñîñòîèò â ïîñòðîåíèè óïðàâëÿþùèõ âîçäåé-
ñòâèé, ðåøàþùèõ óêàçàííûå çàäà÷è â äîñòàòî÷íî îáùåé ïîñòàíîâêå. Ñ èñïîëüçîâàíèåì ìåòî-
äà âåêòîðíûõ ôóíêöèé Ëÿïóíîâà íàéäåíû äîñòàòî÷íûå óñëîâèÿ ñòàáèëèçàöèè ïðîãðàììíîãî
äâèæåíèÿ ìíîãîçâåííîãî ìàíèïóëÿòîðà.

Êëþ÷åâûå ñëîâà: ìàíèïóëÿöèîííûé ðîáîò, ïðîãðàììíîå äâèæåíèå, ñòàáèëèçàöèÿ, íåëè-
íåéíûé äèíàìè÷åñêèé êîìïåíñàòîð, âåêòîð-ôóíêöèÿ Ëÿïóíîâà

1. Ââåäåíèå

Ïðîáëåìà óïðàâëåíèÿ äâèæåíèåì íåëèíåéíûõ ìåõàíè÷åñêèõ ñèñòåì áåç èçìåðåíèÿ ñêî-
ðîñòåé ñòàëà àêòèâíî èçó÷àòüñÿ ñ íà÷àëà 90-õ ãîäîâ ïðîøëîãî âåêà. Â ðàííèõ èññëåäîâàíè-
ÿõ [1] � [3] áûëè ïîëó÷åíû ðåçóëüòàòû, ðåøàþùèå çàäà÷è ñòàáèëèçàöèè ïðîãðàììíîé ïîçè-
öèè è ëîêàëüíîãî îòñëåæèâàíèÿ òðàåêòîðèè íà îñíîâå ïîñòðîåíèÿ íàáëþäàòåëÿ (ôèëüòðà)
ñêîðîñòåé è ïðèìåíåíèÿ ìåòîäà ëèíåàðèçàöèè îáðàòíîé ñâÿçüþ. Òàêèå çàêîíû óïðàâëå-
íèÿ ÿâëÿþòñÿ âåñüìà ñëîæíûìè ïî ñòðóêòóðå, òàê êàê ñîäåðæàò âû÷èñëÿåìûå â ðåæèìå
îí-ëàéí ìîìåíòû âñåõ ñèë, äåéñòâóþùèõ íà ñèñòåìó, à òàêæå ñëàãàåìîå, ïðåäñòàâëÿþùåå
ñîáîé ïðîèçâåäåíèå ìàòðèöû èíåðöèè ñèñòåìû íà ïðîãðàììíîå óñêîðåíèå. Òî÷íàÿ ðåàëè-
çàöèÿ äàííûõ çàêîíîâ âîçìîæíà ëèøü íà èìåþùåéñÿ ïîëíîé èíôîðìàöèè î ïàðàìåòðàõ
ñèñòåìû è äåéñòâóþùèõ ñèëàõ. Â ðàáîòå [4] ðåøåíà çàäà÷à ãëîáàëüíîãî îòñëåæèâàíèÿ
òðàåêòîðèè ìåõàíè÷åñêîé ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû áåç èçìåðåíèÿ ñêîðîñòåé
íà îñíîâå ïðèìåíåíèÿ ïðèáëèæåííîãî äèôôåðåíöèðîâàíèÿ è ïîñòðîåíèÿ óïðàâëåíèÿ ïðè
ïîìîùè ìåòîäà ëèíåàðèçàöèè îáðàòíîé ñâÿçüþ. Êàê îòìå÷àëîñü ðàíåå, íåäîñòàòêîì äàí-
íîãî ìåòîäà ÿâëÿåòñÿ ñëîæíîñòü ñòðóêòóðû ïîñòðîåííîãî óïðàâëåíèÿ, áîëüøèå îáúåìû
âû÷èñëåíèÿ â ðåæèìå îí-ëàéí è íåîáõîäèìîñòü ïîñòðîåíèÿ òî÷íîé äèíàìè÷åñêîé ìîäå-
ëè ñèñòåìû. Â ðàáîòàõ [5], [6] äëÿ ðåøåíèÿ çàäà÷ ñòàáèëèçàöèè ïðîãðàììíîé ïîçèöèè è
ïðîãðàììíîãî äâèæåíèÿ íàòóðàëüíîé ìåõàíè÷åñêîé ñèñòåìû áåç èçìåðåíèÿ ñêîðîñòåé áû-
ëè ïîñòðîåíû íàáëþäàòåëè, èìåþùèå ïîðÿäîê, ðàâíûé ÷èñëó ñòåïåíåé ñâîáîäû ñèñòåìû,
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íûé óíèâåðñèòåò, ã. Óëüÿíîâñê; prostodenis@mail.ru

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 4



Ñòàáèëèçàöèÿ ïðîãðàììíîãî äâèæåíèÿ ìàíèïóëÿöèîííûõ ðîáîòîâ íà îñíîâå . . . 47

íå òðåáóþùèå òî÷íîé èíôîðìàöèè î äèíàìè÷åñêîé ìîäåëè ñèñòåìû. Íî, ñëåäóåò îòìå-
òèòü, ÷òî ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòàõ [5], [6], ïðèìåíèìû ëèøü äëÿ ìåõàíè÷åñêèõ
ñèñòåì áåç ó÷åòà äèññèïàòèâíî-óñêîðÿþùèõ ñèë, êðîìå òîãî, ðåøåíèå çàäà÷è î ñòàáèëèçà-
öèè ïðîãðàììíîãî äâèæåíèÿ ïîëó÷åíî â ìàëîì, ÷òî ñóæàåò îáëàñòü ïðèìåíèìîñòè äàííûõ
ðåçóëüòàòîâ. Â ðàáîòå [7] äàíî ðåøåíèå çàäà÷è ïîëóãëîáàëüíîãî îòñëåæèâàíèÿ òðàåêòîðèè
ìåõàíè÷åñêèõ ñèñòåì, íàõîäÿùèõñÿ ïîä äåéñòâèåì ëèøü ïîòåíöèàëüíûõ è îãðàíè÷åííûõ
óïðàâëÿþùèõ ñèë, ÷òî ñóæàåò êëàññ ðàññìàòðèâàåìûõ ìåõàíè÷åñêèõ ñèñòåì. Â ðàáîòå [8]
ðåøåíà çàäà÷à î ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ãîëîíîìíîé ìåõàíè÷åñêîé ñèñòå-
ìû îáùåãî âèäà áåç èçìåðåíèÿ ñêîðîñòåé. Ðåøåíèå äàííîé çàäà÷è ïîëó÷åíî íà îñíîâå
ïîñòðîåíèÿ âåêòîð-ôóíêöèè Ëÿïóíîâà è ñèñòåìû ñðàâíåíèÿ.

Â íàñòîÿùåé ðàáîòå äëÿ çàäà÷è î ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ãîëîíîìíîé
ìåõàíè÷åñêîé ñèñòåìû îáùåãî âèäà áåç èçìåðåíèÿ ñêîðîñòåé ïðåäëîæåí íåëèíåéíûé äèíà-
ìè÷åñêèé êîìïåíñàòîð áîëåå îáùåãî âèäà ïî ñðàâíåíèþ ñ èçâåñòíûìè ðåçóëüòàòàìè [5]�[8].

2. Ïîñòàíîâêà çàäà÷è

Óðàâíåíèÿ äâèæåíèÿ ìàíèïóëÿöèîííûõ ðîáîòîâ ìîæíî ïðåäñòàâèòü â âèäå

A(q)q̈ = C(q, q̇)q̇ +Q+ U, (2.1)

ãäå q = (q1, q2, ..., qn)
′ ∈ Rn � âåêòîð óãëîâûõ êîîðäèíàò çâåíüåâ ìàíèïóëÿòîðà, ñèìâîë (·)′

îçíà÷àåò îïåðàöèþ òðàíñïîíèðîâàíèÿ, A(q) ∈ Rn×n � ìàòðèöà èíåðöèè, C(q, q̇) ∈ Rn×n �
ìàòðèöà öåíòðîáåæíûõ è êîðèîëèñîâûõ ñèë, ôóíêöèÿ Q = Q(t, q, q̇) ïðåäñòàâëÿåò ñîáîé
âåêòîð îáîáùåííûõ íåóïðàâëÿåìûõ ñèë, U � âåêòîð óïðàâëÿþùèõ ñèë.

Îòìåòèì, ÷òî ìàòðèöà (Ȧ(q)− 2C(q, q̇)) ÿâëÿåòñÿ êîñîñèììåòðè÷íîé [9], ò.å. äëÿ âñåõ
x ∈ Rn èìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî

x′
(
1

2
Ȧ(q(t))− C(q(t), q̇)

)
x = 0. (2.2)

Îïðåäåëèì ìíîæåñòâî X ïðîãðàììíûõ äâèæåíèé ìàíèïóëÿöèîííîãî ðîáîòà (2.1) â
âèäå

X = {q(0)(t) : [t0,+∞)→ Rn :

∥q(0)(t)∥ < g0, ∥q̇(0)(t)∥ < g1, ∥q̈(0)(t)∥ < g2},

ãäå gi ( i = 0, 1, 2 ) � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå, t0 = const ≥ 0 , ∥ · ∥ �
åâêëèäîâà âåêòîðíàÿ íîðìà.

Ðàññìîòðèì çàäà÷ó î ñòàáèëèçàöèè íåêîòîðîãî çàäàííîãî ïðîãðàììíîãî äâèæåíèÿ
q(0)(t) ∈ X ìàíèïóëÿòîðà íà îñíîâå èíôîðìàöèè, ïîëó÷àåìîé îò äàò÷èêîâ óãëîâûõ êî-
îðäèíàò çâåíüåâ áåç èçìåðåíèÿ óãëîâûõ ñêîðîñòåé.

3. Ðåøåíèå çàäà÷è ñòàáèëèçàöèè

Ââåäåì îòêëîíåíèÿ îò ïðîãðàììíîãî äâèæåíèÿ

x = q − q(0)(t). (3.1)
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Áóäåì èñêàòü ñòàáèëèçèðóþùèé çàêîí óïðàâëåíèÿ â âèäå

U = U (0)(t) + U (1)(t, x, y), (3.2)

ãäå U (0)(t) � ïðîãðàììíîå óïðàâëåíèå, ôóíêöèÿ U (1)(t, x, y) èìååò âèä

U (1)(t, x, y) = −K1(t)p(x)−K2(t)y, U
(1)(t, 0, 0) ≡ 0. (3.3)

Çäåñü ìàòðèöû Ki ∈ Rn×n ( i = 1, 2 ) ÿâëÿþòñÿ êóñî÷íî íåïðåðûâíûìè ôóíêöèÿìè âðå-
ìåíè, âåêòîð y ∈ Rn åñòü ðåøåíèå ñëåäóþùåãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ẏ = −a (y + bẋ+ cp(x)) , (3.4)

ãäå a, b è c � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå, p : Rn → Rn p(0) = 0 , ||p(x)|| ≥
p0(x) , p0(x) ≤ l||x||m ( l = const > 0 , m = const ≥ 1 ), p0(x) = 0⇔ x = 0 .

Óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ èìåþò âèä

A(1)(t, x)ẍ = C(1)(t, x, 2q̇(0) + ẋ)ẋ+Q(1)(t, x) +Q(2)(t, x, ẋ)−K1(t)p(x)−K2(t)y, (3.5)

ãäå A(1)(t, x) = A(q(0)(t) + x) , C(1)(t, x, y) = C(q(0)(t) + x, y) , Q(1)(t, x) = (A(0)(t) −
A(1)(t, x))q̈(0)(t) + (C(1)(t, x, q̇(0)(t))− C(0)(t))q̇(0)(t) +
+ Q(t, q(0)(t) + x, q̇(0)(t)) − Q(t, q(0)(t), q̇(0)(t)) , Q(2)(t, x, ẋ) = Q(t, q(0)(t) + x, q̇(0)(t) + ẋ) −
Q(t, q(0)(t) + x, q̇(0)(t)) .

Ïðåäïîëîæèì, ÷òî ôóíêöèè Q(1) è Q(2) èìåþò ñëåäóþùèé âèä

Q(1)(t, x) = F (t, x)p(x), Q(2)(t, x, ẋ) = D(t, x, ẋ)ẋ, (3.6)

ãäå ìàòðèöû ôóíêöèè F : R+ × Rn → Rn×n è D : R+ × Rn × Rn → Rn×n ÿâëÿþòñÿ
íåïðåðûâíûìè è îãðàíè÷åííûìè.

Äëÿ ðåøåíèÿ çàäà÷è ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ áóäåì èñïîëüçîâàòü ìåòîä
ñðàâíåíèÿ ñ âåêòîð-ôóíêöèåé Ëÿïóíîâà. Âûáåðåì âåêòîð-ôóíêöèþ Ëÿïóíîâà â âèäå

V = (V1, V2, V3)
′, (3.7)

ãäå V1 = ||p(x)|| , V2 = ||y − αp|| , V3 =
√
(ẋ+ βy)′A(1)(t, x)(ẋ+ βy) , α = const > 0 and

β = const > 0 .
Âû÷èñëÿÿ ïðîèçâîäíûå ïî âðåìåíè ôóíêöèé V 2

1 , V
2
2 è V 2

3 â ñèëó ñèñòåìû (3.5), ïî-
ëó÷èì

2V1V̇1 = −2αβp′
∂p

∂x
p− 2βp′

∂p

∂x
(y − αp) + 2p′

∂p

∂x
(ẋ+ βy),

2V2V̇2 = 2(y−αp)′(−a(α+c+αbβ)E+α2β
∂p

∂x
)p+2(y−αp)′(−a(1−bβ)E+αβ

∂p

∂x
)(y−αp)−

− 2(y − αp)′(abE + α
∂p

∂x
)(ẋ+ βy),

2V3V̇3 = 2(ẋ+ βy)′(F − acβA(1) −K1(t))p+

+ 2(ẋ+ βy)′(−βD −K2(t)− aβ(1− bβ)A(1) + (C(1)(t, x,−2βq̇(0)(t) + β2y))′)y+

+ 2(ẋ+ βy)′
(
C(1)(t, x, q̇0(t)− βy) +D − abβA(1)

)
(ẋ+ βy).
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Îïðåäåëèì ñëåäóþùèå ôóíêöèè âðåìåíè t è êîîðäèíàò x , y

µ1(x) = lgn

∥∥∥∥−∂p∂x
∥∥∥∥ , µ2(x) = lgn

∥∥∥∥∂p∂x
∥∥∥∥ , m1(x) =

∥∥∥∥∂p∂x
∥∥∥∥ , (3.8)

m2(t, x) =
∥∥F − acβA(1) −K1

∥∥ , (3.9)

m3(t, x, y) =
∥∥−βD −K2 − aβ(1− bβ)A(1) + (C(1)(t, x,−2βq̇(0)(t) + β2y))′

∥∥ , (3.10)

µ3(t, x, y) = lgn
∥∥C(1)(t, x, q̇0(t)− βy) +D − abβA(1)

∥∥ . (3.11)

ãäå ñèìâîë lgn ∥·∥ îçíà÷àåò ëîãàðèôìè÷åñêóþ íîðìó ìàòðèöû, ñîîòâåòñòâóþùóþ åâêëè-
äîâîé âåêòîðíîé íîðìå è âû÷èñëÿåìîé ïî ôîðìóëå: lgn ∥M∥ = 1

2
λmax (M +M ′) ∀M ∈

Rn×n , λmax (·) � ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå ñîîòâåòñòâóþùåé ìàòðèöû.
Äëÿ ïðîèçâîäíûõ ïî âðåìåíè êîìïîíåíò âåêòîð-ôóíêöèè Ëÿïóíîâà (3.7) â ñèëó ñèñòå-

ìû (3.5) ïîëó÷èì îöåíêè

V̇1 ≤ −αβµ1V1 + βm1V2 +
m1

λ(t, x, y, ẋ)
V3, (3.12)

V̇2 ≤ (a(α+ c+ αβb) + α2βm1)V1 + (a(bβ − 1) + αβµ2)V2 +
ab+ αm1

λ(t, x, y, ẋ)
V3, (3.13)

V̇3 ≤
m2 + αm3

λ(t, x, y, ẋ)
V1 +

m3

λ(t, x, y, ẋ)
V2 +

µ3

(λ(t, x, y, ẋ))2
V3, (3.14)

ãäå ôóíêöèÿ λ(t, x, y, ẋ) îïðåäåëÿåòñÿ èç ñëåäóþùåãî ñîîòíîøåíèÿ

λ(t, x, y, ẋ)||ẋ+ βy|| = V3, λ1 ≤ λ(t, x, y, ẋ) ≤ λ2,

λ1 = const > 0 , λ2 = const > 0 .
Èñïîëüçóÿ îöåíêè (3.12) � (3.14), ïîëó÷èì ñëåäóþùóþ ñèñòåìó ñðàâíåíèÿ

u̇1 = −αβµ1u1 + βm1u2 +
m1

λ(t,x,y,ẋ)
u3,

u̇2 = (a(α + c+ αβb) + α2βm1)u1 + (a(bβ − 1) + αβµ2)u2 +
ab+αm1

λ(t,x,y,ẋ)
u3,

u̇3 =
m2+αm3

λ(t,x,y,ẋ)
u1 +

m3

λ(t,x,y,ẋ)
u2 +

µ3
(λ(t,x,y,ẋ))2

u3.

(3.15)

Èñïîëüçóÿ ìîäèôèêàöèþ ìåòîäà ñðàâíåíèÿ, ïîëó÷èì, ÷òî îáîáùåííàÿ ñèñòåìà (3.5),
(3.15) ÿâëÿåòñÿ ýêñïîíåíöèàëüíî u -óñòîé÷èâîé, åñëè âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå

(βm1 + a(α + c+ αβb) + α2βm1)
2

αβµ1(a(1− bβ)− αβµ2)
− (m1 +m2 + αm3)

2

αβµ1µ3

+
(ab+ αm1 +m3)

2

(a(bβ − 1) + αβµ2)µ3

+

+ (βm1+a(α+c+αβb)+α2βm1)(m1+m2+αm3)(ab+αm1+m3)
αβµ1(a(bβ−1)+αβµ2)µ3

≤ const < 4,

µ1 ≤ const < 0, a(bβ − 1) + αβµ2 ≤ const < 0, µ3 ≤ const < 0.

4. Çàêëþ÷åíèå

Â ðàáîòå ïîëó÷åíû óñëîâèÿ ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ìàíèïóëÿöèîííîãî
ðîáîòà íà îñíîâå èçìåðåíèÿ òåêóùèõ êîîðäèíàò çâåíüåâ. Çàäà÷à ðåøåíà ñ èñïîëüçîâàíèåì
ìåòîäà âåêòîð-ôóíêöèè Ëÿïóíîâà ñ ïîñòðîåíèåì íåëèíåéíîãî äèíàìè÷åñêîãî êîìïåíñàòî-
ðà. Â îòëè÷èå îò èçâåñòíûõ ðåçóëüòàòîâ [5] � [8] óðàâíåíèå êîìïåíñàòîðà íàéäåíî â îáùåì
âèäå.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 15-01-08482).
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Stabilization of program motion for robotic manipulator

on the base of the measurement of the link coordinates

c⃝ O.A. Peregudova3, D. S. Makarov4

Abstract. The use of the known strategies and algorithms for constructing and implementing
the controllers of nonlinear mechanical systems has certain di�culties associated with the need to
install the sensors for the complete measurement of the current coordinates and velocities, which
complicates the design of the controlled object. For the majority of the modern practical problems
on the control of robotic manipulators consisting of several units the requirement for information
on the current values of the coordinates and velocities of the links is unattainable. In the article the
problem of constructing a stabilizing control laws for robotic manipulators in the absence of the
speed sensors is investigated. The investigation approach is based on the construction of non-linear
dynamic compensator of the �rst order, which allows to build a non-linear control law fairly simple
in its structure. The novelty of the results is in the construction of the control actions to address
these problems in a rather general formulation. Using the method of Lyapunov vector functions the
su�cient conditions for stabilization of program motion for multilink manipulators are obtained.

Key Words: robotic manipulator, program movement, stabilization, non-linear dynamic
compensator, Lyapunov vector function
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