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Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ ãîëîíîìíûå ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû ïîä äåéñòâè-
åì ïîòåíöèàëüíûõ, íåêîíñåðâàòèâíûõ ïîçèöèîííûõ ñèë, ëèíåéíûõ è êâàäðàòè÷íûõ äèññèïà-
òèâíûõ ñèë. Ïîñòðîåíà è óñðåäíåíà íîðìàëüíàÿ ôîðìà óðàâíåíèé äâèæåíèÿ, åñëè ÷àñòîòû
ìàëûõ ëèíåéíûõ êîëåáàíèé íå íàõîäÿòñÿ â ðåçîíàíñå. Â ÷àñòíîì ñëó÷àå, êîãäà êâàäðàòè÷íûå
ñèëû òðåíèÿ äåéñòâóþò íåçàâèñèìî âäîëü îñåé ãëàâíûõ êîîðäèíàò, óñðåäíåííàÿ ñèñòåìà èñ-
ñëåäîâàíà ïîëíîñòüþ. Íàéäåí åäèíñòâåííûé ñòàöèîíàðíûé ðåæèì óñðåäíåííûõ óðàâíåíèé,
èññëåäîâàíà åãî óñòîé÷èâîñòü.
Ñäåëàí âûâîä î ñóùåñòâîâàíèè ïðåäåëüíîãî èíâàðèàíòíîãî òîðà íåêîíñåðâàòèâíîé ñèñòåìû
ïðè óñòîé÷èâîì ñòàöèîíàðíîì ðåæèìå óñðåäí¼ííîé ñèñòåìû. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
ñëàáîé íåóñòîé÷èâîñòè äåñòàáèëèçèðîâàííîãî ïîëîæåíèÿ ðàâíîâåñèÿ.

Êëþ÷åâûå ñëîâà: ýôôåêò Öèãëåðà, íåêîíñåðâàòèâíàÿ ïîçèöèîííàÿ ñèëà, ëèíåéíûå äèñ-
ñèïàòèâíûå ñèëû, êâàäðàòè÷íûå äèññèïàòèâíûå ñèëû, ôóíêöèÿ Ðýëåÿ, ìåòîä íîðìàëèçàöèè
Õîðè-Êýìèëà, èíâàðèàíòíûé òîð

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 14-21-
00068) â Ìîñêîâñêîì àâèàöèîííîì èíñòèòóòå (íàöèîíàëüíîì èññëåäîâàòåëüñêîì óíèâåð-
ñèòåòå)

1. Ââåäåíèå

Çàäà÷à èññëåäîâàíèÿ äâèæåíèÿ ìåõàíè÷åñêèõ ñèñòåì, â ÷àñòíîñòè, òâåðäûõ òåë, â ñî-
ïðîòèâëÿþùåéñÿ ñðåäå äàâíî çàèíòåðåñîâàëà ñïåöèàëèñòîâ. Ñ ðàçâèòèåì àâèàöèè âîïðîñ
î âëèÿíèè ñèë ñîïðîòèâëåíèÿ íà äâèæåíèå òåë ñðåäå ñòàë îñîáåííî àêòóàëüíûì. Ïåð-
âûå ðàáîòû â ýòîé îáëàñòè ïðèíàäëåæàò Íüþòîíó, Ñòîêñó, Öèîëêîâñêîìó, Æóêîâñêîìó è
äðóãèì êëàññèêàì.

Ñîâðåìåííàÿ ïîñòàíîâêà çàäà÷è î äâèæåíèè òåë â ñðåäå ïðåäïîëàãàåò ó÷åò äèíàìèêè
ñàìîé ñðåäû, ò.å. ðàññìîòðåíèå óðàâíåíèé Íàâüå-Ñòîêñà. Îäíàêî äàííûé ïîäõîä ñîïðÿ-
æåí ñ áîëüøèìè òåîðåòè÷åñêèìè è âû÷èñëèòåëüíûìè ñëîæíîñòÿìè. Ïîýòîìó áîëüøèí-
ñòâî àâòîðîâ ðàññìàòðèâàþò óïðîùåííóþ ïîñòàíîâêó, íàïðèìåð, ó÷èòûâàþò òîëüêî ýô-
ôåêò ïðèñîåäèíåííûõ ìàññ è âÿçêîå ñîïðîòèâëåíèå [1, 2]. Â ðàáîòàõ [3, 4, 5] ðàçðàáîòàíû
è èññëåäîâàíû áîëåå ñëîæíûå çàäà÷è.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ íåêîíñåðâàòèâíûå ìåõàíè÷åñêèå ñèñòåìû ñ äâó-
ìÿ ñòåïåíÿìè ñâîáîäû. Èññëåäóåòñÿ âëèÿíèå ïîòåíöèàëüíûõ, íåêîíñåðâàòèâíûõ ïîçèöè-
îííûõ, ëèíåéíûõ è êâàäðàòè÷íûõ äèññèïàòèâíûõ ñèë íà óñòîé÷èâîñòü ïîëîæåíèÿ ðàâíî-
âåñèÿ. Ïðåäïîëàãàåòñÿ, ÷òî äèññèïàòèâíûå ñèëû çàäàþòñÿ ôóíêöèåé Ðýëåÿ.

2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ãîëîíîìíûå ñêëåðîíîìíûå ìåõàíè÷åñêèå ñèñòåìû, ïîäâåðæåííûå äåé-
ñòâèþ ïîòåíöèàëüíûõ, íåêîíñåðâàòèâíûõ ïîçèöèîííûõ è äèññèïàòèâíûõ ñèë, ëèíåéíûõ è

1 Àñïèðàíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé Àâèàöèîííûé èíñòèòóò (Íàöèîíàëü-
íûé èññëåäîâàòåëüñêèé óíèâåðñèòåò), ã. Ìîñêâà; ylam123@gmail.com
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êâàäðàòè÷íûõ ïî îáîáù¼ííûì ñêîðîñòÿì. Óðàâíåíèÿ Ëàãðàíæà âòîðîãî ðîäà, îïèñûâàþ-
ùèå äâèæåíèÿ òàêèõ ñèñòåì, èìåþò âèä
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Çäåñü q = (q1, q2)
T � âåêòîð îáîáùåííûõ êîîðäèíàò, T = 1

2
(A(q)q̇, q̇) � êèíåòè÷åñêàÿ

ýíåðãèÿ ñèñòåìû, A(q) = (aij(q))
2
i,j=1 � ìàòðèöà êèíåòè÷åñêîé ýíåðãèè, Ï = Ï(q) � ïîòåí-

öèàëüíàÿ ýíåðãèÿ êîíñåðâàòèâíûõ ñèë, Q = (Q1, Q2)
T , Qj = Qj(q) (j = 1, 2) � âåêòîð

íåêîíñåðâàòèâíûõ ïîçèöèîííûõ îáîáùåííûõ ñèë, Φ,Ψ � äèññèïàòèâíûå ôóíêöèè Ðýëåÿ,
êâàäðàòè÷åñêèå è êóáè÷åñêèå ïî îáîáùåííûì ñêîðîñòÿì ñîîòâåòñòâåííî. Âûðàæåíèÿ äëÿ
äèññèïàòèâíûõ ôóíêöèé èìåþò âèä

Φ =
ϵ

2
(B̄q̇, q̇),

Ψ =
δ

3
F (|q̇|) =

δ

3
(d30|q̇1|3 + d21|q̇1|2|q̇2|+ d12|q̇1||q̇2|2 + d03|q̇2|3) ,

(2.2)

ãäå ϵ, δ � ïîëîæèòåëüíûå ìàëûå ïàðàìåòðû, B̄ � ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäå-
ëåííàÿ ìàòðèöà, dij, (i+j = 3) � ïîëîæèòåëüíûå ïàðàìåòðû. Áóäåì ñ÷èòàòü, ÷òî ìàëûå
ïàðàìåòðû ϵ è δ ñâÿçàíû ñòåïåííûì ñîîòíîøåíèåì δ = ϵβ äëÿ íåêîòîðîãî β > 0 . Ïðåä-
ïîëàãàåòñÿ, ÷òî ñèñòåìà (2.1) èìååò èçîëèðîâàííîå ïîëîæåíèå ðàâíîâåñèÿ q = 0, q̇ = 0 .

Ïðè îïðåäåë¼ííûõ óñëîâèÿõ ëèíåéíûå äèññèïàòèâíûå ñèëû, ñêîëü óãîäíî ìàëûå ïî
âåëè÷èíå, ìîãóò äåñòàáèëèçèðîâàòü ïîëîæåíèå ðàâíîâåñèÿ, óñòîé÷èâîå â èõ îòñóòñòâèå. Â
ðÿäå ðàáîò äàííûé ôåíîìåí, âïåðâûå îáíàðóæåííûé â [6], íàçûâàåòñÿ ýôôåêòîì Öèãëå-
ðà [8-11]. Öåëü íàñòîÿùåé ñòàòüè � èçó÷åíèå äâèæåíèé ñèñòåìû â îêðåñòíîñòè äåñòàáèëè-
çèðîâàííîãî ïîëîæåíèÿ ðàâíîâåñèÿ â óñëîâèÿõ ýôôåêòà Öèãëåðà è ïðè íàëè÷èè êâàäðà-
òè÷íûõ äèññèïàòèâíûõ ñèë.

Óðàâíåíèÿ (2.1) ìîæíî çàïèñàòü â ÿâíîì âèäå ñëåäóþùèì îáðàçîì [12]:

q̈j + (Ã(j)q̇, q̇) =

(
αj,−∇Ï+Qj − ϵB̄q̇ −

δ

3
D(j)(|q̇|)

)
, j = 1, 2. (2.3)

Çäåñü α(j) � j -é ñòîëáåö ìàòðèöû A(q)−1 (j = 1, 2),Ã(j) � ñèììåòðè÷åñêàÿ ìàòðèöà,
ýëåìåíòû êîòîðîé ñóòü ñèìâîëû Êðèñòîôôåëÿ âòîðîãî ðîäà ìàòðèöû A(q) :
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Âûðàæåíèÿ äëÿ îäíîðîäíûõ ôóíêöèé âòîðîé ñòåïåíè D(1) è D(2) èìåþò âèä:

D(1) =
∂Ψ1

∂q̇1
= 3d30q̇1|q̇1|+ 2d21q̇1|q̇2|+ d12|q̇2|2sgn(q̇1),

D(2) =
∂Ψ2

∂q̇2
= 3d03q̇2|q̇2|+ 2d12q̇2|q̇1|+ d21|q̇1|2sgn(q̇2).

Ðàçëîæèì ìàòðèöó êèíåòè÷åñêîé ýíåðãèè è ïîçèöèîííûå ñèëû ïî ñòåïåíÿì êîîðäèíàò:

A(q) = Ā+ A(1)q1 + A(2)q2 + ō(|q|), −∇Ï+Q(q) = C̄q +Q(2)(q) + ō(|q|2) (2.4)
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Âåêòîð Q(2)(q) ñîñòîèò èç êâàäðàòè÷íûõ ïî êîîðäèíàòàì ôîðì. Óìíîæåíèåì íà ìàòðèöó
Ā óðàâíåíèÿ (2.3) ïðåîáðàçóåòñÿ ê âèäó

Āq̈ + ϵB̄q̇ + C̄q + F̄ (2)(q, q̇) + ϵḠ(2)(q, q̇) +
δ

3
D(2) + . . . = 0 (2.5)

D(2) = (D1, D2)
T , âûðàæåíèå äëÿ F (2) è G(2) èìåþò âèä

F̄ (2) = −Q(2) + (A(1)q1 + A(2)q2)Ā
−1C̄q + F̃ (2)

G(2) = −(A(1)q1 + A(2)q2)Ā
−1B̄q̇,

ãäå âåêòîð F̃ (2) ñîñòîèò èç íåêîòîðûõ êâàäðàòè÷íûõ ôîðì ïî îáîáùåííûì ñêîðîñòÿì,
âûðàæåíèÿ äëÿ êîòîðûõ îïóñêàåì.

3. Èññëåäîâàíèå ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû

Â äàííîì ïàðàãðàôå èññëåäóåòñÿ äâèæåíèå ñèñòåìû (2.1) äëÿ îäíîé ñòåïåíè ñâîáîäû,
÷òîáû àïðîáèðîâàòü ìåòîäû ðåøåíèÿ çàäà÷è, ïðåäñòàâëåííûå â ñòàòüå. Èìååì óðàâíåíèå
äâèæåíèÿ

Q̈+ Ω2Q+BQ̇+ AQ̇|Q̇| = 0. (3.1)

Îáåçðàçìåðèì óðàâíåíèå (3.1) è ââåäåì ìàëûé ïàðàìåòð ϵ çà ñ÷åò îòíîñèòåëüíîé ìàëîñòè
ïàðàìåòðîâ A è B . Q = q · Q∗ , T = t · T∗ , Ω = σ · Ω∗ , A = ϵ · a · A∗ , B = ϵ · b · B∗ , ãäå
T ∗ = Ω∗

−1 , B∗ = T∗
−1 , A∗ = Q∗

−1 .
Îáåçðàçìåðåííîå óðàâíåíèå äâèæåíèÿ èìååò âèä

q̈ + σ2q + ϵq̇(b+ a|q̇|) = 0. (3.2)

Áóäåì èññëåäîâàòü óðàâíåíèå (3.2) ñ ïîìîùüþ ìåòîäà óñðåäíåíèÿ [13, 14]. Çàìåòèì, ÷òî
ðåçóëüòàòû èññëåäîâàíèÿ ïîõîæèõ ìåõàíè÷åñêèõ ñèñòåì ìåòîäîì óñðåäíåíèÿ õîðîøî èç-
âåñòíû è ïîäðîáíî îïèñàíû, íàïðèìåð, â [15]. Ïîýòîìó äàëåå óêàæåì òîëüêî îñíîâíûå
âûâîäû è ðåçóëüòàòû ïðèìåíåíèÿ ìåòîäà óñðåäíåíèÿ ê èññëåäóåìîé ñèñòåìå.

Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ q = ρ cos(φ), q1 = q̇ = −ρ sin(φ) óðàâíåíèå äâèæåíèÿ
ïðåîáðàçóåòñÿ ê ñòàíäàðòíîìó ïî Áîãîëþáîâó âèäó. Óñðåäíåííûå óðàâíåíèÿ èìåþò âèä{

ρ̇ = ϵR(ρ)
φ̇ = 1− ϵΦ(ρ).

(3.3)

Âûðàæåíèÿ äëÿ R(ρ) è Φ(ρ) îïóñêàåì.

Íàéäåì êîðíè ïåðâîãî óðàâíåíèÿ ñèñòåìû (3.3): ρ∗1 = 0, ρ∗2 = −
3

8

bπ

aσ
.

Ëèíåàðèçîâàííûå óðàâíåíèÿ äâèæåíèÿ â îêðåñòíîñòè ρ = ρ∗2 èìåþò âèä

u̇ = ϵ
1

2

b

σ
u. (3.4)

Àíàëèçèðóÿ óðàâíåíèå (3.4), çàêëþ÷àåì, ÷òî ñòàöèîíàðíûé ðåæèì ρ∗2 àñèìïòîòè÷åñêè
óñòîé÷èâ ïðè b < 0 è íåóñòîé÷èâ ïðè b > 0 . Òàêèì îáðàçîì, êîãäà íà ñèñòåìó äåéñòâó-
þò ëèíåéíûå è êâàäðàòè÷íûå ñèëû òðåíèÿ, òðèâèàëüíîå ïîëîæåíèå ðàâíîâåñèÿ àñèìï-
òîòè÷åñêè óñòîé÷èâî è ãëîáàëüíî ïðèòÿãèâàåò. Åñëè æå â ñèñòåìå äåéñòâóþò ëèíåéíûå

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 3



52 À. Þ. Ìàéîðîâ

óñêîðÿþùèå è êâàäðàòè÷íûå ñèëû òðåíèÿ, òî ïîëîæåíèå ðàâíîâåñèÿ íåóñòîé÷èâî. Ïðèìå-
ðû ìåõàíè÷åñêèõ ñèñòåì ñ îäíîé ñòåïåíüþ ñâîáîäû, ïîäâåðæåííûõ äåéñòâèþ óñêîðÿþùèõ
ñèë, ìàëîèçâåñòíû.

Ðàññìîòðèì ôàçîâûå êðèâûå óñðåäíåííûõ óðàâíåíèé (3.4) íà ïëîñêîñòè ïåðåìåííûõ
q, q̇ . Â ñëó÷àå, êîãäà ñòàöèîíàðíûé ðåæèì ρ∗ = ρ∗2 àñèìïòîòè÷åñêè óñòîé÷èâ ( b < 0 ), ñó-
ùåñòâóåò îðáèòàëüíî óñòîé÷èâûé ïðåäåëüíûé öèêë, ïðèòÿãèâàþùèé âñå òðàåêòîðèè ôà-
çîâîé ïëîñêîñòè, êðîìå ïîëîæåíèÿ ðàâíîâåñèÿ (ðèñ. 3.1).

Ð è ñ ó í î ê 3.1

Ïðåäåëüíûé öèêë è òðàåêòîðèè, êîòîðûå ïðèòÿãèâàþòñÿ ê íåìó

Èòàê, ñîâìåñòíîå äåéñòâèå ëèíåéíûõ óñêîðÿþùèõ ñèë è êâàäðàòè÷íûõ ñèë òðåíèÿ äå-
ñòàáèëèçèðóåò ïîëîæåíèå ðàâíîâåñèÿ è ïîðîæäàåò àâòîêîëåáàòåëüíûé ðåæèì.

4. Íîðìàëèçàöèÿ óðàâíåíèé äâèæåíèÿ

Ñäåëàåì ìàñøòàáèðóþùóþ çàìåíó â ñèñòåìå (2.5) ïî ôîðìóëàì

q = ϵαq′, q̇ = ϵαq̇′, ãäå α > 0.

Ïðåäïîëîæèì, ÷òî ïàðàìåòðû ëèíåéíûõ è êâàäðàòè÷íûõ ñèë âÿçêîãî òðåíèÿ ñâÿçàíû
ìåæäó ñîáîé ñòåïåííûì îòíîøåíèåì δ = ϵβ . Â ýòîì ñëó÷àå ñèñòåìà (2.5) ïðåîáðàçóåòñÿ â
êâàçèëèíåéíóþ ñèñòåìó âèäà

Āq̈′ + ϵB̄q̇′ + C̄q′ + ϵαF̄ (2) + ϵα+1Ḡ(2) + ϵα+β
1

3
D(2) + . . . = 0. (4.1)

Ïîëîæèì β = 1−α è α =
1

2
. Îòáðàñûâàÿ â óðàâíåíèè (4.1) âñå ÷ëåíû ïîðÿäêà ϵ è âûøå,

ïîëó÷èì ñèñòåìó âèäà

Āq̈′ + ϵB̄q̇′ + C̄q′ + ϵ
1
2 F̄ (2) +

ϵ

3
D(2) + . . . = 0. (4.2)

Ïîðîæäàþùàÿ ñèñòåìà
Āq̈′ + C̄q′ = 0

îáðàòèìà, ïîýòîìó óñòîé÷èâîñòü òðèâèàëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ âîçìîæíà òîëüêî â
êðèòè÷åñêîì ñëó÷àå, êîãäà õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò ÷èñòî ìíèìûå êîðíè.

Ïóñòü óðàâíåíèå ÷àñòîò
det
(
−ω2Ā+ C̄

)
= 0
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èìååò ïîëîæèòåëüíûå ïðîñòûå êîðíè ω1, ω2 , êîòîðûå íå íàõîäÿòñÿ â ðåçîíàíñå. Ïðèâåäåì
ñèñòåìó (4.2) ê ãëàâíûì êîîðäèíàòàì ñ ïîìîùüþ íåîñîáåííîãî ëèíåéíîãî ïðåîáðàçîâàíèÿ
q′ = Sx , ãäå S = {sij} 2

i,j=1 . Îòáðîñèì ÷ëåíû ïîðÿäêà âûøå ϵ è ïåðåéäåì ê óêîðî÷åííîé
ñèñòåìå

ẍ+ Ω2x+ ϵBẋ+ ϵ
1
2F (2) +

ϵ

3
D(2) = 0, Ω2 = diag{ω2

1, ω
2
1}, B = S−1B̄S. (4.3)

Ôóíêöèÿ F (2) èìååò ñòðóêòóðó àíàëîãè÷íóþ F̄ :

F (2) = (F1, F2)
T , F =

(
P (j)x, x

)
+
(
R(j)ẋ, ẋ

)
, j = 1, 2.

à ñèììåòðè÷íûå ìàòðèöû R̃(j) èìåþò âèä

R̃(1) =
1

2

(
a
(1)
11 a

(2)
11

a
(2)
11 2a

(1)
12 − a

(2)
22

)
, R̃(2) =

1

2

(
2a

(1)
12 − a

(2)
11 a

(1)
22

a
(1)
22 a

(2)
22

)
. (4.4)

Êðàòêî èçëîæèì ìåòîä Õîðè-Êýìèëà (áîëåå ïîäðîáíî îí îïèñàí â [16] èëè â îðèãèíàëüíîé
ñòàòüå Êýìèëà [17]). Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

dxk

dt
= fk(x, t; ϵ), k = 1, ..., n, x = (x1, ..., xn)

T . (4.5)

Ôóíêöèè fk ñîäåðæàò ìàëûé ïàðàìåòð ϵ è ïðåäñòàâëÿþòñÿ â âèäå:

fk(x, t; ϵ) = fk,0(x, t) + ϵfk,1(x, t) +
ϵ

2!
fk,2(x, t) + . . . . (4.6)

Èùåì çàìåíó ïåðåìåííûõ x 7→ y , ïðåäñòàâëÿåìóþ â âèäå ðÿäîâ

xk = yk + ϵy
(1)
k (y, t) +

ϵ2

2!
y
(2)
k (y, t) + . . . . (4.7)

Â ðåçóëüòàòå òàêîé çàìåíû ñèñòåìà (4.3) ïðåîáðàçóåòñÿ â ñèñòåìó

dyk

dt
= gk(y, t; ϵ) = gk,0(y, t) + ϵgk,1(y, t) +

ϵ2

2!
gk,2(y, t) + . . . . (4.8)

Ïðîèçâîäÿùóþ âåêòîðíóþ ôóíêöèþ W (y, t; ϵ) = (W1, ...,Wn)
T , ñ ïîìîùüþ êîòîðîé îïðå-

äåëÿåòñÿ âèä íàøåé çàìåíû ïåðåìåííûõ, çàäà¼ì â âèäå

Wk(y, t; ϵ) = Wk,1(y, t) + ϵWk2(y, t) + . . . . (4.9)

Íóëåâîå ïðèáëèæåíèå : ïîëàãàåì

gk,0 = fk,0 = f
(0)
k , y

(0)
k = yk. (4.10)

Ïåðâîå ïðèáëèæåíèå : çàäàåì

y
(1)
k = Wk,1, f

(1)
k = fk,1(y, t) + gradfk,0 ·W. (4.11)

(ãðàäèåíò áåðåòñÿ ïî y ). Ñîñòàâëÿåì óðàâíåíèå

gk,1 +
∂y

(1)
k

∂t
+

n∑
j=1

∂y(1)

∂yj
gj,0 = f

(1)
k (y, t). (4.12)
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Çíàÿ ñòðóêòóðó ôóíêöèè gk,1 , ïîëó÷èì n ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ äëÿ îïðåäåëåíèÿ ôóíêöèé Wk,1 . Ðåøàÿ ýòè óðàâíåíèÿ, îïðåäåëÿåì

y
(1)
k è f

(1)
k ïî ôîðìóëå (4.9).

Âòîðîå ïðèáëèæåíèå : çàäàåì

y
(1)
k1 =Wk,2, y2k = y

(1)
k1 +

n∑
j=1

∂y
(1)
k

∂yj
Wj,1,

f
(1)
k1 = fk,2(y, t) +

n∑
j=1

∂fk,1(y, t)

∂yj
Wj,1 +

n∑
j=1

∂fk,0(y, t)

∂yj
Wj,2,

f
(2)
k = f

(1)
k1 (y, t) +

n∑
j=1

∂f
(1)
k (y, t)

∂yj
Wj,1.

Äëÿ îïðåäåëåíèÿ Wk,2 ñîñòàâëÿåì óðàâíåíèÿ

gk,2 +
∂y

(2)
k

∂t
+

n∑
j=1

∂y
(2)
k

∂yj
gj,0 + 2

n∑
j=1

∂y
(1)
k

∂yj
gj,1 = f

(2)
k (y, t). (4.13)

Ïîäñòàâëÿÿ ñþäà òðåáóåìûé âèä ôóíêöèè gk,2 , ðåøàåì ýòè óðàâíåíèÿ, íàõîäèì Wk,2 .

Äàëåå ïåðåõîäèì ê ñëåäóþùåìó øàãó, âû÷èñëÿÿ y
(2)
k è f

(2)
k .

Ïóñòü z � ôàçîâûé âåêòîð ñèñòåìû (4.2). Ñëåäóÿ ìåòîäó Õîðè-Êýìèëà, îïèñàííîìó
âûøå, ðàññìîòðèì áëèçêóþ ê òîæäåñòâåííîé çàìåíó ïåðåìåííûõ z 7→ ξ âèäà

z = ξ +
√
ϵξ(1)(ξ) +

ϵ

2
ξ(2)(ξ),

ñ ïðîèçâîäÿùåé âåêòîðíîé ôóíêöèè W (ξ; ϵ) = W (1)(ξ)+
√
ϵW (2)(ξ) . Îòñóòñòâèå ðåçîíàíñîâ

ïîçâîëÿåò óíè÷òîæèòü êâàäðàòè÷íûå ÷ëåíû F (2) â ñèñòåìå (4.2). Â ìåòîäå Õîðè-Êýìèëà
ξ(1) =W (1) . Äëÿ îïðåäåëåíèÿ âåêòîðíîé ôóíêöèè W (1) èìååì ñèñòåìó(

gradW
(1)
1 , P ξ

)
= W

(1)
3 ,

(
gradW

(1)
2 , P ξ

)
=W

(1)
4 ,(

gradW
(1)
3 , P ξ

)
= −F (2)

1 − ω2
1W

(1)
1 ,(

gradW
(1)
4 , P ξ

)
= −F (2)

2 − ω2
2W

(1)
2 ,

(4.14)

ãäå ìû îáîçíà÷èëè

P =

(
0 I

−Ω2 0

)
.

×àñòíîå ðåøåíèå ñèñòåìû (4.14) èùåì ñðåäè âåêòîðíûõ êâàäðàòè÷íûõ ôîðì W
(1)
k (ξ) =(

W
(1)
k ξ, ξ

)
( k = 1, . . . , 4 ). Îáîçíà÷èì F

(2)
j =

(
F

(2)
j ξ, ξ

)
( j = 1, 2 ) è ïåðåïèøåì ñèñòåìó

(4.14) ñëåäóþùèì îáðàçîì:(
2W

(1)
1 ξ, Pξ

)
=
(
W

(1)
3 ξ, ξ

)
,
(
2W

(1)
2 ξ, Pξ

)
=
(
W

(1)
4 ξ, ξ

)
,(

2W
(1)
3 ξ, Pξ

)
= −

(
F

(2)
1 ξ, ξ

)
− ω2

1

(
W

(1)
1 ξ, ξ

)
,(

2W
(1)
4 ξ, Pξ

)
= −

(
F

(2)
2 ξ, ξ

)
− ω2

2

(
W

(1)
2 ξ, ξ

)
.
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Ïî îïðåäåëåíèþ ìàòðèöû W
(1)
k ñèììåòðè÷åñêèå. Ââåäåì âñïîìîãàòåëüíûå íåñèììåòðè÷å-

ñêèå ìàòðèöû W̃
(1)
k , ñèììåòðè÷åñêàÿ ÷àñòü êîòîðûõ � èñêîìûå ìàòðèöû W

(1)
k . Ìåæäó

íèìè ñóùåñòâóþò ñîîòíîøåíèÿ W̃
(1)
3 = 2P T W̃

(1)
1 , W̃

(1)
4 = 2P T W̃

(1)
2 , à W̃

(1)
1 , W̃

(1)
2 � ðåøå-

íèÿ ìàòðè÷íûõ óðàâíåíèé (
4(P T )2 + ω2

1I
)
W̃

(1)
1 = −F (2)

1 ,(
4(P T )2 + ω2

2I
)
W̃

(1)
2 = −F (2)

2 .
(4.15)

Ìàòðèöû 4(P T )2 + ω2
1I , 4(P T )2 + ω2

1I íåâûðîæäåííûå, ò.ê. ω1 ̸= 2ω2 , ω2 ̸= 2ω1 . Ñëå-
äîâàòåëüíî, ñèñòåìà (4.14) èìååò åäèíñòâåííîå ðåøåíèå ñðåäè êâàäðàòè÷íûõ ôîðì, è ìû
íàøëè êîýôôèöèåíò W (1) ïðîèçâîäÿùåé âåêòîðíîé ôóíêöèè. ßâíûå âûðàæåíèÿ äëÿ êî-
ýôôèöèåíòîâ ôîðì W

(1)
k îïóñêàåì.

Íîðìàëèçàöèÿ ñèñòåìû (4.2) óíè÷òîæèëà êâàäðàòè÷íûé ÷ëåí
√
ϵF (2) . Ïîëó÷èëàñü ñè-

ñòåìà, êîòîðóþ ìîæíî ïðåäñòàâèòü â âèäå

ÿ = −Ω2y + ϵ(Bẏ +D(ẏ, |ẏ|) +N (3)(y, ẏ)), (4.16)

ãäå N (3)(y, ẏ) - ôîðìà òðåòüåé ñòåïåíè îòíîñèòåëüíî êîîðäèíàò è ñêîðîñòåé, à D îäíî-
ðîäíàÿ âåêòîðíàÿ ôóíêöèÿ âòîðîãî ïîðÿäêà.

5. Èññëåäîâàíèå óñðåäíåííîé ñèñòåìû â ñïåöèàëüíîì ñëó÷àå
ôóíêöèè Ðýëåÿ

C ïîìîùüþ çàìåíû ïåðåìåííûõ

y = ρ1e1 cos(ϕ1) + ρ2e2 cos(ϕ2), ẏ = −ω1ρ1e1 sin(ϕ1)− ω2ρ2e2 sin(ϕ2), (5.1)

e1 = (1, 0)T , e2 = (0, 1)T , ρ1 > 0, ρ2 > 0,

ñèñòåìà (4.16) ïðåîáðàçóåòñÿ ê äâóõ÷àñòîòíîé ñèñòåìå âèäà

ρ̇1 = −
ϵ

ω1

f1 sin(ϕ1)

ρ̇2 = −
ϵ

ω2

f2 sin(ϕ2)

ϕ̇1 = ω1 −
ϵ

ω1ρ1
f1 cos(ϕ1)

ϕ̇2 = ω2 −
ϵ

ω2ρ2
f2 cos(ϕ2)

, (5.2)

(f1, f2)
T = Bρ̇ sin(ϕ) +D(2) +N (3),
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ãäå (f1, f2)
T = Bρ̇ sin(ϕ) +D(2) +N (3) , à âûðàæåíèÿ äëÿ D(2) òåïåðü èìåþò âèä:

D1 = 2|s21ω1ρ1 sin(ϕ1) + s22ω2ρ2 sin(ϕ2)| sin(ϕ1)s11d21ρ1ω1+
+3|s11ω1ρ1 sin(ϕ1) + s12ω2ρ2 sin(ϕ2)| sin(ϕ1)s11d30ρ1ω1+
+2|s21ω1ρ1 sin(ϕ1) + s22ω2ρ2 sin(ϕ2)| sin(ϕ2)s12d21ρ2ω2+
+3|s11ω1ρ1 sin(ϕ1) + s12ω2ρ2 sin(ϕ2)| sin(ϕ2)s12d30ρ2ω2+

+sgn(s11ω1ρ1 sin(ϕ1) + s12ω2ρ2 sin(ϕ2))|s21ω1ρ1 sin(ϕ1) + s22ω2ρ2 sin(ϕ2)|2d12,

D2 = 2|s11ω1ρ1 sin(ϕ1) + s12ω2ρ2 sin(ϕ2)| sin(ϕ1)s21d12ρ1ω1+
+3|s21ω1ρ1 sin(ϕ1) + s22ω2ρ2 sin(ϕ2)| sin(ϕ1)s21d03ρ1ω1+
+2|s11ω1ρ1 sin(ϕ1) + s12ω2ρ2 sin(ϕ2)| sin(ϕ2)s22d12ρ2ω2+
+3|s21ω1ρ1 sin(ϕ1) + s22ω2ρ2 sin(ϕ2)| sin(ϕ2)s22d03ρ2ω2+

+sgn(s21ω1ρ1 sin(ϕ1) + s22ω2ρ2 sin(ϕ2))|s11ω1ρ1 sin(ϕ1) + s12ω2ρ2 sin(ϕ2)|2d21,

(5.3)

ãäå sij � ýëåìåíòû ìàòðèöû S ïåðåõîäà ê ãëàâíûì êîîðäèíàòàì.
Óñðåäíèì ïåðâûå äâà óðàâíåíèÿ ñèñòåìû (5.2) ïî áûñòðûì ïåðåìåííûì ϕj â îòñóò-

ñòâèå ðåçîíàíñà. Óñðåäíåííûå óðàâíåíèÿ äëÿ ìåäëåííûõ ïåðåìåííûõ èìåþò âèä

ρ̇1 = −ϵb11ρ1 − ϵ
1

ω1

(2cd21F (a, b) + 3cd30F (c, d)+

+2ad21G(a, b) + 3ad30G(c, d) + d12H(c, d, a, b)

ρ̇2 = −ϵb22ρ2 − ϵ
1

ω2

(3bd03F (a, b) + 2bd12F (c, d)+

3ad03G(a, b) + 2ad12G(c, d) + d21H(a, b, c, d))

, (5.4)

ãäå

F (a, b) =
1

4π2

2π∫
0

2π∫
0

|a sin(ϕ1) + b sin(ϕ2)| sin2(ϕ1)dϕ1dϕ2,

G(a, b) =
1

4π2

2π∫
0

2π∫
0

|a sin(ϕ1) + b sin(ϕ2)| sin(ϕ1) sin(ϕ2)dϕ1dϕ2,

H(c, d, a, b) =
1

4π2

2π∫
0

2π∫
0

sgn(c sin(ϕ1) + d sin(ϕ2))|a sin(ϕ1) + b sin(ϕ2)|2 sin(ϕ1)dϕ1dϕ2,

è òàêæå ââåäåíû îáîçíà÷åíèÿ

a = s21ω1ρ1, b = s22ω2ρ2, c = s11ω1ρ1, d = s12ω2ρ2.

Âûðàæåíèÿ äëÿ F (c, d) è G(c, d) àíàëîãè÷íûå.
Ê ñîæàëåíèþ, ïîëó÷èòü â ÿâíîì âèäå âûðàæåíèÿ äëÿ ôóíêöèé F,G è H íå óäàëîñü.

Ïîýòîìó èññëåäîâàòü ñèñòåìó (4.6) íà äàííîì ýòàïå ðàáîòû çàòðóäíèòåëüíî. Îäíàêî, â
îäíîì ñïåöèàëüíîì, íî âàæíîì ñëó÷àå, êîòîðûé ìû ïðèâîäèì íèæå, óäà¼òñÿ èññëåäîâàòü
äèíàìèêó óñðåäí¼ííîé ñèñòåìû äî êîíöà.

Ïóñòü êâàäðàòè÷íûå äèññèïàòèâíûå ñèëû äåéñòâóþò íåçàâèñèìî âäîëü îñåé ãëàâíûõ
êîîðäèíàò, ò.å. äèññèïàòèâíàÿ ôóíêöèÿ Ðýëåÿ èìååò âèä:

Ψ =
δ

3
d30|q̇1|3 +

δ

3
d03|q̇2|3
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Òîãäà âûðàæåíèÿ äëÿ ôóíêöèé F,G,H ìîæíî ïðåäñòàâèòü â ÿâíîì âèäå áåç êâàäðàòóð,
à óðàâíåíèÿ äëÿ ìåäëåííûõ ïåðåìåííûõ óñðåäí¼ííîé ñèñòåìû èìåþò âèä

ρ̇1 = −ϵ

(
1

2
b11ρ1 +

4

3

d30ρ
2
1ω1

π

)

ρ̇2 = −ϵ

(
1

2
b22ρ2 +

4

3

d03ρ
2
2ω2

π

)
.

(5.5)

Ïîëó÷åííàÿ óñðåäíåííàÿ ñèñòåìà èìååò ÷åòûðå îñîáûå òî÷êè

ρ∗1 = ρ∗2 = 0;

ρ∗1 = −
3

8

πb11

d30ω1

, ρ∗2 = 0;

ρ∗1 = 0, ρ∗2 = −
3

8

πb22

d03ω12

;

ρ∗1 = −
3

8

πb11

d30ω1

, ρ∗2 = −
3

8

πb22

d03ω12

.

Íàèáîëüøèé èíòåðåñ ïðåäñòàâëÿåò ïîñëåäíÿÿ îñîáàÿ òî÷êà. Ñîñòàâèì óðàâíåíèÿ âîçìó-
ùåííîãî äâèæåíèÿ, äëÿ ÷åãî ââåäåì âîçìóùåíèÿ ïî ôîðìóëå ui = ρi − ρ∗i .

Ïðè ïîäñòàíîâêå ýòîé çàìåíû â óðàâíåíèå (5.5) è îòáðàñûâàíèè ÷ëåíîâ âûøå ïåðâîãî
ïîðÿäêà ìàëîñòè ïî ïåðåìåííîé u èìååì ñëåäóþùèå óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ

u̇1 =
ϵ

2
b11u1

u̇2 =
ϵ

2
b22u2

. (5.6)

Ìîæíî ñäåëàòü âûâîä î òîì, ÷òî îñîáàÿ òî÷êà àñèìïòîòè÷åñêè óñòîé÷èâà, åñëè b11 >
0 è b22 > 0 , è íåóñòîé÷èâà, åñëè b11b22 < 0 [6, 11] èëè b11 < 0, b22 < 0 .

Â íàøåé ñèñòåìå íåðàâåíñòâà b11 < 0, b22 < 0 íå ìîãóò áûòü îäíîâðåìåííî âûïîëíåí-
íûìè. Òåì íå ìåíåå, ðàññìîòðèì ïðîåêöèþ ôàçîâîãî ïîðòðåòà íà äâóìåðíîå êîíôèãóðà-
öèîííîå ïðîñòðàíñòâî y1, y2 .

Âûðàæåíèÿ äëÿ áûñòðûõ ïåðåìåííûõ ϕi(i = 1, 2) èìåþò âèä

ϕ1 = ω1t+ ϕ0
1, ϕ2 = ω2t+ ϕ0

2,

è ñîãëàñíî çàìåíå (5.1), ôàçîâûå ïåðåìåííûå yi(i = 1, 2) ïðåäñòàâëÿþòñÿ â âèäå
y1 = ρ∗1 cos(ϕ1)
y2 = ρ∗2 cos(ϕ2)
ẏ1 = −ω1ρ

∗
1 sin(ϕ1)

ẏ2 = −ω2ρ
∗
2 sin(ϕ2)

. (5.7)

Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî ϕ0
2 = 0 . Òîãäà ïðîåêöèÿ ôàçîâîé êðèâîé íà êîí-

öèãóðàöèîííîå ïðîñòðàíñòâî ïðåäñòàâëÿåò ñîáîé íåçàìêíóòóþ êðèâóþ Ëèññàæó{
y1 = ρ∗1 cos(ω1t+ ϕ0

1)
y2 = ρ∗2 cos(ω2t)

. (5.8)
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Êàæäàÿ òðàåêòîðèÿ ïîëó÷àåòñÿ âûáîðîì íà÷àëüíîãî óãëà ϕ0
1 è âñþäó ïëîòíà íà èíâàðè-

àíòíîì òîðå. Ïîñëåäíèé îáðàçóåòñÿ ñåìåéñòâîì òðàåêòîðèé (5.7) â ôàçîâîì ïðîñòðàíñòâå
ñèñòåìû (ðèñ. 5.1). Èíâàðèàíòíûé òîð ñóùåñòâóåò, åñëè b11 ̸= 0, è b22 ̸= 0 .

Ð è ñ ó í î ê 5.1

Ïðîåêöèÿ ôàçîâûõ êðèâûõ íà êîíôèãóðàöèîííîå ïðîñòðàíñòâî

6. Âûâîäû

Â ðàáîòå ìåòîäîì Õîðè-Êýìèëà íîðìàëèçîâàíû óðàâíåíèÿ äâèæåíèÿ ìåõàíè÷åñêîé
ñèñòåìû ñ äâóìÿ ñòåïåíÿìè ñâîáîäû, ïîäâåðæåííîé äåéñòâèþ ïîòåíöèàëüíûõ, íåêîíñåð-
âàòèâíûõ ïîçèöèîííûõ ñèë, ëèíåéíûõ è êâàäðàòè÷íûõ äèññèïàòèâíûõ ñèë.

Ïîëó÷åíû óñðåäíåííûå óðàâíåíèÿ äâèæåíèÿ äëÿ îáùåé ôóíêöèè Ðýëåÿ êâàäðàòè÷íûõ
äèññèïàòèâíûõ ñèë.

Äëÿ ñïåöèàëüíîãî ñëó÷àÿ ôóíêöèè Ðýëåÿ, êîãäà êâàäðàòè÷íûå äèññèïàòèâíûå ñèëû
äåéñòâóþò âäîëü îñåé ãëàâíûõ êîîðäèíàò, óñðåäíåííàÿ ñèñòåìà èññëåäîâàíà ïîëüíîñòüþ.
Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ èíâàðèàíòíîãî òîðà.
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About destabilization of equilibrium point is caused by

linear and quadratic forces of viscous friction.

c⃝ A.Y. Mayorov2

Abstract. Holonomic systems with two degrees of freedom are considered. It is supposed that
potential forces, non-conservative positional forces, linear and quadratic dissipative forces act in
these systems. The normal form of equations of motion is obtained and averaged in non-resonance
case. In particular case when quadratic friction forces act independently along main coordinate
axes, averaged system is completely investigated. Unique stationary mode of averaged system is
obtained and stability of that mode is investigated. Conditions for the existence of an invariant
torus and weak instability of equilibrium position are obtained.

Key Words: Zigler's e�ect, non-conservative positional force, linear dissipative force, quadratic
dissipative force, Raileigh's function, normalization method of Hori-Kamel, invariant torus

2 Postgraduate student of the Di�erential Equations Department, Moscow Aviation Institute (National
Research University), Moscow; ylam123@gmail.com
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