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Ïðÿìîå ðàçëîæåíèå íåàâòîíîìíûõ èíòåãðàëîâ

êâàçèêîíñåðâàòèâíûõ ñèñòåì ñ îäíîé ñòåïåíüþ ñâîáîäû

c⃝ Í. Â. Êîâàëåâ 1

Àííîòàöèÿ. Ðàññìàòðèâàþòñÿ ñòàöèîíàðíûå êâàçèêîíñåðâàòèâíûå ñèñòåìû ñ îäíîé ñòå-
ïåíüþ ñâîáîäû ñ ãàìèëüòîíîâîé íåâîçìóùåííîé ñèñòåìîé. Èññëåäóåòñÿ ïðÿìîå ðàçëîæåíèå
íåàâòîíîìíûõ èíòåãðàëîâ êâàçèêîíñåðâàòèâíûõ ñèñòåì, îáñóæäàåòñÿ èõ àíàëèòè÷íîñòü ïî
ìàëîìó ïàðàìåòðó. Ïðåäëîæåí ìåòîä ïîñòðîåíèÿ ñåìåéñòâà íåàâòîíîìíûõ èíòåãðàëîâ êâà-
çèêîíñåðâàòèâíûõ ñèñòåì â ïåðåìåííûõ äåéñòâèå-óãîë. Ñôîðìóëèðîâàí è äîêàçàí êðèòåðèé
ñóùåñòâîâàíèÿ çàìêíóòûõ îðáèò â òåðìèíàõ íåàâòîíîìíûõ èíòåãðàëîâ. Êðèòåðèé ñóùåñòâî-
âàíèÿ çàìêíóòûõ îðáèò ïðèìåíåí äëÿ îöåíêè êîëè÷åñòâà ïðåäåëüíûõ öèêëîâ îäíîãî êëàññà
óðàâíåíèé Ëüåíàðà.

Êëþ÷åâûå ñëîâà: êâàçèêîíñåðâàòèâíàÿ ñèñòåìà, íåàâòîíîìíûé èíòåãðàë, ïåðèîäè÷åñêèå
ðåøåíèÿ, ïðåäåëüíûå öèêëû, ïåðåìåííûå äåéñòâèå-óãîë, ðàçëîæåíèå ïî ìàëîìó ïàðàìåòðó

1. Ïðÿìîå ðàçëîæåíèå è àíàëèòè÷íîñòü íåàâòîíîìíûõ èíòåãðà-
ëîâ ïî ìàëîìó ïàðàìåòðó

Ðàññìàòðèâàåòñÿ êâàçèêîíñåðâàòèâíàÿ ñèñòåìà ñ îäíîé ñòåïåíüþ ñâîáîäû. Óðàâíåíèÿ
äâèæåíèÿ èìåþò âèä {

ẋ = ∂H
∂y

+ ϵf1 + ϵ2f2 + ...

ẏ = −∂H
∂x

+ ϵg1 + ϵ2g2 + ...
, (1.1)

ãäå H = H(x, y) − ôóíêöèÿ Ãàìèëüòîíà íåâîçìóù¼ííîé ñèñòåìû, x − êîîðäèíàòà, y −
èìïóëüñ, ϵ − ìàëûé ïàðàìåòð, à fk = fk(x, y) è gk = gk(x, y) − ïðîèçâîëüíûå ãëàäêèå
ôóíêöèè.

Íåàâòîíîìíûì èíòåãðàëîì ñèñòåìû (1.1) íàçûâàåòñÿ ôóíêöèÿ I = I(x, y, t) , ñîõðàíÿ-
þùàÿ ïîñòîÿííîå çíà÷åíèå âäîëü ëþáîãî ðåøåíèÿ x(t) , y(t) ýòîé ñèñòåìû. Íåàâòîíîìíûå
èíòåãðàëû ñèñòåìû (1.1) âîçíèêàþò îäíîïàðàìåòðè÷åñêèìè ñåìåéñòâàìè. Äåéñòâèòåëüíî,
åñëè I = I(x, y, t) − íåàâòîíîìíûé èíòåãðàë, òî I = I(x, y, t + h) äëÿ ïðîèçâîëüíîãî
ôèêñèðîâàííîãî h − òàêæå íåàâòîíîìíûé èíòåãðàë.

Â íàñòîÿùåé ðàáîòå áóäåò ïîñòðîåíî ñåìåéñòâî íåàâòîíîìíûõ èíòåãðàëîâ I = I(x, y, t)
ñèñòåìû (1.1) â âèäå ïðÿìîãî ðàçëîæåíèÿ [1] ïî ìàëîìó ïàðàìåòðó ϵ :

I = I0 + ϵI1 + ϵ2I2 + ... . (1.2)

Òàê êàê ñèñòåìà (1.1) ïðè ϵ = 0 äîïóñêàåò àâòîíîìíûé èíòåãðàë H = const . Ìîæíî
ïîëîæèòü I0 = H .

Èç îïðåäåëåíèÿ íåàâòîíîìíîãî èíòåãðàëà ñëåäóåò

dI

dt
=
dH

dt
+ ϵ

dI1
dt

+ ϵ2
dI2
dt

+ ... = 0, (1.3)

ãäå
dH

dt
=
∂H

∂x
ẋ+

∂H

∂y
ẏ;

1 Àñïèðàíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ìîñêîâñêèé Àâèàöèîííûé Èíñòèòóò (Íàöèîíàëü-
íûé Èññëåäîâàòåëüñêèé Óíèâåðñèòåò), ã. Ìîñêâà; nick.kvlv@gmail.com
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dIk
dt

=
∂Ik
∂t

+
∂Ik
∂x

ẋ+
∂Ik
∂y

ẏ, k = 1, 2, ... .

Ïîäñòàâëÿåì ẋ è ẏ èç ñèñòåìû (1.1) â (1.3):

dI

dt
=
∂H

∂x

[
∂H

∂y
+ ϵf1 + ϵ2f2 + ...

]
+
∂H

∂y

[
−∂H
∂x

+ ϵg1 + ϵ2g2 + ...

]
+

+ϵ
∂I1
∂t

+ ϵ
∂I1
∂x

[
∂H

∂y
+ ϵf1 + ϵ2f2 + ...

]
+ϵ
∂I1
∂y

[
−∂H
∂x

+ ϵg1 + ϵ2g2 + ...

]
+

+ϵ2
∂I2
∂t

+ ϵ2
∂I2
∂x

[
∂H

∂y
+ ϵf1 + ϵ2f2 + ...

]
+ϵ2

∂I2
∂y

[
−∂H
∂x

+ ϵg1 + ϵ2g2 + ...

]
+... = 0.

Ðàñêðîåì ñêîáêè è ñãðóïïèðóåì ñëàãàåìûå ïî ñòåïåíÿì ïàðàìåòðà ϵ . Èìååì óðàâíåíèÿ

ϵk :
∂Ik
∂t

+ {Ik, H} = Fk, k = 1, 2, ... , (1.4)

ãäå

{Ik, H} =
∂Ik
∂x

∂H

∂y
− ∂Ik

∂y

∂H

∂x
, Fk = −∂H

∂x
fk −

∂H

∂y
gk −

k−1∑
n=1

[
∂In
∂x

fk−n −
∂In
∂y

gk−n

]
.

Êîíñòðóêöèÿ â ôèãóðíûõ ñêîáêàõ íàçûâàåòñÿ ñêîáêîé Ïóàññîíà. (1.4) − ëèíåéíûå
íåîäíîðîäíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ 1 -îãî ïîðÿäêà. Êîýôôèöèåíòû ðàçëî-
æåíèÿ (1.2) íåàâòîíîìíîãî èíòåãðàëà åñòü ÷àñòíûå ðåøåíèÿ óðàâíåíèé (1.4).

Äëÿ èíòåãðèðîâàíèÿ óðàâíåíèé (1.4) íåîáõîäèìî íàéòè òðè íåçàâèñèìûõ èíòåãðàëà
ñèñòåìû õàðàêòåðèñòèê

dt

1
=
dx
∂H
∂y

=
dy

−∂H
∂x

=
dIk
Fk

. (1.5)

Îäèí èç ýòèõ èíòåãðàëîâ − ãàìèëüòîíèàí H = H(x, y) . Åñëè (x0, y0) − ðåãóëÿðíàÿ
òî÷êà íåâûðîæäåííîé ñèñòåìû, òî ñèñòåìà (1.5) äîïóñêàåò äâà ÿâíî çàâèñÿùèõ îò âðåìåíè
èíòåãðàëà K = K(x, y, t) , L = L(x, y, t) . Íåçàâèñèìîñòü ïîíèìàåòñÿ â òîì ñìûñëå, ÷òî
ìàòðèöà ßêîáè 

∂K

∂t

∂K

∂x

∂K

∂y

∂L

∂t

∂L

∂x

∂L

∂y


èìååò ìàêñèìàëüíûé ðàíã â îêðåñòíîñòè òî÷êè (x0, y0, t0) , ãäå t0 − ïðîèçâîëüíûé ôèê-
ñèðîâàííûé íà÷àëüíûé ìîìåíò âðåìåíè. Çäåñü æå îòìåòèì, ÷òî ïîñòðîåíèå èíòåãðàëîâ
L è K ñâÿçàíî íå òîëüêî ñ êâàäðàòóðàìè, íî è ñ îáðàùåíèåì ôóíêöèé. Â òàêîì ââèäå
ìåòîä íåýôôåêòèâåí.

Î÷åâèäíî, ÷òî åñëè ïðîèçâîëüíî âûáèðàòü ðåøåíèå óðàâíåíèé (1.4), òî ðÿä (1.2) áó-
äåò ðàñõîäèòüñÿ. Â ýòîì ñëó÷àå áóäåì ãîâîðèòü î ôîðìàëüíîì íåàâòîíîìíîì èíòåãðàëå
ñèñòåìû (1.1). Îäíàêî, åñëè ïîëó÷èòü íåàâòîíîìíûé èíòåãðàë ñèñòåìû (1.1) êàê ðåøåíèå
íåêîòîðîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1.3), òî îí áóäåò àíàëèòè÷åñêèì ïî ϵ . Êîýôôèöè-
åíòû ðàçëîæåíèÿ (1.2) àíàëèòè÷åñêîãî èíòåãðàëà ìîæíî íàéòè, ðåøàÿ ñîîòâåòñòâóþùèå
çàäà÷è Êîøè äëÿ óðàâíåíèé (1.4). Åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè âèäà

dI

dt
≡ ∂I

∂t
+ {I,H}+ f(x, y, ϵ)

∂I

∂x
+ g(x, y, ϵ)

∂I

∂y
= 0,

I|t=0 = ϕ(x, y, ϵ)

(1.6)
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àíàëèòè÷íî ïî ϵ , åñëè àíàëèòè÷íû ðÿäû f(x, y, ϵ) = ϵf1(x, y)+. . . , g(x, y, ϵ) = ϵg1(x, y)+. . .
è ϕ(x, y, ϵ) = ϕ0(x, y) + ϵϕ1(x, y) + . . . . Òî÷íåå, åñëè ðÿäû f , g è ϕ ðàâíîìåðíî àíàëè-
òè÷íû ïî ϵ â îêðåñòíîñòè òî÷êè (x0, y0) , òî ñóùåñòâóåò îêðåñòíîñòü òî÷êè (x0, y0, 0) ,
â êîòîðîé ðåøåíèå çàäà÷è (1.6) ðàâíîìåðíî ϵ -àíàëèòè÷íî [2]. Ýòîò ðåçóëüòàò ðàçâèâàåò
êëàññè÷åñêóþ òåîðåìó Ïóàíêàðå îá àíàëèòè÷íîñòè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ïî ìàëîìó ïàðàìåòðó [3].

2. Ïîñòðîåíèå íåàâòîíîìíûõ èíòåãðàëîâ â ïåðåìåííûõ äåéñòâèå-
óãîë

Â ñèñòåìå (1.1) ñäåëàåì êàíîíè÷åñêóþ çàìåíó ïåðåìåííûõ{
x = X(r, φ)

y = Y (r, φ)
, (2.1)

ãäå r − äåéñòâèå, φ − óãîë. Â íîâûõ ïåðåìåííûõ ñèñòåìà (1.1) ïðèìåò âèä{
ṙ = ∂X

∂φ
[ϵg1 + ϵ2g2 + ...]− ∂Y

∂φ
[ϵf1 + ϵ2f2 + ...]

φ̇ = ω(r) + ∂Y
∂r
[ϵf1 + ϵ2f2 + ...]− ∂X

∂r
[ϵg1 + ϵ2g2 + ...]

, (2.2)

ãäå H = H(r) − ôóíêöèÿ Ãàìèëüòîíà íåâîçìóù¼ííîé ñèñòåìû, ω(r) = ∂H
∂r
, à fk = fk(r, φ)

è gk = gk(r, φ) − ïðîèçâîëüíûå ãëàäêèå ôóíêöèè.

Êàê è â ïóíêòå 1, áóäåì èñêàòü íåàâòîíîìíûé èíòåãðàë ñèñòåìû (2.2) â âèäå ïðÿìîãî
ðàçëîæåíèÿ ïî ñòåïåíÿì ïàðàìåòðà ϵ :

I = H + ϵI1 + ϵ2I2 + ... . (2.3)

Â ïåðåìåííûõ äåéñòâèå-óãîë óðàâíåíèå (1.4) ïðèìåò âèä

ϵk :
∂Ik
∂t

+
∂Ik
∂φ

ω(r) = Fk, k = 1, 2, ... , (2.4)

ãäå

Fk = −ω(r)
[
∂X

∂φ
gk −

∂Y

∂φ
fk

]
−

k−1∑
n=1

(
∂In
∂r

[
∂X

∂φ
gk−n −

∂Y

∂φ
fk−n

]
−∂In
∂φ

[
∂Y

∂r
fk−n −

∂X

∂r
gk−n

])
.

Ðåøåíèÿìè óðàâíåíèé (2.4) ÿâëÿþòñÿ êîýôôèöèåíòû ðàçëîæåíèÿ (2.3). Õàðàêòåðèñòè÷å-
ñêàÿ ñèñòåìà óðàâíåíèé (2.4)

dt

1
=
dr

0
=

dφ

ω(r)
=
dIk
Fk

(2.5)

äîïóñêàåò òðè íåçàâèñèìûõ èíòåãðàëà:

r = r0,

φ− ω(r)t = φ0,

Ik −
∫
Fk(r0, φ0 + ω(r)t, t)dt = ck,
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ãäå r0 , φ0 , ck � êîíñòàíòû. Òîãäà ðåøåíèÿ óðàâíåíèé (2.4):

Ik = Φ

(
r, φ− ω(r)t,

∫
Fk(r0, φ0 + ω(r)t, t)dt

)
.

Îáðàòèòå âíèìàíèå, ÷òî ðåøåíèÿìè îäíîðîäíûõ óðàâíåíèé

ϵk :
∂Ik
∂t

+
∂Ik
∂φ

ω(r) = 0, k = 1, 2, ...,

ÿâëÿþòñÿ ïðîèçâîëüíûå ãëàäêèå ôóíêöèè Ik = Sk(tω(r) − φ, r) . Òàêèì îáðàçîì, ïåðåõîä
ê ïåðåìåííûì äåéñòâèå-óãîë äà¼ò ýôôåêòèâíûé ìåòîä äëÿ ïîñòðîåíèÿ ñåìåéñòâà íåàâòî-
íîìíûõ èíòåãðàëîâ ñèñòåìû (1.1).

3. Êðèòåðèé ñóùåñòâîâàíèÿ çàìêíóòûõ îðáèò

Åñëè ñèñòåìà (1.1) äîïóñêàåò ïåðèîäè÷åñêîå ðåøåíèå x = x(t) , y = y(t) , òî äëÿ ëþáîãî
t âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

I(x(t), y(t), t) = I(x(t+ T ), y(t+ T ), t+ T ) = I(x(t), y(t), t+ T ),

ãäå I − íåàâòîíîìíûé èíòåãðàë ñèñòåìû (1.1), à T − ïåðèîä ðåøåíèÿ.

Åñëè ðåøåíèå r(t) , φ(t) ñèñòåìû (2.2) ñîîòâåòñòâóåò ïåðèîäè÷åñêîìó ðåøåíèþ x(t) ,
y(t) ñèñòåìû (1.1), è ïðè îäíîêðàòíîì îáõîäå îðáèòû óãîë èçìåíÿåòñÿ íà 2π , òî äëÿ
ëþáîãî t âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

I(r(t), φ(t), t) = I(r(t+ T ), φ(t+ T ), t+ T ) = I(r(t), φ(t) + 2π, t+ T ),

ãäå I − íåàâòîíîìíûé èíòåãðàë ñèñòåìû (2.2), à T − ïåðèîä ðåøåíèÿ.

Ò å î ð å ì à 3.1. Ïóñòü I(x(t), y(t), t) , J(x(t), y(t), t) − íåçàâèñèìûå íåàâòî-
íîìíûå èíòåãðàëû ñèñòåìû (2.2). Òîãäà åñëè âûïîëíÿåòñÿ{

I(R,φ0, 0) = I(R,φ0 + 2π, T )

J(R,φ0, 0) = J(R,φ0 + 2π, T )
, (3.1)

òî r = R , φ = φ0 − íà÷àëüíûå óñëîâèÿ ðåøåíèÿ r(t) , φ(t) ñèñòåìû (2.2), êîòîðîå
ñîîòâåòñòâóåò ïåðèîäè÷åñêîìó ðåøåíèþ x(t) , y(t) ñèñòåìû (1.1).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî òåîðåìå î íåÿâíîé ôóíêöèè, ñèñòåìà{
I(r(t), φ(t), t) = C1 = const

J(r(t), φ(t), t) = C2 = const
,

èìååò åäèíñòâåííîå ðåøåíèå r = r(t) , φ = φ(t) â îêðåñòíîñòè òî÷êè (R,φ0, 0) .

Ïðåîáðàçîâàíèå {
φ 7→ φ+ 2π

t 7→ t+ T
(3.2)
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ÿâëÿåòñÿ ñèììåòðèåé äëÿ óðàâíåíèé ñèñòåìû (2.2), òàê êàê îíè àâòîíîìíû è 2π -
ïåðèîäè÷íû ïî φ . Â ñèëó ðàâåíñòâ (3.1) ïðåîáðàçîâàíèå (3.2) ïåðåâîäèò òðàåêòîðèþ ðå-
øåíèÿ r(t) , φ(t) , r(0) = R , φ(0) = φ0 â ñåáÿ. Òîãäà î÷åâèäíî{

r(t) = r(t+ T )

φ(t+ T ) = φ(t) + 2π
, (3.3)

à ñîîòâåòñòâóþùåå ðåøåíèå x(t) , y(t) ñèñòåìû (1.1) T -ïåðèîäè÷íî.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Áóäåì èñêàòü R è T â âèäå ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó ϵ :

R = R0 + ϵR1 + ϵ2R2 + ... , T = T0 + ϵT1 + ϵ2T2 + ... . (3.4)

Ïîäñòàâëÿåì R è T èç (3.4) â (3.1). Ãðóïïèðóÿ (3.1) ïî ñòåïåíÿì ϵ ïîëó÷àåì ñèñòåìû
äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ ðàçëîæåíèé (3.4).

Çàìåòèì, ÷òî äëÿ îïðåäåëåíèÿ ðàçëîæåíèé (3.4) äî ïîðÿäêà ϵk âêëþ÷èòåëüíî, íåîáõî-
äèìî çíàòü ðàçëîæåíèÿ èíòåãðàëîâ I è J äî ïîðÿäêà ϵk+1 âêëþ÷èòåëüíî.

Êðîìå íà÷àëüíûõ óñëîâèé çàìêíóòîãî ðåøåíèÿ, òåîðåìà 3.1. ïîçâîëÿåò òàêæå îöåíèòü
êîëè÷åñòâî çàìêíóòûõ îðáèò. Ïîêàæåì ýòî íà ïðèìåðå îäíîãî êëàññà óðàâíåíèé Ëüåíàðà.

4. Íåêîòîðûé êëàññ óðàâíåíèÿ Ëüåíàðà

Ðàññìîòðèì óðàâíåíèå [4]
ẍ+ ϵP (x)ẋ+ x = 0, (4.1)

ãäå

P (x) =
N∑

n=0

anx
n,

an − êîýôôèöèåíòû ïîëèíîìà P (x) .

Íàéä¼ì ñåìåéñòâî íåàâòîíîìíûõ èíòåãðàëîâ óðàâíåíèÿ (4.1) â âèäå ðàçëîæåíèÿ (2.3)
äî ïîðÿäêà ϵ2 âêëþ÷èòåëüíî.

Ïåðåéä¼ì îò óðàâíåíèÿ (4.1) ê ñèñòåìå{
ẋ = y

ẏ = −x− ϵyP (x)
(4.2)

c ôóíêöèåé Ãàìèëüòîíà íåâîçìóù¼ííîé ñèñòåìû H = 1
2
(x2 + y2) .

Ïåðåéä¼ì ê ïåðåìåííûì äåéñòâèå-óãîë, ñäåëàÿ çàìåíó{
x =

√
2r sin(φ)

y =
√
2r cos(φ)

. (4.3)

Ïîëó÷àåì ñèñòåìó {
ṙ = −ϵ2r cos2(φ)P (

√
2r sin(φ))

φ̇ = 1 + ϵ sin(φ) cos(φ)P (
√
2r sin(φ))

(4.4)

c ôóíêöèåé Ãàìèëüòîíà íåâîçìóù¼ííîé ñèñòåìû H = r .
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Ïîëüçóÿñü ôîðìóëàìè (2.4), (2.5) è óäåðæèâàÿ òîëüêî ÷ëåíû äî ïîðÿäêà ìàëîñòè ϵ2

âêëþ÷èòåëüíî, ïîëó÷àåì óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ïåðâûõ äâóõ íåèçâåñòíûõ êîýôôè-
öèåíòîâ ðàçëîæåíèÿ (2.3):

∂I1
∂t

+
∂I1
∂φ

= 2r cos2(φ)P (
√
2r sin(φ)),

∂I2
∂t

+
∂I2
∂φ

=
∂I1
∂r

2r cos2(φ)P (
√
2r sin(φ))− ∂I1

∂φ
sin(φ) cos(φ)P (

√
2r sin(φ)).

Ðåøàÿ ýòè óðàâíåíèÿ ïî ïîðÿäêó, ïîëó÷àåì

I1 =
N∑

n=0

an(2r)
n+2
2 Q

(n)
1 (φ) + S1(t− φ, r),

I2 =
N∑

n=0

[
a2n(2r)

n+1

(
(n+ 2)Q

(n)
2 (φ) +

sin2n+2(φ) cos2(φ)

2n+ 4
− sin2n+2(φ)

(n+ 2)(2n+ 2)

)
+

+an(2r)
n
2

(
2r
∂S1

∂r
Q

(n)
1 (φ)− ∂S1

∂φ

sinn+2(φ)

n+ 2

)]
+S2(t− φ, r),

ãäå

Q
(n)
1 (φ) =

∫
cos2(φ) sinn(φ)dφ,

Q
(n)
2 (φ) =

∫
Q

(n)
1 (φ) cos2(φ) sinn(φ)dφ.

Ôóíêöèè Q
(n)
1 (φ) è Q

(n)
2 (φ) ïðåäñòàâèì â ÿâíîì âèäå:

Q
(n)
1 (φ) = cos(φ)

n+1∑
m=0

b(n)m sinm(φ) + b(n)φ,

Q
(n)
2 (φ) =

n+1∑
m=0

[
ξ(n)m sinn+m+1(φ) cos2(φ) + ψ(n)

m sinn+m+1(φ)+

+d(n)m sinm+1(φ) + c(n)m φ sinm(φ) cos(φ)
]
+c(n)φ2,

ãäå êîýôôèöèåíòû îïðåäåëÿþòñÿ ðåêóðåíòíûìè ñîîòíîøåíèÿìè

ξ(n)m =
b
(n)
m

n+m+ 3
; ψ(n)

m =
2b

(n)
m

(n+m+ 3)(n+m+ 1)
;

b
(n)
n+1 =

1

n+ 2
; b(n)n = 0; b

(n)
n−1 = − 1

n
b
(n)
n+1;

c
(n)
n+1 =

b(n)

n+ 2
; c(n)n = 0; c

(n)
n−1 = − 1

n
c
(n)
n+1;

d
(n)
n+1 = − b(n)

(n+ 2)2
; d(n)n = 0; d

(n)
n−1 = −n+ 2

n2
d
(n)
n+1;
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b
(n)
m−1 =

m+ 1

m
b
(n)
m+1, b(n)m = 0

c
(n)
m−1 =

m+ 1

m
c
(n)
m+1, c(n)m = 0

d
(n)
m−1 =

(m+ 1)(m+ 2)

m2
d
(n)
m+1, d(n)m = 0


, m = n− 2, n− 4, ...;

b(n) = −1

2
b
(n)
1 ; c(n) = −1

4
c
(n)
1 .

Çàìåòèì, ÷òî åñëè n ÷¼òíîå, òî b
(n)
0 = 0 , c

(n)
0 = 0 , d

(n)
0 = 0 , ξ

(n)
0 = 0 ,ψ

(n)
0 = 0 , b(n) ̸= 0 ,

c(n) ̸= 0 , b(n) ̸= 0 , c(n) ̸= 0 , â äðóãîì ñëó÷àå b
(n)
0 ̸= 0 , c

(n)
0 ̸= 0 , d

(n)
0 ̸= 0 , ξ

(n)
0 ̸= 0 , ψ

(n)
0 ̸= 0 ,

b(n) = 0 , c(n) = 0 , d(n) = 0 .

Òåïåðü, êîãäà ìû îïðåäåëèëè ñåìåéñòâî íåàâòîíîìíûõ èíòåãðàëîâ óðàâíåíèÿ (4.1) â
âèäå ðàçîæåíèÿ (2.3) äî ïîðÿäêà ϵ2 âêëþ÷èòåëüíî, ïðîâåðèì, ñóùåñòâóþò ëè ó óðàâíåíèÿ
(4.1) ïåðèîäè÷åñêèå ðåøåíèÿ, è åñëè ñóùåñòâóþò, òî ñêîëüêî èõ. Äëÿ ýòîãî îïðåäåëèì äâà
íåçàâèñèìûõ èíòåãðàëà I è J .

I = H + ϵI1 + ϵ2I2 + ... , (4.5)

ãäå

S1 = S2 = 0, I1 =
N∑

n=0

an(2r)
n+2
2 Q

(n)
1 (φ),

I2 =
N∑

n=0

a2n(2r)
n+1

(
(n+ 2)Q

(n)
2 (φ) +

sin2n+2(φ) cos2(φ)

2n+ 4
− sin2n+2(φ)

(n+ 2)(2n+ 2)

)
.

J = H + ϵJ1 + ϵ2J2 + ... , (4.6)

ãäå

S1 = t− φ, S2 = 0, J1 =
N∑

n=0

an(2r)
n+2
2 Q

(n)
1 (φ) + t− φ,

J2 =
N∑

n=0

[
a2n(2r)

n+1

(
(n+ 2)Q

(n)
2 (φ) +

sin2n+2(φ) cos2(φ)

2n+ 4
− sin2n+2(φ)

(n+ 2)(2n+ 2)

)
+

+an(2r)
n
2
sinn+2(φ)

n+ 2

]
.

Ó÷èòûâàÿ

Q
(n)
1 (2π)−Q

(n)
1 (0) = 2πb(n), Q

(n)
2 (2π)−Q

(n)
2 (0) = 2π(2πc(n) + c

(n)
0 ),

çàïèøåì ñèñòåìó (3.1) äëÿ óðàâíåíèÿ (4.1):
N∑

n=0

an(2R)
n+2
2 b(n) + ϵ

N∑
n=0

a2n(2R)
n+1(n+ 2)(2πc(n) + c

(n)
0 ) = 0

N∑
n=0

an(2R)
n+2
2 b(n) + T − 2π + ϵ

N∑
n=0

a2n(2R)
n+1(n+ 2)(2πc(n) + c

(n)
0 ) = 0

.
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Ïîäñòàâèì âìåñòî R è T èõ ðàçëîæåíèÿ (3.4) è ðàññìîòðèì ðàçäåëüíî ÷ëåíû ïðè ðàç-
ëè÷íûõ ñòåïåíÿõ ïàðàìåòðà ϵ .

ϵ0 :


N∑

n=0

an(2R0)
n+2
2 b(n) = 0

N∑
n=0

an(2R0)
n+2
2 b(n) + T0 − 2π = 0

. (4.7)

ϵ1 :


N∑

n=0

an(2R0)
n
2 (n+ 2)R1b

(n) +
N∑

n=0

an(2R0)
n+1(n+ 2)(2πc(n) + c

(n)
0 ) = 0

N∑
n=0

an(2R0)
n
2 (n+ 2)R1b

(n) + T1 +
N∑

n=0

an(2R0)
n+1(n+ 2)(2πc(n) + c

(n)
0 ) = 0

. (4.8)

Èç ñèñòåìû (4.7) âèäíî, ÷òî êîëè÷åñòâî âîçìîæíûõ êîðíåé R0 ïåðâîãî óðàâíåíèÿ ïðè-

íàäëåæèò îòðåçêó

[
0;
[
N+2
2

]]
. Òàê êàê îäèí èç ýòèõ âîçìîæíûõ êîðíåé âñåãäà íóëåâîé, êî-

ëè÷åñòâî âîçìîæíûõ ïðåäåëüíûõ öèêëîâ óðàâíåíèÿ (4.1) ïðèíàäëåæèò îòðåçêó

[
0;
[
N
2

]]
.

Åñëè â ïîëèíîìå P (x) íåíóëåâûìè ÿâëÿþòñÿ òîëüêî êîýôôèöèåíòû ïðè íå÷¼òíûõ ñòå-
ïåíÿõ x , òî óðàâíåíèå (4.1) èìååò êîíòèíóàëüíîå ñåìåéñòâî ïåðèîäè÷åñêèõ ðåøåíèé, à
ïðåäåëüíûõ öèêëîâ íå ñóùåñòâóåò. Ðåøåíèÿ ñèñòåì (4.7) è (4.8):{

R0 = R0

T0 = 2π
,


R1 =

N∑
n=0

an(2R0)
n+1(n+ 2)(2πc(n) + c

(n)
0 )

N∑
n=0

an(2R0)
n
2 (n+ 2)b(n)

T1 = 0

.

Òàêèì îáðàçîì ìû îïðåäåëèëè äëÿ óðàâíåíèÿ (4.1) ñåìåéñòâî íåàâòîíîìíûõ èíòåãðà-
ëîâ â âèäå ðàçëîæåíèÿ (2.3) äî ïîðÿäêà ϵ2 âêëþ÷èòåëüíî, R è T â âèäå ðàçëîæåíèé (3.4)
äî ïîðÿäêà ϵ âêëþ÷èòåëüíî è îöåíèëè êîëè÷åñòâî ïðåäåëüíûõ öèêëîâ.
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Straightforward expansion of non-autonomous integrals for

quasi-conservative systems with one degree of freedom

c⃝ N. V. Kovalev2

Abstract. Quasi-conservative stationary systems with one degree of freedom are considered.
Straightforward expansion of non-autonomous integrals for quasi-conservative systems is studied
and analyticity of such integrals by small parameter is discussed. Method for constructing a set
of non-autonomous integrals for quasi-conservative systems in action-angle variables is proposed.
Criterion of closed orbits' existence is obtained in terms of non-autonomous integrals. This criterion
is used to estimate the number of limit cycles for one class of Lienard's equation.
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action-angle variables, small-parameter expansion
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