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Èäåíòèôèêàöèÿ ARX ñèñòåì Âèíåðà äðîáíîãî ïîðÿäêà

ïðè íàëè÷èè ïîìåõè âî âõîäíîì ñèãíàëå

c⃝ Ä. Â. Èâàíîâ1

Àííîòàöèÿ. Â ñòàòüå ðàññìîòðåíà ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ ARX (Autoregressive
with exogenous input) ñèñòåì Âèíåðà äðîáíîãî ïîðÿäêà ïðè íàëè÷èè ïîìåõ âî âõîäíûõ ñèãíà-
ëàõ. Ïðåäëîæåí êðèòåðèé äëÿ îöåíèâàíèÿ ïàðàìåòðîâ äàííûõ ñèñòåì, ïðåäñòàâëÿþùèé ñî-
áîé îáîáùåíèå ìåòîäà íàèìåíüøèõ êâàäðàòîâ. Äîêàçàíî, ÷òî ïðè ïîìåõàõ êëàññà ìàðòèíãàë-
ðàçíîñòè, ïîëó÷àåìûå îöåíêè ïàðàìåòðîâ áóäóò îáëàäàòü ñâîéñòâîì ñèëüíîé ñîñòîÿòåëüíî-
ñòè. Ïîêàçàíî, ÷òî â ñëó÷àå ïîñòîÿííîé äèñïåðñèè ïîìåõ äëÿ ïîëó÷åíèÿ ñîñòîÿòåëüíûõ îöå-
íîê äîñòàòî÷íî çíàòü îòíîøåíèå èõ äèñïåðñèé.

Êëþ÷åâûå ñëîâà: ïàðàìåòðè÷åñêàÿ èäåíòèôèêàöèÿ, ñèñòåìà Âèíåðà, ðàçíîñòü äðîáíîãî
ïîðÿäêà, ïîìåõà íàáëþäåíèÿ, ìåòîä íàèìåíüøèõ êâàäðàòîâ, ñîñòîÿòåëüíîñòü îöåíîê

1. Ââåäåíèå

Äëÿ îïèñàíèÿ ïðîöåññîâ ðàçëè÷íîé ïðèðîäû âñå áîëüøåå ïðèìåíåíèå íàõîäÿò óðàâ-
íåíèÿ ñ ïðîèçâîäíûìè è ðàçíîñòÿìè äðîáíîãî ïîðÿäêà. Íåñìîòðÿ íà îòñóòñòâèå ïðîñòîé
èíòåðïðåòàöèè, êîòîðîé îáëàäàþò ïðîèçâîäíûå, èíòåãðàëû è ðàçíîñòè öåëûõ, ìîäåëè,
îïèñûâàåìûå óðàâíåíèÿìè äðîáíîãî ïîðÿäêà, ïîçâîëÿþò äîñòàòî÷íî òî÷íî ìîäåëèðîâàòü
ìíîãèå ïðîöåññû â ôèçèêå è òåõíèêå[1-4], àêòèâíî ðàçâèâàåòñÿ ðàçäåë òåîðèè óïðàâëåíèÿ
ñâÿçàííûé ñ ñèíòåçîì ðåãóëÿòîðîâ äðîáíîãî ïîðÿäêà. Â ñâÿçè ñ àêòèâíûì ðàçâèòèåì è
ïðèìåíåíèåì óðàâíåíèé ñ ðàçíîñòÿìè è ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà äëÿ çàäà÷ ìîäå-
ëèðîâàíèÿ è ïðîãíîçèðîâàíèÿ, ñòàëè òàêæå àêòèâíî ðàçâèâàòüñÿ ìåòîäû èäåíòèôèêàöèè
ñèñòåì, îïèñûâàåìûõ óðàâíåíèÿìè è ðàçíîñòÿìè äðîáíîãî ïîðÿäêà.

Ïðè èäåíòèôèêàöèè äèíàìè÷åñêèõ ñèñòåì íàèáîëüøåå ðàñïðîñòðàíåíèå ïîëó÷èëè ëè-
íåéíûå ìîäåëè äèíàìè÷åñêèõ ñèñòåì. Ëèíåéíûå ìîäåëè ïðîñòû â îïèñàíèè è ÷àñòî îáåñïå-
÷èâàþò àäåêâàòíóþ òî÷íîñòü ïðåäñòàâëåíèÿ äèíàìè÷åñêîé ñèñòåìû. Îäíàêî ñóùåñòâóåò
îãðîìíîå ÷èñëî ñèñòåì, îïèñûâàåìûõ íåëèíåéíûìè óðàâíåíèÿìè. Â îáùåì ñëó÷àå çàäà-
÷à èäåíòèôèêàöèè äèíàìè÷åñêèõ ñèñòåì íå èìååò ðåøåíèÿ è âîçìîæíî ãîâîðèòü ëèøü îá
èäåíòèôèêàöèè íåêîòîðûõ êëàññîâ íåëèíåéíûõ ñèñòåì, òàêèõ êàê ñèñòåìû êëàññà Ãàììåð-
øòåéíà, Âèíåðà, Âîëüòåððà, áèëèíåéíûå ñèñòåìû è ò.ä. Èäåíòèôèêàöèÿ äàæå îòäåëüíûõ
êëàññîâ íåëèíåéíûõ ñèñòåì ïðè íàëè÷èè ïîìåõ, ïî ñðàâíåíèþ ñ ëèíåéíûìè ñèñòåìàìè,
ÿâëÿåòñÿ áîëåå ñëîæíîé çàäà÷åé. Èäåíòèôèêàöèè ëèíåéíûõ ñèñòåì äðîáíîãî ïîðÿäêà ïî-
ñâÿùåíû [4-9].

Â äàííîé ñòàòüå ïðåäëîæåí êðèòåðèé, ïîçâîëÿþùèé ïîëó÷àòü ñèëüíî ñîñòîÿòåëüíûå
îöåíêè ïàðàìåòðîâ ARX ñèñòåì êëàññà Âèíåðà äðîáíîãî ïîðÿäêà ïðè íàëè÷èè ïîìåõè âî
âõîäíîì ñèãíàëå.

2. Ïîñòàíîâêà çàäà÷è î ëîêàëüíîé ïðèâîäèìîñòè

Äèíàìè÷åñêàÿ ñèñòåìà, îïèñûâàåìàÿ ëèíåéíûìè ñòîõàñòè÷åñêèìè óðàâíåíèÿìè ñ ðàç-
íîñòÿìè äðîáíîãî ïîðÿäêà:

1 Äîöåíò êàôåäðû ìåõàòðîíèêè â àâòîìàòèçèðîâàííûõ ïðîèçâîäñòâàõ, Ñàìàðñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò ïóòåé ñîîáùåíèÿ, ã. Ñàìàðà; dvi85@list.ru
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Ïóñòü âûïîëíåíû óñëîâèÿ:
1. Äèíàìè÷åñêàÿ ñèñòåìà óñòîé÷èâàÿ. Èñòèííûå ïàðàìåòðû ñèñòåìû ïðèíàäëåæàò êîì-

ïàêòíîìó ìíîæåñòâó B̃ .
2. Ïîìåõè {ςi} , {ζi} ÿâëÿþòñÿ ìàðòèíãàë-ðàçíîñòÿìè è óäîâëåòâîðÿþò ñëåäóþùèì
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lim
N→∞

1

N

[
N∑
i=1

φ
(i)
ζ

(
φ
(i)
ζ

)T]
= lim

N→∞

1

N

[
N∑
i=1

E

(
φ
(i)
ζ

(
φ
(i)
ζ

)T)]
=

 h
(11)
ζ . . . h

(r11)
ζ

...
. . .

...

h
(1r1)
ζ . . . h

(r1r1)
ζ

 = Hζ ,

ãäå φ
(i)
ζ =

(∑i
j=0

(
β1
j

)
ζi−j, . . . ,

∑i
j=0

(
βr1
j

)
ζi−j

)T

,

ïðè÷åìHζ ïîëîæèòåëüíî îïðåäåëåíà.
6. Âõîäíîé ñèãíàë xi ÿâëÿåòñÿ ñëó÷àéíûì è óäîâëåòâîðÿåò óñëîâèþ
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ïðè÷åì H ñóùåñòâóåò, îãðàíè÷åíà è ïîëîæèòåëüíî îïðåäåëåíà.
Íåîáõîäèìî îöåíèòü íåèçâåñòíûå êîýôôèöèåíòû äèíàìè÷åñêîé ñèñòåìû, îïèñûâàåìîé

óðàâíåíèåì (2.1) ïî íàáëþäåíèÿì yi, wi ïðè èçâåñòíûõ ïîðÿäêàõ r, r1, αm, βm .

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 2



Èäåíòèôèêàöèÿ ARX ñèñòåì Âèíåðà äðîáíîãî ïîðÿäêà ïðè íàëè÷èè ïîìåõè . . . 43

3. Êðèòåðèé äëÿ îöåíèâàíèÿ ïàðàìåòðîâ

Ïðåäñòàâèì óðàâíåíèå (2.1) â âèäå ëèíåéíîé ðåãðåññèè
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Ë å ì ì à 3.1. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 1-3, òîãäà E(εi) = 0 .
Ä î ê à ç à ò å ë ü ñ ò â î. Èç ïðåäïîëîæåíèÿ 2 ñëåäóåò, ÷òî E(ζi) = 0 , E(ςi) = 0,

òîãäà èñïîëüçóÿ ïðåäïîëîæåíèå 3 ìîæíî ïîêàçàòü
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Ë å ì ì à 3.2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 2-6, òîãäà äèñïåðñèÿ îáîáùåííîé
îøèáêè ðàâíà
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Ïðèìåíÿÿ ëåììó 1.1 [9, ñ.12, 10] äëÿ ςi , ζi è ïðåäïîëîæåíèÿ 3-5 ïîëó÷èì
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Èñïîëüçóÿ ëåììó 2 [9, ñ.13, 11] è ëåììó 1 äëÿ ñëó÷àéíûõ ïðîöåññîâ ïîëó÷àåì
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Áóäåì èñêàòü îöåíêè θ̂(N) êîýôôèöèåíòîâ θ èç óñëîâèÿ ìèíèìóìà ñëåäóþùåãî êðè-
òåðèÿ:

min
θ∈B̃

N∑
i=1

(
f−1 (yi)− φT

i θ
)2

σ̄2
ς + aTHζa

= min
θ∈B̃

UN(b, a)

ω(a)
. (3.2)

Ò å î ð å ì à 3.1. Ïóñòü äèíàìè÷åñêàÿ ñèñòåìà îïèñûâàåòñÿ óðàâíåíèåì (2.1) ñ
íà÷àëüíûìè íóëåâûìè óñëîâèÿìè è âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ 1-6. Òîãäà îöåíêà êî-
ýôôèöèåíòîâ θ̂(N) , îïðåäåëÿåìàÿ âûðàæåíèåì (3.2) ñóùåñòâóåò, åäèíñòâåííàÿ è ñõî-
äèòñÿ ê èñòèííîìó çíà÷åíèþ êîýôôèöèåíòîâ ñ âåðîÿòíîñòüþ 1, ò.å.

θ̂(N)−−−→
N→∞

θ0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðè äîêàçàííûõ âûøå ëåììàõ äîêàçàòåëüñòâî ïðîâîäèòñÿ
àíàëîãè÷íî ðàññóæäåíèÿì ðàáîòû [7] .

4. Ñëó÷àé ãîìîñêåäàñòè÷åñêèõ ïîìåõ

Ïîëó÷åííûé êðèòåðèé (3.2) òðåáóåò çíàíèÿ êâàäðàòîâ çíà÷åíèé ïîìåõ â íàáëþäåíèè,
÷òî ÿâëÿåòñÿ äîâîëüíî îãðàíè÷èòåëüíûì óñëîâèåì. Äëÿ ìíîãèõ ïðàêòè÷åñêèõ çàäà÷ äèñ-
ïåðñèþ ïîìåõ ìîæíî ñ÷èòàòü ïîñòîÿííîé. Ïóñòü âûïîëíÿåòñÿ ñëåäóþùåå ïðåäïîëîæåíèå.
Ñëó÷àéíûå ïðîöåññû {ςi} , {ζi} ÿâëÿþòñÿ ìàðòèíãàë-ðàçíîñòÿìè è óäîâëåòâîðÿþò ñëåäó-
þùèì óñëîâèÿì:
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Òîãäà îöåíêè θ̂(N) íåèçâåñòíûõ ïàðàìåòðîâ θ ìîãóò áûòü îïðåäåëåíû èç êðèòåðèÿ
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Ò å î ð å ì à 4.1. Ïóñòü äèíàìè÷åñêàÿ ñèñòåìà îïèñûâàåòñÿ óðàâíåíèåì (2.1) ñ
íà÷àëüíûìè íóëåâûìè óñëîâèÿìè è âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ 1,3,4-6 è 2.0. Òîãäà
îöåíêà êîýôôèöèåíòîâ θ̂(N) , îïðåäåëÿåìàÿ âûðàæåíèåì (4.1) ñóùåñòâóåò, åäèíñòâåí-
íàÿ è ñõîäèòñÿ ê èñòèííîìó çíà÷åíèþ êîýôôèöèåíòîâ ñ âåðîÿòíîñòüþ 1, ò.å.

θ̂(N)−−−→
N→∞

θ0.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî ðàññóæäåíèÿì â
ðàáîòå [7] .
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Identi�cation of fractional-order ARX Wiener systems in

the presence of noise in the input signals

c⃝ D.V. Ivanov2

Abstract. The paper describes the parametric identi�cation of fractional-order Wiener ARX
(Autoregressive with exogenous input) systems in the presence of noise in the input signals. The
criterion for evaluating the parameters of these systems is proposed which is a generalization of
the method of least squares. It is proved that the interference class martingale-di�erence derived
parameter estimates will have the property of strong consistency. It is shown that in the case of
constant noise variance to obtain consistent estimates it is su�cient to know the ratio of their
variances.
Key Words: parametric identi�cation, Wiener system, a di�erence of fractional order, errors in
variables, least squares, consistent estimator
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