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Î âåòâëåíèè ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ
íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé c
âûðîæäåííûì èëè òîæäåñòâåííûì îïåðàòîðîì ïðè
ïðîèçâîäíîé è âîçìóùåíèåì â âèäå ìàëîãî ëèíåéíîãî
ñëàãàåìîãî
c⃝ À. À. Êÿøêèí 1, Á. Â. Ëîãèíîâ 2, Ï. À. Øàìàíàåâ 3

Àííîòàöèÿ. Â áàíàõîâîì ïðîñòðàíñòâå ìåòîäàìè òåîðèè âåòâëåíèÿ äîêàçàíî ñóùåñòâîâàíèå
è åäèíñòâåííîñòü ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé c âûðîæäåííûì èëè òîæäåñòâåííûì îïåðàòîðîì ïðè ïðîèçâîäíîé è âîçìóùåíèåì â âè-
äå ìàëîãî ëèíåéíîãî ñëàãàåìîãî. Â ñòàòüå ïîêàçàíî, ÷òî ïåðèîäè÷åñêîå ðåøåíèå èìååò ïîëþñ â
òî÷êå ε = 0 , à ïðè çíà÷åíèè ε = 0 ïåðåõîäèò â 2n -ïàðàìåòðè÷åñêîå ñåìåéñòâî ïåðèîäè÷åñêèõ
ðåøåíèé. Ðåçóëüòàò ïîëó÷åí ñ ïîìîùüþ ïðèìåíåíèÿ òåîðèè îáîáùåííûõ æîðäàíîâûõ íàáî-
ðîâ, ñâîäÿùèé èñõîäíóþ çàäà÷ó ê èññëåäîâàíèþ ðàçðåøàþùåé ñèñòåìû Ëÿïóíîâà-Øìèäòà â
êîðíåâîì ïîäïðîñòðàíñòâå. Ïðè ýòîì ðàçðåøàþùàÿ ñèñòåìà ðàñïàäàåòñÿ íà äâå íåîäíîðîä-
íûå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, êîòîðûå ïðè ε ̸= 0 èìåþò åäèíñòâåííûå
ðåøåíèÿ, à ïðè ε = 0 � n -ïàðàìåòðè÷åñêèå ñåìåéñòâà ðåøåíèé, ñîîòâåòñòâåííî.
Êëþ÷åâûå ñëîâà: âåòâëåíèå ïåðèîäè÷åñêèõ ðåøåíèé, äèôôåðåíöèàëüíûå óðàâíåíèÿ â áà-
íàõîâûõ ïðîñòðàíñòâàõ, îáîáùåííûå æîðäàíîâû íàáîðû, ðàçðåøàþùàÿ ñèñòåìà Ëÿïóíîâà-
Øìèäòà â êîðíåâîì ïîäïðîñòðàíñòâå

1. Ïîñòàíîâêà çàäà÷è

Â áàíàõîâûõ ïðîñòðàíñòâàõ E1 , E2 ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

A
dx

dt
= (B0 − εB1)x− f(t), (1.1)

ãäå A è B0 - ïëîòíî çàäàííûå ëèíåéíûå ôðåäãîëüìîâû îïåðàòîðû, f(t + ω) = f(t) ,
ω > 0 . Ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîðû A è B0 íå èìåþò îáùèõ íóëü-ýëåìåíòîâ, à òàêæå
óñëîâèÿ: DB⊂DA è A ïîä÷èíåí B0 , ò. å. ∥Ax∥ 6 ∥B0x∥ + ∥x∥ íà DB0 èëè DA ⊂DB0

è B0 ïîä÷èíåí A , ò. å. ∥B0x∥ 6 ∥Ax∥ + ∥x∥ íà DA , ÷òî ïîçâîëÿåò ñâåñòè îáñóæäåíèå ê
îãðàíè÷åííûì îïåðàòîðàì [1], [3], [4].

Ïóñòü ÷èñëà ±iασ (ασ = mσα , α = 2π
ω
, mσ ∈ N , σ = 1, r ) ÿâëÿþòñÿ A -ñîáñòâåííûìè

çíà÷åíèÿìè îïåðàòîðà B0 , ïðè÷åì êàæäîìó ÷èñëó èç ïàðû ±iασ îòâå÷àåò nσ ãðóïï
ðåøåíèé óðàâíåíèÿ

A
dy

dt
= B0y. (1.2)

Òîãäà óðàâíåíèå (1.2) èìååò 2n (n = n1 + ... + nr ) ω -ïåðèîäè÷åñêèõ ðåøåíèé φ
(1)
k , φ̄

(1)
k

( k = 1, n ).

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõà-
íèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàð¼âà, ã. Ñàðàíñê; andrej_kjashkin@list.ru.

2 Ïðîôåññîð êàôåäðû "Âûñøàÿ ìàòåìàòèêà" , Óëüÿíîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñè-
òåò, ã. Óëüÿíîâñê; loginov@ulstu.ru

3 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàð¼âà, ã. Ñàðàíñê; korspa@yandex.ru.
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Ñòàâèòñÿ çàäà÷à [1] îá îòûñêàíèè ïðè äîñòàòî÷íî ìàëûõ âåùåñòâåííûõ ε ω � ïåðè-
îäè÷åñêèõ ðåøåíèé x(t, ε) óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùèõ óñëîâèþ x(t, 0) = z(t) , ãäå
z(t) � ω � ïåðèîäè÷åñêèå ðåøåíèÿ óðàâíåíèÿ

A
dz

dt
= B0z − f(t). (1.3)

2. Ïîñòðîåíèå ðàçðåøàþùåé ñèñòåìû Ëÿïóíîâà-Øìèäòà â êîð-

íåâîì ïîäïðîñòðàíñòâå

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðåäñòàâèì óðàâíåíèå (1.1) â âèäå

B0x = f(t) + εB1x, B0x ≡ B0x(t)− A
dx

dt
, (2.1)

è ïðèìåíèì ìåòîäû òåîðèè âåòâëåíèÿ ïîñòðîåíèÿ îáîáùåííûõ æîðäàíîâûõ íàáîðîâ, ïðè-
âîäÿùèå ê èññëåäîâàíèþ ðàçðåøàþùèõ ñèñòåì Ëÿïóíîâà-Øìèäòà â êîðíåâîì ïîäïðî-
ñòðàíñòâå [2], [5]-[11].

Îáîçíà÷èì N (B0)=span{φ(1)
k , φ̄

(1)
k }nk=1 .

Î ï ð å ä å ë å í è å 2.1. [1] Áóäåì ãîâîðèòü, ÷òî ýëåìåíò φ
(1)
k (ψ

(1)
k ) èìååò

B1 - (B
∗
1 )-æîðäàíîâó öåïî÷êó äëèíû pk , åñëè ñóùåñòâóåò pk ýëåìåíòîâ φ

(1)
k , ..., φ

(pk)
k

(ψ
(1)
k , ..., ψ

(pk)
k ), óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì

B0φ
(1)
k = 0, B0φ

(j)
k = B1φ

(j−1)
k , (B∗

0ψ
(1)
k = 0, B∗

0ψ
(j)
k = B∗

1ψ
(j−1)
k ), j = 2, pk, k = 1, n,

ãäå äëÿ φ
(j)
k , ψ

(j)
k âûïîëíÿþòñÿ óñëîâèÿ áèîðòîãîíàëüíîñòè

≪ φ
(j)
k , γ

(l)
s ≫= δksδjl,≪ z

(j)
k , ψ

(l)
s ≫= δksδjl,

γ
(l)
s = B∗

1ψ
(ps+1−l)
s , z

(j)
k = B1φ

(pk+1−j)
k , j = 1, pk, l = 1, ps, k, s = 1, n.

(2.2)

Çäåñü,

≪ x, h≫=
1

ω

∫ ω

0

⟨x(t), h(t)⟩dt, ⟨x(t), h(t)⟩ = x(t) · h̄(t),

(·) � ñêàëÿðíîå ïðîèçâåäåíèå.

Ââîäÿ ðåãóëÿðèçàòîð Øìèäòà B̃0 = B0 +
n∑
k=1

≪ ·, γ(1)k ≫ z
(1)
k +

n∑
k=1

≪ ·, γ̄(1)k ≫ z̄
(1)
k ,

çàïèøåì óðàâíåíèå (2.1) â âèäå ñèñòåìû B̃0x = εB1x+
n∑
k=1

(ξk1z
(1)
k + ξ̄k1z̄

(1)
k ) + f(t),

ξsl =≪ x, γ
(l)
s ≫, ξ̄sl =≪ x, γ̄

(l)
s ≫, l = 1, ps, s = 1, n.

(2.3)

Ðåøåíèå ñèñòåìû (2.3) áóäåì èñêàòü â âèäå [3]-[4]

x = w + v, v = ξ · φ+ ξ̄ · φ̄ ∈ E2K
1 , (2.4)

ãäå K = p1 + ...+ pk ,

φ = (φ
(1)
1 , . . . , φ

(p1)
1 , . . . φ

(1)
n , . . . , φ

(pn)
n ), ξ = (ξ11, . . . , ξ1p1 , . . . ξn1, . . . , ξnpn),
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Ïîäñòàâëÿÿ âûðàæåíèå (2.4) â ïåðâîå óðàâíåíèå ñèñòåìû (2.3), ïîëó÷èì

B̃0w + B̃0v = εB1w + εB1v +
n∑
k=1

(ξk1z
(1)
k + ξ̄k1z̄

(1)
k ) + f(t).

Îáîçíà÷èì Γ0= B̃−1
0 , è ó÷èòûâàÿ, ÷òî Γ0z

(1)
k = φ

(1)
k , Γ0z̄

(1)
k = φ̄

(1)
k , íàõîäèì

[I − εΓ0B1]w = −[I − εΓ0B1]v +
n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k ) + Γ0f(t).

Ïóñòü äëÿ ε âûïîëíÿåòñÿ óñëîâèÿ |ε| ≤ ρ0 < ||Γ0B1||−1 , òîãäà îïåðàòîð [I − εΓ0B1]
−1

ñóùåñòâóåò è

w = −v + [I − εΓ0B1]
−1

n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k ) + [I − εΓ0B1]

−1Γ0f(t). (2.5)

Ó÷èòûâàÿ ðàâåíñòâî [I − εΓ0B1]
−1 = I + εΓ0B1[I − εΓ0B1]

−1 , ïîëó÷èì

w = −v +
n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k ) + εΓ0B1[I − εΓ0B1]

−1
n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k )+

+[I − εΓ0B1]
−1Γ0f(t).

Ñ ó÷åòîì [I − εΓ0B1]
−1Γ0 = Γ0[I − εB1Γ0]

−1 , íàõîäèì

w = −
n∑
k=1

pk∑
j=2

(ξkjφ
(j)
k + ξ̄kjφ̄

(j)
k ) + εΓ0B1[I − εΓ0B1]

−1
n∑
k=1

(ξk1φ
(1)
k + ξ̄k1φ̄

(1)
k )+

+Γ0[I − εB1Γ0]
−1f(t).

(2.6)

Ó÷èòûâàÿ ðàâåíñòâà (Γ0B1)
jφ

(1)
k = φ

(rk+1)
k , (Γ0B1)

jφ̄
(1)
k = φ̄

(rk+1)
k , ãäå rk � îñòàòîê îò

äåëåíèÿ j íà pk , ïîëó÷èì

εΓ0B1[I − εΓ0B1]
−1φ

(1)
k =

1

1− εpk
(εφ

(2)
k + ε2φ

(3)
k + ...+ εpk−1φ

(pk)
k + εpkφ

(1)
k ), (2.7)

εΓ0B1[I − εΓ0B1]
−1φ̄

(1)
k =

1

1− εpk
(εφ̄

(2)
k + ε2φ̄

(3)
k + ...+ εpk−1φ̄

(pk)
k + εpkφ̄

(1)
k ). (2.8)

Ïîäñòàâëÿÿ âûðàæåíèå (2.4) âî âòîðîå è òðåòüå óðàâíåíèå ñèñòåìû (2.3) è ó÷èòûâàÿ
óñëîâèÿ áèîðòîãîíàëüíîñòè (2.2), ïîëó÷èì ðàçðåøàþùóþ ñèñòåìó ñëåäóþùåãî âèäà:

{
− ≪ w, γ

(l)
s ≫= 0, l = 1, ps,

− ≪ w, γ̄
(l)
s ≫= 0, s = 1, n.

èëè



− ≪ w, γ
(1)
s ≫= 0,

−≪ w, γ
(l)
s ≫= 0, l = 2, ps,

−≪ w, γ̄
(1)
s ≫= 0,

−≪ w, γ̄
(l)
s ≫= 0, l = 2, ps,

s = 1, n.

(2.9)

Ïîäñòàâëÿÿ âûðàæåíèå (2.6) äëÿ w â ðàçðåøàþùóþ ñèñòåìó (2.9), ïîëó÷èì

n∑
k=1

pk∑
j=2

[
ξkj ≪ φ

(j)
k , γ

(l)
s ≫ +ξ̄kj ≪ φ̄

(j)
k , γ

(l)
s ≫

]
−

−
n∑
k=1

ξk1 ≪ εΓ0B1[I − εΓ0B1]
−1φ

(1)
k , γ

(l)
s ≫ −

n∑
k=1

ξ̄k1 ≪ εΓ0B1[I − εΓ0B1]
−1φ̄

(1)
k , γ

(l)
s ≫=

=≪ Γ0[I − εΓ0B1]
−1f(t), γ

(l)
s ≫, l = 1, ps, s = 1, n,

(2.10)
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n∑
k=1

pk∑
j=2

[
ξkj ≪ φ

(j)
k , γ̄

(l)
s ≫ +ξ̄kj ≪ φ̄

(j)
k , γ̄

(l)
s ≫

]
−

−
n∑
k=1

ξk1 ≪ εΓ0B1[I − εΓ0B1]
−1φ

(1)
k , γ̄

(l)
s ≫ −

n∑
k=1

ξ̄k1 ≪ εΓ0B1[I − εΓ0B1]
−1φ̄

(1)
k , γ̄

(l)
s ≫=

=≪ Γ0[I − εΓ0B1]
−1f(t), γ̄

(l)
s ≫, l = 1, ps, s = 1, n.

(2.11)
Ó÷èòûâàÿ âûðàæåíèÿ (2.7), (2.8), è óñëîâèÿ áèîðòîãîíàëüíîñòè (2.2), âû÷èñëèì ïðè

l = 1

≪ εΓ0B1[I − εΓ0B1]
−1φ

(1)
k , γ

(1)
s ≫=

εpk

1− εpk
δks,

≪ εΓ0B1[I − εΓ0B1]
−1φ̄

(1)
k , γ̄

(1)
s ≫=

εpk

1− εpk
δks,

(2.12)

ïðè l = 2, ps

≪ εΓ0B1[I − εΓ0B1]
−1φ

(1)
k , γ

(l)
s ≫=

εl

1− εpk
δks,

≪ εΓ0B1[I − εΓ0B1]
−1φ̄

(1)
k , γ̄

(l)
s ≫=

εl

1− εpk
δks.

(2.13)

Çäåñü, |ε| ≤ ρ1 < 1 . Àíàëîãè÷íî, íàõîäèì

≪ εΓ0B1[I − εΓ0B1]
−1φ̄

(1)
k , γ

(l)
s ≫= 0, ≪ εΓ0B1[I − εΓ0B1]

−1φ
(1)
k , γ̄

(l)
s ≫= 0.

Ñ ó÷åòîì ðàâåíñòâ Γ∗
0γ

(1)
s = ψ

(1)
s , Γ∗

0γ̄
(1)
s = ψ̄

(1)
s , Γ∗

0γ
(l)
s = ψ

(ps+2−l)
s , Γ∗

0γ̄
(l)
s = ψ̄

(ps+2−l)
s

(l = 2, ps) , ïðåäñòàâèì ïðàâóþ ÷àñòü ðàçðåøàþùåé ñèñòåìû (2.9) â âèäå

≪ Γ0[I − εΓ0B1]
−1f(t), γ

(1)
s ≫=≪ f(t), [I − εΓ∗

0B
∗
1 ]

−1ψ
(1)
s ≫,

≪ Γ0[I − εΓ0B1]
−1f(t), γ

(l)
s ≫=≪ f(t), [I − εΓ∗

0B
∗
1 ]

−1ψ
(ps+2−l)
s ≫,

≪ Γ0[I − εΓ0B1]
−1f(t), γ̄

(1)
s ≫=≪ f(t), [I − εΓ∗

0B
∗
1 ]

−1ψ̄
(1)
s ≫,

≪ Γ0[I − εΓ0B1]
−1f(t), γ̄

(l)
s ≫=≪ f(t), [I − εΓ∗

0B
∗
1 ]

−1ψ̄
(ps+2−l)
s ≫ .

(2.14)

Ó÷èòûâàÿ ðàâåíñòâà (Γ∗
0B

∗
1)
lψ

(1)
s = ψ

(gs+1)
s , (Γ∗

0B
∗
1)
lψ̄

(1)
s = ψ̄

(gs+1)
s , ãäå gs � îñòàòîê îò

äåëåíèÿ l íà ps , ïîëó÷èì

hs1 ≡ [I − εΓ∗
0B

∗
1 ]

−1ψ
(1)
s =

1

1− εps
(ψ

(1)
s + εψ

(2)
s + ...+ εps−1ψ

(ps)
s ),

hsl ≡ [I − εΓ∗
0B

∗
1 ]

−1ψ
(ps+2−l)
s =

1

1− εps
(ψ

(ps+2−l)
s + εψ

(ps+3−l)
s + ...

...+ εl−2ψ
(ps)
s + εl−1ψ

(1)
s + ...+ εps−1ψ

(ps+1−l)
s ), l = 2, ps, s = 1, n.

(2.15)

h̄s1 ≡ [I − εΓ∗
0B

∗
1 ]

−1ψ̄
(1)
s =

1

1− εps
(ψ̄

(1)
s + εψ̄

(2)
s + ...+ εps−1ψ̄

(ps)
s ),

h̄sl ≡ [I − εΓ∗
0B

∗
1 ]

−1ψ̄
(ps+2−l)
s =

1

1− εps
(ψ̄

(ps+2−l)
s + εψ̄

(ps+3−l)
s + ...

...+ εl−2ψ̄
(ps)
s + εl−1ψ̄

(1)
s + ...+ εps−1ψ̄

(ps+1−l)
s ), l = 2, ps, s = 1, n.

(2.16)

Òîãäà, ñ ó÷åòîì (2.12), (2.13), (2.15) è (2.16), ðàçðåøàþùàÿ ñèñòåìà (2.10)-(2.11) ïðèìåò
âèä

Æóðíàë ÑÂÌÎ. 2016. Ò. 18, � 1



Î âåòâëåíèè ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ íåîäíîðîäíûõ . . . 49



− εps

1− εps
ξs1 =≪ f, hs1 ≫, l = 1,

ξsl −
εl−1

1− εps
ξs1 =≪ f, hsl ≫, l = 2, ps,

− εps

1− εps
ξ̄s1 =≪ f, h̄s1 ≫, l = 1,

ξ̄sl −
εl−1

1− εps
ξ̄s1 =≪ f, h̄sl ≫, l = 2, ps,

s = 1, n.

(2.17)

Âûäåëèì âåùåñòâåííûå è ìíèìûå ÷àñòè êîýôôèöèåíòîâ ξsl è ξ̄sl

ξsl = ξ
(1)
sl + iξ

(2)
sl , ξ̄sl = ξ

(1)
sl − iξ

(2)
sl ,

è ïîäñòàâèì èõ â ñèñòåìó (2.17). Ïîëó÷èì

− εps

1− εps
ξ
(1)
s1 − i

εps

1− εps
ξ
(2)
s1 =≪ f, hs1 ≫, l = 1,

ξ
(1)
sl + iξ

(2)
sl − εl−1

1− εps
ξ
(1)
s1 − i

εl−1

1− εps
ξ
(2)
s1 =≪ f, hsl ≫, l = 2, ps,

− εps

1− εps
ξ
(1)
s1 + i

εps

1− εps
ξ
(2)
s1 =≪ f, h̄s1 ≫, l = 1,

ξ
(1)
sl − iξ

(2)
sl − εl−1

1− εps
ξ
(1)
s1 + i

εl−1

1− εps
ξ
(2)
s1 =≪ f, h̄sl ≫, l = 2, ps,

s = 1, n.

(2.18)

Ïðè ôèêñèðîâàííûõ s è l ñëîæèì ïåðâîå è òðåòüå, âòîðîå è ÷åòâåðòîå óðàâíåíèÿ
ñèñòåìû (2.18) ñîîòâåòñòâåííî, è âîçüìåì ïîëó÷èâøèåñÿ óðàâíåíèÿ â êà÷åñòâå ïåðâîé ñè-
ñòåìû. Àíàëîãè÷íî, ïðè ôèêñèðîâàííûõ s è l âû÷òåì èç ïåðâîãî óðàâíåíèÿ òðåòüå, à
èç âòîðîãî � ÷åòâåðòîå óðàâíåíèå ñèñòåìû (2.18), è âîçüìåì ïîëó÷èâøèåñÿ óðàâíåíèÿ â
êà÷åñòâå âòîðîé ñèñòåìû. Òîãäà, ó÷èòûâàÿ, ÷òî 1

2
(hsl+ h̄sl) = Rehsl ,

1
2i
(hsl− h̄sl) = Imhsl ,

ñèñòåìà ðàñïàäåòñÿ íà äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ âåùåñòâåííûìè
êîýôôèöèåíòàìè

− εps

1− εps
ξ
(1)
s1 = ≪ f,Re hs1 ≫,

ξ
(1)
sl − εl−1

1− εps
ξ
(1)
s1 = ≪ f,Re hsl ≫, l = 2, ps, s = 1, n,

(2.19)


− εps

1− εps
ξ
(2)
s1 = ≪ f, Imhs1 ≫,

ξ
(2)
sl − εl−1

1− εps
ξ
(2)
s1 = ≪ f, Imhsl ≫, l = 2, ps, s = 1, n.

(2.20)

Ñèñòåìû (2.19) è (2.20) ìîãóò áûòü çàïèñàíû â ìàòðè÷íîé ôîðìå

Dξ(1) = Re g, (2.21)

Dξ(2) = Im g, (2.22)
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çäåñü D ≡ [dsl,kj] - (K × K) -ìàòðèöà ( l = 1, ps , s = 1, n ; j = 1, pk , k = 1, n ), K =
p1 + p2 + ...+ pn ,

ξ(1) = colon(ξ
(1)
11 , ξ

(1)
12 , ..., ξ

(1)
1p1
, ..., ξ

(1)
n1 , ξ

(1)
n2 , ..., ξ

(1)
npn),

ξ(2) = colon(ξ
(2)
11 , ξ

(2)
12 , ..., ξ

(2)
1p1
, ..., ξ

(2)
n1 , ξ

(2)
n2 , ..., ξ

(2)
npn),

g = colon(g11, g12, ..., g1p1 , ..., gn1, gn2, ..., gnpn),

gsl =≪ f, hsl ≫, l = 1, ps, s = 1, n.

Ìàòðèöà D èìååò áëî÷íî-äèàãîíàëüíóþ ñòðóêòóðó

D =


D1 0 ... 0
0 D2 ... 0
... ... ... ...
0 0 ... Dn

 , Ds =



− εps

1− εps
0 0 ... 0

− ε

1− εps
1 0 ... 0

− ε2

1− εps
0 1 ... 0

... ... ... ... ...

− εps−1

1− εps
0 0 ... 1


, s = 1, n. (2.23)

3. Ðåøåíèÿ ðàçðåøàþùåé ñèñòåìû è âåòâëåíèå ïåðèîäè÷åñêèõ ðå-

øåíèé

Íàéäåì óñëîâèÿ, ïðè êîòîðûõ ðåøåíèÿ ðàçðåøàþùåé ñèñòåìû ñóùåñòâóþò. Ïðè ε = 0
ðàíã ìàòðèöû D ðàâåí K − n . Òîãäà äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ ñèñòåì (2.21) è (2.22)
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ðàíã ðàñøèðåííûõ ìàòðèö (D|Re g) è (D|Img) òàêæå
áûë ðàâåí K − n . Ýòî óñëîâèå âûïîëíÿåòñÿ òîëüêî â òîì ñëó÷àå, êîãäà ïðè âñåõ s = 1, n
âûïîëíÿåòñÿ óñëîâèå

gs1 ≡≪ f, hs1 ≫= 0. (3.1)

Ïîêàæåì ñïðàâåäëèâîñòü óñëîâèÿ (3.1). Òàê êàê ïðè ε = 0 hs1 = ψ
(1)
s è ≪ f, ψ

(1)
s ≫= 0

(â ñèëó ðàçðåøèìîñòè óðàâíåíèÿ (1.3)), òî óñëîâèå (3.1) âåðíî ïðè âñåõ s = 1, n .

Òîãäà èç ñèñòåì (2.21) è (2.22) íàõîäèì ξ
(1)
k1 = c

(1)
k , ξ

(2)
k1 = c

(2)
k , ãäå c

(1)
k , c

(2)
k � ïðîèç-

âîëüíûå âåùåñòâåííûå ÷èñëà. Ó÷èòûâàÿ, ÷òî ïðè ε = 0 óðàâíåíèÿ (1.1) è (1.3) ñîâïàäàþò,
à ñëåäîâàòåëüíî, è èõ ðåøåíèÿ òàêæå ñîâïàäàþò, íàõîäèì, ÷òî èõ ω � ïåðèîäè÷åñêèå ðå-
øåíèÿ ïðåäñòàâèìû â âèäå

x(t, 0) = z(t) ≡
n∑
k=1

[c
(1)
k φ

(1)
k + c

(2)
k φ̄

(1)
k ] + Γ0f(t). (3.2)

Ïðè ε ̸= 0 îïðåäåëèòåëü ìàòðèöû D îòëè÷åí îò íóëÿ è, ñëåäîâàòåëüíî, êàæäàÿ èç
ñèñòåì (2.21) è (2.22) èìååò åäèíñòâåííîå ðåøåíèå. Ó÷èòûâàÿ (2.15), èç ñèñòåì (2.19) è
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(2.20) ñîîòâåòñòâåííî íàõîäèì

ξ
(1)
k1 = −1− εpk

εpk
≪ f,Re hk1 ≫=

= − 1

εpk
(c

(1)
k1 + c

(1)
k2 ε+ c

(1)
k3 ε

2 + ...+ c
(1)
kj ε

j−1 + ...+ c
(1)
k,pk

εpk−1),

ξ
(2)
k1 = −1− εpk

εpk
≪ f, Imhk1 ≫=

= − 1

εpk
(c

(2)
k1 + c

(2)
k2 ε+ c

(2)
k3 ε

2 + ...+ c
(2)
kj ε

j−1 + ...+ c
(2)
k,pk

εpk−1),

c
(1)
kj =≪ f,Reψ

(j)
k ≫, c

(2)
kj =≪ f, Imψ

(j)
k ≫, j = 1, pk, k = 1, n.

(3.3)

Çäåñü, â ñèëó ðàçðåøèìîñòè óðàâíåíèÿ (1.3), âûïîëíÿåòñÿ ≪ f, ψ
(1)
s ≫= 0 , è, ñëåäîâà-

òåëüíî,
c
(1)
k1 ≡≪ f,Reψ

(1)
k ≫= 0, c

(2)
k1 =≪ f, Imψ

(1)
k ≫= 0.

Òàêèì îáðàçîì, ó÷èòûâàÿ (2.4), (2.6)�(2.8), ïîëó÷èì, ÷òî ω �ïåðèîäè÷åñêîå ðåøåíèå
óðàâíåíèÿ (1.1) ïðåäñòàâèìî â âèäå

x(t, ε) =
n∑
k=1

1

1− εpk

[
ξk1φ

(1)
k + ξ̄k1φ̄

(1)
k

]
+ [I − εΓ0B1]

−1Γ0f(t)+

+
n∑
k=1

1

1− εpk

[
ε
(
ξk1φ

(2)
k + ξ̄k1φ̄

(2)
k

)
+ ...+ εpk−1

(
ξk1φ

(pk)
k + ξ̄k1φ̄

(pk)
k

) ]
,

(3.4)

ãäå âåùåñòâåííûå è ìíèìûå ÷àñòè ξk1 , ξ̄k1 âû÷èñëÿþòñÿ ïî ôîðìóëàì (3.3) è ñïðàâåäëèâà
ñëåäóþùàÿ

Ò å î ð å ì à 3.1. Ïóñòü ñóùåñòâóåò B1 �æîðäàíîâ íàáîð èç íóëåé îïåðàòîðà
B0 , ïðèíàäëåæàùèõ ïîäïðîñòðàíñòâó N (B0) , è B1 �ïðèñîåäèíåííûõ ê íèì ýëåìåíòîâ.
Òîãäà ïðè âñåõ ε ∈ Oε , ãäå

Oε = {ε : 0 < | ε | ≤ min(ρ0, ρ1)}, (3.5)

ñóùåñòâóåò åäèíñòâåííîå ω �ïåðèîäè÷åñêîå ðåøåíèå x(t, ε) , àíàëèòè÷åñêîå ïî ε , âèäà
(3.4) óðàâíåíèÿ (1.1), ïðè ýòîì x(t, 0) ïðåäñòàâëÿåò ñîáîé 2n �ïàðàìåòðè÷åñêîå ñåìåé-
ñòâî ω �ïåðèîäè÷åñêèõ ðåøåíèé âèäà (3.2) óðàâíåíèÿ (1.3).

Ïóñòü qk = min{j : c(1)kj ̸= 0, c
(2)
kj ̸= 0, j = 2, pk} è qk = +∞ , åñëè âñå c

(1)
kj = 0 , c

(2)
kj = 0 .

Òîãäà, åñëè ñóùåñòâóåò qk < +∞ , òî ðåøåíèå x(t, ε) óðàâíåíèÿ (1.1) â òî÷êå ε = 0
èìååò ïîëþñ ïîðÿäêà p = max

k=1,n
{pk − qk + 1} . Åñëè æå âñå qk = +∞ , òî óðàâíåíèå (1.1)

â òî÷êå ε = 0 èìååò òàêæå àíàëèòè÷åñêîå ïî ε ω �ïåðèîäè÷åñêîå ðåøåíèå
x(t, ε) = [I − εΓ0B1]

−1Γ0f(t).

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ � 2014/232 Ìèíîáðíàóêè Ðîññèè
è ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 15-01-08599.
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The branching of periodic solutions of inhomogeneous
linear di�erential equations with degenerate or identity
operator in the derivative and the disturbance in the form
of small linear term
c⃝ A. A. Kyashkin4, B. V. Loginov5, P. A. Shamanaev6

Abstract. In a Banach space existence and uniqueness of periodic solutions of inhomogeneous
linear di�erential equations with degenerate or identity operator in the derivative and a disturbance
in the form of small linear term proved by branching theory methods. The article shows that the
periodic solution has a pole at the point ε = 0 , and if ε = 0 the solution goes to 2n �parameter
set of periodic solutions. The result is obtained by applying the theory of generalized Jordan sets,
reducing the original problem to the investigation of the Lyapunov-Schmidt resolution system in
the root subspace. In this resolution the system is divided into two non-homogeneous systems of
linear algebraic equations. These systems have the only solution when ε ̸= 0 ; when ε = 0 they
have n -parameter set of solutions, respectively.
Key Words: di�erential equations in Banach spaces , generalized Jordan sets, Lyapunov-Schmidt
resolution system in the root subspace
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