
Óïðàâëÿåìîñòü çà áåñêîíå÷íîå âðåìÿ è àñèìïòîòè÷åñêîå ðàâíîâåñèå 81

ÓÄÊ 517.9

Óïðàâëÿåìîñòü çà áåñêîíå÷íîå âðåìÿ è àñèìïòîòè÷åñêîå

ðàâíîâåñèå

c⃝ À. Þ. Ïàâëîâ1

Àííîòàöèÿ. Íà îñíîâå îáîáùåíèÿ íåðàâåíñòâà Âàæåâñêîãî íàéäåíû êëàññû äèôôåðåíöèàëü-
íûõ ñèñòåì óðàâíåíèé, äëÿ êîòîðûõ ñóùåñòâîâàíèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó óðàâíå-
íèÿ ïåðâîãî ïðèáëèæåíèÿ íå ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì óïðàâëÿåìîñòè çà áåñêîíå÷íîå
âðåìÿ. Ðàññìàòðèâàåòñÿ ïðèìåð ñêàëÿðíîãî óðàâíåíèÿ, ïåðâîå ïðèáëèæåíèå äëÿ êîòîðîãî íå
èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ, õîòÿ ñàìî îíî ÿâëÿåòñÿ óïðàâëÿåìûì çà áåñêîíå÷íîå
âðåìÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
óïðàâëÿåìîñòü çà êîíå÷íîå è áåñêîíå÷íîå âðåìÿ, àñèìïòîòè÷åñêîå ðàâíîâåñèå

Âàæíóþ ðîëü â ìàòåìàòè÷åñêîé òåîðèè óïðàâëåíèÿ èãðàþò çàäà÷è îá óïðàâëÿåìîñòè
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çà êîíå÷íîå è áåñêîíå÷íîå âðåìÿ [3],[4].

Ïðè óïðàâëÿåìîñòè çà êîíå÷íîå âðåìÿ ïðîèçâîëüíàÿ ôèêñèðîâàííàÿ òî÷êà ïåðåâîäèò-
ñÿ â äðóãóþ ïðîèçâîëüíóþ òî÷êó çà îïðåäåëåííîå âðåìÿ T . Â ñëó÷àå óïðàâëÿåìîñòè çà
áåñêîíå÷íîå âðåìÿ ôèêñèðîâàííàÿ òî÷êà ïåðåâîäèòñÿ â ñêîëü óãîäíî ìàëóþ îêðåñòíîñòü
äðóãîé òî÷êè, ïðè÷åì â äàëüíåéøåì èç ýòîé îêðåñòíîñòè ïåðåâîäèìàÿ òî÷êà íå âûõîäèò.

Â ðàáîòàõ [1], [2] ïðîôåññîðîì Å.Â. Âîñêðåñåíñêèì ðàññìîòðåí âîïðîñ îá óïðàâëÿåìî-
ñòè íåëèíåéíûõ ñèñòåì âèäà

dx

dt
= A(t)x+B(t)u+ f(t, x, u) + F (t) (1.1)

çà êîíå÷íîå è áåñêîíå÷íîå âðåìÿ â îïðåäåëåííûõ êëàññàõ äîïóñòèìûõ óïðàâëåíèé K .
Äàííûå óñëîâèÿ ïîëó÷åíû íà îñíîâå àñèìïòîòè÷åñêîé òåîðèè èíòåãðèðîâàíèÿ óðàâíå-

íèé äâèæåíèÿ è ìåòîäà ñðàâíåíèÿ. Ïðè÷åì óðàâíåíèåì ñðàâíåíèÿ ÿâëÿåòñÿ

dy

dt
= A(t)y +B(t)u+ F (t). (1.2)

Îäíèì èç óñëîâèé óïðàâëÿåìîñòè çà áåñêîíå÷íîå âðåìÿ ÿâëÿåòñÿ ñóùåñòâîâàíèå àñèìïòî-
òè÷åñêîãî ðàâíîâåñèÿ [6] ó ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ

dy

dt
= A(t)y. (1.3)

Äëÿ ñèñòåìû (1.3) ñóùåñòâîâàíèå àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ñëåäóþùåå [5].
Ïóñòü Y (t) - ôóíäàìåíòàëüíàÿ ìàòðèöà óðàâíåíèÿ (1.3), íîðìèðîâàííàÿ â íóëå,

Y (0) = E , lim
t→+∞

Y (t) = Y (+∞) , det Y (+∞) ̸= 0 .

Òîãäà ãîâîðÿò, ÷òî ñèñòåìà (1.3) èìååò àñèìïòîòè÷åñêîå ðàâíîâåñèå.
Îäíàêî ìîæíî ïîêàçàòü, ÷òî ýòî óñëîâèå íå ÿâëÿåòñÿ â îáùåì ñëó÷àå íåîáõîäèìûì äëÿ

óïðàâëÿåìîñòè ñèñòåìû (1.1) çà áåñêîíå÷íîå âðåìÿ.

Ï ð è ì å ð 1.1. . Ðàññìîòðèì ñêàëÿðíîå óðàâíåíèå

dx

dt
= −x+ u (1.4)

1 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ï. Îãàðåâà, ã. Ñàðàíñê, korspa@yandex.ru
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Óðàâíåíèå ïåðâîãî ïðèáëèæåíèÿ
dy

dt
= −y (1.5)

íå èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ, òàê êàê îáùåå ðåøåíèå óðàâíåíèÿ (1.5):
y(t) = c e−t è, ñëåäîâàòåëüíî, lim

t→∞
y(t) = 0 , ∀c ∈ R .

Ïîêàæåì, ÷òî óðàâíåíèå (1.4) ÿâëÿåòñÿ óïðàâëÿåìûì çà áåñêîíå÷íîå âðåìÿ. Ïóñòü
òî÷êó x0 ïî òðàåêòîðèè óðàâíåíèÿ (1.4) íåîáõîäèìî ïåðåâåñòè çà áåñêîíå÷íîå âðåìÿ â
òî÷êó x1 , òî åñòü x(t0) = x0 , x(+∞) = x1 .

×àñòíîå ðåøåíèå óðàâíåíèÿ (1.4), ïðîõîäÿùåå ÷åðåç òî÷êó (t0, x0) èìååò âèä

x(t) = e−t(

t∫
t0

esu(s)ds+ x0e
t0)

Íàéäåì òàêîå óïðàâëåíèå u , ÷òî lim
t→∞

x(t) = x1 . Èìååì lim
t→∞

x(t) = lim
t→∞

t∫
t0

esu(s)ds+x0et0

et
.

Åñëè ïîòðåáîâàòü íåïðåðûâíîñòü ôóíêöèè íà ïðîìåæóòêå [t0,+∞) , òî ê ïîñëåäíå-
ìó ïðåäåëó ìîæíî ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ. Òîãäà

lim
t→∞

x(t) = lim
t→∞

etu(t)

et
= lim

t→∞
u(t).

Òî åñòü èñêîìûì óïðàâëåíèåì ìîæåò áûòü ëþáàÿ íåïðåðûâíàÿ ôóíêöèÿ òàêàÿ, ÷òî
lim
t→∞

u(t) = x1 . Â ÷àñòíîñòè, ìîæíî ïîëîæèòü u(t) = x1 ; u(t) = x1 +
1
t
; u(t) = x1 − 1

t2
.

Òàêèì îáðàçîì, ñèñòåìà (1.4) ÿâëÿåòñÿ óïðàâëÿåìîé çà áåñêîíå÷íîå âðåìÿ, õîòÿ óðàâ-
íåíèå ïåðâîãî ïðèáëèæåíèÿ íå èìååò àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ.

Îïðåäåëåííûé èíòåðåñ ïðåäñòàâëÿþò êëàññû óðàâíåíèé, äëÿ êîòîðûõ ñóùåñòâîâàíèå
àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ó óðàâíåíèÿ ïåðâîãî ïðèáëèæåíèÿ ÿâëÿåòñÿ íåîáõîäèìûì
èëè äîñòàòî÷íûì óñëîâèåì. Íàéäåì êëàññ äèôôåðåíöèàëüíûõ ñèñòåì, óïðàâëÿåìûõ çà
áåñêîíå÷íîå âðåìÿ â íåêîòîðîì êëàññå äîïóñòèìûõ óïðàâëåíèé áåç ïðåäïîëîæåíèÿ ñóùå-
ñòâîâàíèÿ àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ïåðâîãî ïðèáëèæåíèÿ.

Ðàññìîòðèì ñèñòåìó 
dx

dt
= A(t)x+ f(t, x, u),

x(t0) = x0, x(+∞) = x1

(1.6)

ãäå x(t) ∈ Rn, u(t) ∈ Rm , T ≤ t < +∞ , A(·) : [T,+∞) 7→ Hom(Rn, Rn) - íåïðåðûâíîå
îòîáðàæåíèå, f ∈ C([T,+∞)×Rn ×Rm, Rn) .

Íåîáõîäèìî ïåðåâåñòè òî÷êó x0 â òî÷êó x1 ïî òðàåêòîðèè óðàâíåíèÿ (1.6) çà áåñêî-
íå÷íîå âðåìÿ.

Ïóñòü y = x − x1 . Òîãäà ẏ = ẋ (òî÷êîé îáîçíà÷åíà ïðîèçâîäíàÿ ïî t ), x = y + x1 .
Ñèñòåìà (1.6) ïåðåïèøåòñÿ â âèäå{

y = A(t)y + A(t)x1 + f(t, y + x1, u),

y(t0) = x0 − x1, y(+∞) = 0.
(1.7)

Îáîçíà÷èì ϕ(t) = A(t)x1 , f̃(t, y, u) = f(t, y + x1, u) . Ïðåäïîëîæèì, ÷òî

||f̃(t, y, u) + ϕ(t)|| ≤ ψ(t)||y||+ η(t, u(t)),
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ãäå ψ ∈ C([t0,+∞), R) , η ∈ C([t0,+∞)×Rm, R) .
Òîãäà áóäåì èìåòü

||y(t)|| ≤
t∫

t0

η(l, u(l))exp

 t∫
l

(Λ(s) + ψ(s))ds

 dl + ||x0 − x1||exp

 t∫
t0

(Λ(s) + ψ(s))ds

 =

= exp

 t∫
t0

(Λ(s) + ψ(s))ds

 [||x0 − x1||+

+

t∫
t0

η(l, u(l))exp

 t∫
l

(Λ(s) + ψ(s))ds−
t∫

t0

(Λ(s) + ψ(s)ds)

 dl ] =

= exp

 t∫
t0

(Λ(s) + ψ(s))ds

||x0 − x1||+
t∫

t0

η(l, u(l))exp

 t0∫
l

(Λ(s) + ψ(s))ds

 dl


Ïîñëåäíåå âûðàæåíèå ïðè t 7→ +∞ äîëæíî ñòðåìèòüñÿ ê íóëþ. Ðàññìîòðèì

lim
t→∞

||x0 − x1||+
t∫
t0

η(l, u(l))exp(
t0∫
l

(Λ(s) + ψ(s))ds)dl

exp(−
t∫
t0

(Λ(s) + ψ(s))ds)

.

Ïðåäïîëîæèì, ÷òî âûïîëíÿåòñÿ îäíà èç ñëåäóþùèõ àëüòåðíàòèâ

1.
+∞∫
t0

(Λ(s) + ψ(s))ds = −∞ ,
+∞∫
t0

η(l, u(l))exp(
t0∫
l

(Λ(s) + ψ(s))ds)dl = ∞ ,

2.
+∞∫
t0

(Λ(s) + ψ(s))ds = +∞ , ||x0 − x1||+
+∞∫
t0

η(l, u(l))exp(
t0∫
l

(Λ(s) + ψ(s))ds)dl = 0

à ôóíêöèÿ u(t) òàêîâà, ÷òî ê ïðåäåëó ìîæíî ïðèìåíèòü ïðàâèëî Ëîïèòàëÿ. Òîãäà
ïîñëåäíèé ïðåäåë ðàâåí

lim
t→+∞

η(t, u(t))exp(
t0∫
l

(Λ(s) + ψ(s))ds)

−exp(−
t∫
t0

(Λ(s) + ψ(s))ds)(Λ(t) + ψ(t))

= − lim
t→+∞

η(t, u(t))

Λ(t) + ψ(t)
.

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.2. Åñëè äëÿ ñèñòåìû (1.6) è óïðàâëåíèÿ u(t) âûïîëíÿåòñÿ îäíà èç
ñëåäóþùèõ àëüòåðíàòèâ

1)
+∞∫
t0

(Λ(s) + ψ(s))ds = −∞ ,
+∞∫
t0

η(l, u(l))exp(
t0∫
l

(Λ(s) + ψ(s))ds)dl = ∞ ,

2)
+∞∫
t0

(Λ(s) + ψ(s))ds = +∞ , ||x0 − x1||
+∞∫
t0

η(l, u(l))exp(
t0∫
l

(Λ(s) + ψ(s))ds)dl = 0

è lim
t→+∞

η(t,u(t))
Λ(t)+ψ(t)

= 0 , òî ëþáóþ òî÷êó x0 ∈ Rn ìîæíî ïåðåâåñòè â òî÷êó x1 ∈ Rn çà

áåñêîíå÷íîå âðåìÿ ïî òðàåêòîðèè ñèñòåìû (1.6).
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Controllability for in�nite time and asymptotic equilibrium

c⃝ A. Yu. Pavlov2

Abstract. On the basis of generalization of Wazewski inequality the author obtained classes of
di�erential equations systems, for which the existence of asymptotic equilibrium equations in the
�rst approximation is not necessary condition of controllability in�nite time. The article considers
the example of a scalar equation, which the �rst approximation has no asymptotic equilibrium,
although it itself is controlled for an in�nite time.

Key Words: nonlinear systems of ordinary di�erential equations, controllability in �nite and
in�nite time, asymptotic equilibrium
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