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ïðè àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèÿõ

c⃝ Ò. Ô. Ìàìåäîâà 1, Ä. Ê. Åãîðîâà 2, Å. Â. Äåñÿåâ 3

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíî-
ãî äâèæåíèÿ â ñìûñëå àáñîëþòíî ðàâíîìåðíîé óñòîé÷èâîñòè, ÷òî îòëè÷àåò ïîñòàíîâêó ýòîé
çàäà÷è îò êëàññè÷åñêîé, êîãäà ïðîãðàììíîå äâèæåíèå àñèìïòîòè÷åñêè óñòîé÷èâî.

Êëþ÷åâûå ñëîâà: îïòèìàëüíàÿ ñòàáèëèçàöèÿ ïðîãðàììíîãî äâèæåíèÿ, àáñîëþòíî ðàâíî-
ìåðíî óñòîé÷èâûå ðåøåíèÿ

Èññëåäîâàíèÿ â îáëàñòè ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ïðè àáñî-
ëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèÿõ áûëè âïåðâûå ðàññìîòðåíû â ðà-
áîòàõ Å. Â. Âîñêðåñåíñêîãî. Èçâåñòíî, ÷òî ïðîãðàììíîå äâèæåíèå ñòàáèëè-
çèðîâàíî, åñëè îíî ÿâëÿåòñÿ óñòîé÷èâûì ðåøåíèåì óðàâíåíèÿ äâèæåíèÿ, â
çàðàíåå îïðåäåëåííîì ñìûñëå [1],[2].

Ðàññìîòðèì ïîñòàíîâêó çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíîãî
äâèæåíèÿ x = 0 . Ê òàêîé ïîñòàíîâêå ïðè ïîäõîäÿùåé çàìåíå ïåðåìåííûõ
ñâîäèòñÿ çàäà÷à îá îïòèìàëüíîé ñòàáèëèçàöèè ïðîèçâîëüíîãî ïðîãðàììíîãî
äâèæåíèÿ x = φ(t) .

Ðàññìîòðèì óðàâíåíèå äâèæåíèÿ

dx

dt
= G(t, x, u), (1.1)

ãäå ôóíêöèÿ
G : [T,+∞)×Rn ×Rm → Rn

ïðè ëþáîì äîïóñòèìîì óïðàâëåíèè u ∈ K óäîâëåòâîðÿåò òðåáîâàíèÿì òåî-
ðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ Êàðàòåîäîðè ïðè ëþáûõ
íà÷àëüíûõ äàííûõ (t0, x0), T ≤ t0 < +∞, x0 ∈ Rn; K � êëàññ äîïóñòè-
ìûõ óïðàâëåíèé, u : [T,+∞) × Rn → Rm � ôóíêöèè òèïà Êàðàòåîäîðè è
u(t, 0) ≡ 0, ôóíêöèîíàë êà÷åñòâà I âèäà

I =

+∞∫
T

G0(t, x(t), u(t, x))dt, (1.2)
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ðàññìàòðèâàåòñÿ íà ðåøåíèÿõ óðàâíåíèÿ (1.1). Çäåñü

G0 : [T,+∞)×Rn ×Rm → [0,+∞)

� òèïà Êàðàòåîäîðè, x(t) = x(t : t0, x0, u) � ðåøåíèå óðàâíåíèÿ (1.1) ñ íà-
÷àëüíûìè äàííûìè (t0, x0) ïðè ëþáîì óïðàâëåíèè u ∈ K, ∥x0∥ ≤ δ .

Â çàäà÷å (1.1)-(1.2) ïðåäïîëàãàåòñÿ ñòàáèëèçàöèÿ ïî àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè. Îäíàêî ïðè ðåøåíèÿ ïðèêëàäíûõ çàäà÷ âîçíèêàþò ñëó÷àè,
êîãäà òðèâèàëüíîå ðåøåíèå óðàâíåíèÿ äâèæåíèÿ (1.1) íå ìîæåò áûòü àñèìï-
òîòè÷åñêè óñòîé÷èâûì, à, ñëåäîâàòåëüíî, ñòàáèëèçèðîâàòü äâèæåíèå x = 0
â êëàññè÷åñêîì ñìûñëå íå óäàñòñÿ [3],[4].

Â ðàáîòàõ [1],[5] ïðèâîäèòñÿ ïîíÿòèå ñòàáèëèçàöèè ïðîãðàììíûõ äâèæå-
íèé äëÿ àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèé, ò.å. äëÿ òàêèõ ðåøåíèé
x(t : t0, x0) óðàâíåíèÿ (1.1) äëÿ êîòîðûõ âûïîëíÿåòñÿ íåðàâåíñòâî

∥x(t : +∞, x0, u)∥ < ε

ïðè âñåõ T ≤ t ≤ +∞ , åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ(ε, x0) > 0 òàêîå,
÷òî ∥x0∥ < δ.

Ïóñòü â ñôîðìóëèðîâàííîé ïîñòàíîâêå çàäà÷è (1.1)-(1.2) ðåøåíèå x = 0
ÿâëÿåòñÿ àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûì, òîãäà íåîáõîäèìî óòî÷íèòü ïî-
íÿòèå ìèíèìóìà ôóíêöèîíàëà (1.2). Äëÿ ýòîãî ìû ïîòðåáóåì ãëîáàëüíóþ âû-
ïðÿìëÿåìîñòü ïîëÿ íàïðàâëåíèé [6], îïðåäåëÿåìîãî óðàâíåíèåì (1.1), â êëàñ-
ñå äîïóñòèìûõ óïðàâëåíèé. Â ýòîì ñëó÷àå ìèíèìóì ôóíêöèîíàëà I îïðåäå-
ëÿåòñÿ òàê: ñóùåñòâóåò óïðàâëåíèå u0(t, x) òàêîå, ÷òî

+∞∫
T

G0(t, x(t)− x0, u0(t, x(t)− x0))dt ≤
+∞∫
T

G0(t, x(t)− x0, u(t, x(t)− x0))dt,

ïðè âñåõ u ∈ K,x(t) = x(t : +∞, x0, u), ∥x0∥ ≤ δ. è ôóíêöèîíàë êà÷åñòâà
(1.2) ìîæíî çàïèñàòü â âèäå

I =

+∞∫
T

G0(t, x(t)− x0, u(t, x(t)− x0))dt, (1.3)

ãäå x(t) = x(t : +∞, x0, u) , ∥x0∥ ≤ δ.
Òîãäà u0 = u0(t, x) îïòèìàëüíî ñòàáèëèçèðóåò ðåøåíèå x = 0 â êëàññå

äîïóñòèìûõ óïðàâëåíèé K .
Â îáùåì ñëó÷àå âèä óñòîé÷èâîñòè êàæäûé ðàç â êîíêðåòíîé çàäà÷å òðåáóåò

óòî÷íåíèÿ. Çàìåòèì, ÷òî çäåñü àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèÿ x = 0
íåò, è ïîýòîìó, ïîòðåáîâàëîñü íîâîå îïðåäåëåíèå îïòèìàëüíîé ñòàáèëèçàöèè
ïðîãðàììíîãî äâèæåíèÿ.
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Âîçâðàùàÿñü ê ðåøåíèþ ïðàêòè÷åñêèõ çàäà÷, îòìåòèì, ÷òî òî÷íûå àíàëè-
òè÷åñêèå çàäàíèÿ ôóíêöèé èç ôîðìóëèðîâêè çàäà÷è ÷àùå âñåãî íåèçâåñòíû,
óêàçûâàþòñÿ ëèøü ñâîéñòâà óðàâíåíèé âèäà (1.1), îáëàñòè èõ îïðåäåëåíèÿ
è îáëàñòè çíà÷åíèé. Îäíàêî, èñõîäÿ èç ðåçóëüòàòîâ èçìåðåíèé, ìîæíî çà-
äàòü èõ ìàæîðàíòû, êîòîðûå áóäóò ÿâëÿòüñÿ íîñèòåëÿìè ôóíêöèîíàëüíûõ
ñâîéñòâ.

Èòàê ïîòðåáóåì ñóùåñòâîâàíèÿ ìàæîðàíòû äëÿ ôóíêöèè G0(t, x, u) :

∥G0(t, x, u)∥ ≤ λ0(t, ∥x∥, ∥u∥), λ0 ∈ C([T,+∞)× R1
+ × R1

+,R1
+),

λ0(t, α1, ∥u∥) ≤ λ0(t, α2, ∥u∥), α1 ≤ α2.

Óòî÷íèì êëàññ äîïóñòèìûõ óïðàâëåíèé K . Â ôîðìóëèðîâêå çàäà÷è
(1.1),(1.3) ðàññìàòðèâàþòñÿ ëèøü òîëüêî óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ, áî-
ëåå îáùèå êëàññû òðåáóþò óòî÷íåíèÿ ôîðìóëèðîâêè. Åùå ïîòðåáóåì, ÷òîáû
âûïîëíÿëîñü íåðàâåíñòâî

∥u(t, x)∥ ≤ µ∥x∥,

ãäå µ � ìèíèìàëüíîå íåîòðèöàòåëüíîå ÷èñëî, îáåñïå÷èâàþùåå ýòî íåðàâåí-
ñòâî äëÿ äàííîãî óïðàâëåíèÿ ïðè ëþáîì T ≤ t < +∞.

Ïðèâåäåì óñëîâèÿ ïðè êîòîðûõ îñíîâíàÿ çàäà÷à èìååò ðåøåíèå.
Ïóñòü λ0(t, z, µ) ≤ λ0(t, z, µ0) , 0 ≤ µ, µ ̸= µ0 . Òîãäà äëÿ ëþáîãî

x0, ||x0|| ≤ δ0 , ||x(t : +∞, x0, u) − x0|| ≤ M(δ0, µ0) è ïðè µ = µ0 ñïðà-
âåäëèâà îöåíêà

I ≤
+∞∫
T

λ0(t,M(δ0, µ), µ)dt,

ñóùåñòâîâàíèå ôóíêöèè M âûòåêàåò èç àáñîëþòíî ðàâíîìåðíîé îãðàíè÷åí-
íîñòè ðåøåíèé óðàâíåíèÿ (1.1).

Áóäåì ñ÷èòàòü, ÷òî óïðàâëåíèå u ∈ K óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà:
||u(t1, x1) − u(t2, x2)|| ≤ L1|t1 − t2| + L2||x1 − x2||; L1, L2 − const. Â ýòîì
ñëó÷àå ìíîæåñòâî

S(t) = {(x(t : +∞, x0, u), u) : ||x0|| ≤ δ0, u ∈ K, T ≤ t < +∞}

ðàâíîìåðíî îãðàíè÷åíî è ðàâíîñòåïåííî íåïðåðûâíî. Ïîýòîìó íåïðåðûâíûé
ôóíêöèîíàë Ir íà Sr(t) = S(t), T ≤ t ≤ r èìååò âèä

Ir =

r∫
T

G0(s, x(s : +∞, x0, u)− x0, u(s, x(s : +∞, x0, u)− x0))ds
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è ïî òåîðåìå Âåéåðøòðàññà äîñòèãàåò ìèíèìóìà ïðè ëþáîì r ≥ T . Ïóñòü
îí äîñòèãàåòñÿ â òî÷êå (x0(t : +∞, x0, u0), u0(t, x0(t : +∞, x0, u0))), T ≤
t ≤ r. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ïàðà (x(t : +∞, x0, u), u(t, x(t :
+∞, x0, u))), T ≤ t ≤ r òàêàÿ, ÷òî ñïðàâåäëèâî

G0(t, x(t : +∞, x0, u)− x0, u(t, x(t : +∞, x0, u)− x0)) <

< G0(t, x0(t : +∞, x0, u0)− x0, u(t, x(t : +∞, x0, u0)− x0)) + ε, T ≤ t ≤ r.

Ïîýòîìó ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü

(xn(t : +∞, x0, un), un(t, xn(t : +∞, x0, un))), (1.4)

ðàâíîìåðíî ñõîäÿùàÿñÿ ïðè n→ +∞ íà ñåãìåíòå T ≤ t ≤ r ê ïàðå

(x0(t : +∞, x0, u0), u0(t, x0(t : +∞, x0, u0))), T ≤ t ≤ r. (1.5)

Ðàññìàòðèâàÿ âëîæåííóþ ñèñòåìó ñåãìåíòîâ [T, r] ⊂ [T, r1] ⊂ ... ⊂
[T, rn] ⊂ ..., rn > rn−1, r0 = r, ïîëó÷èì: ïîñëåäîâàòåëüíîñòü (1.4) ïðè
n → +∞ íà ïîëóîñè T ≤ t < +∞ ñõîäèòñÿ ê ïàðå (1.5) ðàâíîìåðíî íà
ëþáîì ñåãìåíòå èç [T,+∞) . Ïîýòîìó ñóùåñòâóåò ìèíèìóì ôóíêöèîíàëà I :

+∞∫
T

G0(s, x0(s : +∞, x0, u0)− x0, u0(s, x0(s : +∞, x0, u0)− x0))ds ≤

≤
+∞∫
T

G0(s, x(s : +∞, x0, u)− x0, u(s, x(s : +∞, x0, u)− x0))ds

ïðè âñåõ u ∈ K.
Äàëåå ðåøåíèå çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè ïðîãðàììíîãî äâèæå-

íèÿ ïðè àáñîëþòíî ðàâíîìåðíî óñòîé÷èâûõ ðåøåíèÿõ âèäà (1.5) ìîæíî íàéòè
ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà [7].

Ñïèñîê ëèòåðàòóðû

1. Âîñêðåñåíñêèé Å.Â., �Îïòèìàëüíàÿ ñòàáèëèçàöèÿ ïðîãðàììíîãî äâèæå-
íèÿ�, Òðóäû Ñðåäíåâîëæñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, 6:1 (2004),
14�19.

2. Ìàìåäîâà Ò.Ô., Äåñÿåâ Å.Â., �Î ïîñòðîåíèè óïðàâëåíèÿ äëÿ íåëèíåé-
íûõ äèíàìè÷åñêèõ ñèñòåì�, Íàó÷íî-òåõíè÷åñêèé âåñòíèê Ïîâîëæüÿ,
2012, �1, 154.

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



139

3. Ìàìåäîâà Ò.Ô., Åãîðîâà Ä.Ê., �Îá àñèìïòîòè÷åñêîì ðàâíîâåñèè íåêî-
òîðûõ ýêîíîìè÷åñêèõ ñèñòåì�,Æóðíàë Ñðåäíåâîëæñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà, 15:2 (2013), 55�58.

4. Ìàìåäîâà Ò.Ô., Åãîðîâà Ä.Ê., �Î ñòàáèëèçàöèè ýêîíîìè÷åñêîé ñèñòå-
ìû àñèìïòîòè÷åñêèìè ìåòîäàìè Ñ�, Æóðíàë Ñðåäíåâîëæñêîãî ìàòå-
ìàòè÷åñêîãî îáùåñòâà, 10:2 (2008), 243�245.

5. Âîñêðåñåíñêèé Å.Â., �Î ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ�,
Óêð.ìàò.æóðíàë, 55:11 (2003), 1450�1458.

6. Âîñêðåñåíñêèé Å.Â., Î ïîëèíîìèàëüíûõ àòòðàêòîðàõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, ÑÂÌÎ, Ñàðàíñê, 1998, 22 ñ.

7. Âîñêðåñåíñêèé Å.Â., Ìåòîäû ñðàâíåíèÿ â íåëèíåéíîì àíàëèçå, Èç-âî
Ñàðàòîâñêîãî óíèâåðñèòåòà, Ñàðàíñê, 1990, 224 ñ.

The optimal stabilization of programmed motion for the

absolutely uniform stability solutions
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Abstract. In this article the problem of optimal stabilization of programmed motion in the sense
of absolutely uniform stability that distinguishes this statement from the classic problem when
software motion is asymptotically stable is investigated.
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