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ÓÄÊ 534.11

Èññëåäîâàíèå ñâîáîäíûõ êîëåáàíèé ìåõàíè÷åñêèõ

îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè ïðè ïîìîùè

àñèìòîòè÷åñêîãî ìåòîäà

c⃝ Â. Ë. Ëèòâèíîâ1

Àííîòàöèÿ. Ðàçðàáîòàíà îáîáùåííàÿ ìåòîäèêà èñïîëüçîâàíèÿ àñèìïòîòè÷åñêîãî ìåòîäà
äëÿ èññëåäîâàíèÿ ñâîáîäíûõ êîëåáàíèé ìåõàíè÷åñêèõ îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè.
Àñèìïòîòè÷åñêèé ìåòîä ðàñïðîñòðàíåí íà áîëåå øèðîêèé êëàññ êðàåâûõ çàäà÷, êîòîðûå â
ñëó÷àå íåïîäâèæíûõ ãðàíèö ìîãóò áûòü ðåøåíû ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Â êà÷åñòâå
ïðèìåðà èññëåäîâàíû ñâîáîäíûå êîëåáàíèÿ áàëêè ïåðåìåííîé äëèíû. Ïðîèçâåäåíî ñîïîñòàâ-
ëåíèå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè ñ ïîìîùüþ ìåòîäà Êàíòîðîâè÷à-Ãàëåðêèíà.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ñâîáîäíûå êî-
ëåáàíèÿ îáúåêòîâ ñ äâèæóùèìèñÿ ãðàíèöàìè, çàêîíû äâèæåíèÿ ãðàíèö

Â ðàáîòå À.À. Ëåæíåâîé [1] ïðåäëàãàåòñÿ èñïîëüçîâàòü àñèìïòîòè÷åñêèé
ìåòîä äëÿ ïîëó÷åíèÿ ðåøåíèÿ óðàâíåíèÿ èçãèáíûõ êîëåáàíèé áàëêè ïðè
íåñëîæíûõ îäíîðîäíûõ ãðàíè÷íûõ óñëîâèÿõ, çàäàííûõ íà îäíîé äâèæóùåé-
ñÿ è îäíîé íåïîäâèæíîé ãðàíèöàõ.

Ðàññìîòðèì ïðèìåíåíèå äàííîãî ìåòîäà â ñëó÷àÿõ, êîãäà êîëåáàíèÿ îïè-
ñûâàþòñÿ áîëåå ñëîæíûìè óðàâíåíèÿìè.

Ïóñòü òðåáóåòñÿ ïîëó÷èòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñò-
íûõ ïðîèçâîäíûõ

Vττ(ξ, τ) + L[V (ξ, τ)] = 0, (1.1)

ïðè ãðàíè÷íûõ óñëîâèÿõ

Yȷι[V (ℓȷ(ετ), τ)] = 0; ι = 1,m; ȷ = 1, 2, (1.2)

ãäå L - ëèíåéíûé îäíîðîäíûé äèôôåðåíöèàëüíûé îïåðàòîð ïî ïåðåìåí-
íîé ξ ïîðÿäêà 2m ; Yȷι− ëèíåéíûå îäíîðîäíûå äèôôåðåíöèàëüíûå îïåðà-
òîðû ïî ξ; ε− ìàëûé ïàðàìåòð.

Çàïèñü çàêîíîâ äâèæåíèÿ ãðàíèö â âèäå ℓȷ(ετ) ñîîòâåòñòâóåò ðåæèìó ìåä-
ëåííîãî äâèæåíèÿ. Óðàâíåíèå (1.1) è ãðàíè÷íûå óñëîâèÿ (1.2) - ñàìîñîïðÿ-
æåííûå, è â ñëó÷àå íåïîäâèæíîñòè ãðàíèö (ℓȷ(ετ) = const) ìîæåò áûòü ïî-
ëó÷åíî òî÷íîå ðåøåíèå ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ. Äëÿ ðåøåíèÿ çàäà-
÷è èñïîëüçóåì àñèìïòîòè÷åñêèé ìåòîä. Äëÿ ýòîãî ïðåäïîëîæèì, ÷òî äëèíà
îáúåêòà èçìåíÿåòñÿ íåçíà÷èòåëüíî â òå÷åíèå îäíîãî ïåðèîäà ñîáñòâåííûõ êî-
ëåáàíèé, ò.å. ℓȷ(ετ) ÿâëÿåòñÿ ôóíêöèåé ìåäëåííîãî âðåìåíè. Òîãäà ôîðìû
êîëåáàíèé ìîãóò áûòü âûðàæåíû ÷åðåç òå æå ôóíêöèè, ÷òî è äëÿ îáúåêòà

1 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû îáùåòåîðåòè÷åñêèõ äèñöèïëèí, Ñûçðàíñêèé ôèëèàë Ñàìàðñêîãî
ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà, ã. Ñûçðàíü, vladlitvinov@rambler.ru.
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ïîñòîÿííîé äëèíû. Ðåøåíèå â ïåðâîì ïðèáëèæåíèè áóäåì èñêàòü â âèäå ðÿäà
ïî ýòèì ñîáñòâåííûì ôóíêöèÿì:

V (ξ, τ) =
∞∑
n=1

Xn(ξ, ετ)αn(ετ) coswn(τ), (1.3)

ãäå Xn(ξ, ετ) - ñîáñòâåííûå ôóíêöèè ñëåäóþùåé êðàåâîé çàäà÷è:

L[Xn(ξ, ετ)] = ω2
0n(ετ)Xn(ξ, ετ); (1.4)

Yȷι[Xn(ℓȷ(ετ), ετ)] = 0, (1.5)

à ôóíêöèè αn(ετ), wn(τ) îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé{
dαn(ετ)

dτ = εAn(α,w, τ);
dwn(τ)

dτ = ω0n(ετ) + εBn(α,w, τ).
(1.6)

Çäåñü ω0n(ετ)− ñîáñòâåííûå ÷àñòîòû çàäà÷è. Îïåðàòîð L íå ñîäåðæèò
ïðîèçâîäíîé ïî τ , ïîýòîìó âåëè÷èíà ετ ðàññìàòðèâàåòñÿ êàê ïàðàìåòð.

Ââåäåì íîâóþ ôóíêöèþ

µn(τ) = αn(ετ) coswn(τ), (1.7)

ïîäñòàâèì (1.3) â èñõîäíîå óðàâíåíèå (1.1), à çàòåì ïîëó÷åííîå óðàâíåíèå
óìíîæèì íà Xn(ξ, ετ) è ïðîèíòåãðèðóåì îò ℓ1(ετ) äî ℓ2(ετ)

∫ ℓ2(ετ)

ℓ1(ετ)

∞∑
n=1

{[µn(τ)Xn(ξ, τ)]ττ + ω2
0n(ετ)Xn(ξ, ετ)µn(τ)}Xm(ξ, ετ)q(ξ)d(ξ) = 0,

(1.8)
ãäå m = 1, 2, 3 . . . .
Ðåøåíèå ñèñòåìû (1.8) çàòðóäíèòåëüíî. Ïðè ðåçîíàíñíûõ ÿâëåíèÿõ, àì-

ïëèòóäû âñåõ äèíàìè÷åñêèõ ìîä, çà èñêëþ÷åíèåì ðåçîíàíñíîé, ìàëû. Ïî-
ýòîìó, â êàæäîì óðàâíåíèè ñèñòåìû, ÷ëåíàìè, íå ñîäåðæàùèìè Xm(ξ, ετ) â
ñâÿçè ñ èõ ìàëîñòüþ, ïðåíåáðåãàþò. Â ýòîì ñëó÷àå ñèñòåìà (1.8) ñòàíîâèòñÿ
ðàñùåïëåííîé è óðàâíåíèå äëÿ íàõîæäåíèÿ µn(τ) ïðèíèìàåò âèä:

∫ ℓ2(ετ)

ℓ1(ετ)

{[µn(τ)Xn(ξ, ετ)]ττ +ω
2
0n(ετ)Xn(ξ, ετ)µn(τ)}Xn(ξ, ετ)q(ξ)dξ = 0. (1.9)

Ââåäåì îáîçíà÷åíèÿ:
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A1n(ετ) =

∫ ℓ2(ετ)

ℓ1(ετ)

X2
n(ξ, ετ)q(ξ)dξ; εA2n(ετ) =

∫ ℓ2(ετ)

ℓ1(ετ)

Xn,τ(ξ, ετ)Xn(ξ, ετ)q(ξ)dξ;

ε2A3n(ετ) =

∫ ℓ2(ετ)

ℓ1(ετ)

Xn,ττ(ξ, ετ)Xn(ξ, ετ)q(ξ)dξ.

Òîãäà óðàâíåíèå (1.9) ïðèìåò âèä:

A1n(ετ)µ
,,
n(τ) + 2εA2n(ετ)µ

,
n(τ) + ε2A3n(ετ)µn(τ) + A1n(ετ)ω

2
0n(ετ)µn(τ) = 0.

(1.10)
Â áîëüøèíñòâå ïðàêòè÷åñêèõ çàäà÷ ãðàíèöû äâèæóòñÿ â ìåäëåííîì ðåæè-

ìå è ïàðàìåòð ξ ìàë, ïîýòîìó â äàëüíåéøåì âåëè÷èíû ïîðÿäêà ε2 ó÷èòû-
âàòüñÿ íå áóäóò. Ó÷èòûâàÿ ðàâåíñòâî (1.7), ïðèðàâíèâàÿ â óðàâíåíèè (1.10)
íóëþ êîýôôèöèåíòû ïðè ε â ïåðâîé ñòåïåíè è ïîëó÷àþùåìñÿ ïðè ýòîì óðàâ-
íåíèè êîýôôèöèåíòû ïðè îäèíàêîâûõ ãàðìîíèêàõ, ïîëó÷èì ñèñòåìó óðàâíå-
íèé äëÿ îïðåäåëåíèÿ ôóíêöèé An, Bn :{

∂An

∂w = 2αn(ετ)Bn;
∂Bn

∂w = − 2
αn(ετ)

An − 1
ω0n(ετ)

dω0n(ετ)
dτ − 2εA2n(ετ)

A1n(ετ)
.

×àñòíîå ðåøåíèå ñèñòåìû èìååò âèä{
Bn = 0;

An = −αn(ετ)
2 [ 1

ω0n(ετ)
dω0n(ετ)

dτ + 2εA2n(ετ)
A1n(ετ)

].

Ïîäñòàâëÿÿ íàéäåííûå ðåøåíèÿ â óðàâíåíèÿ (1.6), ïîëó÷èì{
dαn(ετ)

dτ = − αn(ετ)
2ω0n(ετ)

· dω0n(ετ)
dτ ;

dwn(τ)
dτ = ω0n(ετ).

Ðåøàÿ ñèñòåìó, èìååì

wn(τ) =

∫ τ

0

ω0n(ετ);αn(ετ) =
1√

ω0n(ετ)
. (1.11)

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñâîáîäíûå ïîïåðå÷íûå êîëåáàíèÿ áàëêè
ïåðåìåííîé äëèíû, êîíöû êîòîðîé çàêðåïëåíû. Äèôôåðåíöèàëüíîå óðàâíå-
íèå êîëåáàíèé èìååò âèä:

Uττ(x, t) + α2Uxxxx(x, t) = 0; (1.12)

U(0, t) = 0;Ux(0, t) = 0;
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U(ℓ0(t), t) = 0;Ux(ℓ0(t), t) = 0,

ãäå α2 = EI/ρ , E � ìîäóëü óïðóãîñòè ìàòåðèàëà áàëêè, I � îñåâîé ìî-
ìåíò èíåðöèè ñå÷åíèÿ áàëêè, ρ � ëèíåéíàÿ ïëîòíîñòü ìàññû áàëêè; U(x, t)
� ïîïåðå÷íîå ñìåùåíèå òî÷êè ñ êîîðäèíàòîé x áàëêè â ìîìåíò âðåìåíè t;
ℓ0(t) = L0 − v0t � çàêîí äâèæåíèÿ ïðàâîé ãðàíèöû, L0 � íà÷àëüíàÿ äëèíà
áàëêè,v0 � ñêîðîñòü äâèæåíèÿ ãðàíèöû.

Ââåäåì áåçðàçìåðíûå ïåðåìåííûå

ξ =
x

L0
; τ =

α

L2
0

t;V (ξ, τ) = U(x, t)/L0. (1.13)

Èñõîäíàÿ çàäà÷à ïðèìåò âèä:

Vξξξξ(ξ, τ) + Vττ(ξ, τ) = 0 (1.14)

V (0, τ) = 0;Vξ(0, τ) = 0;

V (ℓ(ετ), τ) = 0;Vξ(ℓ(ετ), τ) = 0,

ãäå
ℓ(ετ) = 1 + ετ ; ε = −v0L0/α.

Ïðèìåíèì ê çàäà÷å àñèìïòîòè÷åñêèé ìåòîä. Âåëè÷èíû Xn(ξ, ετ) è ω0n(ετ)
ÿâëÿþòñÿ ñîîòâåòñòâåííî ñîáñòâåííûìè ôóíêöèÿìè è ñîáñòâåííûìè ÷àñòîòà-
ìè ñëåäóþùåé êðàåâîé çàäà÷è:

Xnξξξξ(ξ, ετ)− ω2
0n(ετ)Xn(ξ, ετ) = 0.

Ðåøàÿ äàííîå óðàâíåíèå, ïîëó÷èì [2]:

Xn(ξ, ετ) = 0, 62{Cn(ετ)[cos(rn(ετ)ξ)−ch(rn(ετ)ξ)]+sin(rn(ετ)ξ)−sh(rn(ετ)ξ)},

ãäå

Cn(ετ) =
cos(rn(ετ)ℓ(ετ))− ch(rn(ετ)ℓ(ετ))

sin(rn(ετ)ℓ(ετ)) + sh(rn(ετ)ℓ(ετ))
; rn(ετ) =

√
ω0n(ετ);

ω0n(ετ) = k2n/ℓ
2(ετ); kn ∼ πn+ π/2.

Â äàííîì ñëó÷àå äèíàìè÷åñêèå ìîäû Xn îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî
ïîñòîÿííîãî ìíîæèòåëÿ è âûáðàíû òàêèì îáðàçîì, ÷òî max[Xn(ξ, ετ)] = 1

Óðàâíåíèÿ (1.11) èìåþò âèä

αn(ετ) = ℓ(ετ)/kn;wn(τ) = −k2n/(εℓ(ετ)). (1.15)

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1.14) âûãëÿäèò ñëåäóþùèì îáðàçîì
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V (ξ, τ) =
∞∑
n=1

Xn(ξ, ετ) ·
ℓ(ετ)

kn
· Cn · cos(

k2n
εℓ(ετ)

+ αn), (1.16)

ãäå ïîñòîÿííûå Cn, αn îïðåäåëÿþòñÿ èç íà÷àëüíûõ óñëîâèé.
Ðåøåíèå óðàâíåíèÿ (1.14) ìåòîäîì Êàíòîðîâè÷à � Ãàëåðêèíà èìååò àíà-

ëîãè÷íûé âèä [3]:

V (ξ, τ) =
∞∑
n=1

Xn(ξ, ετ) · A0n(ετ) ·
ℓ(ετ)

kn
· (Dn cos(

k2n
εℓ(ετ)

) + En sin(
k2n

εℓ(ετ)
)),

ãäåA0n(ετ) ∼ 1, 62/
√
ℓ(ετ);Dn, En -êîíñòàíòû.

Ðåøåíèå àñèìïòîòè÷åñêèì ìåòîäîì â áîëåå âûñîêîì ïðèáëèæåíèè íå ïî-
âûñèò òî÷íîñòè, íî âñêðîåò íîâóþ êà÷åñòâåííóþ ñòîðîíó ÿâëåíèÿ � ñëàáóþ
çàâèñèìîñòü ìåæäó îòäåëüíûìè òîíàìè êîëåáàíèÿ, ïîÿâëÿþùóþñÿ âñëåä-
ñòâèå èçìåíåíèÿ äëèíû îáúåêòà [1], [4].
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Study free vibrations of mechanical objects with moving

boundaries using asymptotical method

c⃝ V. L. Litvinov2

Abstract. The generalized method of using the asymptotical method for the study of free
oscillations of mechanical objects with moving boundaries is developed. Asymptotical method
is extended to a wider class of boundary value problems, which in the case of �xed boundaries can
be solved by separation of variables. As an example free vibrations of a beam of variable length are
studied. The comparison with the results obtained using the Kantorovich-Galerkin are produced.

Key Words: di�erential equations in partial derivatives, the free vibrations of objects with
moving boundaries, the laws of motion of the boundaries

2 Senior lecturer of dept. of general � theoretical disciplines, Syzran Branch of Samara State Technical
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