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Çàäà÷à ïîñòðîåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ
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Àííîòàöèÿ. Ðåøåíà çàäà÷à ïîñòðîåíèÿ òàêèõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ êî-
òîðûõ çàäàâàåìîå ïðåäåëüíîå ìíîæåñòâî â âèäå çàìêíóòîé ãëàäêîé êîìïàêòíîé ïîâåðõíîñòè
áóäåò èíòåãðàëüíûì è àñèìïòîòè÷åñêè óñòîé÷èâûì ïî Ëÿïóíîâó èíâàðèàíòíûì ìíîæåñòâîì.

Êëþ÷åâûå ñëîâà: íåçàâèñèìàÿ ïåðåìåííàÿ, ìíîæåñòâî, ñòàöèîíàðíûé èíòåãðàë, ñêàëÿðíàÿ
ôóíêöèÿ

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = y,
ẏ = x+ z + xz,

ż = xy.
(1.1)

Ýòà ñèñòåìà èìååò ñåìåéñòâî èíòåãðàëîâ z = x2/2 + C , ãäå C = const . Â ñâÿçè ñ ýòèì
ñèñòåìó (1.1) ìîæíî ïðèâåñòè ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà

ẍ = C + (1 + C)x+ x2/2 + x3/2. (1.2)

Óìíîæèì îáå ÷àñòè (1.2) íà ẋ è ïðîèíòåãðèðóåì â ïðåäåëàõ îò 0 äî t . Ïîëó÷èì

ẋ2/2 = C1 + Cx+ (1 + C)x2/2 + x3/6 + x4/8 (C1 = const). (1.3)

Èçâëå÷åì êâàäðàòíûé êîðåíü è ïðîèíòåãðèðóåì ñíîâà; ïîëó÷èì∫
dx√

2C1 + 2Cx+ (1 + C)x2 + x3/3 + x4/4
= t+ C2 (C2 = const). (1.4)

Èíòåãðàë, ñòîÿùèé â ëåâîé ÷àñòè (1.4), ÿâëÿåòñÿ ãèïåðýëëèïòè÷åñêèì [1]. Ãèïåðýëëèï-
òè÷åñêèå ôóíêöèè, ïîÿâëÿþùèåñÿ ïðè îáðàùåíèè ýòîãî èíòåãðàëà, êîãäà ìû õîòèì ÿâíî
âûïèñàòü ðåøåíèå x(t) ñèñòåìû (1.1), õàðàêòåðèçóþòñÿ íàëè÷èåì íåñêîëüêèõ ïåðèîäîâ,
êîòîðûå çàâèñÿò îò íà÷àëüíûõ äàííûõ.

Ðàññìîòðèì åùå îäíó ñèñòåìó

ẋ = y,
ẏ = xz + a,
ż = 4xy + 1.

(1.5)

Ýòà ñèñòåìà èìååò ñåìåéñòâî èíòåãðàëîâ z = 2x2 + t + C , ÷òî ïîçâîëÿåò ïðèâåñòè (1.5)
ê îäíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà ẍ = 2x3 + (t + C)x + a . Ñ ïîìîùüþ ïîäñòàíîâêè
x = λη(ξ) , ξ = µ(t+ C) ýòî óðàâíåíèå ïðèâîäèòñÿ ê íîðìàëüíîìó âèäó Ïåíëåâå [2]

η′′ = 2η3 + ξη + α. (1.6)
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Ïåíëåâå ïîêàçàë, ÷òî ðåøåíèÿ óðàâíåíèÿ (1.6) îïèñûâàþòñÿ ïðèíöèïèàëüíî íîâûìè
òðàíöåíäåíòíûìè ôóíêöèÿìè, êîòîðûå íå ñâîäÿòñÿ ê ðàíåå èçó÷åííûì ôóíêöèÿì è êî-
òîðûå ñòàëè íàçûâàòü òðàíöåíäåíòíûìè ôóíêöèÿìè Ïåíëåâå [1].

Ó÷åíèê Ïåíëåâå Æ. Øàçè (1882-1955) èçó÷àë, â ÷àñòíîñòè, óðàâíåíèå y′′ = 2yy′′−3y′2 ,
ê êîòîðîìó ïðèâîäèòñÿ êâàäðàòè÷íàÿ ñèñòåìà ẋ = y , ẏ = z , ż = 2xz−3y2 . Øàçè óñòàíî-
âèë, ÷òî èíòåãðàë ñòîëü ïðîñòîãî ïî âèäó óðàâíåíèÿ èìååò âåñüìà ñëîæíûå îñîáåííîñòè
è ñâÿçàí ñ èíòåãðàëàìè ãèïåðãåîìåòðè÷åñêîãî óðàâíåíèÿ è ôóíêöèÿìè Øâàðöà.

Ïðèâåäåííûå ïðèìåðû ïîêàçûâàþò, ÷òî ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïðîñòîé ñòðóêòóðû ìîãóò èìåòü ÷ðåçâû÷àéíî ñëîæíóþ àíàëèòè÷åñêóþ ïðèðîäó.
¾Ïðîñòîòà¿ ñòðóêòóðû äèôôåðåíöèàëüíûõ óðàâíåíèé îáìàí÷èâà. Èçâåñòíûå ïðèìåðû
êâàäðàòè÷íûõ ñèñòåì, îïèñûâàþùèõ ñèñòåìû ñî ñòðàííûìè àòòðàêòîðàìè, òàêæå óêà-
çûâàþò íà ýòî.

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé 3-ãî ïîðÿäêà

ẋ = f(x, y, z),
ẏ = g(x, y, z),
ż = h(x, y, z).

(1.7)

Ïðåäïîëîæèì, ÷òî ó ñèñòåìû (1.7) ñóùåñòâóåò ñòàöèîíàðíûé èíòåãðàë

v(x, y, z) = c. (1.8)

Ïî íàøåìó ïðåäïîëîæåíèþ èìååì ∇v = µ1g1 + µ2g2 , ãäå µ1 , µ2 - ñêàëÿðíûå ôóíêöèè
íåçàâèñèìûõ ïåðåìåííûõ x, y, z .

Åñëè ôóíêöèÿ v ïðåäñòàâèìà â âèäå v = v1 + v2 , òàê ÷òî âûïîëíåíî ñîîòíîøåíèå
∇v = ∇v1 + ∇v2 , à âåêòîðû ∇v1 , ∇v2 êîëëèíåàðíû ñîîòâåòñòâåííî âåêòîðàì g1 , g2 ,
òî ñïðàâåäëèâû ïîñëåäóþùèå ðàññóæäåíèÿ. Ïî íàøåìó ïðåäïîëîæåíèþ ôóíêöèÿ (1.8)
ñóùåñòâóåò, ñëåäîâàòåëüíî, õîòÿ áû ïðè îäíîì i = 1, 2 èìååò íåòðèâèàëüíîå ðåøåíèå
ñèñòåìà óðàâíåíèé

∇vi = µgi, (1.9)

ãäå µ = µ(x, y, z) - íåêîòîðàÿ ñêàëÿðíàÿ ôóíêöèÿ. Âûïèøåì óñëîâèÿ èíòåãðèðóåìîñòè
óðàâíåíèé (1.9) â ìàòðè÷íî-âåêòîðíîé ôîðìå äëÿ i = 1 :

A1∇µ = µF1. (1.10)

Çàìåòèì, ÷òî ìàòðèöà A1 , â ñèëó ñâîåé ñòðóêòóðû, ÿâëÿåòñÿ âûðîæäåííîé ïðè ëþ-
áûõ f, g, h . Îòñþäà ñëåäóåò, ÷òî íåòðèâèàëüíîå ðåøåíèå óðàâíåíèé (1.10) âîçìîæíî ëèøü
òîãäà, êîãäà âåêòîð F ëåæèò â ïîäïðîñòðàíñòâå, íàòÿíóòîì íà ñòîëáöû ìàòðèöû A :

rank(A) = rank(A,F ).

Íåòðèâèàëüíûì ðåøåíèåì äëÿ íàñ áóäåò òàêæå ñèòóàöèÿ, êîãäà F1 = 0 , ïðè ýòîì
ïîëó÷àåòñÿ µ(x, y, z) = const . Ïðè i = 2 ïîëó÷àåì ñëåäóþùèå çíà÷åíèÿ äëÿ ìàòðèöû A
è âåêòîðà F :

A2 =

−h(g − h) + f(f − g) g(f − g)− h(h− f) 0
−f(h− f) + g(g − h) 0 g(f − g)− h(h− f)

0 −f(h− f) + g(g − h) h(g − h)− f(f − g)

 .

Ìàòðèöà A2 òàêæå âûðîæäåííàÿ, è ðåøåíèå âîçìîæíî òîæå íå âñåãäà.
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Òàêèì îáðàçîì, â âûðîæäåííûõ ñëó÷àÿõ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ
ôóíêöèé µ1 , µ2 âûãëÿäèò ñëåäóþùèì îáðàçîì:

A1∇µ1 + A2∇µ2 = µ1F1 + µ2F2. (1.11)

Ýòî - ñèñòåìà òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ äëÿ äâóõ íåèç-
âåñòíûõ ôóíêöèé. Äëÿ åå èññëåäîâàíèÿ çàìåòèì ñíà÷àëà, ÷òî, ïîñêîëüêó ìàòðèöû A1 , A2

âûðîæäåííûå, óðàâíåíèÿ (1.11) íå ìîãóò áûòü ðàçðåøåíû îòíîñèòåëüíî âñåõ òðåõ ïðîèç-
âîäíûõ µ1x , µ1y , µ1z èëè µ2x , µ2y , µ2z , íî â îáùåì ñëó÷àå ñèñòåìà (1.11) ìîæåò áûòü
ðàçðåøåíà îòíîñèòåëüíî äâóõ ïðîèçâîäíûõ, íàïðèìåð ïî x , y :

∂µ1
∂x

= a(x, y, z)µ1 + A(x, y, z, µ2, µ2x , µ2y , µ2z),
∂µ1
∂y

= b(x, y, z)µ1 +B(x, y, z, µ2, µ2x , µ2y , µ2z).
(1.12)

Çäåñü A,B - ëèíåéíûå ôóíêöèè ïî µ2 , µ2x , µ2y , µ2z . Äèôôåðåíöèðóÿ ïåðâîå óðàâíåíèå
ïî y , à âòîðîå ïî x , ïîëó÷àåì (ay − bx)µ1 = L[µ2] , ãäå L[µ2] = −(aB − bA + dA

dx
− dB

dy
)−

äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà. Ð. Êóðàíò [3] ïîêàçàë, ÷òî â àíàëèòè÷åñêîì
ñëó÷àå óñëîâèå

ay = bx (1.13)

ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ðàçðåøèìîñòè ñèñòåìû.
Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.6. Íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ñòàöèîíàðíîãî èíòå-
ãðàëà äëÿ ñèñòåìû (1.11) ÿâëÿåòñÿ âûïîëíåíèå óñëîâèé (1.13).

Â ñàìîì îáùåì ñëó÷àå, ïðèâåäåì ñèñòåìó (1.10) ê ñëåäóþùåìó âèäó: ÷ëåíû, ñîäåðæà-
ùèå âåëè÷èíû µ2 , µ2x , µ2y , µ2z , ïåðåíåñåì â ïðàâóþ ÷àñòü, ñîäåðæàùèå âåëè÷èíû µ1 ,
µ1x , µ1y , µ1z - â ëåâóþ [5]. Ââåäåì íîâûå íåèçâåñòíûå âåëè÷èíû α1(x, y, z) , α2(x, y, z) ,
α3(x, y, z) . Ïîëó÷èì ñîîòíîøåíèÿ

A1[1, 1]µ1x + A1[1, 2]µ1y + F1[1]µ1 = α1,
A1[2, 1]µ1x + A1[2, 3]µ1z + F1[2]µ1 = α2,
A1[3, 2]µ1y + A1[3, 3]µ1z + F1[3]µ1 = α3,
A2[1, 1]µ2x + A2[1, 2]µ2y + F2[1]µ2 = α1,
A2[2, 1]µ2x + A2[2, 3]µ2z + F2[2]µ2 = α2,
A2[3, 2]µ2y + A1[3, 3]µ2z + F1[3]µ2 = α3.

(1.14)

Ìû ïîëó÷èëè äâå ãðóïïû óðàâíåíèé, ïåðâóþ èç êîòîðûõ - äëÿ íåèçâåñòíîé ôóíêöèè
µ1 , âòîðóþ - îò µ2 .

Â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà òà-
êèå óðàâíåíèÿ íàçûâàþòñÿ îáùèìè ëèíåéíûìè [2] èëè ëèíåéíûìè íåîäíîðîäíûìè [4].

Íå îãðàíè÷èâàÿ îáùíîñòè, ðàññìîòðèì ïåðâûå òðè óðàâíåíèÿ (1.14).

X1(µ1) = A1[1, 1]µ1x + A1[1, 2]µ1y + F1[1]µ1 − α1 = 0,
X2(µ1) = A1[2, 1]µ1x + A1[2, 3]µ1x + F1[2]µ1 − α2 = 0,
X3(µ1) = A1[3, 2]µ1y + A1[3, 3]µ1x + F1[3]µ1 − α3 = 0.

(1.15)

Ââåäåì îáîçíà÷åíèÿ

X̄1(µ1) = A1[1, 1]µ1x + A1[1, 2]µ1y ,
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X̄2(µ1) = A1[2, 1]µ1x + A1[2, 3]µ1x ,

X̄3(µ1) = A1[3, 2]µ1y + A1[3, 3]µ1x .

Ïîñêîëüêó ìàòðèöà A1 âûðîæäåííàÿ, èç ñèñòåìû (1.15) íåâîçìîæíî íàéòè âåëè÷èíû
µ1x , µ1y , µ1z . Ïðèâåäåì ñèñòåìó (1.15) ê çàìêíóòîé ôîðìå. Â îáùåì ñëó÷àå ìîæíî âçÿòü
äâà ëèíåéíî íåçàâèñèìûõ ïî µ1x , µ1y , µ1z óðàâíåíèÿ, íàïðèìåð X1 , X2 è ñîñòàâèòü
ñêîáêó ßêîáè:

[X1, X2] = A1[1, 1](
∂X2

∂x
+ µ1xF1[2])− A1[2, 1](

∂X1

∂x
+ µ1xF1[1])+

+A1[1, 2](
∂X2

∂y
+ µ1yF1[2])− A1[2, 3](

∂X1

∂z
+ µ1zF1[2]).

Èçâåñòíî [2, 4], ÷òî [X1, X2] = X̄1(X2(µ1))− X̄2(X1(µ1)) . Ìîæåò îêàçàòüñÿ òàê, ÷òî ïî-
ëó÷èâøååñÿ óðàâíåíèå ëèíåéíî íåçàâèñèìî ñ óðàâíåíèÿìè X1 , X2 , òîãäà ïîëó÷èâøóþñÿ
ñèñòåìó ìîæíî ðàçðåøèòü îòíîñèòåëüíî µ1 .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-00624).
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The task of building systems di�erential equations

c⃝ A.V. Zubov5, K.A. Peshechonov6, S.A. Strecopitov7, M. V. Strecopitova8

Abstract. In giving article is solves the task of building that systems of di�erential equations, for
that set limiting multitude in case exclusive smooth compact surface will be integral and asymptotic
stability, and stability on Lapunov's invariant multitude.
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