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ÓÄÊ 519.63

Èòåðàòèâíûé ìåòîä ïåðâîãî ïîðÿäêà äëÿ àêêðåòèâíûõ

âêëþ÷åíèé â áàíàõîâîì ïðîñòðàíñòâå

c⃝ È. Ï. Ðÿçàíöåâà1

Àííîòàöèÿ. Äëÿ óðàâíåíèé ñ ìíîãîçíà÷íûìè àêêðåòèâíûìè îïåðàòîðàìè â áàíàõîâîì ïðî-
ñòðàíñòâå ïîñòðîåí èòåðàòèâíûé íåÿâíûé ìåòîä ïåpâîãî ïîðÿäêà, ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ åãî ñèëüíîé ñõîäèìîñòè ê påøåíèþ èñõîäíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: èòåðàòèâíûé ìåòîä, àêêðåòèâíûé îïåpàòîp, ðåçîëüâåíòà, ñõîäèìîñòü,
äóàëüíîå îòîáðàæåíèå

Ïóñòü X � ñòðîãî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî ïpîñòpàíñòâî, ìîäóëü
ãëàäêîñòè êîòîðîãî ðàâåí ρX(τ), X

∗ � ïðîñòðàíñòâî, ñîïðÿæåííîå X, ⟨u, v⟩ � çíà÷åíèå
ëèíåéíîãî ôóíêöèîíàëà u ∈ X∗ íà ýëåìåíòå v ∈ X, B : X → 2X � m -àêêðåòèâíûé
îïåðàòîð, ò.å. R(αB + E) = X ïðè âñåõ α > 0, E : X → X � åäèíè÷íûé îïåðàòîð,
Js : X → X∗ � äóàëüíîå îòîáðàæåíèå â X ñ ìàñøòàáíîé ôóíêöèåé µ(t) = ts−1, s > 1,
ïðè s = 2 èìååì íîðìàëèçîâàííîå äóàëüíîå îòîáðàæåíèå J : X → X∗ (ñì. [1], c.65).

Ïðåäïîëîæèì, ÷òî îïåðàòîð A : X → X îáëàäàåò ñâîéñòâàìè:
(i) ÿâëÿåòñÿ ñèëüíî àêêðåòèâíûì, ò.å.

⟨J(u− v), Au− Av⟩ ≥M∥u− v∥2 ∀u, v ∈ X, M > 0;

(ii) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, ò.å.

∥Au− Av∥ ≤ L∥u− v∥ ∀u, v ∈ X, L > 0.

Ðàññìîòðèì â X óðàâíåíèå
Ax+Bx = f (1.1)

ñ ìíîãîçíà÷íûì îïåðàòîðîì, ðåøåíèå êîòîðîãî ïîíèìàåì â ñìûñëå ñëåäóþùåãî âêëþ÷å-
íèÿ

f − Ax ∈ Bx. (1.2)

Èñïîëüçóÿ ðåçîëüâåíòó îïåðàòîðà B, îïðåäåëÿåìóþ ðàâåíñòâîì IαB = (αB + E)−1, îò
óðàâíåíèÿ (1.1) ïåðåéäåì ê óðàâíåíèþ ñ îäíîçíà÷íûì îïåðàòîðîì

x = IαB(x− α[Ax− f ]). (1.3)

Ýòîò ïåðåõîä âûçâàí òåì, ÷òî ïîñòðîåíèå ìíîæåñòâà çíà÷åíèé ìíîãîçíà÷íîãî îïåðàòîðà
â òî÷êå � íåïðîñòàÿ çàäà÷à (ñì. ïðèìåð 2.4.3 èç [1]).

Â íàøèõ óñëîâèÿõ îäíîçíà÷íàÿ ðàçðåøèìîñòü (1.1) äîêàçàíà â [2]. Â äàëüíåéøèõ èñ-
ñëåäîâàíèÿõ ñóùåñòâåííóþ ðîëü èãðàåò îïåðàòîð Js. Ïðèâåäåì íåêîòîðûå ñâîéñòâà ýòîãî
îïåðàòîðà. Ïðåæäå âñåãî â íàøèõ óñëîâèÿõ îòìåòèì åãî îäíîçíà÷íîñòü è íåïðåðûâíîñòü.
Êðîìå òîãî, ñïðàâåäëèâî íåðàâåíñòâî (ñì. [1], ñ.79, 88)

⟨Jsu− Jsv, u− v⟩ ≤ c1∥u− v∥2 + c2ρX(∥u− v∥), (1.4)

çäåñü ∥u∥ ≤ R, ∥v∥ ≤ R, c1 = c3(s − 1), c2 = c3c4, c3 = 23s−1Rs−2/s, c4 = max{F,R}, F �
ïîñòîÿííàÿ Ôèãåëÿ.

Èñïîëüçóÿ (1.4), ìîæíî ïîëó÷èòü îöåíêó ñâåðõó äëÿ ∥Jsu − Jsv∥ íà B̄(0, R), ò.ê.
ïîäîáíî [1], ñ. 83-85 äîêàçûâàåòñÿ óòâåðæäåíèå.

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èì. Ð. Å. Àëåêñååâà, Íèæíèé Íîâãîðîä; lryazantseva@applmath.ru
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Ë å ì ì à 1.3. Â ðàâíîìåðíî ãëàäêîì áàíàõîâîì ïðîñòðàíñòâå X ñïðàâåäëèâî íå-
ðàâåíñòâî

∥Jsu− Jsv∥ ≤ c1∥u− v∥+ 2c2
qX(∥u− v∥)
∥u− v∥

∀u, v ∈ B̄(0, R) = {x | ∥x∥ ≤ R}, (1.5)

ãäå

qX(ξ) =

∫ 1

0

ρX(tξ)

t
dt, ξ ≥ 0.

Ç à ì å ÷ à í è å 1.1. Ïîñêîëüêó (ñì. [1], ñ.16)

lim
t→0+

ρX(t)

t
= 0, (1.6)

òî ôóíêöèÿ ρX(tξ)/ξ îïðåäåëåíà ïðè âñåõ ξ ≥ 0. Íå íàðóøàÿ íåðàâåíñòâà (1.5), ôóíêöèþ
ρX(τ) ìîæíî çàìåíèòü íåïðåðûâíîé ôóíêöèåé ρ̃X(τ) òàêîé, ÷òî ρX(τ) ≤ ρ̃X(τ) è ñî-
õðàíÿþùåé ñâîéñòâî (1.6). Äëÿ ïðîñòðàíñòâ Ëåáåãà òàêàÿ ôóíêöèÿ ρ̃X(τ) ñóùåñòâóåò
(ñì. [1], ñ.27).

Ç à ì å ÷ à í è å 1.2. Äëÿ íîðìàëèçîâàííîãî äóàëüíîãî îòîáðàæåíèÿ J âåðíà áî-
ëåå òî÷íàÿ, ÷åì ïîëó÷àåìàÿ èç (1.4) îöåíêà (ñì. [1], ñ.74)

⟨Ju− Jv, u− v⟩ ≤ 8
[
∥u− v∥2 + c4ρX(∥u− v∥)

]
,

îòêóäà ïîäîáíî (1.5) ïîëó÷àåì

∥Ju− Jv∥ ≤ 8

[
∥u− v∥+ 2c4

qX(∥u− v∥)
∥u− v∥

]
∀u, v ∈ B̄(0, R). (1.7)

Ïîëüçóÿñü ëåììîé, óñòàíîâèì ñâîéñòâà âèäà (1.5) äëÿ îïåðàòîðîâ J è Jp â ïðîñòðàí-
ñòâàõ Ëåáåãà Lp.

Ïðè p > 2 è s = p ìîäóëü ãëàäêîñòè ρX(τ) ≤ (p − 1)τ 2 (ñì. [1], ñ. 27), ôóíêöèÿ
qX(ξ) = (p− 1)ξ2/2, è â ñèëó (1.5)

∥Jpu− Jpv∥ ≤ [c1 + (p− 1)c2]∥u− v∥. (1.8)

Ïóñòü p ∈ (1, 2), s = 2, òîãäà ρX(τ) ≤ τ p/p (ñì. [1], ñ.27), qX(ξ) = ξp/p2, è èç (1.7)
èìååì

∥Ju− Jv∥ ≤ 8

[
∥u− v∥+ 2c4

p2
∥u− v∥p−1

]
. (1.9)

Îòìåòèì, ÷òî îòîáðàæåíèå Jp â Lp ïðè p ∈ (1, 2) óäîâëåòâîðÿåò íà X óñëîâèþ
Ãåëüäåðà (ñì.[1], ñ. 85)

∥Jpu− Jpv∥ ≤ 4

p2(2p−1 − 1)
∥u− v∥p−1, (1.10)

à äëÿ J â Lp ïðè p > 2 âûïîëíåíî óñëîâèå Ëèïøèöà (ñì. [1], ñ. 84)

∥Ju− Jv∥ ≤ (p− 1)∥u− v∥. (1.11)

Äëÿ ðåøåíèÿ óðàâíåíèÿ (1.1) â [2] ïîñòðîåí íåïðåðûâíûé ìåòîä ïåðâîãî ïîðÿäêà â
âèäå ñëåäóþùåé çàäà÷è Êîøè (ñì. [3]):

u′(t) + u(t) = I
γ(t)
B (u(t)− γ(t)[Au(t)− f ]), (1.12)

u(t0) = u0 ∈ X, t0 ≥ 0, (1.13)

è äîêàçàíî óòâåðæäåíèå.
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Ò å î ð å ì à 1.1. Ïóñòü X � ñòðîãî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî
ïðîñòðàíñòâî, B : X → 2X � m -àêêðåòèâíûé îãðàíè÷åííûé îïåðàòîð, îïåðàòîð
A : X → X îáëàäàåò ñâîéñòâàìè (i) è (ii), γ(t) � ïîëîæèòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ,
è âûïîëíåíû óñëîâèÿ

lim
t→∞

γ(t) = 0,

∫ ∞

t0

γ(t)dt = +∞,

sM − L > 0, (1.14)

Ïóñòü ñóùåñòâóåò ÷èñëî r0 > 0 òàêîå, ÷òî

⟨Jy, y − I
γ(t)
B (y − γ(t)[Ay − f ])⟩ ≥ 0 ïðè ∥y∥ ≥ r0. (1.15)

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u(t) ∈ C1[t0,+∞) çàäà÷è Êîøè (1.12), (1.13)
ïðè ëþáîì u0 ∈ X, è u(t) → x ïðè t → ∞, ãäå x � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ
(1.1).

Ç à ì å ÷ à í è å 1.3. Îòìåòèì, ÷òî ïðåäïîëîæåíèå (1.15) åñòü îäíî èç äîñòà-
òî÷íûõ óñëîâèé ðàçðåøèìîñòè óðàâíåíèÿ (1.3) (ñì., íàïðèìåð, [1], ñ.15, 158).

Ïóñòü ïðîñòðàíñòâî X, îïåðàòîðû A è B óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1.1., è
âåðíî (1.14). Ïîñòðîèì ðàçíîñòíûé àíàëîã ìåòîäà (1.12), (1.13) ñëåäóþùåãî âèäà:

un+1 − un
τn+1

+ un+1 = IγnB (un+1 − γn[Aun+1 − f ]), n = 1, 2, ..., (1.16)

ãäå ýëåìåíò u1 ∈ X çàäàåòñÿ, {τn} è {γn} � îãðàíè÷åííûå ïîñëåäîâàòåëüíîñòè ïîëî-
æèòåëüíûõ ÷èñåë, îïåðàòîð IγnB = (γnB + E)−1 : X → X åñòü ðåçîëüâåíòà îïåðàòîðà
B.

Óñòàíîâèì îäíîçíà÷íóþ ðàçðåøèìîñòü óðàâíåíèÿ (1.16) îòíîñèòåëüíî un+1. Äëÿ ýòîãî
îò (1.16) ïåðåéäåì ê ýêâèâàëåíòíîìó óðàâíåíèþ

γnB

(
un+1 − un
τn+1

+ un+1

)
+
un+1 − un
τn+1

+ γn(Aun+1 − f) = 0, (1.17)

èëè

B

(
ξn+1un+1 −

un
τn+1

)
+

un+1

γnτn+1

+ Aun+1 = f +
un

γnτn+1

, (1.18)

ãäå ξn+1 = 1 + 1/τn+1. Ïîñêîëüêó ξn > 0 ïðè âñåõ n ≥ 1, òî äëÿ m -àêêðåòèâíîãî
îïåðàòîðà B íåòðóäíî óáåäèòüñÿ â m -àêêðåòèâíîñòè îòîáðàæåíèÿ BT, ãäå Tx = ξn+1x−
un/τn+1. Ñëåäîâàòåëüíî, ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ (1.18) (à çíà÷èò, è (1.16),
(1.17)) óñòàíàâëèâàåòñÿ òåìè æå ðàññóæäåíèÿìè, ÷òî è äëÿ óðàâíåíèÿ (1.1).

Èññëåäóåì ïîâåäåíèå ïîñëåäîâàòåëüíîñòè {un} ïðè n → ∞. Ïóñòü ýëåìåíò hn+1 ∈
B(ηn+1 + un+1) òàêîé, ÷òî (ñì. (1.17))

γnhn+1 + ηn+1 + γn(Aun+1 − f) = 0, ηn+1 =
un+1 − un
τn+1

. (1.19)

Êðîìå òîãî, ñîãëàñíî (1.2), ñóùåñòâóåò ýëåìåíò v ∈ Bx òàêîé, ÷òî

v + Ax− f = 0. (1.20)

Óìíîæèâ (1.20) íà γn, èìååì
γnv + γn(Ax− f) = 0. (1.21)
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Òåïåðü èç (1.19) è (1.21) ïîëó÷àåì, ÷òî

⟨Js(ηn+1 + un+1 − x), ηn+1⟩+ γn[⟨Js(ηn+1 + un+1 − x), hn+1 − v⟩+
+ ⟨Js(ηn+1 + un+1 − x), Aun+1 − Ax⟩] = 0. (1.22)

Ïóñòü ïðåäïîëîæåíèå (1.15) âåðíî ïðè çàìeíå γ(t) íà γn, ò.å. ñïðàâåäëèâî íåðàâåíñòâî

⟨Jy, y − IγnB (y − γn[Ay − f ])⟩ ≥ 0 ïðè ∥y∥ ≥ r0. (1.23)

Äîêàæåì îãðàíè÷åííîñòü {un}. Ïðåäïîëîæèì ïðîòèâíîå: ïóñòü ∥un∥ → ∞. Òîãäà ïðè
äîñòàòî÷íî áîëüøèõ n ñïðàâåäëèâî íåðàâåíñòâî ∥un∥ ≥ r0, è â ñèëó (1.23) èìååì

⟨Jun+1, un+1 − IγnB (un+1 − γn[Aun+1 − f ])⟩ ≥ 0.

Êðîìå òîãî, èç (1.16) ïîëó÷àåì

⟨Jun+1, ηn+1 + un+1 − IγnB (un+1 − γn[Aun+1 − f ])⟩ = 0.

Îòñþäà ñ ó÷åòîì ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì, ÷òî ⟨Jun+1, ηn+1⟩ ≤ 0 èëè ∥un+1∥ ≤
∥un∥. Òàêèì îáðàçîì, äîêàçàíà îãðàíè÷åííîñòü {un}. Òåïåðü èç (1.16) âûòåêàåò îãðàíè-
÷åííîñòü {(un+1 − un)/τn+1}. Ïóñòü

∥un∥ ≤ C̄,
∥un+1 − un∥

τn+1

≤ C̃ ∀n. (1.24)

Îïðåäåëèì âåëè÷èíó rn = ∥un − x∥s/s. Óñòàíîâëåííûå îöåíêè (1.24) è ñâîéñòâà (i), (ii)
îïåðàòîðà A ïîçâîëÿþò çàïèñàòü ñëåäóþùèå ñîîòíîøåíèÿ:

⟨Js(ηn+1 + un+1 − x), Aun+1 − Ax⟩ = ⟨Js(un+1 − x), Aun+1 − Ax⟩+
+ ⟨Js(ηn+1 + un+1 − x)− Js(un+1 − x), Aun+1 − Ax⟩ ≥ sMrn+1 −

− L∥un+1 − x∥C(∥ηn+1∥) ≥ (sM − L)rn+1 −
L

m
Cm(∥ηn+1∥),

1

s
+

1

m
= 1, (1.25)

ïðè÷åì ïîñòîÿííûå c1 è c2, îïðåäåëÿþùèå ôóíêöèþ C(ξ) = c1ξ+2c2qX(ξ)/ξ, çàâèñÿò îò
R = C̄ + C̃ + ∥x||. Çäåñü ìû èñïîëüçîâàëè íåðàâåíñòâî ab ≤ as/s + bm/m, a > 0, b > 0.
Îòìåòèì, ÷òî ñ ïîìîùüþ (1.6), íåòðóäíî ïðîâåðèòü ðàâåíñòâî C(0) = 0.

Ïåðâîå ñëàãàåìîå â (1.22) ñ ó÷åòîì ìîíîòîííîñòè îïåðàòîðà Js îöåíèì ñëåäóþùèì
îáðàçîì:

⟨Js(ηn+1 + un+1 − x), ηn+1⟩ = ⟨Js(ηn+1 + un+1 − x)− Js(un+1 − x), ηn+1⟩+

+ ⟨Js(un+1 − x), ηn+1⟩ ≥
1

τn+1

⟨Js(un+1 − x), un+1 − un⟩. (1.26)

Äëÿ âñÿêîãî âûïóêëîãî äèôôåðåíöèðóåìîãî ïî Ãàòî íà X ôóíêöèîíàëà φ : X → R
âåðíî íåðàâåíñòâî (ñì. [1], ñ.37, 38)

φ(x)− φ(y) ≥ ⟨gradφ(y), x− y⟩ ∀x, y ∈ X.

Ïðèìåíèâ ïîñëåäíåå íåðàâåíñòâî ê ôóíêöèîíàëó φ(x) = ∥x∥s/s, èç (1.26) èìååì

⟨Js(ηn+1 + un+1 − x), ηn+1⟩ ≥
1

τn+1

(rn+1 − rn). (1.27)
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Èç (1.17) áåç òðóäà âûâîäèòñÿ îöåíêà

∥ηn+1∥ ≤ ã1γn ∀n, ã1 > 0. (1.28)

Òåïåðü èç (1.22) ñ ó÷åòîì (1.25), (1.27), (1.28) ïîëó÷àåì ðåêóðåíòíîå íåðàâåíñòâî

rn+1 ≤
(
1− γnτn+1ξ0

1 + γnτn+1ξ0

)
rn + γnτn

L

m(1 + γnτn+1ξ0)
Cm(ã1γn), ξ0 = sM − L,

è ëåììà èç ðàáîòû [4], c. 385 ïîçâîëÿåò óñòàíîâèòü óòâåðæäåíèå.

Ò å î ð å ì à 1.2. Ïóñòü X � ñòðîãî âûïóêëîå è ðàâíîìåðíî ãëàäêîå áàíàõîâî
ïðîñòðàíñòâî, B : X → 2X � m -àêêðåòèâíûé îãðàíè÷åííûé îïåðàòîð, îïåðàòîð
A : X → X îáëàäàåò ñâîéñòâàìè (i) è (ii), {γn}, {τn} � îãðàíè÷åííûå ïîñëåäîâàòåëüíî-
ñòè ïîëîæèòåëüíûõ ÷èñåë, âûïîëíåíû óñëîâèÿ (1.14),

lim
n→∞

γn = 0,
∞∑
n=1

γnτn+1 = +∞,

è âåðíî (1.15) ïðè γ(t) = γn. Òîãäà ïîñëåäîâàòåëüíîñòü {un} îïðåäåëÿåòñÿ îäíîçíà÷íî
èç (1.16), è ïðè ëþáîì u1 ∈ X ñõîäèòñÿ ïî íîðìå ïðîñòðàíñòâà X ê åäèíñòâåííîìó
ðåøåíèþ óðàâíåíèÿ (1.1).

Ç à ì å ÷ à í è å 1.4. Â áàíàõîâîì ïðîñòðàíñòâå âåëè÷èíà ⟨Jsx−Jsy, x−y⟩ ñâåð-
õó è ñíèçó îöåíèâàåòñÿ ðàçíûìè ñòåïåíÿìè ∥x − y∥, ïðè÷åì îöåíêè íîñÿò ëîêàëü-
íûé õàðàêòeð, ïîýòîìó â áàíàõîâîì ïðîñòðàíñòâå â îòëè÷èå îò ãèëüáåðòîâà âìåñòî
γn = γ > 0 (ñì., íàïðèìåð, [5] è [6]) âûáðàíà ïîñëåäîâàòåëüíîñòü {γn} ñî ñâîéñòâàìè,
óêàçàííûìè â òåîðåìå 1.2..

Ç à ì å ÷ à í è å 1.5. Ïóñòü X = Lp, p > 1. Â çàâèñèìîñòè îò s íåðàâåíñòâî
(1.5) ïðèíèìàåò âèä ëèáî (1.8), (1.9), ëèáî (1.10), (1.11). Â òåîðåìå 1.2. èññëåäîâàí ñëó-
÷àé óñëîâèé (1.8), (1.9). Ïðè âûïîëíåíèè (1.10), (1.11) óòâåðæäåíèå òåîðåìû 1.2. ñîõðà-
íÿåòñÿ, ïðè ýòîì äîêàçàòåëüñòâî ïðàêòè÷åñêè íå ìåíÿåòñÿ.
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First-order iterative method for accretive inclusions in

Banach space

c⃝ I. P. Ryazantseva2

Abstract. First-order iterative method be constructed for equations in Banach space with set-
valued accretive operatorsl. Su�cient conditions of convergence to solution of initial problem are
obtained.
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2 Professor of Applied Mathematics Chair, Nizhnii Novgorod State Tehnical University after R.A. Alekseev,
Nizhnii Novgorod; lryazantseva@applmath.ru

MVMS journal. 2013. V. 15, No. 3


