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Äîêàçàòåëüñòâî òåîðåìû î ëîêàëüíîé ðàçðåøèìîñòè

êâàçèëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

ïåðâîãî ïîðÿäêà îáùåãî âèäà ñ íà÷àëüíûìè äàííûìè â

äåêàðòîâûõ êîîðäèíàòàõ íà ëèíèè áåñêîíå÷íîé äëèíû

c⃝ Ñ. Í. Àëåêñååíêî1, Ë. E. Ïëàòîíîâà2

Àííîòàöèÿ. Äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñ íà-
÷àëüíûìè óñëîâèÿìè, çàäàííûìè â äåêàðòîâûõ êîîðäèíàòàõ, äîêàçàíà òåîðåìà ëîêàëüíîé
ðàçðåøèìîñòè çàäà÷è Êîøè. Òåîðåìà íå âêëþ÷àåò â ñåáÿ óñëîâíûõ ïðåäïîëîæåíèé î õàðàê-
òåðå ïîâåäåíèÿ õàðàêòåðèñòèê.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ïåðâîãî ïîðÿäêà, çàäà÷à
Êîøè, ìåòîä äîïîëíèòåëüíîãî àðãóìåíòà.

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿåòñÿ êâàçèëèíåéíîå óðàâ-
íåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

a1(x1, x2, z)∂1z + a2(x1, x2, z)∂2z = f(x1, x2, z), (1.1)

ãäå ∂iz = ∂z
∂xi
, i = 1, 2, a1, a2, f � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíê-

öèè. Ðåøåíèå èùåòñÿ â íåêîòîðîé îêðåñòíîñòè ëèíèè L , êîòîðàÿ çàäàåòñÿ óðàâíåíèåì
x2 = φ(x1), −∞ < x1 < +∞ . Ñîîòâåòñòâåííî, çàäà÷à Êîøè ñòàâèòñÿ ñëåäóþùèì
îáðàçîì:

z|L = γ(x1), x1 ∈ (−∞; +∞). (1.2)

Ôóíêöèè φ(x1) , γ(x1) ∈ C
2
(−∞; +∞) , ãäå C

2
(−∞; +∞) � ìíîæåñòâî äâàæäû íåïðåðûâ-

íî äèôôåðåíöèðóåìûõ ôóíêöèé, îãðàíè÷åííûõ âìåñòå ñî ñâîèìè 1-îé è 2-îé ïðîèçâîäíû-
ìè íà (−∞; +∞) . Ïóñòü Nγ = max

(−∞;+∞)
|γ(x1)| .

Â ðàìêàõ äàííîé ðàáîòû ðàññìîòðåí ñëó÷àé, êîãäà ëèíèÿ L è îáëàñòü îïðåäåëåíèÿ
íåèçâåñòíîé ôóíêöèè z(x1, x2) ñîäåðæèòñÿ âî ìíîæåñòâå

Ωβ =

{
(x1, x2) : −∞ < x1 < +∞, min

(−∞;+∞)
(φ(x1)− β0) 6 x2 6 max

(−∞;+∞)
(φ(x1) + β0)

}
, β0 ∈ R.

Ïðèíöèïèàëüíàÿ îñîáåííîñòü èçó÷àåìîé çàäà÷è ñîñòîèò â òîì, ÷òî íàðÿäó ñ ïîèñêîì
íåèçâåñòíîé ôóíêöèè z(x1, x2) èùåòñÿ è îáëàñòü îïðåäåëåíèÿ ðåøåíèÿ. Ñîîòâåòñòâåí-
íî, ïîñòîÿííàÿ β0 äîëæíà áûòü äîñòàòî÷íî âåëèêà, ÷òîáû èñêîìàÿ îáëàñòü îïðåäåëå-
íèÿ z(x1, x2) âõîäèëà â Ωβ . Îáîçíà÷èì ýòó çàðàíåå íåèçâåñòíóþ îáëàñòü îïðåäåëåíèÿ
ðåøåíèÿ çàäà÷è (1.1), (1.2) ÷åðåç Ωε . Òàê êàê â äàííîé ñòàòüå ðå÷ü èäåò î ëîêàëü-
íîé ðàçðåøèìîñòè, òî îáëàñòü Ωε ïðåäñòàâëÿåò ñîáîé íåêîòîðóþ îêðåñòíîñòü êðèâîé L .
Ïðèìåì äëÿ îïðåäåëåííîñòè, ÷òî âñå çàäàííûå ôóíêöèè a1, a2, f îïðåäåëåíû â îáëàñòè
Qρ = Ωβ× [−ρNγ , ρNγ] , ãäå êîýôôèöèåíò ρ âûáèðàåòñÿ èñõîäÿ èç âèäà ôóíêöèé a1, a2, f .
Ñôîðìóëèðóåì óñëîâèÿ íà L , ïðè âûïîëíåíèè êîòîðûõ ñïðàâåäëèâû íèæåïðèâåäåííûå
âûêëàäêè è óòâåðæäåíèÿ.

1 Ïðîôåññîð êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåð-
ñèòåò èìåíè Ð. Å. Àëåêñååâà, ã. Í.Íîâãîðîä; sn-alekseenko@yandex.ru

2 Ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà, òåîðèè è ìåòîäèêè îáó÷åíèÿ ìàòåìà-
òèêå, Íèæåãîðîäñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ê.Ìèíèíà, ã. Í.Íîâãîðîä;
�u�13@yandex.ru
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Îáëàñòü îïðåäåëåíèÿ ðåøåíèÿ Ωε áóäåì èñêàòü â âèäå ïîëîñû øèðèíîé ε â íàïðàâ-
ëåíèè Ox2 , ïðèëåãàþùåé ê L ñ îäíîé ñòîðîíû, òî÷íåå

Ωε = {(x1, x2) : −∞ < x1 < +∞, φ(x1) 6 x2 6 φ(x1) + ε} ,Ωε ⊂ Ωβ.

Ïàðàìåòð ε ïîäëåæèò îïðåäåëåíèþ, îãðàíè÷åíèå íà âåëè÷èíó ε ÿâëÿåòñÿ îäíèì èç îñ-
íîâíûõ óñëîâèé ðàçðåøèìîñòè çàäà÷è (1.1), (1.2). À âîçìîæíîñòü îïðåäåëåíèÿ ε �êîí-
ñòðóêòèâíî�, èñõîäÿ èç äàííûõ çàäà÷è, ïðåäñòàâëÿåò ñîáîé îäíî èç îñíîâíûõ ïðåèìóùåñòâ
ìåòîäà äîïîëíèòåëüíîãî àðãóìåíòà.

Â ðàáîòå [5] äëÿ çàäà÷è Êîøè (1.1), (1.2) ñ ïîìîùüþ ìåòîäà äîïîëíèòåëüíîãî àðãó-
ìåíòà [1], [3] áûëà ðàçðàáîòàíà ñõåìà, ïîçâîëÿþùàÿ ñâåñòè âîïðîñ î ðàçðåøèìîñòè çàäà÷è
(1.1), (1.2) â èñõîäíûõ êîîðäèíàòàõ ê îïðåäåëåíèþ èíòåðâàëà ðàçðåøèìîñòè ñèñòåìû 15
èíòåãðàëüíûõ óðàâíåíèé âèäà

U (s, x1, x2) = γ (W2 (x1, x2)) +

s∫
0

f (x1 − µ1, H2 (δ, x1, x2) , U (δ, x1, x2)) dδ, (1.3)

U1 = γ′ (W2 (x1, x2))W21 +

s∫
0

(f1(1− µ11) + f2H21 + fUU1) dδ, (1.4)

U2 = γ′ (W2 (x1, x2))W22 +

s∫
0

(f1(−µ12) + f2H22 + fUU2) dδ, (1.5)

µ1 =

W1(x1,x2)∫
s

a1 (x1 − µ1, H2, U (δ, x1, x2)) dδ, (1.6)

H2 = x2 −
W1(x1,x2)∫

s

a2 (x1 − µ1, H2, U (δ, x1, x2)) dδ, (1.7)

µ11 = a1W11 +

W1(x1,x2)∫
s

(a11(1− µ11) + a12H21 + a1UU1) dδ, (1.8)

µ12 = a1W12 +

W1(x1,x2)∫
s

(a11(−µ12) + a12H22 + a1UU2) dδ, (1.9)

H21 = −a2W11 −
W1(x1,x2)∫

s

(a21(1− µ11) + a22H21 + a2UU1) dδ, (1.10)

H22 = 1− a2W12 −
W1(x1,x2)∫

s

(a21(−µ12) + a22H22 + a2UU2) dδ, (1.11)

W1 =

x2∫
φ(x1)

W12dx2, (1.12)

µ2 =

W1(x1,x2)∫
0

a1 (x1 − µ1, H2, U (δ, x1, x2)) dδ, (1.13)
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W11 = J−1

(
−φ′ +

W1(x1,x2)∫
0

(
φ′ (a11(1− µ11) + a12H21 + a1UU1)−

− (a21(1− µ11) + a22H21 + a2UU1)
)
dδ

)
,

(1.14)

W12 = J−1

(
1 +

W1(x1,x2)∫
0

(
φ′ (a11(−µ12) + a12H22 + a1UU2)−

− (a21(−µ12) + a22H22 + a2UU2)
)
dδ

)
,

(1.15)

1− µ21 = J−1

(
a2 +

W1(x1,x2)∫
0

(
a1 (a21(1− µ11) + a22H21 + a2UU1)−

−a2 (a11(1− µ11) + a12H21 + a1UU1)
)
dδ

)
,

(1.16)

−µ22 = J−1

(
−a1 +

W1(x1,x2)∫
0

(
a1 (a21(−µ12) + a22H22 + a2UU2)−

−a2 (a11(−µ12) + a12H22 + a1UU2)
)
dδ

)
.

(1.17)

Â ñèñòåìå (1.3) � (1.17), êîòîðàÿ áûëà íàçâàíà â [5] ðåçîëüâåíòíîé, U, U1, U2,
µ1, H2, µ11, µ12, H21, H22, W1, W11, W12, µ2, µ21 µ22 íîâûå íåèçâåñòíûå ôóíêöèè.

Â ðàáîòå [5] àíîíñèðîâàíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è
Êîøè (1.1), (1.2), â êîòîðîé ñôîðìóëèðîâàí âåñü èñïîëüçóåìûé íàáîð óñëîâèé.

Ò å î ð å ì à 1.1. Ïóñòü a1 (x1, x2, z) , a2 (x1, x2, z) , f (x1, x2, z) íåïðåðûâíî äèôôå-
ðåíöèðóåìûå ôóíêöèè ïî âñåì àðãóìåíòàì â îáëàñòè Qρ ;L � ëèíèÿ, íåñóùàÿ íà÷àëü-

íûå äàííûå:x2 = φ(x1) ; φ (x1) , γ (x1) ∈ C
2
(−∞; +∞) ; âûïîëíåíî îñíîâíîå óñëîâèå ðàçðå-

øèìîñòè |J | ≥ KJ . Òîãäà ñóùåñòâóåò òàêîå ÷èñëî ε0 > 0 , ÷òî ïðè 0 6 ε 6 ε0 , çàäà÷à

Êîøè (1.1), (1.2) èìååò åäèíñòâåííîå ðåøåíèå z ∈ C
1
(Ωε) , êîòîðîå ïðè s = ω ñîâïàäà-

åò ñ ôóíêöèåé u(s, x1, x2) = U(s, x1, x2) , îïðåäåëÿåìîé èç ðåçîëüâåíòíîé ñèñòåìû (1.3)
� (1.17).

Ç à ì å ÷ à í è å 1.1. ε0 = min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

;
10ζ1

ξ1 + 10ζ1ξ2
;

10ζ1
ξ3 + 10ζ1ξ2

)
,

ζ1 = K0 (Kφ′ + 1) +K0 (Ka1 +Ka2) (1 +Kφ′ +Kγ′) + 2 +X2 +Nγ ,

σ1 = K0 (Ma1Kφ′ +Ma2) (Ka1 +Ka2 + 1) +Kγ′K0 (Ma2Ka1 +Ma1Ka2) +Ma1 +Ma2 +Mf ,

σ2 = Ka1 +Ka2 +Kf , ξ1 = cKφ′ ((Kγ′ + 1)Ka1 +Ka2) + 10ζ1 ((Kγ′ + 1)Ka11 +Kf1 +Ka21) ,

ξ2 = 10ζ1 ((Kγ′ + 1)Ma1 +Ma2 +Mf ) , ξ3 = c ((Kγ′ + 1)Ka1 +Ka2) ,

J = a2 − a1φ
′, KJ = K−1

0 .
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Ñîäåðæàùèåñÿ â ôîðìóëèðîâêå òåîðåìû è â çàìå÷àíèè ê íåé êîíñòàíòû îïðåäåëåíû
íèæå êàê ìàêñèìóìû èçâåñòíûõ ôóíêöèé è èõ ïðîèçâîäíûõ. Äàííàÿ ñòàòüÿ ïîñâÿùåíà
äîêàçàòåëüñòâó òåîðåìû, àíîíñèðîâàííîé â [5].

Â ñèëó óñòàíîâëåííîãî â [5] ôàêòà, ÷òî ôóíêöèÿ, îïðåäåëÿåìàÿ èç ðåçîëüâåíòíîé ñè-
ñòåìû (1.3) � (1.17), ïðè s = W1 äàåò ðåøåíèå çàäà÷è (1.1), (1.2), äëÿ äîêàçàòåëüñòâà
òåîðåìû íàäî óñòàíîâèòü ñóùåñòâîâàíèå ðåøåíèÿ ðåçîëüâåíòíîé ñèñòåìû èíòåãðàëüíûõ
óðàâíåíèé, åãî åäèíñòâåííîñòü.

Ñ ýòîé öåëüþ âîñïîëüçóåìñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Çà íà÷àëüíûå
ïðèáëèæåíèÿ âîçüìåì:H0

1 = x1, H
0
2 = x2, U

0 = γ (W 0
2 ) , W

0
1 = 0, W 0

2 = x1, H
0
11 = 1,

H0
12 = 0, H0

21 = 0, H0
22 = 1, U0

1 = γ′ , U0
2 = 0,W 0

11 = 0,W 0
12 = 0,W 0

21 = 1, W 0
22 = 0 .

Ïåðåä òåì, êàê çàïèñàòü ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ ê ðåçîëüâåíòíîé ñèñòåìå,
óñëîâèìñÿ âåðõíèì èíäåêñîì � n � îáîçíà÷àòü, ÷òî ó èçâåñòíûõ ôóíêöèé, çàâèñÿùèõ îò
èñêîìûõ ôóíêöèé êàê îò àðãóìåíòîâ, âìåñòî èñêîìûõ ôóíêöèé âçÿòû èõ n - ûå èòåðà-
öèè. Êðîìå ýòîãî â âåðõíåì ïðåäåëå èíòåãðèðîâàíèÿ âìåñòî W n

1 áóäåì ïèñàòü W1\n . Ñ
ó÷åòîì ýòèõ ñîãëàøåíèé

µn+1
1 =

W1\n+1∫
s

an1dδ, (1.18)

Hn+1
2 = x2 −

W1\n+1∫
s

an2dδ, (1.19)

Un+1 = γ
(
x1 − µn+1

2

)
+

s∫
0

fndδ, (1.20)

W n+1
1 =

x2∫
φ(x1)

W n
12dx2, (1.21)

µn+1
2 =

W1\n+1∫
0

an1dδ, (1.22)

1− µn+1
11 = 1− an+1

1 W n+1
11 −

W1\n+1∫
s

(an11 (1− µn11) + an12H
n
21 + an1UU

n
1 ) dδ, (1.23)

µn+1
12 = an+1

1 W n+1
12 +

W1\n+1∫
s

(an11 (−µn12) + an12H
n
22 + an1UU

n
2 ) dδ, (1.24)

Hn+1
21 = −an+1

2 W n+1
11 −

W1\n+1∫
s

(an21 (1− µn11) + an22H
n
21 + an2UU

n
1 ) dδ, (1.25)

Hn+1
22 = 1− an+1

2 W n+1
12 −

W1\n+1∫
s

(an21 (−µn12) + an22H
n
22 + an2UU

n
2 ) dδ, (1.26)
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Un+1
1 = γ′

(
x1 − µn+1

2

)
·
(
1− µn+1

21

)
+

s∫
0

(fn1 (1− µn11) + fn2H
n
21 + fnUU

n
1 ) dδ, (1.27)

Un+1
2 = γ′

(
x1 − µn+1

2

)
·
(
−µn+1

22

)
+

s∫
0

(fn1 (−µn12) + fn2H
n
22 + fnUU

n
2 ) dδ, (1.28)

W n+1
11 =

(
Jn+1

)−1(
−φ′ (µn+1

2

)
+

W1\n+1∫
0

(
φ′ (µn2 ) (a

n
11 (1− µn11) + an12H

n
21 + an1UU

n
1 )−

− (an21 (1− µn11) + an22H
n
21 + an2UU

n
1 )
)
dδ
)
,

(1.29)

W n+1
12 =

(
Jn+1

)−1(
1 +

W1\n+1∫
0

(
φ′ (µn2 ) (a

n
11 (−µn12) + an12H

n
22 + an1UU

n
2 )−

− (an21 (−µn12) + an22H
n
22 + an2UU

n
2 )
)
dδ
) (1.30)

1− µn+1
21 =

(
Jn+1

)−1(
an+1
2 +

W1\n+1∫
0

(
an1 (a

n
21 (1− µn11) + an22H

n
21 + an2UU

n
1 )−

−an2 (an11 (1− µn11) + an12H
n
21 + an1UU

n
1 )
)
dδ
)
,

(1.31)

−µn+1
22 =

(
Jn+1

)−1(
−an+1

1 +

W1\n+1∫
0

(
an1 (a

n
21 (−µn12) + an22H

n
22 + an2UU

n
2 )−

−an2 (an11 (−µn12) + an12H
n
22 + an1UU

n
2 )
)
dδ
)
.

(1.32)

Ðåøåíèå ñèñòåìû óðàâíåíèé (1.3) � (1.17) â îáëàñòè Ωε áóäåì èñêàòü â ïðåäïîëî-
æåíèè |U | 6 KU , è, êðîìå òîãî, |f | 6 Kf , |γ| 6 Kγ . Ïóñòü ε = max

x1,x2∈Ωε

|x2 − φ(x1)|;
X2 = max

x1∈(−∞;+∞)
{|φ (x1)− β0| , |φ (x1) + β0|} . Ñ ó÷åòîì òîãî, ÷òî: |ami | 6 Kai, |fm| 6 Kf ,∣∣amij ∣∣ 6 Kaij,

∣∣amiHj∣∣ 6 KaiHj, |amiU | 6 KaiU , |fmHi| 6 KfHi, |fmU | 6 KfU , |γ (µm2 )| 6 Nγ, |γ′ (µm2 )| 6

6 Kγ′ , |φ′ (µm2 )| 6 Kφ′ ,
1

|Jm|
=

1

|am2 − am1 φ
′ (µm2 )|

6 1

Ka2 +Kφ′Ka1

= K0, ãäå 1 6 m 6 n.

Îáîçíà÷èì vn = max
Ωε

|W n
11|+max

Ωε

|W n
12|+max

Ωε

|µn1 |+max
Ωε

|Hn
2 |+max

Ωε

|Un|+max
Ωε

|1− µn11|+
+max

Ωε

|µn12|+max
Ωε

|Hn
21|+max

Ωε

|Hn
22|+max

Ωε

|Un
1 |+max

Ωε

|Un
2 | ,

ζ1 = K0 (Kφ′ + 1) +K0 (Ka1 +Ka2) (1 +Kφ′ +Kγ′) + 2 +X2 +Nγ, σ2 = Ka1 +Ka2 +Kf ,
σ1 = K0 (Ma1Kφ′ +Ma2) (Ka1 +Ka2 + 1)+Kγ′K0 (Ma2Ka1 +Ma1Ka2)+Ma1+Ma2+Mf . Äëÿ
êàæäîãî óðàâíåíèÿ ñèñòåìû (1.18)�(1.32) âûïèøåì îöåíêè äëÿ ïîñëåäîâàòåëüíûõ ïðèáëè-
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æåíèé: ∣∣µn+1
1

∣∣ 6 ∣∣W n+1
1

∣∣Ka1 ,∣∣Hn+1
2

∣∣ 6 X2 +
∣∣W n+1

1

∣∣Ka2 ,∣∣µn+1
2

∣∣ 6 ∣∣W n+1
1

∣∣Ka1 ,∣∣Un+1
∣∣ 6 Nγ +

∣∣W n+1
1

∣∣Kf ,∣∣W n+1
1

∣∣ 6 ε ∥W n
12∥ ,∣∣1− µn+1

11

∣∣ 6 1 +Ka1

∣∣W n+1
11

∣∣+Ma1

∣∣W n+1
1

∣∣ (∥1− µn11∥+ ∥Hn
21∥+ ∥Un

1 ∥) ,∣∣µn+1
12

∣∣ 6 Ka1

∣∣W n+1
12

∣∣+Ma1

∣∣W n+1
1

∣∣ (∥µn12∥+ ∥Hn
22∥+ ∥Un

2 ∥) ,

∣∣Hn+1
21

∣∣ 6 Ka2

∣∣W n+1
11

∣∣+Ma2

∣∣W n+1
1

∣∣ (∥1− µn11∥+ ∥Hn
21∥+ ∥Un

1 ∥) ,∣∣Hn+1
22

∣∣ 6 1 +Ka2

∣∣W n+1
12

∣∣+Ma2

∣∣W n+1
1

∣∣ (∥µn12∥+ ∥Hn
22∥+ ∥Un

2 ∥) ,∣∣Un+1
1

∣∣ 6 Kγ′
∣∣1− µn+1

21

∣∣+Mf

∣∣W n+1
1

∣∣ (∥1− µn11∥+ ∥Hn
21∥+ ∥Un

1 ∥) ,∣∣Un+1
2

∣∣ 6 Kγ′
∣∣µn+1

22

∣∣+Mf

∣∣W n+1
1

∣∣ (∥µn12∥+ ∥Hn
22∥+ ∥Un

2 ∥) ,∣∣W n+1
11

∣∣ 6 K0Kφ′ +K0 (Kφ′Ma1 +Ma2)
∣∣W n+1

1

∣∣ (∥1− µn11∥+ ∥Hn
21∥+ ∥Un

1 ∥) ,∣∣W n+1
12

∣∣ 6 K0 +K0 (Kφ′Ma1 +Ma2)
∣∣W n+1

1

∣∣ (∥µn12∥+ ∥Hn
22∥+ ∥Un

2 ∥) ,∣∣1− µn+1
21

∣∣ 6 K0Ka2 +K0

∣∣W n+1
1

∣∣ (Ka1Ma2 +Ka2Ma1) (∥1− µn11∥+ ∥Hn
21∥+ ∥Un

1 ∥) ,∣∣µn+1
22

∣∣ 6 K0Ka1 +K0

∣∣W n+1
1

∣∣ (Ka1Ma2 +Ka2Ma1) (∥µn12∥+ ∥Hn
22∥+ ∥Un

2 ∥) .

Ñêëàäûâàÿ ëåâûå è ïðàâûå ÷àñòè â ïîëó÷èâøèõñÿ íåðàâåíñòâàõ è ó÷èòûâàÿ ââå-
äåííûå îáîçíà÷åíèÿ, ïîëó÷èì: vn+1 6 ζ1 + ε

(
σ1 (v

n)2 + σ2v
n
)
. Ïîòðåáóåì, ÷òîáû

ζ1 + ε
(
(10ζ1)

2 σ1 + 10ζ1σ2
)

6 10ζ1 , òîãäà ε 6 9

10 (10ζ1σ1 + σ2)
. Òàêèì îáðàçîì, åñëè

vn 6 10ζ1 ,òî vn+1 6 ζ1 + εσ1 (v
n)2 + εσ2v

n 6 10ζ1 . Òî åñòü ìû ïîëó÷èëè, ÷òî vn+1 �

êîíå÷íà ïðè 0 6 ε 6 9

10 (10ζ1σ1 + σ2)
, òîãäà èç

∣∣W n+1
11

∣∣+ ∣∣W n+1
12

∣∣+ ∣∣µn+1
1

∣∣+ ∣∣Hn+1
2

∣∣+
+ |Un+1| +

∣∣1− µn+1
11

∣∣ + ∣∣µn+1
12

∣∣ + ∣∣Hn+1
21

∣∣ + ∣∣Hn+1
22

∣∣ + ∣∣Un+1
1

∣∣ + ∣∣Un+1
2

∣∣ 6 10ζ1 ñëåäóåò, ÷òî∣∣W n+1
11

∣∣ , ∣∣W n+1
12

∣∣ , ∣∣µn+1
1

∣∣ , ∣∣Hn+1
2

∣∣ , |Un+1| ,
∣∣1− µn+1

11

∣∣ , ∣∣µn+1
12

∣∣ , ∣∣Hn+1
21

∣∣ , ∣∣Hn+1
22

∣∣ , ∣∣Un+1
1

∣∣ , ∣∣Un+1
2

∣∣ �
îãðàíè÷åíû, à çíà÷èò,

∣∣W n+1
11

∣∣ , ∣∣W n+1
12

∣∣ � îãðàíè÷åíû. Òîãäà
∣∣W n+1

1

∣∣ 6 ε
∥∥W n+1

12

∥∥ ,∣∣W n+1
1

∣∣ 6 10ζ1ε , à, ñëåäîâàòåëüíî,
∣∣µn+1

2

∣∣ 6 10ζ1εKa1 .
Òàêèì îáðàçîì âñå ðàññìàòðèâàåìûå n+1 -ûå ïðèáëèæåíèÿ îãðàíè÷åíû â îáëàñòè Ωε ,

ãäå ε 6 min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

)
. Ìû ïîëó÷èëè, ÷òî ïîñëåäîâàòåëüíîñòü, ñîñòàâ-

ëåííàÿ èç ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé îãðàíè÷åíà â îáëàñòè Ωε .
Ïîëó÷èì âûðàæåíèÿ äëÿ ðàçíîñòè n + 1 è n ïðèáëèæåíèé äëÿ êàæäîé èç ôóíêöèé

µn1 , H
n
2 , 1 − µn11, µ

n
12, H

n
21, H

n
22, U

n, Un
1 , U

n
2 ,W

n
1 ,W

n
11,W

n
12, µ

n
2 , 1 − µn21, µ

n
22 . Ïîëó÷èì ñèñòåìó èç

15 íåðàâåíñòâ, ñëîæèâ êîòîðûå áóäåì èìåòü:∣∣µn+1
1 − µn1

∣∣+ ∣∣Hn+1
2 −Hn

2

∣∣+ |Un+1 − Un|+
∣∣W n+1

1 −W n
1

∣∣+ ∣∣W n+1
11 −W n

11

∣∣+ ∣∣W n+1
12 −W n

12

∣∣+
+
∣∣µn+1

2 − µn2
∣∣+ ∣∣µn+1

21 − µn21
∣∣+ ∣∣µn+1

22 − µn22
∣∣+ ∣∣µn+1

11 − µn11
∣∣+ ∣∣µn+1

12 − µn12
∣∣+ ∣∣Hn+1

21 −Hn
21

∣∣+
+
∣∣Hn+1

22 −Hn
22

∣∣+ ∣∣Un+1
1 − Un

1

∣∣+ ∣∣Un+1
2 − Un

2

∣∣ 6 ε
(
χ1

∥∥µn1 − µn−1
1

∥∥+ χ2

∥∥Hn
2 −Hn−1

2

∥∥+
+ χ3 ∥Un − Un−1∥+ χ4

∥∥W n
1 −W n−1

1

∥∥+ χ5

∥∥W n
11 −W n−1

11

∥∥+ χ6

∥∥W n
12 −W n−1

12

∥∥+
+χ7

∥∥µn2 − µn−1
2

∥∥+χ8

∥∥µn21 − µn−1
21

∥∥+χ9

∥∥µn22 − µn−1
22

∥∥+χ10

∥∥µn11 − µn−1
11

∥∥+χ11

∥∥µn12 − µn−1
12

∥∥+
+ χ12

∥∥Hn
21 −Hn−1

21

∥∥+ χ13

∥∥Hn
22 −Hn−1

22

∥∥+ χ14

∥∥Un
1 − Un−1

1

∥∥+ χ15

∥∥Un
2 − Un−1

2

∥∥) 6
6 εχ

(∥∥µn1 − µn−1
1

∥∥+ ∥∥Hn
2 −Hn−1

2

∥∥+ ∥Un − Un−1∥+
∥∥W n

1 −W n−1
1

∥∥+ ∥∥W n
11 −W n−1

11

∥∥+
+
∥∥W n

12 −W n−1
12

∥∥+∥∥µn2 − µn−1
2

∥∥+∥∥µn21 − µn−1
21

∥∥+∥∥µn22 − µn−1
22

∥∥+∥∥µn11 − µn−1
11

∥∥+∥∥µn12 − µn−1
12

∥∥+
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∥∥Hn
21 −Hn−1

21

∥∥ +
∥∥Hn

22 −Hn−1
22

∥∥ +
∥∥Un

1 − Un−1
1

∥∥ +
∥∥Un

2 − Un−1
2

∥∥), χ = max
16i615

χi , ãäå χi �

ïîñòîÿííûå.
Îáîçíà÷àÿ

V n+1 = colon
(
µn+1
1 , Hn+1

2 , Un+1,W n+1
1 ,W n+1

11 ,W n+1
12 , µn+1

2 , µn+1
21 , µn+1

22 , µn+1
11 , µn+1

12 , Hn+1
21 , Hn+1

22 ,
Un+1
1 , Un+1

1

)
, ∥V n+1 − V n∥ =

∣∣µn+1
1 − µn1

∣∣+ ∣∣Hn+1
2 −Hn

2

∣∣+ |Un+1 − Un|+
∣∣W n+1

1 −W n
1

∣∣+
+
∣∣W n+1

11 −W n
11

∣∣+ ∣∣W n+1
12 −W n

12

∣∣+ ∣∣µn+1
2 − µn2

∣∣+ ∣∣µn+1
21 − µn21

∣∣+ ∣∣µn+1
22 − µn22

∣∣+ ∣∣µn+1
11 − µn11

∣∣+∣∣µn+1
12 − µn12

∣∣ +
∣∣Hn+1

21 −Hn
21

∣∣ +
∣∣Hn+1

22 −Hn
22

∣∣ +
∣∣Un+1

1 − Un
1

∣∣ +
∣∣Un+1

2 − Un
2

∣∣ , ïîëó÷èì
∥V n+1 − V n∥ 6 εχ ∥V n − V n−1∥ . Ïîäáåðåì ε òàêèì îáðàçîì, ÷òîáû εχ < 1(
0 6 ε 6 min

(
9

10 (10ζ1σ1 + σ2)
;

9Nγ

10ζ1Kf

;
1

χ+ 1

))
, ÷òîáû V n = V 0 + V 1 − V 0 + V 2 − V 1 +

+ ...+ V n − V n−1 ìîæíî áûëî îöåíèòü ñóììîé.
Ââåäåì îáîçíà÷åíèÿ:

I1 =
∥∥(µ0

1, H
0
2 , U

0,W 0
1 ,W

0
11,W

0
12, µ

0
2, µ

0
21, µ

0
22, µ

0
11, µ

0
12, H

0
21, H

0
22, U

0
1 , U

0
1

)∥∥ ,
I2 =

∥∥(µ1
1, H

1
2 , U

1,W 1
1 ,W

1
11,W

1
12, µ

1
2, µ

1
21, µ

1
22, µ

1
11, µ

1
12, H

1
21, H

1
22, U

1
1 , U

1
1

)∥∥ ,
òîãäà ∥V 0∥ 6 I1, ∥V i − V i−1∥ 6 εi−1χi−1I2, 1 6 i 6 n.

Èìååì äëÿ ðÿäà V 0 + V 1 − V 0 + V 2 − V 1 + . . .+ V n − V n−1 + . . . îöåíêó åãî ÷àñòè÷íîé

ñóììû: ∥V n∥ 6 ∥V 0∥+ ∥V 1 − V 0∥+ ∥V 2 − V 1∥+ ...+ ∥V n − V n−1∥ 6 I1 +
I2

1− εχ
. Ñëåäîâà-

òåëüíî, ðÿä
∞∑
i=0

V i ñõîäèòñÿ.

Åäèíñòâåííîñòü ñëåäóåò èç òîãî ôàêòà, ÷òî äëÿ ðàçíîñòè äâóõ âîçìîæíûõ ðåøåíèé
uI è uII óðàâíåíèÿ (9) áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî ∥uII − uI∥ 6 εχ3 ∥uII − uI∥ , ãäå
εχ3 < 1 .

Îïðåäåëèëè ôóíêöèè µ1, H2, U,W1,W11,W12, µ2, µ21, µ22, µ11, µ12, H21, H22, U1, U2 . Ñè-
ñòåìà (1.18)�(1.32) ðåøåíà.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû â ñîîòâåòñòâèè ñ îáùåé ñõåìîé, èçëîæåí-
íîé â [5] íåîáõîäèìî äîêàçàòü, ÷òî 1 − µ11 = ∂(x1−µ1)

∂x1
, −µ12 = ∂(x1−µ1)

∂x2
, H21 = ∂H2

∂x1
,

H22 =
∂H2

∂x2
, U1 =

∂U
∂x1
, U2 =

∂U
∂x2
, W11 =

∂W1

∂x1
, W12 =

∂W1

∂x2
, 1− µ21 =

∂(x1−µ2)
∂x1

, −µ22 =
∂(x1−µ2)

∂x2
.

×òîáû ïîêàçàòü, ÷òî
∂(x1−µn1 )

∂x1
→ 1 − µ11,

∂(x1−µn1 )
∂x2

→ −µ12,
∂Hn

2

∂x1
→ H21,

∂Hn
2

∂x2
→ H22,

∂Un

∂x1
→ U1,

∂Un

∂x2
→ U2 ñëîæèì âûðàæåíèÿ äëÿ

∣∣∣∣(1− µ11)−
∂(x1−µn1 )

∂x1

∣∣∣∣ , ∣∣∣∣(−µ12)−
∂(x1−µn1 )

∂x2

∣∣∣∣ ,∣∣∣H21 − ∂Hn
2

∂x1

∣∣∣ , ∣∣∣H22 − ∂Hn
2

∂x2

∣∣∣ , ∣∣∣U1 − ∂Un

∂x1

∣∣∣ , ∣∣∣U2 − ∂Un

∂x2

∣∣∣ . Ââîäÿ îáîçíà÷åíèÿ
⌢

V=
⌢

V (1− µ11, µ12, H21, H22, U1, U2) , Ṽ
n = Ṽ

(
∂ (x1 − µn1 )

∂x1
,
∂ (x1 − µn1 )

∂x2
,
∂Hn

2

∂x1
,
∂Hn

2

∂x2
,
∂Un

∂x1
,
∂Un

∂x2

)
,

∥∥∥⌢V −Ṽ n
∥∥∥ =

∥∥∥∥(1− µ11)−
∂ (x1 − µn1 )

∂x1

∥∥∥∥+ ∥∥∥∥(−µ12)−
∂ (x1 − µn1 )

∂x2

∥∥∥∥+
+

∥∥∥∥H21 −
∂Hn

2

∂x1

∥∥∥∥+ ∥∥∥∥H22 −
∂Hn

2

∂x2

∥∥∥∥+ ∥∥∥∥U1 −
∂Un

∂x1

∥∥∥∥+ ∥∥∥∥U2 −
∂Un

∂x2

∥∥∥∥ ,
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ïîëó÷èì
∣∣∣⌢V −Ṽ n

∣∣∣ 6 10ζ1ε (Ma1 +Ma2 +Mf ) ·
∥∥∥⌢V −Ṽ n−1

∥∥∥+Πn, ãäå

Πn = (Ka1 +Ka2) ·
(∣∣∣∣W11 −

∂W n
1

∂x1

∣∣∣∣+ ∣∣∣∣W12 −
∂W n

1

∂x2

∣∣∣∣)+ Lγ′ |µ2 − µn2 | · (|1− µ21|+ |µ22|)+

+Kγ′ ·
(∣∣∣∣(1− µ21)−

∂ (x1 − µn2 )

∂x1

∣∣∣∣+ ∣∣∣∣(−µ22)−
∂ (x1 − µn2 )

∂x2

∣∣∣∣)+ (La1 + La2)
(∥∥µ1 − µn−1

1

∥∥+
+
∥∥H2 −Hn−1

2

∥∥+ ∥∥U − Un−1
∥∥) · (∣∣∣∣∂W n

1

∂x1

∣∣∣∣+ ∣∣∣∣∂W n
1

∂x2

∣∣∣∣)+

+ (Ma1 +Ma2) · |W1 −W n
1 | ·

(
∥1− µ11∥+ ∥H21∥+ ∥U1∥+ ∥µ12∥+ ∥H22∥+ ∥U2∥

)
+

+ |W n
1 |
((∥∥∥∥∥∂

(
x1 − µn−1

1

)
∂x1

∥∥∥∥∥+
∥∥∥∥∥∂
(
x1 − µn−1

1

)
∂x2

∥∥∥∥∥
)
(La11 + La21)+

+

(∥∥∥∥∂Hn−1
2

∂x1

∥∥∥∥+ ∥∥∥∥∂Hn−1
2

∂x2

∥∥∥∥) (La12 + La22) +

(∥∥∥∥∂Un−1

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x2

∥∥∥∥) (La1U + La2U )

)
·

·
(∥∥µ1 − µn−1

1

∥∥+ ∥∥H2 −Hn−1
2

∥∥+ ∥∥U − Un−1
∥∥)+ |s|

((∥∥∥∥∥∂
(
x1 − µn−1

1

)
∂x1

∥∥∥∥∥+
+

∥∥∥∥∥∂
(
x1 − µn−1

1

)
∂x2

∥∥∥∥∥
)
Lf1 +

(∥∥∥∥∂Hn−1
2

∂x1

∥∥∥∥+ ∥∥∥∥∂Hn−1
2

∂x2

∥∥∥∥)Lf2+
+

(∥∥∥∥∂Un−1

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x2

∥∥∥∥)LfU)(∥∥µ1 − µn−1
1

∥∥+ ∥∥H2 −Hn−1
2

∥∥+ ∥∥U − Un−1
∥∥) .

Ïîêàæåì, ÷òî
∂Wn

1

∂x1
,
∂Wn

1

∂x2
,
∂(x1−µn2 )

∂x1
,
∂(x1−µn2 )

∂x2
îãðàíè÷åíû. Äëÿ

∂Wn
1

∂x1
áóäåì èìåòü ñëåäóþ-

ùåå∣∣∣∣∂W n
1

∂x1

∣∣∣∣ = ∣∣∣∣ lim
∆x1→0

W n
1 (x1 +∆x1, x2)−W n

1 (x1, x2)

∆x1

∣∣∣∣ =
=

∣∣∣∣ lim
∆x1→0

1

∆x1

( x2∫
φ(x1+∆x1)

W n−1
12 dx2 −

x2∫
φ(x1)

W n−1
12 dx2

)∣∣∣∣ 6
6
∥∥W n−1

12

∥∥ ∣∣∣∣ lim
∆x1→0

− (φ(x1 +∆x1)− φ(x1))

∆x1

∣∣∣∣ = ∥∥W n−1
12

∥∥ · |φ′(x1)| 6
∥∥W n−1

12

∥∥Kφ′ .

Ðàíåå áûëî äîêàçàíî, ÷òî |W n
1 | îãðàíè÷åíà, îòñþäà |W n

11| è |W n
12| îãðàíè÷åíû. Ìîæíî

ñêàçàòü, ÷òî |W n
12| 6 εc . Ìû ïîëó÷èëè, ÷òî

∥∥∥∂Wn
1

∂x1

∥∥∥ 6 εcKφ′ .

Äëÿ
∂Wn

1

∂x2
áóäåì èìåòü ñëåäóþùåå∣∣∣∣∂W n

1

∂x2

∣∣∣∣ = ∣∣∣∣ lim
∆x2→0

W n
1 (x1, x2 +∆x2)−W n

1 (x1, x2)

∆x2

∣∣∣∣ =
=

∣∣∣∣ lim
∆x2→0

1

∆x2

( x2+∆x2∫
φ(x1)

W n−1
12 (x1; δ) dδ −

x2∫
φ(x1)

W n−1
12 (x1; δ) dδ

)∣∣∣∣ 6 ∥∥W n−1
12

∥∥ .
Îòñþäà èìååì

∥∥∥∂Wn
1

∂x2

∥∥∥ 6 εc .
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Òåïåðü ïîêàæåì îãðàíè÷åííîñòü
∂(x1−µn2 )

∂x1
.∣∣∣∣∂ (x1 − µn2 )

∂x1

∣∣∣∣ = ∣∣∣∣ lim
∆x1→0

x1 +∆x1 − µn2 (x1 +∆x1, x2)− x1 + µn2 (x1, x2)

∆x1

∣∣∣∣ .∣∣∣∣∂ (x1 − µn2 )

∂x1

∣∣∣∣ =
∣∣∣∣∣∣an−1

1

∂W n
1

∂x1
+

W1\n∫
s

(
an−1
11

∂
(
x1 − µn−1

1

)
∂x1

+ an−1
12

∂Hn−1
2

∂x1
+ an−1

1U

∂Un−1

∂x1

)
dδ

∣∣∣∣∣∣ 6
6 Ka1

∣∣∣∣∂W n
1

∂x1

∣∣∣∣+ |W n
1 |Ma1

(∥∥∥∥∥∂
(
x1 − µn−1

1

)
∂x1

− 1

∥∥∥∥∥+
∥∥∥∥∂Hn−1

2

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x1

∥∥∥∥
)
,

∣∣∣∣∂ (x1 − µn2 )

∂x1

∣∣∣∣ 6 εcKa1Kφ′ + 10ζ1εMa1

(∥∥∥∥∥∂
(
x1 − µn−1

1

)
∂x1

− 1

∥∥∥∥∥+
∥∥∥∥∂Hn−1

2

∂x1

∥∥∥∥+ ∥∥∥∥∂Un−1

∂x1

∥∥∥∥
)
.

(1.33)

Âûâåäåì îöåíêè äëÿ
∂(x1−µn1 )

∂x1
,
∂Hn

2

∂x1
, ∂U

n

∂x1
. Ñëîæèâ íåðàâåíñòâà äëÿ

∥∥∥∥∂(x1−µn1 )∂x1

∥∥∥∥ , ∥∥∥∂Hn
2

∂x1

∥∥∥ ,∥∥∥∂Un

∂x1

∥∥∥ , è ââåäÿ îáîçíà÷åíèÿ, vn1 = max
Ωε

∣∣∣∣∂(x1−µn1 )∂x1

∣∣∣∣ + max
Ωε

∣∣∣∂Hn
2

∂x1

∣∣∣ + max
Ωε

∣∣∣∂Un

∂x1

∣∣∣ ,
ξ1 = cKφ′ ((Kγ′ + 1)Ka1 +Ka2) , ξ2 = 10ζ1 ((Kγ′ + 1)Ma1 +Ma2 +Mf ) , ïîëó÷èì
vn1 6 ε

(
ξ1 + ξ2v

n−1
1

)
. Íàéäåì òàêîå ε , ÷òîáû ε (ξ1 + 10ζ1ξ2) 6 10ζ1 , òî åñòü

ε 6 10ζ1
ξ1 + 10ζ1ξ2

.

Òàêèì îáðàçîì, åñëè vn−1
1 6 10ζ1 , òî vn1 6 10ζ1 . Ìû ïîëó÷èëè, ÷òî vn1 � êîíå÷íà ïðè

0 6 ε 6 10ζ1
ξ1 + 10ζ1ξ2

, òîãäà èç

∣∣∣∣∂(x1−µn1 )∂x1

∣∣∣∣ + ∣∣∣∂Hn
2

∂x1

∣∣∣ + ∣∣∣∂Un

∂x1

∣∣∣ 6 10ζ1 ñëåäóåò, ÷òî

∣∣∣∣∂(x1−µn1 )∂x1

∣∣∣∣ ,∣∣∣∂Hn
2

∂x1

∣∣∣ , ∣∣∣∂Un

∂x1

∣∣∣ � îãðàíè÷åíû. Òàêèì îáðàçîì, ìû ïîëó÷èëè, ÷òî
∂(x1−µn1 )

∂x1
,
∂Hn

2

∂x1
, ∂Un

∂x1
îãðà-

íè÷åíû. Ñ ó÷åòîì ôîðìóëû (1.33), ïîëó÷èì:

∣∣∣∣∂(x1−µn2 )∂x1

∣∣∣∣ 6 εcKa1Kφ′ + (10ζ1)
2 εMa1 ,∥∥∥∥∂(x1−µn2 )∂x1

∥∥∥∥ 6 ε
(
cKa1Kφ′ + (10ζ1)

2Ma1

)
.

Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî ïðè 0 6 ε 6 10ζ1
ξ3 + 10ζ1ξ2

îãðàíè÷åíû
∂(x1−µn1 )

∂x2
,
∂Hn

2

∂x2
, ∂U

n

∂x2
,

à, ñëåäîâàòåëüíî, è
∂(x1−µn2 )

∂x2
. Çäåñü ζ1, ξ2 îïðåäåëåíû âûøå, à ξ3 = c ((Kγ′ + 1)Ka1 +Ka2) .

Â ñèëó W n
11 → W11 , ÷òî

∂W1

∂x1
= W11 è |W n

1 −W1| 6 ε1 , òàê êàê W n
1 → W1 , ïîëó÷èì∣∣∣W11 − ∂Wn

1

∂x1

∣∣∣ 6 ε1 . Ýòî è îçíà÷àåò, ÷òî W11 =
∂Wn

1

∂x1
.

Ðàâåíñòâà
∂Wn

1

∂x2
= W12,

∂(x1−µn2 )
∂x1

= 1− µ21,
∂(x1−µn2 )

∂x2
= −µ22 äîêàçûâàþòñÿ àíàëîãè÷íî.

Òàê êàê W n
11 →
n→∞

W11, W
n
12 →
n→∞

W12, x1 − µn21 →
n→∞

x1 − µ21, − µn22 →
n→∞

−µ22 è an1 , a
n
2 ,

γ′ (x1 − µn2 ) ,
∂(x1−µn2 )

∂x1
,
∂(x1−µn2 )

∂x2
,
∂Wn

1

∂x1
,
∂Wn

1

∂x2
� îãðàíè÷åíû, òî ∀ε̃max > 0 ∃N ∈ N ∀n ≥ N

∥Πn∥ < ε̃max .

Çíà÷èò,
∥∥∥⌢V −Ṽ n

∥∥∥ 6 10ζ1ε (Ma1 +Ma2 +Mf )
∥∥∥⌢V −Ṽ n−1

∥∥∥+ ε̃max .

Îáîçíà÷èì Amax = 10ζ1ε (Ma1 +Ma2 +Mf ) , ïðè÷åì Amax < 1 . Òîãäà çàïèñàííîå âû-

øå íåðàâåíñòâî çàïèøåòñÿ ñëåäóþùèì îáðàçîì
∥∥∥⌢V −Ṽ n

∥∥∥ 6 Amax

∥∥∥⌢V −Ṽ n−1
∥∥∥ + ε̃max . Èç
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äàííîãî íåðàâåíñòâà âûòåêàåò, ÷òî äëÿ ëþáîãî p ∈ N áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî∥∥∥⌢V −Ṽ n+p
∥∥∥ 6 Ap+1

max

∥∥∥⌢V −Ṽ n−1
∥∥∥ + ε̃max

1−Amax
. Òàê êàê Amax < 1 , òî, ïåðåõîäÿ ê ïðåäåëó ïðè

n→ ∞ , ïîëó÷èì:
∥∥∥⌢V −Ṽ n

∥∥∥ 6 δ , ãäå δ =
ε̃max

1− Amax

.

Ìû äîêàçàëè, ÷òî Ṽ n â ïðîñòðàíñòâå C1 (Ωε) ñõîäèòñÿ ïî íîðìå
∥∥∥Ṽ n

∥∥∥ ïðè n → ∞ ,

òî åñòü
∂(x1−µn1 )

∂x1
→ 1− µ11,

∂(x1−µn1 )
∂x2

→ −µ12,
∂Hn

2

∂x1
→ H21,

∂Hn
2

∂x2
→ H22,

∂Un

∂x1
→ U1,

∂Un

∂x2
→ U2

â ïðîñòðàíñòâå C1 (Ωε) ñõîäèòñÿ ïî íîðìå
∥∥∥Ṽ n

∥∥∥ .
Â ðåçóëüòàòå äëÿ ïîñëåäîâàòåëüíîñòåé {x1 − µn1} , {Hn

2 } , {Un} óñòàíîâëåíû ñëåäóþ-
ùèå ñâîéñòâà: x1 − µn1 → x1 − µ1 ∈ C1 (Ωε) , H

n
2 → H2 ∈ C1 (Ωε) , U

n → U ∈ C1 (Ωε) . Â
ñèëó ïîëíîòû è çàìêíóòîñòè C1 (Ωε) ïîëó÷àåì, ÷òî x1 − µ1 ∈ C1 (Ωε) , H2 ∈ C1 (Ωε) ,
U ∈ C1 (Ωε) , à çíà÷èò è îáëàäàþò ÷àñòíûìè ïðîèçâîäíûìè ïî s, x1, x2 , ïðè÷åì
∂(x1−µn1 )

∂x1
→ ∂(x1−µ1)

∂x1
≡ 1 − µ11,

∂Hn
2

∂x1
→ ∂H2

∂x1
≡ H21,

∂(x1−µn1 )
∂x2

→ ∂(x1−µ1)
∂x2

≡ −µ12,
∂Hn

2

∂x2
→ ∂H2

∂x2
≡ H22,

∂Un

∂x1
→ ∂U

∂x1
≡ U1,

∂Un

∂x2
→ ∂U

∂x2
≡ U2. Òåì ñàìûì òåîðåìà ïîëíîñòüþ

äîêàçàíà.
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The proof of a local solvability theorem for a quasi-linear

�rst-order partial di�erential equation of the common type

with initial data in Cartesian coordinates on an in�nite

length line

c⃝ S. N. Alekseenko3, L. E. Platonova4

Abstract. The Cauchy problem for a quasi-linear �rst order partial di�erential equation in case
when initial data is given on an in�nite length smooth line with non-vertical gradient is reduced to
a system in 15 integral equations. The local solvability of this system of integral equations is proved.
Connections between unknown functions of the integral equations and the unknown function and
its derivatives of the primary Cauchy problem is established, because at a deriving of the system
of integral equations the partial derivatives of a seeking function were taking as new unknown
functions, so the inverse passage is necessary and not trivial. As a result, the local solvability
theorem is proved. The local solvability conditions do not include conditional assumptions about
behavior of the characteristic lines.
Key Words: quasi-linear �rst order partial di�erential equation, Cauchy problem, method of an
additional argument.
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