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Àííîòàöèÿ.Ìîäåëèðîâàíèå äèíàìèêè ðàñïðåäåëåíèÿ êîíöåíòðàöèé âðåäíûõ âåùåñòâ èìååò
áîëüøîå çíà÷åíèå ïðè óñòðàíåíèè ïîñëåäñòâèé ÷ðåçâû÷àéíûõ ñèòóàöèé, à òàêæå ïðè îïðåäå-
ëåíèè ïîòåíöèàëüíî îïàñíûõ çîí çàðàæåíèÿ. Â ñòàòüå ïðèâîäèòñÿ îïèñàíèå ìàòåìàòè÷åñêîé
ìîäåëè ïåðåíîñà ðàäèîàêòèâíûõ ïðèìåñåé â àòìîñôåðå è ïîäçåìíûìè âîäàìè.

Êëþ÷åâûå ñëîâà: Ìàññîïåðåíîñ, äèôôóçèÿ, äèñïåðñèÿ,ðàäèîàêòèâíûé ðàñïàä.

1. Ïåðåíîñ ïðèìåñåé ïî âîçäóõó

Ðàñïðîñòðàíåíèå ïðèìåñåé â àòìîñôåðå ïðîèñõîäèò â ðåçóëüòàòå òóðáóëåíòíîé äèôôó-
çèè è âåòðîâîãî ïåðåíîñà. Âåòðîâîé ïåðåíîñ ïðèâîäèò ê òîìó, ÷òî ïðè íåïðåðûâíîì èñòå-
÷åíèè ïðèìåñè â àòìîñôåðó îáðàçóåòñÿ ñòðóÿ âûáðîñà. Äèôôóçèÿ ïðèìåñåé â âîçäóõå âîç-
íèêàåò â ðåçóëüòàòå âîçäåéñòâèÿ âèõðåé íà îáëàêî âûáðîñà. Äèôôóçèîííî-òðàíñïîðòíàÿ
ìîäåëü ðàñïðîñòðàíåíèÿ çàãðÿçíåíèé áåç ó÷åòà ôèçèêî-õèìè÷åñêèõ òðàíñôîðìàöèé áóäåò
âûãëÿäåòü ñëåäóþùèì îáðàçîì:

∂(ρCk)

∂t
= −div(ρ(u− w)Ck) + div(ρKgradCk) + ρQ∗

k + ρqk, (1.1)

ãäå ρ � ïëîòíîñòü; Ck � êîíöåíòðàöèÿ k-ãî êîìïîíåíòà ñìåñè (k=1,2,3,. . . ,N); v � ñêî-
ðîñòü âåòðà; w � ñêîðîñòü îñàæäåíèÿ ÷àñòèö ïðèìåñè; K �êîýôôèöèåíò òóðáóëåíòíîé
äèôôóçèè; qk � ôóíêöèÿ èñòî÷íèêà ïðèìåñåé; Q∗

k � èñòî÷íèê (ñòîê) k-ãî êîìïîíåíòà
ðàñòâîðà çà ñ÷åò ÿäåðíûõ ðåàêöèé.

Â äàííîé ïîñòàíîâêå ïîëå ñêîðîñòåé áóäåì ñ÷èòàòü èçâåñòíûì. Ðàäèîàêòèâíûé ðàñïàä
îïèñûâàåòñÿ ñëåäóþùèì ñîîòíîøåíèåì:

Q∗
k =

dCk
dt

= −λCk, (1.2)

ãäå λ � ïîñòîÿííàÿ ðàäèîàêòèâíîãî ðàñïàäà äàííîãî íóêëèäà.

2. Ïåðåíîñ ïðèìåñåé ïîäçåìíûìè âîäàìè

1 Àñïèðàíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
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Ïðåäïîëàãàÿ, ÷òî ïðîöåññ èçîòåðìè÷åñêèé, æèäêîñòü ñæèìàåìà, ôèëüòðàöèÿ ïîä÷è-
íÿåòñÿ çàêîíó Äàðñè, ïðèõîäèì ê îáùåïðèíÿòîé êîíâåêòèâíî-äèôôóçèîííîé ìîäåëè ïîä-
çåìíîãî ìàññîïåðåíîñà áåç ó÷åòà ôèçèêî-õèìè÷åñêèõ ïðåâðàùåíèé âíóòðè æèäêîñòè:

∂(φρCk)

∂t
= −div(ρV Ck) + div(ηρgradCk) + div(DρgradCk)− ρ

∂(αk)

∂t
+ ρQ∗

k + ρqk, (2.1)

ãäå φ � ïîðèñòîñòü; ρ � ïëîòíîñòü; Ck � êîíöåíòðàöèÿ k-ãî êîìïîíåíòà ñìåñè
(k=1,2,3,. . . ,N); V � ñêîðîñòü ôèëüòðàöèè; η � ýôôåêòèâíûé êîýôôèöèåíò ìîëåêóëÿðíîé
äèôôóçèè; D � òåíçîð ãèäðîäèíàìè÷åñêîé äèñïåðñèè; αk �êîíöåíòðàöèÿ k-ãî êîìïîíåíòà
â ðåàêöèè, ïðîòåêàþùåé ìåæäó ðàñòâîðîì è ïîðîäîé; qk � ôóíêöèÿ èñòî÷íèêà ïðèìåñåé;
Q∗
k � èñòî÷íèê (ñòîê) k-ãî êîìïîíåíòà ðàñòâîðà çà ñ÷åò ÿäåðíûõ ðåàêöèé. Ãèäðîäèíà-

ìè÷åñêèé òåíçîð ðàññåÿíèÿ , äëÿ èçîòðîïíîé ïîðèñòîé ñðåäû, îïðåäåëåí ñëåäóþùèìè
ôîðìóëàìè:

Dxx = αL
v2x
|v|

+ αT
v2y
|v|

+ αT
v2z
|v|
,

Dyy = αL
v2y
|v|

+ αT
v2x
|v|

+ αT
v2z
|v|
,

Dzz = αL
v2z
|v|

+ αT
v2x
|v|

+ αT
v2y
|v|
,

Dxy = Dyx = (αL − αT )
vxvy
|v|

,

Dxz = Dzx = (αL − αT )
vxvz
|v|

,

Dyz = Dzy = (αL − αT )
vyvz
|v|

,

(2.2)

ãäå αL � êîýôôèöèåíò ïðîäîëüíîé äèñïåðñèè; αT � êîýôôèöèåíò ïîïåðå÷íîé äèñïåðñèè;
vx, vy, vz � êîìïîíåíòû âåêòîðà ñêîðîñòè ôèëüòðàöèè; |v| � ìîäóëü âåêòîðà ñêîðîñòè.

Çíà÷åíèå êîýôôèöèåíòà ìîëåêóëÿðíîé äèôôóçèè äëÿ èçîòåðìè÷åñêîãî ïðîöåññà ïî-
ëàãàåòñÿ ïîñòîÿííûì â äèàïàçîíå ( 10−10 ÷ 10−4 ì2 /ñóò). Çàâèñèìîñòü êîëè÷åñòâà àä-
ñîðáèðîâàííîãî âåùåñòâà ïðè ïîñòîÿííîé òåìïåðàòóðå îò êîíöåíòðàöèè àäñîðáåíòà ïðè
àäñîðáöèè ðàäèîíóêëèäîâ îïèñûâàåòñÿ èçîòåðìîé Ôðåéíäëèõà:

∂(αk)

∂t
= KfC

α
k , (2.3)

ãäå Kf è α � ïîñòîÿííûå âåëè÷èíû, îïðåäåëÿåìûå èç îïûòà. Ðàäèîàêòèâíûé ðàñïàä
îïèñûâàåòñÿ âûðàæåíèåì (1.2).

3. Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ

Ðàñ÷åò ïðîöåññà ìèãðàöèè ïðèìåñåé îñóùåñòâëÿåòñÿ â òå÷åíèå èíòåðâàëà âðåìåíè 0 ≤
t ≤ tend â íåêîòîðîé îáëàñòè Ω , îãðàíè÷åííîé ïîâåðõíîñòüþ ∂Ω . Ïîýòîìó ðåøåíèå
óðàâíåíèÿ ìàññîïåðåíîñà ïðèìåñè èùåòñÿ â öèëèíäðå:

P = {(x, y, z, t) : (x, y, z) ∈ Ω, 0 < t < tend} (3.1)
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Íà÷àëüíûì óñëîâèåì äëÿ óðàâíåíèÿ ìàññîïåðåíîñà ïðèìåñåé ÿâëÿåòñÿ ðàñïðåäåëåíèå êîí-
öåíòðàöèé:

Ck(x, y, z, 0) = C0
k(x, y, z), (3.2)

k=1,2,3,...N. Íà âíåøíèõ ãðàíèöàõ Σ = {(x, y, z, t) : (x, y, z) ∈ ∂Ω, 0 < t < tend} ìîãóò áûòü
ïîñòàâëåíû óñëîâèÿ âèäà:

α∂ΩCk + β∂Ω
∂Ck
∂−→n

= γ∂Ω (3.3)

×èñëåííîå ðåøåíèå ïîñòàâëåííîé çàäà÷è îñíîâàíî íà ðàñùåïëåíèè åå ïî ôèçè÷åñêèì
ïðîöåññàì. Â äàííûé ìîìåíò âåäåòñÿ ðàçðàáîòêà àëãîðèòìà âûñîêîãî ïîðÿäêà òî÷íîñòè
äëÿ êîíâåêòèâíîãî ïåðåíîñà íà îñíîâå ðàçðûâíîãî ìåòîäà Ãàë¼ðêèíà.
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Description of the mathematical model of the transport of

radioactive contaminants in the air and groundwater

c⃝ E. N. Panyushkina2

Abstract. Modeling the dynamics of the distribution of concentration of harmful substances
is of great importance in the elimination of consequences of emergency situations as well as in
determining the hazardous areas of infection. The article describes a mathematical model of the
transport of radioactive contaminants in the atmosphere and by underground waters.

Key Words: Mass transfer, di�usion, dispersion, radioactive decay.
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