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Î ïîñòðîåíèå WENO ñõåì äëÿ ãèïåðáîëè÷åñêèõ ñèñòåì

óðàâíåíèé íà òðåóãîëüíîé ñåòêå

c⃝ Å. Å. Ïåñêîâà1, Ï. À. Øàìàíàåâ2

Àííîòàöèÿ. Â ñòàòüå îïèñûâàåòñÿ àëãîðèòì ïîñòðîåíèÿ WENO ñõåìû íà íåñòðóêòóðèðî-
âàííîé ñåòêå. Ïðåäñòàâëåíà ñõåìà òðåòüåãî ïîðÿäêà òî÷íîñòè, îñíîâàííàÿ íà êîìáèíàöèè
ëèíåéíûõ ïîëèíîìîâ.
Êëþ÷åâûå ñëîâà: WENO ñõåìà, íåñòðóêòóðèðîâàííàÿ ñåòêà, âûñîêèé ïîðÿäîê òî÷íîñòè.

1. Êîíå÷íî-îáúåìíàÿ ñõåìà íà òðåóãîëüíîé ñåòêå

Ðàññìîòðèì ñèñòåìó óðàâíåíèé ãàçîâîé äèíàìèêè â ïåðåìåííûõ Ýéëåðà:
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 Çäåñü ρ = ρ(t, x, y) � ïëîò-

íîñòü ñðåäû, v = v(t, x, y) =
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)
� ñêîðîñòü äâèæåíèÿ ãàçà, e = ρε+ 1

2
(u2 + v2) � ïîëíàÿ

ýíåðãèÿ åäèíèöû îáúåìà, óäåëüíàÿ âíóòðåííÿÿ ýíåðãèÿ, p = p(ρ, ε) � äàâëåíèå.
Äëÿ ïîñòðîåíèÿ ÷èñëåííîãî ðåøåíèÿ ïðîèçâåäåì òðèàíãóëÿöèþ Äåëîíå ðàñ÷åòíîé îá-

ëàñòè. Ïîñòðîèì ðàçíîñòíóþ ñõåìó, àïïðîêñèìèðóþùóþ ñèñòåìó óðàâíåíèé ãàçîâîé äè-
íàìèêè, ïîëüçóÿñü èíòåãðî-èíòåðïîëÿöèîííûì ìåòîäîì:
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F · nds = 0 (1.2)

Èíòåãðàë â (1.2) ðàññ÷èòûâàåòñÿ ñ ïîìîùüþ êâàäðàòóðíîé ôîðìóëû Ãàóññà:∫
∂∆i

F · nds ≈ |∂∆i|
q∑
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ωjF (u(Gj, t)) · n, (1.3)

Èñïîëüçóåì äâóõòî÷å÷íóþ êâàäðàòóðó Ãàóññà q = 2 . Äëÿ ðåáðà òðåóãîëüíèêà ñ êîîð-
äèíàòàìè P1 è P2 , òî÷êè Ãàóññà îïðåäåëÿåì ñëåäóþùèì îáðàçîì: G1 = cP1 + (1 − c)P2 ,

G2 = cP2 + (1 − c)P1 , ãäå c = 1
2

+
√
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6
, ω1 = ω2 = 1

2
.
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2. WENO ðåêîíñòðóêöèÿ

Ïóñòü äàíà òðèàíãóëÿöèÿ îáëàñòè {∆1,∆2, . . . ,∆N} è çàäàíû ñðåäíèå çíà÷åíèÿ íåêî-
òîðîé ôóíêöèè u(x, y) äëÿ ∆i (i = 1, 2, . . . , N) :

ūi =
1

|∆i|

∫
∆i

u(x, y)dxdy. (2.1)

Àëãîðèòì WENO ïîñòðîåíèÿ èíòåðïîëÿöèîííîãî ïîëèíîìà çàêëþ÷àåòñÿ â èñïîëüçî-
âàíèè êîìáèíàöèè âñåõ âîçìîæíûõ ïîëèíîìîâ äëÿ äàííîé ÿ÷åéêè [2].

Ïóñòü âûáðàí áîëüøîé øàáëîí S , ðàçáèâàåì åãî íà ìàëûå øàáëîíû {Sm : m =
1, 2, . . . , N} . Èñïîëüçóÿ çíà÷åíèÿ u íà S , ñòðîèì èñêîìûé ïîëèíîì p(x, y) äëÿ äàííîé
ÿ÷åéêè ∆0 . Çíà÷åíèÿ ïîëèíîìà â êàæäîé òî÷êå Ãàóññà óäîâëåòâîðÿþò:

p(xG, yG) =
N∑

m=1

γmpm(xG, yG), (2.2)

ãäå (xG, yG) � òî÷êà Ãàóññà, pm � ïîëèíîì, ïîñòðîåííûé íà ìàëîì øàáëîíå Sm , γm
� ëèíåéíûå âåñîâûå êîýôôèöèåíòû. Íåëèíåéíàÿ WENO ðåêîíñòðóêöèÿ â òî÷êå Ãàóññà
ñòðîèòñÿ ñëåäóþùèì îáðàçîì:

pweno(x
G, yG) =

N∑
m=1

wmpm(xG, yG), (2.3)

ãäå wm � íåëèíåéíûå âåñîâûå êîýôôèöèåíòû îïðåäåëÿþòñÿ èç âûðàæåíèé:

wm =
w̃m∑N

m=1 w̃m

, w̃m =
γm

(ε+ ISm)2
. (2.4)

Çäåñü ε � ìàëàÿ ïîëîæèòåëüíàÿ âåëè÷èíà, ââåäåííàÿ, ÷òîáû èçáåæàòü äåëåíèÿ íà íîëü.
Â ðàñ÷åòàõ ïðèíèìàåì ε = 10−3 . ISm � èíäèêàòîð ãëàäêîñòè äëÿ ïîëèíîìà pm(x, y) :

ISm =
∑

1≤|α|≤k

∫
∆0

|∆0||α|−1(Dαpm(x, y))2dxdy. (2.5)

Çäåñü k � ñòåïåíü ïîëèíîìà pm .

3. Ëèíåéíàÿ ðåêîíñòðóêöèÿ

Äëÿ ïîñòðîåíèÿ ëèíåéíîé ñõåìû òðåòüåãî ïîðÿäêà òî÷íîñòè äëÿ íàõîæäåíèÿ ãàçîäè-
íàìè÷åñêèõ ïàðàìåòðîâ äëÿ ÿ÷åéêè ∆0 áåðåì øàáëîí, âêëþ÷àþùèé â ñåáÿ äâà ðÿäà ñî-
ñåäíèõ ÿ÷ååê S = {∆0,∆i,∆ia,∆ib,∆j,∆ja,∆jb,∆k,∆ka,∆kb} (ðèñ. 1).
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Ðèñ. 1

Èñïîëüçóÿ äàííûé øàáëîí, ñòðîèì êâàäðàòè÷íûé ïîëèíîì p2(x, y) ìåòîäîì íàèìåíü-
øèõ êâàäðàòîâ. Çàìåòèì, ÷òî íåêîòîðûå èç ÿ÷ååê {∆ia,∆ib,∆ja,∆jb,∆ka,∆kb} ìîãóò ñîâ-
ïàäàòü, íî ýòîò ôàêò íå âëèÿåò íà îïðåäåëåíèå ïîëèíîìà p2(x, y) . Äëÿ êàæäîé òî÷êè
Ãàóññà (xG, yG) íàõîäèì íàáîð êîýôôèöèåíòîâ {cl}Nl=1 , êîòîðûå çàâèñÿò òîëüêî îò ãåî-
ìåòðèè ÿ÷ååê:

p2(xG, yG) =
N∑
l=1

clūl (3.1)

Çäåñü N � ÷èñëî òðåóãîëüíèêîâ â øàáëîíå, ūl � ñðåäíåå çíà÷åíèå u â ÿ÷åéêå.
Èäåÿ WENO ñõåìû çàêëþ÷àåòñÿ â ñëåäóþùåì [2]. Ñòðîèì ëèíåéíûå ïîëèíîìû pi(x, y) ,

âçâåøåííàÿ ñóììà êîòîðûõ äàåò òîò æå ðåçóëüòàò, ÷òî è êâàäðàòè÷íûé ïîëèíîì p2(x, y) .
Èñïîëüçóÿ S , ñòðîèì ëèíåéíûå ïîëèíîìû pi(x, y) , i = 1, . . . , 9 íà ñëåäóþùèõ øàá-

ëîíàõ: S1 = {∆0,∆j,∆k} , S2 = {∆0,∆i,∆k} , S3 = {∆0,∆i,∆j} , S4 = {∆0,∆i,∆ia} ,
S5 = {∆0,∆i,∆ib} , S6 = {∆0,∆j,∆ja} , S7 = {∆0,∆j,∆jb} , S8 = {∆0,∆k,∆ka} , S9 =
{∆0,∆k,∆kb} .

Èñïîëüçóÿ âûðàæåíèå (2.1) äëÿ êàæäîãî òðåóãîëüíèêà èç øàáëîíà è ðåøèâ ëèíåéíóþ
ñèñòåìó 3 × 3 íàéäåì èñêîìûé ïîëèíîì pi(x, y) .

Äëÿ êàæäîé òî÷êè Ãàóññà (xG, yG) íàõîäèì íàáîð êîýôôèöèåíòîâ {c(i)l }3l=1 , êîòîðûå
çàâèñÿò òîëüêî îò ãåîìåòðèè ÿ÷ååê:

pi(x
G, yG) =

3∑
l=1

c
(i)
l ū

(i)
l . (3.2)
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Çäåñü ūi � ñðåäíåå çíà÷åíèå u â ÿ÷åéêå.
Äëÿ êàæäîé òî÷êè Ãàóññà íåîáõîäèìî íàéòè ëèíåéíûå âåñîâûå êîýôôèöèåíòû γi , êî-

òîðûå çàâèñÿò îò ïàðàìåòðîâ ñåòêè. Ñòðîèì ïîëèíîì ñ ïîìîùüþ êîìáèíàöèè ëèíåéíûõ
ïîëèíîìîâ

R(x, y) =
9∑

i=1

γipi(x, y), (3.3)

êîòîðûé óäîâëåòâîðÿåò
R(xG, yG) = p2(xG, yG). (3.4)

Èç ðàâåíñòâà (3.4) ïîëó÷àåì ëèíåéíóþ ñèñòåìó óðàâíåíèé âèäà:

Mγ = c, (3.5)

ãäå âåêòîð c = (c1, c2, . . . , cN)T � êîýôôèöèåíòû â (3.1) äëÿ áîëüøîãî øàáëîíà. Êàæäûé
ñòîëáåö ìàòðèöû M ñîñòîèò èç êîýôôèöèåíòîâ â (3.2) äëÿ ìàëûõ øàáëîíîâ.
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On the construction WENO schemes for hyperbolic

systems on triangular meshes
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Abstract. This paper describes an algorithm for constructing WENO schemes on unstructured
meshes. We present third-order scheme using a combination of linear polynomials.
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