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Î ñëàáîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ
íåëèíåéíîãî ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ
c⃝ Ò. Ê. Þëäàøåâ1

Àííîòàöèÿ. Â äàííîé ðàáîòå äîêàçûâàåòñÿ òåîðåìà î ñëàáîé îáîáùåííîé ðàçðåøèìîñòè ñìå-
øàííîé çàäà÷è äëÿ íåëèíåéíîãî ïñåâäîãèïåðáîëè÷åñêîãî óðàâíåíèÿ ïÿòîãî ïîðÿäêà. Ñ ïîìî-
ùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ ïîëó÷àåòñÿ ñ÷åòíàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ
óðàâíåíèé. Èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äîêàçûâàåòñÿ ñõîäèìîñòü
ïîëó÷åííûõ ðÿäîâ.

Êëþ÷åâûå ñëîâà: ñëàáàÿ ðàçðåøèìîñòü, èíòåãðàëüíîå òîæäåñòâî, ñèñòåìà íåëèíåéíûõ
èíòåãðàëüíûõ óðàâíåíèé, ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Â îáëàñòè D ðàññìàòðèâàåòñÿ óðàâíåíèå
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∂ t2

(
u(t, x)− ν

∂ 2u(t, x)

∂ x2

)
+ µ

∂ 5u(t, x)

∂ t ∂ x4
+
∂ 4u(t, x)

∂ x4
= f (t, x, u(t, x)) (1.1)

ñ íà÷àëüíûìè

u(t, x)|t=0 = φ1(x),
∂

∂ t
u(t, x)|t=0 = φ2(x) (1.2)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x)|x=0 = uxx(t, x)|x=0 = u(t, x)|x=l = uxx(t, x)|x=l = 0, (1.3)

ãäå f (t, x, u) ∈ C (D ×R) , φj(x) ∈ C4(Dl) , φj(x)|x=0 = φ′′
j (x)|x=0 = φj(x)|x=l = φ′′

j (x)|x=l =
0 , j = 1, 2 , D ≡ DT × Dl , DT ≡ [0, T ] , Dl ≡ [0, l] , 0 < T < ∞ , 0 < l < ∞ , 0 < ν, µ �
ìàëûå ïàðàìåòðû.

Îòìåòèì, ÷òî ñìåøàííûå è êðàåâûå çàäà÷è áûëè ðàññìîòðåíû â ðàáîòàõ ìíîãèõ àâòî-
ðîâ, â ÷àñòíîñòè, â [1]-[6]. Ïðåäñòàâëÿþò áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðè-
ëîæåíèé äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ áîëåå âûñîêèõ ïîðÿäêîâ.
Èçó÷åíèå ìíîãèõ çàäà÷ ãàçîâîé äèíàìèêè ïðèâîäèò ê ðàññìîòðåíèþ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ áîëåå âûñîêèõ ïîðÿäêîâ [7].

Î ï ð å ä å ë å í è å 1.1. Åñëè ôóíêöèÿ u(t, x) ∈ C(D) óäîâëåòâîðÿåò ñëåäóþ-
ùåìó èíòåãðàëüíîìó òîæäåñòâó
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1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê; tursunbay@rambler.ru.
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äëÿ ëþáîãî Φ(t, x) ∈ W
(k)
p (D) , òî ôóíêöèÿ u(t, x) íàçûâàåòñÿ ðåøåíèåì ñìåøàííîé çà-

äà÷è (1.1)-(1.3).

Ïóñòü bi(x) =

√
2

l
sinλix � ñîáñòâåííûå ôóíêöèè äèôôåðåíöèàëüíîãî îïåðàòîðà

∂4

∂x4
,

λi = dfraciπl , i = 1, 2, . . . .
Òîãäà ñëàáîå ðåøåíèå ñìåøàííîé çàäà÷è (1.1)-(1.3) ðàçûñêèâàåòñÿ â âèäå ðÿäà:

u(t, x) = lim
N→∞

N∑
i=1

(
1− i− 1

N

)
ai(t) bi(x), (t, x) ∈ D. (1.4)

Ïðèìåíåíèå ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ â âèäå (1.4) è èñïîëüçîâàíèå èíòåãðàëü-
íîãî òîæäåñòâà ïîçâîëÿåò îòêàçàòüñÿ îò íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ïðàâîé ÷àñòè
óðàâíåíèÿ (1.1). Êðîìå òîãî, òàêîé ïîäõîä ïîçâîëÿåò ñâåñòè ñìåøàííóþ çàäà÷ó ê ñ÷åòíîé
ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ).

Ïóñòü λ4iµ
2−4λ2i ν−4 < 0 . Òîãäà â ñèëó (1.4) è îïðåäåëåíèÿ ðåøåíèÿ ñìåøàííîé çàäà÷è

(1.1)-(1.3) ïîëó÷àåòñÿ ñëåäóþùàÿ ÑÑÍÈÓ:

ai(t) = wi(t) +

t∫
0

l∫
0

f

(
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N→∞
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N

)
aj(s) bj(y)

)
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ãäå

wi(t) = exp
{
−1

2
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}[
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t

2
+

2
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(
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2
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)
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t

2

]
,

Gi(t, s) =
2 exp

{
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t− s

2

}
sinω2i(ν, µ)

t− s

2

ω0i(ν)
[
ω2i(ν, µ) + ω1i(ν, µ) sinω2i(ν, µ)s

] ,
ω0i(ν) = 1 + λ2i ν, ω1i(ν, µ) =

λ4iµ

ω0i(ν)
, ω2i(ν, µ) =

λ2i
√

4ω0i(ν)− λ4iµ
2

ω0i(ν)
.

Îòñþäà ñëåäóåò, ÷òî

u(t, x) = lim
N→∞

N∑
i=1

(
1− i− 1

N

)
ai(t) bi(x) = lim

N→∞

N∑
i=1

(
1− i− 1

N

)
bi(x)

[
wi(t)+

+

t∫
0

l∫
0

f

(
s, y, lim

N→∞

N∑
j=1

(
1− j − 1

N

)
aj(s) bj(y)

)
Gi(t, s) bi(y) dyds

]
.

Ò å î ð å ì à 1.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. λ4iµ

2 − 4λ2i ν − 4 < 0 ;
2. Ôóíêöèÿ f (t, x, u(t, x)) ïðè ôèêñèðîâàííîì t ∈ DT íåïðåðûâíà ïî (t, x) ∈ Dl × R

è óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà ïî x ;
3. ∥f (t, x, u0(t, x))∥C(D) ≤ g(t) <∞ ;

4. f(t, x, u) ∈ Lip{g(t)|u}, ãäå0 <
t∫
0

g(s)ds <∞ ;

5. u0(t, x) ∈ C1(D), ãäåu0(t, x) = limN→∞
N∑
i=1

(
1− i− 1

N

)
wi(t) bi(x) .
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Òîãäà óðàâíåíèå

u(t, x) = u0(t, x) +

t∫
0

lim
N→∞

N∑
i=1

(
1− i− 1

N

)
fi(u)Gi(t, s) bi(x) ds, (1.5)

ãäå fi(u) =
l∫
0

f (t, y, u(t, y)) bi(y) dy , èìååò åäèíñòâåííîå ðåøåíèå â êëàññå C1(D) .

Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè u(t, y) ∈ C(D) , òî∣∣∣∣∣∣
N∑
i=1

 l∫
0

(
1− i− 1

N

)
f (t, y, u0(t, y)) bi(y) dy

 bi(x)

∣∣∣∣∣∣ lemax
x

|f (t, y, u0(t, y)) | ≤ g(t)

è

lim
N→∞

N∑
i=1

 l∫
0

(
1− i− 1

N

)
f (t, y, u0(t, y)) bi(y) dy

 bi(x) = f (t, y, u0(t, y)) ,

ïðè÷åì ñõîäèìîñòü ðàâíîìåðíà ïî x äëÿ ëþáîãî t ∈ DT .
Òàê êàê ôóíêöèÿ f (t, x, u(t, x)) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, å¼ ÷àñòè÷íûå ñóììû

ðàâíîìåðíî îãðàíè÷åíû: ∣∣∣∣∣
N∑
i=1

fi(u) bi(x)

∣∣∣∣∣ ≤ δ1 ∥f(u)∥C .

ãäå 0 < δ1 � ïîñòîÿííîå ÷èñëî.
Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ:

uk+1(t, x) = u0(t, x) +

t∫
0

lim
N→∞

N∑
i=1

(
1− i− 1

N

)
fi(uk)Gi(t, s) bi(x) ds, (1.6)

ãäå fi(uk) =
l∫
0

f (t, y, uk(t, y)) bi(y) dy, k = 0, 1, 2, . . . .

Ïðèìåíåíèå ïðåîáðàçîâàíèÿ Àáåëÿ ê ïðàâîé ÷àñòè (1.6) äàåò

∥u1(t, x)− u0(t, x)∥C(D) ≤

∣∣∣∣∣∣
t∫

0

lim
N→∞

N∑
i=1

(
1− i− 1

N

)
fi(u0)Gi(t, s) bi(x) ds

∣∣∣∣∣∣ ≤

≤ δ1

t∫
0

∥fi(u0)∥C(D) · |Gi(t, s)| ds ≤ δ1 δ2

t∫
0

g(s) ds, (1.7)

ãäå δ2 = max(t,s) |Gi(t, s)| .
Â ñèëó âòîðîãî óñëîâèÿ òåîðåìû, äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà k ≥ 2 , ñïðà-

âåäëèâà îöåíêà

∥uk+1(t, x)− uk(t, x)∥C(D) ≤ δ1 δ2

t∫
0

∥∥∥f(s, x, uk(s, x))− f
(
s, x, uk−1(s, x)

)∥∥∥
C(D)

ds ≤
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≤ δ1 δ2

t∫
0

g(s) ∥uk(s, x)− uk−1(s, x)∥C(D)ds ≤
1

(k + 1)!

δ1 δ2 t∫
0

g(s) ds

k+1

. (1.8)

Èç (1.7) è (1.8) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ïðè k → ∞ ïîñëåäîâàòåëüíîñòè

ôóíêöèé
{
uk(t, x)

}∞

k=1
ê ôóíêöèè u(t, x) , êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.5).

Åäèíñòâåííîñòü ðåøåíèÿ óðàâíåíèÿ (1.5) ñëåäóåò èç îöåíêè

∥u(t, x)− ϑ(t, x)∥C(D) ≤ δ1 δ2

t∫
0

g(s) ∥u(s, x)− ϑ(s, x)∥C(D)ds, (1.9)

åñëè ïðåäïîëîæèòü, ÷òî óðàâíåíèå (1.5) èìååò äâà ðåøåíèÿ u(t, x) è ϑ(t, x) â îáëàñòè D
è ïðèìåíèòü ê (1.9) íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà.
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On weak solvability of mixed value problem for nonlinear
pseudo hyperbolic equation.
c⃝ T. K. Yuldashev2

Abstract. In this article it is proved the theorem about the weak generalized solvability of mixed
value problem for nonlinear partial pseudohyperbolic di�erential equations of the �fth order. By
the method of separation variables the countable system of nonlinear integral equation is obtained.
The successive approximations method is used. Convergence of obtained series is proved.

Key Words: weak solvability, integral identity, system of nonlinear equations, method of
successive approximations.
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