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Àííîòàöèÿ. Â íàñòîÿùåé ñòàòüå èçó÷àþòñÿ òåîðåòè÷åñêèå îñíîâû èññëåäîâàíèÿ äâèæåíèé
ñèñòåì, íå èìåþùèõ ïðåäåëüíûõ òî÷åê. Îòêðûâàåòñÿ íîâàÿ îáëàñòü èññëåäîâàíèÿ - óõîäÿùèå
äâèæåíèÿ.
Êëþ÷åâûå ñëîâà: ñîáñòâåííîå ÷èñëî, ýëåìåíòàðíûé äåëèòåëü, ïåðåìåííàÿ, óñòîé÷èâîñòü,
ôóíêöèÿ, ñòåïåíü.

Ïðè èçó÷åíèè äèíàìèêè óïðàâëÿåìûõ ñèñòåì âàæíåéøèì âîïðîñîì ÿâëÿåòñÿ õàðàê-
òåð ïðåäåëüíîãî ïîâåäåíèÿ ðåøåíèé. Ñóùåñòâîâàíèå ïðåäåëüíîãî ðåæèìà â âèäå èíâà-
ðèàíòíîãî ìíîæåñòâà ÿâëÿåòñÿ îñíîâîé äëÿ ïîñòðîåíèÿ óïðàâëÿåìûõ ñèñòåì, îáëàäàþ-
ùèõ öåëåâûì ìíîæåñòâîì ôàçîâûõ ñîñòîÿíèé. Îáåñïå÷åíèå ñóùåñòâîâàíèÿ îãðàíè÷åííîãî
ïðåäåëüíîãî ðåæèìà ÿâëÿåòñÿ îñíîâíîé çàäà÷åé êîíñòðóèðîâàíèÿ èíæåíåðíûõ ñèñòåì. Â
ïðèëîæåíèÿõ òàêæå òðåáóåòñÿ îáåñïå÷åíèå âûïîëíåíèÿ îãðàíè÷åíèé íà ãåîìåòðè÷åñêèå
ðàçìåðû ïðåäåëüíîãî ðåæèìà. Äðóãèì âàæíåéøèì àñïåêòîì ÿâëÿåòñÿ ðàññìîòðåíèå øè-
ðîêîãî êëàññà óðàâíåíèé äèíàìèêè ñ äîñòàòî÷íî ïðîñòîé ñòðóêòóðîé, òàê êàê èìåííî
ñòðóêòóðà óðàâíåíèé îïðåäåëÿåò âîçìîæíîñòü èõ èíæåíåðíîé ðåàëèçàöèè [1].

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó âèäà

Ẋ = PX + µF (X, z),
ż = r + µh(X, z),

(1.1)

Çäåñü X = (x1, . . . , xN)
∗ , P − N × N - ìàòðèöà, r > 0, µ - ìàëûé ïàðàìåòð, F =

(f1, . . . , fn) - âåêòîðíàÿ, h(X, z) - ñêàëÿðíàÿ ôóíêöèÿ ïåðåìåííûõ x1, . . . , xN , z .
Åñëè F (0, z) ≡ 0 , h(0, z) ≡ 0 , òî ó ñèñòåìû (1.1) ñóùåñòâóåò ñåìåéñòâî íåîãðàíè÷åííûõ

ðàâíîâåñíûõ ðåøåíèé

x1 = x2 = . . . = xn = 0, z = z0 + rt,

ïðåäñòàâëÿþùåå ïëîñêîñòü â (N + 1) - ìåðíîì ïðîñòðàíñòâå. Áåç îãðàíè÷åíèÿ îáùíîñòè
ìîæíî ñ÷èòàòü, ÷òî z0 = 0 . Çàäà÷à ñîñòîèò â èçó÷åíèè ñâîéñòâà ýòîãî ðåøåíèÿ. Çäåñü è
äàëåå áóäåì ïðåäïîëàãàòü îòíîñèòåëüíî ôóíêöòé F, h ñëåäóþùåå:

1) ôóíêöèè f1, . . . , fN , h ðàçëàãàþòñÿ â ðÿäû ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì ïå-
ðåìåííûõ x1, . . . , xN ðàâíîìåðíî ñõîäÿùèìñÿ îòíîñèòåëüíî z , êîãäà âåëè÷èíà ∥X∥ äî-
ñòàòî÷íî ìàëà;

2) ðàçëîæåíèÿ ôóíêöèé f1, . . . , fN , h íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ îòíîñèòåëüíî
x1, . . . , xN ;
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3) èìååò ìåñòî îöåíêà |h| < k0|z|b(
∑N

j=1 |xj|)α , ãäå k0 > 0 , a ≥ 0 , b ≥ 0 .
Ðàññìîòðèì ñëó÷àé íåñêîëüêèõ íóëåâûõ êîðíåé. Ñèñòåìà âèäà (1.1) ñ ìàòðèöåé P

ðàçìåðíîñòè N ×N , N = k + n , ó êîòîðîé ñîáñòâåííûå ÷èñëà òàêîâû, ÷òî

λ1 = λ2 = . . . = λk = 0, Reλk+i < 0, i = 1, . . . , n, (1.2)

è íóëåâûì êîðíÿì îòâå÷àþò ïðîñòûå ýëåìåíòàðíûå äåëèòåëè, ìîæåò áûòü ïðèâåäåíà ê
âèäó

ẋs = µXs(x1, . . . , xk, y1, . . . , yn, z),
ẏi =

∑
pjiyi + µYj(x1, . . . , xk, y1, . . . , yn, z),

ż = r + µh(x1, . . . , xk, y1, . . . , yn, z),
s = 1, . . . , k, j = 1, . . . , n

(1.3)

Çäåñü Xs, Yj - ãîëîìîðôíûå ôóíêöèè ïåðåìåííûõ x1, . . . , xk, y1, . . . , yn, z , ðàçëîæåíèÿ
êîòîðûõ ïðè äîñòàòî÷íî ìàëûõ |xs|, |yj| íå ñîäåðæàò ÷ëåíîâ, ëèíåéíûõ îòíîñèòåëüíî
âåëè÷èí x1, y1, . . . , yn ; (n×n) - ìàòðèöà {pij} èìååò ñîáñòâåííûå ÷èñëà ñ îòðèöàòåëüíûìè
âåùåñòâåííûìè ÷àñòÿìè; µ - ìàëûé ïàðàìåòð.

Ïóñòü ïðè x1 = . . . = xk = y1 = . . . = yn = 0 ôóíêöèè Xs, Yj, h îáðàùàþòñÿ â íóëü.
Òîãäà ñèñòåìà (1.3) áóäåò èìåòü ñåìåéñòâî ðàâíîâåñíûõ ðåøåíèé x1 = . . . = xN = y1 =
. . . = yn = 0 , z = z+rt , ïðåäñòàâëÿþùåå ñîáîé ïðÿìóþ â (k+n+1) - ìåðíîì ïðîñòðàíñòâå.
Çàäà÷à ñîñòîèò â èçó÷åíèè ñâîéñòâ ýòèõ ðåøåíèé.

Ïîñìîòðèì, êàê âåäóò ñåáÿ ïåðåìåííûå xs, yj â êà÷åñòâå ôóíêöèè z .
Ðàçäåëèì ïåðâûå n+ k óðàâíåíèé ñèñòåìû (1.3) íà ïîñëåäíåå óðàâíåíèå:

dxs

dz
= µX̄s(x1, . . . , xk, y1, . . . , yn, z),

dy
dz

=
∑n

i=1 pjiyi + µ ¯̄Vj(x1, . . . , xk, y1, . . . , yn, z).
(1.4)

Ñîáñòâåííûå ÷èñëà ìàòðèöû {p̄ij} , i, j = 1, . . . , n , èìåþò îòðèöàòåëüíûå âåùåñòâåí-
íûå ÷àñòè îòíîñèòåëüíî ôóíêöèé X̄s, Ȳj ìû áóäåì ïðåäïîëàãàòü, ÷òî îíè ðàçëàãàþòñÿ â
ñõîäÿùèåñÿ ïðè äîñòàòî÷íî ìàëûõ |xs| , |yj| ðÿäû ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì
xs, yj . Ïðè÷åì ýòè ðÿäû ñõîäÿòñÿ ðàâíîìåðíî ïî z .

Ñ ïîìîùüþ çàìåíû, íå íàðóøàþùåé [2] óñòîé÷èâîñòè,

yj = uj + ηj,

ãäå uj - ðåøåíèå ñèñòåìû óðàâíåíèé, ïîëó÷àåì

n∑
i=1

pjiui + µV̄j(x1, . . . , xk, u1, . . . , un, z) = 0.

Ñèñòåìó (1.4) ìîæíî ïðèâåñòè ê âèäó

dXs

dz
= µX̄s(x1, . . . , xk, y1, . . . , yn, z) = 0,

dηj
dz

=
∑n

i=1 pjiηi + µV (x1, . . . , xk, u1 + η, . . . , z)
(1.5)

ãäå

Vj =
n∑

i=1

pjiu+ µ ¯̄Vj(x1, . . . , xk, u1 + η1, . . . , z)−

−
k∑

i=1

∂uj
∂xj

X̄i(x1, . . . , xk, u1 + η1, . . . , un + ηn, z).
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ßñíî, ÷òî ïðè äîñòàòî÷íî ìàëûõ ηj ôóíêöèè Vj îáëàäàþò ñâîéñòâàìè ôóíêöèé X̄s ,
Ȳs .

Åñëè X̄s(x1, . . . , xk, y1, . . . , yn, z) ≡ 0 , òî ó ñèñòåìû (1.4) èìååòñÿ k íå çàâèñÿùèõ îò z
ãîëîìîðôíûõ èíòåãðàëîâ

cs = xs + φs(x1, . . . , xk, y1 − η1, . . . , yn − ηn), s = 1, . . . , k.

Ñ ïîìîùüþ çàìåíû xs = cs + fs , ãäå fs - ðåøåíèÿ ñèñòåìû

n∑
j=1

∂fs
∂ηj

(
n∑

i=1

(pji + cji)ηi + µV ′
j ) =

n∑
i=1

γsiηi + µus(f1, . . . , fk, η1, . . . , ηn, c1, . . . , ck),

â êîòîðóþ ïåðåõîäèò ñèñòåìà â ÷àñòíûõ ïðîèçâîäíûõ [3]

n∑
j=1

∂xs
∂ηj

∂ηj
∂z

= µX̄s, s = 1, . . . , k,

ãäå cij, γsi - ãîëîìîðôíûå ïî c1, . . . , ck ôóíêöèè, à cs - äîñòàòî÷íî ìàëûå ïðîèçâîëüíûå
ïîñòîÿííûå, ïîëó÷èì èç âòîðîé ãðóïïû óðàâíåíèé (1.5)

dηj
dz

=
∑

(pji + cji)ηi + V ′
j (c1, . . . , ck, η1, . . . , ηn). (1.6)

Íóëåâîå ðåøåíèå (1.6) àñèìïòîòè÷åñêè óñòîé÷èâî ïî îòíîøåíèþ ê âåëè÷èíàì
c1, . . . , ck . Òàê êàê ôóíêöèè fs òàêîâû, ÷òî

fs ≡ 0 ïðè η1 = 0, . . . , ηn = 0,

fs ≡ 0 ïðè c1 = 0, . . . , ck = 0,

èìååì

ηj(t, η
0
1, . . . , η

0
n) → 0 ïðè t→ ∞.

Ñëåäîâàòåëüíî, äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 1.1. Åñëè Xs(x1, . . . , xk, u1, . . . , un, z) ≡ 0 , òî íóëåâîå ðåøåíèå ñèñòå-
ìû (1.6) óñòîé÷èâî ïî Ëÿïóíîâó îòíîñèòåëüíî ïåðåìåííîé z . Ïðè ýòîì ëþáîå ðåøåíèå
ýòîé ñèñòåìû

xs = cs, yj = uj(c1, . . . , ck), s = 1, . . . , k, j = 1, . . . , n,

óñëîâíî àñèìïòîòè÷åñêè óñòîé÷èâî.

Âåðíåìñÿ òåïåðü ê ïîñëåäíåìó óðàâíåíèþ ñèñòåìû (1.4)

Ż = Z + µh.

Ïî ñäåëàííîìó âûøå ïðåäïîëîæåíèþ ñïðàâåëèâà îöåíêà

h ≤ k0(
k∑

s=1

|X0
s |+

n∑
j=1

|Y 0
j |)azb,
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ãäå k0 > 0 .
Ïðè êàêèõ æå óñëîâèÿõ z → ∞ ïðè t → ∞ ? Âîçìîæíû ñëó÷àè b ≤ 0 è b > 0 . Ïðè

b ≤ 0 ìîæíî ñäåëàòü |µh| < r/2 . Òîãäà z → ∞ ïðè t→ ∞ . Ïðè b > 0 ìîæíî ïîêàçàòü [4],
÷òî äëÿ ëþáîãî êîíå÷íîãî z̄ íàéäåòñÿ µ0 òàêîå, ÷òî äëÿ µ , íå ïðåâîñõîäÿùåãî ïî ìîäóëþ
µ0 äëÿ ëþáîãî ε > 0 , ëþáîå äâèæåíèå, íà÷èíàþùååñÿ â îáëàñòè |x0s| < δ , |y0j | < δ , áóäåò
îñòàâàòüñÿ â îáëàñòè |xs| < ε , |yj| < ε ïðè âîçðàñòàíèè z îò 0 äî z̄ . Òàêèì îáðàçîì,
ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.

Ò å î ð å ì à 1.2. Åñëè ïðè ñäåëàííîé çàìåíå ïåðåìåííûõ ôóíêöèè X̄s ≡ 0 , ôóíê-
öèè Ȳj ðàçëàãàþòñÿ â ðàâíîìåðíî ñõîäÿùèåñÿ ïî z ðÿäû îòíîñèòåëüíî âåëè÷èí xs, yj ,
íà÷èíàÿ ñî ñòåïåíåé ýòèõ âåëè÷èí íå íèæå âòîðîé, òî ïðè b ≤ 0 ðàâíîâåñíîå ðåøåíèå
ñèñòåìû (1.4) îðáèòàëüíî óñòîé÷èâî.

Ò å î ð å ì à 1.3. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1.2., íî b > 0 , òî äëÿ ëþáîãî
êîíå÷íîãî z̄ çà ñ÷åò âûáîðà x0s , y

0
j , µ âåëè÷èíû |xs| , |yj| áóäóò îñòàâàòüñÿ ìàëûìè

ïðè âîçðàñòàíèè îò 0 äî z̄ .

2. Âûâîäû

Ðåçóëüòàòû, ïîëó÷åííûå â íàñòîÿùåì ïàðàãðàôå, îòíîñÿòñÿ ê òîìó ñëó÷àþ, êîãäà ïà-
ðàìåòð µ ìàë. Íî ó÷èòûâàÿ, ÷òî ôóíêöèÿ Ëÿïóíîâà áóäåò ïðåäñòàâëÿòü ñîáîé ðÿä ïî
ñòåïåíÿì ïàðàìåòðà, ðåçóëüòàòû áóäóò îñòàâàòüñÿ âåðíûìè è â òîì ñëó÷àå, êîãäà ôóíê-
öèÿ Ëÿïóíîâà ñóùåñòâóåò (ñîîòâåòñòâóþùèå ðÿäû ñõîäÿòñÿ), îòðèöàòåëüíà è z → ∞ ïðè
t→ ∞ .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïð. � 10-08-00624).
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The orbital stability of equally measure solution

c⃝ A.V. Zubov4, O.S. Strecopitova5, S.A. Strecopitov6

Abstract. In giving article is learning theoretical bases of investigation motions systems, is not
have limiting points. Is opening new region - going motions.
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