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Ê äîêàçàòåëüñòâó åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé

çàäà÷è ïî èçãèáíûì êîëåáàíèÿì òðóáû ñ ïðîòåêàþùåé

æèäêîñòüþ

c⃝ Ã.Ô. Ñàôèíà1

Àííîòàöèÿ. Â ðàáîòå ðàññìîòðåíû ïðÿìàÿ çàäà÷à ïî îïðåäåëåíèþ ÷àñòîò èçãèáíûõ êîëåáà-
íèé óçêîé òðóáû ñ íåñæèìàåìîé æèäêîñòüþ è îáðàòíàÿ çàäà÷à äèàãíîñòèðîâàíèÿ ïàðàìåòðîâ
çàêðåïëåíèé òðóáû ñ ïðîòåêàþùåé æèäêîñòüþ ïî ñîáñòâåííûì ÷àñòîòàì åå èçãèáíûõ êîëå-
áàíèé. Äîêàçàíû òåîðåìû î åäèíñòâåííîñòè îïðåäåëåíèÿ ïàðàìåòðîâ óïðóãèõ çàêðåïëåíèé
òðóáû â ñëó÷àå ïðîòåêàíèÿ ïî íåé æèäêîñòè. Óñòàíîâëåíî, ÷òî â ñëó÷àå ïðîòåêàíèÿ æèäêî-
ñòè ïî òðóáîïðîâîäó íåîáõîäèìî èñïîëüçîâàíèå èç ñïåêòðà ÷àñòîò êîëåáàíèé 14 çíà÷åíèé äëÿ
îïðåäåëåíèÿ ïàðàìåòðîâ óïðóãèõ çàêðåïëåíèé òðóáû. Ðàçðàáîòàíû ìåòîäû âîññòàíîâëåíèÿ
÷åòûðåõ êðàåâûõ óñëîâèé îáðàòíîé çàäà÷è. Ïðèâåäåíû ïðèìåðû.

Êëþ÷åâûå ñëîâà: òðóáà ñ ïðîòåêàþùåé æèäêîñòüþ, ÷àñòîòû êîëåáàíèé, êðàåâûå óñëîâèÿ,
ïàðàìåòðû óïðóãèõ çàêðåïëåíèé, çàäà÷à äèàãíîñòèðîâàíèÿ, åäèíñòâåííîñòü ðåøåíèÿ

1. Ââåäåíèå

Ðåøåíèÿ ïðÿìîé è îáðàòíîé çàäà÷ ïî èçãèáíûì êîëåáàíèÿì òðóáû ñ ïðîòåêàþùåé æèä-
êîñòüþ ïðîäîëæàþò èññëåäîâàíèÿ â âèáðîàêóñòè÷åñêîé äèàãíîñòèêå ìåõàíè÷åñêèõ ñèñòåì
[1]�[3].

Çàäà÷è âû÷èñëåíèÿ ñîáñòâåííûõ ÷àñòîò èçãèáíûõ êîëåáàíèé òðóáîïðîâîäà èññëåäîâà-
ëîñü â ðàáîòàõ [4], [5]. Îäíàêî, îáðàòíàÿ çàäà÷à � çàäà÷à îòûñêàíèÿ êðàåâûõ óñëîâèé
ïî ñîáñòâåííûì ÷àñòîòàì � â ýòèõ ðàáîòàõ íå èçó÷àëàñü. Ê òîìó æå, â ýòèõ ðàáîòàõ ðàñ-
ñìàòðèâàëèñü ëèøü ïðèáëèæåííûå ìåòîäû (íàïðèìåð, ìåòîäû Ãàëåðêèíà è Ðýëåÿ-Ðèòöà),
êîòîðûå íå ïðèìåíèìû äëÿ ðåøåíèå ïîñòàâëåííîé çäåñü çàäà÷è.

Ðàíåå â ðàáîòàõ [6]�[10] èçó÷àëèñü îáðàòíûå ñïåêòðàëüíûå çàäà÷è äèàãíîñòèðîâàíèÿ
çàêðåïëåíèé ñòðóí, ìåìáðàí, ñòåðæíåé, ïëàñòèí, âàëîâ, ïîëûõ òðóá è òðóá ñ íåïðîòåêà-
þùåé æèäêîñòüþ ïî ñîáñòâåííûì ÷àñòîòàì èõ êîëåáàíèé. Öåëüþ æå íàñòîÿùåé ðàáîòû
ÿâëÿåòñÿ äîêàçàòåëüñòâî åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è äèàãíîñòèðîâàíèÿ ïà-
ðàìåòðîâ çàêðåïëåíèé òðóáû â ñëó÷àå ïðîòåêàíèÿ ïî íåé æèäêîñòè. Ê òîìó æå, â îòëè÷èå
îò ðàáîò [6]�[10], â íàñòîÿùåé ðàáîòå îòûñêèâàþòñÿ íå äâà êðàåâûõ óñëîâèÿ, à âñå ÷åòûðå.
Ýòî ñóùåñòâåííî îñëîæíÿåò çàäà÷ó îòûñêàíèÿ êðàåâûõ óñëîâèé è òðåáóåò èíûõ ìåòîäîâ
åå ðåøåíèÿ.

2. Ïðÿìàÿ çàäà÷à îïðåäåëåíèÿ ÷àñòîò êîëåáàíèé òðóáû ñ æèäêî-
ñòüþ

Ðàññìîòðèì çàäà÷ó î ñâîáîäíûõ êîëåáàíèÿõ óçêîé òðóáû ñ íåñæèìàåìîé æèäêîñòüþ
è ïðèâåäåì íåêîòîðûå èçâåñòíûå ðåçóëüòàòû, íåîáõîäèìûå äëÿ äàëüíåéøåãî èçëîæåíèÿ.

1 Äîöåíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è èíôîðìàöèîííîé áåçîïàñíîñòè Íåôòåêàìñêîãî
ôèëèàëà Áàøêèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, ã. Íåôòåêàìñê; sa�nagf@mail.ru
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Óðàâíåíèå ìàëûõ ñâîáîäíûõ êîëåáàíèé òðóáîïðîâîäà ñ ïðîòåêàþùåé ïî íåìó æèäêî-
ñòüþ (ñ ó÷åòîì íåñæèìàåìîñòè æèäêîñòè) èìååò ñëåäóþùèé âèä [4], [5]):

EI
∂4w

∂x4
+ (m+ m̃)

∂2w

∂t2
+ 2m̃V0

∂2w

∂x∂t
+ m̃

(
p0
ρ0

+ V 2
0

)
∂2w

∂x2
= 0. (2.1)

Çäåñü

I =
π

4
(r4 − r41), m = π (r2 − r21 )ρ, m̃ = π r21 ρ0,

ãäå I � ìîìåíò èíåðöèè òðóá÷àòîãî ñå÷åíèÿ, EI � æåñòêîñòü òðóáû, p0 � êðèòè÷å-
ñêîå âíóòðåííåå äàâëåíèå, m è m̃ � ìàññû òðóáû è æèäêîñòè, ïðèõîäÿùèåñÿ íà åäèíèöó
äëèíû l òðóáû, r è r1 � ðàäèóñû âíåøíåãî è âíóòðåííåãî ïîïåðå÷íîãî ñå÷åíèÿ, V0 �
ñêîðîñòü äâèæåíèÿ æèäêîñòè, ρ � ïëîòíîñòü ìàòåðèàëà òðóáû, ρ0 � ïëîòíîñòü æèäêî-
ñòè.

Âûðàæåíèå äëÿ ïðîãèáà, óäîâëåòâîðÿþùåå óñëîâèÿì íà êîíöàõ òðóáêè â âèäå [4]
w = ∂2w/∂x2 = 0 , ïðèíÿòî â ôîðìå

w =
∞∑
s=1

Ws sin
s π

l
x ei ω t.

Ðåøåíèå çàäà÷è íàéäåíî ïðèáëèæåííî ïî ìåòîäó Áóáíîâà-Ãàëåðêèíà [4]. ×àñòîòíîå óðàâ-
íåíèå ïðåäñòàâëåíî â âèäå áåñêîíå÷íîãî îïðåäåëèòåëÿ, èç êîòîðîãî íàõîäÿòñÿ ïðèáëèæåí-
íûå çíà÷åíèÿ ñîáñòâåííûõ ÷àñòîò êîëåáàíèé òðóáû ñ æèäêîñòüþ. Íàïðèìåð, óòî÷íåííîå
çíà÷åíèå ÷àñòîòû ω1 ìîæíî ïîëó÷èòü, ïðèðàâíèâàÿ ê íóëþ îïðåäåëèòåëü âòîðîãî ïîðÿä-
êà â âåðõíåì ëåâîì óãëó áåñêîíå÷íîãî îïðåäåëèòåëÿ. Ñëåäóþùåå ïðèáëèæåíèå äëÿ ω1

ìîæíî ïîëó÷èòü, ðàññìàòðèâàÿ îïðåäåëèòåëü òðåòüåãî ïîðÿäêà è ò.ä.
Ðàññìîòðèì äðóãîé ïîäõîä ê ðåøåíèþ äàííîé çàäà÷è [8]. Ââåäåì áåçðàçìåðíûå ïåðå-

ìåííûå
x̃ = x/l, w̃ = w/r, t̃ = t/τ,

ãäå

τ = l2
√
m+ m̃

EI
.

Ïîëîæèì âûðàæåíèå äëÿ ïðîãèáà â âèäå:

w̃(x̃, t̃) = X(x̃) ei ω t̃

è ïðåîáðàçóåì óðàâíåíèå (2.1) ê ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ

X(4) + aX ′′ + 2b i ωX ′ − ω2X = 0, (2.2)

â êîòîðîì X = X(x̃) è êîýôôèöèåíòû óðàâíåíèÿ âûðàæàþòñÿ ñëåäóþùèì îáðàçîì:

a =
m̃ l2

E I

(
p0
ρ0

+ V 2
0

)
; b =

m̃ V0 l

(E I (m+ m̃))1/2
. (2.3)

Ëèíåéíî íåçàâèñèìûìè ðåøåíèÿìè óðàâíåíèÿ (2.2) ÿâëÿþòñÿ ôóíêöèè

Xj = Xj(x̃, ω) = eλj x̃, j = 1, 2, 3, 4,

ãäå λj = λj(ω) � ðàçëè÷íûå êîðíè ñîîòâåòñòâóþùåãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.
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Äëÿ ïîñòàíîâêè ïðÿìîé ñïåêòðàëüíîé çàäà÷è êðàåâûå óñëîâèÿ, ó÷èòûâàþùèå çàäåë-
êó, ñâîáîäíîå îïèðàíèå, ñâîáîäíûé êîíåö, ïëàâàþùóþ çàäåëêó, ðàçëè÷íûå âèäû óïðóãîãî
çàêðåïëåíèÿ, ðàññìîòðèì â âèäå [11]:

U1(X) = a1X(0) + a4X
′′′(0) = 0,

U2(X) = a2X
′(0) + a3X

′′(0) = 0,
(2.4)

U3(X) = b1X(l) + b4X
′′′(l) = 0,

U4(X) = b2X
′(l) + b3X

′′(l) = 0.
(2.5)

Â ðàññìîòðåííûõ îáîçíà÷åíèÿõ ïðÿìàÿ çàäà÷à ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì:
èçâåñòíû ëèíåéíûå ôîðìû U1(X), U2(X) , U3(X), U4(X) êðàåâûõ óñëîâèé çàäà÷è (2.2),
(2.4), (2.5), òðåáóåòñÿ íàéòè íåèçâåñòíûå ñîáñòâåííûå ÷àñòîòû ωk êîëåáàíèé òðóáû ñ æèä-
êîñòüþ.

Óðàâíåíèå ÷àñòîò, íåîáõîäèìîå äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è, ïîëó÷àåì èç óñëîâèÿ ðà-
âåíñòâà íóëþ õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ [11] ∆(ω) = 0 . (Íåêîòîðûå ïðèáëèæåí-
íûå ìåòîäû âû÷èñëåíèÿ êîðíåé õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ èçëîæåíû â [12]).

3. Îáðàòíàÿ çàäà÷à ïî äèàãíîñòèðîâàíèþ ïàðàìåòðîâ çàêðåïëå-
íèé òðóáû ñ ïðîòåêàþùåé æèäêîñòüþ

Ïîñòàâèì òåïåðü îáðàòíóþ ñïåêòðàëüíóþ çàäà÷ó � çàäà÷ó äèàãíîñòèðîâàíèÿ ïàðàìåòðîâ
çàêðåïëåíèé òðóáû ñ æèäêîñòüþ ïî ñîáñòâåííûì ÷àñòîòàì åå êîëåáàíèé.

Äëÿ ìàòåìàòè÷åñêîé ïîñòàíîâêè îáðàòíîé çàäà÷è ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ.
Ìàòðèöó, ñîñòàâëåííóþ èç êîýôôèöèåíòîâ aj ôîðì U1(Xk) è U2(Xk), îáîçíà÷èì ÷åðåç
A , à ìàòðèöó, ñîñòàâëåííóþ èç êîýôôèöèåíòîâ bj ôîðì U3(Xk) è U4(Xk), ÷åðåç B :

A =

∥∥∥∥ a1 0 0 a4
0 a2 a3 0

∥∥∥∥ , B =

∥∥∥∥ b1 0 0 b4
0 b2 b3 0

∥∥∥∥ .
Ìèíîðû âòîðîãî ïîðÿäêà, îáðàçîâàííûå èç i-ãî è j-ãî ñòîëáöîâ ìàòðèö A è B , áóäåì äëÿ
êðàòêîñòè îáîçíà÷àòü ÷åðåç Aij è Bij .

Çàìåòèì, ÷òî îòûñêàíèå êðàåâûõ óñëîâèé íå îçíà÷àåò âîññòàíîâëåíèå âñåõ êîýôôè-
öèåíòîâ aj è bj , ïîñêîëüêó, íàïðèìåð, êðàåâûå óñëîâèÿ X(0) = 0, X ′(0) = 0 è
X(0) − X ′(0) = 0, X(0) + X ′(0) = 0 ýêâèâàëåíòíû, à èõ ñîîòâåòñòâóþùèå êîýôôèöè-
åíòû aj ðàçëè÷íû.

Ïîýòîìó íàøåé çàäà÷åé íå ÿâëÿåòñÿ òî÷íîå ðàñïîçíàâàíèå âñåõ êîýôôèöèåíòîâ aj è
bj . Öåëü � îòûñêàíèå êðàåâûõ óñëîâèé, ÷òî ðàâíîñèëüíî íàõîæäåíèþ ëèíåéíûõ îáîëî÷åê
⟨a1, a2⟩ è ⟨b1, b2⟩ , ïîñòðîåííûõ íà âåêòîðàõ

a1 = (a1, 0, 0, a4)
T , a2 = (0, a2, a3, 0)

T , b1 = (b1, 0, 0, b4)
T , b2 = (0, b2, b3, 0)

T .

Â òåðìèíàõ çàäà÷è (2.2) � (2.5) îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé (2.4),
(2.5) ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì:

Î á ð à ò í à ÿ ç à ä à ÷ à. Êîýôôèöèåíòû aj è bj ôîðì Ui(Xm) ( i, j,m = =
1, 2, 3, 4 ) çàäà÷è (2.2)�(2.5) íåèçâåñòíû. Ðàíãè ìàòðèö A è B , ñîñòàâëåííûõ èç ýòèõ
êîýôôèöèåíòîâ, ðàâíû äâóì. Èçâåñòíû ñîáñòâåííûå çíà÷åíèÿ ωk çàäà÷è (2.2)�(2.5). Òðå-
áóåòñÿ âîññòàíîâèòü ëèíåéíûå îáîëî÷êè ⟨a1, a2⟩ è ⟨b1, b2⟩ .
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4. Åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è â ñëó÷àå ïðîòåêàíèÿ
æèäêîñòè ïî òðóáå

Äëÿ äàëüíåéøåãî èçëîæåíèÿ ââåäåì â ðàññìîòðåíèå íîâûå îáîçíà÷åíèÿ.
Îáîçíà÷èì ÷åðåç C ñëåäóþùóþ ìàòðèöó ïîðÿäêà 4 × 8 , ñîñòàâëåííóþ èç íóëåâûõ

ìàòðèö 0 , à òàêæå ìàòðèö A è B

C =

∥∥∥∥ A 0
0 B

∥∥∥∥ (4.1)

Ýëåìåíòû ìàòðèöû C îáîçíà÷èì ÷åðåç cij , à ìèíîðû ìàòðèöû C , îáðàçîâàííûå èç ñòîëá-
öîâ ñ íîìåðàìè k1, k2, k3, k4 � ÷åðåç

M k1 k2 k3 k4 =

∣∣∣∣∣∣∣∣
c1 k1 c1 k2 c1 k3 c1 k4
c2 k1 c2 k2 c2 k3 c2 k4
c3 k1 c3 k2 c3 k3 c3 k4
c4 k1 c4 k2 c4 k3 c4 k4

∣∣∣∣∣∣∣∣ .
Êðàåâûå óñëîâèÿ (2.4), (2.5) â íîâûõ îáîçíà÷åíèÿõ ìîãóò áûòü ïåðåïèñàíû â âèäå:

Ui(X) =
4∑

j=1

[
cijX

(j−1)(0) + ci,4+jX
(j−1)(l)

]
= 0, (4.2)

i = 1, 2, 3, 4.

Â íîâûõ îáîçíà÷åíèÿõ îáðàòíàÿ çàäà÷à ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì: êîýô-
ôèöèåíòû cij çàäà÷è (2.2), (4.2) � íåèçâåñòíû; ðàíã ìàòðèöû C , ñîñòàâëåííîé èç ýòèõ
êîýôôèöèåíòîâ, ðàâåí ÷åòûðåì; ìèíîðû A14 , A23 , B14 , B23 ìàòðèö A è B , èç êîòî-
ðûõ ñîñòàâëåíà ìàòðèöà C , ðàâíû íóëþ; èçâåñòíû ñîáñòâåííûå çíà÷åíèÿ ωk çàäà÷è (2.2),
(4.2). Òðåáóåòñÿ âîññòàíîâèòü ëèíåéíóþ îáîëî÷êó ⟨c1, c2, c3, c4⟩ , ïîñòðîåííóþ íà âåêòî-
ðàõ ci = (ci1, ci2, ci3, ci4, ci5, ci6, ci7, ci8)

T (i = 1, 2, 3, 4) .
Îòìåòèì, ÷òî îòûñêàíèå ëèíåéíîé îáîëî÷êè ⟨c1, c2, c3, c4⟩ ýêâèâàëåíòíî îòûñêàíèþ

ìàòðèöû C ñ òî÷íîñòüþ äî ëèíåéíîé ýêâèâàëåíòíîñòè.
Íàðÿäó ñ ôîðìàìè (4.2) ðàññìîòðèì ñëåäóþùèå ëèíåéíûå îäíîðîäíûå ôîðìû:

Ũi(X) =
4∑

j=1

[
c̃ijX

(j−1)(0) + c̃i,4+j X
(j−1)(l)

]
= 0, (4.3)

i = 1, 2, 3, 4.

Îáîçíà÷èì ìàòðèöó, ñîñòàâëåííóþ èç êîýôôèöèåíòîâ c̃ij , ÷åðåç C̃ , à åå ìèíîðû �

÷åðåç M̃ k1 k2 k3 k4 , à ñîîòâåòñòâóþùèå ìèíîðû âòîðîãî ïîðÿäêà � ÷åðåç Ã k1 k2 è B̃ k3−4 k4−4 .
Ââåäåì â ðàññìîòðåíèå òàêæå âåêòîðû:

c+i = (c̃i1, c̃i2, c̃i3, c̃i4, c̃i5, c̃i6, c̃i7, c̃i8)
T , i = 1, 2, 3, 4.

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà (î åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è). Ïóñòü rankC =

= rank C̃ = 4 . Åñëè ñîáñòâåííûå çíà÷åíèÿ {ωk} çàäà÷è (2.2), (4.2) è {ω̃k} çàäà÷è (2.2),
(4.3) ñîâïàäàþò ñ ó÷åòîì èõ êðàòíîñòåé, òî ⟨c1, c2, c3, c4⟩ =

⟨
c+1 , c

+
2 , c

+
3 , c

+
4

⟩
.
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ìîæíî ïðåäñòà-
âèòü â ñëåäóþùåé ôîðìå:

∆(ωk) = det(C D), ãäå

D =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

X1(0) X2(0) X3(0) X4(0)
X ′

1(0) X ′
2(0) X ′

3(0) X ′
4(0)

X ′′
1 (0) X ′′

2 (0) X ′′
3 (0) X ′′

4 (0)
X ′′′

1 (0) X ′′′
2 (0) X ′′′

3 (0) X ′′′
4 (0)

X1(l) X2(l) X3(l) X4(l)
X ′

1(l) X ′
2(l) X ′

3(l) X ′
4(l)

X ′′
1 (l) X ′′

2 (l) X ′′
3 (l) X ′′

4 (l)
X ′′′

1 (l) X ′′′
2 (l) X ′′′

3 (l) X ′′′
4 (l)

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
.

Èñïîëüçóÿ ôîðìóëó Áèíå-Êîøè [13], ïîëó÷àåì

∆(ωk) =
∑

1≤k1<k2<···<k8≤8

M k1 k2 k3 k4 f k1 k2 k3 k4 , (4.4)

ãäå f k1 k2 k3 k4 � ìèíîðû ÷åòâåðòîãî ïîðÿäêà ìàòðèöû D , ñîñòàâëåííûå èç ñòðîê ñ íîìå-
ðàìè k1, k2, k3, k4 :

Mk1k2k3k4 =

∣∣∣∣∣∣∣∣
c1k1 c1k2 c1k3 c1k4
c2k1 c2k2 c2k3 c2k4
c3k1 c3k2 c3k3 c3k4
c4k1 c4k2 c4k3 c4k4

∣∣∣∣∣∣∣∣ .
Ïîñêîëüêó

M k1 k2 k3 k4 = 0 ïðè k3, k4 ≤ 4, k1, k2 ≥ 5,

òî, ïðèìåíÿÿ òåîðåìó Ëàïëàñà äëÿ âû÷èñëåíèÿ îïðåäåëèòåëÿ è ó÷èòûâàÿ, ÷òî ∆(ωk) = 0 ,
ïîëó÷àåì: ∑

1 ≤ k1 < k2 ≤ 4
5 ≤ k3 < k4 ≤ 8

M k1 k2 k3 k4 fk1 k2 k3 k4(ωk) = 0, (4.5)

ãäå
M k1 k2 k3 k4 = Ak1, k2 Bk3−4, k4−4, (4.6)

(A14 = A23 = B14 = B23 = 0).

Èç ñâîéñòâ îáùåé òåîðèè äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñëåäóåò, ÷òî
ôóíêöèÿ ∆(ω) ÿâëÿåòñÿ öåëîé ôóíêöèåé ïîðÿäêà 1/2 [14].

Îòñþäà ñëåäóåò, ÷òî õàðàêòåðèñòè÷åñêèå îïðåäåëèòåëè ∆(ω) è ∆̃(ω) çàäà÷ (2.2), (4.2)
è (2.2), (4.3) ñîîòâåòñòâåííî ñâÿçàíû ñîîòíîøåíèåì

∆(ω) ≡ K ∆̃(ω), (4.7)

ãäå K � íåêîòîðàÿ îòëè÷íàÿ îò íóëÿ êîíñòàíòà.
Èç (4.4) è (4.7) ñëåäóåò, ÷òî
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[
M1256 −K M̃1256

]
f1256 +

[
M1257 −K M̃1257

]
f1257+

+
[
M1268 −K M̃1268

]
f1268 +

[
M1278 −K M̃1278

]
f1278+

+
[
M1356 −K M̃1356

]
f1356 +

[
M1357 −K M̃1357

]
f1357+

+
[
M1368 −K M̃1368

]
f1368 +

[
M1378 −K M̃1378

]
f1378+

+
[
M2456 −K M̃2456

]
f2456 +

[
M2457 −K M̃2457

]
f2457+

+
[
M2468 −K M̃2468

]
f2468 +

[
M2478 −K M̃2478

]
f2478+

+
[
M3456 −K M̃3456

]
f3456 +

[
M3457 −K M̃3457

]
f3457+

+
[
M3468 −K M̃3468

]
f3468+

+
[
M3478 −K M̃3457

]
f3478 ≡ 0.

(4.8)

Ïóñòü æèäêîñòü òå÷åò ïî òðóáå. Ýòî îçíà÷àåò, ÷òî ñêîðîñòü òå÷åíèÿ æèäêîñòè V0 ̸= 0 ,
à â óðàâíåíèè (2.2) êîýôôèöèåíò b ̸= 0 .

Íåòðóäíî ïîêàçàòü â ïàêåòå Maple, ÷òî â ïîñëåäíåì òîæäåñòâå âñå ïðàâûå ñîìíîæèòå-
ëè, çà èñêëþ÷åíèåì îäíîé ôóíêöèè f1356 = −f1257 , îáðàçóþò ëèíåéíî íåçàâèñèìóþ
ñèñòåìó. Òîãäà èç ëèíåéíîé íåçàâèñèìîñòè ôóíêöèé

f1256(ω), f1357(ω), f2468(ω),
f1256(ω), f1378(ω), f3457(ω),
f2478(ω), f3468(ω), f2368(ω),
f2457(ω), f1278(ω), f3456(ω),
f1268(ω), f2456(ω), f1257(ω)

âûòåêàþò ñëåäóþùèå ðàâåíñòâà:

M1256 = K M̃1256, (4.9)

M1357 = K M̃1357, (4.10)

M2468 = K M̃2468, (4.11)

M3478 = K M̃3478, (4.12)

M1378 = K M̃1378, (4.13)

M3457 = K M̃3457, (4.14)

M2478 = K M̃2478, (4.15)

M1368 = K M̃1368, (4.16)

M2457 = K M̃2457, (4.17)

M1278 = K M̃1278, (4.18)

M3456 = K M̃3456, (4.19)

M2456 = K M̃2456, (4.20)

M1268 = K M̃1268, (4.21)

M3468 = K M̃3468, (4.22)

M1257 −M1356 = K (M̃1356 − M̃1257). (4.23)

Äàëåå äîêàçàòåëüñòâî ðàçáèâàåòñÿ íà 15 ñëó÷àåâ:
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M1256 ̸= 0; M1357 ̸= 0; M2468 ̸= 0;
M1256 ̸= 0; M1378 ̸= 0; M3457 ̸= 0;
M2478 ̸= 0; M3468 ̸= 0; M2368 ̸= 0;
M2457 ̸= 0; M1278 ̸= 0; M3456 ̸= 0;

M1268 ̸= 0; M2456 ̸= 0;
M1256 =M1357 =M2468 =M3478 =

=M1378 =M3457 =M2478 =M3468 =
=M1368 =M2457 =M1278 =

=M3456 =M1268 =M2456 = 0.

(4.24)

Ïóñòü ðåàëèçóåòñÿ îäèí èç ýòèõ ñëó÷àåâ, íàïðèìåð, ïåðâûé. Èòàê, M1256 = KM̃1256 ̸= 0 .
Òîãäà èç ðàâåíñòâ

M1256 = A12B12 = a1 a2 b1 b2,

M̃1256 = Ã12 B̃12 = ã1 ã2 b̃1 b̃2

ïîëó÷èì, ÷òî ýëåìåíòû a1, a2, b1, b2, ã1, ã2, b̃1, b̃2 ìàòðèö C è C̃ îòëè÷íû îò íóëÿ. Ðàç-
äåëèì 1-þ, 2-þ, 3-þ, 4-þ ñòðîêè ìàòðèöû C ñîîòâåòñòâåííî íà a1, a2, b1, b2 , à 1-þ, 2-þ,
3-þ, 4-þ ñòðîêè ìàòðèöû C̃ ñîîòâåòñòâåííî íà ã1, ã2, b̃1, b̃2 .

Ïîñëå ýòèõ ïðåîáðàçîâàíèé ìàòðèöû C è C̃ ñ òî÷íîñòüþ äî ëèíåéíîé ýêâèâàëåíòíîñòè
ïðèìóò âèä

C =

∥∥∥∥∥∥∥∥
1 0 0 a4 0 0 0 0
0 1 a3 0 0 0 0 0
0 0 0 0 1 0 0 b4
0 0 0 0 0 1 b3 0

∥∥∥∥∥∥∥∥ ,

C̃ =

∥∥∥∥∥∥∥∥
1 0 0 ã4 0 0 0 0
0 1 ã3 0 0 0 0 0

0 0 0 0 1 0 0 b̃4
0 0 0 0 0 1 b̃3 0

∥∥∥∥∥∥∥∥ .
Èç ýòîãî ïðåäñòàâëåíèÿ äëÿ ìàòðèö C è C̃ è ðàâåíñòâà (4.9) ñëåäóåò, ÷òî K = 1. Èç

(4.20), (4.21) âûòåêàåò, ÷òî

a4 = ã4, b4 = b̃4. (4.25)

Àíàëîãè÷íî èç ðàâåíñòâ (4.18), (4.19) ñëåäóåò, ÷òî

a3 a4 = ã3 ã4, b3 b4 = b̃3 b̃4.

Èëè èç ðàâåíñòâ (4.16), (4.17) ñëåäóåò, ÷òî

a3 b4 = ã3 b̃4, b3 a4 = b̃3 ã4.

Ó÷èòûâàÿ (4.25) è ïîñëåäíèå ÷åòûðå ðàâåíñòâà, ïîëó÷èì

a3 = ã3, a4 = ã4
b3 = b̃3, b4 = b̃4.

(4.26)

Òàêèì îáðàçîì, èìååì ⟨c1, c2, c3, c4⟩ =
⟨
c+1 , c

+
2 , c

+
3 , c

+
4

⟩
.

Ïóñòü òåïåðü èç ðàâåíñòâ (4.24) ðåàëèçóåòñÿ ñëó÷àé M2478 = = K M̃2478 ̸= 0 .
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Ðàâåíñòâà M2478 = a2 a4 b3 b4, M̃2478 = ã2 ã4 b̃3 b̃4 îçíà÷àþò, ÷òî ýëåìåíòû
a2, a4, b3, b4, ã2, ã4, b̃3, b̃4 ìàòðèö C è C̃ îòëè÷íû îò íóëÿ.

Ðàçäåëèì 1-þ, 2-þ, 3-þ, 4-þ ñòðîêè ìàòðèöû C ñîîòâåòñòâåííî íà a4, a2, b4, b3 , à 1-þ,
2-þ, 3-þ, 4-þ ñòðîêè ìàòðèöû C̃ ñîîòâåòñòâåííî íà ã4, ã2, b̃4, b̃3 .

Òîãäà ñ òî÷íîñòüþ äî ëèíåéíîé ýêâèâàëåíòíîñòè ïîëó÷èì ìàòðèöû C è C̃ â âèäå:

C =

∥∥∥∥∥∥∥∥
a1 0 0 1 0 0 0 0
0 1 a3 0 0 0 0 0
0 0 0 0 b1 0 0 1
0 0 0 0 0 b2 1 0

∥∥∥∥∥∥∥∥ ,

C̃ =

∥∥∥∥∥∥∥∥
ã1 0 0 1 0 0 0 0
0 1 ã3 0 0 0 0 0

0 0 0 0 b̃1 0 0 1

0 0 0 0 0 b̃3 1 0

∥∥∥∥∥∥∥∥ .
Ñ ó÷åòîì ïîëó÷åííîãî ïðåäñòàâëåíèÿ äëÿ ìàòðèö C è C̃ è ðàâåíñòâà (4.15) èìååì,

÷òî K = 1.
Èç ðàâåíñòâ (4.18), (4.20) âûòåêàåò ñîîòâåòñòâåííî, ÷òî

a1 = ã1, b1 = b̃1. (4.27)

À èç ðàâåíñòâ (4.14), (4.21) ñëåäóåò, ÷òî

a3 b1 = ã3 b̃1, a1 b2 = ã1 b̃2.

Ïîñëåäíèå ðàâåíñòâà ñ ó÷åòîì (4.27) äàþò ñëåäóþùèå ðàâåíñòâà:

a1 = ã1, a3 = ã3,

b1 = b̃1, b2 = b̃2.

Ñíîâà ïîëó÷àåì ïðåäñòàâëåíèå äëÿ ëèíåéíûõ îáîëî÷åê â âèäå:

⟨c1, c2, c3, c4⟩ =
⟨
c+1 , c

+
2 , c

+
3 , c

+
4

⟩
.

Àíàëîãè÷íûìè ðàññóæäåíèÿìè ìîæíî ïîêàçàòü, ÷òî ðàññìîòðåíèå äðóãèõ ñëó÷àåâ èç ðà-
âåíñòâ (4.24) ïðèâîäèò ê òàêèì æå ðåçóëüòàòàì.

Òàêèì îáðàçîì, â ñëó÷àå ïðîòåêàíèÿ æèäêîñòè ïî òðóáîïðîâîäó ðåøåíèå îáðàòíîé
çàäà÷è åäèíñòâåííî. Òåîðåìà äîêàçàíà.

5. Ìåòîä îòûñêàíèÿ ïàðàìåòðîâ çàêðåïëåíèé òðóáû ñ ïðîòåêàþ-
ùåé æèäêîñòüþ

Ìû ïîêàçàëè, ÷òî çàäà÷à âîññòàíîâëåíèÿ íåèçâåñòíûõ êðàåâûõ óñëîâèé ïî ñîáñòâåí-
íûì ÷àñòîòàì èçãèáíûõ êîëåáàíèé òðóáû â ñëó÷àå ïðîòåêàíèÿ ïî íåé æèäêîñòè èìååò
îäíî ðåøåíèå. Ñëåäóþùèé âîïðîñ � êàê ïîñòðîèòü ýòî ðåøåíèå?

Ìîæíî, êàê â ðàáîòå [6], âîñïîëüçîâàòüñÿ äâóìÿ ìåòîäàìè ïîñòðîåíèÿ ðåøåíèÿ îá-
ðàòíîé çàäà÷è, îñíîâàííûìè íà ïðåäñòàâëåíèè õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ â âèäå

áåñêîíå÷íîãî ïðîèçâåäåíèÿ: ∆(ω) ≡ K
∏∞

k=1

(
1− ω

ωk

)
. Îäíàêî ïðè ïðàêòè÷åñêîé ðåàëè-

çàöèè ýòè ìåòîäû îêàçûâàþòñÿ íåýôôåêòèâíûìè ââèäó çíà÷èòåëüíîãî íàêîïëåíèÿ îøèáîê
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ïðè âû÷èñëåíèè ñîîòâåòñòâóþùåãî áåñêîíå÷íîãî ïðîèçâåäåíèÿ. Ïîýòîìó â íàñòîÿùåé ðà-
áîòå ïðèìåíåí äðóãîé ìåòîä, îñíîâàííûé íà ðåøåíèè ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé.

Ïîñòðîèì òî÷íîå ðåøåíèå îáðàòíîé çàäà÷è. Èòàê, ïóñòü æèäêîñòü òå÷åò ïî òðóáå,
ò.å. â óðàâíåíèè (2.2) êîýôôèöèåíò b ̸= 0 . Â ýòîì ñëó÷àå ñîáñòâåííûå ÷àñòîòû èçãèáíûõ
êîëåáàíèé òðóáû {ωk} óäîâëåòâîðÿþò ÷àñòîòíîìó óðàâíåíèþ

∆(ωk) = (M1257 −M1356) f1257(ω k) +M1268 f1268(ω k)+
+M2456 f2456(ω k) +M1368 f1368(ω k) +M2457 f2457(ω k)+
+M1278 f1278(ω k) +M3456 f3456(ω k) +M1378 f1378(ω k)+
+M3457 f3457(ω k) +M2478 f2478(ω k) +M3468 f3468(ω k)+
+M1357 f1357(ω k) +M2468 f2468(ω k) +M1256 f1256(ω k)+

+M3478 f3478(ω k) = 0.

(5.1)

Ïóñòü ω k � 14 ñîáñòâåííûõ ÷àñòîò çàäà÷è (2.2), (4.2). Òîãäà ðàâåíñòâà (5.1) îáðàçóþò
ñèñòåìó 14-òè ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî 15-òè íåèçâåñòíûõ ëåâûõ
ìíîæèòåëåé ïîñëåäíåãî ðàâåíñòâà.

Åñëè rank∥f k1 k2 k3 k4(ω k)∥15×14 = 14 , òî, ââèäó ñïåöèàëüíîãî âèäà ñîîòâåòñòâóþùåé ìàò-
ðèöû C , çàäà÷à íàõîæäåíèÿ ýòîé ìàòðèöû èìååò îäíî ðåøåíèå.

Ïîêàæåì, êàê ýòî äåëàåòñÿ. Òàê êàê rankC = 4 , òî õîòÿ áû îäèí èç ìèíîðîâ Mijkl

íå ðàâåí íóëþ. Ïóñòü, íàïðèìåð, M1357 ̸= 0 , òîãäà ìàòðèöó C ñ ïîìîùüþ ëèíåéíûõ
ïðåîáðàçîâàíèé ìîæíî ïðèâåñòè ê âèäó∥∥∥∥∥∥∥∥

1 0 0 a4 0 0 0 0
0 a2 1 0 0 0 0 0
0 0 0 0 1 0 0 b4
0 0 0 0 0 b2 1 0

∥∥∥∥∥∥∥∥ .
Ïðè ýòîì ñàìè ìèíîðû Mijkl íå ïîìåíÿþòñÿ, òîëüêî, âîçìîæíî, ìíîæèòåëü.

Äëÿ ïîëó÷åííîé ìàòðèöû èìååì

M1257 = a2, M3457 = −a4,
M1356 = b2, M1378 = −b4.

(5.2)

Òîãäà ìàòðèöà C ìîæåò áûòü çàïèñàíà â âèäå∥∥∥∥∥∥∥∥
1 0 0 −M3457

M1357
0 0 0 0

0 M1257

M1357
1 0 0 0 0 0

0 0 0 0 1 0 0 −M1378

M1357

0 0 0 0 0 M1356

M1357
1 0

∥∥∥∥∥∥∥∥ . (5.3)

Ìèíîðû, â íàøåì ñëó÷àå

M1357, M1257, M3457, M1356, M1378,

ó÷àñòâóþùèå â çàïèñè (5.3) ìàòðèöû C , íàçîâåì îñíîâíûìè. À îñíîâíîé ìèíîð, ñ êîòîðî-
ãî íà÷èíàåòñÿ ïîñòðîåíèå, â íàøåì ñëó÷àå íåíóëåâîé ìèíîð M1357 , íàçîâåì öåíòðàëüíûì.
Òàê êàê rankC = 4 , òî íåòðóäíî ïîêàçàòü, êàê â ðàññìîòðåííîì ñëó÷àå, ÷òî ýëåìåíòû ìàò-
ðèöû C âñåãäà ìîãóò áûòü ïðåäñòàâëåíû â âèäå íóëåé, åäèíèö è ìèíîðîâ ñàìîé ìàòðèöû.
Òàêèì îáðàçîì, âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2 Åñëè ìàòðèöà ñèñòåìû óðàâíåíèé (5.1) èìååò ðàíã 14, òî ðåøåíèå îá-
ðàòíîé çàäà÷è âîññòàíîâëåíèÿ êðàåâûõ óñëîâèé (4.2) åäèíñòâåííî.
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Ñîáñòâåííûå ÷àñòîòû çàäà÷è (2.2), (4.2) íå âñåãäà çàäàþòñÿ òî÷íî. Ïîýòîìó âîçíèêàåò
çàäà÷à ïðèáëèæåííîãî îïðåäåëåíèÿ êðàåâûõ óñëîâèé. Ïîñòðîèì òåïåðü ïðèáëèæåííîå
ðåøåíèå îáðàòíîé çàäà÷è.

Ïóñòü ñîáñòâåííûå ÷àñòîòû ω k èçâåñòíû ëèøü ïðèáëèæåííî:

ω k ≈ µ k (k = 1, 2, ..., 14).

Ðàíã ñèñòåìû óðàâíåíèé (5.1) ðàâåí 14. Ïîäñòàâèâ µ k â ñèñòåìó óðàâíåíèé (5.1), íàéäåì
íåèçâåñòíûå ìèíîðû Mijkl ñ òî÷íîñòüþ äî êîíñòàíòû. Îäíàêî çíà÷åíèÿ Mijkl ,
(i = = 1, 2, 3, 4, 5; j = 2, 3, 4, 5, 6; k = 3, 4, 5, 6, 7; l = 4, 5, 6, 7, 8) , íàéäåííûå ïî èñêà-
æåííûì µ k , ìîãóò íå ÿâëÿòüñÿ ìèíîðàìè êàêîé-ëèáî ìàòðèöû. À, ñëåäîâàòåëüíî, ïî íèì
íåâîçìîæíî ïîñòðîèòü ìàòðèöó C è ñîîòâåòñòâóþùèå êðàåâûå óñëîâèÿ.

Âûõîä èç òàêîãî çàòðóäíåíèÿ ñîñòîèò â ñëåäóþùåì: èç àëãåáðàè÷åñêîé ãåîìåòðèè èç-
âåñòíî, ÷òî ÷èñëà M1...m ÿâëÿþòñÿ ìèíîðàìè íåêîòîðîé ìàòðèöû òîãäà è òîëüêî òîãäà,
êîãäà âûïîëíÿþòñÿ ñîîòíîøåíèÿ Ïëþêêåðà èëè, ïî-äðóãîìó, êâàäðàòè÷íûå ρ � ñîîòíî-
øåíèÿ ([15] ∑

k=0

(−1)kM i1 ...im−1 jk Mj0 ...jk−1 jk+1 ...jm = 0. (5.4)

Â íàøåì ñëó÷àå äëÿ ìàòðèöû C , ïðè M1357 ̸= 0 , ïîëó÷àåì ñëåäóþùèå ñîîòíîøåíèÿ
(ñ ó÷åòîì íóëåâûõ ìèíîðîâ):

M1256M1357 =M1257M1356,
M1278M1357 =M1257M1378,
M1368M1357 =M1356M1378,
M2457M1357 =M1257M3457,
M3456M1357 =M1356M3457,
M1378M1357 =M3457M1378,

(5.5)

M1268M1357 =M1257M1368 =M1256M1378,
M3468M1357 =M3457M1368 =M3456M1378,
M2456M1357 =M1257M3456 =M2457M1356,
M2478M1357 =M1257M3478 =M2457M1378,
M2468M1357 =M2457M1368 =M1256M3478 =

=M1278M3456 =M1378M2456 =M1257M3468 =
=M3457M1268 =M1356M2478.

(5.6)

Åñëè ÷èñëà Mijkl óäîâëåòâîðÿþò ñîîòíîøåíèÿì (5.5), (5.6), òî îíè ÿâëÿþòñÿ ìèíîðàìè
íåêîòîðîé ìàòðèöû, ò.å. ïî íèì ìîæíî âîññòàíîâèòü êðàåâûå óñëîâèÿ çàäà÷è (2.2), (4.2).

Åñëè æå ÷èñëà Mijkl íå óäîâëåòâîðÿþò ñîîòíîøåíèÿì (5.5), (5.6), òî ìîæíî âûðàçèòü
ìèíîðû

M1256, M1278, M1268, M1368,
M2456, M2457, M2468, M3456,

M3478, M3468, M2478

(5.7)

÷åðåç îñíîâíûå ìèíîðû M1357, M1257, M3457, M1356, M1378 , è óñëîâèÿ Ïëþêêåðà áóäóò
âûïîëíÿòüñÿ àâòîìàòè÷åñêè.

Òàêèì îáðàçîì, ìîæíî â ëþáîì ñëó÷àå ñêîððåêòèðîâàòü çíà÷åíèÿ Mijkl , íàéäåííûå
èç ñèñòåìû óðàâíåíèé (5.1), òàê, ÷òîáû îíè ÿâëÿëèñü ìèíîðàìè íåêîòîðîé ìàòðèöû, è,
ñëåäîâàòåëüíî, îïðåäåëèòü êðàåâûå óñëîâèÿ.

Ïðèìåíåíèå ìåòîäà îïðåäåëåíèÿ êðàåâûõ óñëîâèé ïî 14 ñîáñòâåííûì ÷àñòîòàì êîëå-
áàíèé òðóáû ñ æèäêîñòüþ ïîêàæåì íà ïðèìåðàõ.
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Ïðèìåð

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

X(4) +X ′′ + 2i ω X ′ − ω2X = 0, (5.8)

èçãèáíûõ êîëåáàíèé òðóáû, îïðåäåëÿåìîå ñëåäóþùèìè ïàðàìåòðàìè ñèñòåìû (òðóáà �
æèäêîñòü):

r1 = 0, 0095ì, r = 0, 01ì, l = 5ì,

ρ = 2, 7 · 103êã/ì3, ρ0 = 103êã/ì3, V0 = 1ì/ñ,

E = 6, 9 · 109Í/ì2, p0 = 0, 5 · 103Í/ì2.

(5.9)

Ïóñòü èçâåñòíû 14 ñîáñòâåííûõ ÷àñòîò ω k çàäà÷è (5.8), (2.4), (2.5):

ω1 = 21, 81, ω2 = 61, 32, ω3 = 120, 58,
ω4 = 199, 56, ω5 = 298, 27, ω6 = 416, 71,
ω7 = 554, 89, ω8 = 712, 86, ω9 = 890, 46,

ω10 = 1087, 86, ω11 = 1304, 99, ω12 = 1541, 86,
ω13 = 1798, 47, ω14 = 2074, 82.

Íàéäåì êðàåâûå óñëîâèÿ. Ñ ïîìîùüþ ïàêåòà Maple ïîëó÷àåì, ÷òî ðàíã ìàòðèöû ñèñòåìû
(5.1) ðàâåí 14, à åå ðåøåíèå èìååò âèä:

M1357 = K, M3457 = K, M1378 = −2K,

M3478 = −2K, M1257 −M1356 = 0,

îñòàëüíûå ìèíîðû Mijkl ðàâíû íóëþ. Çäåñü K = const ̸= 0 .
Èç ðàâåíñòâà M1357 ̸= 0 èìååì a1 ̸= 0 , a3 ̸= 0 , b1 ̸= 0 , b3 ̸= 0 .
Ðàçäåëèì ïåðâóþ ñòðîêó ìàòðèöû C íà a1 , âòîðóþ ñòðîêó íà a3 , òðåòüþ � íà b1 ,

÷åòâåðòóþ � íà b3 . Òîãäà ïîëó÷èì, ÷òî ìàòðèöà C (ñ òî÷íîñòüþ äî ëèíåéíîé ýêâèâà-
ëåíòíîñòè) èìååò âèä: ∥∥∥∥∥∥∥∥

1 0 0 a4 0 0 0 0
0 a2 1 0 0 0 0 0
0 0 0 0 1 0 0 b4
0 0 0 0 0 b2 1 0

∥∥∥∥∥∥∥∥ .
Îòñþäà ñëåäóåò, ÷òî M1357 = 1 , ò.å. K = 1 . Òîãäà èç ðàâåíñòâ

M3457 = 1, M1378 = −2, M3478 = −2

ïîëó÷àåì, ÷òî a4 = −1 , b4 = 2 , à èç ðàâåíñòâ

M1257 −M1356 = 0, M1256 = 0

èìååì a2 = 0 , b2 = 0 .
Ñëåäîâàòåëüíî, ìàòðèöà C èìååò âèä:

C =

∥∥∥∥∥∥∥∥
1 0 0 −1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 2
0 0 0 0 0 0 1 0

∥∥∥∥∥∥∥∥ .
Îòêóäà ïîëó÷àåì åäèíñòâåííîå ïðåäñòàâëåíèå äëÿ êðàåâûõ óñëîâèé:

X(0)−X ′′′(0) = 0, X ′′(0) = 0,
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X(1) + 2X ′′′(1) = 0, X ′′(1) = 0.

Òàêèì îáðàçîì, ïðè ðàññìîòðåííûõ 14 ñîáñòâåííûõ ÷àñòîòàõ êîëåáàíèé òðóáû, ïî êî-
òîðîé ïðîòåêàåò æèäêîñòü, óñòàíîâëåíî, ÷òî ëåâûé êîíåö òðóáû óïðóãî çàêðåïëåí ïðóæè-
íîé ñ îòíîñèòåëüíîé æåñòêîñòüþ íà èçãèá, ðàâíîé åäèíèöå, à ïðàâûé � ñ îòíîñèòåëüíîé
æåñòêîñòüþ íà èçãèá, ðàâíîé äâóì.

Çàìåòèì, ÷òî êðàåâûå óñëîâèÿ îïðåäåëåíû âåðíî. Èìåííî ýòè ãðàíè÷íûå óñëîâèÿ (âèä
óïðóãîãî çàêðåïëåíèÿ) è èñïîëüçîâàëèñü ïðè âûáîðå ÷àñòîò êîëåáàíèé ω k .

Ðàññìîòðåííûé ïðèìåð ïîäòâåðæäàåò åäèíñòâåííîñòü îïðåäåëåíèÿ óïðóãèõ çàêðåïëå-
íèé òðóáû ñ æèäêîñòüþ ïî ñïåêòðó åå èçãèáíûõ êîëåáàíèé.

6. Çàêëþ÷åíèå

ÏÂ ðàáîòå ïîêàçàíà îäíîçíà÷íîñòü ðåøåíèÿ çàäà÷è îïðåäåëåíèÿ ïàðàìåòðîâ óïðóãèõ
çàêðåïëåíèé êîíöîâ òðóáû ñ ïðîòåêàþùåé æèäêîñòüþ ïî èçâåñòíîìó ñïåêòðó ñîáñòâåííûõ
÷àñòîò. Íàéäåí ìåòîä ðåøåíèÿ ýòîé çàäà÷è. Ïðèâåäåí ñîîòâåòñòâóþùèé ïðèìåð.

Ýòî ìîæíî ïîÿñíèòü íå òîëüêî íà îñíîâå ôîðìóë: åñëè æèäêîñòü òå÷åò ïî òðóáîïðî-
âîäó, òî êîíöû òðóáû íåðàâíîïðàâíû (÷åðåç îäèí êîíåö æèäêîñòü âòåêàåò, à ÷åðåç äðóãîé
âûòåêàåò). Ïîýòîìó â ñëó÷àÿõ óïðóãèõ çàêðåïëåíèå êîíöîâ òðóáû ïàðàìåòðû âñåõ ÷åòûðåõ
êðàåâûõ óñëîâèé îïðåäåëÿåòñÿ îäíîçíà÷íî.

Îò òîãî òå÷åò ëè æèäêîñòü ïî òðóáå çàâèñèò òàêæå êîëè÷åñòâî ñîáñòâåííûõ ÷àñòîò
íåîáõîäèìûõ äëÿ îïðåäåëåíèÿ çàêðåïëåíèé êîíöîâ òðóáû. Åñëè æèäêîñòü íå òå÷åò ïî
òðóáå, êàê áûëî ïîêàçàíî íàìè â ðàáîòå [8], òî äîñòàòî÷íî çíàíèå 9 ñîáñòâåííûõ ÷àñòîò
êîëåáàíèé äëÿ âîññòàíîâëåíèÿ äâîéñòâåííûì îáðàçîì êðàåâûõ óñëîâèé. Â äàííîé ðàáîòå
ìû ïîêàçàëè, ÷òî ïðè ïðîòåêàíèè æèäêîñòè ïî òðóáå, íåîáõîäèìî çíàíèå 14 ñîáñòâåííûõ
÷àñòîò äëÿ îïðåäåëåíèÿ âñåõ ÷åòûðåõ êðàåâûõ óñëîâèé.

Ðåçóëüòàòû ïðîâåäåííûõ èññëåäîâàíèé ìîãóò áûòü ïðèìåíåíû äëÿ âûáîðà çàêðåïëå-
íèÿ, ïðè êîòîðîì êîëåáàíèÿ òðóáû ñ æèäêîñòüþ èìåëè áû íóæíûé (áåçîïàñíûé) ñïåêòð
÷àñòîò. Êðîìå òîãî îíè ïðèìåíèìû è äëÿ àêóñòè÷åñêîé äèàãíîñòèêè çàêðåïëåíèÿ òðóáû
(ïðàâäà, â ýòîì ñëó÷àå òðåáóåòñÿ î÷åíü âûñîêàÿ òî÷íîñòü ïðèáîðîâ, èçìåðÿþùèõ ñîáñòâåí-
íûå ÷àñòîòû).
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To the proof of uniqueness of the decision of return tasks

of the �exural to pipe �uctuations with proceeding liquid

c⃝ G.F. Sa�na2

Abstract. In work are considered a direct task on to determination of frequencies of �exural
�uctuations of a narrow pipe from the incompressible liquid and return problem of diagnosing of
parameters of �xing pipes with proceeding liquid on own frequencies of its �exural �uctuations.
Theorems of uniqueness of determination of parameters elastic are proved pipe �xing in case of
liquid course on it. It is established, that in case of liquid course on the pipeline it is necessary use
from a range of frequencies of �uctuations of 14 values for determination of parameters of elastic
�xing of a pipe. Methods are developed restoration of four regional conditions of a return task.
Are provided examples

Key Words: pipe with proceeding liquid, frequencies of �uctuations, regional conditions,
parameters of elastic �xing, task diagnosings, uniqueness of the decision.
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