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ÓÄÊ 517.9

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î òå÷åíèè Êóýòòà

c⃝ Â.Â. Ëóêàøåâ, 1Â.Í. Ïîïîâ,2 À.À. Þøêàíîâ 3

Àííîòàöèÿ. Íà ïðèìåðå çàäà÷è î òå÷åíèè Êóýòòà ïðåäëîæåí ìåòîä âû÷èñëåíèÿ ìàêðîïàðà-
ìåòðîâ ãàçà â êàíàëàõ, òîëùèíà êîòîðûõ ñîèçìåðèìà ñî ñðåäíåé äëèíîé ñâîáîäíîãî ïðîáåãà
ìîëåêóë ãàçà. Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ëèíåàðèçîâàííàÿ ÁÃÊ (Áõàò-
íàãàð, Ãðîññ, Êðóê) ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, à â êà÷åñòâå ãðàíè÷íîãî
óñëîâèÿ íà ñòåíêàõ êàíàëà - ìîäåëü çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ. Äëÿ ðàçëè÷íûõ çíà-
÷åíèé òîëùèíû êàíàëà è êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà ìîëåêóë ãàçà
ñòåíêàìè êàíàëà âû÷èñëåíû çíà÷åíèÿ ïîòîêîâ ìàññû ãàçà è òåïëà, ïðèõîäÿùèõñÿ íà åäèíè-
öó øèðèíû êàíàëà. Ïðîâåäåíî ñðàâíåíèå ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, îïóáëèêîâàííûìè â
îòêðûòîé ïå÷àòè.

Êëþ÷åâûå ñëîâà: òå÷åíèå ãàçà â êàíàëå, òå÷åíèå Êóýòòà, êèíåòè÷åñêîå óðàâíåíèå Áîëüö-
ìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ, òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ

1. Ââåäåíèå

Ìîäåëèðîâàíèå òå÷åíèé ðàçðåæåííîãî ãàçà èìååò áîëüøîå êîëè÷åñòâî ïðèìåíåíèé, ñðå-
äè êîòîðûõ òå÷åíèÿ â ìèêðî- è íàíîóñòðîéñòâàõ, èçó÷åíèå ñòðóêòóðû óäàðíûõ âîëí, ÿâëå-
íèé â êíóäñåíîâñêîì ïîãðàíè÷íîì ñëîå è.ò.ä. [1]. Ïðè ýòîì äëÿ ðàñ÷åòà ìàêðîïàðàìåòðîâ
ãàçà â îáùåì ñëó÷àå èñïîëüçóþò ìåòîäû ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ, îñíîâàííûå
íà òîì, ÷òî óðàâíåíèå Áîëüöìàíà ðåøàåòñÿ êîíå÷íî-ðàçíîñòíûì ìåòîäîì íà ôèêñèðîâàí-
íîé ñåòêå â ïðîñòðàíñòâå ñêîðîñòåé è êîîðäèíàò, à èñêîìûå ìàêðîïàðàìåòðû ãàçà íàõîäÿò-
ñÿ ïóòåì ÷èñëåííîãî íàõîæäåíèÿ â ïðîñòðàíñòâå ñêîðîñòåé çíà÷åíèé ìîìåíòîâ îò ôóíêöèè
ðàñïðåäåëåíèÿ. Îäíàêî ïðè òàêîì ïîäõîäå òðåáóåòñÿ íàëè÷èå ìîùíûõ âû÷èñëèòåëüíûõ
ðåñóðñîâ, êàê â ïëàíå îïåðàòèâíîé ïàìÿòè, òàê è â ïëàíå ïðîöåññîðíîãî âðåìåíè [1]. Îáúåì
âû÷èñëåíèé è, êàê ñëåäñòâèå, óðîâåíü òðåáîâàíèé ê ïðîèçâîäèòåëüíîñòè âû÷èñëèòåëüíîé
òåõíèêè, èñïîëüçóåìîé äëÿ ðàñ÷åòîâ, ìîæíî ñóùåñòâåííî óìåíüøèòü çà ñ÷åò (ïóñòü äà-
æå è ÷àñòè÷íîãî) ðåøåíèÿ çàäà÷è ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ ìåòîäîâ. Èìåííî ýòî è
ïîçâîëÿåò ñäåëàòü ïðåäëîæåííûé â ðàáîòå ìåòîä, ñâîäÿùèé âû÷èñëåíèå ìàêðîïàðàìåòðîâ
ãàçà â êàíàëå ê ÷èñëåííîìó ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà.
Çàìåòèì, ÷òî ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàíû ýôôåêòèâíûå ïðîöåäóðû ÷èñëåííîãî
ðåøåíèÿ òàêîãî ðîäà óðàâíåíèé è èõ èñïîëüçîâàíèå íå ïðèâîäèò ê êàêèì-ëèáî âû÷èñ-
ëèòåëüíûì ñëîæíîñòÿì. Äëÿ îäíîàòîìíûõ ãàçîâ ñ èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ
çàäà÷à î òå÷åíèè Êóýòòà ðàññìàòðèâàëàñü â [2]-[5]. Â [6] íà îñíîâå ÁÃÊ ìîäåëè óðàâíåíèÿ
Áîëüöìàíà äëÿ ïî÷òè çåðêàëüíûõ ãðàíè÷íûõ óñëîâèé íà ñòåíêàõ êàíàëà ñ èñïîëüçîâàíèåì
àíàëèòè÷åñêèõ ìåòîäîâ ïîëó÷åíû âûðàæåíèÿ, îïèñûâàþùèå ïðîôèëü ìàññîâîé ñêîðîñòè
ãàçà è ïîòîêè òåïëà è ìàññû ãàçà âäîëü îñè êàíàëà. Â [7] àíàëîãè÷íûå èññëåäîâàíèÿ ïðî-
âåäåíû ñ èñïîëüçîâàíèåì ÁÃÊ ìîäåëè óðàâíåíèÿ Áîëüöìàíà äëÿ äèôôóçíûõ ãðàíè÷íûõ
óñëîâèé. Öåëüþ ïðåäñòàâëåííîé ðàáîòû ÿâëÿåòñÿ îáîáùåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ â
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[7] íà ñëó÷àé èñïîëüçîâàíèÿ çåðêàëüíî-äèôôóçíîé ìîäåëè ãðàíè÷íûõ óñëîâèé. Â êà÷å-
ñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ëèíåàðèçîâàííàÿ ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê)
ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà [8].

2. Ïîñòàíîâêà çàäà÷è. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ

Ðàññìîòðèì ïëîñêèé êàíàë òîëùèíîé D′ , ñòåíêè êîòîðîãî ðàñïîëîæåíû â ïëîñêîñòÿõ
x′ = ±d′ ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìû êîîðäèíàò ( d′ = D′/2 ), îñü Oz′ êîòîðîé
ïàðàëëåëüíà ñòåíêàì êàíàëà. Ïðåäïîëîæèì, ÷òî ñòåíêè êàíàëà äâèæóòñÿ â ñâîèõ ïëîñ-
êîñòÿõ â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ ñî ñêîðîñòÿìè u è −u . Áóäåì ñ÷èòàòü, ÷òî
òå÷åíèå íîñèò ñòàöèîíàðíûé õàðàêòåð, à ñêîðîñòü äâèæåíèÿ ñòåíîê êàíàëà ìíîãî ìåíüøå
ñêîðîñòè çâóêà â ãàçå. Òîãäà ðàññìàòðèâàåìàÿ çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ. Ó÷èòûâàÿ,
÷òî â çàäà÷àõ ñêîëüæåíèÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ïðîïîðöèîíàëüíà êàñàòåëüíîé ê îáòå-
êàåìîé ïîâåðõíîñòè êîìïîíåíòå ìàññîâîé ñêîðîñòè ãàçà, ôóíêöèþ ðàñïðåäåëåíèÿ ìîëåêóë
ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïðåäñòàâèì â âèäå

f(r′,v) = β3/2π−3/2 exp(−C2) [1 + Cz Z(x,Cx)] . (2.1)

Çäåñü r′ � ðàçìåðíûé ðàäèóñ-âåêòîð; C = β1/2 v � áåçðàçìåðíàÿ ñêîðîñòü ìîëåêóë
ãàçà; β = m/2kBT ; m � ìàññà ìîëåêóëû ãàçà; kB � ïîñòîÿííàÿ Áîëüöìàíà; T � òåìïåðà-
òóðà ãàçà; Z(x,Cx) � ëèíåéíàÿ ïîïðàâêà ê ëîêàëüíî-ðàâíîâåñíîé ôóíêöèè ðàñïðåäåëåíèÿ;
x = x′/lg � áåçðàçìåðíàÿ êîîðäèíàòà; lg = ηg β

−1/2/p � ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà
ìîëåêóë ãàçà, p è ηg � äàâëåíèå è êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè ãàçà.

Çàïèøåì â âûáðàííîé ñèñòåìå êîîðäèíàò ÁÃÊ ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüö-
ìàíà

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
(feq − f). (2.2)

Çäåñü feq(r
′,v) � ëîêàëüíî-ðàâíîâåñíûé ìàêñâåëëèàí. Ïîäñòàâëÿÿ (2.1) â (2.2) è ëè-

íåàðèçóÿ feq(r
′,v) îòíîñèòåëüíî àáñîëþòíîãî ìàêñâåëëèàíà, ïðèõîäèì ê óðàâíåíèþ äëÿ

íàõîæäåíèÿ Z(x, µ) (µ = Cx )

µ
∂Z

∂x
+ Z(x, µ) =

1√
π

∞∫
−∞

exp(−τ 2)Z(x, τ) dτ. (2.3)

Îáùåå ðåøåíèå (2.3) ïðèâåäåíî â [8]

Z(x, µ) = A0 + A1(x− µ) +

+∞∫
−∞

exp(−x
η
)F (η, µ)a(η) dη, (2.4)

F (η, µ) =
1√
π
η P

1

η − µ
+ exp(η2)λ(η) δ(η − µ), (2.5)

λ(z) = 1 +
1√
π
z

∞∫
−∞

exp(−µ2)

µ− z
dµ, (2.6)

P(1/z) � ðàñïðåäåëåíèå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïðè âû÷èñëåíèè èíòåãðàëà îò 1/z ,
δ(z) � äåëüòà-ôóíêöèÿ Äèðàêà, A0 , A1 è a(η) � íåèçâåñòíûå ïàðàìåòðû è ôóíêöèÿ,
ïîäëåæàùèå äàëüíåéøåìó îïðåäåëåíèþ.
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Ñ ó÷åòîì èñïîëüçóåìîé ìîäåëè çåðêàëüíî-äèôôóçíîãî îòðàæåíèÿ ãðàíè÷íûå óñëîâèÿ
íà âåðõíåé è íèæíåé ñòåíêàõ êàíàëà çàïèñûâàþòñÿ â âèäå

Z(d, µ) = (1− q)Z(d,−µ) + 2qU, µ < 0, (2.7)

Z(−d, µ) = (1− q)Z(−d,−µ)− 2qU, µ > 0. (2.8)

Çäåñü U = β1/2 u � ìîäóëü áåçðàçìåðíîé ñêîðîñòè äâèæåíèÿ ñòåíîê êàíàëà. Ïîäñòàâ-
ëÿÿ (2.4) â (2.7) è (2.8), ñ ó÷åòîì (2.5) ïðèõîäèì ê èíòåãðàëüíûì óðàâíåíèÿì

1√
π

+∞∫
−∞

η B(−η, d)
η + µ

dη + exp(µ2)B(µ, d)λ(µ) =

= q(2U − A0 − A1µ− A1d) + 2A1µ, µ < 0, (2.9)

1√
π

+∞∫
−∞

η B(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) =

= q(A1d− A0 − A1µ− 2U) + 2A1µ, µ > 0. (2.10)

Çäåñü

B(µ, d) = b(µ, d)− (1− q)b(−µ, d), b(η, x) = exp

(
−x
η

)
a(η). (2.11)

Çàìåíèâ â (2.9) µ íà −µ è ó÷èòûâàÿ, ÷òî íà äåéñòâèòåëüíîé îñè λ(z) ÿâëÿåòñÿ ÷åòíîé
ôóíêöèåé, ïåðåïèøåì åãî â ñëåäóþùåì âèäå

1√
π

+∞∫
−∞

η B(−η, d)
η − µ

dη + exp(µ2)B(−µ, d)λ(µ) =

= q(2U − A0 + A1µ− A1d)− 2A1µ, µ > 0. (2.12)

Ïðåäñòàâèì èíòåãðàë, âõîäÿùèé â (2.12) â âèäå ñóììû äâóõ èíòåãðàëîâ: ðåãóëÿðíîãî
è ñèíãóëÿðíîãî, ïîñëå ÷åãî çàìåíèì â ïåðâîì ïåðåìåííóþ èíòåãðèðîâàíèÿ η íà −η

1√
π

+∞∫
−∞

η B(−η, d)
η − µ

dη =
1√
π

+∞∫
0

η B(η, d)

η + µ
dη +

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη.

Àíàëîãè÷íî ïðåîáðàçîâàâ èíòåãðàë, âõîäÿùèé â (2.10), ïîëó÷èì ñèñòåìó óðàâíåíèé:

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη + exp(µ2)B(−µ, d)λ(µ) =

= q(2U − A0 + A1µ− A1d)− 2A1µ− 1√
π

+∞∫
0

η B(η, d)

η + µ
dη, µ > 0, (2.13)
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1√
π

+∞∫
0

ηB(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) =

= q(A1d− A0 − A1µ− 2U) + 2A1µ− 1√
π

+∞∫
0

ηB(−η,−d)
η + µ

dη, µ > 0. (2.14)

Ïîñëåäîâàòåëüíî ñêëàäûâàÿ è âû÷èòàÿ ïî÷ëåííî (2.13) è (2.14), ïðèõîäèì ê óðàâíåíè-
ÿì

1√
π

+∞∫
0

η [B(−η, d) +B(η,−d)]
η − µ

dη + exp(µ2)[B(−µ, d) +B(µ,−d)]λ(µ) =

= −2qA0 −
1√
π

+∞∫
0

η [B(η, d) +B(−η,−d)]
η + µ

dη, µ > 0, (2.15)

1√
π

+∞∫
0

η [B(η,−d)−B(−η, d)]
η − µ

dη + exp(µ2)[B(µ,−d)−B(−µ, d)]λ(µ) =

= 4A1µ+ 2q(A1d− A1µ− 2U)− 1√
π

+∞∫
0

η [B(−η,−d)−B(η, d)]

η + µ
dη,

µ > 0. (2.16)

Íåòðóäíî âèäåòü, ÷òî (2.15) îáðàùàåòñÿ â òîæäåñòâî ïðè âûïîëíåíèè óñëîâèé B(η, d) =
−B(−η,−d) , A0 = 0 . Îòñþäà ñ ó÷åòîì îïðåäåëåíèÿ ôóíêöèè B(η, d) (2.11) ïîëó÷àåì, ÷òî
a(−η) = −a(η) . Òåïåðü (2.16) ìîæíî ïåðåïèñàòü â âèäå

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη + exp(µ2)B(−µ, d)λ(µ) = f(µ), µ > 0, (2.17)

f(µ) = −2A1µ− q(A1d− A1µ− 2U)− 1√
π

+∞∫
0

η B(η, d)

η + µ
dη. (2.18)

Ðåøåíèå (2.17) èùåì ñ èñïîëüçîâàíèåì ìåòîäîâ êðàåâûõ çàäà÷ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Ñ ýòîé öåëüþ ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ, çàäàííóþ èíòå-
ãðàëîì òèïà Êîøè

N(z) =
1√
π

+∞∫
0

ηB(−η, d)
η − z

dη, (2.19)

äëÿ êîòîðîé
N+(µ)−N−(µ) = 2

√
πiµB(−µ, d), 0 < µ < +∞ (2.20)

N+(µ) +N−(µ) =
2√
π

+∞∫
0

ηB(η, d)

η − µ
dη, 0 < µ < +∞. (2.21)
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Çäåñü N+(µ) è N−(µ) � êðàåâûå çíà÷åíèÿ ôóíêöèè N(µ) íà âåðõíåì è íèæíåì áåðå-
ãàõ ðàçðåçà, ñîâïàäàþùåãî ñ äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóïðÿìîé. Àíàëîãè÷íûå
ñîîòíîøåíèÿ äëÿ λ(µ) , îïðåäåëÿåìîé ðàâåíñòâîì (2.6), èìåþò âèä

λ+(µ)− λ−(µ) = 2
√
πiµ exp(−µ2), 0 < µ < +∞ (2.22)

λ+(µ) + λ−(µ) = 2λ(µ), 0 < µ < +∞. (2.23)

Çäåñü ðàçðåç ñîâïàäàåò ñî âñåé äåéñòâèòåëüíîé ÷èñëîâîé ïðÿìîé. Ñ ó÷åòîì (2.20) �
(2.23) ñâåäåì èíòåãðàëüíîå óðàâíåíèå (2.17) ê êðàåâîé çàäà÷å Ðèìàíà íà äåéñòâèòåëüíîé
ïîëîæèòåëüíîé ïîëóîñè

N+(µ)λ+(µ)−N−(µ)λ−(µ) = 2
√
πµf(µ) exp(−µ2), µ > 0. (2.24)

Îñîáåííîñòü êðàåâîé çàäà÷è (2.24) ñîñòîèò â òîì, ÷òî ôóíêöèè N(z) è λ(z) èìåþò
ðàçëè÷íûå ðàçðåçû. ×òîáû óñòðàíèòü ýòó îñîáåííîñòü íåîáõîäèìî ðåøèòü çàäà÷ó ôàêòî-
ðèçàöèè, òî åñòü íàéòè òàêóþ íå îáðàùàþùóþñÿ â íîëü íè â îäíîé êîíå÷íîé òî÷êå ôóíê-
öèþ X(z) , äëÿ êîòîðîé íà äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóîñè âûïîëíÿåòñÿ óñëîâèå
(2.25) è êîòîðàÿ àíàëèòè÷íà âî âñåõ îñòàëüíûõ òî÷êàõ êîìïëåêñíîé ïëîñêîñòè

X+(µ)

X−(µ)
=
λ+(µ)

λ−(µ)
. (2.25)

Ðåøåíèå ýòîé çàäà÷è èìååò âèä [8]:

X(z) =
1

z
exp

[
1

π

∞∫
0

(θ(τ)− π)

τ − z
dt

]
, θ(τ) =

π

2
− arcctg

(
λ(τ)√

πτ exp−τ 2

)
.

Ñ ó÷åòîì ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è (2.25) ïåðåïèøåì (2.24)

N+(µ)X+(µ)−N−(µ)X−(µ) =
X−(µ)

λ−(µ)
2
√
πµf(µ) exp(−µ2), µ > 0. (2.26)

Ëèíèè ñêà÷êîâ ôóíêöèé N(z) è X(z) ñîâïàäàþò ñ êîíòóðîì êðàåâîãî óñëîâèÿ. Ñëåäî-
âàòåëüíî, ïîëó÷èëè êðàåâóþ çàäà÷ó Ðèìàíà - çàäà÷ó îïðåäåëåíèÿ àíàëèòè÷åñêîé ôóíêöèè
ïî çàäàííîìó ñêà÷êó. Ó÷èòûâàÿ ïîâåäåíèå âõîäÿùèõ â (2.26) ôóíêöèé, ïî ôîðìóëàì Ñî-
õîöêîãî ïîëó÷àåì åå îáùåå ðåøåíèå

N(z) =
1

X(z)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
. (2.27)

Ðàññìîòðèì ïîâåäåíèå ðåøåíèÿ, çàäàâàåìîãî âûðàæåíèåì (2.27) â îêðåñòíîñòè áåñêî-
íå÷íî óäàëåííîé òî÷êè. Ó÷èòûâàÿ, ÷òî ïðè |z| → +∞

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
= −1

z

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη +O

(
1

z2

)
,

1

X(z)
= z +Q1 +O

(
1

z

)
,
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íàõîäèì

N(z) = − 1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη +O

(
1

z

)
, |z| → +∞. (2.28)

Çäåñü Qn - èíòåãðàëû Ëîÿëêè,

Qn =
1√
π

+∞∫
0

X−(η)

λ−(η)
ηk+1 exp(−η2) dη, (2.29)

â ÷àñòíîñòè, Q1 = −1.01619 , Q2 = −1.26632 .
Òàê êàê ôóíêöèÿ N(z) ñîãëàñíî (2.19) çàäàíà èíòåãðàëîì òèïà Êîøè òî â îêðåñòíîñòè

áåñêîíå÷íî óäàëåííîé òî÷êè N(z) = O(1/z) . Îòñþäà, ñ ó÷åòîì (2.28) ïðèõîäèì ê óñëîâèþ
ðàçðåøèìîñòè êðàåâîé çàäà÷è (2.26)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2)dη = 0. (2.30)

Ñ ó÷åòîì (2.18) è (2.29) ïåðåïèøåì (2.30) â âèäå

A1[qd− (2− q)Q1]− 2qU − 1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη 1√

π

+∞∫
0

τ B(τ, d)

τ + η
dη = 0. (2.31)

Èçìåíÿÿ â ïîñëåäíåì èíòåãðàëå ïîðÿäîê èíòåãðèðîâàíèÿ è, ó÷èòûâàÿ èíòåãðàëüíîå
ïðåäñòàâëåíèå ôóíêöèè X(z)

X(z) =
1√
π

+∞∫
0

X−(η)

λ−(η)

η exp(−η2) dη
η + z

, (2.32)

èç (2.31) íàõîäèì

A1 =
1

qd− (2− q)Q1

[
2qU +

1√
π

+∞∫
0

τ B(τ, d)X(−τ) dτ
]
. (2.33)

Êîýôôèöèåíò a(η) â ðàçëîæåíèè (2.4) ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïî ñîáñòâåí-
íûì âåêòîðàì íåïðåðûâíîãî ñïåêòðà íàéäåì èç óñëîâèÿ (2.20), ïðåäâàðèòåëüíî ïðåîáðà-
çîâàâ (2.27). Ïðèíèìàÿ âî âíèìàíèå (2.29) è (2.29), ïîëó÷àåì

N(z) = −q(A1d− 2U)− A1(2− q)z +
1

X(z)

[
A1(2− q)+

+
1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη

η − z

1√
π

+∞∫
0

τ B(τ, d)

τ + η
dη

]
.

Çàìåòèì, ÷òî:
1

η − z

1

τ + η
=

1

τ + z

[
1

η − z
+

1

η + τ

]
,
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òîãäà, ñ ó÷åòîì (2.32) è (2.29) ïîëó÷èì:

N(z) = −q(A1d− 2U)− A1(2− q)z +
1√
π

+∞∫
0

τB(τ, d) dτ

τ + z
+

+
1

X(z)

[
A1(2− q) +

1√
π

+∞∫
0

τB(τ, d)X(−τ) dτ

τ + z

]
.

Äëÿ ïîñòðîåííîãî ðåøåíèÿ N(z) , èñïîëüçóÿ ôîðìóëû Cîõîöêîãî-Ïëåìåëÿ, ìîæåì çà-
ïèñàòü

N+(µ)−N−(µ) = −
√
πiµ exp(−µ)
|λ+(µ)|2

X(−µ)
[
A1(2− q)+

+
1√
π

+∞∫
0

τB(τ, d)X(−τ) dτ

τ + µ

]
, µ > 0. (2.34)

Ïðèðàâíÿåì ïðàâûå ÷àñòè (2.20) è (2.34)

2
√
πiµB(−µ, d) = −

√
πiµ exp(−µ)
|λ+(µ)|2

X(−µ)
[
A1(2− q)+

1√
π

+∞∫
0

τB(τ, d)X(−τ) dτ

τ + µ

]
, µ > 0. (2.35)

Òåïåðü, ó÷èòûâàÿ íå÷åòíîñòü ôóíêöèè a(η) è ïîäñòàâëÿÿ â (2.35) â ÿâíîì âèäå âû-
ðàæåíèÿ äëÿ B(η, d) (2.11) è A1 (2.33), äëÿ íàõîæäåíèÿ a(µ) ïðèõîäèì ê óðàâíåíèþ
Ôðåäãîëüìà âòîðîãî ðîäà

a(µ) =
X(−µ) exp(−µ2)

2|λ+(µ)|2(exp(d/µ) + (1− q) exp(−d/µ))

[
2qU(2− q)

qd− (2− q)Q1

+

+
1√
π

+∞∫
0

τX(−τ)(exp(−d/τ)+(1−q) exp(d/τ))
[

2− q

qd− (2− q)Q1

+
1

τ + µ

]
a(τ) dτ

]
, µ > 0.

(2.36)

Ðåøåíèå (2.36) íàéäåì ñ èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ. Òàê êàê ïðàâàÿ ÷àñòü
(2.36) ñîäåðæèò ìíîæèòåëü exp(−µ2) , òî âõîäÿùèé â íåå èíòåãðàë áûñòðî ñõîäèòñÿ. Â
ñèëó ýòîãî â êà÷åñòâå âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ â (2.36) ïðèíèìàëîñü çíà÷åíèå,
ðàâíîå 5. Ââåäåì îáîçíà÷åíèÿ

h(µ) =
X(−µ) exp(−µ2)

2|λ+(µ)|2(exp(d/µ) + (1− q) exp(−d/µ))
, f(µ) = h(µ)

2qU(2− q)

qd− (2− q)Q1

,

K(τ, µ) = h(µ)τX(−τ)(exp(−d/τ) + (1− q) exp(d/τ))

[
2− q

qd− (2− q)Q1

+
1

τ + µ

]
,

λ = 1/
√
π è ïåðåïèøåì (2.36) â âèäå

a(µ) = f(µ) + λ

+∞∫
0

K(τ, µ) a(τ) dτ. (2.37)
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Ââåäåì ðàâíîìåðíóþ ñåòêó íà îòðåçêå [0, 5] ñ øàãîì h , çàìåíèì èíòåãðàë, âõîäÿùèé
â ïðàâóþ ÷àñòü óðàâíåíèÿ (2.37), åãî ïðèáëèæåííûì çíà÷åíèåì, âû÷èñëåííûì ñ ïîìî-
ùüþ êâàäðàòóðíîé ôîðìóëû, è çàïèøåì ïîëó÷åííîå âûðàæåíèå äëÿ êàæäîãî çíà÷åíèÿ
ïåðåìåííîé µ â óçëàõ ââåäåííîé ðàíåå ñåòêè

a(µj) = f(µj) + λ

5∑
i=0

DiK(τi, µj)a(τi), (2.38)

ãäå µi è τj - çíà÷åíèÿ ñâîáîäíîé è ïîäûíòåãðàëüíîé ïåðåìåííîé â óçëàõ ðàâíîìåðíîé
ñåòêè íà îòðåçêå, Di - âåñîâûå êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû.

Ââåäåì îáîçíà÷åíèÿ: Ki,j = K(τi, µj) , fj = f(µj) , aj = a(µj) è ïîëó÷èì ñèñòåìó èç n
ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ n íåèçâåñòíûìè

a1(1− λD1K1,1)− a2λD2K2,1 − ...− anλDnKn,1 = f1

−a1λD2K1,2 + a2(1− λD2K2,2)− ...− anλDnKn,2 = f2

...

−a1λD1K1,n − a2λD2K2,n − ...+ an(1− λDnKn,n) = fn.

Äëÿ ðåøåíèÿ ïîñòðîåííîé ñèñòåìû óðàâíåíèé, áûë èñïîëüçîâàí ìàòðè÷íûé ìåòîä, â
ðåçóëüòàòå ïðèìåíåíèÿ êîòîðîãî èñêîìàÿ ôóíêöèÿ a(µ) áûëà íàéäåíà â âèäå n -ìåðíîãî
âåêòîðà åå çíà÷åíèé â óçëîâûõ òî÷êàõ.

Ñ èñïîëüçîâàíèåì ïîëó÷åííîãî n -ìåðíîãî âåêòîðà íàõîäèì çíà÷åíèå ïàðàìåòðà A1

A1 =
1

qd− (2− q)Q1

[
2qU + λ

5∑
k=0

Dka(τk)Jk

]
,

çäåñü Jk = τkX(−τk)(exp(−d/τk)− (1− q) exp(d/τk)) .
Òàêèì îáðàçîì, íåèçâåñòíûå ïàðàìåòðû A0 , A1 è ôóíêöèÿ a(µ) , âõîäÿùèå â (2.4)

íàéäåíû è ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïîñòðîåíà.

3. Âû÷èñëåíèå ìàêðîïàðàìåòðîâ ãàçà â êàíàëå

Ñ ó÷åòîì ïîñòðîåííîé ôóíêöèè ðàñïðåäåëåíèÿ âû÷èñëèì áåçðàçìåðíûé ïîòîê ìàññû
ãàçà ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà JM . Èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè
ðàñïðåäåëåíèÿ è ó÷èòûâàÿ (2.1), (2.4), íàõîäèì ïðîôèëü ìàññîâîé ñêîðîñòè ãàçà â êàíàëå

Uz(x) = π−3/2

∫
exp(−C2)C2

zZ(x,Cx) d
3C =

1

2
A1x−

1

2
√
π

+∞∫
−∞

a(η) exp(−x
η
) dη. (3.1)

Èíòåãðèðóÿ çàòåì (3.1) ïî x îò 0 äî d , íàõîäèì áåçðàçìåðíûé ïîòîê ìàññû ãàçà ÷åðåç
âåðõíþþ ïîëîâèíó êàíàëà

JM =
1

2d2

d∫
0

qz(x) dx =
A1

8
− 1

2d2
√
π

+∞∫
0

µa(µ)

[
ch

(
d

µ

)
− 1

]
dµ. (3.2)

Àíàëîãè÷íûì îáðàçîì âû÷èñëÿåì ïðîôëü ïîòîêà òåïëà â êàíàëå

q′z(x
′) =

∫
m

2
[v − u(r′)]2 |v − u(r′)| f(r′,v) d3v =

nkBT√
β

qz(x)
1

p

dp

dz
.
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D CES [4] LBE [4] BGK [4] (3.2)
q = 0.1

0.1 0.0541084 0.0481420 0.048118
1.0 0.0231248 0.0234756 0.023475
10 0.0115560 0.0117090 0.011707

q = 0.5
0.1 0.304586 0.274926 0.274814
1.0 0.113676 0.116120 0.116118
10 0.032447 0.032663 0.032662

q = 1
0.1 0.741991 0.72929 0.685750 0.68557
1.0 0.226777 0.22737 0.232188 0.23218
10 0.042142 0.04219 0.042281 0.04228

Òàáëèöà 1: Çàâèñèìîñòü ïîòîêà ãàçà JM ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà îò åãî òîëùèíû

Çäåñü

qz(x) = π−3/2

∫
exp(−C2)C2

z (C
2 − 5

2
)Z(x,Cx) d

3C (3.3)

åñòü áåçðàçìåðíàÿ z -êîìïîíåíòà âåêòîðà ïëîòíîñòè ïîòîêà òåïëà.
Èíòåãðèðóÿ (3.3) ïî ïîëîâèíå òîëùèíû êàíàëà, íàõîäèì ïîòîê òåïëà, ïðèõîäÿùèñÿ íà

åäèíèöó øèðèíû êàíàëà

JQ = − 1

2d2

d∫
0

qz(x) dx = − 1

4
√
π d2

+∞∫
0

µa(µ)

[
ch

(
d

µ

)
− 1

]
dµ. (3.4)

Çíà÷åíèÿ JM è JQ áûëè íàéäåíû ÷èñëåííûìè ìåòîäàìè, àíàëîãè÷íûìè òåì, ÷òî èñ-
ïîëüçîâàëèñü äëÿ íàõîæäåíèÿ A1 è a(µ) . Âñå âû÷èñëåíèÿ ïðîâîäèëèñü ñ èñïîëüçîâàíè-
åì ïàêåòà ïðèêëàäíûõ ïðîãðàìì Mathematica 7 ïóòåì èíòåðïîëÿöèè ïîäûíòåãðàëüíûõ
ôóíêöèé ëèíåéíûìè ñïëàéíàìè. Çíà÷åíèÿ JM è JQ , ðàññ÷èòàííûå äëÿ ðàçëè÷íûõ çíà-
÷åíèé òîëùèíû êàíàëà D = 2d íà îñíîâå (3.2) è (3.4) è ïîëó÷åííûå â [3], [4], ïðèâåäåíû â
òàáëèöàõ 1 è 2. Êàê ñëåäóåò èç òàáëèö ðåçóëüòàòû ïðåäñòàâëåííîé ðàáîòû ñ âûñîêîé ñòå-
ïåíüþ òî÷íîñòè ñîâïàäàþò ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàìêàõ ÁÃÊ
ìîäåëè. Îòëè÷èå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â ðàìêàõ äðóãèõ ìîäåëåé îáúÿñíÿåòñÿ âû-
ñîêîé ÷óâñòâèòåëüíîñòüþ ðàññìàòðèâàåìûõ ìàêðîïàðàìåòðîâ, â ÷àñòíîñòè JQ , îò âûáîðà
ìîäåëè èíòåãðàëà ñòîëêíîâåíèé.

4. Çàêëþ÷åíèå

Èòàê, â ðàáîòå íà ïðèìåðå çàäà÷è î òå÷åíèè Êóýòòà ïðåäëîæåí ìåòîä âû÷èñëåíèÿ
ìàêðîïàðàìåòðîâ ãàçà â êàíàëàõ, òîëùèíà êîòîðûõ ñîèçìåðèìà ñî ñðåäíåé äëèíîé ñâî-
áîäíîãî ïðîáåãà ìîëåêóë ãàçà. Äëÿ ñëó÷àÿ äèôôóçíî-çåðàêëüíîãî îòðàæåíèÿ ìîëåêóë ãàçà
ñòåíêàìè êàíàëà âû÷èñëåíû ïîòîêè ìàññû ãàçà è òåïëà ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà.
Ïðîâåäåí ÷èñëåííûé àíàëèç ïîëó÷åííûõ âûðàæåíèé. Ïîêàçàíî, ÷òî ïîëó÷åííûå â ðàáîòå
ðåçóëüòàòû ñ âûñîêîé ñòåïåíüþ òî÷íîñòè ñîâïàäàþò ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó-
÷åííûìè ðàíåå èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ â ðàìêàõ ÁÃÊ-ìîäåëè.
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D BGK [3] CES [3] (3.4)
q = 0.1

0.1 1.66805(-2) 1.12938(-2) 1.66991(-2)
1.0 4.58954(-3) 4.34898(-3) 4.62002(-3)
10 1.98991(-4) 1.79134(-4) 1.98172(-4)

q = 0.5
0.1 9.17172(-2) 6.22276(-2) 9.18720(-2)
1.0 1.99715(-2) 1.81577(-2) 2.01022(-2)
10 4.29861(-4) 3.64077(-4) 4.30193(-4)

q = 1
0.1 2.12309(-1) 1.44794(-1) 2.12830(-1)
1.0 3.13629(-2) 2.69864(-2) 3.15636(-2)
10 3.62529(-4) 2.85980(-4) 3.65039(-4)

Òàáëèöà 2: Çàâèñèìîñòü ïîòîêà ãàçà JQ ÷åðåç âåðõíþþ ïîëîâèíó êàíàëà îò åãî òîëùèíû
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Analytic solution of a problem of Couette Flow

c⃝ V.V. lukashev 4, V.N. Popov 5, A.A. Yushkanov 6

Abstract. On the example of a problem about Couette �ow the method of calculation of
macroparameters of gas in channels which thickness is commensurable with average length of free
run of molecules of gas is o�ered. As the basic equation it is used the linearize BGK (Bhatnagar,
Gross, Krook) model of Boltzmann kinetic equation, and as a boundary condition on walls of
the channel - the model of mirror- di�usion re�ections. For various values of thickness of the
channel and factor of accommodation of a tangential impulse of molecules of gas by the walls of
the channel values of streams of weight of gas and heat falling unit of width of the channel are
calculated. Comparison with the similar results published in an open press is lead.

Key Words: Boltzmann kinetic equation, the modelling kinetic equations, exact analytical
decisions, models of boundary conditions
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