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×èñëåííûé ìåòîä ðåøåíèÿ íà÷àëüíûõ çàäà÷ äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ

äðîáíûìè ïðîèçâîäíûìè Ðèìàíà�Ëèóâèëëÿ

c⃝ Í. Ñ. ßøàãèí1

Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû ôîðìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ íåêîòîðûõ èíòå-
ãðàëüíûõ îïåðàòîðîâ ñ ÿäðîì Àáåëÿ è àïðèîðíûå îöåíêè ïîãðåøíîñòè äëÿ íèõ. Ðàçðàáîòà-
íà èòåðàöèîííàÿ ïðîöåäóðà âû÷èñëåíèÿ ðåøåíèé íà÷àëüíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè Ðèìàíà�Ëèóâèëëÿ è äîêàçàíà å¼ ñõîäèìîñòü.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè Ðèìàíà�Ëè-
óâèëëÿ, èíòåãðàëüíûå óðàâíåíèÿ Âîëüò�åððû âòîðîãî ðîäà, ìåòîä êâàäðàòóð.

1. Ïîñòàíîâêà çàäà÷è

Â ðàáîòå [1] ðàññìîòðåíî äèôôåðåíöèàëüíîå óðàâíåíèå

ü(t) +
n∑
k=1

akD
αk
0t u̇+

m∑
k=0

bkD
βk
0t u = f(t), (1.1)

ãäå u = u(t) �èñêîìàÿ, à f(t) � çàäàííàÿ ôóíêöèè, u̇ = du
dt
, ü = d2u

dt2
, t ∈ [0, T ] ; ak , bk ∈

R , αk ∈ (0, 1) , βk ∈ [0, 2) ; Dαk
0t , Dβk

0t �ëåâîñòîðîííèå äðîáíûå ïðîèçâîäíûå Ðèìàíà�
Ëèóâèëëÿ [2] ïîðÿäêà αk è βk ñîîòâåòñòâåííî, îïðåäåëÿåìûå ðàâåíñòâîì

Dα
0tf =

(
d

dx

)n
In−α0t f, n = [α] + 1,

äëÿ ëþáûõ α > 0 , ãäå [α] �öåëàÿ ÷àñòü ÷èñëà α , à

Iα0tf =
1

Γ(α)

t∫
0

f(τ) dτ

(t− τ)1−α
, α > 0, (1.2)

� ëåâîñòîðîííèé äðîáíûé èíòåãðàë Ðèìàíà�Ëèóâèëëÿ [2] ïîðÿäêà α . Óðàâíåíèå (1.1)
ìîæíî ðàññìàòðèâàòü êàê ìîäåëüíîå óðàâíåíèå äðîáíûõ îñöèëëÿòîðîâ (ñì. [3, 4] è áèá-
ëèîãðàôèþ ê [3, 4]). Îñíîâíîå âíèìàíèå óäåëåíî äâóì ÷àñòíûì ñëó÷àÿì (1.1):

ü(t) + pDβ
0tu̇+ qD2β

0t u = f(t), (1.3)

ü(t) + pD1+β
0t u+ qD2β

0t u = f(t), (1.4)

ãäå p , q ∈ R , β ∈
(
0, 1

2

)
, f(t) ∈ L(0, T ) , äëÿ êîòîðûõ ôîðìóëèðóþòñÿ ïðèíöèïèàëüíî

ðàçíûå ïîñòàíîâêè íà÷àëüíûõ çàäà÷:
- äëÿ (1.3)

u(0) = u0, u̇(0) = u̇0; (1.5)

1Àñïèðàíò êàôåäðû ¾Ïðèêëàäíàÿ ìàòåìàòèêà è èíôîðìàòèêà¿, Ñàìàðñêèé ãîñóäàðñòâåííûé òåõíè÷å-
ñêèé óíèâåðñèòåò, ã. Ñàìàðà; nik.yashagin@gmail.com.
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- äëÿ (1.4)

u(0) = u0, lim
t→0+

[
u̇(t) + pDβ

0tu
]
= ū0. (1.6)

Â [1] äîêàçàíà êîððåêòíîñòü ýòèõ ïîñòàíîâîê â êëàññàõ ôóíêöèé u(t) ∈ C1[0, T ]
∩
C2(0, T ]

è u(t) ∈ C[0, T ]
∩
C2(0, T ] ñîîòâåòñòâåííî, ïðåäúÿâëåíû àíàëèòè÷åñêèå ðåøåíèÿ, ïîëó-

÷åííûå ïóò¼ì ôàêòîðèçàöèè èíòåãðàëüíûõ óðàâíåíèé, ê êîòîðûì ðåäóöèðóþòñÿ ñîîòâåò-
ñòâóþùèå íà÷àëüíûå çàäà÷è.

Â äàííîé ðàáîòå áóäåì ðàññìàòðèâàòü äèôôåðåíöèàëüíûå óðàâíåíèÿ áîëåå îáùåãî
âèäà:

ü(t) + pDα
0tu̇+ qDβ

0tu = f(t), (1.7)

ü(t) + pD1+α
0t u+ qDβ

0tu = f(t), (1.8)

ãäå α , β ∈ [0, 1) . Ïîñëå äâóêðàòíîãî èíòåãðèðîâàíèÿ ñ ó÷¼òîì íà÷àëüíûõ äàííûõ (1.5) è
(1.6) ñîîòâåòñòâåííî, ýòè óðàâíåíèÿ ðåäóöèðóþòñÿ ýêâèâàëåíòíûì îáðàçîì ê èíòåãðàëü-
íûì óðàâíåíèÿì òèïà Âîëüò�åððû

u(t) + pI1−α0t u+ qI2−β0t u = F (t), (1.9)

ãäå äëÿ çàäà÷è (1.7), (1.5) F (t) = I20tf + u0 + u̇0t+
1

Γ(α+1)
pu0t

α , à äëÿ çàäà÷è (1.8), (1.6) �

F (t) = I20tf + u0 + ū0t .
Åñëè äëÿ óðàâíåíèÿ (1.9) âûïîëíÿþòñÿ óñëîâèÿ β = 2α , òî îíî äîïóñêàåò ôàêòîðè-

çàöèþ è íà îñíîâå àïïàðàòà ïðåäëîæåííîãî â [1] âûïèñûâàþòñÿ àíàëèòè÷åñêèå ðåøåíèÿ
íà÷àëüíûõ çàäà÷ â òåðìèíàõ ôóíêöèè òèïà Ìèòòàã�Ëåôôëåðà è å¼ îáîáùåíèé. Âû÷èñëå-
íèÿ áàçèðóþòñÿ íà èñïîëüçîâàíèè èíòåãðàëüíûõ ïðåäñòàâëåíèé è àñèìïòîòè÷åñêèõ ôîð-
ìóë ðàçðàáîòàííûõ â [5-7]. Â ïðîòèâíîì ñëó÷àå ïðåäëàãàåòñÿ ïðèìåíÿòü ïðèáëèæ¼ííûå
ìåòîäû ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ, íàïðèìåð, ìåòîäà êâàäðàòóð, îñíîâàííûé íà
çàìåíå âõîäÿùèõ â ëåâóþ ÷àñòü óðàâíåíèÿ èíòåãðàëîâ ôîðìóëàìè ÷èñëåííîãî èíòåãðè-
ðîâàíèÿ. Îäíàêî ïðè èñïîëüçîâàíèè èçâåñòíûõ ïîäõîäîâ äëÿ ðåøåíèÿ (1.9) âîçíèêàþò
ïðîáëåìû, ñâÿçàííûå ñ ñèíãóëÿðíîñòüþ ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ. ×òîáû èçáåæàòü
ýòèõ òðóäíîñòåé, ïðåäëàãàåòñÿ îïðåäåëèòü àíàëîãè ôîðìóë ÷èñëåííîãî èíòåãðèðîâàíèÿ
äëÿ èíòåãðàëüíîãî îïåðàòîðà (1.2).

Òàêæå íåîáõîäèìî ïîëó÷èòü ôîðìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ èíòåãðàëüíîãî
îïåðàòîðà, ââåä¼ííîãî â [8],

Eα,σ
0t;λu =

t∫
0

(t− τ)α−1Eσ [λ(t− τ)σ;α]u(τ) dτ, (1.10)

ãäå α , β , λ ∈ C ; Reα , Reβ > 0 , u(t) ∈ L(0, T ) , à Eα(z;µ) =
∑∞

k=0
zk

Γ(αk+µ)
�ôóíêöèÿ

òèïà Ìèòòàã�Ëåôôëåðà [5], â òåðìèíàõ êîòîðîãî îáû÷íî óäà¼òñÿ âûïèñûâàòü àíàëèòè-
÷åñêèå ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé òèïà (1.9). Îïåðàòîð (1.10) áóäåò èñïîëüçîâàí â
äàííîé ðàáîòå ïðè ïîñòðîåíèå ñõîäÿùåéñÿ èòåðàöèîííîé ïðîöåäóðû âû÷èñëåíèÿ ïðèáëè-
æ¼ííîãî ðåøåíèÿ äàííîãî èíòåãðàëüíîãî óðàâíåíèÿ.

Òàêèì îáðàçîì, â ðàáîòå ïîñòàâëåíû ñëåäóþùèå çàäà÷è:

1. Ðàçðàáîòàòü ôîðìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ èíòåãðàëüíûõ îïåðàòîðîâ
äðîáíîãî ïîðÿäêà, à òàêæå àïðèîðíûå îöåíêè ïîãðåøíîñòè ïðèáëèæ¼ííîãî âû÷èñ-
ëåíèÿ ñ ïîìîùüþ ýòèõ ôîðìóë.

2. Ïîñòðîèòü èòåðàöèîííóþ ïðîöåäóðó âû÷èñëåíèÿ ðåøåíèé èíòåãðàëüíîãî óðàâíåíèÿ
(1.9), äîêàçàòü å¼ ñõîäèìîñòü è ïðîâåñòè îöåíêó ïîãðåøíîñòè.
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2. Ôîðìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ è àïðèîðíûå îöåíêè ïî-
ãðåøíîñòè âû÷èñëåíèé

Â íàñòîÿùåå âðåìÿ õîðîøî ðàçðàáîòàí ìàòåìàòè÷åñêèé àïïàðàòà è ôîðìàëèçîâàí àë-
ãîðèòì ïðèáëèæ¼ííîãî âû÷èñëåíèÿ ¾êëàññè÷åñêèõ¿ èíòåãðàëîâ [9], îñíîâàííûé íà çàìåíå
ïîäûíòåãðàëüíîé ôóíêöèè òàêîé àïïðîêñèìèðóþùåé ôóíêöèåé, ÷òîáû èíòåãðàë îò íå¼
âû÷èñëÿëñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ äîñòàòî÷íî ïðîñòî. Îäèí èç ñïîñîáîâ âû÷èñëå-
íèÿ èíòåãðàëà çàêëþ÷àåòñÿ â ðàçáèåíèè îòðåçêà èíòåãðèðîâàíèÿ íà n ÷àñòè÷íûõ îòðåç-
êîâ è àïïðîêñèìàöèè ïîäûíòåãðàëüíîé ôóíêöèè íà êàæäîì èç ýòèõ îòðåçêîâ [tk, tk+1]
( k = 0, 1, . . . , n − 1 ) å¼ ðàçëîæåíèåì â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷åê tk . Âû÷èñëåíèå
èíòåãðàëà ïðè ýòîì ïðàêòè÷åñêè íå âûçûâàåò çàòðóäíåíèé, à åãî çíà÷åíèå âûðàæàåòñÿ
÷åðåç çíà÷åíèÿ ïîäûíòåãðàëüíîé ôóíêöèè â óçëàõ tk . Â çàâèñèìîñòè îò êîëè÷åñòâà ÷ëå-
íîâ ðÿäà Òåéëîðà, âçÿòîãî äëÿ àïïðîêñèìàöèè ïîäûíòåãðàëüíîé ôóíêöèè, ïîëó÷àþòñÿ
ôîðìóëû èçâåñòíûå ïîä íàçâàíèÿìè: ¾ôîðìóëà ïðÿìîóãîëüíèêîâ¿, ¾ôîðìóëà òðàïåöèé¿
è ¾ôîðìóëà Ñèìïñîíà¿, à òàêæå èõ ìîäèôèêàöèè.

Ïîñòðîèì àíàëîãè÷íûå ôîðìóëû äëÿ èíòåãðàëüíîãî îïåðàòîðà Iα0t . Ïóñòü α > 0 . Äëÿ
ôèêñèðîâàííîãî t ∈ [0, T ] âûáåðåì ðàçáèåíèå îòðåçêà [0, t] íà n ðàâíûõ ÷àñòåé, äëèíà
êîòîðûõ h = t

n
, ò.å. tk = kh ( k = 0, 1, . . . , n ), â ÷àñòíîñòè t0 = 0 , tn = t . Ïðåäñòàâèì

äðîáíûé èíòåãðàë â âèäå ñóììû èíòåãðàëîâ ïî îòðåçêàì [tk, tk+1] , à ïîäûíòåãðàëüíóþ
ôóíêöèþ â âèäå ðÿäà Òåéëîðà, ïðè ýòîì îãðàíè÷èâàÿñü äâóìÿ ÷ëåíàìè ðàçëîæåíèÿ

Iα0tu =
1

Γ(α)

t∫
0

u(τ) dτ

(t− τ)1−α
=

1

Γ(α)

n−1∑
k=0

tk+1∫
tk

u(τ) dτ

(tn − τ)1−α
=

=
1

Γ(α)

n−1∑
k=0

tk+1∫
tk

u(tk) + u̇(ξk)(τ − tk) dτ
(tn − τ)1−α

=

=
1

Γ(α)

n−1∑
k=0

u(tk)

tk+1∫
tk

dτ

(ti − τ)1−α
+

1

Γ(α)

n−1∑
k=0

u̇(ξk)

tk+1∫
tk

(τ − tk) dτ
(tn − τ)1−α

=

=
1

Γ(α + 1)

n−1∑
k=0

u(tk) [(tn − tk)α − (tn − tk+1)
α] +R(h) =

=
hα

Γ(α + 1)

n−1∑
k=0

u(tk) [(n− k)α − (n− k − 1)α] +R(h),

ãäå ξk ∈ (tk, tk+1) , u(t) ∈ C[0, T ]
∩
C1(0, T ) , à R(h) � îñòàòîê, äëÿ êîòîðîãî âûïîëíÿåòñÿ

ñëåäóþùàÿ îöåíêà

|R(h)| =

∣∣∣∣∣∣ 1

Γ(α)

n−1∑
k=0

u̇(ξk)

tk+1∫
tk

(τ − tk) dτ
(tn − τ)1−α

∣∣∣∣∣∣ ≤ h |u̇(ξ)|
Γ(α)

∣∣∣∣∣∣
t∫

0

dτ

(t− τ)1−α

∣∣∣∣∣∣ ≤ htα

Γ(α+ 1)
|u̇(ξ)| ,

ãäå ξ ∈ (0, t) . Èñõîäÿ èç ýòîãî àíàëîã ïåðâîé (ëåâîé) ôîðìóëû ïðÿìîóãîëüíèêîâ äëÿ
äðîáíîãî èíòåãðàëà ïîðÿäêà α > 0 èìååò âèä

(1)
ïð I

α
0tu =

hα

Γ(α + 1)

n−1∑
k=0

uk [(n− k)α − (n− k − 1)α] + o(h), (2.1)
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ãäå uk = u(tk) , à àïðèîðíàÿ îöåíêà ïîãðåøíîñòè äëÿ âû÷èñëåíèÿ äðîáíîãî èíòåãðàëà ïî
ôîðìóëå (2.1) âûãëÿäèò ñëåäóþùèì îáðàçîì:∣∣Iα0tu− (1)

ïð I
α
0tu
∣∣ ≤ Mhtα

Γ(α + 1)
, (2.2)

ãäå M � êîíñòàíòà íåçàâèñÿùàÿ îò h , â ÷àñòíîñòè M = max
ξ∈[0,t]

|u̇(ξ)| ïðè u(t) ∈ C1[0, T ] .

Äåéñòâóÿ òàêèì æå îáðàçîì, ëåãêî ïîëó÷èòü àíàëîã âòîðîé (ïðàâîé) ôîðìóëû ïðÿìî-
óãîëüíèêîâ äëÿ äðîáíîãî èíòåãðàëà ïîðÿäêà α > 0 è àïðèîðíóþ îöåíêó ïîãðåøíîñòè äëÿ
ïðèáëèæ¼ííîãî âû÷èñëåíèÿ çíà÷åíèÿ èíòåãðàëà ïî íåé

(2)
ïð I

α
0tu =

hα

Γ(α + 1)

n−1∑
k=0

uk+1 [(n− k)α − (n− k − 1)α] + o(h), (2.3)

∣∣Iα0t − (2)
ïð I

α
0t

∣∣ ≤ hMtα

Γ(α+ 1)
. (2.4)

Äëÿ ïîëó÷åíèÿ àíàëîãà ôîðìóëû òðàïåöèé äëÿ äðîáíîãî èíòåãðàëà ïîðÿäêà α > 0
âîçüì¼ì òðè ÷ëåíà ðÿäà Òåéëîðà â ðàçëîæåíèè ïîäûíòåãðàëüíîé ôóíêöèè. Çàìåíÿÿ ïðî-
èçâîäíóþ âûðàæåíèåì u̇(tk) =

1
h
[u(tk+1)− u(tk)]− h

2
ü(ξk1) ( ξk1 ∈ (tk, tk+1) ), èìååì

Iα0tu =
1

Γ(α)

t∫
0

u(τ)dτ

(t− τ)1−α
=

1

Γ(α)

n−1∑
k=0

tk+1∫
tk

u(τ) dτ

(tn − τ)1−α
=

=
1

Γ(α)

n−1∑
k=0

u(tk)

tk+1∫
tk

dτ

(tn − τ)1−α
+

1

Γ(α)

n−1∑
k=0

u(tk+1)− u(tk)
h

tk+1∫
tk

(τ − tk) dτ
(tn − τ)1−α

−

− h

2Γ(α)

n−1∑
k=0

u̇(ξk1)

tk+1∫
tk

(τ − tk) dτ
(tn − τ)1−α

+
1

2Γ(α)

n−1∑
k=0

ü(ξk2)

tk+1∫
tk

(τ − tk)2 dτ
(tn − τ)1−α

=

=
hα

Γ(α + 1)

n−1∑
k=0

u(tk) [(n− k)α − (n− k − 1)α] +

+hα
n−1∑
k=0

[u(tk+1)− u(tk)]
{
(n− k)α+1 − (n− k − 1)α+1

Γ(α + 2)
− (n− k − 1)α

Γ(α + 1)

}
+R(h) =

=
hα

Γ(2 + α)
u(t0)

[
(1 + α)nα − nα+1 + (n− 1)α+1

]
+

+
hα

Γ(2 + α)

n−1∑
k=1

u(tk)
[
(n− k + 1)α+1 − 2(n− k)α+1 + (n− k − 1)α+1

]
+ u(tn) +R(h),

ãäå ξk2 ∈ (tk, tk+1) , u(t) ∈ C1[0, T ]
∩
C2(0, T ) . Îöåíèì îñòàòîê R(h)

|R(h)| =

∣∣∣∣∣∣− h

2Γ(α)

n−1∑
k=0

ü(ξk1)

tk+1∫
tk

(τ − tk) dτ
(tn − τ)1−α

+
1

2Γ(α)

n−1∑
k=0

ü(ξk2)

tk+1∫
tk

(τ − tk)2 dτ
(tn − τ)1−α

∣∣∣∣∣∣ ≤
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≤ h2 |ü(ξ)|
Γ(α)

∣∣∣∣∣∣
t∫

0

dτ

(t− τ)1−α

∣∣∣∣∣∣ = h2tα

Γ(α + 1)
|ü(ξ)| ,

ãäå ξ ∈ (0, t) . Èòàê, àíàëîã ôîðìóëû òðàïåöèé äëÿ äðîáíîãî èíòåãðàëà ïîðÿäêà α > 0
ìîæåò áûòü çàïèñàí â âèäå

òðïI
α
0tu =

hα

Γ(2 + α)

n∑
k=0

ωkuk + o(h2), (2.5)

ãäå

ωk =


(1 + α)nα − nα+1 + (n− 1)α+1, k = 0;
(n− k + 1)α+1 − 2(n− k)α+1 + (n− k − 1)α+1, k = 1, 2, . . . , n− 1;
1, k = n.

÷òî ñîîòâåòñòâóåò ðåçóëüòàòó, îïóáëèêîâàííîìó â ðàáîòå [10], èëè â âèäå óäîáíîì íàì äëÿ
äàëüíåéøåãî èñïîëüçîâàíèÿ

òðïI
α
0tu =

hα

Γ(2 + α)

{
u0
[
(1 + α)iα − iα+1 + (i+ 1)α+1

]
+

+
i−1∑
k=1

uk
[
(i− k + 1)α+1 − 2(i− k)α+1 + (i− k − 1)α+1

]
+ ui

}
+ o(h2). (2.6)

Ïîëó÷åíà òàêæå àïðèîðíàÿ îöåíêà ïîãðåøíîñòè, êîòîðàÿ âûãëÿäèò ñëåäóþùèì îáðàçîì:

|Iα0tu− òðïI
α
0tu| ≤

h2Mtα

Γ(α + 1)
, (2.7)

ãäå M � êîíñòàíòà íåçàâèñÿùàÿ îò h , â ÷àñòíîñòè M = max
ξ∈[0,t]

|ü(ξ)| ïðè u(t) ∈ C2[0, T ] .

Óâåëè÷åíèå ÷èñëà ÷ëåíîâ â òåéëîðîâñêîì ðàçëîæåíèè ïîäûíòåãðàëüíîé ôóíêöèè âå-
ä¼ò ê äàëüíåéøåìó ïîâûøåíèþ òî÷íîñòè âû÷èñëåíèé, ñ îäíîé ñòîðîíû, è ê óâåëè÷åíèþ
êîëè÷åñòâà âû÷èñëåíèé ïîäûíòåãðàëüíîé ôóíêöèè è êîýôôèöèåíòîâ êâàäðàòóðíîé ôîð-
ìóëû, ñ äðóãîé. Ýòî îáúÿñíÿåòñÿ êàê âîçðàñòàíèåì ïîðÿäêà ïðîèçâîäíûõ, êîòîðûå ïðè
ôîðìèðîâàíèè ôîðìóë ÷èñëåííîãî èíòåãðèðîâàíèÿ âûðàæàþòñÿ ÷åðåç çíà÷åíèÿ ôóíêöèè
â óçëîâûõ òî÷êàõ, òàê è ñëîæíîñòÿìè ñâÿçàííûìè ñ äðîáíûì ïîðÿäêîì èíòåãðèðîâàíèÿ.
Íàïðèìåð, ñòîëü ïðîñòîé ôîðìóëû Ñèìïñîíà êàê äëÿ èíòåãðàëüíîãî îïåðàòîðà ïîðÿäêà
åäèíèöà (¾êëàññè÷åñêîãî¿ èíòåãðàëà) ïîëó÷èòü íå óäà¼òñÿ. Ýòî ñâÿçàíî ñ òåì, ÷òî äëÿ
ðàçëîæåíèÿ ôóíêöèè u(t) â ðÿä Òåéëîðà, ïðè ðàçáèåíèè îòðåçêà [0, t] íà i = 2j ÷àñòåé
ðàâíîé äëèíû h = t

i

u(t) = u(t2k+1) + u̇(t2k+1)(t− t2k+1) +
ü(t2k+1)(t− t2k+1)

2

2!
+

+

...
u (t2k+1)(t− t2k+1)

3

3!
+

....
u (ξk)(t− t2k+1)

4

4!

êîýôôèöèåíòû ïðè ïåðâîé è òðåòüåé ïðîèçâîäíûõ îò u(t) íå îáíóëÿþòñÿ ïðè èíòåãðèðî-
âàíèè

t2k+2∫
t2k

(τ − t2k+1) dτ

(tn − τ)1−α
̸= 0,
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â îòëè÷èè îò ïîñòðîåíèÿ ôîðìóëû Ñèìïñîíà äëÿ ¾êëàññè÷åñêîãî¿ èíòåãðàëà

t2k+2∫
t2k

(τ − t2k+1) dτ =
(τ − t2k+1)

2

2

∣∣∣∣t2k+2

t2k

= 0.

Ñ äðóãîé ñòîðîíû, öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîèñê ðåøåíèÿ èíòåãðàëüíîãî óðàâ-
íåíèÿ â êëàññàõ C1[0, T ]

∩
C2(0, T ] è C[0, T ]

∩
C2(0, T ] , îïðåäåëÿåìûõ ïîñòàíîâêàìè íà-

÷àëüíûõ çàäà÷ (1.7), (1.5) è (1.8), (1.6). Â ñâÿçè ñ ýòèì àíàëîãè ôîðìóë ïðÿìîóãîëüíèêîâ
è òðàïåöèé ÿâëÿþòñÿ èñ÷åðïûâàþùèìè äëÿ íàñ.

Ê òîìó æå, êàê ïîêàçûâàåò ïðàêòèêà, óæå ôîðìóëà òðàïåöèé äà¼ò äîñòàòî÷íî õîðî-
øèé ðåçóëüòàò, ïîýòîìó îãðàíè÷èìñÿ ïîëó÷åííûìè ôîðìóëàìè ÷èñëåííîãî èíòåãðèðîâà-
íèÿ (2.1), (2.3) è (2.5).

Âîñïîëüçîâàâøèñü îïðåäåëåíèÿìè îïåðàòîðà Eα,σ
0t;λ è ôóíêöèè òèïà Ìèòòàã�Ëåôôëå-

ðà, íåòðóäíî ïîëó÷èòü àíàëîãè ïåðâîé è âòîðîé ôîðìóë ïðÿìîóãîëüíèêîâ, à òàêæå àíàëîã
ôîðìóëû òðàïåöèé äëÿ ýòîãî îïåðàòîðà:
1) àíàëîã ïåðâîé ôîðìóëû ïðÿìîóãîëüíèêîâ è îöåíêà ïîãðåøíîñòè äëÿ âû÷èñëåíèÿ çíà-
÷åíèÿ îïåðàòîðà, ïðèìåí¼ííîãî ê ôóíêöèè, ïî íåé:

(1)
ïðE

α,σ
0t;λu =

n−1∑
k=0

u(tk)h
α {(n− k)αEσ [λ(n− k)σhσ;α + 1]−

−(n− k − 1)αEσ [λ(n− k − 1)σhσ;α+ 1]}+ o(h), (2.8)

∣∣Eα,σ
0t;λu−

(1)
ïðE

α,σ
0t;λu

∣∣ ≤ htαnEσ(λt
σ
n;α + 1) max

ξ∈[0,t]
|u̇(ξ)| ; (2.9)

2) àíàëîã ôîðìóëû òðàïåöèé è îöåíêà ïîãðåøíîñòè:

òðïE
α,σ
0t;λu = u0h

α
{
nαEσ [λn

σhσ;α+ 1]− nα+1Eσ [λn
σhσ;α+ 2]+

+(n− 1)α+1Eσ [λ(n− 1)σhσ;α+ 2]
}
+
n−1∑
k=1

u(tk)h
α
{
(n− k + 1)α+1Eσ [λ(n− k + 1)σhσ;α + 2] −

−2(n− k)α+1hαEσ [λ(n− k)σhσ;α+ 2] + (n− k − 1)α+1Eσ [λ(n− k − 1)σhσ;α + 2]
}
+

+unh
αEσ [λhσ;α + 2] + o(h2), (2.10)

∣∣Eα,σ
0t;λu− òðïE

α,σ
0t;λu

∣∣ ≤ h2tαnEσ [λt
σ
n;α + 1] max

ξ∈[0,t]
|u̇(ξ)| . (2.11)

Ç à ì å ÷ à í è å 2.1. Ïîëó÷åííûå àíàëîãè ôîðìóë ÷èñëåííîãî èíòåãðèðîâà-
íèÿ (2.8) è (2.10) äëÿ îïåðàòîðà Eα,σ

0t;λ è àïðèîðíûå îöåíêè ïîãðåøíîñòåé ýòèõ ôîð-
ìóë (2.9) è (2.11) â ïðåäåëüíîì ñëó÷àå (ïðè λ → 0 ) ïåðåõîäÿò ñîîòâåòñòâåííî â ôîð-
ìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ èíòåãðàëüíîãî îïåðàòîðà Ðèìàíà�Ëèóâèëëÿ (2.1)
è (2.6) è îöåíêè ïîãðåøíîñòåé äëÿ íèõ (2.2) è (2.7).

Ç à ì å ÷ à í è å 2.2. Ïðè óñòðåìëåíèè ïîêàçàòåëÿ α (ïîêàçàòåëÿ äðîáíîñòè)
ê åäèíèöå â àíàëîãàõ ôîðìóë ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ äðîáíîãî èíòåãðà-
ëà (2.1), (2.3) è (2.6) ïîëó÷àþòñÿ ôîðìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ ¾êëàññè÷å-
ñêîãî¿ èíòåãðàëà: ¾ïåðâàÿ ôîðìóëà ïðÿìîóãîëüíèêîâ¿, ¾âòîðàÿ ôîðìóëà ïðÿìîóãîëüíè-
êîâ¿ è ¾ôîðìóëà òðàïåöèé¿ ñîîòâåòñòâåííî. Ïðè α→ 0 â àïðèîðíûõ îöåíêàõ ïîãðåø-
íîñòåé (2.2), (2.4) è (2.7) ïðèáëèæ¼ííûõ âû÷èñëåíèé ïî ôîðìóëàì (2.1), (2.3) è (2.6)
ïîëó÷àþòñÿ îöåíêè äëÿ êëàññè÷åñêèõ ôîðìóë.
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3. Èòåðàöèîííàÿ ïðîöåäóðà âû÷èñëåíèÿ ðåøåíèé èíòåãðàëüíîãî
óðàâíåíèÿ. Îöåíêà ïîãðåøíîñòè è ñõîäèìîñòü

Ðàññìàòðèâàåòñÿ ïðèáëèæ¼ííûé ìåòîä ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ (1.9), îñíî-
âàííûé íà çàìåíå âõîäÿùèõ â óðàâíåíèå èíòåãðàëüíûõ îïåðàòîðîâ êâàäðàòóðíûìè ôîð-
ìóëàìè, â ÷àñòíîñòè, ôîðìóëàìè ÷èñëåííîãî èíòåãðèðîâàíèÿ. Ïóñòü íà êîíå÷íîì îòðåç-
êå [0, T ] èìååòñÿ ðàçáèåíèå ti = ih ( i = 0, 1, . . . , n ) ñ øàãîì h = T

n
. Òî÷íûå çíà÷åíèÿ

ôóíêöèé u(t) è F (t) â óçëîâûõ òî÷êàõ t = ti îáîçíà÷èì çà ui è Fi ñîîòâåòñòâåííî,
ïðèáëèæ¼ííûå çíà÷åíèå ôóíêöèè u(t) çà ũi . Ïîëîæèì t = ti â èíòåãðàëüíîì óðàâíåíèè
(1.9), â ðåçóëüòàòå ÷åãî ïîëó÷èì ñèñòåìó ðàâåíñòâ

u0 = F0, (3.1)

ui + pI1−α0ti
u+ qI2−β0ti

u = Fi (i = 0, 1, . . . , n). (3.2)

Âîñïîëüçóåìñÿ êâàäðàòóðíûìè ôîðìóëàìè â ñëåäóþùåì âèäå

Iα0tiu = hα
i∑

k=0

c
(α)
ik uk +R

(α)
i (h), (3.3)

ãäå c
(α)
ik � êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû äëÿ äðîáíîãî èíòåãðàëà ïîðÿäêà α â

òî÷êå t = ti íå çàâèñÿùèå îò h , R
(α)
i (h) � ïîãðåøíîñòü ïðèáëèæ¼ííîãî âû÷èñëåíèÿ äðîá-

íîãî èíòåãðàëà ïîðÿäêà α â òî÷êå t = ti . Êàê âèäíî, ÷àñòíûìè ñëó÷àÿìè (3.3) ÿâëÿþòñÿ
ôîðìóëû (2.1) è (2.5). Çàìåíèì â êàæäîì ðàâåíñòâå (3.2) äðîáíûå èíòåãðàëû êâàäðàòóð-
íûìè ôîðìóëàìè (3.3), ïðè ýòîì âûðàçèâ ui â ÿâíîì âèäå

ui =

Fi − ph1−α
i−1∑
k=0

c
(1−α)
ik uk − pR(1−α)

i (h)− qh2−β
i−1∑
k=0

c
(2−β)
ik uk − qR(2−β)

i (h)

1 + ph1−αc
(1−α)
ii + qh2−βc

(2−β)
ii

(i = 1, . . . , n),

(3.4)
ãäå u0 îïðåäåëÿåòñÿ èç (3.1). ßñíî, ÷òî íåîáõîäèìî òðåáîâàòü â (3.4) âûïîëíåíèå ñëåäó-
þùåãî óñëîâèÿ

1 + ph1−αc
(1−α)
ii + qh2−βc

(2−β)
ii ̸= 0.

Äëÿ ìàëûõ h ýòî îçíà÷àåò, ÷òî∣∣∣−ph1−αc(1−α)ii − qh2−βc(2−β)ii

∣∣∣ < 1,

èëè ∣∣∣ph1−αc1−αii + qh2−βc2−βii

∣∣∣ ≤ Ch < 1.

Â âèäó òîãî, ÷òî òî÷íî ìîæåò áûòü âû÷èñëåíî òîëüêî çíà÷åíèå u0 , (3.4) ïåðåïèñûâàåòñÿ
â âèäå

ui =
1

1 + ph1−αc
(1−α)
ii + qh2−βc

(2−β)
ii

[
Fi − ph1−α

i−1∑
k=0

c
(1−α)
ik ũk − pR(1−α)

i (h)−

−ph1−α
i−1∑
k=1

c
(1−α)
ik Rk − qh2−β

i−1∑
k=0

c
(2−β)
ik ũk − qh2−β

i−1∑
k=1

c
(2−β)
ik Rk − qR(2−β)

i (h)

]
,
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ãäå Rk � ïîëíàÿ ïîãðåøíîñòü âû÷èñëåíèÿ çíà÷åíèÿ u(t) â òî÷êå t = tk . Â ðåçóëüòàòå
ïîëó÷àåì ñèñòåìó èç i ðàâåíñòâ äëÿ âû÷èñëåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ â òî÷êå t = ti

ũj =

Fj − ph1−α
j−1∑
k=0

c
(1−α)
jk ũk − qh2−β

j−1∑
k=0

c
(2−β)
jk ũk

1 + ph1−αc
(1−α)
jj + qh2−βc

(2−β)
jj

, (j = 1, 2, . . . , i) (3.5)

à òàêæå ñèñòåìó ðàâåíñòâ äëÿ ïîãðåøíîñòåé

R1 =
−pR(1−α)

1 (h)− qR(2−β)
1 (h)

1 + ph1−αc
(1−α)
11 + qh2−βc

(2−β)
11

,

Rj =

−h1−α
j−1∑
k=1

[
pc

(1−α)
jk + qh1+α−βc

(2−β)
jk

]
Rk − pR(1−α)

j (h)− qR(2−β)
j (h)

1 + ph1−αc
(1−α)
jj + qh2−βc

(2−β)
jj

(j = 2, 3, . . . , i).

Îöåíèì ïîãðåøíîñòü ìåòîäà ñ îáåèõ ñòîðîí, ñ ó÷¼òîì ìàëîñòè h è ñëåäóþùèõ îáîçíà÷åíèé

max
j,k
j ̸=k

{∣∣∣c(1−α)jk

∣∣∣ , ∣∣∣c(2−β)jk

∣∣∣} = Cmax, min
j,k
j ̸=k

{∣∣∣c(1−α)jk

∣∣∣ , ∣∣∣c(2−β)jk

∣∣∣} = Cmin,

max
k=1,2,...,i

{∣∣∣R(1−α)
k (h)

∣∣∣ , ∣∣∣R(2−β)
k (h)

∣∣∣} = hsRmax, min
k=1,2,...,i

{∣∣∣R(1−α)
k (h)

∣∣∣ , ∣∣∣R(2−β)
k (h)

∣∣∣} = hsRmin,

ãäå s � ïîðÿäîê òî÷íîñòè ìåòîäà ÷èñëåííîãî èíòåãðèðîâàíèÿ (äëÿ àíàëîãà ôîðìóëû ïðÿ-
ìîóãîëüíèêîâ s = 1 , òðàïåöèé s = 2 ). Ïðè÷¼ì áóäåì áðàòü Cmin > 0 , ÷åìó âïîëíå óäî-
âëåòâîðÿþò èñïîëüçóåìûå íàìè ôîðìóëû ÷èñëåííîãî èíòåãðèðîâàíèÿ (2.1), (2.3) è (2.5).
À òàêæå Rmin > 0 � ýòî îçíà÷àåò, ÷òî ìû íå áóäåì áðàòü ¾ïðîñòûõ¿ ðåøåíèé: u(t) = c
èëè u(t) = kt+ c , ãäå k è c � êîíñòàíòû. Òåïåðü çàïèøåì ñèñòåìó äâîéíûõ íåðàâåíñòâ
äëÿ ïîãðåøíîñòåé

(|p|+ |q|)hsRmin ≤ |R1| ≤
(|p|+ |q|)hsRmax

1− Ch
;

h1−αCmin|p|
j−1∑
k=1

|Rk|+(|p|+ |q|)hsRmin ≤ |Rj| ≤
h1−αCmax (|p|+ |q|)

j−1∑
k=1

|Rk|+ (|p|+ |q|)hsRmax

1− Ch
(j = 2, 3, . . . , i).

ßñíî, ÷òî íåîáõîäèìûì óñëîâèåì ñõîäèìîñòè ïðèáëèæ¼ííîãî ðåøåíèÿ èíòåãðàëüíîãî
óðàâíåíèÿ ê òî÷íîìó ÿâëÿåòñÿ ðàâåíñòâî íóëþ ïðåäåëà

lim
h→0

h1−αCmin|p|
j−1∑
k=1

|Rk|+ (|p|+ |q|)hsRmin = 0.

Äëÿ âû÷èñëåíèÿ ïðåäåëà ðàññìîòðèì ñëåäóþùèé íàáîð âåëè÷èí

R1 = (|p|+ |q|)hsRmin,

Rj = h1−αCmin|p|
j−1∑
k=1

Rk + (|p|+ |q|)hsRmin, (j = 2, 3, . . . , i)
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êîòîðûå ìèíîðèðóþò ñîîòâåòñòâóþùèå îöåíêè ïîãðåøíîñòåé, ò.å. Rj ≤ |Rj| . Ëåãêî âèäåòü,
÷òî êàæäîå Rj ( j = 2, 3, . . . , i ) ìîæåò áûòü âûðàæåíî ÷åðåç R1 ïî ôîðìóëå

Rj = R1

(
1 + h1−αCmin|p|

)j−1
,

èëè
Rj = (|p|+ |q|)hsRmin

(
1 + h1−αCmin|p|

)j−1
.

Íàéä¼ì ïðåäåë îò ïîëó÷åííîãî âûðàæåíèÿ ó÷èòûâàÿ, ÷òî j = t
h

lim
h→0

Rj = lim
h→0

(|p|+ |q|)hsRmin

(
1 + h1−αCmin|p|

) t
h
−1

=

= (|p|+ |q|)Rmin lim
h→0

hs

1 + h1−αCmin|p|
(
1 + h1−αCmin|p|

) t
h =

= (|p|+ |q|)Rmin lim
h→0

hs

1 + h1−αCmin|p|

[(
1 + h1−αCmin|p|

) 1
h1−αCmin|p|

] th1−αCmin|p|
h

=

= (|p|+ |q|)Rmin lim
h→0

hse
tCmin|p|

hα

1 + h1−αCmin|p|
=∞.

Òàêèì îáðàçîì, èòåðàöèîííàÿ ïðîöåäóðà ïîñòðîåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ èíòåãðàëü-
íîãî óðàâíåíèÿ (3.5) ðàñõîäèòñÿ.

Äëÿ ïîëó÷åíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ñõîäÿùåãîñÿ ê òî÷íîìó ñäåëàåì ñëåäóþùóþ
çàìåíó ïåðåìåííûõ

v(t) = u(t) + pI1−α0t u. (3.6)

Âûðàçèì u ÷åðåç v , äëÿ ÷åãî ðåøèì óðàâíåíèå (3.6). Â ðåçóëüòàòå èìååì

u(t) = v(t)− pE1−α,1−α
0t;−p v. (3.7)

Ïîäñòàâèì (3.7) â (1.9)

v(t) + qI2−β0t

{
v(t)− pE1−α,1−α

0t;−p v
}
= F (t),

è ïðåîáðàçóåì, èñïîëüçóÿ ñâîéñòâî êîìïîçèöèè îïåðàòîðîâ (1.2) è (1.10) [8],

v(t) + qI2−β0t v − pqE3−α−β,1−α
0t;−p v = F (t). (3.8)

Îáîçíà÷àÿ òî÷íîå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (3.8) v(t) â òî÷êàõ t = ti çà vi , à
ïðèáëèæ¼ííîå çà ṽi íà ðàçáèåíèè ti = ih îòðåçêà [0, T ] èìååì ñèñòåìó ðàâåíñòâ

v0 = F0, (3.9)

vi + pI2−β0ti
v − pqE3−α−β,1−α

0ti;−p v = Fi (i = 1, 2, . . . , n). (3.10)

Äëÿ äðîáíîãî èíòåãðàëà áóäåì ïîëüçîâàòüñÿ ôîðìóëîé (3.3), à äëÿ îïåðàòîðà Eα,σ
0t;λ �

Eα,σ
0ti;λ

u = hα
i∑

k=0

c
(α,σ)
ik uk +R

(α,σ)
i (h), (3.11)

ãäå c
(α,σ)
ik � êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû äëÿ îïåðàòîðà (1.10) ñ âåðõíèìè ïàðà-

ìåòðàìè α è σ â òî÷êå t = ti íå çàâèñÿùèå îò h , R
(α,σ)
i (h) � ïîãðåøíîñòü ïðèáëèæ¼ííîãî
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âû÷èñëåíèÿ îïåðàòîðà ñ âåðõíèìè ïàðàìåòðàìè α è σ â òî÷êå t = ti . Çàìåíèì â êàæäîì
ðàâåíñòâå (3.10) èíòåãðàëüíûå îïåðàòîðû êâàäðàòóðíûìè ôîðìóëàìè (3.3) è (3.11), ïðè
ýòîì âûðàçèâ vi â ÿâíîì âèäå

vi =

Fi − ph2−β
i−1∑
k=0

c
(2−β)
ik vk − pR(2−β)

i (h) + qh3−α−β
i−1∑
k=0

c
(3−α−β,1−α)
ik vk + qR

(3−α−β,1−α)
i (h)

1 + ph2−βc
(2−β)
ii − pqh3−α−βc(3−α−β,1−α)ii

(i = 1, 2, . . . , n), (3.12)

ãäå v0 îïðåäåëÿåòñÿ èç (3.9). Äëÿ (3.12) äîëæíî âûïîëíÿòüñÿ ñëåäóþùåå óñëîâèå:

1 + ph2−βc
(2−β)
ii − pqh3−α−βc(3−α−β,1−α)ii ̸= 0.

Äëÿ ìàëûõ h ýòî îçíà÷àåò, ÷òî∣∣∣ph2−βc(2−β)ii − pqh3−α−βc(3−α−β,1−α)ii

∣∣∣ < 1,

èëè ∣∣∣ph2−βc(2−β)ii − pqh3−α−βc(3−α−β,1−α)ii

∣∣∣ ≤ Ch < 1. (3.13)

Ñ ó÷¼òîì òîãî, ÷òî ïðè âû÷èñëåíèè vi ïî ôîðìóëå (3.12) èñïîëüçóþòñÿ ïðèáëèæ¼ííûå
çíà÷åíèÿ, ôîðìóëà ïåðåïèñûâàåòñÿ â âèäå

vi =
1

1 + ph2−βc
(2−β)
ii − pqh3−α−βc(3−α−β,1−α)ii

[
Fi − ph2−β

i−1∑
k=0

c
(2−β)
ik ṽk − ph2−β

i−1∑
k=0

Rk−

−pR(2−β)
i (h) + pqh3−α−β

i−1∑
k=0

c
(3−α−β,1−α)
ik ṽk + pqh3−α−β

i−1∑
k=0

Rk + pqR
(3−α−β,1−α)
i (h)

]
,

ãäå Rk � ïîëíàÿ ïîãðåøíîñòü âû÷èñëåíèÿ çíà÷åíèÿ v(t) â òî÷êå t = tk . Â ðåçóëüòàòå
ïîëó÷àåì ñèñòåìó èç i ðàâåíñòâ äëÿ âû÷èñëåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ â òî÷êå t = ti

ṽj =

Fj − ph2−β
j−1∑
k=0

cjk
(2−β)ṽk + pqh3−α−β

j−1∑
k=0

cjk
(3−α−β,1−α)ṽk

1 + ph2−βc
(2−β)
jj − pqh3−α−βc(3−α−β,1−α)jj

, (j = 1, 2, . . . , i) (3.14)

à òàêæå ñèñòåìó ðàâåíñòâ äëÿ ïîãðåøíîñòåé

R1 =
−pR(2−β)

1 (h) + pqR
(3−α−β,1−α)
1 (h)

1 + ph2−βc
(2−β)
11 − pqh3−α−βc(3−α−β,1−α)11

,

Rj =
1

1 + ph2−βc
(2−β)
jj − pqh3−α−βc(3−α−β,1−α)jj

{
pqR

(3−α−β,1−α)
j (h)− pR(2−β)

j (h)−

−h2−βp
j−1∑
k=1

[
c
(2−β)
jk − qh1−αc(3−α−β,1−α)jk

]
Rk

}
. (j = 2, 3, . . . , i)

Îöåíèì ïîãðåøíîñòü ìåòîäà, ñ ó÷¼òîì ìàëîñòè h è ñëåäóþùèõ óñëîâèé

max
j,k
j ̸=k

{∣∣∣c(2−β)jk

∣∣∣ , ∣∣∣c(3−α−β,1−α)jk

∣∣∣} = C,
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max
k=1,2,...,i

{∣∣∣R(2−β)
k (h)

∣∣∣ , ∣∣∣R(3−α−β,1−α)
k (h)

∣∣∣} = hsR,

ãäå s � ïîðÿäîê òî÷íîñòè ìåòîäà ÷èñëåííîãî èíòåãðèðîâàíèÿ. Òåïåðü çàïèøåì ñèñòåìó
íåðàâåíñòâ äëÿ ïîãðåøíîñòåé

|R1| ≤
(1 + |q|)|p|hsR

1− Ch
,

|Rj| ≤
h2−βC|p|(1 + |q|)

j−1∑
k=1

|Rk|+ (1 + |q|)|p|hsR

1− Ch
(j = 2, 3, . . . , i).

Ðàññìîòðèì íàáîð âåëè÷èí

R1 =
(1 + |q|)|p|hsR

1− Ch
,

Rj =

h2−βC|p|(1 + |q|)
j−1∑
k=1

|Rk|+ (1 + |q|)|p|hsR

1− Ch
(j = 2, 3, . . . , i),

äëÿ êîòîðûõ, êàê âèäíî, âûïîëíÿåòñÿ óñëîâèå |Rj| ≤ Rj . ßñíî, ÷òî êàæäîå Rj ( j =
2, 3, . . . , i ) ìîæåò áûòü âûðàæåíî ÷åðåç R1 ïî ôîðìóëå

Rj = R1h
s

(
1 +

C|p|(1 + |q|)
1− Ch

h2−β
)j−1

èëè

Rj =
(1 + |q|)|p|R

1− Ch
hs
(
1 +

C|p|(1 + |q|)
1− Ch

h2−β
)j−1

. (3.15)

Ïðè óñòðåìëåíèè h ê íóëþ â (3.15), ñ ó÷¼òîì j = t
h
, èìååì

lim
h→0

Rj = lim
h→0

(1 + |q|)|p|R
1− Ch

hs
(
1 +

C|p|(1 + |q|)
1− Ch

h2−β
) t

h
−1

=

=
(1 + |q|)|p|R

1− Ch
lim
h→0

hse
C|p|(1+|q|)

1−Ch
h1−β

1 + C|p|(1+|q|)
1−Ch

h2−β
= 0.

Ïî ðåçóëüòàòàì ðàññóæäåíèé ñôîðìóëèðóåì òåîðåìó.

Ò å î ð å ì à 3.1. Ïðè âûïîëíåíèè óñëîâèÿ (3.13) ïðèáëèæ¼ííîå ðåøåíèå (3.14)
ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ èíòåãðàëüíîãî óðàâíåíèÿ (3.8), à àïðèîðíàÿ îöåíêà ïî-
ãðåøíîñòè âû÷èñëåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ â òî÷êå t = ti èìååò âèä

|vi − ṽi| ≤
(1 + |q|)|p|R

1− Ch
hs
(
1 +

C|p|(1 + |q|)
1− Ch

h2−β
)i−1

.

Ïîñëå òîãî êàê íàéäåíî ðåøåíèå âñïîìîãàòåëüíîãî óðàâíåíèÿ (3.8), èñêîìîå ðåøåíèå
èíòåãðàëüíîãî óðàâíåíèÿ (1.9) âû÷èñëÿåòñÿ ïî ôîðìóëå (3.7), ñ èñïîëüçîâàíèåì ëþáîé èç
êâàäðàòóðíûõ ôîðìóë äëÿ îáîáùåíèÿ èíòåãðàëüíîãî îïåðàòîðà Ðèìàíà�Ëèóâèëëÿ (1.10),
íàïðèìåð (2.8) èëè (2.10).
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Numerical method of Solution Initial problems for Second

Order Di�erential Equations with Riemann�Liouville

fractional derivates
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Abstract. The numerical integration formulas for some integral operators with Abel kernel are
obtained. The prior estimate for this formulas are presented. The iteration procedure for solving
initial problem for second order di�erential equations with Riemann�Liouville fractional derivates
are developed. Convergence are proved for this iteration procedure.
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