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Àííîòàöèÿ. Â ðàìêàõ êèíåòè÷åñêîãî ïîäõîäà â èçîòåðìè÷åñêîì ïðèáëèæåíèè ïîñòðîåíî àíà-
ëèòè÷åñêîå (â âèäå ðÿäà Íåéìàíà) ðåøåíèå çàäà÷è î òå÷åíèè ðàçðåæåííîãî ãàçà â ïëîñêîì
êàíàëå ñ áåñêîíå÷íûìè ñòåíêàìè, îáóñëîâëåííîãî ãðàäèåíòîì äàâëåíèÿ, ïàðàëëåëüíîãî ñòåí-
êàì êàíàëà (òå÷åíèè Ïóàçåéëÿ). Â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ èñïîëüçóåòñÿ ÁÃÊ-ìîäåëü
êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà, à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ � ìîäåëü çåðêàëüíî-
äèôôóçíîãî îòðàæåíèÿ. Ñ ó÷åòîì ïîñòðîåííîé ôóíêöèè ðàñïðåäåëåíèÿ âû÷èñëåí ïîòîê ìàñ-
ñû â íàïðàâëåíèè ãðàäèåíòà äàâëåíèÿ, ïðèõîäÿùèéñÿ íà åäèíèöó øèðèíû êàíàëà. Ïðîâåäåíî
ñðàâíåíèå ñ àíàëîãè÷íûìè ðåçóëüòàòàìè, ïîëó÷åííûìè ÷èñëåííûìè ìåòîäàìè.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêîå óðàâíåíèå Áîëüöìàíà, ìîäåëüíûå êèíåòè÷åñêèå óðàâíåíèÿ,
òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ, ìîäåëè ãðàíè÷íûõ óñëîâèé, êîýôôèöèåíòû àêêîìîäàöèè

1. Ââåäåíèå

Òåîðåòè÷åñêèå èññëåäîâàíèÿ âçàèìîäåéñòâèÿ ãàçà ñ îáòåêàåìûìè ïîâåðõíîñòÿìè ÿâëÿþò-
ñÿ èñêëþ÷èòåëüíî ñëîæíûìè îñîáåííî äëÿ ðåàëüíûõ ïîâåðõíîñòåé [1]. Â ñèëó ýòîãî ïî-
ïðåæíåìó àêòóàëüíûìè îñòàþòñÿ ìîäåëè ãðàíè÷íûõ óñëîâèé, êîòîðûå èñïîëüçóþò òàêèå
èíòåãðàëüíûå õàðàêòåðèñòèêè âçàèìîäåéñòâèÿ ìîëåêóë ãàçà ñ ïîâåðõíîñòÿìè, êàê êîýô-
ôöèåíòû àêêîìîäàöèè. Îäíîé èç òàêèõ ìîäåëåé ãðàíè÷íûõ óñëîâèé ÿâëÿåòñÿ çåðêàëüíî-
äèôôóçíîå ãðàíè÷íîå óñëîâèå Ìàêñâåëëà [2]

f+(r′s,v) = (1− q) f−(r′s,v − 2n0(n0v)) + q fs(r
′
s,v). (1.1)

Çäåñü f+(r′s,v) � ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë, ïàäàþùèõ íà ñòåíêó, f−(r′s,v) �
îòðàæåííûõ îò ñòåíêè çåðêàëüíî, à fs(r

′
s,v) � îòðàæåííûõ îò ñòåíêè äèôôóçíî, r′s �

êîîðäèíàòû òî÷åê ïîâåðõíîñòè, v � ñêîðîñòè äâèæåíèÿ öåíòðîâ ìàññ ìîëåêóë ãàçà, q �
âåðîÿòíîñòü òîãî, ÷òî ìîëåêóëà, ëåòÿùàÿ ê ñòåíêå îòðàçèòñÿ äèôôóçíî, 1 − q � âåðîÿò-
íîñòü òîãî, ÷òî ìîëåêóëà, ëåòÿùàÿ ê ñòåíêå îòðàçèòñÿ çåðêàëüíî.

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î òå÷åíèè Ïóàçåéëÿ (òå÷åíèè ãàçà â ïëîñêîì êàíàëå ñ
áåñêîíå÷íûìè ïàðàëëåëüíûìè ñòåíêàìè ïðè íàëè÷èè ïàðàëëåëüíîãî ñòåíêàì ãðàäèåíòà
äàâëåíèÿ) â ñëó÷àå ïîëíîé àêêîìîäàöèè òàíãåíöèàëüíîãî èíïóëüñà ìîëåêóë ãàçà ñòåíêàìè
êàíàëà ïîëó÷åíî â [3]. Öåëüþ ïðåäñòàâëåííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ðåøåíèÿ çàäà÷è
î òå÷åíèè Ïóàçåéëÿ ñ ó÷åòîì êîýôôèöèåíòà àêêîìîäàöèè òàíãåíöèàëüíîãî èìïóëüñà ìî-
ëåêóë ãàçà. Ïðè ýòîì â êà÷åñòâå îñíîâíîãî óðàâíåíèÿ, îïèñûâàþùåãî êèíåòèêó ïðîöåññà
èñïîëüçóåòñÿ ÁÃÊ (Áõàòíàãàð, Ãðîññ, Êðóê) ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüöìàíà,
à â êà÷åñòâå ãðàíè÷íîãî óñëîâèÿ íà ñòåíêàõ êàíàëà � óñëîâèå (1.1).
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2. Ïîñòàíîâêà çàäà÷è. Ïîñòðîåíèå ôóíêöèè ðàñïðåäåëåíèÿ ìîëå-

êóë ãàçà

Ðàññìîòðèì òå÷åíèå ðàçðåæåííîãî ãàçà â ïëîñêîì êàíàëå, òîëùèíîé D′ , ñòåíêè êîòî-
ðîãî ðàñïîëîæåíû â ïëîñêîñòÿõ x′ = ±d′ ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìû êîîðäèíàò
( d′ = D′/2 ). Ïðåäïîëîæèì, ÷òî òå÷åíèå ãàçà îáóñëîâëåíî íàëè÷èåì ïîñòîÿííîãî ãðàäè-
åíòà äàâëåíèÿ. Íàïðàâèì îñü Oz′ âäîëü ãðàäèåíòà äàâëåíèÿ. Áóäåì ñ÷èòàòü, ÷òî îòíî-
ñèòåëüíûé ïåðåïàä äàâëåíèÿ íà äëèíå ñâîáîäíîãî ïðîáåãà ìîëåêóë ãàçà ìàëûì. Òîãäà
ðàññìàòðèâàåìàÿ çàäà÷à äîïóñêàåò ëèíåàðèçàöèþ. Ó÷èòûâàÿ, ÷òî â çàäà÷àõ ñêîëüæåíèÿ
ôóíêöèÿ ðàñïðåäåëåíèÿ ïðîïîðöèîíàëüíà êàñàòåëüíîé ê îáòåêàåìîé ïîâåðõíîñòè êîìïî-
íåíòå ìàññîâîé ñêîðîñòè ãàçà, ôóíêöèþ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è
ñêîðîñòÿì ìîæíî ïðåäñòàâèòü â âèäå

f(r′,v) = n(z)β3/2π−3/2 exp(−C2) [1 + CzGn Z(x,Cx)] . (2.1)

Çäåñü r′ � ðàçìåðíûé ðàäèóñ-âåêòîð; C =
√
β v � áåçðàçìåðíàÿ ñêîðîñòü ìîëåêóë

ãàçà; β = m/2kBT ; m � ìàññà ìîëåêóëû ãàçà; kB � ïîñòîÿííàÿ Áîëüöìàíà; T � òåì-
ïåðàòóðà ãàçà; Gn = (1/p)dp/dz � áåçðàçìåðíûé ãðàäèåíò äàâëåíèÿ â íàïðàâëåíèè îñè
Oz′ ; p � äàâëåíèå ãàçà; Z(x,Cx) � ëèíåéíàÿ ïîïðàâêà ê ëîêàëüíî-ðàâíîâåñíîé ôóíêöèè
ðàñïðåäåëåíèÿ; x = x′/lg è z = z′/lg � áåçðàçìåðíûå êîîðäèíàòû; lg = ηg β

−1/2/p .
Çàïèøåì â âûáðàííîé ñèñòåìå êîîðäèíàò ÁÃÊ ìîäåëü êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüö-

ìàíà

vx
∂f

∂x′
+ vz

∂f

∂z′
=

p

ηg
(feq − f). (2.2)

Ïîäñòàâëÿÿ (2.1) â (2.2) è ëèíåàðèçóÿ feq(r
′,v) , ïðèõîäèì ê óðàâíåíèþ äëÿ íàõîæäåíèÿ

Z(x, µ) (µ = Cx )

µ
∂Z

∂x
+ Z(x, µ) + 1 =

1√
π

∞∫
−∞

exp(−τ 2)Z(x, τ) dτ. (2.3)

Îáùåå ðåøåíèå (2.3) ïðèâåäåíî â [4]

Z(x, µ) = x2 − 2xµ+ 2µ2 + A0 + A1(x− µ) +

+∞∫
−∞

exp(−x
η
)F (η, µ)a(η) dη, (2.4)

ãäå A0 , A1 è a(η) � íåèçâåñòíûå ïàðàìåòðû è ôóíêöèÿ, ïîäëåæàùèå äàëüíåéøåìó îïðå-
äåëåíèþ,

F (η, µ) =
1√
π
η P

1

η − µ
+ exp(η2)λ(η) δ(η − µ), (2.5)

λ(z) = 1 +
1√
π
z

∞∫
−∞

exp(−µ2)

µ− z
dµ, (2.6)

P(1/z) � ðàñïðåäåëåíèå â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïðè âû÷èñëåíèè èíòåãðàëà îò 1/z ,
δ(z) � äåëüòà-ôóíêöèÿ Äèðàêà.

Ðàññìîòðèì òåïåðü âîïðîñ î ãðàíè÷íûõ óñëîâèÿõ, êîòîðûì äîëæíî óäîâëåòâîðÿòü ðå-
øåíèå (2.4) íà ñòåíêàõ êàíàëà. Ñ ó÷åòîì èñïîëüçóåìîé ìîäåëè çåðêàëüíî-äèôôóçíîãî
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îòðàæåíèÿ ãðàíè÷íûå óñëîâèÿ íà âåðõíåé è íèæíåé ñòåíêàõ êàíàëà çàïèñûâàþòñÿ â âèäå
[4]

Z(d, µ) = (1− q)Z(d,−µ), µ < 0. (2.7)

Z(−d, µ) = (1− q)Z(−d,−µ), µ > 0. (2.8)

Ïîäñòàâëÿÿ (2.4) â (2.7) è (2.8), ïðèõîäèì ê èíòåãðàëüíûì óðàâíåíèÿì

d2 − 2µd+ 2µ2 + A0 + A1(d− µ) +

+∞∫
−∞

exp

(
−d
η

)
F (η, µ)a(η) dη = (1− q)[d2 + 2µd+ 2µ2+

+ A0 + A1(d+ µ)] + (1− q)

+∞∫
−∞

exp

(
−d
η

)
F (η,−µ)a(η) dη µ < 0, (2.9)

d2 + 2µd+ 2µ2 + A0 − A1(d+ µ) +

+∞∫
−∞

exp

(
d

η

)
F (η, µ)a(η) dη = (1− q)[d2 − 2µd+ 2µ2+

+ A0 − A1(d− µ)] + (1− q)

+∞∫
−∞

exp

(
d

η

)
F (η,−µ)a(η) dη µ > 0. (2.10)

Îáîçíà÷èì

b(η, x) = exp

(
−x
η

)
a(η). (2.11)

Òîãäà ñ ó÷åòîì (2.5) óðàâíåíèÿ (2.9) è (2.10) çàïèøåì â âèäå

1√
π

+∞∫
−∞

η b(η, d)

η − µ
dη + exp(µ2)b(µ, d)λ(µ)− (1− q)

( 1√
π

+∞∫
−∞

η b(η, d)

η + µ
dη+

+ exp(µ2)b(−µ, d)λ(−µ)
)
= (−d2 − 2µ2 − A0 − A1d)q + (A1 + 2d)(2− q)µ, µ < 0,

1√
π

+∞∫
−∞

η b(η,−d)
η − µ

dη + exp(µ2)b(µ,−d)λ(µ)− (1− q)
( 1√

π

+∞∫
−∞

η b(η,−d)
η + µ

dη+

+ exp(µ2)b(−µ,−d)λ(−µ)
)
= (−d2 − 2µ2 − A0 + A1d)q + (A1 − 2d)(2− q)µ, µ > 0.

Èëè

1√
π

+∞∫
−∞

η B(η, d)

η − µ
dη + exp(µ2)B(µ, d)λ(µ) =

= (−d2 − 2µ2 − A0 − A1d)q + (A1 + 2d)(2− q)µ, µ < 0, (2.12)

1√
π

+∞∫
−∞

η B(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) =

= (−d2 − 2µ2 − A0 + A1d)q + (A1 − 2d)(2− q)µ, µ > 0. (2.13)
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Çäåñü
B(µ, d) = b(µ, d)− (1− q)b(−µ, d). (2.14)

Çàìåíèì â (2.12) µ íà −µ è ïðåäñòàâèì âõîäÿùèé â íåãî èíòåãðàë â âèäå ñóììû äâóõ.
Ñ ó÷åòîì ñêàçàííîãî ïåðåïèøåì (2.12)

1√
π

0∫
−∞

η B(η, d)

η + µ
dη +

1√
π

+∞∫
0

η B(η, d)

η + µ
dη + exp(µ2)B(−µ, d)λ(−µ) =

= (−d2 − 2µ2 − A0 − A1d)q − (A1 + 2d)(2− q)µ, , µ > 0. (2.15)

Ïåðâûé èíòåãðàë â (2.15) ÿâëÿåòñÿ ñèíãóëÿðíûì, à âòîðîé � ðåãóëÿðíûì. Çàìåíèì â
ïåðâîì èíòåãðàëå ïåðåìåííóþ èíòåãðèðîâàíèÿ η íà −τ . Òîãäà (2.12) ïðèìåò âèä

1√
π

+∞∫
0

η B(−η, d)
η − µ

dη +
1√
π

+∞∫
0

τ B(τ, d)

τ + µ
dτ + exp(µ2)B(−µ, d)λ(µ) =

= (−d2 − 2µ2 − A0 − A1d)q − (A1 + 2d)(2− q)µ, µ > 0. (2.16)

Ïðè çàïèñè (2.16) ó÷ëè, ÷òî íà äåéñòâèòåëüíîé îñè λ(µ) ÿâëÿåòñÿ ÷åòíîé ôóíêöèåé.
Àíàëîãè÷íûì îáðàçîì ïðåîáðàçóåì (2.13)

1√
π

+∞∫
0

τ B(−τ,−d)
τ + µ

dτ +
1√
π

+∞∫
0

η B(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) =

= (−d2 − 2µ2 − A0 + A1d)q + (A1 − 2d)(2− q)µ, µ > 0. (2.17)

Ñêëàäûâàÿ, äàëåå, (2.16) è (2.17) è ïðèíèìàÿ âî âíèìàíèå (2.11), ïðèõîäèì ê óðàâíåíèþ

1√
π

+∞∫
0

η [B(−η, d) +B(η,−d)] dη
η − µ

+ exp(µ2)[B(−µ, d) +B(µ,−d)] exp(d/µ)λ(µ)+

+
1√
π

+∞∫
0

τ [B(−τ,−d) + B(τ, d)] dτ

τ + µ
= −2[d2 + 2µ2 + A0]q − 4d(2− q)µ, µ > 0. (2.18)

Àíàëîãè÷íî, âû÷èòàÿ (2.16) èç (2.17), ïîëó÷àåì

1√
π

+∞∫
0

η[B(η,−d)−B(−η, d)] dη
η − µ

+ exp(µ2)[B(µ,−d)−B(−µ, d)] exp(d/µ)λ(µ)−

− 1√
π

+∞∫
0

τ [B(−τ,−d)−B(τ, d)] dτ

τ + µ
= 2A1[qd+ µ(2− q)], µ > 0. (2.19)

Íåòðóäíî âèäåòü, ÷òî (2.19) îáðàùàåòñÿ â òîæäåñòâî ïðè âûïîëíåíèè óñëîâèé
B(−η,−d) = B(η, d) (à çíà÷èò è B(−η, d) = B(η,−d) ) è A1 = 0 . Òîãäà (2.18) ìîæíî
ïåðåïèñàòü â âèäå

1√
π

+∞∫
0

η B(η,−d)
η − µ

dη + exp(µ2)B(µ,−d)λ(µ) = f(µ), µ > 0, (2.20)
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f(µ) = (−d2 − 2µ2 − A0)q + 2d(2− q)µ− 1√
π

+∞∫
0

τ B(τ, d)

τ + µ
dτ. (2.21)

Ðåøåíèå (2.20) èùåì ñ èñïîëüçîâàíèåì ìåòîäîâ êðàåâûõ çàäà÷ òåîðèè ôóíêöèé êîì-
ïëåêñíîãî ïåðåìåííîãî. Ñ ýòîé öåëüþ ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ, çàäàííóþ èíòå-
ãðàëîì òèïà Êîøè

N(z) =
1√
π

+∞∫
0

η B(η,−d)
η − z

dη, (2.22)

äëÿ êîòîðîé
N+(µ)−N−(µ) = 2

√
πiµB(µ,−d), 0 < µ < +∞, (2.23)

N+(µ) +N−(µ) =
2√
π

+∞∫
0

η B(η,−d)
η − µ

dη, (2.24)

Çäåñü N+(µ) è N−(µ) � êðàåâûå çíà÷åíèÿ ôóíêöèè N(z) íà âåðõíåì è íèæíåì áåðå-
ãàõ ðàçðåçà, ñîâïàäàþùåãî ñ äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóïðÿìîé. Àíàëîãè÷íûå
ñîîòíîøåíèÿ äëÿ λ(z) , îïðåäåëÿåìîé ðàâåíñòâîì (2.6), èìåþò âèä

λ+(µ)− λ−(µ) = 2
√
πiµ exp(−µ2), −∞ < µ < +∞, (2.25)

λ+(µ) + λ−(µ) = 2λ(µ). (2.26)

Çäåñü ðàçðåç ñîâïàäàåò ñî âñåé äåéñòâèòåëüíîé ÷èñëîâîé ïðÿìîé. Ñ ó÷åòîì (2.23)-(2.26)
ñâåäåì èíòåãðàëüíîå óðàâíåíèå (2.20) ê êðàåâîé çàäà÷å Ðèìàíà íà äåéñòâèòåëüíîé ïîëî-
æèòåëüíîé ïîëóîñè

N+(µ)λ+(µ)−N−(µ)λ−(µ) = 2
√
πiµf(µ) exp(−µ2), µ > 0, (2.27)

Îñîáåííîñòü êðàåâîé çàäà÷è (2.27) ñîñòîèò â òîì, ÷òî ôóíêöèè N(z) è λ(z) èìåþò ðàç-
ëè÷íûå ðàçðåçû. ×òîáû óñòðàíèòü ýòó îñîáåííîñòü âîñïîëüçóåìñÿ ðåøåíèåì îäíîðîäíîé
êðàåâîé çàäà÷è

X+(µ)

X−(µ)
=
λ+(µ)

λ−(µ)
, µ > 0, (2.28)

êîòîðîå èìååò âèä [4]

X(z) =
1

z
exp

 1
π

+∞∫
0

[θ(τ)− π] dτ

τ − z

 , θ(τ) =
π

2
− arctg

λ(τ)√
πτ exp(−τ 2)

.

Ñ ó÷åòîì ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è (2.28) ïåðåïèøåì (2.27)

N+(µ)X+(µ)−N−(µ)X−(µ) =
X−(µ)

λ−(µ)
2
√
πiµf(µ) exp(−µ2), µ > 0. (2.29)

Ëèíèè ñêà÷êîâ ôóíêöèé N(z) è X(z) ñîâïàäàþò ñ êîíòóðîì êðàåâîãî óñëîâèÿ. Ñëåäî-
âàòåëüíî, ïîëó÷èëè êðàåâóþ çàäà÷ó Ðèìàíà � çàäà÷ó îïðåäåëåíèÿ àíàëèòè÷åñêîé ôóíê-
öèè ïî çàäàííîìó ñêà÷êó. Ó÷èòûâàÿ ïîâåäåíèå âõîäÿùèõ â (2.29) ôóíêöèé, ïî ôîðìóëàì
Ñîõîöêîãî ïîëó÷àåì åå îáùåå ðåøåíèå

N(z) =
1

X(z)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
(2.30)
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Ðàññìîòðèì ïîâåäåíèå ïîñòðîåííîãî ðåøåíèÿ, çàäàâàåìîãî âûðàæåíèåì (2.30) â
îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè. Ó÷èòûâàÿ, ÷òî ïðè |z| → +∞

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη

η − z
= −1

z

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη +O

(
1

z2

)
,

íàõîäèì

N(z) = − 1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη +O

(
1

z2

)
, |z| → +∞.

Òàê êàê ôóíêöèÿ N(z) ñîãëàñíî (2.22) çàäàíà èíòåãðàëîì òèïà Êîøè òî â îêðåñòíîñòè
áåñêîíå÷íî óäàëåííîé òî÷êè N(z) = O(1/z) . Îòñþäà ïðèõîäèì ê óñëîâèþ ðàçðåøèìîñòè
êðàåâîé çàäà÷è (2.29)

1√
π

+∞∫
0

X−(η)

λ−(η)
ηf(η) exp(−η2) dη = 0. (2.31)

Ñ ó÷åòîì (2.11), (2.21) ïåðåïèøåì (2.31) â âèäå

q(d2 + A0)− 2qQ2 − 2d(2− q)Q1−

− 1√
π

+∞∫
0

X−(η)

λ−(η)
η exp(−η2) dη 1√

π

+∞∫
0

τ B(τ, d)

τ + η
dτ = 0. (2.32)

Çäåñü Qn � èíòåãðàëû Ëîéàëêè [4]

Qn =
1√
π

+∞∫
0

X−(η)

λ−(η)
ηn+1 exp(−η2) dη,

â ÷àñòíîñòè, Q1 = −1.01619 , Q2 = −1.26632 . Èçìåíÿÿ â ïîñëåäíåì èíòåãðàëå ïîðÿäîê
èíòåãðèðîâàíèÿ è ó÷èòûâàÿ (2.11) è èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíêöèè X(−τ)

X(−τ) = 1√
π

+∞∫
0

X−(η)

λ−(η)

η exp(−η2) dη
η + τ

,

èç (2.32) íàõîäèì

A0 = −d2 + 2Q2 − 2dQ1 + q−1
[
4dQ1 +

1√
π

+∞∫
0

τ X(−τ)B(τ, d) dτ
]
. (2.33)

Êîýôôèöèåíòû B(η,−q) íàéäåì èç óñëîâèÿ (2.23), ïðåäâàðèòåëüíî ïðåîáðàçîâàâ
(2.30). Ó÷èòûâàÿ, ÷òî

X(z) =
1√
π

+∞∫
0

X−(η)

λ−(η)

η exp(−η2) dη
η − z

,

Æóðíàë ÑÂÌÎ. 2011. Ò. 13, � 1



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññîâ ïåðåíîñà â ïëîñêèõ êàíàëàõ 87

ïåðåïèøåì (2.30) â âèäå

N(z) = −q(d2 + A0)− 2d(2− q)z − 2qz2 − 1√
π

+∞∫
0

τ B(τ, d)

τ + z
dτ+

+
2

X(z)

[
qz + (2− q)d− qQ1 +

1

2
√
π

+∞∫
0

τ B(τ, d)X(−τ) dτ
τ + z

]
(2.34)

èç (2.34) ïîñëå ïðåîáðàçîâàíèé ïîëó÷àåì

N+(µ)−N−(µ) =
2
√
π i µ exp(−µ2)X(−µ)

|λ+(µ)|2

[
qµ+ (2− q)d− qQ1+

+
1

2
√
π

+∞∫
0

τ B(τ, d)X(−τ) dτ
τ + µ

], µ > 0.

Îòñþäà, ïðèíèìàÿ âî âíèìàíèå (2.11) è (2.23), íàõîäèì

B(µ,−d) = −exp(−µ2)X(−µ)
|λ+(µ)|2

[
qµ+ (2− q)d− qQ1+

+
1

2
√
π

+∞∫
0

τ X(−τ)B(τ, d) dτ

τ + µ

]
, µ > 0. (2.35)

Ó÷èòûâàÿ, ÷òî B(η,−d) = B(−η, d) è (2.11) è (2.14), íàõîäèì a(−µ) = a(µ) ,

B(µ, d) =
[
exp

(
− d

µ

)
− (1− q) exp

(d
µ

)]
a(µ),

B(µ,−d) =
[
exp

(d
µ

)
− (1− q) exp

(
− d

µ

)]
a(µ).

Òîãäà äëÿ íàõîæäåíèÿ a(µ) ñ ó÷åòîì (2.35) ïðèõîäèì ê èíòåãðàëüíîìó óðàâíåíèþ
Ôðåäãîëüìà âòîðîãî ðîäà

a(µ) =
X(−µ) exp(−µ2 − d/µ)

|λ+(µ)|2 [1− (1− q) exp(−2d/µ)]

[
q(Q1 − µ+ d)− 2d−

− 1

2
√
π

+∞∫
0

τ [exp(−d/τ)− (1− q) exp(d/τ)]X(−τ)a(τ) dτ
τ + µ

]
, µ > 0. (2.36)

Ðåøåíèå (2.36) èùåì â âèäå ðÿäà ïî ñòåïåíÿì λ

a(µ) =
+∞∑
k=0

λkak(µ), λ = − 1

2
√
π
. (2.37)

Ïîäñòàâëÿÿ (2.37) â (2.36) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ λ ,
íàõîäèì

a0(τ) = h(τ)[q(Q1 − τ + d)− 2d],
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a1(τ) = h(τ)

+∞∫
0

g(η) [q(Q1 − η + d)− 2d] dη

η + τ
,

a2(τ) = h(τ)

+∞∫
0

g(η) dη

η + τ

+∞∫
0

g(µ) [q(Q1 − µ+ d)− 2d] dµ

µ+ η
,

h(τ) =
X(−τ) exp(−τ 2 − d/τ)

|λ+(τ)|2 [1− (1− q) exp(−2d/τ)]
,

g(τ) =
τX2(−τ) exp(−τ 2) [exp(−2d/τ)− (1− q)]

|λ+(τ)|2 [1− (1− q) exp(−2d/τ)]
.

Ñ ó÷åòîì (2.37) â ðÿä ïî ñòåïåíÿì λ áóäåò ðàçëîæåí è êîýôôèöèåíò A0 , îïðåäåëÿåìûé
ñîîòíîøåíèåì (2.33)

A0 = −d2 + 2Q2 − 2dQ1 + q−1
[
4dQ1 +

∞∑
k=0

λkIk

]
,

I0 =
1√
π

+∞∫
0

g(τ)[q(Q1 − τ + d)− 2d] dτ,

I1 =
1√
π

+∞∫
0

g(τ) dτ

+∞∫
0

g(η) [q(Q1 − η + d)− 2d] dη

η + τ
,

I2 =
1√
π

+∞∫
0

g(τ) dτ

+∞∫
0

g(η) dη

η + τ

+∞∫
0

g(µ) [q(Q1 − µ+ d)− 2d] dµ

µ+ η
.

Òàêèì îáðàçîì, íåèçâåñòíûå ïàðàìåòðû A0 , A1 è ôóíêöèÿ a(η) , âõîäÿùèå â (2.4)
íàéäåíû è ôóíêöèÿ ðàñïðåäåëåíèÿ ìîëåêóë ãàçà ïî êîîðäèíàòàì è ñêîðîñòÿì ïîñòðîåíà.

3. Âû÷èñëåíèå ìàêðîïàðàìåòðîâ ãàçà â êàíàëå

Ñ ó÷åòîì ïîñòðîåííîé ôóíêöèè ðàñïðåäåëåíèÿ âû÷èñëèì ñêîðîñòü ãàçà â êàíàëå q′z(x
′)

è âåëè÷èíó ïîòîêà ìàññû J ′
M â íàïðàâëåíèè îñè Oz′ , ïðèõîäÿùóþñÿ íà åäèíèöó øèðè-

íû êàíàëà. Èñõîäÿ èç ñòàòèñòè÷åñêîãî ñìûñëà ôóíêöèè ðàñïðåäåëåíèÿ è ó÷èòûâàÿ (2.1),
íàõîäèì

u′z(x
′) =

1

n

∫
vzf(r

′,v) d3v =

(
2kBT

m

)1/2

Uz(x)
1

p

dp

dz
.

Çäåñü

Uz(x) = π−3/2

∫
exp(−C2)C2

zZ(x,Cx) d
3C (3.1)

åñòü áåçðàçìåðíàÿ ìàññîâàÿ ñêîðîñòü ãàçà. Ïîäñòàâëÿÿ (2.4) â (3.1), ïîñëå èíòåãðèðîâàíèÿ
ïîëó÷àåì

Uz(x) =
1

2

[
x2 + 1− d2 + 2Q2 − 2dQ1 + q−1

[
4dQ1 +

∞∑
k=0

λkIk

]
+ 2

∞∑
k=0

λkJk(x)
]
, (3.2)
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J0(x) =
1√
π

+∞∫
0

γ(x, τ)[q(Q1 − τ + d)− 2d] dτ,

J1(x) =
1√
π

+∞∫
0

γ(x, τ) dτ

+∞∫
0

g(η) [q(Q1 − η + d)− 2d] dη

η + τ
,

J2(x) =
1√
π

+∞∫
0

γ(x, τ) dτ

+∞∫
0

g(η) dη

η + τ

+∞∫
0

g(µ) [q(Q1 − µ+ d)− 2d] dµ

µ+ η
,

γ(x, τ) =
X(−τ) exp(−τ 2 − d/τ) ch(x/τ)

|λ+(τ)|2 [1− (1− q) exp(−2d/τ)]
.

Âåëè÷èíó ïîòîêà ìàññû J ′
M â íàïðàâëåíèè îñè Oz′ , ïðèõîäÿùóþñÿ íà åäèíèöó øèðè-

íû êàíàëà, âû÷èñëèì ñîãëàñíî [5] è [6]

JM = − 2

D2

D/2∫
−D/2

U(x) dx, D = 2d. (3.3)

Ïîäñòàâëÿÿ (3.2) â (3.3) è âûïîëíÿÿ èíòåãðèðîâàíèå, ïîëó÷àåì

JM =
D

6
− (2q−1 − 1)Q1 −

1

D

[
2Q2 + 1 + q−1

∞∑
k=0

λkIk

]
− 2

D2

∞∑
k=0

λkKk, (3.4)

K0 =
1√
π

+∞∫
0

ζ(τ)[q(Q1 − τ + d)− 2d] dτ,

K1 =
1√
π

+∞∫
0

ζ(τ) dτ

+∞∫
0

g(η) [q(Q1 − η + d)− 2d] dη

η + τ
,

K2 =
1√
π

+∞∫
0

ζ(τ) dτ

+∞∫
0

g(η) dη

η + τ

+∞∫
0

g(µ) [q(Q1 − µ+ d)− 2d] dµ

µ+ η
,

ζ(τ) =
τX(−τ) exp(−τ 2) [1− exp(−2d/τ)]

|λ+(τ)|2 [1− (1− q) exp(−2d/τ)]
.

Çíà÷åíèÿ JM ñîãëàñíî (3.4) âû÷èñëåíû â ïàêåòå ïðèêëàäíûõ ïðîãðàìì Mathematica 7.
Ïîëó÷åííûå ðåçóëüòàòû, à òàêæå àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷åííûå â [5]�[7] íà îñíîâå
÷èñëåííûõ ìåòîäîâ ñ èñïîëüçîâàíèåì ÁÃÊ è S ìîäåëåé êèíåòè÷åñêîãî óðàâíåíèÿ Áîëüö-
ìàíà, ëèíåàðèçîâàííîãî óðàâíåíèÿ Áîëüöìàíà ñ îïåðàòîðîì ñòîëêíîâåíèé äëÿ ìîëåêóë-
æåñòêèõ ñôåð (LBE) è ìîäåëè óðàâíåíèÿ Áîëüöìàíà ñ êîìáèíèðîâàííûì ÿäðîì (CES)
ïðèâåäåíû â òàáëèöå 1.
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D JM
(3.4) BGK [7] S [5] CES [5] CES [6] LBE [6]

q = 0.1
0.1 20.628087 19.984 20.243
1.0 17.619564 17.522 17.564
10.0 18.782803 18.737 18.743

q = 0.5
0.1 4.556599 4.556406 4.5801 4.3156 4.3156 4.3868
1.0 3.368235 3.368218 3.3928 3.2959 3.2959 3.3264
10.0 4.573799 4.5837 4.5285 4.5285 4.5346

q = 1.0
0.1 2.032989 2.032256 2.0395 1.9259
1.0 1.538683 1.538678 1.5536 1.4863
10.0 2.768646 2.7799 2.7220

Òàáëèöà 1. Çàâèñèìîñòü JM îò D ïðè ðàçëè÷íûõ çíà÷åíèÿõ q .

Êàê ñëåäóåò èç òàáëèöû 1 îòëè÷èå ðåçóëüòàòîâ, âû÷èñëåííûõ íà îñíîâå (3.4) îò àíà-
ëîãè÷íûõ, ïîëó÷åííûõ ÷èñëåííûìè ìåòîäàìè â [7] â ðàìêàõ ÁÃÊ ìîäåëè êèíåòè÷åñêîãî
óðàâíåíèÿ Áîëüöìàíà, íå ïðåâûøàåò 0.0005% äëÿ âñåãî äèàïàçîíà ïðèâåäåííûõ çíà÷åíèé
D . Ïîñëåäíåå ïîäòâåðæäàåò àäåêâàòíîñòü èñïîëüçîâàííûõ â ðàáîòå ÷èñëåííûõ ïðîöåäóð,
èñïîëüçîâàííûõ ïðè íàõîæäåíèè JM .

4. Çàêëþ÷åíèå

Â âèäå ðÿäà Íåéìàíà ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå ÁÃÊ ìîäåëè êèíåòè÷åñêîãî
óðàâíåíèÿ Áîëüöìàíà â çàäà÷å î òå÷åíèè Ïóàçåéëÿ. Äëÿ ìîäåëè çåðêàëüíî-äèôôóçíîãî
îòðàæåíèÿ ìîëåêóë ãàçà ñòåíêàìè êàíàëà ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå äëÿ ðàñ÷åòà
ïîòîêà ìàññû ãàçà â íàïðàâëåíèè ãðàäèåíòà äàâëåíèÿ, ïðèõîäÿùåãîñÿ íà åäèíèöó øèðèíû
êàíàëà. Ïðîâåäåí ÷èñëåííûé àíàëèç ïîëó÷åííûõ âûðàæåíèé äëÿ ðàçëè÷íûõ çíà÷åíèé
òîëùèíû êàíàëà è çíà÷åíèÿ ïàðàìåòðà q .
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Mathematical modelling of processes of carry in �at

channels

c⃝ V. V. Lukashev 4, V. N. Popov 5, A. A. Yushkanov 6

Abstract. Within the kinetic approach limit, in the isothermal approximation the analytical (in
the form of Neumann's series) solution of the problem on �ow of the rare�ed gas in the �at
channel with the in�nite walls, caused by a pressure gradient parallel to walls (Poiseuille Flow)
it is constructed. As the basic equation the BGK model of the Boltzmann's kinetic equation is
used. As a boundary condition the model of di�usion re�ections is used. In view of the constructed
distribution function the �ow of gases mass in a direction of a gradient of the pressure, falling
unit width of the channel and the structure of mass speed of gas in the channel are constructed.
Comparison with the similar results received Numerical method is leads..

Key Words: �ow of the gas in the channel, Poiseuille Flow, Boltzmann's kinetic equation, the
model kinetic equations, exact analytical solutions.
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