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¿#À ÁÃÂ#Ä ÅÇÆ~ÈLÂ#É~ÊZÆÌËÇÆ�Í(Æ%Î,Ï
ÐkÑ¢Ò�Ò�Ó~Ô¢Õ"Ö�×�Ó

(n−i)−
Ó~Ø�Ö�Ù�ÚZØ«Û�Ü ÑAÝ Þ�×�Ø«Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Γn−i â i = 1, ..., k â k ≤ n−1 âAã Ö�×�ä�Ø�Ó
Γn−1 ⊃ Γn−2 ⊃ ... ⊃ Γ1 ⊃ Γ0 å�æ Ñ2Þ9Ñ*ç-Ý Ô"Ó Γn−i ã Ö�× k < n− 1

Ô ã Ö�Ø�Ý Ø�Ü0×�ÓèÙ�Ø�é"ÚZÖ�ÔAç-Ý�Ñ¢ê_ë2Ø�Ø�ì
Ò3áaé"Ø�Þ�Õ"Ô"Ö�Ù�Ô"Ø ã Ô*Ü0Ø,Ò,Û�Ü ÑAÝ Þ�×�Ó~×Gé"Ø'ë2Ø�Ò'Õ"é"Ø�Ù�Ù�ÚZÓ~×�ÞÔ"í�îXîX×�ï�×�Ø�Ù�Õ*Ñ¢Ó~×

µi
Õ*Ñ¢Þ�×�ÓðÔ"ß"Ö�Ñ*à	Ô"Ó â ä�Õ"Ô"ß"Úí'Õ"Ô ã Ô*Ü0Ø,Þ9Ñ¢Ò	Ñ�Ü0Ô"Ò�ñ Γn−i

é�Ý Ô*Ü0ñ
Γn−i−1 â Ù�Ô[Ù�ØLÞ9Ñ¢Ò	Ñ�Ü0Ô"Ò�ñ Γn−i−1 å�æ Ñ Γ1 Ô ã Ö�Ø�Ý Ø�Ü0×�ÓðÙ�Ø�é"ÚZÖ�ÔAç�ì

Ý�Ñ¢ê_ë2Ø�Ø�Ò3áðé"Ø�Þ�Õ"Ô"Ö�Ù�Ô"Ø
µn−1 ÒaÛ�Ü ÑAÝ Þ�×�Ó~×òé"Ø'ë2Ø�Ò'Õ"é"Ø�Ù�Ù�ÚZÓ~×sÞÔ"í�îXîX×�ï�×�Ø�Ù�Õ*Ñ¢Ó~× â ÞÔ¢Õ"Ô"Ö�Ô"ØaÓ~ÔAç-Ø'ÕÞ9Ñ¢Ò	Ñ*Õ"ñ"Ò3á

Γ1 é-Õ"Ô"ä�ÞØ
Γ0 åóUÖ�Ø�Ý ã Ô*Ü0ÔAç;×�Ó â ä�Õ"ÔLé"Ò�ØRÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á Γn−i

Ô¢Õ"Ù�Ô"Ò3á�Õ"Ò3á-Þ ã Ø�Ö�é"Ô"Ó�ô(Þ9Ü Ñ¢Ò�Ò'ô å óUÖ�Ô�Ý Ô*Ü�ç;×�ÓÛ�Ü ÑAÝ Þ�×�Ó�Ô"ß"Ö�Ñ*à	Ô"Ó ã Ô*Ü�á µ1, ..., µi
éLÝ Ô"Ò'Õ*Ñ*Õ"Ô"ä�Ù�Ô[Ó#Ñ�Ü�ô9êõÔ"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"ñ

Ωi
Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Γn−i−1é
G å óUÖ�Ø�Ý ã Ô*Ü0ÔAç;×�Ó â ä�Õ"Ô-é Ωi ã Ô*Ü�á µ1, ..., µi

Ü0×�Ù�Ø�ö�Ù�Ô-Ù�Ø'àAÑ¢é"×�Ò�×�Ó~ÚZØ â é2í'Õ"Ô"ö÷Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×�×9ø
Ó~ÔAç;Ù�Ô[Ý Ô ã Ô*Ü0Ù�×�Õ"ñ2Ý Ôùß�Ñ*à	×�Ò	Ñ { µ1, ..., µi, ..., µn } åú�Ñ¢ÞÌÞ9Ñ¢Þ=é"Ò�Ø

Γn−i
Ô¢Õ"Ù�Ô"Ò3á�Õ"Ò3áûÞ ã Ø�Ö�é"Ô"Ó�ôÌÞ9Ü Ñ¢Ò�Ò'ô â Õ"ÔFÓ~ÔAç;Ù�ÔüôÕ"é"Ø�Ö�ç-Ý�Ñ*Õ"ñ â ä�Õ"Ôýé

G
Ò'ôë2Ø�Ò'Õ"é¢ô"Ø'Õ

(n− 1)
ì¬Ó~Ø�Ö�Ù�Ô"ØUÛ�Ü ÑAÝ ÞÔ"ØUÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø

Nn−1 â�ã Ö�Ô	ø�Ô�Ý0á�ë2Ø�ØXä�Ø�Ö�Ø'à Γn−2 Õ"Ö�Ñ¢Ù�Ò�ì
é"Ø�Ö�Ò	Ñ�Ü0ñ"Ù�Ô�Þ ã Ô*Ü0ê µ1 â�ã Ö�×�ä�Ø�ÓèÞ9Ñ*ç-Ý0ô9êüÕ"Ô"ä�Þ�ôG×�à

Ω1 Ó~ÔAç;Ù�Ô�Ò�Ô"Ø�Ý ×�Ù�×�Õ"ñùÒ
Nn−1 ×�Ù�Õ"Ø�Û�Ö�Ñ�Ü0ñ*ì

Ù�Ô"öõÞ�Ö�×�é"Ô"ö ã Ô*Ü�á µ1 å#þ Ñ�Ü0Ø�Ø â Ô ã Ö�Ø�Ý Ø�Ü0×�Ó (n − i)−
Ó~Ø�Ö�Ù�ÚZØuÛ�Ü ÑAÝ Þ�×�ØuÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Nn−i â
i = 2, ..., k

Ò�ÔùÒ�Ü0Ø�Ý0ô9ê_ë2×�Ó~×°Ò�é"Ô"ö�Ò'Õ"é�Ñ¢Ó~×Çÿ
6 å Nn−i ∈ Nn−i+1 �
� å Nn−i ã Ö�Ô	ø�Ô�Ý ×�Õ;ä�Ø�Ö�Ø'à Γn−i−1 Õ"Ö�Ñ¢Ù�Ò�é"Ø�Ö�Ò	Ñ�Ü0ñ"Ù�Ô;Þ ã Ô*Ü0ê µi

×GÞ9Ñ*ç-Ý0ô9êüÕ"Ô"ä�Þ�ô÷×�à
Nn−i+1Ó~ÔAç;Ù�Ô�Ò�Ô"Ø�Ý ×�Ù�×�Õ"ñ;Ò

Nn−i
×�Ù�Õ"Ø�Û�Ö�Ñ�Ü0ñ"Ù�Ô"öIÞ�Ö�×�é"Ô"ö ã Ô*Ü�á µi å

� Ñ¢Ó~Ø'Õ"×�Ó â ä�Õ"ÔXéUÔ"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×ùÕ"Ô"ä�Þ�× Γ0 Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø
N1 ß¢ô	Ý Ø'ÕXá�é*Ü�á�Õ"ñ"Ò3á�é"Ù�ôÕ"Ö�Ø�Ù�Ù�Ø�öÙ�Ô"Ö�Ó#Ñ�Ü0ñ"êýÞGÛ�Ö�Ñ¢Ù�×�ï�Ø

Γ
Ô"ß*Ü Ñ¢Ò'Õ"×

G â�ã Ö�Ô"é"Ø�Ý Ø�Ù�Ù�Ô"ö�é-Õ"Ô"ä�ÞØ
Γ0 åÐkÑ¢Ò�Ò�Ó~Ô¢Õ"Ö�×�Ó Þ�Ö�Ñ¢Ø�é¢ô9êFàAÑAÝ�ÑAä�ô

Lu = f � 6 å 6 �é � â
µ1(x,D)u = ϕ1, � 6 å � �Ù�Ñ

Γn−1 â
��� �'¥���£�� �A�'¯��¬�¢��  �������A�¢�3�¢£��'²m�������������������¼ 	 �'�'�¢�'���.����² ¤ ���.¨��"���*�.���'��£�£� �²]¨	£����'���*�.������� �*�Ç¦
 ¦ §©¦ � ¤ ����������¼ ¤ ¦ � ���*��£*�.� ������������ �������������� ���!#"%$'&)( ¦ ��� ¦
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µi(x,D)u = ϕi, � 6 å � �Ù�Ñ
Γn−i, i = 2, ..., k = n− 1 âÛ�Ý Ø

L
ì[í�Ü�Ü0× ã Õ"×�ä�Ø�Ò�Þ�×�ö Ô ã Ø�Ö�Ñ*Õ"Ô"Ö é¢Õ"Ô"Ö�Ô"Û�Ô ã Ô"Ö�áÝ Þ9ÑuÒ�ÞÔ"í�îXîX×�ï�×�Ø�Ù�Õ*Ñ¢Ó~× ×�àIÞ9Ü Ñ¢Ò�Ò	Ñ

C3,α(Ḡ) � µ1(x,D)
ìLÝ ×�îXîXØ�Ö�Ø�Ù�ï�×�Ö�Ô"é�Ñ¢Ù�×�Ø�é�Ý Ô*Ü0ñ Û�Ü ÑAÝ ÞÔ"Û�Ô é"Ø�Þ�Õ"Ô"Ö�Ù�Ô"Û�Ô ã Ô*Ü�á µ1 � µi(x,D)

ì
Ý ×�îXîXØ�Ö�Ø�Ù�ï�×�Ö�Ô"é�Ñ¢Ù�×�Ø(é�Ý Ô*Ü0ñ�Û�Ü ÑAÝ ÞÔ"Û�Ô;é"Ø�Þ�Õ"Ô"Ö�Ù�Ô"Û�Ô ã Ô*Ü�á µi å

�����	��
�� | { �  r  r ���������������������������! #"$ ��%�&�('�)&�*�*�+� { µ1, ..., µi, ..., µn } ��,� -'%�+.
�!�(' L �*� Nn−i

⋂

Ωi / i = 1, ..., k − 1 "$��01���2,+'� �)3���2�543�*�2�64743�*)3 

L = Li +
i
∑

q=1

liq (µq (x,D)) , � 6 å 8 �
Û�Ý Ø

Li

ìkí�Ü�Ü0× ã Õ"×�ä�Ø�Ò�Þ�×�ö÷Ô ã Ø�Ö�Ñ*Õ"Ô"Ö;é¢Õ"Ô"Ö�Ô"Û�Ô ã Ô"Ö�áÝ Þ9Ñ ã Ô µi+1, ..., µn � liq ì�Ý ×�îXîXØ�Ö�Ø�Ù�ï�×�Ñ�Ü0ñ*ì
Ù�ÚZö�Ô ã Ø�Ö�Ñ*Õ"Ô"Ö ã Ø�Ö�é"Ô"Û�Ô ã Ô"Ö�áÝ Þ9Ñ ã Ô ã Ø�Ö�Ø�Ó~Ø�Ù�Ù�ÚZÓ µq, ..., µn å

�����	��
�� | { �  r 9 r :;'�� k = n − 1 "<���&=>�&��?@'%�&A3�� N2 / ,+'���B���)DC*E! D GFH -'� IA Γ1

�J'%�+���D4+ -'��#���������2�K,��@��L µn−1 / ?&M�)3 ��N�O"$ ��2�P'%�&A�"$ -'����&���2�Q'%�543���& PROS
ú�Ñ¢Þ;Þ9Ñ¢ÞaÙ�Ø,é"ÚZÖ�ÔAç-Ý�Ñ¢ê_ë2Ø�Ø�Ò3á÷é"Ø�Þ�Õ"Ô"Ö�Ù�Ô"Ø ã Ô*Ü0Ø µn−1 ã Ô ã Ö�Ø�Ý ã Ô*Ü0ÔAç-Ø�Ù�×�êü×�Ó~Ø�Ø'Õ-Õ"Ô*Ü0ñ"ÞÔ

é"Ø'ë2Ø�Ò'Õ"é"Ø�Ù�Ù�ÚZØPÞÔ"í�îXîX×�ï�×�Ø�Ù�Õ"Ú â Õ"Ô,ô"Ò�Ü0Ô"é"×�Ø T Ñ ã ×�Ö�Ô U$V Ô ã Ñ*Õ"×�Ù�Ò�ÞÔ"Û�ÔUé"Ú ã Ô*Ü0Ù�á�Ø'Õ"Ò3á�Ù�Ñ Γ1 Ý�Ü�á
Ô ã Ø�Ö�Ñ*Õ"Ô"Ö�Ô"é Ln−2, µ

n−1(x,D)
Ý�Ñ*ç-Ø2éaÒ�Ü�ô9ä�Ñ¢Ø â ÞÔ"Û�Ý�Ñ ã Ô*Ü0Ø µn−1 Þ9Ñ¢Ò	Ñ¢Ø'Õ"Ò3á Þ�Ö�×�é"Ô"ö

Γ1 é;Õ"Ô"ä�ÞØ
Γ0 å

�����	��
�� | { �  r W r XY�Z���[0� µn−1(x,D) .$��,� -'%�+�!�('\�2�*,*�K]^��_2�a`cbd�O"<�+�*� / �!�
 D���2� µn−1(x,D) = µn−1

1 (x) ∂
∂ν

+ i ·µn−1
2

∂
∂τ
/ =I)3 i2 = −1 / ν, τ .Y �)&�*�*�*FO�*ef <4+ ����!�('�e\���('%"<�����

�c���5�#�+�! Z����������� Γ1 / �!�^�*� Γ1 )��HCg��,� -'%�+�!�('��&4 Ln−2, µ
n−1(x,D) M%�Z���&43�� Jhi�+,*�+'��Q`2j^��,*�+.

�2�*�����%�&=>�;"$��0� ��i�� k43el,��@���OC*�2�%�@C / 4nm&�!�I"��Z��M�FO�5 ;�*�P��,� -'%�+�!�(' µn−1(x,D) �*�+�&���+)&ef43�5 ��!�@C
)3��,��@���*�*�! Z�������& JM%�Z���&43�� / �!4Q�!��FO�% o���5�#�+�*�OC Γ0 �� D��?DB���)&�O"$�$A3�+)&�+�2�2A3�*�+FH ��*�OC�plM��*��q*�*� u S

� ÑAÝ�ÑAä�Ñ � 6 å 6 � U � 6 å � � ì � 6 å � � U Ù�Ø'Õ"Ø�Ö�Ô"é�Ñ åúkØ ã Ø�Ö�ñ ã ô"Ò'Õ"ñ k < n− 1 â Õ"ÔùØ�Ò'Õ"ñùé"Ó~Ø�Ò'Õ"Ôùô"Ò�Ü0Ô"é"×�ö � 6 å � � ×�Ó~Ø�Ø�Ó

µi(x,D)u = ϕi, � 6 å r �Ù�Ñ
Γn−i, i = 2, ..., k < n− 1 â, í'Õ"Ô"Ó Ò�Ü�ô9ä�Ñ¢Ø(Ù�Ñ

n−k−1 Ý Ô ã Ô*Ü0Ù�×�Õ"Ø�Ü0ñ"Ù�Ô;Ô ã Ö�Ø�Ý Ø�Ü�á�Ø�Ó
u = ϕk+1, � 6 å 5 �

Ù�Ñ
Γn−k−1 â� ÑAÝ�ÑAä�Ñ � 6 å 6 � U � 6 å � � U � 6 å r � U � 6 å 5 � ì«Ù�Ø'Õ"Ø�Ö�Ô"é�Ñ å

* ô9Ö�Ù�Ñ�Ü +-,/.10 å �324245 å ú å 6"6 â 6 �
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� À � Ä � Â � Â � Æ~Å ���	� È 
���� Â#Ä Å  Â � È,Ï � Ï ���� Í � Â ��� È,Ï �
0 ã Ö�Ø�Ý Ø�Ü0×�Ó Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Γ̄n−i = Γn−i\Γn−(i+1) â Ý�Ü�á i = 1, ..., k − 1
×

Γ̄n−k = Γn−k å. Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø â©ã Ö�Ô	ø�Ô�Ý0á�ë2Ø�Ø ä�Ø�Ö�Ø'à
Γ̄n−(i+1) Õ"Ö�Ñ¢Ù�Ò�é"Ø�Ö�Ò	Ñ�Ü0ñ"Ù�ÔðÞ ã Ô*Ü0ê µi â Ô"ß"Ô¢à	Ù�ÑAä�×�Ó=ä�Ø�Ö�Ø'à

N̄n−i å � Ñ¢Ó~Ø'Õ"×�Ó â ä�Õ"Ô°Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á
Γ̄n−(i+1) â N̄n−i

×�Ó~Ø�ê_Õ°é"Ò�ØùÒ�é"Ô"ö�Ò'Õ"é�Ñ ã ô9Ù�Þ�Õ"Ô"é�Ñ � × ß � é
ã Ô"Ò'Õ*Ñ¢Ù�Ô"é"ÞØUàAÑAÝ�ÑAä�× å � Ö�Ô"Ó~Ø,Õ"Ô"Û�Ô â Ô¢Õ"Ó~Ø'Õ"×�Ó â ä�Õ"Ô ã Ô*Ü0Ø µi â Ô ã Ö�Ø�Ý Ø�Ü0Ø�Ù�Ù�Ô"Ø(Ù�Ñ Γn−i â Ù�ØUÞ9Ñ¢Ò	Ñ¢Ø'Õ"Ò3áí'Õ"Ô"Û�Ô;Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�áGé-Õ"Ô"ä�Þ9Ñ�ø

Γ̄n−i å
� y � ��� w � � |�{ � 9 r  r þ Ü�áòÞ9Ñ*ç-Ý Ô"ö�Õ"Ô"ä�Þ�×

P â�ã Ö�×�Ù�ÑAÝ�Ü0Ø'ç�Ñ*ë2Ø�ösÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�ê
Γ̄n−(i+1) â

i = 1, ..., k − 1 â Ò'ôë2Ø�Ò'Õ"é¢ô"Ø'ÕuÒ�×�Ò'Õ"Ø�Ó#ÑIÞÔ"Ô"Ö¢Ý ×�Ù�Ñ*Õ
z1, ..., zn

Òùï�Ø�Ù�Õ"Ö�Ô"ÓFé�í'Õ"Ô"öuÕ"Ô"ä�ÞØ;×uÕ*Ñ¢Þ9Ñ*á âä�Õ"ÔùéùÙ�Ø�ÞÔ¢Õ"Ô"Ö�Ô"ö�Ø�Ø(Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×Çÿ
6 å óUÔ*Ü�á µ1 (x,D) , ..., µi (x,D)

Ò�Ô"é ã ÑAÝ�Ñ¢ê_ÕùÒ�Ô"Ô¢Õ"é"Ø'Õ"Ò'Õ"é"Ø�Ù�Ù�ÔaÒ ã Ô*Ü�á�Ó~×
∂

∂z1
, ...,

∂

∂zi

.

� å . Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø
Γ̄n−(i+1) â Ô ã Ö�Ø�Ý Ø�Ü�á�Ø'Õ"Ò3áIô9Ö�Ñ¢é"Ù�Ø�Ù�×�á�Ó~×

z1 = ... = zi = zn = 0 å
� å . Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø

N̄n−i â�ã Ö�Ô	ø�Ô�Ý0á�ë2Ø�Ø©ä�Ø�Ö�Ø'à Γ̄n−(i+1) â Ô ã ×�Ò�ÚZé�Ñ¢Ø'Õ"Ò3á[ô9Ö�Ñ¢é"Ù�Ø�Ù�×�á�Ó~× z1 = ... =
zi = 0 å

� y � ��� w � � | { � 9 r  r � M�E! D���!43M% �� '%�&A3?&�� ��*�� ^ �)&�*�*�*q*e

ψ1
M+1(x) +

k−1
∑

i=2

(

ψi+1
M+1(x) ·

(

M
∑

τ=1

ψi
τ (x)

))

+

M
∑

τ=1

ψk
τ (x) = 1, k = 2, ..., n− 1, � � å 6 �

�2�+�%�& / FO�!� ψi
τ ∈ C∞(Ḡ) S

óUÖ�×�ä�Ø�Ó
ψi+1

M+1(x) = 0
éÃÙ�Ø�ÞÔ¢Õ"Ô"Ö�Ô"ö

d/2−
Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×=Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Γ̄n−(i+1) â i =
1, ..., k − 1 â ×�Ö�Ñ¢é"Ù�Ñ 6 é"Ù�Ø2í'Õ"Ô"ö Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"× â Ñaé÷Ù�Ô"Ò�×�Õ"Ø�Ü0Ø�Þ9Ñ*ç-Ý Ô"ö�×�à-Ô"Ò'Õ*Ñ�Ü0ñ"Ù�ÚRøuîUô9Ù�Þ�ï�×�ö
ψi

τ

Ô ã Ö�Ø�Ý Ø�Ü0Ø�Ù�Ñ�Ò�×�Ò'Õ"Ø�Ó#Ñ�ÞÔ"Ô"Ö¢Ý ×�Ù�Ñ*Õ z1, ..., zn
â ô	Ý Ô"é*Ü0Ø'Õ"é"Ô"Ö�á�ê_ë-Ñ*áGô"Ò�Ü0Ô"é"×�á�Ó ã Ö�Ø�Ý�Ü0ÔAç-Ø�Ù�×�á � å 6×

µ1(x,D)ψi+1
τ = ... = µi(x,D)ψi+1

τ = 0
éùÙ�Ø�ÞÔ¢Õ"Ô"Ö�Ô"ö�Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×�Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Γ̄n−(i+1) å
�����	� 
 � | { � 9 r  r :;'�� k = 1 ,��@��M�FO�5 ��!�@C7'%�&A3?&�� ��*�� ^ �)&�*�*�*q*e

ψM+1(x) +
M
∑

τ=1

ψτ (x) = 1, � � å � �

,+'��*FH #" ψM+1(x) = 0 47���D'� D���2���&���2�6"<���&=>�&��?@'%�&A3�OC n−2 S
�����	� 
 � | { � 9 r 9 r � A ,��&���J'��& ��*�OC7'%�&A3?&�� ��*�OC  �)&�*�*�*q*e � � å 6 � �Z�� �)&M% �� / FO�!�

Supp(ψ1
M+1(x))

⋂

...
⋂

Supp
(

ψi
M+1(x) ·

(

∑M

τ=1 ψ
i−1
τ (x)

))

⋂

...
⋂

⋂

Supp
(

∑M

τ=1 ψ
k
τ (x)

)

= ∅.
� � å � �

0 ã Ö�Ø�Ý Ø�Ü0×�Ó îUô9Ù�Þ�ï�×�×
6 å hk

1(x) =
∑M

τ=1 ψ
k
τ (x) â hi

1(x) = ψi+1
M+1(x)

(

∑M

τ=1 ψ
i
τ (x)

) â i = 2, ..., k − 1 â h1
1(x) =

ψ1
M+1(x).� ô9Ù�Þ�ï�×�á

hi
1(x)

ß¢ô	Ý Ø'ÕIÖ�Ñ¢é"Ù�Ñ 6 éGÙ�Ø�ÞÔ¢Õ"Ô"Ö�Ô"ö
d/2−

Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×òÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á
Γ̄n−i

×
Ö�Ñ¢é"Ù�Ñ 2 é"Ù�Ø

d−
Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×

Γ̄n−i å úkÔUØ�Ò'Õ"ñ(îUô9Ù�Þ�ï�×�á hi
1(x)

ß¢ô	Ý Ø'ÕXá�é*Ü�á�Õ"ñ"Ò3áùÒ�Ö�Ø'àAÑ¢ê_ë2Ø�ö
îUô9Ù�Þ�ï�×�Ø�ö÷Ý�Ü�á�Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á

Γ̄n−i â i = 1, ..., k å
* ô9Ö�Ù�Ñ�Ü +-,/.10 å �324245 å ú å 6"6 â 6 �
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� å hk(x) =
∑M

τ=1 ψ
k
τ (x)

â hi(x) =
(

∑k

τ=i h
τ
1(x)

) â i = 2, ..., k − 1 â
h1(x) = ψ1

M+1(x)� ô9Ù�Þ�ï�×�á
hi(x)

ß¢ô	Ý Ø'ÕòÖ�Ñ¢é"Ù�Ñ 6 é�Ù�Ø�ÞÔ¢Õ"Ô"Ö�Ô"ö
d/2−

Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×õÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á
n−i

×
Ö�Ñ¢é"Ù�Ñ 2 é"Ù�Ø

d−
Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×

Γn−i å úkÔXØ�Ò'Õ"ñ[îUô9Ù�Þ�ï�×�á hi(x)
ß¢ô	Ý Ø'Õ(á�é*Ü�á�Õ"ñ"Ò3áùÒ�Ö�Ø'àAÑ¢ê_ë2Ø�ö

îUô9Ù�Þ�ï�×�Ø�ö÷Ý�Ü�áGÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á
n−i â i = 1, ..., k å

óLô"Ò'Õ"ñ
U

Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"ñ ã Ö�Ô"×�à	é"Ô*Ü0ñ"Ù�Ô"öèÕ"Ô"ä�Þ�×
P ∈ Γ̄n−2 Ò÷Ý Ô"Ò'Õ*Ñ*Õ"Ô"ä�Ù�ÔòÓ#Ñ�Ü0ÚZÓ Ý ×�Ñ�ì

Ó~Ø'Õ"Ö�Ô"Ó
d

×
z1, ..., zn

Ò�×�Ò'Õ"Ø�Ó#ÑèÞÔ"Ô"Ö¢Ý ×�Ù�Ñ*Õ â é"é"Ø�Ý Ø�Ù�Ù�Ñ*áõé ã Ö�Ø�Ý�Ü0ÔAç-Ø�Ù�×�× � å 6 å ú�Ñ¢Þ Þ9Ñ¢Þ
Γ̄n−2Ó~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø ã Ø�Ö�é"Ô"Û�ÔGÞ9Ü Ñ¢Ò�Ò	Ñ â Õ"Ô÷Þ9Ñ*ç-Ý0ô9êÌÕ"Ô"ä�Þ�ô°Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"×

U
Ó~ÔAç;Ù�Ô÷Ò�Ô"Ø�Ý ×�Ù�×�Õ"ñGÒ-Ó~Ù�Ô*ì

Û�Ô"Ô"ß"Ö�Ñ*à	×�Ø�Ó
N̄n−1 â Ô ã ×�Ò�ÚZé�Ñ¢ê_ë2×�ö�Ò3á÷ô9Ö�Ñ¢é"Ù�Ø�Ù�×�Ø�Ó z1 = 0 â Ô¢Õ"Ö�Ø'à	ÞÔ"Ó â�ã Ñ¢Ö�Ñ�Ü�Ü0Ø�Ü0ñ"Ù�ÚZÓsÔ"Ò�×

0z1
âï�Ø�Ü0×�ÞÔ"ÓðÜ0Ø'ç�Ñ*ë2×�Óèé

G
×�×�Ó~Ø�ê_ë2×�ÓðÝ�Ü0×�Ù�ô

≤ d å
� � �	�	� 9 r  r � �HCg��L;?3�&=>� ε1 > 0 �*�+�*)3 ��!�@C �2�+�%�& d / FO�!�  D�Z����)&�*��"$ ��J'a���D'� D���2.

���&���2� U '%�54+ �� d / plM��*��q*�OC u ∈ Hs (G) ,+'�� s ≥ 0 � u(x) = 0 43�� U / �!�
∥

∥

∥

∥

∫ z1

0

u(ξ1, z2, ..., zn)dξ1

∥

∥

∥

∥

s

≤ ε1 ‖u‖s

� Ù�Ñ�Ü0Ô"Û�×�ä�Ù�Ñ*á Ü0Ø�Ó~Ó#ÑsÒ ã Ö�Ñ¢é"Ø�Ý�Ü0×�é�Ñè× Ý�Ü�áõÕ"Ô"ä�Þ�×
P ∈ ¯n−(i+1) â i ≤ k − 1 å 0 ã á�Õ"ñÖ�Ñ¢Ò�Ò�Ó~Ô¢Õ"Ö�×�ÓIÔ"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"ñ

U
Õ"Ô"ä�Þ�×

P
Ý Ô"Ò'Õ*Ñ*Õ"Ô"ä�Ù�Ô,Ó#Ñ�Ü0Ô"Û�Ô«Ý ×�Ñ¢Ó~Ø'Õ"Ö�Ñ

d â éZÞÔ¢Õ"Ô"Ö�Ô"ö(Ò'ôë2Ø�Ò'Õ"é¢ô"Ø'ÕÒ�×�Ò'Õ"Ø�Ó#Ñ(ÞÔ"Ô"Ö¢Ý ×�Ù�Ñ*Õ
z1, ..., zn

×�à ã Ö�Ø�Ý�Ü0ÔAç-Ø�Ù�×�á � å 6 å�æ Ñ ã Ô"Ó~Ù�×�Ó â ä�Õ"Ô(éXí'Õ"Ô"öùÒ�×�Ò'Õ"Ø�Ó~Ø,ÞÔ"Ô"Ö¢Ý ×�Ù�Ñ*ÕÓ~Ù�Ô"Û�Ô"Ô"ß"Ö�Ñ*à	×�á
N̄n−i

×
Γ̄n−(i+1) Ô ã ×�Ò�ÚZé�Ñ¢ê_Õ"Ò3á÷Ò�Ô"Ô¢Õ"é"Ø'Õ"Ò'Õ"é"Ø�Ù�Ù�Ô-ô9Ö�Ñ¢é"Ù�Ø�Ù�×�á�Ó~× z1 = ... = zi = 0×

z1 = ... = zi = zn = 0 å 0 ß"Ô¢à	Ù�ÑAä�×�Ó ä�Ø�Ö�Ø'à
Un−i ã Ø�Ö�Ø�Ò�Ø�ä�Ø�Ù�×�Ø�Ô"Þ�Ö�Ø�Ò'Õ"Ù�Ô"Ò'Õ"× U

Ò
N̄n−i âÑ-ä�Ø�Ö�Ø'à

di

ì�Ý ×�Ñ¢Ó~Ø'Õ"Ö
Un−i å � Ñ¢Ó~Ø'Õ"×�Ó â ä�Õ"Ô di ≤ d å

� � �	�	� 9 r 9 r � �HC���L;?3�&=>� εi > 0 �*�+�*)3 ��!�@C �2�+�%�& di
/ FO�!�  D�Z����)&�*��"$ ��J' ���D'� D���2.

���&���2� Un−i �!��FO��� P ∈¯n−(i+1) / i ≤ k − 1 '%�54+ �� di
/ plM��*��q*�OC u ∈ Hs (G) ,+'�� s ≥ 0 �

u(x) = 0 43�� Un−i / �!�
∥

∥

∥

∥

∫ zi

0

u(0, ..., 0ξi1, zi+1, ..., zn)dξi

∥

∥

∥

∥

s

≤ εi ‖u(0, ..., 0, zi, ..., zn‖s .

� àLÜ0Ø�Ó~Ó � å 6 × � å � å Ò�Ü0Ø�Ý0ô"Ø'Õ
� � �	�	� 9 r W r � �HC ��L;?3�&=>� ε > 0 �*�+�*)3 ��!�@C �2�+�%�& d / FO�!�� D�Z���a)&�*��"$ ��J'G���D'� D���2.

���&���2� U �!��FO��� P ∈¯n−(i+1) / i = 1, ..., k − 1 '%�54+ �� d / plM��*��q*�OC u ∈ Hs (G) ,+'�� s ≥ 1 �
u(x) = 0 43�� U / �!�!��,+'%�54+ �)�����4+�!�� -'%�54+ ������!4+�

‖u‖s ≤ ε

(

∥

∥

∥

∥

∂u

∂z1

∥

∥

∥

∥

s

+
i−1
∑

q=1

∥

∥

∥

∥

∂uq

∂zq+1

∥

∥

∥

∥

Un−q

s

)

+
∥

∥ui
∥

∥

Un−i

s
,

=I)3 uq = u(0, ..., 0, zq+1, ..., zn) / ui = u(0, ..., 0, zi+1, ..., zn) / Un−q = U
⋂

N̄n−q / Un−i =
U
⋂

N̄n−i S
� À � �� ÏLÂ  È 
�� Â � � È,Ê,Ï Í ��� �� � � È,Ï � Ê  Æ � É#Â � ËÇÆ�Í(Æ%Î,Ï

	 � w y ���	� W r  r XY�Z��� u ∈ Hs+1(G) / d > 0 . )3�&���2�+�!��FO���;"<�����& ;FO���Z���J� s > 3
2
, �!�

��M�E! D���!43M% �� �2�+����Cg,��&���!��C*�*�*��C C > 0 / �� <A3�543���@C*E2��C ��� u / FO�!� 43el,��@���OC*L;�!�@C ��q� ��*���

* ô9Ö�Ù�Ñ�Ü +-,/.10 å �324245 å ú å 6"6 â 6 �



�����������	��
������������������������	������
���� �"!#�%$'&(���*),+-��� �.��/0�213���*/���4 � 5 r

� SP,+'�� k = n− 1

C−1 ( ‖u‖s +
∥

∥µ1(x,D)h2u
∥

∥

s
+

k−1
∑

i=2

(

i−1
∑

q=1

∥

∥µq+1(x,D)hq+2u
∥

∥

Nn−q

s
+

i
∑

q=1

∥

∥hq+1u
∥

∥

Nn−q

s
)) ≤

≤ (‖f‖s−2 +
∥

∥µ1(x,D)h2f
∥

∥

s−2
+

k−1
∑

i=2

(

i−1
∑

q=1

∥

∥µq+1(x,D)hq+2f
∥

∥

Nn−q

s
+

i
∑

q=1

∥

∥hq+1f
∥

∥

Nn−q

s−2
) +

+ ‖ϕ1‖
n−1

s−
3
2

+ ‖h2ϕ1‖
n−1

s−
1
2

+
∑k−1

i=2 (
∑i−1

q=1(‖ϕ
q+1‖

n−(q+1)

s−
3
2

+ ‖hq+2ϕq+1‖
n−(q+1)

s−
1
2

))+

+
∑k−1

i=2 ‖ϕi+1‖
n−(i+1)

s−
3
2

+ ‖u‖0

)

≤

≤ C ( ‖u‖s +
∥

∥µ1(x,D)h2u
∥

∥

s
+

k−1
∑

i=2

(
i−1
∑

q=1

∥

∥µq+1(x,D)hq+2u
∥

∥

Nn−q

s
+

i
∑

q=1

∥

∥hq+1u
∥

∥

Nn−q

s
)) ,

=I)3 f = Lu 4 G / ϕi = µi(x,D)u �*� n−i S
ROSP,+'�� k < n− 1

C−1 ( ‖u‖s +
∥

∥µ1(x,D)h2u
∥

∥

s
+

k
∑

i=2

(

i−1
∑

q=1

∥

∥µq+1(x,D)hq+2u
∥

∥

Nn−q

s
+

i
∑

q=1

∥

∥hq+1u
∥

∥

Nn−q

s
)) ≤

≤ (‖f‖s−2 +
∥

∥µ1(x,D)h2f
∥

∥

s−2
+

k
∑

i=2

(

i−1
∑

q=1

∥

∥µq+1(x,D)hq+2f
∥

∥

Nn−q

s
+

i
∑

q=1

∥

∥hq+1f
∥

∥

Nn−q

s−2
) +

+
∥

∥ϕ1
∥

∥

n−1

s−
3
2
+
∥

∥h2ϕ1
∥

∥

n−1

s−
1
2
+

k
∑

i=2

(

i−1
∑

q=1

(
∥

∥ϕq+1
∥

∥

n−(q+1)

s−
3
2

+
∥

∥hq+2ϕq+1
∥

∥

n−(q+1)

s−
1
2

))+
∥

∥ϕk+1
∥

∥

n−(k+1)

s−
3
2

+ ‖u‖0

)

≤

≤ C ( ‖u‖s +
∥

∥µ1(x,D)h2u
∥

∥

s
+

k−1
∑

i=2

(
i−1
∑

q=1

∥

∥µq+1(x,D)hq+2u
∥

∥

Nn−q

s
+

i
∑

q=1

∥

∥hq+1u
∥

∥

Nn−q

s
)) ,

=I)3 f = Lu 4 G / ϕi = µi(x,D)u �*� n−i / ϕk+1 = u �*� n−(k+1) S
� � � � ����� { � W r  r :;'��&���J'%�+�����!43�$'� �_! ��*�*� ��)&���('���)&�*e B A3�+)&�+F
� S Lu = 0 4 G / µ1(x,D)u = 0 �*� n−1 / µi(x,D)u = 0 / i = 1, ..., k / k = n− 1 / �*� n−i S
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ROS Lu = 0 4 G / µ1(x,D)u = 0 �*� n−1 / µi(x,D)u = 0 / i = 1, ..., k / k < n − 1 / �*� n−i S
µk+1(x,D)u = 0 �*� n−k−1 S

�%���� �FO���I"$ -'��*e
� � � � ����� { � W r 9 r � ?3�DA3�*�+FO�O" FH -'� IA s(G) ,+'��&���J'%�+�����!4+�[plM��*��q*�*���g�%���� �FO�����

���('%"$���

‖u‖
s(G) = ‖u‖s +

∥

∥µ1(h2u)
∥

∥

s
+

k
∑

i=2

∥

∥µi(hi+1u)
∥

∥

Nn−(i−1)

s
,

� FH -'� IA n−i
s

/ i = 1, ..., k − 1 .k,+'��&���J'%�+�����!43�KplM��*��q*�*� / ��,+'� �)3 Z�� ��*�*e B �*� n−i �P�%���� �FO�����
���('%"$���

‖u‖n−i
S

=
∥

∥hi
1u
∥

∥

n−i

s
+
∥

∥hi+1u)
∥

∥

n−i

s+1
,

=I)3 hi
1
/ hi .kplM��*��q*�*� / ��,+'� �)3 Z�� ��*�*ef ^4!,+'� �)�����0� ��*�*� ROS ROS � �&=I)&� ��?I���5���2� A3�*�+FH ��*�*�g��,� �.

'%�+�!�('��&4
� S u → (Lu / µi(x,D)u / µk(x,D)u ) / k = n− 1 / )3 ������!43M�L;E! D=>�!�HA s(G) 4 s−2(G) ×n−1

s−
3
2

×...×
n−(k−1)

s−
3
2

×H
s−

3
2
(n−k) �

ROS u→ (Lu / µi(x,D)u / u ) / k < n− 1 / )3 ������!43M�L;E! D=>�Q�HA s(G) 4 s−2(G)×n−1

s−
3
2

×...×n−k

s−
3
2

×H
s−

1
2
(n−(k−1))

A3��"<���*M��2��S
�����	��
���������������������

6 å � �"!�#"$&% å â ' #"()�"*,+,-/.0� å â 1 +,23-/$546-/23��7 å 89.;:<+,!>=?:<-/.0$)-@=A2B46#"()$)CD=A2;E	FG#"20-/*,*,+,HI:<+,J�C)+LKM-/23-/$N:<+O=A*
-/P5(D=?:<+,#"$).9.<=?:<+,.;FQER+,$)�S�"-/$)-/2<=A*D46#"()$)CD=A2;ETJ/#"$)C)+L:<+,#"$). å U U #"!�! å V9()23-W� H)H)*,+,-/C�XY=?:<Z å â 6 5 r 5 â 6 � âì H å 5 � � ì [ � [ å

� å \]=AC)-/23^A#�8 å %RJ_ZD=A()C)-/2`-/.;:<+,!>=?:<-/.aFG#"2]#"4)*,+,P5()- C)-/23+LbA=?:<+Lb"-�H)23#"4)*,-/!�. å U U å 2 å �`J@=AC å .3J/+ å %R-/2 å 6 å â6 545 c â � � 5 â 6 6 � â 6 � ["[ ì 6 � c 2 å
� å \a#"2323-/*,*,+6d å e`Z)-�.3+,$)�"()*O=A2 â .3-/J/#"$)Cf#"23C)-/2]#"4)*,+,P5()- C)-/23+LbA=?:<+Lb"-�H)23#"4)*,-/! å U g å XY=?:<Z å =A$)C�X�-/J_Z å â6 5 5"5 â r 6 ì c 6 å
8 å h Û�Ô"Ö�Ô"é å i å , å V ×�Ù�Ø�ö�Ù�ÚZØPÝ ×�îXîXØ�Ö�Ø�Ù�ï�×�Ñ�Ü0ñ"Ù�ÚZØLô9Ö�Ñ¢é"Ù�Ø�Ù�×�áaÛ�Ü Ñ¢é"Ù�Ô"Û�Ô(Õ"× ã Ñ å U æ Ñ	ô9Þ9Ñ â . å6 5 c 8 å ì � 5 2 Ò å
r å jk#"Z)$ g å g å %R()46-/*,*,+,HI:<+,J/+L:lE�#AF0:<Z)- ∂

ì 1 -/()!>=A$)$�H)23#"4)*,-/!m#"$nH).3-/()C)# ì J/#"$Nb"-poqC)#"!>=A+,$). ÿ
.3(Ir�J/+,-/$N:kJ/#"$)C)+L:<+,#"$). å U �`Js:_=�!>=?:<Z)-/! å â 6 5 [ 5 â 6 8 � â [ 5 ì 6 �4� å

5 å X å et=@ER*,#"2 å V9.3-/()C)#RC)+LKM-/23-/$N:<+O=A*S#"H6-/2<=?:<#"23. å ì V923+,$)J/-s:<#"$�uk$)+Lb"-/23.3+L:lEnV923-/.3.YV923+,$)J/-s:<#"$ â 1 -sv
g -/23.3-sE â 6 5 c 6 å U H å 8 [ � å

� �+�2�7,��&���2M�,%�� ��*�OC R w S � � S R xNx"w
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������������	�
���	��������	���������
������������ ������������� �!��	����"���#�$��� �����
p

© % r & r ')(+*-,/.103254�6
7�8/9;:;<>=1?@: � A  B &)��! CED1FGF � � � HIC ��$ � F;J � &) ���� H ��&)��� F ( B � CEDLKIF;J�F  F ��� C � &) &) �3&)� KIF � ��� $'&) ���� KIF � FMK ¦
N H ��� &)����� C ��$ F � C � (/� C � &) �� O &)� CED1F�KIF $'����� &) & O � H ��&)��� F ( ��� F � F $ F � P�FMK ¦ N C � F � F ����$ D ( FQCED & K � & O�CED1F
O �� �$ C � &) ���� �� ���� R ����� �� KSJ�F &)( FQC � R & O ��(-&�& CEDTP ����� FQC � F � ��� F ��� FMK ¦
U!V�WYX[Z <>\]9 » F � � � HIC ��$ & H^F ��� C &)��� ¼ ��(-&�& CEDSP ����� FQC_R ¼ C ���� �� O &)��(/� C � &) ` &)����� F � ¼ $'&) K � C � &) a & H � C �  ���! R ¦
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