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Àííîòàöèÿ. Â ðàáîòå ïîëó÷åíû íåîäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ âîññòà-
íîâëåíèÿ ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè ñâåðõïðîâîäíèêîâ âòîðîãî ðîäà èç
ñèíôàçíîé (äåéñòâèòåëüíîé) ñîñòàâëÿþùåé ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè â ãèñòåðå-
çèñíîì ñëó÷àå. Íà îñíîâå äèôôåðåíöèàëüíîãî óðàâíåíèÿ 2-ãî ïîðÿäêà âûïîëíåíî ìàòåìà-
òè÷åñêîå ìîäåëèðîâàíèå ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ òåîðåòè÷åñêîé è
ýêñïåðèìåíòàëüíîé çàâèñèìîñòè äåéñòâèòåëüíîé ÷àñòè ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè.
Ðåøåíèå çàäà÷è Êîøè îñóùåñòâëÿëîñü ÷èñëåííî, ìåòîäîì Ðóíãå-Êóòòû ÷åòâåðòîãî ïîðÿäêà
òî÷íîñòè. Äëÿ ýòîãî äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ âîññòàíîâëåíèÿ ñðåäíåé âîñïðèèì÷è-
âîñòè ñâîäèëîñü ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé. Íà îñíîâå ðàçðàáîòàííîé â ðàáîòå
ìåòîäèêå áûëà âîññòàíîâëåíà ñðåäíÿÿ äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü äèñêîîáðàçíî-
ãî ïîëèêðèñòàëëè÷åñêîãî ñâåðõïðîâîäíèêà YBa2Cu3O7−x èç ýêñïåðèìåíòàëüíî ïîëó÷åííîé
ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè â èíòåðâàëå ìàãíèòíûõ ïîëåé îò 0 äî 800 Ý.

Êëþ÷åâûå ñëîâà: íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå, çàäà÷à Êîøè, ìåòîä Ðóíãå-
Êóòòû, íàìàãíè÷åííîñòü, ñðåäíÿÿ äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü, âûñîêîòåìïåðàòóð-
íûé ñâåðõïðîâîäíèê, äåéñòâèòåëüíàÿ ÷àñòü ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè, ìíèìàÿ
÷àñòü ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè.

1. Ââåäåíèå

Èçâåñòíî, ÷òî ìàãíèòíûå ñâîéñòâà âûñîêîòåìïåðàòóðíûõ ñâåðõïðîâîäíèêîâ
(ÂÒÑÏ) îáëàäàþò ñëîæíûì ïîâåäåíèåì è ðàçíîîáðàçèåì [1]�[5]. Òàê, ñëàáûå ìàãíèòíûå
ïîëÿ íàïðÿæåííîñòüþ H ∼ 1 Ý ïðîíèêàþò â ÂÒÑÏ, è èõ íàìàãíè÷åííîñòü ÿâëÿåòñÿ íåëè-
íåéíîé ôóíêöèåé íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ, è â áîëüøèõ ïîëÿõ îáíàðóæèâàåòñÿ
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Í.Ä. Êóçüìè÷åâ, Ì.À. Âàñþòèí, À.Þ. Øèòîâ, È.Â. Áóðüÿíîâ. . . .



328 Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3

ãèñòåðåçèñ. Êðîìå òîãî, çàõâà÷åííûé îáðàçöîì ìàãíèòíûé ïîòîê ðåëàêñèðóåò. Â ñâÿçè ñ
ýòèì âîçíèêàåò íåîáõîäèìîñòü â íîâîé ìåòîäèêå îáðàáîòêè ýêñïåðèìåíòàëüíûõ äàííûõ ïî
ìàãíèòíûì èçìåðåíèÿì. Îñîáûé èíòåðåñ ïðåäñòàâëÿþò èññëåäîâàíèÿ ìàãíèòíûõ ñâîéñòâ
ìàòåðèàëîâ ïóòåì îáðàáîòêè ñïåêòðà ãàðìîíèê ñèãíàëà îòêëèêà íà ìîäóëèðîâàííîå ìàã-
íèòíîå ïîëå. Àìïëèòóäû ãàðìîíèê óêàçàííîãî ñïåêòðà ñîäåðæàò áîãàòóþ èíôîðìàöèþ
îá àíàëèòè÷åñêèõ ñâîéñòâàõ è ìåõàíèçìå íåëèíåéíûõ è ãèñòåðåçèñíûõ ñâîéñòâ íàìàãíè-
÷åííîñòè M(H) . Øèðîêî ðàñïðîñòðàíåííûì ìåòîäîì èññëåäîâàíèÿ ìàãíèòíûõ ñâîéñòâ
ÂÒÑÏ ÿâëÿåòñÿ èçó÷åíèå îòêëèêà îáðàçöà íà âíåøíåå ïîñòîÿííîå è ïåðåìåííîå ìàãíèò-
íîå ïîëå. Äëÿ ýòîãî èñïîëüçóåòñÿ ¾2-õ êàòóøå÷íûé¿ ìåòîä, êîòîðûé îïèñàí, íàïðèìåð, â
ðàáîòàõ [1]�[3]. Âåëè÷èíà ε � ÝÄÑ îòêëèêà ïðîïîðöèîíàëüíà ñêîðîñòè èçìåíåíèÿ íàìàã-
íè÷åííîñòè îáðàçöà:

ε = −µ0NS · dM
dτ

(1.1)

Çäåñü µ0 � ìàãíèòíàÿ ïîñòîÿííàÿ, N � ÷èñëî âèòêîâ ïðèåìíîé êàòóøêè, S � ïëî-
ùàäü ñå÷åíèÿ îáðàçöà, τ - âðåìÿ è M � íàìàãíè÷åííîñòü îáðàçöà. Íàìàãíè÷åííîñòü
îáðàçöà ÂÒÑÏ çàâèñèò îò âåëè÷èíû òåêóùåãî âíåøíåãî ìàãíèòíîãî ïîëÿ, îò ïðåäûñòî-
ðèè åãî ñîñòîÿíèÿ, îò òåìïåðàòóðû è â îáùåì ñëó÷àå îò âðåìåíè (ðåëàêñàöèÿ) [1]�[4], ò.å.
M =M(H,T, τ) .

2. Òåîðåòè÷åñêèå ïðåäïîñûëêè

Ïóñòü ýêñïåðèìåíòàëüíî èññëåäóåòñÿ ãèñòåðåçèñíàÿ çàâèñèìîñòü íàìàãíè÷åííîñòè
M(H) . Ïðè ñòàòè÷åñêîì è ïåðåìåííîì âîçäåéñòâèè çàâèñèìîñòü M áóäåò ïåðèîäè÷åñêîé
ôóíêöèåé âðåìåíè τ è â ðåãèñòðèðóþùåì ñèãíàëå, ñîäåðæàùåì èíôîðìàöèþ î çàâèñèìî-
ñòè, èìåþòñÿ âûñøèå ãàðìîíèêè. Ñëåäóÿ ðàáîòàì [1]�[7], ðàçëîæèì M(H) â ðÿä Òåéëîðà
â òî÷êå H0 ïî z = h · cosωτ , êîòîðûé ïðåîáðàçóåòñÿ â ðÿä Ôóðüå:

M(H) =M(H0 + h · cos(t)) = M
′
0

2
+

∞∑
n=1

·
[
M

′

n · cos(nt) +M
′′

n · sin(nt)
]

(2.1)

Â âûðàæåíèè (2.1) âåëè÷èíà t = ωτ åñòü áåçðàçìåðíîå âðåìÿ. Ðÿäû äëÿ àìïëèòóä
ãàðìîíèê Ôóðüå ðàâíû:

M
′
n(H0, h) = 2

∑∞
m=0

1
m!(n+m)!

·
(
h
2

)2m+n⟨M(H0)⟩(2m+n) ,

M
′′
n (H0, h) =

2
π

∑∞
p=0△M(H0)

(p) · Sp, n · hp

p!

(2.2)

Çäåñü ⟨M(H)⟩ = [M−(H) +M+(H)]/2 � ñðåäíÿÿ êðèâàÿ íàìàãíè÷åííîñòè,

⟨M(H)⟩(k) , △M(H)(k) � ïðîèçâîäíàÿ îò ⟨M⟩ èëè îò △M(H) ïî H ïîðÿäêà k ,
△M(H)=[M−(H) +M+(H)] � ðàçíîñòíàÿ êðèâàÿ íàìàãíè÷åííîñòè, M−(H) è M+(H) �
âåòâè íàìàãíè÷åííîñòè â óáûâàþùåì è âîçðàñòàþùåì ïîëå ñîîòâåòñâåííî,

Sp, n =
n−1∑
i=0

p!(n+ p− 2i− 2)!!

(p− i)!(p+ n)!!

Ãäå ïðè n = 2k , p = 2m+ 1 , à ïðè n = 2k + 1 , p = 2m . Íàïðèìåð, S(p, 0) = 0 ,
S(p, 1) = 1/(p+ 1) , S(p, 2) = 2/(p+ 2) , S(p, 3) = (3p+ 1)/(p+ 1)(p+ 3) è ò.ä.

Äëÿ ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè èìååì:
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M
′

1(H0, h) = 2
∞∑

m=0

1

m!(m+ 1)!
·
(
h

2

)2m+1

⟨M(H0)⟩(2m+1) , (2.3)

M
′′

1 (H0, h) =
2

π

∞∑
m=0

△M(H0)
(2m) · h2m

(2m+ 1)!
(2.4)

Â îòñóòñòâèè ãèñòåðåçèñà ⟨M(H)⟩=M(H) , à △M(H)=0 . Â ýòîì ñëó÷àå M
′′
n =0 .

Íà Ðèñ. 2.1 äëÿ ïðèìåðà ïðèâåäåíû ðàçëè÷íûå âåòâè íàìàãíè÷åííîñòè äëÿ ñâåðõïðî-
âîäíèêà âòîðîãî ðîäà íàõîäÿùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè.

Ð è ñ ó í î ê 2.1

Êðèâûå è âåòâè íàìàãíè÷åííîñòè ñâåðõïðîâîäíèêà âòîðîãî ðîäà íàõîäÿùåãîñÿ â êðèòè÷åñêîì

ñîñòîÿíèè. Çäåñü: Min(H) � íà÷àëüíàÿ êðèâàÿ íàìàãíè÷åííîñòè, ⟨M(H)⟩ - ñðåäíÿÿ êðèâàÿ

íàìàãíè÷åííîñòè äëÿ òåêóùåé íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ, H = H0 + h · cos(ωτ) , △M(H)

� ðàçíîñòíàÿ êðèâàÿ íàìàãíè÷åííîñòè, M−(H) � âåòâü íàìàãíè÷åííîñòè â óáûâàþùåì ïîëå,

M+(H) - âåòâü íàìàãíè÷åííîñòè â âîçðàñòàþùåì ïîëå, ⟨M(H0)⟩ - çàâèñèìîñòü ñðåäíåé êðèâîé

íàìàãíè÷åííîñòè ïðè ìåäëåííîì ñêàíèðîâàíèè çíà÷åíèÿ ñòàòè÷åñêîãî ïîëÿ H0 , △M(H0) �

çàâèñèìîñòü ðàçíîñòíîé êðèâîé íàìàãíè÷åííîñòè îò âåëè÷èíû H0 .

Äëÿ ãèñòåðåçèñíîãî ñëó÷àÿ ïðè çíà÷åíèÿõ ìàëûõ h â (2.3) è (2.4) îñòàâèì ïî äâà ÷ëåíà
ðàçëîæåíèÿ:

M
′

1 ≈ h
d⟨M(H)⟩
dH

∣∣∣∣
H0

+
h3

8
· d

3⟨M(H)⟩
dH3

∣∣∣∣
H0

, (2.5)
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M
′′

1 ≈ 2

π

[
△M(H0) +

h2

6
· d

2△M(H)

dH2

∣∣∣∣
H0

]
(2.6)

Êàê ïðàâèëî, ïåðâûé ÷ëåí â ôîðìóëå (2.6) ìíîãî ìåíüøå âòîðîãî ÷ëåíà. Ïðè ìàëûõ
çíà÷åíèÿõ h êâàäðàòóðíàÿ (ìíèìàÿ) ñîñòàâëÿþùàÿ ïåðâîé ãàðìîíèêè ïðèáëèçèòåëüíî
ðàâíà M

′′
1 ≈ h2· △M(H0)

(2)/3π è |M ′
1| ≫ |M ′′

1 | . Â ñèëó îòìå÷åííîé ïðè÷èíû â ìîäóëü ïåð-
âîé ãàðìîíèêè ïðè ìàëûõ h îñíîâíîé âêëàä âíîñèò ñèíôàçíàÿ (äåéñòâèòåëüíàÿ) ÷àñòü,

ò.å. M1 =
√

(M
′
1)

2 + (M
′′
1 )

2 ≈M
′
1 .

Íà îñíîâàíèè ôîðìóëû (2.5) ìîæíî ïîëó÷èòü äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ âîñ-
ñòàíîâëåíèÿ ïðîèçâîäíîé ñðåäíåé êðèâîé íàìàãíè÷åííîñòè d <M>/dH ïðè èçâåñòíîé
çàâèñèìîñòè ïåðâîé ãàðìîíèêè îò ïîñòîÿííîãî ïîëÿ M

′
1(H0) . Çàâèñèìîñòü M

′
1(H0) ìîæ-

íî îïðåäåëèòü ýêñïåðèìåíòàëüíî ïóòåì èññëåäîâàíèÿ ñïåêòðà ãàðìîíèê íàìàãíè÷åííîñòè
ïðè ïîìåùåíèè îáðàçöà â ïåðåìåííîå ìàãíèòíîå ïîëå àìïëèòóäîé h è ïîñòîÿííîå ïîëå
íàïðÿæåííîñòüþ H0 . Òàêèì îáðàçîì, äëÿ ìàëûõ ôèêñèðîâàííûõ àìïëèòóä h ôîðìóëà
(2.5) ïðåâðàùàåòñÿ â äèôôåðåíöèàëüíîå óðàâíåíèå òðåòüåãî ïîðÿäêà, êîòîðîå ñâîäèòñÿ ê
óðàâíåíèþ âòîðîãî ïîðÿäêà îòíîñèòåëüíî d <M>/dH0 . Äëÿ ïðîñòîòû ââåäåì îáîçíà÷å-
íèå d <M>/dH0 ≡ Xc , òîãäà óðàâíåíèå èìååò âèä:

d2Xc

dH2
0

+
8

h2
·Xc =

8

h3
M

′

1(H0, h) (2.7)

Â óðàâíåíèè (2.7) âåëè÷èíó Xc íàçîâåì ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâî-
ñòüþ, òàê îíà ÿâëÿåòñÿ ïðîèçâîäíîé ïî ïîëþ îò ñðåäíåé íàìàãíè÷åííîñòè <M> . Ïðè
óâåëè÷åíèè h íåîáõîäèìî ó÷èòûâàòü ñëåäóþùèé ÷ëåí ðàçëîæåíèÿ (2.3) è òàê äàëåå. Ýòî
ïðèâîäèò ê óâåëè÷åíèþ ïîðÿäêà äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà äâà. Êðîìå òîãî, ñðåä-
íÿÿ êðèâàÿ íàìàãíè÷åííîñòè êàê âèäíî èç ðèñ. 2.1 ñ ðîñòîì h ñèëüíåå îòëè÷àåòñÿ îò
íà÷àëüíîé êðèâîé íàìàãíè÷åííîñòè Min(H) . Êðèòåðèåì ïðèìåíèìîñòè óðàâíåíèÿ (2.7)
ÿâëÿåòñÿ ìàëîñòü àìïëèòóäû 5-òîé ãàðìîíèêè ïî ñðàâíåíèþ ñ ïåðâîé, ò.å.: |M ′

1| ≫ |M ′
5| .

Ïðè ïðàêòè÷åñêîì âîññòàíîâëåíèè äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè, êðîìå ÷èñëåííî-
ãî çàäàíèÿ ïðàâîé ÷àñòè óðàâíåíèÿ (2.7) íåîáõîäèìî çàäàâàòü íà÷àëüíûå óñëîâèÿ Xc(H00)
è (dXc(H)/dH)H00 , ò.å. ïîñòàâèòü çàäà÷ó Êîøè. Â ñèëó ÷èñëåííîãî çàäàíèÿ ýêñïåðèìåí-
òàëüíî îïðåäåëåííîé ïðàâîé ÷àñòè óðàâíåíèÿ (2.7) åãî íåîáõîäèìî ðåøàòü ÷èñëåííî ïóòåì
ñâåäåíèÿ åãî ê ñèñòåìå óðàâíåíèé 2-ãî ïîðÿäêà. Òàêèì ñïîñîáîì îïðåäåëåííóþ çàäà÷ó Êî-
øè ìîæíî ðåøàòü ìåòîäîì Ðóíãå-Êóòòû 4-ãî ïîðÿäêà [8]. Äðóãèì ìåòîäîì ðåøåíèÿ óðàâ-
íåíèÿ (2.7) ÿâëÿåòñÿ èñïîëüçîâàíèå àíàëèòè÷åñêîãî ðåøåíèÿ, çàïèñàííîãî â âèäå ñâåðòêè
ñ ïðàâîé ÷àñòüþ óêàçàííîãî óðàâíåíèÿ (2.8):

Xc(H) = A·cos

(
2
√
2

h
·H

)
+B ·sin

(
2
√
2

h
·H

)
+
2
√
2

h2
·
∫ H

H00

M
′

1(z, h)·sin

(
2
√
2

h
· (H − z)

)
dz

(2.8)
Ãäå A è B ÿâëÿþòñÿ ïîñòîÿííûìè îïðåäåëÿåìûìè íà÷àëüíûìè óñëîâèÿìè. Èíòåãðàë

â ïðàâîé ÷àñòè (2.8) â ñèëó ÷èñëåííîãî çàäàíèÿ âû÷èñëÿåòñÿ ÷èñëåííî.
Ðàññìîòðèì ðàçâèòóþ ìåòîäèêó íà ïðèìåðå çàâèñèìîñòè ñðåäíåé êðèâîé íàìàãíè÷åí-

íîñòè ÷àñòî èñïîëüçóåìîé äëÿ îïèñàíèÿ ìàãíèòíûõ ñâîéñòâ òîíêîãî ñâåðõïðîâîäÿùåãî
äèñêà íàõîäÿùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè. Ñðåäíÿÿ íàìàãíè÷åííîñòü èìååò âèä [2]:

⟨M(H)⟩ = −M0 · exp
(
−|H|
H∗

)[
sinh

(
H

H∗

)]
Ïåðâàÿ ãàðìîíèêà íàìàãíè÷åííîñòè îïðåäåëÿëàñü ïî ôîðìóëå:
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M
′

1(h,H0) =
1

π

∫ 2π

0

⟨M(H0 + h · cos(t))⟩cos(t)dt (2.9)

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîèçâîäèëîñü â ñèñòåìå MathCad. Ðåçóëüòàòû âîñ-
ñòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè ïðèâåäåíû íà ðèñ. 2.2. Óðàâíåíèå (2.7)
ñâîäèëîñü ê ñèñòåìå 2-õ äèôôåðåíöèàëüíûõ óðàâíåíèé è ðåøàëîñü ÷èñëåííî ìåòîäîì
Ðóíãå-Êóòòû. Âåëè÷èíà h ðàâíÿëàñü H∗/2 .

Ð è ñ ó í î ê 2.2

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ h = 0.5H∗ . Íà ðèñóíêå: 1

� äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü Xd , 2 � âîññòàíîâëåííàÿ âîñïðèèì÷èâîñòü Xc ñ

ïîìîùüþ óðàâíåíèÿ (2.7) èç M
′
1 (ôîðìóëà 2.9), 3 - M

′
1(H,h)/h . Âåëè÷èíà ìàãíèòíîãî ïîëÿ

âûðàæåíà â åäèíèöàõ H∗ , à Xc , Xd è M
′
1(H,h)/h â åäèíèöàõ Xd(0) .

Èç ðèñóíêà âèäíî, ÷òî äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü õîðîøî âîññòàíàâëèâàåòñÿ
âäàëè îò îñîáåííîñòè íàõîäÿùåéñÿ â íóëå ïîëÿ. Äëÿ óëó÷øåíèÿ ðåçóëüòàòîâ íåîáõîäèìî
óìåíüøàòü h èëè óâåëè÷èâàòü ñòåïåíü äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Òî åñòü íåîáõîäè-
ìî áðàòü ñëåäóþùèå ÷ëåíû ðÿäà (2.3). Òî÷íîñòü âîññòàíîâëåíèÿ ñèëüíî çàâèñèò îò âûáî-
ðà íà÷àëüíûõ óñëîâèé Xc(H00) è (dXc(H)/dH)H00 . Äëÿ íà÷àëà ñ÷åòà â êà÷åñòâå Xc(H00)
ñëåäóåò âçÿòü M

′
1(H00)/h . Ïðîèçâîäíóþ (dXc(H)/dH)H00 ìîæíî ïðèáëèæåííî îïðåäåëèòü

÷èñëåííî èç çàâèñèìîñòè M
′
1(H) . Èçìåíÿÿ íà÷àëüíûå óñëîâèÿ äîáèâàþòñÿ íàèìåíüøåãî

îòêëîíåíèÿ ìåæäó êðèâûìè Xc(H) è M1/h . Ðåçóëüòàòû âàðèàöèè íà÷àëüíûõ óñëîâèé
ïðèâåäåíû íà ðèñ. 2.3. Íà÷àëüíûå óñëîâèÿ äëÿ óðàâíåíèÿ (2.7) îòëè÷àþòñÿ îò íà÷àëüíûõ
óñëîâèé, ïðèâîäÿùèõ ê îïòèìàëüíîìó ðåçóëüòàòó, ïðåäñòàâëåííîìó íà ðèñ. 2.2.
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Ð è ñ ó í î ê 2.3

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ h = 0.5H∗ ; 1 �

äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü Xd , 2 � âîññòàíîâëåííàÿ âîñïðèèì÷èâîñòü Xc ñ ïîìîùüþ

óðàâíåíèÿ (2.7) èç M
′
1 (ôîðìóëà 2.9), 3 - M

′
1(H,h)/h . Âåëè÷èíà ìàãíèòíîãî ïîëÿ âûðàæåíà â

åäèíèöàõ H∗ , à Xc , Xd è M
′
1(H,h)/h â åäèíèöàõ Xd(0) .

Ïðè óìåíüøåíèè àìïëèòóäû ìîäóëÿöèè â äâà ðàçà h = 0.25H∗ òî÷íîñòü âîññòàíîâ-
ëåíèÿ óâåëè÷èâàåòñÿ. Ðåçóëüòàòû ïðèâåäåíû íà ðèñóíêå 2.4. Èç ðèñóíêà âèäíî õîðîøåå
ñîãëàñèå âîññòàíîâëåííîé çàâèñèìîñòè Xc ñ èñòèíîé (òåîðåòè÷åñêîé) çàâèñèìîñòüþ Xd .
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Ð è ñ ó í î ê 2.4

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè äëÿ h = 0.25H∗ . Íà ðèñóíêå:

1 � äèôôåðåíöèàëüíàÿ âîñïðèèì÷èâîñòü Xd , 2 � âîññòàíîâëåííàÿ âîñïðèèì÷èâîñòü Xc ñ

ïîìîùüþ óðàâíåíèÿ (2.7) èç M
′
1 (ôîðìóëà 2.9), 3 - M

′
1(H,h)/h . Âåëè÷èíà ìàãíèòíîãî ïîëÿ

âûðàæåíà â åäèíèöàõ H∗ , à Xc , Xd è M
′
1(H,h)/h â åäèíèöàõ Xd(0) .

3. Âîññòàíîâëåíèå ñðåäíåé äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè

ïîëèêðèñòàëëè÷åñêîãî âûñîêîòåìïåðàòóðíîãî ñâåðõïðîâîäíè-

êà YBa2Cu3O7−x â ñëàáûõ ìàãíèòíûõ ïîëÿõ

Èçìåðåíèÿ ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè ïîëèêðèñòàëëè÷åñêîãî ÂÒÑÏ
YBa2Cu3O7−x ïðîâîäèëèñü ñ ïîìîùüþ ¾2-õ êàòóøå÷íîãî¿ ìåòîäà îïèñàííîãî âî ââåäåíèè
è áîëåå ïîäðîáíî â ðàáîòàõ [2], [3] ïðè òåìïåðàòóðå æèäêîãî àçîòà T ≈ 77K . Âíåøíåå
ìàãíèòíîå ïîëå ñîçäàâàëîñü äâóìÿ ñîëåíîèäàìè äëÿ ñîçäàíèÿ ïîñòîÿííîãî ïîëÿ íàïðÿ-
æåííîñòüþ H0 è ïåðåìåííîãî ïîëÿ íàïðÿæåííîñòüþ h · cos(ωτ) . Äâå ïðèåìíûå âñòðå÷íî
íàïðàâëåííûå êàòóøêè íàõîäèëèñü âíóòðè âûøåóêàçàííûõ ñîëåíîèäîâ ñîîñíî. Â îäíîé èç
ïðèåìíûõ êàòóøåê íàõîäèëñÿ èññëåäóåìûé îáðàçåö ÂÒÑÏ. Ñëåäóÿ ôîðìóëàì (1.1) è (2.1)
ïîëó÷èì äëÿ àìïëèòóäû ñèíôàçíîé ñîñòàâëÿþùåé ïåðâîé ãàðìîíèêè ÝÄÑ ε

′
1 èçìåðÿåìîé

ñåëåêòèâíûì âîëüòìåòðîì ñëåäóþùåå âûðàæåíèå:

ε
′

1 = µ0NSωM
′

1(H0, h) (3.1)
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Çäåñü N = 500 âèòêîâ, S ≈ 3 ñì2 è ω ≈ 3400c−1 . Ââåäåì êîýôôèöèåíò ïðîïîðöèî-
íàëüíîñòè k = 1/(µ0SNω) ≈ 1556A/(ì ·Â). Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî ïåðâàÿ ãàðìî-
íèêà íàìàãíè÷åííîñòè ïðèáëèçèòåëüíî ðàâíà:

M
′

1 ≈ 1556 · ε′1(A/M) (3.2)

Ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðèâåäåíû íà ðèñóíêå 3.1. Èç ðèñóíêà
âèäíî, ÷òî ýêñïåðèìåíòàëüíûå äàííûå (êðóæêè) è ðåçóëüòàòû âîññòàíîâëåíèÿ (ñïëîøíàÿ
êðèâàÿ) õîðîøî ñîãëàñóþòñÿ ìåæäó ñîáîé.

Ð è ñ ó í î ê 3.1

Ðåçóëüòàòû âîññòàíîâëåíèÿ äèôôåðåíöèàëüíîé âîñïðèèì÷èâîñòè ïîëèêðèñòàëëè÷åñêîãî

äèñêîîáðàçíîãî ÂÒÑÏ YBa2Cu3O7−x íàõîäÿùåãîñÿ â êðèòè÷åñêîì ñîñòîÿíèè ïðè òåìïåðàòóðå

æèäêîãî àçîòà. Àìïëèòóäà ìîäóëÿöèè ñîñòàâëÿëà h = 40 Ý (3184 A/ì). Çäåñü êðóæêàìè

îáîçíà÷åíû ýêñïåðèìåíòàëüíûå äàííûå äåéñòâèòåëüíîé ÷àñòè ïåðâîé ãàðìîíèêè

íàìàãíè÷åííîñòè íîðìèðîâàííîé íà àìïëèòóäó ìîäóëÿöèè h è ñïëîøíàÿ êðèâàÿ ïîêàçûâàåò

ðåçóëüòàòû âîññòàíîâëåíèÿ íà îñíîâå óðàâíåíèÿ (2.7).

4. Çàêëþ÷åíèå

Òàêèì îáðàçîì, ðàçâèòàÿ ìåòîäèêà íà îñíîâå ïðîâåäåííîãî â ðàáîòå ìàòåìàòè÷åñêî-
ãî ìîäåëèðîâàíèÿ ñ ïîìîùüþ íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2.7) ïîçâî-
ëÿåò âîññòàíàâëèâàòü äèôôåðåíöèàëüíóþ âîñïðèèì÷èâîñòü ñâåðõïðîâîäíèêîâ. Â ðàáîòå
òàêæå ïîêàçàíî, ÷òî íà îñíîâå âûðàæåíèé (2.3) è (2.4) ìîæíî ïîñòðîèòü íåîäíîðîäíûå

Í.Ä. Êóçüìè÷åâ, Ì.À. Âàñþòèí, À.Þ. Øèòîâ, È.Â. Áóðüÿíîâ. . . .
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äèôôåðåíöèàëüíûå óðàâíåíèÿ áîëåå âûñîêèõ ïîðÿäêîâ è óâåëè÷èòü òî÷íîñòü âîññòàíîâ-
ëåíèÿ. Ðàññìîòðåííûé ìåòîä âîññòàíîâëåíèÿ ìîæíî ïðèìåíÿòü äëÿ èññëåäîâàíèÿ íåëè-
íåéíûõ âîëüòàìïåðíûõ õàðàêòåðèñòèê ïîëóïðîâîäíèêîâûõ ñòðóêòóð è ñâåðõïðîâîäíèêîâ,
à òàêæå äëÿ èññëåäîâàíèÿ ïîëÿðèçàöèè ñåãíåòîýëåêòðèêîâ.
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Di�erential equations for recovery of the average

di�erential susceptibility of superconductors from

measurements of the �rst harmonic of magnetization

c⃝ N.D. Kuzmichev1, M.A. Vasyutin2, A.Yu. Shitov3, I. V. Buryanov4

Abstract. In the paper, inhomogeneous di�erential equations are obtained to reconstruct the
average di�erential susceptibility of type-II superconductors from the in-phase (real) component
of the magnetization's �rst harmonic in the hysteresis case. Basing on the second-order di�erential
equation, mathematical modeling of the average di�erential susceptibility for the theoretical and
experimental dependence of the real part of the magnetization's �rst harmonic is performed.
The Cauchy problem was solved numerically by the Runge-Kutta method of the fourth order of
accuracy. To do this, the di�erential equation for the restoration of the average susceptibility was
reduced to a system of di�erential equations. On the basis of the method developed in the work, the
average di�erential susceptibility of a disc-shaped polycrystalline superconductor Y Ba2Cu3O7−x

was reconstructed from the experimentally obtained �rst harmonic of magnetization in interval of
magnetic �elds from 0 to 800 Oe.

Key Words: inhomogeneous di�erential equation, Cauchy problem, Runge-Kutta method,
magnetization, average di�erential susceptibility, high-temperature superconductor, real parts of
the �rst harmonic of magnetization, imaginary parts of the �rst harmonic of magnetization.
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