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Äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè

ïåðåìåííûõ íóëåâîãî ðåøåíèÿ íåëèíåéíûõ ñèñòåì

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

c⃝ Ï.À. Øàìàíàåâ1, Î. Ñ. ßçîâöåâà2

Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè ïåðåìåí-
íûõ äëÿ íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äîñòàòî÷íî ãëàä-
êîé ïðàâîé ÷àñòüþ. Äîêàçàòåëüñòâî ïîëó÷åííûõ òåîðåì îñíîâàíî íà óñòàíîâëåíèè ëîêàëüíîé
ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè ïî Áðàóåðó. Äëÿ ýòîãî â áàíàõîâîì ïðî-
ñòðàíñòâå ñòðîèòñÿ îïåðàòîð, ñâÿçûâàþùèé ðåøåíèÿ íåëèíåéíîé ñèñòåìû è åå ëèíåéíîãî ïðè-
áëèæåíèÿ. Äàííûé îïåðàòîð óäîâëåòâîðÿåò óñëîâèÿì ïðèíöèïà Øàóäåðà, ñëåäîâàòåëüíî, îí
èìååò ïî êðàéíåé ìåðå îäíó íåïîäâèæíóþ òî÷êó. Äàëåå ñ èñïîëüçîâàíèåì îöåíîê íåíóëåâûõ
ýëåìåíòîâ ôóíäàìåíòàëüíîé ìàòðèöû ïîëó÷åíû óñëîâèÿ, îáåñïå÷èâàþùèå ïåðåõîä ñâîéñòâ
ïîëèóñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ íà ðåøåíèÿ íåëè-
íåéíîé ñèñòåìû, ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíîé ñâîåìó ëèíåéíîìó
ïðèáëèæåíèþ. Ïðèâåäåíû ïðèìåðû, èëëþñòðèðóþùèå ïðèìåíåíèå äîêàçàííûõ äîñòàòî÷íûõ
óñëîâèé ê èññëåäîâàíèþ ïîëèóñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ íåëèíåéíîé ñèñòåìû îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, â òîì ÷èñëå â êðèòè÷åñêîì ñëó÷àå, à òàêæå ïðè íàëè÷èè
ïîëîæèòåëüíûõ ñîáñòâåííûõ çíà÷åíèé.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ëî-
êàëüíàÿ ïîêîìïîíåíòíàÿ àñèìïòîòè÷åñêàÿ ýêâèâàëåíòíîñòü ïî Áðàóýðó, ïðèíöèï Øàóäåðà
î íåïîäâèæíîé òî÷êå, óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ, ïîëèóñòîé÷èâîñòü.

1. Ââåäåíèå

Â ðàáîòå À.Ì. Ëÿïóíîâà [1] áûëî îòìå÷åíî, ÷òî ¾ìîæíî ðàññìàòðèâàòü áîëåå îáùóþ
çàäà÷ó: îá óñòîé÷èâîñòè òîãî æå äâèæåíèÿ, íî ïî îòíîøåíèþ íå êî âñåì, à òîëüêî ê
íåêîòîðûì èç îïðåäåëÿþùèõ åãî âåëè÷èí¿.

Ïîçæå, â 1938 ã., ê âîïðîñó ïåðåíîñà òåîðåì îá óñòîé÷èâîñòè ñèñòåìû ïî âñåì ïåðå-
ìåííûì íà ñëó÷àé ÷àñòè ôàçîâûõ êîîðäèíàò âåðíóëñÿ È. Ã. Ìàëêèí [2]. Îí óêàçàë (áåç
äîêàçàòåëüñòâà) òàêèå óñëîâèÿ ïåðåíîñà.

Â ðàáîòå Â.Â. Ðóìÿíöåâà [3] áûëî ïðîâåäåíî ñèñòåìàòè÷åñêîå èññëåäîâàíèå çàäà÷è äëÿ
êîíå÷íîìåðíûõ íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåïðå-
ðûâíîé ïðàâîé ÷àñòüþ íà îñíîâå ïðÿìîãî ìåòîäà Ëÿïóíîâà, èçëîæåíû îñíîâíûå îïðåäå-
ëåíèÿ è ïîëîæåíèÿ òåîðèè ÷àñòè÷íîé óñòîé÷èâîñòè, äîêàçàíû òåîðåìû îá óñòîé÷èâîñòè è
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ, ïðèâåäåíû ïðèìåðû ïðàêòè÷åñêîãî
ïðèìåíåíèÿ ýòîé òåîðèè ê çàäà÷àì ìåõàíèêè.

1Øàìàíàåâ Ïàâåë Àíàòîëüåâè÷, äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ
óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñàðàíñê,
óë. Áîëüøåâèñòñêàÿ, ä. 68/1.), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID: http://orcid.org/0000-0002-
0135-317X, korspa@yandex.ru
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óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè, ÔÃÁÎÓ ÂÎ ¾ÌÃÓ èì. Í. Ï. Îãàðåâà¿ (430005, Ðîññèÿ, ã. Ñà-
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Äàëåå òåîðèÿ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ ïîëó÷èëà ðàçâèòèå â ðàáîòàõ [4]-[9].
×àñòè÷íàÿ óñòîé÷èâîñòü â êðèòè÷åñêîì ñëó÷àå ðàññìîòðåíà â ðàáîòàõ [10]-[12].

Ðàáîòû [13]�[14] ïîñâÿùåíû èññëåäîâàíèþ ÷àñòè÷íîé óñòîé÷èâîñòè ïîëîæåíèé ðàâíî-
âåñèÿ íåëèíåéíûõ ñèñòåì íà îñíîâå ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè.

Â ðàáîòàõ [15]�[16] ïðåäëîæåíî ðàçâèòèå èäåé Å.Â. Âîñêðåñåíñêîãî î ïîêîìïîíåíòíîé
àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè â ïðåäïîëîæåíèè, ÷òî ìåæäó íà÷àëüíûìè òî÷êàìè èñ-
ñëåäóåìûõ ñèñòåì óñòàíàâëèâàåòñÿ ñîîòâåòñòâèå òîëüêî â îêðåñòíîñòè íóëåâîãî ïîëîæå-
íèÿ ðàâíîâåñèÿ; ââåäåíî îïðåäåëåíèå ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâè-
âàëåíòíîñòè, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè è óñòîé÷èâî-
ñòè íóëåâûõ ðåøåíèé íåëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
âîçìóùåíèÿìè â ôîðìå âåêòîðíûõ ïîëèíîìîâ, â òîì ÷èñëå â êðèòè÷åñêîì ñëó÷àå.

Â ðàáîòå [17] ââåäåíû îïðåäåëåíèÿ ïîëèóñòîé÷èâîñòè è ïîëèóñòîé÷èâîñòè ïî îòíî-
øåíèþ ê ÷àñòè ïåðåìåííûõ, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè íóëåâîãî
ðåøåíèÿ íà îñíîâàíèè ìåòîäà ôóíêöèé Ëÿïóíîâà.

Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåíû äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî îòíî-
øåíèþ ê ÷àñòè ïåðåìåííûõ â ñìûñëå ðàáîòû [17] íóëåâîãî ðåøåíèÿ íåëèíåéíûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äîñòàòî÷íî ãëàäêîé ïðàâîé ÷àñòüþ.

2. Îñíîâíûå îïðåäåëåíèÿ è ïîëîæåíèÿ

Ðàññìîòðèì ìíîæåñòâî Ξ âñåõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé âèäà

dx

dt
= f(t, x), (2.1)

ãäå x ∈ Rn, f ∈ C(0,1)([T,+∞)×Rn, Rn), T ≥ 0, f(t, 0) ≡ 0.
Áóäåì ñ÷èòàòü, ÷òî ó ñèñòåìû âèäà (2.1) èç ìíîæåñòâà Ξ ñóùåñòâóåò ñîâîêóïíîñòü

ðåøåíèé x(t : t0, x
(0)), îïðåäåëåííûõ ïðè âñåõ t ≥ t0 ≥ T è x(0) ∈ D ⊆ Rn , ãäå D �

íåêîòîðàÿ îáëàñòü ïðîñòðàíñòâà Rn, ñîäåðæàùàÿ îêðåñòíîñòü íóëÿ.
Îáîçíà÷èì ÷åðåç x(t : t0, x

(0)) è y(t : t0, y
(0)) ðåøåíèÿ ñ íà÷àëüíûìè äàííûìè (t0, x

(0))
è (t0, y

(0)) ñîîòâåòñòâåííî ñèñòåìû (2.1) è ñèñòåìû

dy

dt
= g(t, y), (2.2)

ïðèíàäëåæàùåé ìíîæåñòâó Ξ .
Ïðèâåäåì îïðåäåëåíèå ëîêàëüíîé ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè

ñèñòåì èç ìíîæåñòâà Ξ , ðàçâèâàþùåå èäåè Å. Â. Âîñêðåñåíñêîãî èç ðàáîò [13], [14].

Î ï ð å ä å ë å í è å 2.1 [15] Ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé (2.1) è (2.2) áóäåì íàçûâàòü ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíò-
íûìè ïî Áðàóåðó îòíîñèòåëüíî ôóíêöèé µi(t), i ∈M0, åñëè ïðè ôèêñèðîâàííîì t0 ≥ T
ñóùåñòâóþò äâà îòîáðàæåíèÿ P (1) : V → U è P (2) : U → V òàêèå, ÷òî äëÿ âñåõ i ∈M0

xi(t : t0, x
(0)) = yi(t : t0, P

(2)x(0)) + o(µi(t)), (2.3)

yi(t : t0, y
(0)) = xi(t : t0, P

(1)y(0)) + o(µi(t)) (2.4)

ïðè t→ ∞ . Çäåñü xi(t : t0, x
(0)), yi(t : t0, y

(0)) � i -ûå êîìïîíåíòû ðåøåíèé, äëÿ êîòîðûõ
x(0) ∈ U, y(0) ∈ V, U, V ⊆ D � íåêîòîðûå îáëàñòè, ñîäåðæàùèå îêðåñòíîñòü íóëÿ,
µi ∈ C([T,+∞), [0,+∞)).
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Î ï ð å ä å ë å í è å 2.2 [15] Áóäåì ãîâîðèòü, ÷òî ñèñòåìà (2.1) èìååò ëîêàëü-
íîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííûì xi, i ∈ M0, åñëè êàæäàÿ êîìïîíåíòà
xi(t : t0, x

(0)), i ∈ M0, ëþáîãî ðåøåíèÿ x(t : t0, x
(0)) , x(0) ∈ U, ñèñòåìû (2.1) îáëàäàåò

ñâîéñòâîì
lim
t→∞

xi(t : t0, x
(0)) = bi <∞. (2.5)

È íàîáîðîò, äëÿ ëþáîãî íàáîðà ÷èñåë bi , i ∈ M0, òàêèõ, ÷òî (b1, ..., bn) ∈ V ⊆ D,
ñóùåñòâóåò ðåøåíèå x(t : t0, x

(0)) , x(0) ∈ U, ñèñòåìû (2.1) äëÿ êîìïîíåíò xi(t : t0, x
(0)) ,

i ∈M0 , êîòîðîãî ñïðàâåäëèâû ðàâåíñòâà (2.5).

Â ðàáîòàõ [13]�[14] ïîêàçàíî, ÷òî èç ïîêîìïîíåíòíîé àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè
ñèñòåì ïî Áðàóåðó âîîáùå ãîâîðÿ íå ñëåäóåò ñîõðàíåíèå ñâîéñòâ óñòîé÷èâîñòè è àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè ñîîòâåòñòâóþùèõ êîìïîíåíò íóëåâîãî ðåøåíèÿ. Ýòî âåðíî è äëÿ
ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ïî Áðàóåðó.

Îäíèì èç óñëîâèé ñîõðàíåíèÿ ñâîéñòâ óñòîé÷èâîñòè è àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè ñîîòâåòñòâóþùèõ êîìïîíåíò íóëåâîãî ðåøåíèÿ ÿâëÿåòñÿ òðåáîâàíèå ðàâíîìåðíîñòè
o(µi(t)) ïî íà÷àëüíûì òî÷êàì x(0) , y(0).

Â ðàáîòàõ [15]�[16] ïðèâåäåíû óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ äëÿ ëîêàëüíî ïî-
êîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûõ ñèñòåì ñâîéñòâà ïîëèóñòîé÷èâîñòè ïî ÷àñòè
ïåðåìåííûõ ñîõðàíÿþòñÿ. Çàïèøåì ýòè óñëîâèÿ â ñëåäóþùåé ôîðìå.

Ò å î ð å ì à 2.1 Ïóñòü
1) ñïðàâåäëèâû ðàâåíñòâà

xi(t : t0, x
(0)) = yi(t : t0, P

(2)x(0)) + µi(t)δi(t : t0, x
(0)), (2.6)

yi(t : t0, x
(0)) = xi(t : t0, P

(1)y(0)) + µi(t)γi(t : t0, y
(0)), (2.7)

ãäå i ∈M0 , δi(t : t0, x
(0)) è γi(t : t0, y

(0)) ñòðåìÿòñÿ ê íóëþ ïðè t→ +∞ ðàâíîìåðíî ïî
x(0) è y(0) ñîîòâåòñòâåííî;

2) P (1)(0) = 0 , P (2)(0) = 0, ïðè÷åì îòîáðàæåíèÿ P (1) è P (2) ÿâëÿþòñÿ íåïðåðûâíû-
ìè â ñîîòâåòñòâóþùèõ îáëàñòÿõ îïðåäåëåíèÿ.

Òîãäà åñëè ó îäíîé ñèñòåìû ñóùåñòâóåò íóëåâîå ðåøåíèå, óñòîé÷èâîå (àñèìïòîòè-
÷åñêè óñòîé÷èâîå) ïî i -ûì ïåðåìåííûì, i ∈ M0, è µi(t) � îãðàíè÷åííàÿ (óáûâàþùàÿ)
ôóíêöèÿ ïðè âñåõ t ≥ T, òî âòîðàÿ ñèñòåìà èìååò òàê æå óñòîé÷èâîå (àñèìïòîòè-
÷åñêè óñòîé÷èâîå) ïî i -ûì ïåðåìåííûì íóëåâîå ðåøåíèå, i ∈M0 ; êðîìå òîãî, åñëè îäíà
ñèñòåìà èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî i -ûì ïåðåìåííûì, i ∈ M0,
è lim

t→∞
µi(t) = di, di ∈ R1, òî ýòèì æå ñâîéñòâîì áóäóò îáëàäàòü è ðåøåíèÿ âòîðîé

ñèñòåìû.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ó ñèñòåìû (2.2) ñóùåñòâóåò íóëåâîå ðåøåíèå óñòîé÷èâîå
ïî ïåðåìåííûì yi, i ∈M0. Òîãäà äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0 è t0 ìîæíî óêàçàòü
δ0 = δ0(ε, t0) òàêîå, ÷òî èç ||y(0)|| < δ0 ñëåäóåò

|yi(t : t0, y(0))| ≤
ε

2
∀ t ≥ t0, i ∈M0. (2.8)

Ñîïîñòàâèì íà÷àëüíûì çíà÷åíèÿì y(0) ∈ V ðåøåíèé ñèñòåìû (2.2) íà÷àëüíûå çíà÷å-
íèÿ x(0) = P (1)y(0) ñîîòâåòñòâóþùèõ ðåøåíèé ñèñòåìû (2.1). Òîãäà, ó÷èòûâàÿ óñëîâèå 2)
äëÿ îòîáðàæåíèÿ P (1), ïîëó÷èì, ÷òî ñóùåñòâóåò äîñòàòî÷íî ìàëîå δ1 > 0 òàêîå, ÷òî

||x(0)|| = ||P (1)y(0)|| < δ1. (2.9)
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Ïîñêîëüêó δi(t : t0, x
(0)) ñòðåìèòñÿ ê íóëþ ïðè t → +∞ ðàâíîìåðíî ïî x(0) ∈ U è

µi(t) � îãðàíè÷åííàÿ ôóíêöèÿ ïðè âñåõ t ≥ T , òî äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0
íàéäåòñÿ δ2 = δ2(ε, t0) > 0 òàêîå, ÷òî ïðè ||x(0)|| < δ2 áóäåò âûïîëíÿòüñÿ

µi(t)|δi(t : t0, x(0))| ≤
ε

2
∀ t ≥ t0, i ∈M0.

Òîãäà, îöåíèâàÿ ðàâåíñòâî (2.6), ïîëó÷èì:

|xi(t : t0, x(0))| ≤ |yi(t : t0, y(0))|+ µi(t)|δi(t : t0, x(0))| ≤ ε ∀ t ≥ t0, i ∈M0. (2.10)

Ïîëàãàÿ δ = min{δ1, δ2}, çàêëþ÷èì, ÷òî äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî ε > 0 è t0
ìîæíî óêàçàòü δ òàêîå, ÷òî èç ||x(0)|| < δ ñëåäóåò ñïðàâåäëèâîñòü (2.10), ÷òî è äîêàçûâàåò
óñòîé÷èâîñòü ïî ïåðåìåííûì xi, i ∈M0 íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1).

Ó÷èòûâàÿ îöåíêó (2.10), èç àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ïåðåìåííûì yi, i ∈M0,
íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2) ñëåäóåò àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïî ïåðåìåííûì
xi, i ∈M0 , íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1).

Ïóñòü òåïåðü ðåøåíèÿ ñèñòåìû (2.2) ïðè y(0) ∈ V èìåþò ëîêàëüíîå àñèìïòîòè÷åñêîå
ðàâíîâåñèå ïî ïåðåìåííûì yi, i ∈M0. Òîãäà, ó÷èòûâàÿ, ÷òî

lim
t→+∞

yi(t : t0, y
(0)) = bi, bi ∈ R1, i ∈M0, (2.11)

èç (2.6) ñëåäóåò
lim

t→+∞
xi(t : t0, x

(0)) = bi, bi ∈ R1, i ∈M0.

Ïîêàæåì òåïåðü, ÷òî äëÿ ëþáûõ ÷èñåë bi, i ∈ M0, òàêèõ, ÷òî (b1, ..., bn) ∈ V ⊆ D,
ñóùåñòâóåò ðåøåíèå x(t : t0, x

(0)) ñèñòåìû (2.2) òàêîå, ÷òî ñïðàâåäëèâî ðàâåíñòâî (2.5).
Äåéñòâèòåëüíî, òàê êàê ðåøåíèÿ ñèñòåìû (2.2) ïðè y(0) ∈ V èìåþò ëîêàëüíîå àñèìïòî-

òè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííûì yi, i ∈M0, òî äëÿ ôèêñèðîâàííûõ ÷èñåë bi, i ∈M0,
òàêèõ ÷òî (b1, ..., bn) ∈ V ⊆ D , ñóùåñòâóþò êîìïîíåíòû yi(t : t0, y

(0)) ðåøåíèÿ ñèñòåìû
(2.2) òàêèå, ÷òî ñïðàâåäëèâû ïðåäåëû (2.11). Òîãäà, ïåðåõîäÿ ê ïðåäåëó â ðàâåíñòâàõ (2.6)
ïîëó÷èì (2.5). Ñëåäîâàòåëüíî, ñèñòåìà (2.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå
ïî ïåðåìåííûì xi, i ∈M0.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî ïðè âûïîëíåíèè (2.7) èç óñòîé÷èâîñòè (àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè) íóëåâîãî ðåøåíèÿ ñèñòåìû (2.1) ïî ïåðåìåííûì xi ñëåäóåò óñòîé÷è-
âîñòü (àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü) íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2) ïî ïåðåìåííûì yi;
êðîìå òîãî, èç ëîêàëüíîãî àñèìïòîòè÷åñêîãî ðàâíîâåñèÿ ïî ïåðåìåííûì xi, i ∈ M0, ñè-
ñòåìû (2.1) ñëåäóåò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííûì yi, i ∈ M0 ,
ñèñòåìû (2.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

3. Äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èç
ìíîæåñòâà Ξ

dx

dt
= Ax+ f(x), (3.1)

ãäå A � ïîñòîÿííàÿ (n× n) -ìàòðèöà; f ∈ C(0,1)([T,+∞)×Rn, Rn) ; f(0) ≡ 0 ;
f(x) = colon(f1(x), ..., fn(x)) ;

|fj(x1, ..., xn)| ≤ ψj(|x1|, ..., |xn|), ∀ x ∈ V ⊆ Rn, j = 1, n, (3.2)
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ãäå ψj ∈ C(Rn, Rn); ψj(a1, ..., an) ≤ ψj(b1, ..., bn); ai ≤ bi, i = 1, n.
Ïóñòü ñîáñòâåííûå çíà÷åíèÿ λi (i = 1, n) ìàòðèöû A ëèíåéíîãî ïðèáëèæåíèÿ

dy

dt
= Ay (3.3)

ñèñòåìû (3.1) èìåþò ñëåäóþùèå âåùåñòâåííûå ÷àñòè:

Re λ1 = ... = Re λl1 = Λ1, . . . , Re λlr−1+1 = ... = Re λn = Λr,

ãäå ÷èñëà li , i = 1, r îáðàçóþò r íåïåðåñåêàþùèõñÿ ìíîæåñòâ

N1 = {1, 2, . . . , l1}, N2 = {l1 + 1, . . . , l2}, . . . , Nr = {lr−1 + 1, . . . , lr = n}.

Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî

Λ1 < Λ2 < ... < Λr. (3.4)

Çàìåòèì, ÷òî îäíî èç ÷èñåë â íåðàâåíñòâå (3.4) ìîæåò ïðèíèìàòü íóëåâîå çíà÷åíèå.
Ïðåäñòàâèì ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû (3.3) â âèäå

Y (t− t0) = [y(1)(t− t0), y
(2)(t− t0), ..., y

(n)(t− t0)],

ãäå y(j)(t− t0) � âåêòîð-ôóíêöèè ðàçìåðíîñòè n, ïðåäñòàâëÿþùèå ñîáîé ëèíåéíî íåçàâè-
ñèìûå ðåøåíèÿ ñèñòåìû (3.3), òàêèå, ÷òî ïðè j ∈ Nk, k = 1, r ñïðàâåäëèâû íåðàâåíñòâà
[18]:

||y(j)(t− t0)|| ≤ D0e
(Λk+ε)(t−t0), t ≥ t0, (3.5)

||y(j)(t− t0)|| ≤ D0e
(Λk−ε)(t−t0), t ≤ t0, (3.6)

ãäå ε ≥ 0 � äîñòàòî÷íî ìàëîå âåùåñòâåííîå ÷èñëî. Çàìåòèì, ÷òî åñëè àëãåáðàè÷åñêàÿ è
ãåîìåòðè÷åñêàÿ êðàòíîñòè ñîáñòâåííîãî çíà÷åíèÿ ñ âåùåñòâåííîé ÷àñòüþ Λk ñîâïàäàþò,
òî ìîæíî ïîëîæèòü ε = 0.

Ââåäåì ìíîæåñòâà K = {(i, j) : i, j = 1, n} , K0 = {(i, j) : yij(t− t0) ≡ 0,∀ t, t0 ≥ T} .
Ðàññìîòðèì i -óþ ñòðîêó ôóíäàìåíòàëüíîé ìàòðèöû Y (t− t0) . Ó÷èòûâàÿ (3.5) è (3.6),

ïîëó÷èì îöåíêè äëÿ ýëåìåíòîâ i -é ñòðîêè ôóíäàìåíòàëüíîé ìàòðèöû

|yij(t− t0)| ≤ D0e
(βi+ε)(t−t0), t ≥ t0, (i, j) ∈ K\K0, (3.7)

|yij(t− t0)| ≤ D0e
(αi−ε)(t−t0), t ≤ t0, (i, j) ∈ K\K0, (3.8)

ãäå ïðè ôèêñèðîâàííîì i â êà÷åñòâå βi è αi âûáèðàþòñÿ ñîîòâåòñâåííî ìàêñèìàëüíîå è
ìèíèìàëüíîå èç Λk â îöåíêàõ (3.5) è (3.6), êîãäà j ïðîáåãàåò ïî âñåì ñòîëáöàì ôóíäà-
ìåíòàëüíîé ìàòðèöû, ñîäåðæàùåé íåíóëåâûå ýëåìåíòû yij(t− t0) .

Ñôîðìóëèðóåì äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ íóëåâîãî
ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (3.1).

Ò å î ð å ì à 3.1 Ïóñòü èíòåãðàëû

Iij =

∫ +∞

0

e(−αi+ε)sψj(c1e
(β1+ε)s, c2e

(β2+ε)s, ..., cne
(βn+ε)s)ds, (i, j) ∈ K\K0 (3.9)

ñõîäÿòñÿ ðàâíîìåðíî îòíîñèòåëüíî ci, i = 1, n, c = (c1, ..., cn) ∈ D. Òîãäà ñèñòåìû
(3.1) è (3.3) ÿâëÿþòñÿ ëîêàëüíî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî
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Áðàóåðó îòíîñèòåëüíî ôóíêöèé µi(t) = e(βi+ε)(t−t0), i ∈ N, è íóëåâîå ðåøåíèå ñèñòåìû
(3.1)

1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî òåì ïåðåìåííûì xi , äëÿ êîòîðûõ βi < 0 ;
2) óñòîé÷èâî ïî òåì ïåðåìåííûì xi , äëÿ êîòîðûõ βi = 0 , à àëãåáðàè÷åñêèå è

ãåîìåòðè÷åñêèå êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ñ íóëåâûìè âåùåñòâåííûìè ÷àñòÿìè
ñîâïàäàþò; ïðè÷åì íóëåâîå ðåøåíèå ñèñòåìû (3.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå
ðàâíîâåñèå ïî ýòèì ïåðåìåííûì.

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì áàíàõîâî ïðîñòðàíñòâî

Ω = {φ : φ ∈ C([T,+∞), Rn), |φi(t)| ≤ cie
(βi+ε)(t−t0), t ≥ t0, ε > 0, ci ∈ R1

+, i = 1, n},

ñ íîðìîé
||φ||Ω = max

i=1,n
sup
t≥t0

{
|φi(t)|e−(βi+ε)(t−t0)

}
. (3.10)

Îïðåäåëèì íà Ω îïåðàòîð

Lφ = y(t)−
+∞∫
t

Y (t− s)f(φ(s))ds, (3.11)

ãäå y(t) = Y (t− t0)y
(0).

Äëÿ êîìïîíåíò ðåøåíèÿ ñèñòåìû (3.3) âîñïîëüçóåìñÿ îöåíêàìè èç ðàáîò [16], [18]

|yi(t)| ≤
n∑

j=1

|yij(t− t0)| |y(0)j | ≤ D0e
(βi+ε)(t−t0)||y(0)||, t ≥ t0, i = 1, n.

Ïîêàæåì, ÷òî L : Ω0 → Ω0 , ãäå Ω0 = {φ : ||φ||Ω ≤ c0, c0 ∈ R1
+}.

Ïóñòü ||φ||Ω ≤ c0 . Ïîëó÷èì îöåíêó äëÿ i -îé êîìïîíåíòû (i ∈ N) îïåðàòîðà L ïðè
âñåõ t ≥ t0

|(Lφ)i| ≤ e(βi+ε)(t−t0)

[
D0||y(0)|| +D0

n∑
j=1

∫ +∞

t

e(−α+ε)sψj(c1e
(β1+ε)s, c2e

(β2+ε)s, ..., cne
(βn+ε)s)ds

]
.

Ó÷èòûâàÿ óñëîâèå (3.8) è ðàâíîìåðíóþ ñõîäèìîñòü èíòåãðàëîâ (3.9) ïî ci, ïîäáåðåì
t0 òàêîå, ÷òî ïðè âñåõ t ≥ t0

D
n∑

j=1

∫ +∞

t

e(−α+ε)sψj(c1e
(β1+ε)s, c2e

(β2+ε)s, ..., cne
(βn+ε)s)ds ≤ θ < 1, (3.12)

ãäå θ = θ(c1, ..., cn) .
Çàôèêñèðóåì y(0) òàêîå, ÷òî

||y(0)|| ≤ 1− θ

D0

c0. (3.13)

Òîãäà èç íåðàâåíñòâ (3.12) -(3.13) ïîëó÷èì

||Lφ|| ≤ c0e
(βi+ε)(t−t0) ïðè âñåõ φ ∈ Ω0,

è, ñëåäîâàòåëüíî,
||Lφ||Ω ≤ c0 ïðè âñåõ φ ∈ Ω0.
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Îòñþäà ñëåäóåò, ÷òî L : Ω0 → Ω0.
Àíàëîãè÷íî ðàáîòå [16] ïîêàçûâàåòñÿ, ÷òî îïåðàòîð L ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì

íà Ω0, è ñëåäîâàòåëüíî, óäîâëåòâîðÿåò âñåì óñëîâèÿì ïðèíöèïà Øàóäåðà [19] î ñóùåñòâî-
âàíèè íåïîäâèæíîé òî÷êè äëÿ óðàâíåíèÿ

φ = Lφ, φ ∈ Ω0, (3.14)

ãäå φ � íåïîäâèæíàÿ òî÷êà îïåðàòîðà L.
Ó÷èòûâàÿ (3.11), çàïèøåì óðàâíåíèå (3.14) â ñëåäóþùåì âèäå:

φ(t) = y(t)−
+∞∫
t

Y (t− s)f(φ(s))ds. (3.15)

Îïåðàòîð L ïîñòðîåí òàêèì îáðàçîì, ÷òî åñëè â êà÷åñòâå φ(t) â óðàâíåíèè (3.15)
âçÿòü ðåøåíèå x(t : t0, x

(0)) ñèñòåìû (3.1) ñ íà÷àëüíûìè äàííûìè x(0) , óäîâëåòâîðÿþùèìè
ñîîòíîøåíèþ

y(0) = x(0) +

∞∫
t0

Y (t0 − s)f(x(s : t0, x
(0)))ds, (3.16)

òî y(t) â óðàâíåíèè (3.15) áóäåò ðåøåíèåì ñèñòåìû (3.3) ñ íà÷àëüíûìè äàííûìè y(0) ,
âû÷èñëÿåìîì òàê æå ïî ôîðìóëå (3.16). Ñïðàâåäëèâî è îáðàòíîå: åñëè y(t) ÿâëÿåòñÿ
ðåøåíèåì ñèñòåìû (3.3), òî x(t) áóäåò ðåøåíèåì ñèñòåìû (3.1), ïðè÷åì èõ íà÷àëüíûå
äàííûå áóäóò ñâÿçàíû ñîîòíîøåíèåì (3.16).

Ñóùåñòâîâàíèå îòîáðàæåíèÿ (3.16) ñëåäóåò èç óðàâíåíèÿ (3.15).
Ñëåäîâàòåëüíî, â êà÷åñòâå îòîáðàæåíèÿ P (2) ìîæíî âçÿòü

P (2)x(0) = x(0) +

+∞∫
t0

Y (t0 − s)f(x(s : t0, x
(0)))ds. (3.17)

Ñóùåñòâîâàíèå îòîáðàæåíèÿ P (1) òàêîãî, ÷òî x(0) = P (1)y(0) äîêàçûâàåòñÿ àíàëîãè÷íî
ðàáîòå [13].

Ïîêîìïîíåíòàÿ çàïèñü óðàâíåíèÿ (3.15) èìååò âèä

xi(t : t0, x
(0)) = yi(t : t0, y

(0))−
n∑

j=1

∫ +∞

t

yij(t− s)fj(x(s : t0, x
(0)))ds, i = 1, n. (3.18)

Èç (3.12) è (3.15) ïîëó÷èì

|xi(t : t0, x(0))− yi(t : t0, y
(0))| ≤ θe(βi+ε)(t−t0), t ≤ t0, (3.19)

ãäå i ∈ N è ñïðàâåäëèâî y(0) = P (2)x(0) .
Òîãäà, ñîãëàñíî îïðåäåëåíèþ 1.1 èç ðàáîòû [16] ñèñòåìû (3.1) è (3.3) ÿâëÿþòñÿ ëîêàëü-

íî ïîêîìïîíåíòíî àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî Áðàóåðó îòíîñèòåëüíî ôóíêöèé
µi(t) = e(βi+ε)(t−t0), i ∈ N.

Ïîêàæåì ñïðàâåäëèâîñòü ñîîòíîøåíèé (2.6) è (2.7). Ñîïîñòàâëÿÿ ðàâåíñòâà (2.6) è ñî-
îòíîøåíèå (3.18), ïîëó÷èì

µi(t)δi(t : t0, x
(0)) = −

n∑
j=1

∫ +∞

t

yij(t− s)fj(x(s : t0, x
(0)))ds. (3.20)
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Äàëåå, ó÷èòûâàÿ îöåíêè (3.19) è ðàâíîìåðíóþ ñõîäèìîñòü èíòåãðàëîâ (3.9) ïî ci
( i = 1, n ), çàêëþ÷èì, ÷òî δi(t : t0, x

(0)) ñòðåìÿòñÿ ê íóëþ ïðè t → +∞ ðàâíîìåðíî
ïî x(0).

Àíàëîãè÷íî ñîïîñòàâëÿÿ ðàâåíñòâà (2.7) è ñîîòíîøåíèå (3.18), ïîëó÷èì

µi(t)γi(t : t0, y
(0)) = −

n∑
j=1

∫ +∞

t

yij(t− s)fj(x(s : t0, P
(1)y(0)))ds, (3.21)

è, ñëåäîâàòåëüíî, γi(t : t0, y
(0)) ñòðåìÿòñÿ ê íóëþ ïðè t→ +∞ ðàâíîìåðíî ïî y(0).

Òàêèì îáðàçîì, âñå óñëîâèÿ òåîðåìû 2.1 âûïîëíåíû, è, ñëåäîâàòåëüíî, íóëåâîå ðåøåíèå
ñèñòåìû (3.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïî ïåðåìåííûì xi, i ∈ N, äëÿ êîòîðûõ βi < 0 ;
óñòîé÷èâî ïî ïåðåìåííûì xi , i ∈ N, äëÿ êîòîðûõ βi = 0 è àëãåáðàè÷åñêèå è ãåîìåòðè-
÷åñêèå êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ñ íóëåâûìè âåùåñòâåííûìè ÷àñòÿìè ñîâïàäàþò,
ïðè÷åì íóëåâîå ðåøåíèå ñèñòåìû (3.1) èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî
ýòèì ïåðåìåííûì.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïðèâåäåì ïðèìåðû, èëëþñòðèðóþùèå ïðèìåíåíèå ïîëó÷åííûõ äîñòàòî÷íûõ óñëîâèé
ê èññëåäîâàíèþ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ ïîëîæåíèé ðàâíîâåñèÿ íåëèíåéíûõ
ñèñòåì.

Ï ð è ì å ð 3.1 Äëÿ ñèñòåìû òðåòüåãî ïîðÿäêà
ẋ = −x

ẏ = − x2y

1 + z2

ż = z

, (3.22)

ãäå x, y, z ∈ R ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè íóëåâîãî ïîëîæåíèÿ
ðàâíîâåñèÿ ñèñòåìû ïî ÷àñòè ïåðåìåííûõ.

Ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû ëèíåéíîãî ïðèáëèæåíèÿ ñèñòåìû (3.22) ÿâëÿþòñÿ
λ1 = −1, λ2 = 0, λ3 = 1.

Ôóíäàìåíòàëüíàÿ ìàòðèöà ëèíåéíîãî ïðèáëèæåíèÿ ñèñòåìû (3.22) èìååò âèä:

Y (t) =

 e−t 0 0
0 1 0
0 0 et

 .

Äëÿ ïðîâåðêè âûïîëíåíèÿ óñëîâèé òåîðåìû 3.1 äîêàæåì ðàâíîìåðíóþ ñõîäèìîñòü èí-
òåãðàëîâ (3.9). Èñïîëüçóÿ îöåíêè (3.7) è (3.8), èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû âû÷èñ-
ëèì α = 0, β1 = −1, β2 = 0, β3 = 1.

Ó÷èòûâàÿ, ÷òî

f1(x, y, z) ≡ 0, f2(x, y, z) = − x2y

1 + z2
, f3(x, y, z) ≡ 0.

èç îöåíîê (3.2) íàõîäèì

ψ1(u, v, w) = 0, ψ2(u, v, w) = − u2v

1 + w2
, ψ3(u, v, w) = 0.

ãäå u = |x|, v = |y|, w = |z|.
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Èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû ñëåäóåò, ÷òî

K\K0 = {(1, 1), (2, 2), (3, 3)}.

Òîãäà íåñîáñòâåííûå èíòåãðàëû (3.9) ïðèìóò âèä:

I11 = 0, I22 =

+∞∫
0

c1e
−sds

1 + c22e
2s
, I33 = 0.

Èç ðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëîâ I11, I22, I33 îòíîñèòåëüíî ci, i = 1, 3, íà
îñíîâàíèè òåîðåìû 3.1 ìîæíî ñäåëàòü âûâîä, ÷òî íóëåâîå ïîëîæåíèå ðàâíîâåñèÿ ñèñòåìû
(3.22) àñèìïòîòè÷åñêè óñòîé÷èâî ïî ïåðåìåííîé x, óñòîé÷èâî ïî ïåðåìåííîé y. Êðîìå
òîãî, ïî ïåðåìåííîé y îíî èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå.

Ï ð è ì å ð 3.2 Äëÿ ñèñòåìû òðåòüåãî ïîðÿäêà

ẋ =
(x+ 1)(2z2 + z + 8)

z2 + 3
,

ẏ =
(x+ 1)2(z + 2)

z2 + 3
,

ż = −(z + 2)(xy − z2 − 3x+ y − 6)

z2 + 3
,

(3.23)

ãäå x, y, z ∈ R ñòàâèòñÿ çàäà÷à îá èññëåäîâàíèè óñòîé÷èâîñòè ïîëîæåíèé ðàâíîâåñèÿ
ñèñòåìû ïî ÷àñòè ïåðåìåííûõ.

Ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (3.23) â ïðîñòðàíñòâå R3 îáðàçóþò ìíîæåñòâî òî÷åê
ñ êîîðäèíàòàìè (−1, c,−2)T , ãäå c ∈ R .

Çàìåíîé
x = x1 − 1, y = x2 + c, z = x3 − 2 (3.24)

ïåðåéäåì ê èññëåäîâàíèþ íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû

ẋ1 = −2x1 −
x1x3

(x3 − 2)2 + 3
,

ẋ2 =
x1

2x3

(x3 − 2)2 + 3
,

ẋ3 = x3 −
x1 (x2 + c− 3)x3

(x3 − 2)2 + 3
.

(3.25)

Ëèíåéíûì ïðèáëèæåíèåì äëÿ ñèñòåìû (3.25) áóäåò ñèñòåìà
ẏ1 = −2y1,

ẏ2 = 0,

ẏ3 = y3.

.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû â ëèíåéíîé ÷àñòè ñèñòåìû (3.25) ðàâíû λ1 = −2, λ2 =
0, λ3 = 1, è, ñëåäîâàòåëüíî, ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ
ïðèìåò âèä

Y (t) =

 e−2t 0 0
0 1 0
0 0 et

 .

Ï.À. Øàìàíàåâ, Î.Ñ. ßçîâöåâà. Äîñòàòî÷íûå óñëîâèÿ ïîëèóñòîé÷èâîñòè ïî . . .



Æóðíàë ÑÂÌÎ. 2018. Òîì 20, � 3 313

Ïðîâåðèì óñëîâèÿ âûïîëíåíèÿ òåîðåìû 3.1 Äëÿ ýòîãî, èñïîëüçóÿ îöåíêè (3.7) è (3.8),
âû÷èñëèì α = β1 = −2 , β2 = 0 , β3 = 1 .

Ó÷èòûâàÿ, ÷òî

f1(x1, x2, x3) =
x1x3

(x3 − 2)2 + 3
,

f2(x1, x2, x3) =
x1

2x3

(x3 − 2)2 + 3
,

f3(x1, x2, x3) =
x1 (x2 + c− 3)x3

(x3 − 2)2 + 3
,

èç îöåíîê (3.2) íàéäåì

ψ1(u, v, w) =
uw

(w − 2)2 + 3
,

ψ2(u, v, w) =
u2w

(w − 2)2 + 3
,

ψ3(u, v, w) =
u (v + c− 3)w

(w − 2)2 + 3
,

ãäå u = |x1| , v = |x2| , w = |x3|.
Îïðåäåëèì ìíîæåñòâî K\K0 èç âèäà ôóíäàìåíòàëüíîé ìàòðèöû:

K\K0 = {(1, 1), (2, 2), (3, 3)}.

Òîãäà èíòåãðàëû (3.9) ïðèìóò âèä:

I11 =

+∞∫
0

e2s
c1e

−2sc3e
s

(c3es − 2)2 + 3
ds =

+∞∫
0

c1c3e
s

(c3es − 2)2 + 3
ds,

I22 =

+∞∫
0

e2s
c21e

−4sc3e
s

(c3es − 2)2 + 3
ds =

+∞∫
0

c21c3e
−s

(c3es − 2)2 + 3
ds,

I33 =

+∞∫
0

e2s
c1e

−2s(c2 − 3)c3e
s

(c3es − 2)2 + 3
ds =

+∞∫
0

c1(c2 − 3)c3e
s

(c3es − 2)2 + 3
ds.

Ïîñêîëüêó èíòåãðàëû I11, I22, I33 ñõîäÿòñÿ ðàâíîìåðíî îòíîñèòåëüíî ci , i = 1, 3,
òàêèõ ÷òî (c1, c2, c3)

T ïðèíàäëåæèò äîñòàòî÷íî ìàëîé îêðåñòíîñòè íóëÿ, òî óñëîâèÿ òåî-
ðåìû 3.1 âûïîëíåíû. Òîãäà ñ ó÷åòîì çàìåíû (3.24) êàæäîå èç ïîëîæåíèé ðàâíîâåñèÿ
(−1, c,−2)T , c ∈ R ñèñòåìû (3.23) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïî ïåðåìåííîé
x è èìååò ëîêàëüíîå àñèìïòîòè÷åñêîå ðàâíîâåñèå ïî ïåðåìåííîé y .
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The su�cient conditions for polystability of solutions

of nonlinear systems of ordinary di�erential equations

c⃝ P.A. Shamanaev1 O. S. Yazovtseva2

Abstract. The article states the su�cient polystability conditions for part of variables for
nonlinear systems of ordinary di�erential equations with a su�ciently smooth right-hand side.
The obtained theorem proof is based on the establishment of a local componentwise Brauer
asymptotic equivalence. An operator in the Banach space that connects the solutions of the
nonlinear system and its linear approximation is constructed. This operator satis�es the conditions
of the Schauder principle, therefore, it has at least one �xed point. Further, using the estimates
of the non-zero elements of the fundamental matrix, conditions that ensure the transition of the
properties of polystability are obtained, if the trivial solution of the linear approximation system
to solutions of a nonlinear system that is locally componentwise asymptotically equivalent to its
linear approximation. There are given examples, that illustrate the application of proven su�cient
conditions to the study of polystability of zero solutions of nonlinear systems of ordinary di�erential
equations, including in the critical case, and also in the presence of positive eigenvalues.

Key Words: nonlinear ordinary di�erential equations, local componentwise Brauer asymptotic
equivalence, the Shauder principle for a �xed point, stability with respect to a part of variables.
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