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Íåïðåðûâíûé ìåòîä âòîðîãî ïîðÿäêà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè äëÿ óðàâíåíèé ìîíîòîííîãî òèïà

c⃝ È. Ï. Ðÿçàíöåâà 1, Î. Þ. Áóáíîâà 2

Àííîòàöèÿ. Èññëåäîâàíà ñõîäèìîñòü íåïðåðûâíîãî ìåòîäà âòîðîãî ïîðÿäêà ñ ïîñòîÿííû-
ìè êîýôôèöèåíòàìè äëÿ íåëèíåéíûõ óðàâíåíèé. Îòäåëüíî ðàññìîòðåíû ñëó÷àè ìîíîòîííîãî
îïåðàòîðíîãî óðàâíåíèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå è àêêðåòèâíîãî îïåðàòîðíîãî óðàâíå-
íèÿ â ðåôëåêñèâíîì áàíàõîâîì ïðîñòðàíñòâå, ñòðîãî âûïóêëîì âìåñòå ñî ñâîèì ñîïðÿæåí-
íûì. Â êàæäîì ñëó÷àå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ïî íîðìå ïðîñòðàíñòâà
óêàçàííîãî ìåòîäà. Â àêêðåòèâíîì ñëó÷àå äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè íåïðåðûâíîãî
ìåòîäà âêëþ÷àþò íå òîëüêî òðåáîâàíèÿ íà îïåðàòîð óðàâíåíèÿ è êîýôôèöèåíòû äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ, îïðåäåëÿþùåãî ìåòîä, íî è íà ãåîìåòðèþ ïðîñòðàíñòâà, â êîòîðîì
ðåøàåòñÿ óðàâíåíèå. Ïðèâåäåíû ïðèìåðû áàíàõîâûõ ïðîñòðàíñòâ ñ òðåáóåìûìè ñâîéñòâàìè
ãåîìåòðèé.

Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî, áàíàõîâî ïðîñòðàíñòâî, ñèëüíî ìîíîòîííûé
îïåðàòîð, óñëîâèå Ëèïøèöà, ñèëüíî àêêðåòèâíûé îïåðàòîð, äóàëüíîå îòîáðàæåíèå, íåïðå-
ðûâíûé ìåòîä, ñõîäèìîñòü.

1. Óðàâíåíèå ñ ìîíîòîííûì îïåðàòîðîì â ãèëüáåðòîâîì ïðî-

ñòðàíñòâå

Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïpîñòpàíñòâî; (u, v) � ñêàëÿpíîå ïpîèçâåäåíèå
ýëåìåíòîâ u è v èç H; A : H → H � íåëèíåéíûé îïåpàòîp, îáëàäàþùèé ñâîéñòâàìè:
à) A � ñèëüíî ìîíîòîííûé îïåðàòîð, ò. å. ñïðàâåäëèâî íåðàâåíñòâî

(Au− Av, u− v) ≥M∥u− v∥2 ∀u, v ∈ H, M > 0; (1.1)

á) A óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, ò. å.

∥Au− Av∥ ≤ L∥u− v∥ ∀u, v ∈ H, L > 0. (1.2)

Ðàññìîòðèì â H óðàâíåíèå
Ax = f, f ∈ H. (1.3)

Â íàøèõ ïðåäïîëîæåíèÿõ îíî èìååò åäèíñòâåííîå ðåøåíèå x â H (ñì., íàïðèìåð, [1]�[2]).
Ïîñòðîèì çàäà÷ó Êîøè ñëåäóþùåãî âèäà:

y′′(t) + λy′(t) + µ[Ay(t)− f ] = 0, (1.4)
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y(t0) = y0, y′(t0) = y′0, (1.5)

ãäå t ≥ t0 ≥ 0; y0 è y′0 � ýëåìåíòû èç H; λ è µ � íåêîòîðûå ïîëîæèòåëüíûå ïîñòî-
ÿííûå. Â çàäàííûõ óñëîâèÿõ çàäà÷à (1.4)�(1.5) îäíîçíà÷íî ðàçðåøèìà â êëàññå ôóíêöèé
C2[t0,+∞) (ñì. [3]).

Èññëåäóåì ïîâåäåíèå y(t) ïðè t→ +∞. Ïðåæäå âñåãî ñ ó÷åòîì (1.3) ïåðåïèøåì (1.4)
â ñëåäóþùåì âèäå:

y′′(t) + λy′(t) + µ[Ay(t)− Ax] = 0. (1.6)

Óìíîæèâ (1.6) ñêàëÿðíî íà y(t)− x, ïîëó÷èì:

(y′′(t), y(t)− x) + λ(y′(t), y(t)− x) + µ(Ay(t)− Ax, y(t)− x) = 0. (1.7)

Îïðåäåëèì ôóíêöèþ r(t) = ∥y(t)− x∥2/2, òîãäà

r′(t) = (y′(t), y(t)− x), r′′(t) = (y′′(t), y(t)− x) + ∥y′(t)∥2.

Ïîñëå ýòîãî ïðèíÿâ âî âíèìàíèå ñâîéñòâî (1.1) îïåðàòîðà A, èç (7) âûâåäåì íåðàâåí-
ñòâî:

r′′(t) + λr′(t) + 2Mµr(t) ≤ ∥y′(t)∥2. (1.8)

Óìíîæèâ (1.6) ñêàëÿðíî íà y′(t), ïîëó÷èì:

(y′′(t), y′(t)) + λ∥y′(t)∥2 + µ(Ay(t)− Ax, y′(t)) = 0. (1.9)

Ïóñòü ρ(t) = ∥y′(t)∥2/2, òîãäà ρ′(t) = (y′′(t), y′(t)). Ïðèíÿâ âî âíèìàíèå ñâîéñòâî (1.2)
îïåðàòîðà A, èç (1.9) çàïèøåì:

ρ′(t) + 2λρ(t) ≤ µL∥y(t)− x∥∥y′(t)∥. (1.10)

Ïðèìåíèâ â ïðàâîé ÷àñòè (1.10) ÷èñëîâîå íåðàâåíñòâî ab ≤ a2/2 + b2/2, èç (1.10)
ïîëó÷èì íåðàâåíñòâî:

ρ′(t) + 2λρ(t) ≤ µL[r(t) + ρ(t)],

èëè
ρ′(t) + (2λ− µL)ρ(t) ≤ µLr(t). (1.11)

Ïóñòü
2λ− µL = γ > 0. (1.12)

Èñïîëüçóÿ ëåììó 1 [4], èç (1.11) âûâåäåì íåðàâåíñòâî:

ρ(t) ≤ ρ(t0)e
−γ(t−t0) + µL

∫ t

t0

r(s)e−γ(t−s)ds.

Ïðèìåíèâ ê èíòåãðàëó â ïîñëåäíåì íåðàâåíñòâå ïðàâèëî Ëîïèòàëÿ ïðè t→ ∞, ïîëó-
÷èì ñëåäóþùóþ îöåíêó:

ρ(t) ≤ a0e
−γt +

µLα1

γ
r(t), (1.13)

ãäå a0 = ρ(t0)e
γt0 , α1 > 1.

Ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèè ρ(t) è îöåíêó (1.13), èõ (1.8) ïîëó÷èì íåðàâåíñòâî:

r′′(t) + λr′(t) + 2µ

(
M − Lα1

γ

)
r(t) ≤ 2a0e

−γt. (1.14)
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Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ îäíîðîäíîãî ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ ñ ëåâîé ÷àñòüþ, ðàâíîé ëåâîé ÷àñòè (1.14), èìååò âèä

k2 + λk + 2µ

(
M − Lα1

γ

)
= 0.

Êîðíè ýòîãî óðàâíåíèÿ áóäóò ðàçëè÷íûìè è îòðèöàòåëüíûìè, åñëè

0 < M − Lα1

γ
<
λ2

8µ
. α1 > 1. (1.15)

Ïóñòü äàííûå êîðíè åñòü ÷èñëà k1 = −γ1, k2 = −γ2, γ1 < γ2. Òîãäà ñîãëàñíî ëåììå
2 èç ðàáîòû [5], èç (1.14) âûòåêàåò îöåíêà:

r(t) ≤ a1e
−βt, a1 > 0, (1.16)

ãäå β = min{γ, γ1} ïðè γ ̸= γ1 è β < γ ïðè γ = γ1.

Îòñþäà çàêëþ÷èì, ÷òî â íàøèõ ïðåäïîëîæåíèÿõ r(t) → 0 ïðè t→ +∞.
Ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò.

Ò å î ð å ì à 1.1 Ïóñòü H � âåùåñòâåííîå ãèëüáåðòîâî ïðîñòðàíñòâî; îïåðàòîð
A : H → H îáëàäàåò ñâîéñòâàìè (1.1)�(1.2). Òîãäà çàäà÷à Êîøè (1.4)�(1.5) èìååò åäèí-
ñòâåííîå ðåøåíèå êëàññà C2[t0,+∞) ïðè ëþáûõ ïîñòîÿííûõ λ è µ è ëþáûõ ýëåìåíòàõ
y0, y′0 èç H. Ïóñòü êîýôôèöèåíòû óðàâíåíèÿ (1.4) ïîëîæèòåëüíû è óäîâëåòâîðÿþò
óñëîâèÿì (1.12), (1.15), òîãäà ∥y(t)− x∥ → 0 ïðè t → +∞, ãäå x � ðåøåíèå óðàâíåíèÿ
(1.3); y(t) � ðåøåíèå çàäà÷è Êîøè (1.4)�(1.5).

Ç à ì å ÷ à í è å 1.1 Ðàíåå (ñì., íàïðèìåð, [6]) ìåòîä âòîðîãî ïîðÿäêà ðàññìàò-
ðèâàëñÿ ïðè óñëîâèè, ÷òî µ = µ(t) åñòü áåñêîíå÷íî ìàëàÿ ôóíêöèÿ ïðè t → +∞, è
â äîêàçàòåëüñòâå ñõîäèìîñòè ìåòîäà äëÿ îöåíêè ñëàãàåìîãî µ(t)(Ay(t) − Ax, y′(t)) èñ-
ïîëüçîâàëèñü ïðåäïîëàãàåìàÿ îãðàíè÷åííîñòü y(t) íà [t0,+∞) è âûòåêàþùàÿ èç (1.2)
îãðàíè÷åííîñòü îïåðàòîðà A. Ïðè ýòîì îöåíêà ñâåðõó äëÿ r(t) óõóäøàëàñü ïî ñðàâíå-
íèþ ñ (1.16).

2. Óðàâíåíèå ñ àêêðåòèâíûì îïåðàòîðîì â áàíàõîâîì ïðîñòðàí-

ñòâå

Ïóñòü X � âåùåñòâåííîå ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî; X∗ � åãî ñîïðÿæåííîå.
Íå òåðÿÿ îáùíîñòè, ñ÷èòàåì, ÷òî X è X∗ ñòðîãî âûïóêëû. Ïóñòü J : X → X∗ � äóàëüíîå
îòîáðàæåíèå (ñì. [1]�[2]), ò. å.

∥Jx∥ = ∥x∥, ⟨Jx, x⟩ = ∥x∥2 ∀x ∈ X,

ãäå ⟨u, v⟩ ïðè u ∈ X∗; v ∈ X åñòü îòíîøåíèå äâîéñòâåííîñòè ìåæäó ïðîñòðàíñòâàìè X
è X∗.

Ïóñòü îïåðàòîð A : X → X îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:
à) A ÿâëÿåòñÿ ñèëüíî àêêðåòèâíûì, ò. å.

⟨J(u− v), Au− Av⟩ ≥ m∥u− v∥2 ∀u, v ∈ X, m > 0; (2.1)
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á) A óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà, ò. å.

∥Au− Av∥ ≤ l∥u− v∥ ∀u, v ∈ X, l > 0. (2.2)

Ïðåäïîëîæèì, ÷òî óðàâíåíèå (1.3) ðàçðåøèìî. Â ñèëó ñâîéñòâà (2.1) îïåðàòîðà A ðå-
øåíèå (1.3) ÿâëÿåòñÿ åäèíñòâåííûì (ñì., íàïðèìåð, [1]�[2]). Íåïðåðûâíûé ìåòîä âòîðîãî
ïîðÿäêà äëÿ óðàâíåíèÿ (1.3) â óñëîâèÿõ äàííîãî ïóíêòà îïðåäåëèì òàêæå ðàâåíñòâàìè
(1.4)�(1.5). Âìåñòî (1.7) çàïèøåì óðàâíåíèå:

⟨J(y(t)− x), y′′(t)⟩+ λ⟨J(y(t)− x), y′(t)⟩+ µ⟨J(y(t)− x), Ay(t)− Ax⟩ = 0, (2.3)

è äëÿ ôóíêöèè r(t) = ∥y(t)− x∥2/2 â áàíàõîâîì ïðîñòðàíñòâå X íàéäåì

r′(t) = ⟨J(y(t)− x), y′(t)⟩, r′′(t) = ⟨J(y(t)− x), y′′(t)⟩+
⟨
dJ(y(t)− x)

dt
, y′(t)

⟩
.

Ñ ó÷åòîì ñâîéñòâà à) îïåðàòîðà A èç (2.3) ïîëó÷èì íåðàâåíñòâî:

r′′(t) + λr′(t) + 2mµr(t) ≤
⟨
dJ(y(t)− x)

dt
, y′(t)

⟩
= β(t). (2.4)

Äàëåå âû÷èñëèì çíà÷åíèå ëèíåéíîãî ôóíêöèîíàëà Jy′(t) ∈ X∗ íà ýëåìåíòàõ ïðàâîé è
ëåâîé ÷àñòåé óðàâíåíèÿ (1.4) è ïðèäåì ê ðàâåíñòâó:

⟨Jy′(t), y′′(t)⟩+ λ∥y′(t)∥2 + µ⟨Jy′(t), Ay(t)− Ax⟩ = 0. (2.5)

Ïóñòü ρ(t) = ∥y′(t)∥2/2, òîãäà ρ′(t) = ⟨Jy′(t), y′′(t)⟩. Èñïîëüçóÿ (2.2), èç (2.5) ïîëó÷èì
ñëåäóþùåå íåðàâåíñòâî (ñì. âûâîä (1.11)):

ρ′(t) + (2λ− µl)ρ(t) ≤ µlr(t).

Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

2λ− µl = γ̄ > 0. (2.6)

Ïîäîáíî (1.13) óñòàíîâèì îöåíêó

ρ(t) ≤ b0e
−γ̄t +

µlα2

γ̄
r(t), b0 = ρ(t0)e

γ̄t0 , α2 > 1. (2.7)

Íàéäåì îöåíêó ñâåðõó äëÿ |β(t)| íà [t0,+∞). Äëÿ ýòîãî ñäåëàåì äîïîëíèòåëüíîå
ïðåäïîëîæåíèå îòíîñèòåëüíî ãåîìåòðèè áàíàõîâà ïðîñòðàíñòâà X.

Ïóñòü äóàëüíîå îòîáðàæåíèå â X äèôôåðåíöèðóåìî è îáëàäàåò ñâîéñòâîì∥∥∥∥dJu(t)dt

∥∥∥∥ ≤ σ

∥∥∥∥du(t)dt

∥∥∥∥ , σ > 0 (2.8)

äëÿ ëþáîé äèôôåðåíöèðóåìîé íà [t0,+∞) ôóíêöèè u(t), çíà÷åíèÿ êîòîðîé ïðèíàäëåæàò
X.

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî:∥∥∥∥dJ(y(t)− x)

dt

∥∥∥∥ ≤ σ ∥y′(t)∥ , ∀t ≥ t0.
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Ñëåäîâàòåëüíî,
|β(t)| ≤ σ∥y′(t)∥2 = 2σρ(t).

Òåïåðü ñ ïîìîùüþ îöåíêè (2.7) èç (2.4) ïîëó÷èì íåðàâåíñòâî:

r′′(t) + λr′(t) + 2µmr(t) ≤ 2σ

[
b0e

−γ̄t +
µlα2

γ̄
r(t)

]
,

èëè

r′′(t) + λr′(t) + 2µ

(
m− σlα2

γ̄

)
r(t) ≤ b1e

−γ̄t, b1 > 0.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

k2 + λk + 2µ

(
m− σlα2

γ̄

)
= 0

áóäóò ðàçëè÷íûìè è îòðèöàòåëüíûìè, åñëè

0 < m− σlα2

γ̄
<
λ2

8µ
, α2 > 1. (2.9)

Ïîâòîðÿÿ ðàññóæäåíèÿ äîêàçàòåëüñòâà òåîðåìû 1.1, ïðèäåì ê óòâåðæäåíèþ.

Ò å î ð å ì à 2.1 Ïóñòü X � âåùåñòâåííîå ðåôëåêñèâíîå áàíàõîâî ïðîñòðàíñòâî,
ñòðîãî âûïóêëîå âìåñòå ñî ñâîèì ñîïðÿæåííûì; îïåðàòîð A : X → X îáëàäàåò ñâîé-
ñòâàìè (2.1)�(2.2); äóàëüíîå îòîáðàæåíèå â X äèôôåðåíöèðóåìî; óðàâíåíèå (1.3) ðàçðå-
øèìî; íåðàâåíñòâî (2.8) ñïðàâåäëèâî. Ïðåäïîëîæèì, ÷òî ïàðàìåòðû λ è µ óðàâíåíèÿ
(1.4) ïîëîæèòåëüíû è óäîâëåòâîðÿþò íåðàâåíñòâàì (2.6), (2.9). Òîãäà ∥y(t) − x∥ → 0
ïðè t→ +∞, ãäå y(t) è x � åäèíñòâåííûå ðåøåíèÿ çàäà÷è Êîøè (1.4)�(1.5) è óðàâíåíèÿ
(1.3) ñîîòâåñòâåííî.

Îòìåòèì, ÷òî â [7]�[8] óñòàíîâëåíà äèôôåðåíöèðóåìîñòü äóàëüíûõ îòîáðàæåíèé è
ñïðàâåäëèâîñòü íåðàâåíñòâà (2.8) â ïðîñòðàíñòâàõ Ëåáåãà Lp[a, b] è lp ïðè p > 2, ïðè÷åì
σ = 2p− 3. Óêàæåì, ÷òî äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ (1.3) ñ àêêðåòèâ-
íûì îïåðàòîðîì A ñîäåðæàò òðåáîâàíèÿ íà ñâîéñòâà îïåðàòîðà äóàëüíîãî îòîáðàæåíèÿ,
êîòîðûå òàêæå ïðåäñòàâëÿþò ñîáîé íåêîòîðûå óñëîâèÿ íà ãåîìåòðèþ ïðîñòðàíñòâ X è
X∗ (ñì., íàïðèìåð, [1]�[2] ).

Çàìå÷àíèå 1.1 ñïðàâåäëèâî è â óñëîâèÿõ äàííîãî ðàçäåëà.
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Continuous method of second order with constant

coe�cients for equations of monotone type
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Abstract. Convergence of the second order continuous method with constant coe�cients for
nonlinear equations is investigated. The cases of a monotone operator equation in Hilbert space
and of an accretive operator equation in re�exive Banach space which is strictly convex together
with its conjugate, are considered separately. In each case, su�cient conditions for the convergence
with respect to the norm of the space speci�ed by the method are obtained. In the accretive case,
su�cient conditions for the continuous method convergence include not only the requirements on
the operator equation and on the coe�cients of the di�erential equation de�ning the method, but
also on the geometry of space where the equation is solved. Examples of Banach spaces with the
desired geometric properties are shown.
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