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Annoranng. zyyaerca HaganbHO-KpaeBada 3a0at4a 1718 CHCTeMbI ypaBHeHuit MakcBesia B KBa3u-
CTAIMOHAPHOM MATHUTHOM TMPUGJIMKEHUN [IPU KPACBOM YCJIOBHN MarHuTHOrO Tuna. PaccmarpuBa-
eTcd CIIydail HeOJHOPOIHBIX CPeJl, COAEPKAIUX MPOBO/ISIINE U HEPOBOAsAIMe BKIoYerus. [Ipu-
BOIUTCS MOCTAHOBKA, 33a4Yi B TEPMHUHAX BEKTOPHOT'O MATHUTHOTO U CKAJISPHOTO IJEKTPUIECKO-
ro MOTEHIHMAIOB. VICIoAb3yIOTCA ClelUabHble KaJuGPOBOYHbBIE COOTHOINIEHUs (MOIUpUITMPOBAH-
Hble Kaubposounbie coornorenust Kynona u Jlopeniia), nossosiomnuye chopMyIupOBaTh 331391
HE3aBUCHMOIO OMPEIETIeHNs] BEKTOPHOIO MATHUTHOTO MOTeHnuasa. J{oKa3biBaeTcsd KOPPEKTHOCTD
ITOCTABIEHHBIX 33349 MPH OOIINX YCJIOBHAX HA KO uIneHTb. BO3MOXKXHOCTS IPUMEHEHHS TIPHU
9TOM TeopeMbl JInoHCa 0DOCHOBBIBAETCS ¢ TMTOMOIIBIO OIEHOK I CKAJISPHBIX TTPOW3BEIEHUN BEK-
TOPHBIX noJieli. M3ydaercs COOTHOIEHNE MEKTy PEIIeHUsIMU 331349 P PA3HBIX KAJTAOPOBOYHBIX
COOTHOIITEHNAX. PaccMaTpuBaeTcs CBS3b MEXKIY MOCTAHOBKAMU 33Ja9 JJIsi BEKTOPHOTO MATrHUT-
HOT'O TOTEHINATIA U HCXOTHON 3ajadeil s BEKTOPHOTO MATHUTHOTO MOTEHIMAJIA W CKAJISIPHOTO
SJEKTPUYECKOTO MTOTEHITHAIIA.
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HpI/I UCCJICA0BaHNN 3a/Ja4 JJIA CUCTEeMbI ypaBHeHI/Iﬁ MaKCBeﬂﬂa B KBa3UCTAIIMOHAPHOM Mar-
HUTHOM HPHUOJIMZKEHHHN B DEATHHBIX (DU3HICCKH HEOJTHOPOJHBIX CPeaX TUIHIHOM SBISETCS CH-
TYalus, KOTJa PAcCMAaTPUBaeMasi IPOCTPAHCTBEHHAS 0BIACTH COMEPIKAT MPOBOJISIINE H HEIPO-
Bogsiiue Braodenus [1-3|. B srom ciyuae chopmynnpoBanible Ha9albHO-KPAEBbIE 33/[a41 OT-
HOCATCS K 3JUIMNTHKO-apadoinyeckomy tuny [3] . Paccmorpenne rakux 3anau tpebyer nsy-
YeHUs CBOWCTB (DYHKIIMOHAJIHHBIX MPOCTPAHCTB, B KOTOPBIX HINETCS pelierue. B b4acTHOCTH,
BAKHYIO POJIb UI'PAIOT HEPABEHCTBA, MO3BOJIAIONIHE [IPU JTOKA3ATEIBCTBE KOPPEKTHOCTH 0600~
MEHHBIX TOCTAHOBOK OOOCHOBBIBATH KOIPIUTHBHOCTD COOTBETCTBYIOMUX OHUIMHEHHBIX HOpM.

B macrosimeil paboTe paccMaTpuBAIOTCS (DOPMYTHPOBKA 3a7ad JII KBA3HCTAIMOHAPHOI
CHUCTEMBI MaKCBeﬂﬂa B TepMHUHaX IIOTCHIUAJIOB (BeKTOpHOFO MaT'HUTHOI'O ITOTEHIHAJIA A) n
CKaJIIPHOTO 3JIEKTPHYIECKOT0 OTEHIHAIA ¢ ) /sl HEOJHOPOHBIX 00JIacTeil, COepIKAIIUX PO~
BOJSIIHE U HEMPOBO/ANINE BKIOUenusd. [Ipu sToM nenonb3yiores MoqudunnpoBaHnbie Kaauo-
poBounbie cooTHormenus Kymona u Jlopenna, npuBojsinue K 060OMIEHHBIM TOCTAHOBKAM 3a-
JIad HEe3aBHCHMOTO OIPeIeJIeHIs] BEKTOPHOTO MATHUTHOTO MOTeHnnaIa. s mepuognveckux mo
BpeMEHU PelieHnil KBa3uCTAIMOHAPHBIX 33/1a4 MOAU(MUITMPOBAHHbIE KAJIUOPOBOYHBIE COOTHOIIIE-
Hust JlopeHna 006CyKAAMNCh, B 4aCTHOCTH, B paborax [5], [7]. B paborax [8], [9] nccrenosanucs
npdaMbIe 1 O6paTHbIe 3aJa49n JJ4 CUCTEMbI ypaBHeHHﬁ MaKCBeJIJIa B KBa3UCTallUOHAPHOM Marl-
HUTHOM HPUOJIMZKEHHH ¢ UCIIOJB30BAHIeM MOIUDUINPOBAHHBIX KATHOPOBOUHBIX COOTHONICHHUIT
Kynona u JlopeHia B mpoBOAsIIUX 00IaCTIX.

[lesb10 HACTOSIIEH CTATHH SBJISETCS PACHPOCTPAHEHHE Pe3yIbTaToB pador |7|-|9] Ha ciyqai
OrpaHUYeHHBIX 00J1acTe, CoepKAIUX POBOJIAIINE U HEIIPOBOISIINAE BKIIOUEHN.

Bce nosiygaembie B paboTe pe3y/bTaThl CIPaBEIINBHI ITPU JAOCTATOYHO ODIIWX YCJIOBUAX
Ha KOI(DOUIMEHTBl CHCTEMBI U OMUPAIOTCS HA ONEHKH CKAJIAPHBIX MPOU3BEICHHUH BEKTOPHBIX
noJieit, gokazamnsie B [10], [11].

2. IlocraHoBKa 3aJaI 1 OCHOBHbIE PE3YJIbTAaThbl

—

B TepMuHaxX BEKTOPHOTO MAarHUTHOrO MoTeHIMa a A U CKaAIpHOTO 3JIEKTPUIECKOTO TOTEH-
muajga ¢ cucreMa ypapHeHuih Makpesia B KBa3WCTAIIMOHAPHOM MarHUTHOM mpuOJInzKenwn [12]
CBOIUTCH K YPABHCHHUIO

%U/T(.T, t) + rotp 'rotA(z, t) = —ograde(z, t) + J(x, 1), (2.1)
e (2,6) €Q=Qx(0,T), QCR3, T>0.

B pabore mpemnosaraercs, aro () — OTKpbITas OrpaHUYeHHasT 00JACTh, TOMeoMOpQHAs
mapy, ¢ Junmmnesoil rpapuneii ', (x) — eauHUYHBIA BEKTOpP BHEIIHEil HOPMAaJH B TOYKE
r €T . Jnsa bysxuuit 4 : Q — R3 4epes @, , @, 0603HAYAIOTCS HOPMAJIbHAS U KACATEIbHAS
KOMIIOHeHTHI (GyHKIMN Ha rpanute obractu. Yepes || - [|2o 1 (-, )20 0003HATAIOTCS HOpMA U
ckassipuoe npoussejenne B {Lo(Q)}7.

VYpapHenue (2.1) MONOJHSIETCSI TPAHUYIHBIM YCJIOBHEM, COOTBETCTBYIOIIUM OJHOPOIHOMY
YCJIOBUIO MarHUTHOTO THIA 1]

(i trotA),(z,t) =0, z €T, t € (0,T), (2.2)

1 HavaJIbHBIM YCJIOBHEM

—

A(z,0) = @), = € Qe, (2.3)

rae @ € {Lo(Qc)}? — zanannas pynkus.
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PaccmarpuBaemast 001aCTh COCTOUT U3 MTPOBOIHUKA, 3aHUMAIOIIETO ToA001acTh ()¢ 1 OKpYy-
JKEHHOTO JH3JIeKTpHKoM (Hemposonamum ciaoem) 0y = Q\ Q¢ . [Ipemnonaraerca, Q¢ — o1-
KPbITasl OrpaHIIeHHas 06,1acTh, roMeoMopdHas apy, ¢ JIUIIHIeBoil rpanuteii I'e, Qo C
rak uro 00 = ['UT ¢ . Yepes Uo(x), Vr(z) 0603Ha9aI0TCsI €MHUYHBIE BEKTOPA BHEIHET HOP-
Masn B Touke T € ['¢ Kk obaacram Qo u € coorBercrBento, Vo + vy = 0. Jljaa dyakouii
w:Q =R u:Q — R wepes g, uc 0603HAUAIOTCA WX CyKeHHd Ha 00gacTh (o, depes
Uy, uy — cyxenunst Ha, (5.

[Ipennosaraercss, 9T0 i, €, 0 — CUMMeTpu4Hble (3 X 3) MaTpPHUIbI H3MEPUMBIX Ha §)
GYHKINH, YIOBICTBOPSIIOMINE YCIOBUIM

all€” < (e(@)€,€) < el¢l’, mlel* < ()8, €) < pal¢l?

npu mouTH Beex r € ) u Beex € € R3
oij(x) =0, 4,5 = 1,2,3, nupu noutu Beex = € Qy,

a1lé)? < (o(2)€,€) < 09|€|* npu mouTn Beex x € Q¢ m Beex € € R?,

riae i, 0, €, (i=1,2) — 3aJaHAbIE MOJOKUTEIbHBIE YHCIA.
J: Q — R3 — 3amannag cyMMEpyeMas ¢ KBaJpaToM (byHKIH,

divJe (z,¢) = 0, (2,t) € Q x (0,T), (J),(2,t) =0, (z,t) € x (0,T). (2.4)

OnpeegoTes cIeyone MTLIbOepTOBBI TPOCTPAHCTBA BEKTOP-DYHKIHI ¢ COOTBETCTBYIO-
IUMHU CKAJSPHBIMA npou3Begenusamu [13], [14]:

H(div; Q) = {i € {Lo()}?: divii € Ly(Q)}, K(div; Q) = {7 € {L2(Q)}*: divi = 0},

(U, V) div = /Q(ﬁ U)dx + /Q(div udiv v)dzx,
H(rot; Q) = {@ € {Ly(0)}3: rot i € {Ly(N)}3Y, K(rot; Q) = {& € {Ly(Q)}>: rot @ = 0},

(T, B)rorr = / (it - B)da + / (rot i - rot 7)dz.
Q Q

Yepes Hy(rot;Q2), Ho(div;§2) obosHauaeTcst 3aMbIKaHWe MHOXKECTBA TPOOHBIX BEKTOP-
bynkuuit {D(Q)} B H(rot; Q) u H(div;Q) coorsercrsenno, Koy(div;Q) = K(div;Q) N
Hy(div; ).

Pemmennem 3amaun (2.1)-(2.3) waswiBarorcs byHKIUH A € Ly(0,T, H(rot;Q)), ¢ €
Ly(0,T, H(2)) raxue, uro plrotA € Ly(0,T, Hy(rot; 2)) u cupasemauBbl paBeHcTsa (2.1)
u (2.3).

Tpeanonozxum, B pemenun 3agaan (2.1)-(2.3) A € CY(0,T, H(rot; ). Torma u3 (2.1)
nojtygaeM, uro jis Beex U € H(rot; Q)

d B} § 3}
— [ (cA-¥)dx+ /(ulrotA - rot?)dx = —/ (ograd¢ - ¥)dx + /(JCT - v)dx. (2.5)
dt Qc (9] Qc Q

J1151 OBeCIIeTenns e MHCTBEHHOCTH PEIICHNs! 33144 B TEPMUHAX IOTEHIMAIOB A, ¢ ypas-
Henue (2.1) TPaJMIHMOHHO JONONHAETCH KaJMGPOBOIHBIME COOTHONICHHSMI (Hanpumep, €oOT-
nomrenneMm Kynona div A = 0 wm Jloperna div A + 0¢/0t = 0). B srom cayuae st Au¢
IPUXOJUTCS PEIIaTh CBA3HYIO cucTeMy ypasuenuit |3, [4].
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B pabore npenaraercs ncnob30BaTh MOANMDUITNPOBAHHBIE KAJHOPOBOYHBIE COOTHOTITEHUS
divoA(z,t) =0, (z,t) € Qo x (0,T), (64),,(z,t) =0, (z,t) € T x (0,T), (2.6)

div A(x,t) =0, (z,t) € Q; x (0,T), A, (2,t) =0, (x,t) € [ x (0,7).

o(x,t) = —sedivoA(x,t), (2,t) € Qe x (0,T), (0A),(x,t) =0, (z,t) € Te x (0,T), (2.7)

div A(z,t) = 0, (z,t) € Q x (0,T), A, (x,t) =0, (z,t) € T x (0,T),

KOTOPBIE, KaK OyJeT MOKA3aHO Jajee, IPHBOAAT K BO3MOXKHOCTH HE3aBHCHMOTO ONPEIeJeHUs]
BEKTOPHOIO MAaTHUTHOTO MOTeHIHaIa. 110q06HbIe TOAXOABI I8 FApMOHIYECKIX 3a1ad 00CY K-
Jganucek B pabore [5].

Beesiem B {Lo(Qc)}® cxansphoe npoussejenue coornomrenuem (u, ), = fQC(aﬁ - v)dz .
[lonyuubiieecs ruabL6epTOBO HpocTpaHcTBo obozHadaerca {Lo(o;Qc)}?. g nocranosku
HAYAJbHO-KPAEBOIl 3a/1a41 B BUJE MHTEIPAIHLHOTO TOXKICCTBA OIPEICIAIOTCH TAKZKe CJIeLyIo-
mue rmabL0epPTOBLl IIPOCTPAHCTBA

Hy(divo; Q¢) = {i € {L(0;Q0)}? : ot € Hy(div; Q0)},
Ko(divo; Qo) = {u € Hy(divo;Qe): dive u = 0},

(U, V) H(ivosn) = (U, U)o + (div o i, div o ¥)2,q,,

W(o; Q) = H(rot; Qc) N Ho(dive; Qc), V(o;Qe) = H(rot; Q) N Ko(dive; Qe),

(’J,U)W(O—;QC):/ (“-U)dmjL/ (rotﬁ-rotﬁ)d:v—i—/ divo ddivo vdr,
Qc Qc

Qc
W ={u € H(rot;Q) : i € Ho(divo; Qc),diviy =0, (ur),(x) =0,z € T'},
V={ueW:divoic = 0},

(4, V)w = /(ﬁ U)dx + /(rotﬁ- rot ¥)dx + / (divo @ div o v)dx.
Q Q Qc
[Tpocrpancreo W(o;Qc) nenpepbiBHO u mioTHo Bioxeno B {Lo(o; Q) }?, npocrpancTso
V(o;Q¢) menpepbiBHO 1 mI0THO BOkeHO B K (dive; Q¢) [8].
Bagaua (2.1)-(2.3), (2.6) cBoaurea x onpeaenennio Tako dynkumn A € Ly(0,T, V), yaos-
JIETBODSAIOIIEH HAYaJIbHOMY yCaoBuio (2.3), 4ro ajist Bcex U € V' cnpaBemnBo paBeHCTBO

d S
— | (cA-¥)dx + /

('rot A - rot 7)dx = /(jCT -v)dx. (2.8)
dt Qc Q

Q

3ajada Ipu UCIOIB30BAHIN KAJTUOPOBOYHBIX COOTHOIIEHUIT (2.7) CBOIUTCSA K ONMpPe/IeeHII0
rakoit dyukuuu A € Lo(0,7, W), ynosaersopsiomeil HauabHoMy ycaoBuio (2.3), 4ro s
Beex U € W cupaBesinBO PaBeHCTBO

d - —
— | (cA-¥)dx + /(ulrotA - rot ¥)dw + %/
dt Qc Q

Q¢

dive Adive 7dz = /(ﬁT -V)dz.  (2.9)
Q

OcHOBHBIMUI pe3yjabTaTaMn pa6OTbI ABJIAIOTCA CJIeAYIOIIUE yTBEP2KACHUA.

Teopema 2.1. Jaa mobuz @€ Ko(divo;Qc) u J™ € {Ly(Q)}?, ydosaemeopa-
rwet (2.4), cywecmeyem eduncmeennoe pewenue A € Lo(0,T,V) sadawu (2.8), (2.3). Hpu

—

omom Ag € C(0,T, Ko(divo; Q¢)) . Eeau @ € V(o;Qc), mo Al € Ly(0, T, Ko(div o; Q¢)) .
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Teopewma 2.2. [Jaa aobuzr @€ {L(c;Q0)} u J™ € {L(Q)}?, ydosaemeopsaro-
wetd (2.4), cywecmeyem eduncmeennoe pewernue A € Lo(0,T, W) sadauu (2.9), (2.3). Ilpu
amom Ac € C(0,T,{L(c;Qc)}?). Ecau @ € W(o;Qc), mo AL € Ly(0,T,{La(c; Q) }?).

Teopema 2.3. IIycmo A - pewenue zadauu (2.8), (2.3), A, - pewenue sadavu
(2.9) ¢ navarvnvm yeaosuem A,c(0) = d+ ¢, 2de ¢ € K(rot;Qc). Toeda rot A = rot A, .
Ilpu =00 A, — A 6 Ly(0,T,W). Ecau ¢=0, (A,)c — Ac 6 C(0,T,{La(0;Q0)}?).

Teopema 2.4. IIycmo A e Ly(0,T,V) - pewenue zadawu (2.8), (2.3), 2de d €
V(o;Qc). Toeda natidemes dynwuyus ¢ € Lo(0,T, H'(Q)) maxas, wmo A, ¢ — pewenue
sadavu (2.1)—(2.3).

Teopema 2.5. [lyemv A € Ly(0,T,W) - pewenue sadawu (2.7), (2.3), 2de @ €
W (o;Q0) . Tozda natidemea dynxuyua ¢ € Lo(0,T, HY(Q)) maxas, wmo A, ¢ — pewenue
sadavu (2.1)~(2.3), npuuém ¢c = —xdive Ac .

3. IlpeaBapuresibHBIE yTBEPKJICHUS

Pesysbrarsl paboThl OMUPAIOTCS Ha CJELYIONIHe OIeHKH, yeTaHOBIeHHbIe B [11].

Teopema 3.1. Iyemv G C R® — omxpumoe ozpanuenioe MHodicecmeo ¢ Aun-
wuuesot epanuyet, 2omeomopproe wapy. Cywecmeyem nocmosannas C(G) > 0, sasucawan
moavko om obaacmu G maras, 4mMo HEPABEHCNEO

(1, V)2,c| < C(G) (|||, |div T]|2,¢ + [|V]]2,¢lrot i|2,q + [[rot ||2,q||div 7]2,q) (3.10)

—

soinoanaemes oas mobor U € Ho(rot; G), ¢ € H(div;G), a makace daa sobwx U €
H(rot; G), v € Hy(div; G).

JlaJtee B 310ii Ty1aBe cumtaeM, uto obsracth ) C R3 yuosiersopser yioBuamM, cOPMyIHPO-
BaHHBIM ITPpU IIOCTaHOBKE Ha4YaJIbHO-KPaeBbIX 3a/J1a4.

JlemmMma 3.1. Hyemo Ko (div; Q) = {w € K(div;Q;) : (@, 1)r, = 0}. Cywecmsy-
em aunetinod nenpepusnul onepamop npodosscenun Eqy, @ Ko 1(div; Q) — K(div; Q). Ecau
npu amom W,(x) =0, x €', mo Egid € Ko(div; ).

JToKa3aTebCTBO JIEMMBI TPUBOIUTCS, Hampumep, B [11].

Jlem M a 3.2. Hatidémesa maras noasosrcumenvuas nocmoannas C(Qc,Q), wmo das
scexr U € W cnpasedauso HepaseHcmeso

dll20 < C(Qc, Q) ([[rotilla.o + [[divodl2o.) - (3.11)

Hoxkaszareuabctso. [ycrs @ € W. llpumenss wepaerctso (3.10) K dbyHKImsIM
e € H(rot;Q¢), otc € Ko(div; Q¢) , monygaem

[dll2.00 < Cr(l[rotillz.op + [Idivedllsac),

rie C) = o7 (C(Qc) max{1,02} +1/4).
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Cormracuo gemme 3.1., maiigérea bynknus v € Ko(div; Q) Takas, aro 7 = dr, ||U]20 <
Cl|tr]2.0,, tae nocrognnas C' > 0 3aBuCcHT TOABLKO OT obracT (¢ .
[Tpumensist (3.10) K dyukuuaM @, ¥, moaydaem

(@, D)2,0] < C(Q)[|T]|20[[rot @20 < CE)C|dl|2,0,[[rot @l2q.
Tak Kak (ﬁ, 17)279 = HﬁIH%,QI + (ﬁc, U)Q,Qc s

@20, < Cllillz0c + C(Q)Crotdll20 < C(C(Q) + Ch)|[rot dl|a.0 + CLO|div o @l 00 -

Taxmm o6pasoM, crpasepmaba onenka (3.11), rae C(Qq, Q) = (O + C*(C(Q) + C1)H)V/2.
Jloxka3zaTeabCcTBO 3aKOH®YEHO.
Bsesém B mpocTpancree W 3aMKHYyTBHIE TTOAIPOCTPAHCTBA

Wo = {@ € W :rot u 'rot ity = 0, (u 'rot @0),(z) = 0,2 € T}, Wy = {it € W : i = 0}.
Ob6oznaunm Vo = Wy NV . [ycrs
Hy ={¢ € H'(Qy) :§(x) = 0,z € T}, He = {¢ € H'() : §(x) = 0,z € Tc}.

Jlemwma 3.3. Jaa 4106020 snemenma W € W 00n03HAUHO ONPEOCAAIOMESA INEMEHMDL
wy € Wy, Wy € Wi makue, wmo W = wy + wy .

HdoxasarTeabctTso Hia @ € W, nepasercrso (3.11) mpuHuMaer Buji
ltr]l2.0, < C(Qe, Q)||rot drlla.q, . VI3 nemmver Jlakca-MuabrpaMa caegyer, 94To HaiiqéTcst eTnH-

crBeHHast pyHKIus Wy € Wy rakasi, aro npu Beex U € Wy

/ (" 'rot @ - rot ¥)dx = / (" rot 1 - ot ¥)du.
Qr

Qr

[Tosozkum Wy = W — Wy .
[Iycrs ¢ € HY, . Cornacno nepasenctsy ®puapuxca [15], naiinéres equncrsennas by HKIs
p € Ho Takas, 1aro mis Becex £ € He

/(gradp-gradf)dx:/ (¢ - grad €)dz.
Q

Qr

[Ipomonaxum byHKIUN J, p HyJ1éM B ()¢ U HOJOKHM U = YZ— gradp. Torna U € H(rot; (),
Uc =0, divt; =0 u 0, = 0. Takum obpazom, ¥ € Wy, rot ¥ = rot 1), mosromy fﬂ] (™ rot -

—,

rot)dz = 0. Cnegosarennno, rot u 'rotwy; = 0, (u rotwy),(x) = 0, x € T', T0 ecThb
wo € Wy .

s seex 4 € Wy, 7€ Wy [ (p'rot @ - rot ¥)dz = 0. CrenoBaresbHo, BBUILY OLEHKH
(3.11), Wo N Wy = {0}. Orciona BoITEKAET €MHCTBEHHOCTD LPEICTABICHHUSL.
Jloxa3zaTeabCcTBO 3aKOHTYEHO.

Jlemwma 3.4. Jas aobot pynryuu U € W(o; Qo) natidémen edurcmeennas Gynruus

W€ Wy maxas, wmo we = V. Ipu smom ||W||w < C||U||w (o0, 20e nocmoannas C >0 ne
3asucum om U.
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JJokaszarTenanbcTBo. V3 Hepasencrsa Opujipuxca BHITEKAET, YTO HANIETCA €/IUH-
crBennas pyuknud p € Hyp, upu Bcex & € H; yaoBaeBopsioniast paBeHCTBY

/ (ugradp - grad€)dz = —((rot D, v
Qr

divpgradp =0, (pgradp),,(x) = —(rotv),.(x), z € ', |lgrad plla.o, < Ci||rot ¥2.0,-

Ompegennm pyHKINIO Fe K(div; Q): Fo = rot U, Fr = pegrad p. [To mocrpoenuto,
rot 7 Ey =0, (n F)(2) =0, € T, ||Fllaq < Cylrot |20,
re Cy = (u2C? +1)Y/2,
Haiinérca equncreennas dynknng 4 € Ko(div; Q)N H (rot; Q) Takas, aro rot & = F . Torga
7 —tc=gradq, ¢ € H'(Qc), fQqu:E =0.
[lycts g1 € H'(Q) — pemenue 3a1aun
AQl = 07 (h(l’) = Q('I)a YIS FC? q1($) = 07 S F;

dbyukiua ¢ € Heo ynosaerBopsieT npu Becex & € Ho paBeHCTBY
/ (grad ¢, - grad §)dz = —((grad ¢1),, §)r.
Qr

Omupegennm dbyukmuio W € H(rot; ) coorHomenusMu
We = e + grad g = ¥, Wy = Uy + grad(q; + ¢2).

ITo mocTpoenuto, w € Wy,
|@lw < C(9e,2) (IFlle + Idive 7llac ) < CllFlwienc

rie MoxHO B3sth C' = C(Qc, Q) (Cy +1).

[Ipeamosnoxkum, HafiayTca yHKIUE W, wWe € Wy takme, 9ro w;c = v, ¢ = 1,2. Torma
Wy — W € Wy N W7, 1 e IMHCTBEHHOCTD IPOIOJIZKEHUS TOKa3aHa.
HJokazaTenlbcTBO 3aKOHYEHO.

Jlemwma 3.5. Jas awbol dynwyuu W € H(rot; Q) watidémes eduncmeennan dyrx-
yua U €V maxas, wmo W—0 € K(rot;Q), ||U|ror0+]|0—0|2.0 < C||W|| ot , 206 nocmosanman
C >0 ne sasucum om W. Ipu smom, ecau @ € W, W — v € K(rot; Q) NW .

HJokaszarenbctso. Ilyere W € H(rot;Q). Torma [10] @ = @y + ¢, tae 0 €
Ko(div; ), § € K(rot;Q), (W) = ¢ + gradp, tme ot € Ko(div;Q0), p € H (Q0),
fﬂcpdac =0,

13|, = 1[50 + 19150 1@ills = 705 + 19115

[Tycrs p; € HY(Q)) — penrenne 3anauu

Apy =0, pi(z) =p(z), € Iy, p1(z) =0, z €T

O6ozmaunm f = —(gradp;), € H-Y2(I'). Tycrs dbyuxmus py € He yAOBIETBOpsieT IPH BCeX
q € Ho paBencTBy

/Q(gradpg ~grad q)dz = (f, q)r.

Onpegenum dynkmuio 1 € HY(Q): Yo = p, U5 = p1 + p2. Honoxum o = ) — grad =
W — g — grad ¢ . Tlo mocrpoennto, U = Wy — gradp = ¢ € Ko(dive;Qe), 0, =0, dive; =
div@; = 0. EaquncTBeHHOCTD 1Ipe/icTaBIeHNs BEITeKaeT u3 oneHku (3.11).
JlokaszaTeabCcTBO 3aKOHTYEHO.

A.B. Kamann, A. A. Toxrara, O. A. HzocuvoBa. MogugunapoBaHHbIE . . .



62 Kypuaa CBMO. 2017. Tom 19, Ne 4

4. Jloka3aTeibCTBO OCHOBHBIX P€3yJILTATOB

HokaszarteanbcTBOo TeopewM 2.1, 2.2
Jns nourn Beex ¢t € (0,7T) wmaiinércs equncreennas dyuxnus Ai(t) € Wi, npu Beex
v € Wi ymoBaeTBopsionias paBeHCTBY

/QI(“_ert (1) - vot &) da = / (JE(8) - B)d.

Qr

Us omenxn (3.11) caeayer, aro |[rot A1(t)|an, < pC(Qc; Q)T |sa, To ectn A, €
LQ(O, T, Wl) .

Pemenne 3anaun (2.9), (2.3) 6yaeM uckarh B BHjE A= Ay + ffh rae pyHKIus Ay €
Ly(0,T,Wy) upu Beex U € Wy yaoBieTBOpsieT PaBEHCTBY

4 (aﬁo-ﬁ)dﬁ/

(1~ "rot Ay - ot ¥)dz + %/
dt Qc [9)

div o Ay div o tdx = /(fCT -v)dz. (4.1)
Q¢

Q

[Iycts F: W(o; Q) — Wy — oneparop npojgozKenusi, onpeeaénubiii B semme 3.4.. Onepa-
top G : W(0;Q¢) — W*(0;Q¢) crasur B coorBercrsue @ € W (o;Q¢) s1ement upocrpancrsa
W*(o; Q¢) Takoit, aro miga Beex U € W(o; Qc)

(Gu,v) = /(M_lrotFﬁ- rot F'0)dx + %/ diveddivo vdx.
Q Q

C

Bununeiinas dopma (G, V), oueBUIHO, CUMMETPUYHA, HENPEPbIBHA U KOIPIUTUBHA HA
W(o;Qc) u G € Ly(0, T, W*(0;Q¢)) ms @ € La(0, T, W (o;Q0)) .

Onpegesnum ssement | € Lo(0,T, W*(0;Q¢)) maxoit, uro aus ¢ € W(o;Q¢) (,7) =
Jo(J2(t) - FO)dx . Takum obpasom, 1 0 € W(o;Q¢) u3 (4.1) cienyer paBencrso

d - 5\ g —\ —

E<AOC, U) + <GA00, U> = l(U) (42)

W3 Teopemsr Jlmomca [15] BBITEKACT, 9TO CymecTByeT enmuCTBenHas bymkmua Agc €
Ly(0, T, W (0;8¢)), yaosnersopsitomas pasenctBy (4.2) npu Beex U € W(0o;Q¢) u mHavanb-
nomy yenouio Agc(0) = @. Ipu stom Age € C(0,T,{L2(0;Qc)}?), n ecu @ € W(o;Qc),
10 A)ee € Lo(0,T,{Ls(0;20)}?).

HOJI&F&G_IY[ AOZFAQC, A:A0+A1, AC:Agc. .

IIycts A — pasnocts aByx pemennit 3amaqu (2.9), (2.3), Ac(0) = 0. Toraa

1 d - - - -, —,
—— [ (cA-A)dz+ /(,ulrot A -rot A)dx + %/ (dive A)*dz = 0,
2dt Qc Q Qc

OTKYJIa CJeJyeT, YTO A= 0, TO ecTh perieHne eJIUHCTBEHHOE.
Teopema 2.1. noKa3bpIBaeTCsd aHAJOTHIHO.
JHJokaszaTeadbcTBO 3aKOHYEHO.
JJokazaTeabcTBO TeopeMbl 2.3. [lycTs Ae Ly(0,7T,V) — pemenue 3a1a4u

(2.8), (2.3), A, € Ly(0,T,W) — pemenne sazaun (2.9), A,c(0) = Ac(0)+¢, §€ K(rot; Q) .
Monowum i = A, — ff, U= U+ Uy, tue Uy € Lo(0,T,V), 1y € Lo(0,T, K(rot; Q) NW).
Ipu srom div e e = div(oiy)e = div(cA,)e n as seex § € K(rot; Q) NW  (odic, §o)2o, =
((0t2)c, G )o0e = (0AL)0, Gc)rae , Totd = rot iy u (ole, Tc ). = (00)e, To)age Ans
Beex U €V, tc(0)=0.
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13 (2.8), (2.9) BoiTekaer, aTo st Becex U € V

d

— | (ot - 0)dx + /(,u_lrot Uy - rot ¥)dx = 0,
it o,

Q
U=ty € Ly(0,T, K(rot; Q) N W), 10 ecTh rotA, = rotA.
Hns Beex g € K(rot; Q) NW
d S
— (o - §)dzx + %/

divoddive gdr = /(ﬁT - g)dx.
dt Qo Qc

Q
[Momyaaem [15], uro U € C(0,T, K(rot;Qc)) u

1d
2dt Jo,,

(aﬁ-ﬁ)dx+%/

(div o @)*dr = /(jCT ) dz.
Q¢

Q

Nnrerpupyst ot 0 no t < T u npumenss onenky (3.11), noixydaem

[E@)15 + >lldiv o @3 a0 0y < C*(Qe, Q)2 1T 30 + Il

Takum obpasom,
IA, — Allw < (C*(Qc; Q) + 1)2||div o ]|z, <

< (C*(Q0; Q) + 1) V2(C (0, Q)27 T30 + 1112) .
Ecmu ¢=0, nua t € (0,7

14.(8) = AWl < O, Q)™ 2] T 0.

Jloka3zaTeabCcCTBO 3aKOHTYEHO.
HoxaszaTeabcTBO TeopeMBbl 2.4.
Iycts A € Ly(0,T,V) — pemenne sazaun (2.8), (2.3), tne @ € V(0;Q¢), & € H(rot; Q)
— npousBosbHas dyukius. Cornacho gemme 3.5., W =T+ G, e 7 € V, g€ K(rot; Q). 13
(2.8) Boirexaer, uro Jjyist nouru Beex t € (0,7)

— — — d —
/(ulrotA -rot w)dx = /(JCT - W)dx — /(JCT ~g)dr — — | (cA-W)dz.
0 Q Q dt Ja.
Tonoxuy, B coorserctBun ¢ aemmoil 3.1., Ji = EuguJi® € Ly(0,T, Ko(div;Q)), J, =

ﬁT—fl.Toma J;I:O,

/ (J - §)da = / (Ji - )da.
Q Qc

[Tonyuaem J_IJEC = v + grad ¢y, rae vy € Lo(0,T, Ko(dive; Qc)), ¢o € Lao(0, T, H (Qc)),
fQC dodx = 0. Takum o6pazoM,

/(J;-g)da::/ (0(271+grad¢0)-g7)dx:/ (o grad ¢y - §)d,
Q¢ Qc

Q¢

/(M_lrot/_f- rot w)dx = /(jCT ) dx — / (o grad ¢ - W)dx — 4 (0 A - @)dz.
Q Q Qc dt Ja..
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[Iponomkum dyuknun o grad ¢ , a@ff/@t nyaém B ;. Torma ;flrotf_f € Hy(rot; ), 1o
eCThb BBITIOJHEHO yesoBue (2.2), mpuuém

L o - L
rot = rot Ag = J& — o grad ¢y — &UAC’ rot = rot Ay = J¢".

[Tycts npu noutn Beex t € (0,T) dbyuxmua ¢ (t) € H () — pemenne 3anaum

div e grad ¢ (t) = 0, ¢1(t)[re = ¢o(t)|res ¢1(2)[r = 0.

Torna ¢y € Ly(0,T, H (7). Onpenennm dynkmuio ¢ € Lo(0,T, HY(Q)) coorHomenumsamm
b = ¢o, ¢r = ¢1. Ilo mocTpoenuto, cnpaBeIuBo paBeHcTBO (2.1), TO ecTh A, ¢ — pememue
samaan (2.1)—(2.3).
Jloxa3zaTeabCcTBO 3aKOHYEHO.
JlokazaTenAbCTBO TEeOpeMBI 2.D.
[TycTn A€ Ly(0,T,W) — pemtenne 3amaun (2.9), (2.3). Beumy Teopembr 2.3., u3 10Ka3a-
TeJIbCTBA TEOPEMBI 2.4. BHITEKAET, YTO

p ' rot A € Hy(rot; ), rot ' rot A, = Jo*.
Oupesenum byHmo ¢g € Lo(0, T, La(Q¢)) cooTHOmEHHEM
¢o = —xdiv Uffc.

Iycrs 1 € {D(Qc)}?. Torna o~ = G+, tae 7 € Ko(divo; Qc), § € K(rot; Qc) . Tak kak
div1/7: dive g, g€ Ko(divo;Q¢), To ectb g € W(o;Q0).

[lycrs F : W(o;Q¢) — W — oneparop npojo/Kenus, onpeaeénnsiii jemmoit 3.3. Toraa
Fge K(rot; Q) N W u u3 pasencrsa (2.9) nosyuaem

oo divﬁdw = ¢odivo gdr = — /(jCT - Fg)dx + i (cA-g)dx.
. o ) dt o,

Ja Beex € V(0;Q¢) u3 (2.9) noaygaem

d ; ; }
— [ (cA-?)dx = / (J - U)dx — / (rot u~'rot A - T)dx.
dt Ja.. Q¢ Qc

Ilycrh, Kak mpu 10Ka3aTebecTBe TeopeMbl 2.4., Jor = J + jg, rie J, € Ly(0,T, Ko(div; 2))
u Joy = 0. Beugy maorwoctn V(o;Q0) B Ko(divo; Q¢) nmeem

4 . d - d ﬁ
UWQM—/XLf@m+— (A -P)de — — [ (0A-¥)da =

¢®ﬁmz—/
0 a, dt Jg,, dt Jg,,

Q¢ Q¢

— —, d — — — —,

= —/ (o7t ap)dr + — (A-)dx + / (o rot ptrot A - 4)dz.
Qc dt Jo Q¢

Takum obpasomMm,

.9 .
gradgg = U_IJéT — —Ac — o 'rot ot Ae.

ot

[Iponomxasa ¢o g0 bynkuuu ¢ € Lo(0,T, H'()) Tak e, Kak IIpH J0Ka3aTelbCTBe Teope-
MBI 2.4., ToyvIaeM yTBepKAeHNEe TeOPEMBI.
JloxaszaTeabCcTBO 3aKOHTYEHO.
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Modified gauge conditions for Maxwell equations in
quasi-stationary magnetic approximation
© A.B. Kalinin*, A. A. Tyukhtina®, O. A. Izosimova®

Abstract. The initial-boundary value problem for the Maxwell equations in the quasi-stationary
magnetic approximation with magnetic boundary conditions is studied. The case of heterogeneous
media containing conductive and non-conductive inclusions is considered. The problem is
formulated in terms of vector magnetic and scalar electric potentials. The special gauge conditions
(modified Coulomb and Lorenz gauges) that allow to formulate problems of independent
determination of vector magnetic potential are proposed. The correctness of the problem statement
under general conditions on coefficients is proved. The possibility of Lions’ theorem application is
proved using estimates for scalar products of vector fields. The relation between solutions of the
problems with different gauges is studied. The correspondence between the problem formulation
for magnetic vector potential and the initial problem formulation for the vector magnetic potential
and scalar electric potential is considered.

Key Words: Maxwell equations, quasi-stationary magnetic approximation, heterogeneous media,
vector potential, gauge conditions
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