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Àííîòàöèÿ. Èçó÷àåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà â êâàçè-
ñòàöèîíàðíîì ìàãíèòíîì ïðèáëèæåíèè ïðè êðàåâîì óñëîâèè ìàãíèòíîãî òèïà. Ðàññìàòðèâà-
åòñÿ ñëó÷àé íåîäíîðîäíûõ ñðåä, ñîäåðæàùèõ ïðîâîäÿùèå è íåïðîâîäÿùèå âêëþ÷åíèÿ. Ïðè-
âîäèòñÿ ïîñòàíîâêà çàäà÷è â òåðìèíàõ âåêòîðíîãî ìàãíèòíîãî è ñêàëÿðíîãî ýëåêòðè÷åñêî-
ãî ïîòåíöèàëîâ. Èñïîëüçóþòñÿ ñïåöèàëüíûå êàëèáðîâî÷íûå ñîîòíîøåíèÿ (ìîäèôèöèðîâàí-
íûå êàëèáðîâî÷íûå ñîîòíîøåíèÿ Êóëîíà è Ëîðåíöà), ïîçâîëÿþùèå ñôîðìóëèðîâàòü çàäà÷è
íåçàâèñèìîãî îïðåäåëåíèÿ âåêòîðíîãî ìàãíèòíîãî ïîòåíöèàëà. Äîêàçûâàåòñÿ êîððåêòíîñòü
ïîñòàâëåííûõ çàäà÷ ïðè îáùèõ óñëîâèÿõ íà êîýôôèöèåíòû. Âîçìîæíîñòü ïðèìåíåíèÿ ïðè
ýòîì òåîðåìû Ëèîíñà îáîñíîâûâàåòñÿ ñ ïîìîùüþ îöåíîê äëÿ ñêàëÿðíûõ ïðîèçâåäåíèé âåê-
òîðíûõ ïîëåé. Èçó÷àåòñÿ ñîîòíîøåíèå ìåæäó ðåøåíèÿìè çàäà÷ ïðè ðàçíûõ êàëèáðîâî÷íûõ
ñîîòíîøåíèÿõ. Ðàññìàòðèâàåòñÿ ñâÿçü ìåæäó ïîñòàíîâêàìè çàäà÷ äëÿ âåêòîðíîãî ìàãíèò-
íîãî ïîòåíöèàëà è èñõîäíîé çàäà÷åé äëÿ âåêòîðíîãî ìàãíèòíîãî ïîòåíöèàëà è ñêàëÿðíîãî
ýëåêòðè÷åñêîãî ïîòåíöèàëà.

Êëþ÷åâûå ñëîâà: ñèñòåìà óðàâíåíèé Ìàêñâåëëà, êâàçèñòàöèîíàðíîå ìàãíèòíîå ïðèáëè-
æåíèå, íåîäíîðîäíûå ñðåäû, âåêòîðíûé ïîòåíöèàë, êàëèáðîâî÷íûå ñîîòíîøåíèÿ.

1. Ââåäåíèå

Ñèñòåìà óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì ìàãíèòíîì ïðèáëèæåíèè íàõîäèò
ïðèìåíåíèå ïðè ðåøåíèè ðàçëè÷íûõ ïðàêòè÷åñêèõ çàäà÷ [1]. Îñíîâíûå çàäà÷è äëÿ ýòîé ñè-

ñòåìû äîïóñêàþò ðàçíîîáðàçíûå ôîðìóëèðîâêè â òåðìèíàõ ïîëåé ( H⃗ è E⃗ -ôîðìóëèðîâêè

[2], [3]) è â òåðìèíàõ ïîòåíöèàëîâ ( A⃗ − ϕ -ôîðìóëèðîâêè ïðè ðàçëè÷íûõ êàëèáðîâî÷íûõ

ñîîòíîøåíèÿõ [4], [5], T⃗ − ψ -ôîðìóëèðîâêè [6]).
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Ðîññèÿ, ÃÑÏ-20, ã. Íèæíèé Íîâãîðîä, ïð-ò Ãàãàðèíà, ä.23, êîðï.6), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ
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ñêèõ ïðîöåññîâ, Èíñòèòóò ýêîíîìèêè è ïðåäïðèíèìàòåëüñòâà, ÔÃÀÎÓ ÂÎ "Íàöèîíàëüíûé èññëåäîâà-
òåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. È. Ëîáà÷åâñêîãî" (603950, Ðîññèÿ, ÃÑÏ-
20, ã. Íèæíèé Íîâãîðîä, ïð-ò Ãàãàðèíà, ä.23, êîðï.6), êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ORCID:
http://orcid.org/0000-0001-5723-9256, kalinmm@yandex.ru
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ìåõàíèêè, ÔÃÀÎÓ ÂÎ "Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Ïðè èññëåäîâàíèè çàäà÷ äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì ìàã-
íèòíîì ïðèáëèæåíèè â ðåàëüíûõ ôèçè÷åñêè íåîäíîðîäíûõ ñðåäàõ òèïè÷íîé ÿâëÿåòñÿ ñè-
òóàöèÿ, êîãäà ðàññìàòðèâàåìàÿ ïðîñòðàíñòâåííàÿ îáëàñòü ñîäåðæèò ïðîâîäÿùèå è íåïðî-
âîäÿùèå âêëþ÷åíèÿ [1-3]. Â ýòîì ñëó÷àå ñôîðìóëèðîâàííûå íà÷àëüíî-êðàåâûå çàäà÷è îò-
íîñÿòñÿ ê ýëëèïòèêî-ïàðàáîëè÷åñêîìó òèïó [3] . Ðàññìîòðåíèå òàêèõ çàäà÷ òðåáóåò èçó-
÷åíèÿ ñâîéñòâ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ, â êîòîðûõ èùåòñÿ ðåøåíèå. Â ÷àñòíîñòè,
âàæíóþ ðîëü èãðàþò íåðàâåíñòâà, ïîçâîëÿþùèå ïðè äîêàçàòåëüñòâå êîððåêòíîñòè îáîá-
ù¼ííûõ ïîñòàíîâîê îáîñíîâûâàòü êîýðöèòèâíîñòü ñîîòâåòñòâóþùèõ áèëèíåéíûõ ôîðì.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ôîðìóëèðîâêè çàäà÷ äëÿ êâàçèñòàöèîíàðíîé
ñèñòåìû Ìàêñâåëëà â òåðìèíàõ ïîòåíöèàëîâ (âåêòîðíîãî ìàãíèòíîãî ïîòåíöèàëà A⃗ è
ñêàëÿðíîãî ýëåêòðè÷åñêîãî ïîòåíöèàëà ϕ ) äëÿ íåîäíîðîäíûõ îáëàñòåé, ñîäåðæàùèõ ïðî-
âîäÿùèå è íåïðîâîäÿùèå âêëþ÷åíèÿ. Ïðè ýòîì èñïîëüçóþòñÿ ìîäèôèöèðîâàííûå êàëèá-
ðîâî÷íûå ñîîòíîøåíèÿ Êóëîíà è Ëîðåíöà, ïðèâîäÿùèå ê îáîáùåííûì ïîñòàíîâêàì çà-
äà÷ íåçàâèñèìîãî îïðåäåëåíèÿ âåêòîðíîãî ìàãíèòíîãî ïîòåíöèàëà. Äëÿ ïåðèîäè÷åñêèõ ïî
âðåìåíè ðåøåíèé êâàçèñòàöèîíàðíûõ çàäà÷ ìîäèôèöèðîâàííûå êàëèáðîâî÷íûå ñîîòíîøå-
íèÿ Ëîðåíöà îáñóæäàëèñü, â ÷àñòíîñòè, â ðàáîòàõ [5], [7]. Â ðàáîòàõ [8], [9] èññëåäîâàëèñü
ïðÿìûå è îáðàòíûå çàäà÷è äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà â êâàçèñòàöèîíàðíîì ìàã-
íèòíîì ïðèáëèæåíèè ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííûõ êàëèáðîâî÷íûõ ñîîòíîøåíèé
Êóëîíà è Ëîðåíöà â ïðîâîäÿùèõ îáëàñòÿõ.

Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ ðàñïðîñòðàíåíèå ðåçóëüòàòîâ ðàáîò [7]�[9] íà ñëó÷àé
îãðàíè÷åííûõ îáëàñòåé, ñîäåðæàùèõ ïðîâîäÿùèå è íåïðîâîäÿùèå âêëþ÷åíèÿ.

Âñå ïîëó÷àåìûå â ðàáîòå ðåçóëüòàòû ñïðàâåäëèâû ïðè äîñòàòî÷íî îáùèõ óñëîâèÿõ
íà êîýôôèöèåíòû ñèñòåìû è îïèðàþòñÿ íà îöåíêè ñêàëÿðíûõ ïðîèçâåäåíèé âåêòîðíûõ
ïîëåé, äîêàçàííûå â [10], [11].

2. Ïîñòàíîâêà çàäà÷ è îñíîâíûå ðåçóëüòàòû

Â òåðìèíàõ âåêòîðíîãî ìàãíèòíîãî ïîòåíöèàëà A⃗ è ñêàëÿðíîãî ýëåêòðè÷åñêîãî ïîòåí-
öèàëà ϕ ñèñòåìà óðàâíåíèé Ìàêâåëëà â êâàçèñòàöèîíàðíîì ìàãíèòíîì ïðèáëèæåíèè [12]
ñâîäèòñÿ ê óðàâíåíèþ

∂

∂t
σA⃗(x, t) + rotµ−1rotA⃗(x, t) = −σgradϕ(x, t) + J⃗ñò(x, t), (2.1)

ãäå (x, t) ∈ Q = Ω× (0, T ) , Ω ⊂ R3 , T > 0 .
Â ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî Ω � îòêðûòàÿ îãðàíè÷åííàÿ îáëàñòü, ãîìåîìîðôíàÿ

øàðó, ñ ëèïøèöåâîé ãðàíèöåé Γ , ν⃗(x) � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè â òî÷êå
x ∈ Γ . Äëÿ ôóíêöèé u⃗ : Ω̄ → R3 ÷åðåç u⃗ν , u⃗τ îáîçíà÷àþòñÿ íîðìàëüíàÿ è êàñàòåëüíàÿ
êîìïîíåíòû ôóíêöèè íà ãðàíèöå îáëàñòè. ×åðåç ∥ · ∥2,Ω è (·, ·)2,Ω îáîçíà÷àþòñÿ íîðìà è
ñêàëÿðíîå ïðîèçâåäåíèå â {L2(Ω)}3 .

Óðàâíåíèå (2.1) äîïîëíÿåòñÿ ãðàíè÷íûì óñëîâèåì, ñîîòâåòñòâóþùèì îäíîðîäíîìó
óñëîâèþ ìàãíèòíîãî òèïà [1]

(µ−1rotA⃗)τ (x, t) = 0, x ∈ Γ, t ∈ (0, T ), (2.2)

è íà÷àëüíûì óñëîâèåì
A⃗(x, 0) = a⃗(x), x ∈ ΩC , (2.3)

ãäå a⃗ ∈ {L2(ΩC)}3 � çàäàííàÿ ôóíêöèÿ.
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Ðàññìàòðèâàåìàÿ îáëàñòü ñîñòîèò èç ïðîâîäíèêà, çàíèìàþùåãî ïîäîáëàñòü ΩC è îêðó-
æåííîãî äèýëåêòðèêîì (íåïðîâîäÿùèì ñëîåì) ΩI = Ω \ Ω̄C . Ïðåäïîëàãàåòñÿ, ΩC � îò-
êðûòàÿ îãðàíè÷åííàÿ îáëàñòü, ãîìåîìîðôíàÿ øàðó, ñ ëèïøèöåâîé ãðàíèöåé ΓC , Ω̄C ⊂ Ω ,
òàê ÷òî ∂ΩI = Γ∪ΓC . ×åðåç ν⃗C(x) , ν⃗I(x) îáîçíà÷àþòñÿ åäèíè÷íûå âåêòîðà âíåøíåé íîð-
ìàëè â òî÷êå x⃗ ∈ ΓC ê îáëàñòÿì ΩC è ΩI ñîîòâåòñòâåííî, ν⃗C + ν⃗I = 0 . Äëÿ ôóíêöèé
u⃗ : Ω → R3 , u : Ω → R1 ÷åðåç u⃗C , uC îáîçíà÷àþòñÿ èõ ñóæåíèÿ íà îáëàñòü ΩC , ÷åðåç
u⃗I , uI � ñóæåíèÿ íà ΩI .

Ïðåäïîëàãàåòñÿ, ÷òî µ , ϵ , σ � ñèììåòðè÷íûå (3 × 3) ìàòðèöû èçìåðèìûõ íà Ω
ôóíêöèé, óäîâëåòâîðÿþùèå óñëîâèÿì

ϵ1|ξ|2 ≤ (ϵ(x)ξ, ξ) ≤ ϵ2|ξ|2, µ1|ξ|2 ≤ (µ(x)ξ, ξ) ≤ µ2|ξ|2

ïðè ïî÷òè âñåõ x ∈ Ω è âñåõ ξ ∈ R3 ,

σij(x) = 0, i, j = 1, 2, 3, ïðè ïî÷òè âñåõ x ∈ ΩI ,

σ1|ξ|2 ≤ (σ(x)ξ, ξ) ≤ σ2|ξ|2 ïðè ïî÷òè âñåõ x ∈ ΩC è âñåõ ξ ∈ R3,

ãäå µi , σi , ϵi , ( i = 1, 2 ) � çàäàííûå ïîëîæèòåëüíûå ÷èñëà.

J⃗ñò : Q→ R3 � çàäàííàÿ ñóììèðóåìàÿ ñ êâàäðàòîì ôóíêöèÿ,

divJ⃗ñò(x, t) = 0, (x, t) ∈ ΩI × (0, T ), (J⃗ñò)ν(x, t) = 0, (x, t) ∈ Γ× (0, T ). (2.4)

Îïðåäåëÿþòñÿ ñëåäóþùèå ãèëüáåðòîâû ïðîñòðàíñòâà âåêòîð-ôóíêöèé ñ ñîîòâåòñòâóþ-
ùèìè ñêàëÿðíûìè ïðîèçâåäåíèÿìè [13], [14]:

H(div; Ω) = {u⃗ ∈ {L2(Ω)}3 : div u⃗ ∈ L2(Ω)}, K(div; Ω) = {u⃗ ∈ {L2(Ω)}3 : div u⃗ = 0},

(u⃗, v⃗)div,Ω =

∫
Ω

(u⃗ · v⃗)dx+
∫
Ω

(div u⃗div v⃗)dx,

H(rot; Ω) = {u⃗ ∈ {L2(Ω)}3 : rot u⃗ ∈ {L2(Ω)}3}, K(rot; Ω) = {u⃗ ∈ {L2(Ω)}3 : rot u⃗ = 0⃗},

(u⃗, v⃗)rot,Ω =

∫
Ω

(u⃗ · v⃗)dx+
∫
Ω

(rot u⃗ · rot v⃗)dx.

×åðåç H0(rot; Ω) , H0(div; Ω) îáîçíà÷àåòñÿ çàìûêàíèå ìíîæåñòâà ïðîáíûõ âåêòîð-
ôóíêöèé {D(Ω)}3 â H(rot; Ω) è H(div; Ω) ñîîòâåòñòâåííî, K0(div; Ω) = K(div; Ω) ∩
H0(div; Ω) .

Ðåøåíèåì çàäà÷è (2.1)�(2.3) íàçûâàþòñÿ ôóíêöèè A⃗ ∈ L2(0, T,H(rot; Ω)) , ϕ ∈
L2(0, T,H

1(Ω)) òàêèå, ÷òî µ−1rotA⃗ ∈ L2(0, T,H0(rot; Ω)) è ñïðàâåäëèâû ðàâåíñòâà (2.1)
è (2.3).

Ïðåäïîëîæèì, â ðåøåíèè çàäà÷è (2.1)�(2.3) A⃗ ∈ C1(0, T,H(rot; Ω)) . Òîãäà èç (2.1)
ïîëó÷àåì, ÷òî äëÿ âñåõ v⃗ ∈ H(rot; Ω)

d

dt

∫
ΩC

(σA⃗ · v⃗)dx+
∫
Ω

(µ−1rotA⃗ · rotv⃗)dx = −
∫
ΩC

(σgradϕ · v⃗)dx+
∫
Ω

(J⃗ñò · v⃗)dx. (2.5)

Äëÿ îáåñïå÷åíèÿ åäèíñòâåííîñòè ðåøåíèÿ çàäà÷ â òåðìèíàõ ïîòåíöèàëîâ A⃗ , φ óðàâ-
íåíèå (2.1) òðàäèöèîííî äîïîëíÿåòñÿ êàëèáðîâî÷íûìè ñîîòíîøåíèÿìè (íàïðèìåð, ñîîò-

íîøåíèåì Êóëîíà div A⃗ = 0 èëè Ëîðåíöà div A⃗ + ∂ϕ/∂t = 0 ). Â ýòîì ñëó÷àå äëÿ A⃗ è ϕ
ïðèõîäèòñÿ ðåøàòü ñâÿçíóþ ñèñòåìó óðàâíåíèé [3], [4].
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Â ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàòü ìîäèôèöèðîâàííûå êàëèáðîâî÷íûå ñîîòíîøåíèÿ

div σA⃗(x, t) = 0, (x, t) ∈ ΩC × (0, T ), (σA⃗)νC (x, t) = 0, (x, t) ∈ ΓC × (0, T ), (2.6)

div A⃗(x, t) = 0, (x, t) ∈ ΩI × (0, T ), A⃗ν(x, t) = 0, (x, t) ∈ Γ× (0, T ).

è

φ(x, t) = −κ div σA⃗(x, t), (x, t) ∈ ΩC × (0, T ), (σA⃗)νC (x, t) = 0, (x, t) ∈ ΓC × (0, T ), (2.7)

div A⃗(x, t) = 0, (x, t) ∈ ΩI × (0, T ), A⃗ν(x, t) = 0, (x, t) ∈ Γ× (0, T ),

êîòîðûå, êàê áóäåò ïîêàçàíî äàëåå, ïðèâîäÿò ê âîçìîæíîñòè íåçàâèñèìîãî îïðåäåëåíèÿ
âåêòîðíîãî ìàãíèòíîãî ïîòåíöèàëà. Ïîäîáíûå ïîäõîäû äëÿ ãàðìîíè÷åñêèõ çàäà÷ îáñóæ-
äàëèñü â ðàáîòå [5].

Ââåäåì â {L2(ΩC)}3 ñêàëÿðíîå ïðîèçâåäåíèå ñîîòíîøåíèåì (u⃗, v⃗)σ =
∫
ΩC

(σu⃗ · v⃗)dx .
Ïîëó÷èâøååñÿ ãèëüáåðòîâî ïðîñòðàíñòâî îáîçíà÷àåòñÿ {L2(σ; ΩC)}3 . Äëÿ ïîñòàíîâêè
íà÷àëüíî-êðàåâîé çàäà÷è â âèäå èíòåãðàëüíîãî òîæäåñòâà îïðåäåëÿþòñÿ òàêæå ñëåäóþ-
ùèå ãèëüáåðòîâû ïðîñòðàíñòâà

H0(div σ; ΩC) = {u⃗ ∈ {L(σ; ΩC)}3 : σu⃗ ∈ H0(div; ΩC)},

K0(div σ; ΩC) = {u⃗ ∈ H0(div σ; ΩC) : div σ u⃗ = 0},
(u⃗, v⃗)H(div σ;Ω) = (u⃗, v⃗)σ + (div σ u⃗, div σ v⃗)2,ΩC

,

W (σ; ΩC) = H(rot; ΩC) ∩H0(div σ; ΩC), V (σ; ΩC) = H(rot; ΩC) ∩K0(div σ; ΩC),

(u⃗, v⃗)W (σ;ΩC) =

∫
ΩC

(u⃗ · v⃗)dx+
∫
ΩC

(rot u⃗ · rot v⃗)dx+
∫
ΩC

div σ u⃗ div σ v⃗ dx,

W = {u⃗ ∈ H(rot; Ω) : u⃗C ∈ H0(div σ; ΩC), div u⃗I = 0, (uI)ν(x) = 0, x ∈ Γ},
V = {u⃗ ∈ W : div σ u⃗C = 0},

(u⃗, v⃗)W =

∫
Ω

(u⃗ · v⃗)dx+
∫
Ω

(rot u⃗ · rot v⃗)dx+
∫
ΩC

(div σ u⃗ div σ v⃗)dx.

Ïðîñòðàíñòâî W (σ; ΩC) íåïðåðûâíî è ïëîòíî âëîæåíî â {L2(σ; ΩC)}3 , ïðîñòðàíñòâî
V (σ; ΩC) íåïðåðûâíî è ïëîòíî âëîæåíî â K(divσ; ΩC) [8].

Çàäà÷à (2.1)�(2.3), (2.6) ñâîäèòñÿ ê îïðåäåëåíèþ òàêîé ôóíêöèè A⃗ ∈ L2(0, T, V ) , óäîâ-
ëåòâîðÿþùåé íà÷àëüíîìó óñëîâèþ (2.3), ÷òî äëÿ âñåõ v⃗ ∈ V ñïðàâåäëèâî ðàâåíñòâî

d

dt

∫
ΩC

(σA⃗ · v⃗)dx+
∫
Ω

(µ−1rot A⃗ · rot v⃗)dx =

∫
Ω

(J⃗ñò · v⃗)dx. (2.8)

Çàäà÷à ïðè èñïîëüçîâàíèè êàëèáðîâî÷íûõ ñîîòíîøåíèé (2.7) ñâîäèòñÿ ê îïðåäåëåíèþ

òàêîé ôóíêöèè A⃗ ∈ L2(0, T,W ) , óäîâëåòâîðÿþùåé íà÷àëüíîìó óñëîâèþ (2.3), ÷òî äëÿ
âñåõ v⃗ ∈ W ñïðàâåäëèâî ðàâåíñòâî

d

dt

∫
ΩC

(σA⃗ · v⃗)dx+
∫
Ω

(µ−1rot A⃗ · rot v⃗)dx+ κ
∫
ΩC

div σ A⃗div σ v⃗ dx =

∫
Ω

(J⃗ñò · v⃗)dx. (2.9)

Îñíîâíûìè ðåçóëüòàòàìè ðàáîòû ÿâëÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Ò å î ð å ì à 2.1. Äëÿ ëþáûõ a⃗ ∈ K0(div σ; ΩC) è J⃗ñò ∈ {L2(Q)}3 , óäîâëåòâîðÿ-
þùåé (2.4), ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå A⃗ ∈ L2(0, T, V ) çàäà÷è (2.8), (2.3). Ïðè

ýòîì A⃗C ∈ C(0, T,K0(div σ; ΩC)) . Åñëè a⃗ ∈ V (σ; ΩC) , òî A⃗′
C ∈ L2(0, T,K0(div σ; ΩC)) .
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Ò å î ð å ì à 2.2. Äëÿ ëþáûõ a⃗ ∈ {L2(σ; ΩC)}3 è J⃗ñò ∈ {L2(Q)}3 , óäîâëåòâîðÿþ-
ùåé (2.4), ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå A⃗ ∈ L2(0, T,W ) çàäà÷è (2.9), (2.3). Ïðè

ýòîì A⃗C ∈ C(0, T, {L(σ; ΩC)}3) . Åñëè a⃗ ∈ W (σ; ΩC) , òî A⃗′
C ∈ L2(0, T, {L2(σ; ΩC)}3) .

Ò å î ð å ì à 2.3. Ïóñòü A⃗ � ðåøåíèå çàäà÷è (2.8), (2.3), A⃗κ � ðåøåíèå çàäà÷è

(2.9) ñ íà÷àëüíûì óñëîâèåì A⃗κC(0) = a⃗ + q⃗ , ãäå q⃗ ∈ K(rot; ΩC) . Òîãäà rot A⃗ = rot A⃗κ .

Ïðè κ → ∞ A⃗κ → A⃗ â L2(0, T,W ) . Åñëè q⃗ = 0 , (A⃗κ)C → A⃗C â C(0, T, {L2(σ; ΩC)}3) .

Ò å î ð å ì à 2.4. Ïóñòü A⃗ ∈ L2(0, T, V ) � ðåøåíèå çàäà÷è (2.8), (2.3), ãäå a⃗ ∈
V (σ; ΩC) . Òîãäà íàéäåòñÿ ôóíêöèÿ ϕ ∈ L2(0, T,H

1(Ω)) òàêàÿ, ÷òî A⃗ , ϕ � ðåøåíèå
çàäà÷è (2.1)�(2.3).

Ò å î ð å ì à 2.5. Ïóñòü A⃗ ∈ L2(0, T,W ) � ðåøåíèå çàäà÷è (2.7), (2.3), ãäå a⃗ ∈
W (σ; ΩC) . Òîãäà íàéäåòñÿ ôóíêöèÿ ϕ ∈ L2(0, T,H

1(Ω)) òàêàÿ, ÷òî A⃗ , ϕ � ðåøåíèå

çàäà÷è (2.1)�(2.3), ïðè÷¼ì ϕC = −κ div σ A⃗C .

3. Ïðåäâàðèòåëüíûå óòâåðæäåíèÿ

Ðåçóëüòàòû ðàáîòû îïèðàþòñÿ íà ñëåäóþùèå îöåíêè, óñòàíîâëåííûå â [11].

Ò å î ð å ì à 3.1. Ïóñòü G ⊂ R3 � îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî ñ ëèï-
øèöåâîé ãðàíèöåé, ãîìåîìîðôíîå øàðó. Ñóùåñòâóåò ïîñòîÿííàÿ C(G) > 0 , çàâèñÿùàÿ
òîëüêî îò îáëàñòè G òàêàÿ, ÷òî íåðàâåíñòâî

|(u⃗, v⃗)2,G| ≤ C(G) (∥u⃗∥2,G∥div v⃗∥2,G + ∥v⃗∥2,G∥rot u⃗∥2,G + ∥rot u⃗∥2,G∥div v⃗∥2,G) (3.10)

âûïîëíÿåòñÿ äëÿ ëþáûõ u⃗ ∈ H0(rot;G) , v⃗ ∈ H(div;G) , à òàêæå äëÿ ëþáûõ u⃗ ∈
H(rot;G) , v⃗ ∈ H0(div;G) .

Äàëåå â ýòîé ãëàâå ñ÷èòàåì, ÷òî îáëàñòü Ω ⊂ R3 óäîâëåòâîðÿåò óëîâèÿì, ñôîðìóëèðî-
âàííûì ïðè ïîñòàíîâêå íà÷àëüíî-êðàåâûõ çàäà÷.

Ë å ì ì à 3.1. Ïóñòü K0,I(div; ΩI) = {w⃗ ∈ K(div; ΩI) : ⟨w⃗ν , 1⟩ΓC
= 0} . Ñóùåñòâó-

åò ëèíåéíûé íåïðåðûâíûé îïåðàòîð ïðîäîëæåíèÿ Ediv : K0,I(div; ΩI) → K(div; Ω) . Åñëè
ïðè ýòîì w⃗ν(x) = 0 , x ∈ Γ , òî Edivw⃗ ∈ K0(div; Ω) .

Äîêàçàòåëüñòâî ëåììû ïðèâîäèòñÿ, íàïðèìåð, â [11].

Ë å ì ì à 3.2. Íàéä¼òñÿ òàêàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ C(ΩC ,Ω) , ÷òî äëÿ
âñåõ u⃗ ∈ W ñïðàâåäëèâî íåðàâåíñòâî

∥u⃗∥2,Ω ≤ C(ΩC ,Ω) (∥rotu⃗∥2,Ω + ∥divσu⃗∥2,ΩC
) . (3.11)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü u⃗ ∈ W . Ïðèìåíÿÿ íåðàâåíñòâî (3.10) ê ôóíêöèÿì
u⃗C ∈ H(rot; ΩC) , σu⃗C ∈ K0(div; ΩC) , ïîëó÷àåì

∥u⃗∥2,ΩC
≤ C1(∥rotu⃗∥2,ΩC

+ ∥divσu⃗∥2,ΩC
),

ãäå C1 = σ−1
1 (C(ΩC)max{1, σ2}+ 1/4) .
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Ñîãëàñíî ëåììå 3.1., íàéä¼òñÿ ôóíêöèÿ v⃗ ∈ K0(div; Ω) òàêàÿ, ÷òî v⃗I = u⃗I , ∥v⃗∥2,Ω ≤
C∥u⃗I∥2,ΩI

, ãäå ïîñòîÿííàÿ C > 0 çàâèñèò òîëüêî îò îáëàñòè ΩC .
Ïðèìåíÿÿ (3.10) ê ôóíêöèÿì u⃗ , v⃗ , ïîëó÷àåì

|(u⃗, v⃗)2,Ω| ≤ C(Ω)∥v⃗∥2,Ω∥rot u⃗∥2,Ω ≤ C(Ω)C∥u⃗∥2,ΩI
∥rot u⃗∥2,Ω.

Òàê êàê (u⃗, v⃗)2,Ω = ∥u⃗I∥22,ΩI
+ (u⃗C , v⃗)2,ΩC

,

∥u⃗∥2,ΩI
≤ C∥u⃗∥2,ΩC

+ C(Ω)C∥rot u⃗∥2,Ω ≤ C(C(Ω) + C1)∥rot u⃗∥2,Ω + C1C∥div σ u⃗∥2,ΩC
.

Òàêèì îáðàçîì, ñïðàâåäëèâà îöåíêà (3.11), ãäå C(ΩC ,Ω) = (C2
1 + C2(C(Ω) + C1)

2)1/2 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ââåä¼ì â ïðîñòðàíñòâå W çàìêíóòûå ïîäïðîñòðàíñòâà

W0 = {u⃗ ∈ W : rotµ−1rot u⃗I = 0, (µ−1rot u⃗)τ (x) = 0, x ∈ Γ}, W1 = {u⃗ ∈ W : u⃗C = 0}.

Îáîçíà÷èì V0 =W0 ∩ V . Ïóñòü

HI = {ξ ∈ H1(ΩI) : ξ(x) = 0, x ∈ Γ}, HC = {ξ ∈ H1(ΩI) : ξ(x) = 0, x ∈ ΓC}.

Ë å ì ì à 3.3. Äëÿ ëþáîãî ýëåìåíòà w⃗ ∈ W îäíîçíà÷íî îïðåäåëÿþòñÿ ýëåìåíòû
w⃗0 ∈ W0 , w⃗1 ∈ W1 òàêèå, ÷òî w⃗ = w⃗0 + w⃗1 .

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ u⃗ ∈ W1 íåðàâåíñòâî (3.11) ïðèíèìàåò âèä
∥u⃗I∥2,ΩI

≤ C(ΩC ,Ω)∥rot u⃗I∥2,ΩI
. Èç ëåììû Ëàêñà-Ìèëüãðàìà ñëåäóåò, ÷òî íàéä¼òñÿ åäèí-

ñòâåííàÿ ôóíêöèÿ w⃗1 ∈ W1 òàêàÿ, ÷òî ïðè âñåõ v⃗ ∈ W1∫
ΩI

(µ−1rot w⃗1 · rot v⃗)dx =

∫
ΩI

(µ−1rot w⃗ · rot v⃗)dx.

Ïîëîæèì w⃗0 = w⃗ − w⃗1 .
Ïóñòü ψ⃗ ∈ H3

C . Ñîãëàñíî íåðàâåíñòâó Ôðèäðèõñà [15], íàéä¼òñÿ åäèíñòâåííàÿ ôóíêöèÿ
p ∈ HC òàêàÿ, ÷òî äëÿ âñåõ ξ ∈ HC∫

ΩI

(grad p · grad ξ)dx =

∫
ΩI

(ψ⃗ · grad ξ)dx.

Ïðîäîëæèì ôóíêöèè ψ⃗ , p íóë¼ì â ΩC è ïîëîæèì v⃗ = ψ⃗ − grad p . Òîãäà v⃗ ∈ H(rot; Ω) ,

v⃗C = 0 , div v⃗I = 0 è v⃗ν = 0 . Òàêèì îáðàçîì, v⃗ ∈ W1 , rot v⃗ = rot ψ⃗ , ïîýòîìó
∫
ΩI
(µ−1rot w⃗0 ·

rot ψ⃗)dx = 0 . Ñëåäîâàòåëüíî, rotµ−1 rot w⃗0I = 0 , (µ−1rot w⃗0)τ (x) = 0 , x ∈ Γ , òî åñòü
w⃗0 ∈ W0 .

Äëÿ âñåõ u⃗ ∈ W0 , v⃗ ∈ W1

∫
Ω
(µ−1rot u⃗ · rot v⃗)dx = 0 . Ñëåäîâàòåëüíî, ââèäó îöåíêè

(3.11), W0 ∩W1 = {0} . Îòñþäà âûòåêàåò åäèíñòâåííîñòü ïðåäñòàâëåíèÿ.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ë å ì ì à 3.4. Äëÿ ëþáîé ôóíêöèè v⃗ ∈ W (σ; ΩC) íàéä¼òñÿ åäèíñòâåííàÿ ôóíêöèÿ
w⃗ ∈ W0 òàêàÿ, ÷òî w⃗C = v⃗ . Ïðè ýòîì ∥w⃗∥W ≤ C∥v⃗∥W (σ;ΩC) , ãäå ïîñòîÿííàÿ C > 0 íå
çàâèñèò îò v⃗ .
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç íåðàâåíñòâà Ôðèäðèõñà âûòåêàåò, ÷òî íàéä¼òñÿ åäèí-
ñòâåííàÿ ôóíêöèÿ p ∈ HI , ïðè âñåõ ξ ∈ HI óäîâëåâîðÿþùàÿ ðàâåíñòâó∫

ΩI

(µ grad p · grad ξ)dx = −⟨(rot v⃗)νC , ξ⟩ΓC
,

div µ grad p = 0, (µ grad p)νI (x) = −(rot v⃗)νC (x), x ∈ ΓC , ∥grad p∥2,ΩI
≤ C1∥rot v⃗∥2,ΩC

.

Îïðåäåëèì ôóíêöèþ F⃗ ∈ K(div; Ω) : F⃗C = rot v⃗ , F⃗I = µ grad p . Ïî ïîñòðîåíèþ,

rotµ−1F⃗I = 0, (µ−1F⃗ )τ (x) = 0, x ∈ Γ, ∥F⃗∥2,Ω ≤ C2∥rot v⃗∥2,ΩC
,

ãäå C2 = (µ2
2C

2
1 + 1)1/2 .

Íàéä¼òñÿ åäèíñòâåííàÿ ôóíêöèÿ u⃗ ∈ K0(div; Ω)∩H(rot; Ω) òàêàÿ, ÷òî rot u⃗ = F⃗ . Òîãäà
v⃗ − u⃗C = grad q , q ∈ H1(ΩC) ,

∫
ΩC
q dx = 0 .

Ïóñòü q1 ∈ H1(ΩI) � ðåøåíèå çàäà÷è

∆q1 = 0, q1(x) = q(x), x ∈ ΓC , q1(x) = 0, x ∈ Γ,

ôóíêöèÿ q2 ∈ HC óäîâëåòâîðÿåò ïðè âñåõ ξ ∈ HC ðàâåíñòâó∫
ΩI

(grad q2 · grad ξ)dx = −⟨(grad q1)ν , ξ⟩Γ.

Îïðåäåëèì ôóíêöèþ w⃗ ∈ H(rot; Ω) ñîîòíîøåíèÿìè

w⃗C = u⃗C + grad q = v⃗, w⃗I = u⃗I + grad(q1 + q2).

Ïî ïîñòðîåíèþ, w⃗ ∈ W0 ,

∥w⃗∥W ≤ C(ΩC ,Ω)
(
∥F⃗∥2,Ω + ∥div σ v⃗ ∥,ΩC

)
≤ C∥v⃗∥W (σ;ΩC),

ãäå ìîæíî âçÿòü C = C(ΩC ,Ω)(C2 + 1) .
Ïðåäïîëîæèì, íàéäóòñÿ ôóíêöèè w⃗1 , w⃗2 ∈ W0 òàêèå, ÷òî w⃗iC = v⃗ , i = 1, 2 . Òîãäà

w⃗2 − w⃗1 ∈ W0 ∩W1 , è åäèíñòâåííîñòü ïðîäîëæåíèÿ äîêàçàíà.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ë å ì ì à 3.5. Äëÿ ëþáîé ôóíêöèè w⃗ ∈ H(rot; Ω) íàéä¼òñÿ åäèíñòâåííàÿ ôóíê-
öèÿ v⃗ ∈ V òàêàÿ, ÷òî w⃗−v⃗ ∈ K(rot; Ω) , ∥v⃗∥rot,Ω+∥w⃗−v⃗∥2,Ω ≤ C∥w⃗∥rot,Ω , ãäå ïîñòîÿííàÿ
C > 0 íå çàâèñèò îò w⃗ . Ïðè ýòîì, åñëè w⃗ ∈ W , w⃗ − v⃗ ∈ K(rot; Ω) ∩W .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü w⃗ ∈ H(rot; Ω) . Òîãäà [10] w⃗ = w⃗1 + g⃗ , ãäå w⃗1 ∈
K0(div; Ω) , g⃗ ∈ K(rot; Ω) , (w⃗1)C = v⃗c + grad p , ãäå σv⃗c ∈ K0(div; ΩC) , p ∈ H1(ΩC) ,∫
ΩC
p dx = 0 ,

∥w⃗∥22,Ω = ∥w⃗1∥22,Ω + ∥g⃗∥22,Ω, ∥w⃗1∥2σ = ∥v⃗c∥2σ + ∥g⃗∥2σ.
Ïóñòü p1 ∈ H1(ΩI) � ðåøåíèå çàäà÷è

∆p1 = 0, p1(x) = p(x), x ∈ Γ1, p1(x) = 0, x ∈ Γ.

Îáîçíà÷èì f = −(grad p1)ν ∈ H−1/2(Γ) . Ïóñòü ôóíêöèÿ p2 ∈ HC óäîâëåòâîðÿåò ïðè âñåõ
q ∈ HC ðàâåíñòâó ∫

Ω

(grad p2 · grad q)dx = ⟨f, q⟩Γ.

Îïðåäåëèì ôóíêöèþ ψ ∈ H1(Ω) : ψC = p , ψI = p1 + p2 . Ïîëîæèì v⃗ = w⃗1 − gradψ =
w⃗ − g⃗ − gradψ . Ïî ïîñòðîåíèþ, v⃗C = w⃗1 − grad p = v⃗c ∈ K0(div σ; ΩC) , v⃗ν = 0 , div v⃗I =
div w⃗I = 0 . Åäèíñòâåííîñòü ïðåäñòàâëåíèÿ âûòåêàåò èç îöåíêè (3.11).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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4. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì 2.1., 2.2.
Äëÿ ïî÷òè âñåõ t ∈ (0, T ) íàéä¼òñÿ åäèíñòâåííàÿ ôóíêöèÿ A⃗1(t) ∈ W1 , ïðè âñåõ

v⃗ ∈ W1 óäîâëåòâîðÿþùàÿ ðàâåíñòâó∫
ΩI

(µ−1rot A⃗1(t) · rot v⃗)dx =

∫
ΩI

(J⃗ñò(t) · v⃗)dx.

Èç îöåíêè (3.11) ñëåäóåò, ÷òî ∥rot A⃗1(t)∥2,ΩI
≤ µ2C(ΩC ; Ω)∥J⃗ñò∥2,Ω , òî åñòü A⃗1 ∈

L2(0, T,W1) .

Ðåøåíèå çàäà÷è (2.9), (2.3) áóäåì èñêàòü â âèäå A⃗ = A⃗0 + A⃗1 , ãäå ôóíêöèÿ A⃗0 ∈
L2(0, T,W0) ïðè âñåõ v⃗ ∈ W0 óäîâëåòâîðÿåò ðàâåíñòâó

d

dt

∫
ΩC

(σA⃗0 · v⃗)dx+
∫
Ω

(µ−1rot A⃗0 · rot v⃗)dx+ κ
∫
ΩC

div σ A⃗0 div σ v⃗dx =

∫
Ω

(J⃗ñò · v⃗)dx. (4.1)

Ïóñòü F : W (σ; ΩC) → W0 � îïåðàòîð ïðîäîëæåíèÿ, îïðåäåë¼ííûé â ëåììå 3.4.. Îïåðà-
òîð G : W (σ; ΩC) → W ∗(σ; ΩC) ñòàâèò â ñîîòâåòñòâèå u⃗ ∈ W (σ; ΩC) ýëåìåíò ïðîñòðàíñòâà
W ∗(σ; ΩC) òàêîé, ÷òî äëÿ âñåõ v⃗ ∈ W (σ; ΩC)

⟨Gu⃗, v⃗⟩ =
∫
Ω

(µ−1rotF u⃗ · rotF v⃗)dx+ κ
∫
ΩC

div σ u⃗ div σ v⃗ dx.

Áèëèíåéíàÿ ôîðìà ⟨Gu⃗, v⃗⟩ , î÷åâèäíî, ñèììåòðè÷íà, íåïðåðûâíà è êîýðöèòèâíà íà
W (σ; ΩC) è Gu⃗ ∈ L2(0, T,W

∗(σ; ΩC)) äëÿ u⃗ ∈ L2(0, T,W (σ; ΩC)) .
Îïðåäåëèì ýëåìåíò l ∈ L2(0, T,W

∗(σ; ΩC)) òàêîé, ÷òî äëÿ v⃗ ∈ W (σ; ΩC) ⟨l, v⃗⟩ =∫
Ω
(J⃗ñò(t) · F v⃗)dx . Òàêèì îáðàçîì, äëÿ v⃗ ∈ W (σ; ΩC) èç (4.1) ñëåäóåò ðàâåíñòâî

d

dt
⟨A⃗0C , v⃗⟩+ ⟨GA⃗0C , v⃗⟩ = l(v⃗). (4.2)

Èç òåîðåìû Ëèîíñà [15] âûòåêàåò, ÷òî ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ A⃗0C ∈
L2(0, T,W (σ; ΩC)) , óäîâëåòâîðÿþùàÿ ðàâåíñòâó (4.2) ïðè âñåõ v⃗ ∈ W (σ; ΩC) è íà÷àëü-

íîìó óñëîâèþ A⃗0C(0) = a⃗ . Ïðè ýòîì A⃗0C ∈ C(0, T, {L2(σ; ΩC)}3) , è åñëè a⃗ ∈ W (σ; ΩC) ,

òî A⃗′
0C ∈ L2(0, T, {L2(σ; ΩC)}3) .

Ïîëàãàåì A⃗0 = FA⃗0C , A⃗ = A⃗0 + A⃗1 , A⃗C = A⃗0C .
Ïóñòü A⃗ � ðàçíîñòü äâóõ ðåøåíèé çàäà÷è (2.9), (2.3), A⃗C(0) = 0 . Òîãäà

1

2

d

dt

∫
ΩC

(σA⃗ · A⃗)dx+
∫
Ω

(µ−1rot A⃗ · rot A⃗)dx+ κ
∫
ΩC

(div σ A⃗)2dx = 0,

îòêóäà ñëåäóåò, ÷òî A⃗ = 0 , òî åñòü ðåøåíèå åäèíñòâåííîå.
Òåîðåìà 2.1. äîêàçûâàåòñÿ àíàëîãè÷íî.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.3. Ïóñòü A⃗ ∈ L2(0, T, V ) � ðåøåíèå çàäà÷è

(2.8), (2.3), A⃗κ ∈ L2(0, T,W ) � ðåøåíèå çàäà÷è (2.9), A⃗κC(0) = A⃗C(0)+ q⃗ , q⃗ ∈ K(rot; ΩC) .

Ïîëîæèì u⃗ = A⃗κ − A⃗ , u⃗ = u⃗1 + u⃗2 , ãäå u⃗1 ∈ L2(0, T, V ) , u⃗2 ∈ L2(0, T,K(rot; Ω) ∩W ) .

Ïðè ýòîì div σ u⃗C = div(σu⃗2)C = div(σA⃗κ)C è äëÿ âñåõ g⃗ ∈ K(rot; Ω)∩W (σu⃗C , g⃗C)2,ΩC
=

((σu⃗2)C , g⃗C)2,ΩC
= ((σA⃗κ)C , g⃗C)2,ΩC

, rot u⃗ = rot u⃗1 è (σu⃗C , v⃗C)2,ΩC
= ((σu⃗1)C , v⃗C)2,ΩC

äëÿ
âñåõ v⃗ ∈ V , u⃗1C(0) = 0 .
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Èç (2.8), (2.9) âûòåêàåò, ÷òî äëÿ âñåõ v⃗ ∈ V

d

dt

∫
ΩC

(σu⃗1 · v⃗)dx+
∫
Ω

(µ−1rot u⃗1 · rot v⃗)dx = 0,

u⃗ = u⃗2 ∈ L2(0, T,K(rot; Ω) ∩W ) , òî åñòü rotA⃗κ = rotA⃗ .
Äëÿ âñåõ g⃗ ∈ K(rot; Ω) ∩W

d

dt

∫
ΩC

(σu⃗ · g⃗)dx+ κ
∫
ΩC

div σ u⃗ div σ g⃗ dx =

∫
Ω

(J⃗ñò · g⃗)dx.

Ïîëó÷àåì [15], ÷òî u⃗C ∈ C(0, T,K(rot; ΩC)) è

1

2

d

dt

∫
ΩC

(σu⃗ · u⃗)dx+ κ
∫
ΩC

(div σ u⃗)2dx =

∫
Ω

(J⃗ñò · u⃗)dx.

Èíòåãðèðóÿ îò 0 äî t ≤ T è ïðèìåíÿÿ îöåíêó (3.11), ïîëó÷àåì

∥u⃗(t)∥2σ + κ∥div σ u⃗∥22,ΩC×(0,t) ≤ C2(ΩC ,Ω)κ−1∥J⃗ñò∥22,Q + ∥q⃗∥2σ.

Òàêèì îáðàçîì,

∥A⃗κ − A⃗∥W ≤ (C2(ΩC ; Ω) + 1)1/2∥div σ u⃗∥2,Q ≤

≤ (C2(ΩC ; Ω) + 1)1/2κ−1/2(C2(ΩC ,Ω)κ−1∥J⃗ñò∥22,Q + ∥q⃗∥2σ)1/2.

Åñëè q⃗ = 0 , äëÿ t ∈ (0, T )

∥A⃗κ(t)− A⃗(t)∥σ ≤ C(ΩC ,Ω)κ−1/2∥J⃗ñò∥2,Q.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.4.

Ïóñòü A⃗ ∈ L2(0, T, V ) � ðåøåíèå çàäà÷è (2.8), (2.3), ãäå a⃗ ∈ V (σ; ΩC) , w⃗ ∈ H(rot; Ω)
� ïðîèçâîëüíàÿ ôóíêöèÿ. Ñîãëàñíî ëåììå 3.5., w⃗ = v⃗ + g⃗ , ãäå v⃗ ∈ V , g⃗ ∈ K(rot; Ω) . Èç
(2.8) âûòåêàåò, ÷òî äëÿ ïî÷òè âñåõ t ∈ (0, T )∫

Ω

(µ−1rot A⃗ · rot w⃗)dx =

∫
Ω

(J⃗ñò · w⃗)dx−
∫
Ω

(J⃗ñò · g⃗)dx− d

dt

∫
ΩC

(σA⃗ · w⃗)dx.

Ïîëîæèì, â ñîîòâåòñòâèè ñ ëåììîé 3.1., J⃗1 = EdivJ⃗
ñò

I ∈ L2(0, T,K0(div; Ω)) , J⃗2 =

J⃗ñò − J⃗1 . Òîãäà J⃗2I = 0 , ∫
Ω

(J⃗ñò · g⃗)dx =

∫
ΩC

(J⃗2 · g⃗)dx.

Ïîëó÷àåì σ−1J⃗2C = v⃗1 + gradϕ0 , ãäå v⃗1 ∈ L2(0, T,K0(div σ; ΩC)) , ϕ0 ∈ L2(0, T,H
1(ΩC)) ,∫

ΩC
ϕ0dx = 0 . Òàêèì îáðàçîì,∫

ΩC

(J⃗2 · g⃗)dx =

∫
ΩC

(σ(v⃗1 + gradϕ0) · g⃗)dx =

∫
ΩC

(σ gradϕ0 · g⃗)dx,

∫
Ω

(µ−1rot A⃗ · rot w⃗)dx =

∫
Ω

(J⃗ñò · w⃗)dx−
∫
ΩC

(σ gradϕ0 · w⃗)dx−
d

dt

∫
ΩC

(σA⃗ · w⃗)dx.
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Ïðîäîëæèì ôóíêöèè σ gradϕ0 , σ ∂A⃗/∂t íóë¼ì â ΩI . Òîãäà µ−1rot A⃗ ∈ H0(rot; Ω) , òî
åñòü âûïîëíåíî óñëîâèå (2.2), ïðè÷¼ì

rotµ−1 rot A⃗C = J⃗ñò

C − σ gradϕ0 −
∂

∂t
σA⃗C , rotµ

−1 rot A⃗I = J⃗ñò

I .

Ïóñòü ïðè ïî÷òè âñåõ t ∈ (0, T ) ôóíêöèÿ ϕ1(t) ∈ H1(ΩI) � ðåøåíèå çàäà÷è

div ϵ gradϕ1(t) = 0, ϕ1(t)|ΓC
= ϕ0(t)|ΓC

, ϕ1(t)|Γ = 0.

Òîãäà ϕ1 ∈ L2(0, T,H
1(ΩI)) . Îïðåäåëèì ôóíêöèþ ϕ ∈ L2(0, T,H

1(Ω)) ñîîòíîøåíèÿìè

ϕC = ϕ0 , ϕI = ϕ1 . Ïî ïîñòðîåíèþ, ñïðàâåäëèâî ðàâåíñòâî (2.1), òî åñòü A⃗ , ϕ � ðåøåíèå
çàäà÷è (2.1)�(2.3).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û 2.5.
Ïóñòü A⃗ ∈ L2(0, T,W ) � ðåøåíèå çàäà÷è (2.9), (2.3). Ââèäó òåîðåìû 2.3., èç äîêàçà-

òåëüñòâà òåîðåìû 2.4. âûòåêàåò, ÷òî

µ−1 rot A⃗ ∈ H0(rot; Ω), rotµ
−1 rot A⃗I = J⃗ñò

I .

Îïðåäåëèì ôóíêöèþ ϕ0 ∈ L2(0, T, L2(ΩC)) ñîîòíîøåíèåì

ϕ0 = −κ div σA⃗C .

Ïóñòü ψ⃗ ∈ {D(ΩC)}3 . Òîãäà σ−1ψ⃗ = v⃗+ g⃗ , ãäå v⃗ ∈ K0(divσ; ΩC) , g⃗ ∈ K(rot; ΩC) . Òàê êàê

div ψ⃗ = div σ g⃗ , g⃗ ∈ K0(div σ; ΩC) , òî åñòü g⃗ ∈ W (σ; ΩC) .
Ïóñòü F : W (σ; ΩC) → W � îïåðàòîð ïðîäîëæåíèÿ, îïðåäåë¼ííûé ëåììîé 3.3. Òîãäà

F g⃗ ∈ K(rot; Ω) ∩W è èç ðàâåíñòâà (2.9) ïîëó÷àåì∫
ΩC

ϕ0 div ψ⃗ dx =

∫
ΩC

ϕ0 div σ g⃗ dx = −
∫
Ω

(J⃗ñò · F g⃗)dx+ d

dt

∫
ΩC

(σA⃗ · g⃗)dx.

Äëÿ âñåõ v⃗ ∈ V (σ; ΩC) èç (2.9) ïîëó÷àåì

d

dt

∫
ΩC

(σA⃗ · v⃗)dx =

∫
ΩC

(J⃗ñò · v⃗)dx−
∫
ΩC

(rotµ−1rot A⃗ · v⃗)dx.

Ïóñòü, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2.4., J⃗ñò = J⃗1+ J⃗2 , ãäå J⃗1 ∈ L2(0, T,K0(div; Ω))

è J⃗2I = 0 . Ââèäó ïëîòíîñòè V (σ; ΩC) â K0(div σ; ΩC) èìååì

∫
ΩC

ϕ0 div ψ⃗ dx = −
∫
ΩC

(J⃗ñò · g⃗)dx−
∫
ΩI

(J⃗1 · F g⃗)dx+
d

dt

∫
ΩC

(A⃗ · ψ⃗)dx− d

dt

∫
ΩC

(σA⃗ · v⃗)dx =

= −
∫
ΩC

(σ−1J⃗ñò · ψ⃗)dx+ d

dt

∫
ΩC

(A⃗ · ψ⃗)dx+
∫
ΩC

(σ−1 rotµ−1 rot A⃗ · ψ⃗)dx.

Òàêèì îáðàçîì,

gradϕ0 = σ−1J⃗ñò

C − ∂

∂t
A⃗C − σ−1 rotµ−1 rot A⃗C .

Ïðîäîëæàÿ ϕ0 äî ôóíêöèè ϕ ∈ L2(0, T,H
1(Ω)) òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðå-

ìû 2.4., ïîëó÷àåì óòâåðæäåíèå òåîðåìû.
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Modi�ed gauge conditions for Maxwell equations in

quasi-stationary magnetic approximation

c⃝ A.B. Kalinin4, A.A. Tyukhtina5, O.A. Izosimova6

Abstract. The initial-boundary value problem for the Maxwell equations in the quasi-stationary
magnetic approximation with magnetic boundary conditions is studied. The case of heterogeneous
media containing conductive and non-conductive inclusions is considered. The problem is
formulated in terms of vector magnetic and scalar electric potentials. The special gauge conditions
(modi�ed Coulomb and Lorenz gauges) that allow to formulate problems of independent
determination of vector magnetic potential are proposed. The correctness of the problem statement
under general conditions on coe�cients is proved. The possibility of Lions' theorem application is
proved using estimates for scalar products of vector �elds. The relation between solutions of the
problems with di�erent gauges is studied. The correspondence between the problem formulation
for magnetic vector potential and the initial problem formulation for the vector magnetic potential
and scalar electric potential is considered.

Key Words: Maxwell equations, quasi-stationary magnetic approximation, heterogeneous media,
vector potential, gauge conditions
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