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Ðåãóëÿðèçàöèÿ îáîáùåííûõ ôóíêöèé â àëãåáðå

ñâåðòî÷íûõ îïåðàòîðîâ

c⃝ Ñ. Í. Íàãîðíûõ 1, Ä. C. Ñàáëóêîâ2

Àííîòàöèÿ. Ðàññìîòðåíà âñïîìîãàòåëüíàÿ çàäà÷à âû÷èñëåíèÿ èíòåãðàëà Êîøè ñ ïîìîùüþ
n-êðàòíîãî èíòåãðàëà â îïåðàòîðàõ öåëî÷èñëåííûõ ïîðÿäêîâ. Ýòî n-êðàòíîå äèôôåðåíöèðî-
âàíèå ïðèâîäèò ê íåîäíîðîäíîé è îäíîðîäíîé ñèñòåìàì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé n-ïîðÿäêà. Ðåøåíèå ïåðâîé ñèñòåìû ðàâíî ñâåðòêå ðåøåíèÿ âòîðîé ñèñòåìû ñ ïðî-
èçâîëüíîé ôóíêöèåé, îáðàçóþùåé íåîäíîðîäíîñòü ïåðâîé ñèñòåìû. Ýòî ÿâëÿåòñÿ íåîáõîäè-
ìûì óñëîâèåì ðåøåíèÿ äàííîé çàäà÷è. Ñâåðòêà ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ââåäåíèÿ
àëãåáðû îïåðàòîðîâ äðîáíîãî ïîðÿäêà è ýêâèâàëåíòíîñòè ýòîé àëãåáðû àëãåáðå îïåðàòîðîâ
ñâåðòêè. Êðîìå ýòîãî ñóùåñòâåííî íàëè÷èå îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ,
îïðåäåëÿþùåãî óñòîé÷èâîñòü âðåìåíè. Ïîäàëãåáðîé äðîáíîãî ïîðÿäêà ìåíåå 1 îïðåäåëåíû
îïåðàòîðû ñâåðòêè êàê ïàðàìåòðè÷åñêèå îáîáùåííûå ôóíêöèè, èõ àñèìïòîòè÷åñêèå çíà÷åíèÿ
è åäèíè÷íûå îïåðàòîðû. Àëãåáðàìè îïðåäåëåíà òîæäåñòâåííîñòü îáûêíîâåííûõ óðàâíåíèé
ïðè ïîäñòàíîâêå â íèõ îïåðàòîðîâ n-êðàòíûõ èíòåãðàëîâ. Ðåãóëÿðèçàöèÿ ïî Â.Ñ. Âëàäèìè-
ðîâó ñ ïðèâëå÷åíèåì òåîðåìû Õîðñòõåìêå-Ñàè÷åâà ñîîòâåòñòâóåò ðåãóëÿðèçàöèè Í.Í. Áîãî-
ëþáîâà ïî ñâåðõòåêó÷åñòè. Óñòîé÷èâîñòü ñâåðõòåêó÷åñòè ïî âðåìåíè îïèñûâàåòñÿ óðàâíåíèåì
Íüþòîíà è åãî êâàíòîâûì àíàëîãîì. Ïàðàìåòðè÷åñêèå îáîáùåííûå ôóíêöèè è èõ ñèììåòðèÿ
óñòîé÷èâû.

Êëþ÷åâûå ñëîâà: îáîáùåííûå ôóíêöèè, ðåãóëÿðèçàöèÿ, àëãåáðà ñâåðòî÷íûõ îïåðàòîðîâ,
èíòåãðàë Êîøè.

1. Ââåäåíèå

Ðåãóëÿðèçàöèÿ îáîáùåííûõ ôóíêöèé (ÎÔ) ïðèâîäèòñÿ â ðàáîòàõ [1, 2], îäíàêî â íèõ íå
ó÷òåíà óñòîé÷èâîñòü ÎÔ, êîòîðóþ ââåë Í. Í. Áîãîëþáîâ â ðàáîòå 1947 ãîäà ïî ñâåðõòåêó-
÷åñòè [3]. Ðåãóëÿðèçàöèþ áóäåì ðàññìàòðèâàòü â ñâÿçè ñ òåîðåìîé Õîðñòõåìêå-Ñàè÷åâà
(ÒÕÑ) [4] ïî Ñòðàòàíîâè÷ó, êîòîðàÿ ñîñòîèò â ñëåäóþùåì: äëÿ ñóùåñòâîâàíèÿ è ñîâ-
ìåñòíîñòè ðåøåíèé ñòàöèîíàðíîãî óðàâíåíèÿ Ôîêêåðà-Ïëàíêà (ÓÔÏ) ïî Ñòðàòàíîâè÷ó
â îêðåñòíîñòè òî÷êè x = 0 ñî ñòàöèîíàðíûì ðåøåíèåì óðàâíåíèÿ Ôåðõþëüñòà â òî÷-
êå áèôóðêàöèè x = 0, λ = 0 (λ -ïàðàìåòð) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíè èìåëè
âèä δ(x) èëè δ(x − b(t)) â ñòàöèîíàðíîì è íåñòàöèîíàðíîì ñëó÷àÿõ. Òî÷êà áèôóðêàöèè
x = 0, λ = 0 ïîíèìàåòñÿ êàê ïåðåñå÷åíèå óñòîé÷èâîãî x = λ è íåóñòîé÷èâîãî x = 0 ðåøå-
íèé Ôåðõþëüñòà â ïàðàìåòðè÷åñêîì ïðîñòðàíñòâå X . Â ýòîé òî÷êå ðàñõîäèòñÿ ïëîòíîñòü
âåðîÿòíîñòè � ðåøåíèå ÓÔÏ, íî ñõîäèòñÿ ê δ(x) ïðè ïàðàìåòðå α = 2λ

σ2 → 0+ ïî ÒÕÑ.
Ðàçáèåíèå ïëîòíîñòè âåðîÿòíîñòè íà ïðîèçâåäåíèå ÎÔ è îñíîâíîé ôóíêöèè ëèíåéíîãî
ôóíêöèîíàëà ìîæåò áûòü ðàñïðîñòðàíåíà íà ñâåðòêè.
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2. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â àëãåáðàõ îïå-
ðàòîðîâ

Ñíà÷àëà îáîçíà÷èì è âû÷èñëèì èíòåãðàë Êîøè îò ôóíêöèè ξ(t) ∈ C∞

Inξ(t) =
1

(n− 1)!

∫ t

0

(1− s)n−1ξ(s)ds (2.1)

ñ ïîìîùüþ n-êðàòíîãî èíòåãðàëà îò ξ(t)

Inξ(t) =

∫ t

0

dt1

∫ t1

0

dt2...

∫ tn−1

0

dtnξ(tn), (2.2)

ãäå In � ñèìâîë îïåðàòîðà n-êðàòíîãî èíòåãðèðîâàíèÿ, n � ïîëîæèòåëüíîå öåëîå ÷èñëî,
n ≥ 1 . Ââåäåì ôóíêöèþ x(t) ñîâïàäàþùóþ ñ ïðàâîé ÷àñòüþ (2.2)

Inξ(t) = x(t). (2.3)

Äèôôåðåíöèðóÿ îáå ÷àñòè ðàâåíñòâà (2.3) n ðàç ïîëó÷àåì x(t) � ðåøåíèå îáûêíîâåí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ÎÄÓ)

dnx(t)

dtn
= ξ(t), (2.4)

ãäå

ξ(t) ≡ 0,∀t < 0. (2.5)

Òîãäà ðåøåíèå óðàâíåíÿ (2.4) èìååò âèä

x(t) =

∫ t

0

Kn(s)ξ(t− s)ds, (2.6)

ãäå ÿäðî Kn(t) � ðåøåíèå ÎÄÓ

dnKn(t)

dtn
= 0 (2.7)

ñ íà÷àëüíûìè óñëîâèÿìè Kn(0) = K ′
n(0) = ... = K

(n−2)
n = 0, K

(n−1)
n = 1 .

Ðåøåíèå (2.7) èìååò âèä

Kn(t) =
1

(n− 1)!
tn−1χ(t), (2.8)

ãäå χ(t) � ôóíêöèÿ Õåâèñàéäà. Ðåøåíèå (2.6) â ñèìâîëè÷åñêîì âèäå

x(t) = Kn(t) ∗ ξ(t), (2.9)

ãäå Kn(t)∗ � ñèìâîë îïåðàòîðà ñâåðòêè. Òàêèì îáðàçîì (2.9) ñ ÿäðîì âèäà (2.8) íåîáõîäèìî
äëÿ âû÷èñëåíèÿ (2.1) ñ ïîìîùüþ (2.2).

Äîñòàòî÷íî ïðèíÿòü (2.9). Ââåäåì è îáîçíà÷èì îïåðàòîð èíòåãðèðîâàíèÿ äðîáíîãî ïî-
ðÿäêà α , êàê îïåðàòîð Iα . Çàìåíèì öåëîå n â ÿäðå Kn(t) (2.8) ïðîèçâîëüíûì íåîòðè-
öàòåëüíûì ÷èñëîì α , à ôàêòîðèàë ÷èñëà çàìåíèì ãàììà-ôóíêöèåé Γ(α)

(n− 1)! = Γ(n) = Γ(α), (2.10)

ãäå Γ(α) ïðîäîëæàåò Γ(n) íà ïðîèçâîëüíîå çíà÷åíèå α . ßäðî Kn(t) ïðèìåò âèä
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Kn(t) =
1

Γ(α)
tα−1χ(t). (2.11)

Èíòåãðàë ñâåðòêè íàçîâåì èíòåãðàëüíûì îïåðàòîðîì äðîáíîãî ïîðÿäêà

Iαξ(t) = Kα(t) ∗ ξ(t). (2.12)

Çàïèøåì (2.12) â ÿâíîì âèäå

Iαξ(t) =
1

Γ(α)

∫ t

0

(t− s)α−1ξ(s)ds, s > 0. (2.13)

Ðàññìîòðèì

IαIβ = Iα+β. (2.14)

Ïîêàæåì, ÷òî (2.14) ýêâèâàëåíòíî

Kα ∗Kβ = Kα+β. (2.15)

Èìååì [1]

Kα ∗Kβ =
1

Γ(α)Γ(β)

∫ t

0

sα−1(t− s)β−1ξ(s)ds. (2.16)

Ñäåëàåì çàìåíó τ = s/t â (2.16). Ïîëó÷èì

Kα ∗Kβ =
tα+β−1

Γ(α)Γ(β)
B(α, β), (2.17)

ãäå

B(α, β) =

∫ t

0

τα−1(1− τ)β−1dτ (2.18)

� áåòà-ôóíêöèÿ.
Èçâåñòíî ðàâåíñòâî [1]

B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
. (2.19)

Ïîäñòàâèì (2.19) â (2.17) è óáåäèìñÿ, ÷òî (2.14) ýêâèâàëåíòíî (2.15). Âûðàæåíèå (2.15)
îïèñûâàåò àëãåáðàè÷åñêèå ñâîéñòâà îïåðàòîðîâ ñâåðòîê � ðåøåíèé óðàâíåíèé (2.4, 2.7).

Ðàññìîòðèì äðîáíûå ïîðÿäêè γ < 1 . Ñîîòâåòñòâóþùèå îïåðàòîðû îáîçíà÷èì Iγ .
Ïóñòü n � [α] � íàèáîëüøåå öåëîå ÷èñëî, ìåíüøåå α íà γ � äðîáíóþ ÷àñòü α . Àíà-
ëîãè÷íîå (2.14) àëãåáðàè÷åñêîå âûðàæåíèå áóäåò

Iα = IγIn, (2.20)

ãäå

α = γ + n. (2.21)

Ïîäñòàâèì (2.21) â (2.20), ïîëó÷èì

Iα = Iα−nIn = IαI−nIn. (2.22)
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Ïîëîæèì I−nIn = 1 . Îïðåäåëèì I−n êàê îïåðàòîð n -êðàòíîãî äèôôåðåíöèðîâàíèÿ,
êîòîðîå ðàíåå ÿâíî ââåäåíî â (2.4, 2.7) ïî îïðåäåëåíèþ ÎÄÓ. Òîãäà (2.20) åñòü ïîäàëãåáðà
àëãåáðû (2.14).

ßäðî Kγ(t) ÿâëÿåòñÿ ñèíãóëÿðíîé ïàðàìåòðè÷åñêîé ÎÔ Kγ(t) ∈ D′ , òàê êàê ïî ÒÕÑ
ñ ïîìîùüþ ëèíåéíîãî ôóíêöèîíàëà

Kγ(t) → δ(t), γ → 0+ (2.23)

â îêðåñòíîñòè t = 0 . Ïàðàìåòð γ = 2λ
σ2 , σ

2 � èíòåíñèâíîñòü áåëîãî øóìà. Ïîñêîëüêó èç
(2.20) èìååì

Kγ(t) ∗Kn(t) = Kα(t), (2.24)

òî ñëåäóåò ïîëîæèòü ñâåðòî÷íûé îïåðàòîð Kγ(t)∗ = K0(t)∗ = 1 . Òîãäà ïîëó÷èì

Kn(t) = Kα(t), 0 ≤ γ < 1. (2.25)

Àíàëîãè÷íî îïðåäåëèì ïðè γ = 0, Iγ = I0 = 1 èç (2.20). Èìååì òàêæå àñèìïòîòè÷åñêîå
óñëîâèå àëãåáðû (2.20) êàê ïîäàëãåáðû (2.14)

lim
γ→0

Iαξ(t) = ξ(t). (2.26)

Îáðàòíî, â ñèëó ýêâèâàëåíòíîñòè (2.14) è (2.15), ìîæíî ïåðåíåñòè àñèìïòîòè÷åñêèå
ñâîéñòâà K(t) ñ (2.20) íà (2.15). Äåéñòâèòåëüíî, èìååì

Γ(α) ∼ α−1, α → 0. (2.27)

Îïðåäåëèì ïàðàìåòð λ êàê êðèòè÷åñêóþ òî÷êó (òî÷êó áèôóðêàöèè) t = 0, λ = 0
íåëèíåéíîãî ÎÄÓ (2.28) èç (2.16) ïðè α = β è êàê àñèìïòîòè÷åñêîå óñëîâèå α = 2λ

σ2 → 0
ïðè Kα(t) → δ(t) , α→ 0+ â îêðåñòíîñòè t = 0 ÎÄÓ

ṫ = λt− t2, (2.28)

ãäå ṫ � ïðîèçâîäíàÿ òåêóùåãî âðåìåíè ïî âðåìåíè ñäâèãà (ñêàíèðîâàíèè) â ñâåðòêå, λ = s
� ïîëîæèòåëüíûé ëèáî îòðèöàòåëüíûé ïàðàìåòð. t = 0 � íåóñòîé÷èâîå ðåøåíèå (2.28),
t = λ � óñòîé÷èâîå ðåøåíèå (2.28). Ðåøåíèå x(t) èùåì ñ ïîìîùüþ êðàòíîãî èíòåãðàëà
÷åðåç îïåðàòîðû äðîáíîãî ïîðÿäêà α àëãåáðû (2.14) è óñòîé÷èâîãî t , óäîâëåòâîðÿùåãî
(2.5).

x(t) = Iαξ(t). (2.29)

ÎÄÓ (2.4) áóäåò èìåòü âèä ÷åðåç In àëãåáðû (2.20)

I−nx(t) = ξ(t). (2.30)

Ïîäñòàâèì (2.29) â (2.30). Ïîëó÷èì

I−nIαξ(t) = ξ(t). (2.31)

Ñîãëàñíî (2.21) èìååì

Iγξ(t) = ξ(t). (2.32)

Ïî îïðåäåëåíèþ Iγ = 1 ðàâåíñòâî (2.32) âûïîëíÿåòñÿ òîæäåñòâåííî. Â èòîãå äîñòà-
òî÷íî (2.9) è àëãåáðàè÷åñêèõ ñâîéñòâ ðåøåíèé ÎÄÓ (2.4, 2.7) äëÿ âûïîëíåíèÿ òîæäåñòâà
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(2.32) ïðè ïîäñòàíîâêå â (2.4) â îïåðàòîðíîì âèäå âûðàæåíèÿ (2.29) ñ ïîìîùüþ ðàâåíñòâ
(2.1, 2.2). Òîãäà àëãåáðà ñâåðòî÷íûõ îïåðàòîðîâ (2.15) ñîâïàäàåò ñ D′

+ [1]. Àëãåáðà D′
+

îäíîìåðíûõ ÎÔ Kα(t) ñïðàâåäëèâà äëÿ ñèíãóëÿðíûõ δ(t) è äëÿ ñõîäèìîñòè îñíîâíîé
ôóíêöèè ê δ(t) [1]. Ñôîðìóëèðóåì òåîðåìó.

Ò å î ð å ì à 2.1. Äëÿ âû÷èñëåíèÿ èíòåãðàëà Êîøè îò ξ(t) ∈ C∞ ñ ïîìîùüþ îïå-
ðàòîðà n-êðàòíîãî èíòåãðèðîâàíèÿ íåîáõîäèìî ðåøåíèå ñèñòåìû ÎÄÓ n-ïîðÿäêà ïðåä-
ñòàâèòü â âèäå ñâåðòêè (2.9) è äîñòàòî÷íî (2.9) ïðåäñòàâèòü èíòåãðàëüíûì îïåðàòî-
ðîì äðîáíîãî ïîðÿäêà, ÿäðî êîòîðîãî ÿâëÿåòñÿ ïàðàìåòðè÷åñêîé ÎÔ èç àëãåáðû D′

+ ñ
íåóñòîé÷èâûì t = 0 è óñòîé÷èâûì 0 < t ðåøåíèåì ÎÄÓ (2.28).

3. Ðåãóëÿðèçàöèÿ îáîáùåííûõ ôóíêöèé â àëãåáðå ñâåðòî÷íûõ
îïåðàòîðîâ

Ñ ë å ä ñ ò â è å 3.1. Ôóíêöèÿ xα(t) ∈ C∞(Rn) ñîãëàñíî [1] íàçûâàåòñÿ ðåãóëÿðè-
çàöèåé ÎÔ K(s)

xα(t) = K ∗ ξ = ⟨K(s), ξ(t− s)⟩, (3.1)

ãäå ξ(t − s) ∈ D(Rn) � îñíîâíàÿ ôóíêöèÿ. Âíåøíèå óãëîâûå ñêîáêè îçíà÷àþò ëèíåéíûé
ôóíêöèîíàë â (3.1). Ïîñêîëüêó ξα(t) → δ(t) ïðè α→ 0+ â D′ , èç íåïðåðûâíîñòè ñâåðòêè
K ∗ ξα îòíîñèòåëüíî ξα ïîëó÷àåì xα(t) → K(t), α → 0+ â D′ . Î÷åâèäíî, ðåãóëÿðèçàöèÿ
ÎÔ K(t) â D′(R1) åñòü ñõîäèìîñòü ïàðàìåòðè÷åñêîé ôóíêöèè xα(t) ∈ C∞(R1) ê ÎÔ
K(t) .

Ñîãëàñíî ÒÕÑ ìîæíî ïîëó÷èòü, äèôôåðåíöèðóÿ ξα(t− s) â îêðåñòíîñòè òî÷êè ðàñ-
õîäèìîñòè ëîêàëüíî èíòåãðèðóåìîé ôóíêöèè K(t) (îáðûâàÿ ðÿä Òåéëîðà íå àíàëèòè÷å-
ñêîé ξα(t−s) â îêðåñòíîñòè ýòîé òî÷êè íà ëèíåéíîì ÷ëåíå â ñèëó ñäâèãîâîé ñèììåòðèè
ξα(t) ), ðàâåíñòâî ìåæäó ôóíêöèÿìè, îñóùåñòâëÿþùèìè ðåãóëÿðèçàöèþ ÎÔ

xα(t) = δ(t) + x̃α(t). (3.2)

Ïëîòíîñòü âåðîÿòíîñòè â [3] íàéäåíà â ïðèáëèæåíèè ñëàáîâçàèìîäåéñòâóþùåãî
áîçå-ãàçà èç óðàâíåíèÿ Øðåäèíãåðà â íåïðåðûâíîì ñïåêòðå èìïóëüñîâ p

xα(p) =
ν

(2π~)3
∑
p ̸=0

b∗pbp, (3.3)

ãäå b∗p , bp � äèíàìè÷åñêèå îïåðàòîðû ðîæäåíèÿ è ãèáåëè p ; ν , ~ � ïîñòîÿííûå, çíàê *
� êîìïëåêñíîå ñîïðÿæåíèå. ×åðòà íàä ïðàâîé ÷àñòüþ (3.3) åñòü óñðåäíåíèå. Êðîìå òîãî
(3.3) ïðåäñòàâëåíî â âèäå:

xα(p) = Cδ(p) +
ν

(2π~)3
x̃α(p); x̃α(p) =

n̄p
α + |Lp|2(n̄−p

α + 1)

1− |Lp|2
, (3.4)

êîòîðûé ñîâïàäàåò ñ íîðìèðîâàííûì (3.2). Ïîçæå (3.4) îïóáëèêîâàíî â ðàáîòàõ [6] [8]
êàê ðåãóëÿðèçàöèÿ ôóíêöèè xα(p) . Ðàâíîâåñíîå ñðåäíåå ÷èñåë çàïîëíåíèÿ â [3]

n̄p
α = {exp E(p)− (pu)

Θ
− 1}−1 (3.5)

ôîðìàëüíî ïðè p → 0 ðàñõîäèòñÿ, ÷òî ñîîòâåòñòâóåò íåïîäâèæíîìó êîíäåíñàòó
êâàçè÷àñòèö îòíîñèòåëüíî äâèæåíèÿ áîçå-ãàçà ñ ïîñòîÿííîé ñêîðñòüþ u . Θ

Cçâ−u
=

α,Cçâ, C,Θ � ïîñòîÿííûå, Lp � ôóíêöèÿ îò p , E(p) = Cçâp .
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Ñ ë å ä ñ ò â è å 3.2. Â [3] íåçàâèñèìûì àðãóìåíòîì âûáðàí èìïóëüñ p , ÷òî ïðè-
äàåò (2.28) ñìûñë óðàâíåíèÿ Íüþòîíà (äèíàìè÷åñêàÿ êèíåìàòèêà ðîæäåíèÿ-ãèáåëè |p|
ïðè êëàññè÷åñêèõ çíà÷åíèÿõ λ )

|ṗ| = λ|p| − |p|2, (3.6)

ãäå |p| � ìîäóëü èìïóëüñà îòðàæàåò ñèììåòðèþ ïîòåíöèàëà âçàèìîäåéñòâèÿ ÷àñòèö
áîçå-ãàçà. Ïðè÷åì p = 0 ýòî íåóñòîé÷èâûé ïîêîé êîíäåíñàòà êâàçè÷àñòèö, îòíîñèòåëü-
íî áîçå-ãàçà, äâèæóùåãîñÿ ñ ïîñòîÿííîé ñêîðîñòüþ u ; λ < 0 ýòî ïðåîáëàäàåò óñòîé÷è-
âàÿ ãèáåëü êâàçè÷àñòèö â äâèæóùåìñÿ êîíäåíñàòå îòíîñèòåëüíî áîçå-ãàçà ñ ïîñòîÿííîé
ñêîðîñòüþ u .

Ñ ë å ä ñ ò â è å 3.3. Íåóñòîé÷èâîñòü δ(t) ïðè α → 0 è óñòîé÷èâîñòü ïàðàìåò-
ðè÷åñêèõ ÎÔ δ(t−S) ïî (2.28) âëå÷åò óñòîé÷èâîñòü íå îñîáåííûõ ïðåîáðàçîâàíèé ñèì-
ìåòðèè xα(t) ñäâèãà, âðàùåíèÿ, ïîäîáèÿ [1].

Ñ ë å ä ñ ò â è å 3.4. Èç [3] èçâåñòíà íåóñòîé÷èâîñòü ñëàáîâîçáóæäåííûõ êîë-
ëåêòèâíûõ ôîíîííûõ ñîñòîÿíèé ñëàáî íåèäåàëüíîãî Áîçå-ãàçà, âûðàæàåìàÿ íåðàâåí-
ñòâîì ν(p = 0) < 0 , ãäå ν(p = 0) =

∫
Φ(|q|)dq � àìïëèòóäà áîðíîâñêîé âåðîÿòíîñòè ïàð-

íîãî ñîóäàðåíèÿ ñ ïîòåíöèàëüíîé ôóíêöèåé Φ(|q|) . Óñòîé÷èâîå ñîñòîÿíèå ν(p = 0) > 0
ýêâèâàëåíòíî óñòîé÷èâîñòè ãàçà ïðè íóëåâîé òåìïåðàòóðå [3]. Äëÿ p � íåçàâèñèìî-
ãî àðãóìåíòà ìîäåëè [3] ïîëó÷åíî óðàâíåíèå (3.6), êîòîðîå â êâàíòîâîì ïðèáëèæåíèè
èìååò óñòîé÷èâîå ðåøåíèå

|p| = mqE

~
, (3.7)

ãäå q � êîîðäèíàòà è íåóñòîé÷èâîå ðåøåíèå

|p| = 0. (3.8)

Ïðè E = Cçâ|p| [3] èìååì âàæíåéøèé êðèòåðèé êâàíòîâîé òåîðèè � ñîîòíîøåíèå
íåîïðåäåëåííîñòè

[qps] = ~, (3.9)

ãäå ps = mCçâ . Ïðè E = ν(0)|p|2
2m

èìååì

ν(0) =
2~
q|p|

(3.10)

è

ν(0) > 0 ïðè q > 0, ν(0) < 0 ïðè q < 0, (3.11)

ñîîòâåòñòâóþùèå óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ïî Áîãîëþáîâó.
Èç n̄p

α > 0 (3.5) ñëåäóåò

E(p)

|p|
= |u| = Cçâ > 0 ïðè |p| = 0. (3.12)

Âûðàæåíèå (3.12) ñîãëàñíî (3.8) õàðàêòåðèçóåò êàê íåóñòîé÷èâîå äâèæåíèå ãàçà ñî
ñêîðîñòüþ |u| = Cçâ äîïîëíèòåëüíî ê (3.11).

Ïî òåîðåìå ÒÕÑ [4] èìååì ïëîòíîñòü âåðîÿòíîñòè
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|p|
2λ
σ2 e

−2|p|
σ2 , p ∈ [0,∞). (3.13)

Ïðèðàâíèâàÿ (3.13) è ýêñïîíåíòöèàëüíûé ìíîæèòåëü (3.5), èìååì

σ2

2
=

T

|u|
. (3.14)

Èñòî÷íèêîì áåëîãî øóìà ñîãëàñíî (3.14) ÿâëÿåòñÿ òåìïåðàòóðà êîíäåíñàòà è ñêî-
ðîñòü äâèæåíèÿ ãàçà îòíîñèòåëüíî êîíäåíñàòà |u| .

Ïðè 2λ
σ2 → 0 èìååì

p1,2 = − T

2Cçâ
± 1

2

√
(
T

Cçâ
)2 + 4

T

Cçâ
, (3.15)

ïðè λ = σ2

p =
1

1− Cçâ
T

, (3.16)

ïðè λ = 3
2
σ2

p1,2 =
Cçâ
2T

± 1

2

√
(
Cçâ
T

)2 + 4. (3.17)

Âûðàæåíèþ (3.15) ñ îòðèöàòåëüíîé òåìïåðàòóðîé êîíäåíñàòà îòâå÷àåò èíâåðñ-
íîñòü çàñåëåíèÿ ðàñïàäà êîíäåíñàòà ïðè p = 0 .

Ñ ë å ä ñ ò â è å 3.5. Êèíåòèêà ôåìòîòîêîâ ñòèìóëèðîâàííîé ýëåêòðîííîé
ýìèññèè (ÑÝÝ) îêèñëåííîãî êàòîäà ðàññìàòðèâàëàñü â ðàáîòå [5] ñ ïîìîùüþ ÎÄÓ äëÿ N
� êîíöåíòðàöèè ýëåêòðîíîâ ïðîâîäèìîñòè, ν � êîíöåíòðàöèÿ çàïîëíåííûõ ýëåêòðîííûõ
ëîâóøåê â çàïðåùåííîé çîíå îêèñëà

Ṅ = Bν − A1(ν1 − ν)N − A2N + f1(t), (3.18)

ν̇ = −Bν − A1(ν1 − ν))N − A3N + f2(t), (3.19)

ãäå

Y = YÑÒ + YÑÝÝ(t), YÑÝÝ(t) = L(A2N + A3ν), (3.20)

A3 =
v1
a
D(E1), (3.21)

ãäå A1, A2, A3, B, L, ν1 � ïîñòîÿííûå, Y = YÑÒ � ñòàöèîíàðíàÿ ýëåêòðîííàÿ ýìèññèÿ, L
� òîëùèíà îêèñëà, v1 � ñêîðîñòü ýëåêòðîíà, a � øèðèíà ÿìû, D(E1) � êîýôôèöèåíò
ïðîçðà÷íîñòè â çàâèñèìîñòè îò ïðèëîæåííîãî ýëåêòðè÷åñêîãî ïîëÿ E1 . Ïðåîáðàçóåì
ñèñòåìó (3.18-3.19) ñ ïîìîùüþ (3.22, 3.23), ïîëó÷èì óðàâíåíèå (3.6) äëÿ ν

f1 = 0, Ṅ = 0, A2 >> A1(ν1 − ν), (3.22)

λ0 = ν1 − A2/A1(A3/B + 1), dt̃ =
A1B

A2

dt, (3.23)

Ñ. Í. Íàãîðíûõ, Ä. C. Ñàáëóêîâ. Ðåãóëÿðèçàöèÿ îáîáùåííûõ ôóíêöèé â àëãåáðå . . .



60 Æóðíàë ÑÂÌÎ. 2017. Òîì 19, � 3

ãäå ν1 � êîíöåíòðàöèÿ çàïîëíåííûõ è ïóñòûõ ëîâóøåê, A2

A1
� âåðîÿòíîñòü óõîäà ýëåê-

òðîíîâ èç çîíû ïðîâîäèìîñòè, A3

B
� âåðîÿòíîñòü óõîäà ýëåêòðîíîâ ñ ëîâóøåê, A1B �

ñîâìåñòíàÿ âåðîÿòíîñòü ðîæäåíèÿ-ãèáåëè ëîâóøåê. Åñëè ïîòîê äèâàêàíñèé èç ìåòàëëà
â îêèñåë ïîëîæèòü f2 = σξtν , òî èìååì óñëîâèå àääèòèâíîñòè áåëîãî øóìà ê ñðåäíåìó
λ0

ν1 −
A2

A1

(
A3

B
+ 1) + σξt. (3.24)

Ð è ñ ó í î ê 3.1

Ýíåðãåòè÷åñêàÿ äèàãðàììà ïåðåõîäîâ ýëåêòðîíîâ A1, A2, A3, B â çàâèñèìîñòè îò êîîðäèíàòû

ñ ýëåêòðîííûìè ëîâóøêàìè â çàïðåùåííîé çîíå îêèñëà. f2 - ïîòîê âàêàíñèîííûõ äåôåêòîâ èç

ìåòàëëà.

Ïåðåõîäû ñòàöèîíàðíîãî ýëåêòðîííîãî ñïåêòðà îêèñëà èçîáðàæåíû íà ðèñ. 3.1. Ïðè
A2 = A1 , A3 = B, λ0 = 0 îáíàðóæèâàåòñÿ áîëåå ñëàáîå íåðàâåíñòâî A2 > A1(ν1 − ν) .
Íåðàâåíñòâî E1 >> E ïîçâîëÿåò îòêàçàòüñÿ â (3.6) è (3.18, 3.19) îò ãðàäèåíòíûõ
÷ëåíîâ äëÿ ïîòåíöèàëà ïðè E = A2

A1
(A3

B
+ 1)/ϵS , ãäå S � ïëîùàäü ýëåêòðîäà, ϵ � äèýëåê-

òðè÷åñêàÿ ïðîíèöàåìîñòü îêèñëà ( E ≈ 103 Â/ñì ).
Â ýêñïåðèìåíòàõ íà ðàçðÿäíèêàõ [5] áûëà óñòàíîâëåíà ñâÿçü ìåæäó YÑÝÝ è ñðåäíèì

ñòàòèñòè÷åñêèì âðåìåíåì çàïàçäûâàíèÿ ïðîáîÿ t̄ÑÂÇ ïðè ïðèëîæåíèè ñòóïåíè íàïðÿ-
æåíèÿ.

YÑÝÝ =
2e

t̄ÑÂÇ
, (3.25)

ãäå e � çàðÿä ýëåêòðîíà. Ïðèðàâíÿåì (3.25) è (3.20) äëÿ YÑÝÝ = LA3ν , ïîëó÷èì ν =
2e

t̄ÑÂÇL
A−1

3 . Ýêñïåðèìåíòàëüíî óñòàíîâëåíà ïëîòíîñòü âåðîÿòíîñòè tÑÂÇ , èìåþùàÿ âèä
[5]

A−1
3 = t

2λ
σ2−1

ÑÂÇ
e

−2tÑÂÇ
σ2 . (3.26)

Ïëîòíîñòü âåðîÿòíîñòè (3.26) ïî ÒÕÑ ñîîòâåòñòâóåò (2.28) è ýêñïåðèìåíòàëüíî
ïîäòâåðæäàåò óðàâíåíèå. Â êâàíòîâîé èíòåðïðåòàöèè (3.26) èìååò âèä

A−1
3 = (

~
E
)

2λ
σ2−1e

−2~
Eσ2 , (3.27)
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ãäå E � ýíåðãèÿ ýëåêòðîííîé ëîâóøêè. Òàêèì îáðàçîì, (3.27) îïèñûâàåò ýëåêòðîííûé
ñïåêòð ëîâóøåê â çàïðåùåííîé çîíå îêèñëà. Ïðèìåð òàêîãî ñïåêòðà èìååòñÿ â ðàáîòå
ïî ëþìåíèñöåíöèè ïîëóïðîâîäíèêîâ ñ íåîñíîâíûìè íîñèòåëÿìè [7]. Óðàâíåíèå (3.6) äëÿ
ν , ïîëó÷åíî â ìîäåëè ôåìòîòîêîâ ÑÝÝ ñ îêèñëåííîãî êàòîäà è ïîäòâåðæäåíî ýêñïåðè-
ìåíòàëüíûìè ôàêòàìè.
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Regularization of generalized functions in convolution

operator algebra.

c⃝ S. N. Nagornykh 3, D. S. Sablukov4

Abstract. A problem of Cauchy integral calculation with the aid of n-fold multiple integral
by integer-order operators is investigated. This n-fold multiple di�erentiation results in n-order
uniform and non-uniform systems of ordinary di�erential equations. The solution of the �rst
system is equal to the convolution of the second system's solution with arbitrary function
forming heterogeneity of the �rst system. This is the necessary condition of existence of the
given problem's solution. The convolution is a su�cient condition for establishing of the fraction
order operator algebra that is equivalent to convolution operator algebra. Besides that, existence
of the ordinary di�erential equation de�ning stability of time, is important, too. Subalgebra of
fractional order less than 1 de�nes convolution operators as parametric generalized functions, their
asymptotic values and unity operators. Both algebras determine identity of ordinary di�erential
equations after substituting n-fold multiple operator integral in these equations. Vladimirov's
regularization according to Horsthemke-Saichev theorem corresponds to Bogolubov's regularization
for super�uidity. Time stability of super�uidity is described by the Newton equation. Parametric
generalized functions and their symmetry are stable.

Key Words: generalized functions, regularization, convolution operator algebra, Cauchy integral.
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