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Àííîòàöèÿ. Èçëàãàþòñÿ ðåçóëüòàòû ðåøåíèÿ çàäà÷è î äîñòàòî÷íûõ óñëîâèÿõ àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî è ñòîõàñòè÷å-
ñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèé ñïåöèàëüíîãî âèäà. Ïîëó÷åííûå òåîðåìû ïðèìåíÿþòñÿ
äëÿ ðåøåíèÿ çàäà÷è î ñòàáèëèçàöèè ïëîñêîãî âðàùàòåëüíîãî äâèæåíèÿ ñïóòíèêà íà ýëëèï-
òè÷åñêîé îðáèòå, â òîì ÷èñëå ïðè âîçäåéñòâèè ñëó÷àéíûõ ñèë è (èëè) ïðè ñëó÷àéíîì èçìåíå-
íèè ïàðàìåòðîâ. Äîêàçàíà òåîðåìà î äîñòàòî÷íûõ óñëîâèÿõ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
íà îñíîâå ôóíêöèè Ëÿïóíîâà, èìåþùåé çíàêîïîñòîÿííóþ ïðîèçâîäíóþ â ñèëó îáûêíîâåííîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ è ñîîòâåòñòâóþùèé îïåðàòîð â ñèëó ñòîõàñòè÷åñêîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ. Íîâèçíà ðåçóëüòàòîâ ñîñòîèò â ïîëó÷åíèè íîâûõ óñëîâèé óñòîé÷è-
âîñòè ðîáàñòíîãî õàðàêòåðà. Â ÷àñòíîñòè, íàéäåíî ðåøåíèå çàäà÷è î ñòàáèëèçàöèè äâèæåíèÿ
ñïóòíèêà, ïðè êîòîðîì îí ñîâåðøàåò â àáñîëþòíîì ïðîñòðàíñòâå òðè îáîðîòà çà âðåìÿ, ðàâíîå
äâóì ïåðèîäàì îáðàùåíèÿ öåíòðà ìàññ ïî îðáèòå.

Êëþ÷åâûå ñëîâà: ôóíêöèÿ Ëÿïóíîâà, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, ïîëîæåíèå ðàâíî-
âåñèÿ, ñòàáèëèçàöèÿ, ñïóòíèê, ñëó÷àéíûå âîçìóùåíèÿ.

1. Ââåäåíèå

Ìîäåëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà ìíîãèõ ìåõàíè÷åñêèõ ñèñòåì ôèçè÷åñêèõ,
áèîëîãè÷åñêèõ è äðóãèõ ïðîöåññîâ ÿâëÿåòñÿ íåëèíåéíîå óðàâíåíèå âòîðîãî ïîðÿäêà. Èñ-
ñëåäîâàíèþ óñòîé÷èâîñòè è ñòàáèëèçàöèè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû, îïèñûâàåìîé
òàêèì óðàâíåíèåì áåç ó÷åòà ñòîõàñòè÷åñêèõ âîçìóùåíèé, ïîñâÿùåíû ìíîãèå ðàáîòû
[1], [2− 6] . Àíàëèç ñîîòâåòñòâóþùèõ ðåçóëüòàòîâ ìîæíî íàéòè â ñòàòüÿõ [7, 8]. Ãîðàçäî
â ìåíüøåé ñòåïåíè èçó÷åíà óñòîé÷èâîñòü íåëèíåéíîãî ñòîõàñòè÷åñêîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà [9]. Îñíîâíûå ðåçóëüòàòû çäåñü ïîëó÷åíû äëÿ ëèíåéíî-
ãî ñëó÷àÿ. Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ âûâîä íîâîé ôîðìû äîñòàòî÷íûõ óñëîâèé
óñòîé÷èâîñòè è ñòàáèëèçèðóåìîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû, îïèñûâàåìîé îáûêíî-
âåííûì äèôôåðåíöèàëüíûì è ñòîõàñòè÷åñêèì äèôôåðåíöèàëüíûì óðàâíåíèÿìè âòîðîãî
ïîðÿäêà, ñ ïðèìåíåíèåì ê çàäà÷å î ñòàáèëèçàöèè ïëîñêîãî âðàùàòåëüíîãî äâèæåíèÿ ñïóò-
íèêà íà ýëëèïòè÷åñêîé îðáèòå.

1 äåêàí ôàêóëüòåòà ìàòåìàòèêè, èíôîðìàöèîííûõ è àâèàöèîííûõ òåõíîëîãèé, ïðîôåññîð, äîêòîð
ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, çàâåäóþùèé êàôåäðîé èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëå-
íèÿ, Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óëüÿíîâñê; andreevas@sv.ulsu.ru

2 Àñïèðàíò êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè è òåîðèè óïðàâëåíèÿ, Óëüÿíîâñêèé ãîñóäàðñòâåí-
íûé óíèâåðñèòåò, ã. Óëüÿíîâñê; lubov.s.alex@yandex.ru
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2. Ïîñòàíîâêà çàäà÷è ïîèñêà óñëîâèé àñèìïòîòè÷åñêîé óñòîé÷è-

âîñòè

Èññëåäîâàíèå óñòîé÷èâîñòè è ñòàáèëèçàöèè äâèæåíèÿ öåëîãî ðÿäà ìåõàíè÷åñêèõ ñè-
ñòåì ñâîäèòñÿ ê èññëåäîâàíèþ óðàâíåíèÿ âòîðîãî ïîðÿäêà:

ẍ+ k(t, x, ẋ)ẋ+ f(t, x, ẋ) sin x = 0, (2.1)

ãäå ôóíêöèè k(t, x, ẋ) ∈ C(R+ × R× R), f(t, x, ẋ) ∈ C(R+ × R× R) è â íåêîòîðîé îáëàñòè
R+ × {|x| < H0, |ẋ| < H0, 0 < H0 ≤ +∞} óäîâëåòâîðÿþò óñëîâèÿì:

0 < kmin ≤ k(t, x, ẋ) ≤ kmax,

0 < fmin ≤ f(t, x, ẋ) ≤ fmax. (2.2)

Çàäà÷à îá óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ẋ = x = 0 ýòîãî óðàâíåíèÿ ìîæåò áûòü
ðåøåíà íà îñíîâå ñëåäóþùåé òåîðåìû.

Ò å î ð å ì à 2.1. Ïðåäïîëîæèì, ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ µ , ÷òî âûïîë-
íåíû óñëîâèÿ

0 < µ ≤ kmin,√
fmax
α
−
√
fmin ≤ 2

√
µ(kmin − µ),√

µ(
kmax
α
− µ)−

√
µ(kmin − µ) ≤ 2

√
fmin, 0 < α ≤ 1. (2.3)

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ ẋ = x = 0 ñèñòåìû (2.1) ðàâíîìåðíî àñèìïòîòè÷åñêè
óñòîé÷èâî.

Ä î ê à ç à ò å ë ü ñ ò â î. Âîçüìåì ôóíêöèþ Ëÿïóíîâà â âèäå:

V =
1

2
(ẋ+ µ sinx)2 +

1

2
g sin2 x,

ãäå µ > 0, g > 0 � íåêîòîðûå ïîñòîÿííûå.
Î÷åâèäíî, ÷òî V îïðåäåëåííî ïîëîæèòåëüíà ïî ẋ è x .
Ïðîèçâîäíàÿ ôóíêöèè V èìååò âèä

V̇ = (ẋ+µ sinx)(µẋ cosx−k(t, x, ẋ)ẋ−f(t, x, ẋ) sin x)+gẋ sin x cos x = (µ cos x−k(t, x, ẋ))ẋ2+

+(µ(µ cosx− k(t, x, ẋ))− f(t, x, ẋ) + g cosx)ẋ sin x− µf(t, x, ẋ) sin2 x.

Íàõîäèì, ÷òî V̇ ≤ 0 , åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

µ cos x− k(t, x, ẋ) ≤ 0,

µf(t, x, ẋ) ≥ 0,

(µ(µ cosx− k(t, x, ẋ))− f(t, x, ẋ) + g cos x)2 ≤ −4µf(t, x, ẋ)(µ cosx− k(t, x, ẋ)). (2.4)

Ìîæíî ïîêàçàòü, ÷òî ýòè ñîîòíîøåíèÿ âûïîëíÿþòñÿ âíå çàâèñèìîñòè îò (t, x, ẋ) , åñëè
äëÿ íåêîòîðîé ïîñòîÿííîé 0 < α ≤ 1 âûïîëíÿþòñÿ óñëîâèÿ (2.3).

Ïðè ýòîì ïîëó÷àåì, ÷òî, â ñîîòâåòñòâèè ñ íåðàâåíñòâàìè (2.4), ìíîæåñòâî {V̇ = 0} =
{ẋ = 0} .Óðàâíåíèÿ, ïðåäåëüíûå ê (2.1) [10], èìåþò àíàëîãè÷íûé âèä. Íåñëîæíî îïðå-
äåëèòü, ÷òî äëÿ òàêèõ óðàâíåíèé ìíîæåñòâî {ẋ = 0} ñîäåðæèò ðåøåíèÿ ẋ = x = 0 .
Ñîîòâåòñòâåííî, ñîãëàñíî òåîðåìå èç [10, 11] ïðè óñëîâèÿõ (2.3) ïîëîæåíèå ðàâíîâåñèÿ
ẋ = x = 0 ñèñòåìû (2.1) ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî.�
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Ç à ì å ÷ à í è å 2.1. Åñëè óñëîâèÿ (2.2) è (2.3) âûïîëíÿþòñÿ ïðè H0 =∞ , òîãäà
ẋ = x = 0 ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî ãëîáàëüíî.

Ðàññìîòðèì óðàâíåíèå ïðè ñëó÷àéíûõ âîçìóùåíèÿõ:

ẍ+ k(t, x, ẋ)ẋ+ f(t, x, ẋ) sinx = σ(t) ˙ξ(t) sin x, (2.5)

ãäå ξ(t) � ñòàíäàðòíûé âèíåðîâñêèé ïðîöåññ,σ(t) ∈ C(R+) ,σ(t) ≤ σ2
max , k(t, x, ẋ) ,

f(t, x, ẋ) îïðåäåëåíû âûøå.
Èññëåäóåòñÿ çàäà÷à ïîèñêà óñëîâèé àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî âåðîÿòíîñòè ïî-

ëîæåíèÿ ðàâíîâåñèÿ ẋ = x = 0 ñèñòåìû (2.5) .

Ò å î ð å ì à 2.2. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ µ , ÷òî âû-
ïîëíåíû ñëåäóþùèå óñëîâèÿ:

1

2fmin
σ2
max ≤ µ ≤ kmin,√

fmax
α
− σ2

min

2µ
−

√
fmin −

σ2
max

2µα
≤ 2
√
µ(kmin − µ),

√
µ(
kmax
α
− µ)−

√
µ(kmin − µ) ≤ 2

√
fmin −

σ2
max

2µα
, 0 < α ≤ 1. (2.6)

Òîãäà ïîëîæåíèå ðàâíîâåñèÿ ẋ = x = 0 ñèñòåìû (2.5) àñèìïòîòè÷åñêè óñòîé÷èâî
ïî âåðîÿòíîñòè.

Ä î ê à ç à ò å ë ü ñ ò â î. Âîçüìåì àíàëîãè÷íóþ îïðåäåëåííî ïîëîæèòåëüíóþ ôóíêöèþ
Ëÿïóíîâà:

V =
1

2
(ẋ+ µ sin x)2 +

1

2
g sin2 x.

Âû÷èñëèì îïåðàòîð LV [12]:

LV = (ẋ+ µ sin x)(µẋ cos x− k(t, x, ẋ)ẋ− f(t, x, ẋ) sin x) + gẋ sinx cosx+
1

2
σ2(t) sin2 x =

= (µ cos x− k(t, x, ẋ))ẋ2 + (µ(µ cos x− k(t, x, ẋ))− f(t, x, ẋ) + g cos x)ẋ sinx+ (
1

2
σ2(t)−

−µf(t, x, ẋ)) sin2 x.

Ñîãëàñíî [9] óñëîâèå LV ≤ 0 ÿâëÿåòñÿ óñëîâèåì óñòîé÷èâîñòè, êîòîðîå ïî òåîðåìå
Ñèëüâåñòðà [13] çàïèñûâàåòñÿ â âèäå:

µ cos x− k(t, x, ẋ) ≤ 0,

1

2
σ2(t)− µf(t, x, ẋ) ≤ 0,

(µ(µ cosx− k(t, x, ẋ))− f(t, x, ẋ) + g cosx)2 ≤ 4(
1

2
σ2(t)− µf(t, x, ẋ))(µ cos x− k(t, x, ẋ)).

Àíàëèç ýòèõ íåðàâåíñòâ âíå çàâèñèìîñòè îò (t, x, ẋ) ïðèâîäèò ê óòâåðæäåíèþ, ÷òî ýòè
óñëîâèÿ âûïîëíåíû, åñëè èìåþò ìåñòî ñîîòíîøåíèÿ (2.6). Ïî àíàëîãèè ñ ïðåäûäóùåé òåî-
ðåìîé ìîæíî çàêëþ÷èòü, ÷òî ýòîãî òàêæå äîñòàòî÷íî äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
ïî âåðîÿòíîñòè.�
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3. Ïëîñêîå âðàùàòåëüíîå äâèæåíèå ñïóòíèêà íà ýëëèïòè÷åñêîé

îðáèòå

Ïëîñêîå âðàùàòåëüíîå äâèæåíèå ñïóòíèêà íà ýëëèïòè÷åñêîé îðáèòå îïèñûâàåòñÿ ñëå-
äóþùèì óðàâíåíèåì [14]:

Θ̈− 2e sin ν

1 + e cos ν
Θ̇ +

3(A− C)
B(1 + e cos ν)

sinΘ cosΘ =
2e sin ν

1 + e cos ν
+ U, (3.1)

ãäå ν � èñòèííàÿ àíîìàëèÿ, e � ýêñöåíòðèñèòåò, A,B,C � ãëàâíûå öåíòðàëüíûå ìîìåíòû
èíåðöèè ñïóòíèêà, U � óïðàâëåíèå, Θ̇ = ∂Θ

∂ν
, Θ̈ = ∂2Θ

∂ν2
.

Ïîëîæèì, ÷òî óïðàâëåíèå

U1 = Θ̈0 −−
2e sin ν

1 + e cos ν
Θ̇0 +

3(A− C)
2B(1 + e cos ν)

sin 2Θ0 −
2e sin ν

1 + e cos ν

îáåñïå÷èâàåò çàäàííîå âðàùàòåëüíîå äâèæåíèå ïî çàêîíó Θ = Θ0(ν) .
Óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ çàïèñûâàåòñÿ â âèäå:

ẍ− 2e sin ν

1 + e cos ν
ẋ+

3(A− C)
B(1 + e cos ν)

cos(2Θ0 + x) sin x = U2, U2 = U − U1. (3.2)

Ðåøèì çàäà÷ó ñèíòåçà óïðàâëåíèÿ U2

U2 = −k1ẋ− k2 sinx, (3.3)

ãäå k1, k2 � íåêîòîðûå ïîñòîÿííûå, ïðè êîòîðîì íåâîçìóùåííîå äâèæåíèå ẋ = x = 0
óðàâíåíèÿ

ẍ+ (k1 −
2e sin ν

1 + e cos ν
)ẋ+ (k2 +

3(A− C)
B(1 + e cos ν)

) cos(2Θ0 + x) sin x = 0 (3.4)

àñèìïòîòè÷åñêè óñòîé÷èâî.
Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 3.1. Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óñèëåíèÿ k1 è k2 ïîäîáðàíû
òàê, ÷òî:

0 < µ ≤ k1 −
2e√
1− e2

,

√
k2
α

+
3(A− C)
B(1− e)α

−

√
k2 −

3(A− C)
B(1− e)

≤ 2

√
µ(k1 −

2e√
1− e2

− µ),

√
µ(
k1
α

+
2e

α
√
1− e2

− µ)−

√
µ(k1 −

2e√
1− e2

− µ) ≤ 2

√
k2 −

3(A− C)
B(1− e)

, A > C;

√
k2
α
− 3(A− C)
B(1− e)α

−

√
k2 +

3(A− C)
B(1− e)

≤ 2

√
µ(k1 −

2e√
1− e2

− µ),

√
µ(
k1
α

+
2e

α
√
1− e2

− µ)−

√
µ(k1 −

2e√
1− e2

− µ) ≤ 2

√
k2 +

3(A− C)
B(1− e)

, A < C,

ãäå 0 < α ≤ 1 .
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Òîãäà óïðàâëåíèå (3.3) ðåøàåò çàäà÷ó î ñòàáèëèçàöèè çàäàííîãî âðàùàòåëüíîãî äâè-
æåíèÿ.

Äîêàçàòåëüñòâî îïèðàåòñÿ íà ïðèâåäåííóþ âûøå òåîðåìó 2.1.
Ñ ïîìîùüþ ñèñòåìû MATLAB âûïîëíåíî ÷èñëåííîå ðåøåíèå ñèñòåìû (3.4). Ïðè ýòîì

ïðîâîäèëàñü ïðîâåðêà ñîîòâåòñòâèÿ âûáðàííûõ êîýôôèöèåíòîâ k1 è k2 óñëîâèÿì òåîðå-
ìû (3.1.). Çíà÷åíèÿ ïàðàìåòðîâ e = 0.2 , A−C

B
= 0.6 ,Θ0 = π .
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Ðàññìîòðèì óðàâíåíèå âîçìóùåííîãî ïëîñêîãî âðàùàòåëüíîãî äâèæåíèÿ ñïóòíèêà íà
ýëëèïòè÷åñêîé îðáèòå ïðè ñëó÷àéíûõ âîçìóùåíèÿõ:

ẍ+ (k1 −
2e sin ν

1 + e cos ν
)ẋ+ (k2 +

3(A− C)
B(1 + e cos ν)

cos(2Θ0 + x)) sin x = σ(ν) ˙ξ(ν) sin x. (3.5)
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Îïðåäåëèì èçìåíåíèÿ óñëîâèé äëÿ êîýôôèöèåíòîâ k1 è k2 äëÿ ðåøåíèÿ ïîñòàâëåííîé
âûøå çàäà÷è ñèíòåçà óïðàâëåíèÿ, íî ñ ó÷åòîì ñëó÷àéíûõ âîçìóùåíèé, îïèñàííûõ â ïðàâîé
÷àñòè óðàâíåíèÿ (3.5) .

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 3.2. Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óñèëåíèÿ k1 è k2 ïîäîáðàíû
òàê, ÷òî:

σ2
max

2(k2 − 3(A−C)
B(1−e) )

≤ µ ≤ k1 −
2e√
1− e2

,

√
(
k2
α

+
3(A− C)
B(1− e)α

− σ2
min

2µ
−

√
(k2 −

3(A− C)
B(1− e)

− σ2
max

2µα
≤ 2

√
µ(k1 −

2e√
1− e2

− µ),

√
µ(
k1
α

+
2e√

1− e2α
− µ)−

√
µ(k1 −

2e√
1− e2

− µ) ≤ 2

√
k2 −

3(A− C)
B(1− e)

− σ2
max

2µα
, A > C;

σ2
max

2(k2 +
3(A−C)
B(1−e) )

≤ µ ≤ k1 −
2e√
1− e2

,

√
(
k2
α
− 3(A− C)
B(1− e)α

− σ2
min

2µ
−

√
(k2 +

3(A− C)
B(1− e)

− σ2
max

2µα
≤ 2

√
µ(k1 −

2e√
1− e2

− µ),

√
µ(
k1
α

+
2e√

1− e2α
− µ)−

√
µ(k1 −

2e√
1− e2

− µ) ≤ 2

√
k2 +

3(A− C)
B(1− e)

− σ2
max

2µα
, A < C,

ãäå 0 < α ≤ 1 .
Òîãäà óïðàâëåíèå U = U1 + U2 ðåøàåò çàäà÷ó î ñòàáèëèçàöèè çàäàííîãî âðàùàòåëü-

íîãî äâèæåíèÿ, è, ñëåäîâàòåëüíî, ðåøåíèå ẋ = x = 0 ñèñòåìû (3.5) àñèìïòîòè÷åñêè
óñòîé÷èâî ïî âåðîÿòíîñòè.

Äîêàçàòåëüñòâî îïèðàåòñÿ íà ïðèâåäåííóþ âûøå òåîðåìó 2.2.
Êàê ñëåäóåò èç óðàâíåíèé äâèæåíèÿ (3.1), ïðè A− C = 2eB , U = 0 è 0 < e ≤ 1

2
ýòî

óðàâíåíèå èìååò ðåøåíèå [14]

Θ = Θ0 =
ν

2
. (3.6)

Â ñîîòâåòñòâèè ñ ýòèì ðåøåíèåì ñïóòíèê âðàùàåòñÿ â ïëîñêîñòè îðáèòû, ñîâåðøàÿ â
àáñîëþòíîì ïðîñòðàíñòâå òðè îáîðîòà çà âðåìÿ, ðàâíîå äâóì ïåðèîäàì îáðàùåíèÿ öåíòðà
ìàññ ïî îðáèòå. Â ðàáîòàõ [15, 16] íàéäåíî, ÷òî äâèæåíèå íåóñòîé÷èâî ïðè âñåõ e ∈ (0, 1

2
] ,

êðîìå e = e0 = 0, 054773 , ïðè êîòîðîì îíî óñòîé÷èâî.
Óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ (3.2) â ðàññìàòðèâàåìîì ñëó÷àå ïðèíèìàåò âèä:

ẍ− 2e sin ν

1 + e cos ν
ẋ+

6e

(1 + e cos ν)
cos(ν + x) sin x = U2 (3.7)

Ñîãëàñíî òåîðåìå 2.1 äâèæåíèå ìîæåò áûòü ñòàáèëèçèðîâàíî óïðàâëåíèåì (3.3). Èìååò
ìåñòî ñëåäóþùàÿ òåîðåìà.

Ò å î ð å ì à 3.3. Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû k1 è k2 ïîäîáðàíû òàê, ÷òî

0 < µ ≤ k1 −
2e√
1− e2

,
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√
k2
α

+
6e

α(1 + e)
−
√
k2 −

6e

1− e
≤ 2

√
µ(k1 −

2e√
1− e2

− µ),

√
µ(
k1
α

+
2e

α
√
1− e2

− µ)−

√
µ(k1 −

2e√
1− e2

− µ) ≤ 2

√
k2 −

6e

1− e
, 0 < α ≤ 1.

Òîãäà óïðàâëåíèå (3.3) ðåøàåò çàäà÷ó î ñòàáèëèçàöèè çàäàííîãî âðàùàòåëüíîãî äâè-
æåíèÿ.

Äîêàçàòåëüñòâî îïèðàåòñÿ íà òåîðåìó 2.1.
Óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ â ðàññìàòðèâàåìîì ñëó÷àå ïðè ñëó÷àéíûõ âîçìó-

ùåíèÿõ çàïèñûâàåòñÿ â âèäå:

ẍ+ (k1 −
2e sin ν

1 + e cos ν
)ẋ+ (k2 +

6e

(1 + e cos ν)
cos(ν + x)) sin x = σ(ν) ˙ξ(ν) sin x. (3.8)

Äåéñòâèå ñëó÷àéíûõ âîçìóùåíèé ìîæåò áûòü óñòðàíåíî âûáîðîì êîýôôèöèåíòîâ k1
è k2 , êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì, îïðåäåëåííûì â ñëåäóþùåé òåîðåìå.

Ò å î ð å ì à 3.4. Ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû k1 è k2 ïîäîáðàíû òàê, ÷òî

σ2
max(1− e)

2(k2(1− e)− 6e)
≤ µ ≤ k1 −

2e√
1− e2

,

√
k2
α

+
6e

α(1 + e)
− σ2

min

2µ
−

√
k2 −

6e

1− e
− σ2

max

2µα
≤ 2

√
µ(k1 −

2e√
1− e2

− µ),

√
µ(
k1
α

+
2e

α
√
1− e2

− µ)−

√
µ(k1 −

2e√
1− e2

− µ) ≤ 2

√
k2 −

6e

1− e
− σ2

max

2µα
, 0 < α ≤ 1.

Òîãäà óïðàâëåíèå U = U1 + U2 ðåøàåò çàäà÷ó î ñòàáèëèçàöèè çàäàííîãî âðàùàòåëü-
íîãî äâèæåíèÿ.

Äîêàçàòåëüñòâî îïèðàåòñÿ íà òåîðåìó 2.2.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 15-01-08482.

Äàòà ïîñòóïëåíèÿ 01.11.2016
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On stability and stabilization of the second-order nonlinear

equation

c⃝ A. S. Andreev3, L. S. Takhtenkova4

Abstract. The article presents the solution of the problem about su�cient conditions for
asymptotic stability of equilibrium position for special-kind ordinary and stochastic di�erential
equations. Theorems obtained in the paper are applied for solution of the stabilization problem for
two-dimensional rotational motion of a satellite on elliptic orbit. This motion may be in�uenced by
random forces; parameters of the motion also may vary stochastically. Authors prove the theorem
about the su�cient conditions of asymptotic stability. These conditions are based on Lyapunov
function with sign-constant derivative by virtue of the ordinary di�erential equation and the
corresponding operator by virtue of the stochastic di�erential equation. Novelty of the results
is that new robust stability conditions are obtained. In particular the authors solved the problem
about stabilization of satellite's motion wherein it makes three turns in absolute space during a
time equal to two periods of revolution of the center of mass on the orbit.

KeyWords: Lyapunov function, asymptotic stability, equilibrium position, stabilization, satellite,
stochastic perturbation
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