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Êâàçèëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

ïñåâäîïàðàáîëè÷åñêîãî òèïà ñ âûðîæäåííûì ÿäðîì è

èíòåãðàëüíûì óñëîâèåì

c⃝ Ò. Ê. Þëäàøåâ 1 Ê. Õ. Øàáàäèêîâ2

Àííîòàöèÿ. Ðàññìîòðåíû âîïðîñû îá îäíîçíà÷íîé ðàçðåøèìîñòè íåëîêàëüíîé ñìåøàííîé
çàäà÷è äëÿ îäíîãî êâàçèëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïñåâäîïàðàáîëè-
÷åñêîãî òèïà ñ âûðîæäåííûì ÿäðîì è îòðàæåíèåì ïåðâîãî àðãóìåíòà. Ðàçâèò ìåòîä âû-
ðîæäåííîãî ÿäðà äëÿ ñëó÷àÿ ðàññìàòðèâàåìîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïñåâ-
äîïàðàáîëè÷åñêîãî òèïà òðåòüåãî ïîðÿäêà. Ïðèìåíåí ìåòîä Ôóðüå ðàçäåëåíèÿ ïåðåìåííûõ.
Ñ ïîìîùüþ îáîçíà÷åíèÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå ïñåâäîïàðàáîëè÷åñêîãî òèïà
ñâåäåíî ê ñèñòåìå èç ñ÷åòíûõ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé ñî ñëîæíîé ïðàâîé ÷àñòüþ.
Ïîñëå íåñëîæíîãî ïðåîáðàçîâàíèÿ ïîëó÷åíà ñ÷åòíàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâ-
íåíèé, îäíîçíà÷íàÿ ðàçðåøèìîñòü êîòîðîé äîêàçàíà ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæå-
íèé â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ ñìåøàííàÿ çàäà÷à, èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå,
âûðîæäåííîå ÿäðî, îòðàæåíèå àðãóìåíòà, îäíîçíà÷íàÿ ðàçðåøèìîñòü

1. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ìíîãèõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ðåàëüíîì ìèðå, ÷à-
ñòî ïðèâîäèò ê èçó÷åíèþ ñìåøàííûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Ïðåä-
ñòàâëÿþò áîëüøîé èíòåðåñ ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé äèôôåðåíöèàëüíûå
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ. Ìíîãèå çàäà÷è ãàçîâîé äèíàìèêè,
òåîðèè óïðóãîñòè, òåîðèè ïëàñòèí è îáîëî÷åê ïðèâîäèòñÿ ê ðàññìîòðåíèþ äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêèõ ïîðÿäêîâ [1]�[3]. Èçó÷åíèþ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà ïîñâÿùåíî áîëüøîå
êîëè÷åñòâî ïóáëèêàöèé ìíîãèõ ìàòåìàòèêîâ, â ÷àñòíîñòè ðàáîòû àâòîðà [4]�[7].

Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà ðàññìàòðè-
âàþòñÿ ïðè ðåøåíèè çàäà÷ òåîðèè íåëèíåéíîé àêóñòèêè è â ãèäðîäèíàìè÷åñêîé òåîðèè
êîñìè÷åñêîé ïëàçìû. ×àñòî èçó÷åíèå çàäà÷ ìîäåëèðîâàíèÿ ôèëüòðàöèè æèäêîñòè â ïî-
ðèñòûõ ñðåäàõ ñâîäèòñÿ ê ðàññìîòðåíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà
[8]. Ê äèôôåðåíöèàëüíûì óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà òàêæå
ñâîäÿòñÿ çàäà÷è èçó÷åíèÿ ðàñïðîñòðàíåíèÿ âîëí â ñëàáîäèñïåðãèðóþùèõ ñðåäàõ [9], â
õîëîäíîé ïëàçìå è ìàãíèòíîé ãèäðîäèíàìèêå è ò.ä. Èçó÷åíèþ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ òðåòüåãî ïîðÿäêà ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò (ñì. [10]�[16]).

Â ñëó÷àÿõ, êîãäà ãðàíèöà îáëàñòè ïðîòåêàíèÿ ôèçè÷åñêîãî ïðîöåññà íåäîñòóïíà äëÿ
èçìåðåíèé, â êà÷åñòâå äîïîëíèòåëüíîé èíôîðìàöèè, äîñòàòî÷íîé äëÿ îäíîçíà÷íîé ðàçðå-
øèìîñòè çàäà÷è, ìîãóò ñëóæèòü íåëîêàëüíûå óñëîâèÿ â èíòåãðàëüíîé ôîðìå [17]�[19].
Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà èçó÷åíèÿ íåëîêàëüíîé ñìåøàííîé çàäà÷è äëÿ
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íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïñåâäîïàðàáîëè÷åñêîãî òèïà òðåòüå-
ãî ïîðÿäêà ñ âûðîæäåííûì ÿäðîì. Ìåòîä âûðîæäåííîãî ÿäðà ðàçâèâàåòñÿ â [20], [21]
äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Â îáëàñòè Ω ðàññìàòðèâàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

∂ U(t, x)

∂ t
− ∂ 3U(t, x)

∂ t ∂x2
− µ

T∫
−T

K(t, s)
∂ 2U(−s, x)

∂ x 2
ds =

= η(t)

T∫
−T

U(θ, x)dθ + f

x, T∫
−T

l∫
0

H(θ, y)U(θ, y) dy dθ

 (1.1)

ñ èíòåãðàëüíûì óñëîâèåì

U(0, x) +

T∫
−T

Θ(t)U(t, x) dt = φ(x), x ∈ Ω l (1.2)

è ãðàíè÷íûìè óñëîâèÿìè Áåíàðà

U(t, 0) = U(t, l) = 0, t ∈ ΩT , (1.3)

ãäå η(t) ∈ C(ΩT ) , f(x, γ) ∈ C(Ω l×R) , Θ(t) ∈ C1(ΩT ) , φ(x) ∈ C 3(Ωl) , φ(0) = φ(l) = 0 ,

0 <
T∫

−T

l∫
0

|H(t, x)| dx dt < ∞ , K(t, s) =
m∑
i=1

a i(t)b i(s) , a i(t), b i(s) ∈ C(ΩT ) , Ω ≡ ΩT × Ω l ,

ΩT ≡ [−T, T ] , Ω l ≡ [0, l] , 0 < T < ∞ , 0 < l < ∞ , µ � äåéñòâèòåëüíûé ñïåêòðàëüíûé
ïàðàìåòð.

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè a i(t) è b i(s) ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè.
Îïðåäåëåíèå. Ïîä ðåøåíèåì ñìåøàííîé çàäà÷è (1.1)�(1.3) ïîíèìàåì ôóíêöèþ

U(t, x) ∈ C 1,2(Ω) , óäîâëåòâîðÿþùóþ óðàâíåíèþ (1.1) è óñëîâèÿì (1.2), (1.3).

2. Ñ÷åòíàÿ ñèñòåìà íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

Â óðàâíåíèè (1.1) â èíòåãðàëüíîì ñëàãàåìîì ñäåëàåì çàìåíó ïåðåìåííîé: s = −τ , îòñþäà
ds = −dτ . Òîãäà óðàâíåíèå (1.1) ïðèîáðåòàåò âèä

∂ U(t, x)

∂ t
− ∂ 3U(t, x)

∂ t ∂x2
+ µ

T∫
−T

K(t,−τ)∂
2U(τ, x)

∂ x 2
dτ =

= η(t)

T∫
−T

U(θ, x) dθ + f

x, T∫
−T

l∫
0

H(θ, y)U(θ, y) dy dθ

 . (2.4)

Ðåøåíèå äàííîé çàäà÷è ðàçûñêèâàåì â âèäå ðÿäà Ôóðüå:

U(t, x) =
∞∑
n=1

un(t)ϑn(x), (2.5)

ãäå ôóíêöèè ϑn(x) îïðåäåëÿþòñÿ êàê ñîáñòâåííûå ôóíêöèè ñïåêòðàëüíîé çàäà÷è ϑ′′(x)+
+λ 2 ϑ(x) = 0, ϑ(0) = ϑ(l) = 0, 0 < λ è îáðàçóþò ïîëíóþ ñèñòåìó îðòîíîðìèðîâàííûõ ñîá-

ñòâåííûõ ôóíêöèé
{
ϑn(x)

}∞

n=1
â L 2(Ω l) , à λn � ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ.
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Ïî ïðåäïîëîæåíèþ

f (x, γ) =
∞∑
n=1

fn(γ)ϑn(x), (2.6)

ãäå fn(γ) =
l∫
0

f (y, γ)ϑn(y) dy , γ =
T∫

−T

l∫
0

H(θ, z)
∞∑
k=1

u k(θ)ϑ k(z) dz dθ .

Êðîìå òîãî, ó÷òåì, ÷òî
ϑ′′
n(x) = −λ 2

n ϑn(x). (2.7)

Ïîäñòàâëÿÿ ðÿäû (2.5) è (2.6) â óðàâíåíèå (2.4), ñ ó÷åòîì (2.7) ïîëó÷èì ñëåäóþùóþ
ñ÷åòíóþ ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé:

u′n(t)− µωn

T∫
−T

m∑
i=1

a i(t) b i(−τ)un(τ) dτ =

=
1

1 + λ 2
n

η(t)

T∫
−T

un(θ) dθ +
1

1 + λ 2
n

fn(γ), (2.8)

ãäå ωn = λ 2
n

1+λ 2
n
, un(t) =

l∫
0

U(t, y)ϑn(y) dy .

Ñ ïîìîùüþ îáîçíà÷åíèÿ

c in =

T∫
−T

b i(−τ)un(τ) dτ (2.9)

óðàâíåíèå (2.8) ïåðåïèøåòñÿ â ñëåäóþùåì âèäå

u′n(t) = µωn

m∑
i=1

a i(t) c in +
η(t)

1 + λ 2
n

T∫
−T

un(θ) dθ +
1

1 + λ 2
n

fn(γ). (2.10)

Èíòåãðàëüíîå óñëîâèå (1.2) äëÿ óðàâíåíèÿ (2.10) çàïèøåì â ñëåäóþùåì âèäå:

un(0) +

T∫
−T

Θ(t)un(t) dt = φn, (2.11)

ãäå φn =
l∫
0

φ(y)ϑn(y) dy .

Òîãäà ïóòåì èíòåãðèðîâàíèÿ ïî t èç (2.10) ñ ó÷åòîì (2.11) ïîëó÷àåì

un(t) = φn h− h
T∫

−T

Θ(t)

µωn m∑
i=1

q i(t) c in +
p(t)

1 + λ 2
n

T∫
−T

un(θ) dθ +
t

1 + λ 2
n

fn(γ)

 dt+

+µωn

m∑
i=1

q i(t) c in +
p(t)

1 + λ 2
n

T∫
−T

un(θ) dθ +
t

1 + λ 2
n

fn(γ), (2.12)

ãäå h−1 =

(
1 +

T∫
−T

Θ(t) dt

)
, p(t) =

t∫
0

η(τ) dτ, q i(t) =
t∫
0

a i(τ) dτ, i = 1,m .
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Ïîäñòàíîâêà âûðàæåíèÿ (2.12) â (2.9) äàåò ñèñòåìó èç ñ÷åòíûõ ñèñòåì àëãåáðàè÷åñêèõ
óðàâíåíèé (ÑÑÑÀÓ)

c in + µωn

m∑
j=1

A ij c jn = B in, i = 1,m, (2.13)

ãäå

A ij = −
T∫

−T

b i(−τ) q j(τ) dτ + h

T∫
−T

b i(−τ)
T∫

−T

Θ(ξ) q j(ξ) dξ dτ,

B in = h

T∫
−T

b i(−τ)
T∫

−T

Θ(ξ)

 p(ξ)

1 + λ 2
n

T∫
−T

un(θ) dθ +
ξ

1 + λ 2
n

fn(γ)

 dξ dτ−

−
T∫

−T

b i(−τ)

φn h+
p(τ)

1 + λ 2
n

T∫
−T

un(θ) dθ +
s

1 + λ 2
n

fn(γ)

 dτ. (2.14)

ÑÑÑÀÓ (2.13) îäíîçíà÷íî ðàçðåøèìà ïðè ëþáûõ êîíå÷íûõ B in , åñëè âûïîëíÿåòñÿ
ñëåäóþùåå óñëîâèå

∆n(µ) =

∣∣∣∣∣∣∣∣∣
1 + µωnA11 µωnA12 . . . µ ωnA1m

µωnA21 1 + µωnA22 . . . µ ωnA2m
...

...
. . .

...
µωnAm1 µωnAm2 . . . 1 + µωnAmm

∣∣∣∣∣∣∣∣∣ ̸= 0. (2.15)

Îïðåäåëèòåëü ∆n(µ) â (2.15) åñòü ìíîãî÷ëåí îòíîñèòåëüíî µ ñòåïåíè íå âûøå m .
Óðàâíåíèå ∆n(µ) = 0 èìååò íå áîëåå m ðàçëè÷íûõ êîðíåé. Ýòè êîðíè ÿâëÿþòñÿ ñîá-
ñòâåííûìè ÷èñëàìè ÿäðà èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1). Äðóãèå çíà÷åíèÿ
µ íàçûâàþòñÿ ðåãóëÿðíûìè, ïðè êîòîðûõ óñëîâèå (2.15) âûïîëíÿåòñÿ. Äëÿ ðåãóëÿðíûõ
çíà÷åíèé µ ñèñòåìà (2.13) èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáîé êîíå÷íîé íåíóëåâîé
ïðàâîé ÷àñòè. Â íàñòîÿùåé ðàáîòå äëÿ òàêèõ ðåãóëÿðíûõ çíà÷åíèé ïàðàìåòðà µ óñòàíàâ-
ëèâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé çàäà÷è (1.1)�(1.3).

Òîãäà ðåøåíèÿ ÑÑÑÀÓ (2.13) çàïèñûâàþòñÿ â âèäå

c in =
∆ in(µ)

∆n(µ)
, i = 1,m, (2.16)

ãäå

∆ in(µ) =

∣∣∣∣∣∣∣∣∣
1 + µωnA11 . . . µ ωnA1(i−1) B 1n µωnA1(i+1) . . . µ ωnA1m

µωnA21 . . . µ ωnA2(i−1) B 2n µωnA2(i+1) . . . µ ωnA2m
...

...
...

...
...

. . .
...

µωnAm1 . . . µ ωnAm(i−1) Bmn µωnAm(i+1) . . . 1 + µωnAmm

∣∣∣∣∣∣∣∣∣ .
Ñðåäè ýëåìåíòîâ îïðåäåëèòåëåé ∆ in(µ) íàõîäÿòñÿ B in . Â ñâîþ î÷åðåäü, â ñîñòàâå B in

íàõîäÿòñÿ íåèçâåñòíûå ôóíêöèè un(t) . Â ñàìîì äåëå, ýòè íåèçâåñòíûå ôóíêöèè íàõîäè-
ëèñü â ïðàâîé ÷àñòè CÑÑÀÓ (2.13). ×òîáû âûâåñòè èõ èç çíàêà îïðåäåëèòåëåé, âûðàæåíèå
â (2.14) çàïèøåì â ñëåäóþùåì âèäå

B in = B 1in +B 2in

T∫
−T

un(θ) dθ +B 3in fn(γ),
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ãäå

B 1in = φnh

T∫
−T

b i(−τ) dτ,

B 2in =
1

1 + λ 2
n

T∫
−T

b i(−τ)

−p(τ) + h

T∫
−T

Θ(ξ) p(ξ) dξ

 dτ,

B 3in =
1

1 + λ 2
n

T∫
−T

b i(−τ)

−τ + h

T∫
−T

ξΘ(ξ) dξ

 dτ.

Â ýòîì ñëó÷àå, ñîãëàñíî ñâîéñòâó îïðåäåëèòåëÿ èìååì

∆ in(µ) = ∆ 1in(µ) + ∆ 2in(µ)

T∫
−T

un(θ) dθ +∆ 3in(µ) fn(γ),

ãäå ∆kin(µ) =

=

∣∣∣∣∣∣∣∣∣
1 + µωnA11 . . . µ ωnA1(i−1) Bk1n µωnA1(i+1) . . . µ ωnA1m

µωnA21 . . . µ ωnA2(i−1) Bk2n µωnA2(i+1) . . . µ ωnA2m
...

...
...

...
...

. . .
...

µωnAm1 . . . µ ωnAm(i−1) Bkmn µωnAm(i+1) . . . 1 + µωnAmm

∣∣∣∣∣∣∣∣∣ , k = 1, 3.

Òîãäà ôîðìóëà (2.16) ïðèíèìàåò âèä

c in =
∆ 1in(µ)

∆n(µ)
+

∆ 2in(µ)

∆n(µ)

T∫
−T

un(θ) dθ +
∆ 3in(µ)

∆n(µ)
fn(γ), i = 1,m. (2.17)

Ïîäñòàâëÿÿ (2.17) â (2.12), èìååì ñëåäóþùóþ ñ÷åòíóþ ñèñòåìó íåëèíåéíûõ èíòåãðàëü-
íûõ óðàâíåíèé (ÑÑÍÈÓ)

un(t) = ℑ 1(t;un) ≡ Qn(t) +Gn(t)

T∫
−T

un(θ) dθ+

+Φn(t)

l∫
0

f

y, T∫
−T

l∫
0

H(θ, z)
∞∑
k=1

u k(θ)ϑ k(z) dz dθ

 ϑn(y)dy, (2.18)

ãäå

Qn(t) = hφn − µωnh
T∫

−T

Θ(t)
m∑
i=1

q i(t)
∆ 1in(µ)

∆n(µ)
dt+ µωn

m∑
i=1

q i(t)
∆ 1in(µ)

∆n(µ)
,

Gn(t) =
p(t)

1 + λ 2
n

− h
T∫

−T

Θ(t)
p(t)

1 + λ 2
n

dt−
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−µωnh
T∫

−T

Θ(t)
m∑
i=1

q i(t)
∆ 2in(µ)

∆n(µ)
dt+ µωn

m∑
i=1

q i(t)
∆ 2in(µ)

∆n(µ)
,

Φn(t) =
t

1 + λ 2
n

− h
T∫

−T

Θ(t)
t

1 + λ 2
n

dt−

−µωnh
T∫

−T

Θ(t)
m∑
i=1

q i(t)
∆ 3in(µ)

∆n(µ)
dt+ µωn

m∑
i=1

q i(t)
∆ 3in(µ)

∆n(µ)
.

3. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ÑÑÍÈÓ

Â ìíîæåñòâå
{
u(t) =

(
un(t)

)
|un(t) ∈ C(ΩT ), n = 1, 2, 3, . . .

}
îïðåäåëÿþòñÿ îïåðàöèè

ñëîæåíèÿ äâóõ ýëåìåíòîâ è óìíîæåíèå ýëåìåíòà íà ñêàëÿð ïîêîîðäèíàòíî. Òîãäà äàí-
íîå ìíîæåñòâî ñòàíîâèòñÿ ëèíåéíûì âåêòîðíûì ïðîñòðàíñòâîì. Áåðåì òå ýëåìåíòû ýòîãî

âåêòîðíîãî ïðîñòðàíñòâà, êîòîðûå óäîâëåòâîðÿþò óñëîâèþ
∞∑
n=1

(
maxt∈ΩT

∣∣∣un(t)∣∣∣) 2

< ∞.

Ñ ââåäåíèåì íîðìû ∥∥u(t)∥∥
B 2(T )

=

√√√√ ∞∑
n=1

(
max
t∈ΩT

∣∣∣un(t)∣∣∣) 2

îíî ñòàíîâèòñÿ áàíàõîâûì ïðîñòðàíñòâîì è îáîçíà÷àåòñÿ ÷åðåç B 2(ΩT ) .

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (2.15) . Åñëè
1. β 1 =

∥∥Q(t)∥∥
B 2(ΩT )

<∞ ; β 2 =
∥∥G(t)∥∥

B 2(ΩT )
<∞ ; β 3 =

∥∥Φ(t)∥∥
B 2(T )

<∞ ;

2. M =
∥∥f(x, γ)∥∥

L 2(Ωl)
<∞ ;

∣∣∣f(x, γ1)− f(x, γ2)∣∣∣ ≤ L(x)
∣∣∣γ1 − γ2∣∣∣ ;

3. ρ = β 2T + β 3δ 1δ 2 < 1 ; δ 1 =
∥∥L(x)∥∥

L 2(Ωl)
<∞ ; δ 2 =

T∫
−T

l∫
0

∣∣∣H(t, x)
∣∣∣dxdt <∞ .

Òîãäà ÑÑÍÈÓ (2.18) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå B 2(ΩT ) . Ýòî
ðåøåíèå ìîæåò áûòü íàéäåíî èç ñëåäóþùåãî èòåðàöèîííîãî ïðîöåññà{

u 0
n(t) = Qn(t),

u j+1
n (t) = ℑ 1(t;u

j
n), j = 0, 1, 2, . . . .

(3.19)

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì øàð S
(
u 0
n; r1

)
ñ ðàäèóñîì r1 = β1 +

β3M

1− β2T
.

Â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû èç (3.19) äëÿ íóëåâîãî ïðèáëèæåíèÿ èìååì∥∥u 0(t)
∥∥
B 2(ΩT )

≤ β 1. (3.20)

Â ñèëó óñëîâèé òåîðåìû è íåðàâåíñòâà (3.20), èç (3.19) äëÿ ïåðâîé ðàçíîñòè ïîëó÷àåì
îöåíêó

∥∥u 1(t)− u 0(t)
∥∥
B 2(ΩT )

≤

√√√√ ∞∑
n=1

(
max
t∈ΩT

∣∣∣Gn(t)
∣∣∣) 2

√√√√√ ∞∑
n=1

T∫
−T

∣∣∣Qn(t)
∣∣∣ 2dt+
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+

√√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Φn(t)
∣∣∣ l∫
0

∣∣∣∣∣∣f
y, T∫

−T

l∫
0

H(t, z)
∞∑
k=1

u 0
k(t)ϑ k(z)dzdt

ϑn(y)

∣∣∣∣∣∣ dy
 2

≤

≤
∥∥Q(t)∥∥

B 2(ΩT )
β2T + β 3

∥∥∥f(x, γ)∥∥∥
L 2(Ωl)

= β 1β 2 T + β 3M. (3.21)

Â ñèëó óñëîâèé òåîðåìû è îöåíêè (3.21), èç (3.19) äëÿ ðàçíîñòè u 2(t)− u 0(t) ïîëó÷èì
îöåíêó

∥∥u 2(t)− u 0(t)
∥∥
B 2(ΩT )

≤

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Gn(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
−T

∣∣∣u 1
n(t)− u 0

n(t)
∣∣∣ dt
 2

+

+

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Φ 2n(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 l∫
0

|f (y, γ1) ϑn(y)| dy

 2

≤

≤ (β1β2T + β3M) β2T + β3M = β1(β2T )
2 + (β2T + 1) β3M, (3.22)

ãäå γ1 =
T∫

−T

l∫
0

H(t, z)
∞∑
k=1

∣∣∣u 1
k(t)
∣∣∣ϑ k(z) dz dt .

Äàëåå, èç (3.19) ñ ó÷åòîì (3.22) èìååì∥∥u 3(t)− u 0(t)
∥∥
B 2(ΩT )

≤
(
β1 β2 T + β3M

)
(β2 T )

2 + (β2 T + 1) β3M =

= β1(β2T )
3 +

(
(β2 T )

2 + β2 T + 1
)
β3M. (3.23)

Ïðîäîëæàÿ ýòîò ïðîöåññ, àíàëîãè÷íî (3.23) ïîëó÷àåì∥∥u j(t)− u 0(t)
∥∥
B 2(ΩT )

≤ β1(β2T )
j+

+
(
(β2 T )

j−1 + (β2 T )
j−2 + . . .+ (β2 T )

2 + β2 T + 1
)
β3M. (3.24)

Èç ïîñëåäíåãî óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî β2 T < 1 . Ïîýòîìó èç (3.24) ñ ïåðåõîäîì
ê ïðåäåëó ïðè j →∞

lim
j→∞

∥∥u j(t)− u 0(t)
∥∥
B 2(ΩT )

≤ lim
j→∞

[
β1(β2T )

j+

+
(
(β2 T )

j−1 + (β2 T )
j−2 + . . .+ (β2 T )

2 + β2 T + 1
)
β3M

]
,

èìååì ∥∥u∞(t)− u 0(t)
∥∥
B 2(ΩT )

< β1 +
β3M

1− β2 T
= r1. (3.25)

Èç (3.25) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.18) îòîáðàæàåò øàð S
(
u 0
n; r1

)
â

ñåáÿ. Òåïåðü äëÿ ïðîèçâîëüíîé ðàçíîñòè u j+1(t)− u j(t) ïîëó÷èì îöåíêó

∥∥u j+1(t)− u j(t)
∥∥
B 2(ΩT )

≤

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Gn(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
−T

∣∣∣u j(t)− u j−1(t)
∣∣∣ dt
 2

+
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+

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Φn(t)
∣∣∣ 2
√√√√√ ∞∑

n=1

 l∫
0

L(y)
∣∣ϑn(y)∣∣dy

 2

×

×

√√√√√ ∞∑
n=1

 T∫
−T

l∫
0

|H(t, z)|
∞∑
k=1

∣∣u jk(t)− u j−1
k (t)

∣∣ ∣∣ϑ k(z)∣∣ dz dt
 2

≤

≤

β 2T + β 3δ 2

√√√√√ ∞∑
n=1

 l∫
0

L(y)
∣∣ϑn(y)∣∣ dy

 2
∥∥u j(t)− u j−1(t)

∥∥
B 2(ΩT )

≤

≤ ρ
∥∥u j(t)− u j−1(t)

∥∥
B 2(ΩT )

. (3.26)

Â ñèëó ïîñëåäíåãî óñëîâèÿ òåîðåìû è èç îöåíêè (3.26) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé
÷àñòè (2.18) ÿâëÿåòñÿ ñæèìàþùèì. Èç îöåíîê (3.20), (3.25) è (3.26) ìû çàêëþ÷àåì, ÷òî
äëÿ îïåðàòîðà (2.18) ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷êà (ñì. [22], ñòð. 389�
401]). Ñëåäîâàòåëüíî, ÑÑÍÈÓ (2.18) èìååò åäèíñòâåííîå ðåøåíèå u(t) ∈ B 2(ΩT ) . Êðîìå
òîãî, äëÿ ñêîðîñòè ñõîäèìîñòè ñïðàâåäëèâà îöåíêà∥∥u j+1(t)− u(t)

∥∥
B 2(ΩT )

≤ ρ j+1

1− ρ

(
β1 β2 T + β3M

)
.

Äèôôåðåíöèðóÿ ÑÑÍÈÓ (2.18) ïî t , èìååì

u′n(t) = ℑ 2(t;u
′
n) ≡ Q′

n(t) +G′
n(t)

T∫
−T

un(θ) dθ+

+Φ′
n(t)

l∫
0

f

y, T∫
−T

l∫
0

H(θ, z)
∞∑
k=1

u k(θ)ϑ k(z) dz dθ

 ϑn(y) dy, (3.27)

ãäå Q′
n(t) ∈ C 1(ΩT ) , G

′
n(t) ∈ C 1(ΩT ) , Φ

′
n(t) ∈ C 1(ΩT ) .

Ò å î ð å ì à 3.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.1. è
N 0 =

∥∥Q′(t)
∥∥
B 2(ΩT )

<∞ ; N 1 =
∥∥G′(t)

∥∥
B 2(ΩT )

<∞ ; N 2 =
∥∥Φ′(t)

∥∥
B 2(ΩT )

<∞ .

Òîãäà u′(t) ∈ B 2(ΩT ) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì øàð S
( d
dt
u 0
n; r2

)
ñ ðàäèóñîì

r2 = max

{
N 0;N 1T

(
β1 +

1

1− β2T

)
+N 2M

}
.

Äëÿ îïåðàòîðà (3.27) ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ:
d

dt
u 0
n(t) = Q′

n(t),

d

dt
u j+1
n (t) = ℑ 2(t;u

j
n), j = 0, 1, 2, . . . .

(3.28)

Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (3.28) íå âûõîäÿò èç øàðà S
( d
dt
u 0
n; r2

)
.
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Â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû, èç (3.28) äëÿ íóëåâîãî ïðèáëèæåíèÿ èìååì∥∥ d
dt
u 0(t)

∥∥
B 2(ΩT )

≤ N 0. (3.29)

Â ñèëó óñëîâèé òåîðåìû è íåðàâåíñòâà (3.20), èç (3.28) äëÿ ïåðâîé ðàçíîñòè ïîëó÷àåì
îöåíêó

∥∥ d
dt
u 1(t)− d

dt
u 0(t)

∥∥
B 2(ΩT )

≤

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣G′
n(t)

∣∣∣ 2
√√√√√ ∞∑

n=1

T∫
−T

∣∣∣u 0
n(t)

∣∣∣ 2 dt+

+

√√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Φ′
n(t)

∣∣∣ l∫
0

∣∣∣∣∣∣f
y, T∫

−T

l∫
0

H(t, z)
∞∑
k=1

u 0
k(t)ϑ k(z) dz dt

ϑn(y)

∣∣∣∣∣∣ dy
 2

≤

≤ N1 β1 T +N2M.

Â ñèëó óñëîâèé òåîðåìû è îöåíêè (3.21), èç (3.28) äëÿ ðàçíîñòè
d

dt
u 2(t) − d

dt
u 0(t)

ïîëó÷èì

∥∥ d
dt
u 2(t)− d

dt
u 0(t)

∥∥
B 2(ΩT )

≤

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣G′
n(t)

∣∣∣ 2
√√√√√ ∞∑

n=1

 T∫
−T

∣∣∣u 1
n(t)− u 0

n(t)
∣∣∣ dt
 2

+

+

√√√√ ∞∑
n=1

max
t∈ΩT

∣∣∣Φ′
n(t)

∣∣∣ 2
√√√√√ ∞∑

n=1

 l∫
0

|f (y, γ1) ϑn(y)| dy

 2

≤ (β1 β2 T + β3M)N1 T +N2M.

Äàëåå, èç (3.28) ñ ó÷åòîì (3.22) èìååì∥∥ d
dt
u 3(t)− d

dt
u 0(t)

∥∥
B 2(ΩT )

≤ N1 T
(
β1(β2 T )

2 + (β2 T + 1) β3M
)
+N2M. (3.30)

Ïðîäîëæàÿ ýòîò ïðîöåññ, àíàëîãè÷íî (3.30) ïîëó÷àåì∥∥ d
dt
u j(t)− d

dt
u 0(t)

∥∥
B 2(ΩT )

≤ N1 T
[
β1(β2 T )

j+

+
(
(β2 T )

j−1 + (β2 T )
j−2 + . . .+ (β2 T )

2 + β2 T + 1
)
β3M

]
+N2M. (3.31)

Èç ïîñëåäíåãî óñëîâèÿ òåîðåìû 3.1. ñëåäóåò, ÷òî β2T < 1 . Ïîýòîìó èç (3.31) ñ ïåðå-
õîäîì ê ïðåäåëó ïðè j →∞ èìååì

∥∥ d
dt
u∞(t)− d

dt
u 0(t)

∥∥
B 2(ΩT )

< N 1 T

(
β1 +

1

1− β2T

)
+N 2M ≤ r2. (3.32)

Èç (3.29) è (3.32) çàêëþ÷àåì, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (3.27) îòîáðàæàåò øàð

S
( d
dt
u 0
n; r2

)
â ñåáÿ. Îòñþäà ñëåäóåò, ÷òî u′(t) ∈ B 2(ΩT ) .
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4. Ñõîäèìîñòü ðÿäà Ôóðüå

Ïîäñòàâëÿÿ (2.18) â ðÿä Ôóðüå (2.5), ïîëó÷àåì ôîðìàëüíîå ðåøåíèå ñìåøàííîé çàäà÷è
(1.1)�(1.3):

U(t, x) =
∞∑
n=1

ϑn(x)ℑ 1(t;un) ≡
∞∑
n=1

ϑn(x)

Qn(t) +Gn(t)

T∫
−T

un(θ) dθ+

+Φn(t)

l∫
0

f

y, T∫
−T

l∫
0

H(θ, z)
∞∑
k=1

u k(θ)ϑ k(z) dz dθ

ϑn(y) dy

 . (4.33)

Òàêæå ïîäñòàâëÿåì (3.19) â ðÿä (2.5):

U j+1(t, x) =
∞∑
n=1

ϑn(x)ℑ 1(t;u
j
n) ≡

∞∑
n=1

ϑn(x)

Qn(t) +Gn(t)

T∫
−T

u jn(θ) dθ+

+Φn(t)

l∫
0

f

y, T∫
−T

l∫
0

H(θ, z)
∞∑
k=1

u jk(θ)ϑ k(z) dz dθ

ϑn(y) dy

 . (4.34)

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.2. è u(t) ∈ B 2(ΩT )
ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì ÑÑÍÈÓ (2.18) . Òîãäà ïîñëåäîâàòåëüíîñòü ôóíêöèé
(4.34) ñõîäèòñÿ ê ôóíêöèè (4.33) ïðè j →∞ .

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê u(t) ∈ B 2(ΩT ) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì
ÑÑÍÈÓ (2.18), òî ìîæíî ïîëàãàòü, ÷òî∥∥ℑ 1(t;u

j)−ℑ 1(t;u)
∥∥
B 2(ΩT )

≤ ε

δ 3
,

ãäå 0 < δ 3 = const , 0 < ε � ìàëîå ÷èñëî. Òîãäà äëÿ ðàçíîñòè ôóíêöèé (4.34) è (4.33)
ïîëó÷àåì ∣∣U j+1(t, x)− U(t, x)

∣∣ ≤ ∞∑
n=1

∣∣u j+1
n (t)− un(t)

∣∣ ∣∣∣ϑn(x)∣∣∣ ≤
≤ δ 3 ·

∥∥ℑ 1(t;u
j)−ℑ 1(t;u)

∥∥
B 2(ΩT )

≤ δ 3
ε

δ 3
= ε.

Òàê êàê äëÿ îïåðàòîðà (3.27) èìååò ìåñòî u′(t) ∈ B 2(ΩT ) , òî èìååì∣∣∣∂U(t, x)
∂t

∣∣∣ ≤ ∞∑
n=1

∣∣ℑ 2(t;u
′
n)
∣∣ ∣∣∣ϑn(x)∣∣∣ ≤ δ 3

∥∥ℑ 2(t;u
′)
∥∥
B 2(ΩT )

<∞.

Äèôôåðåíöèðóÿ (4.33) äâà ðàçà ïî x è ó÷èòûâàÿ (2.7), ïîëó÷àåì

∂ 2U(t, x)

∂x 2
=

∞∑
n=1

ℑ 1(t;un)ϑ
′′
n(x) = −

∞∑
n=1

λ 2
nℑ 1(t;un)ϑn(x). (4.35)

Èíòåãðèðóÿ äâà ðàçà ïî ÷àñòÿì èíòåãðàëà un(t) =
l∫
0

U (t, y) ϑn(y) dy , èìååì

un(t) = −
1

λ 2
n

l∫
0

∂ 2U(t, y)

∂y 2
ϑn(y)dy. (4.36)
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Ïîäñòàâëÿÿ (4.36) â (1.3) è èñïîëüçóÿ íåðàâåíñòâà Áåññåëÿ, îêîí÷àòåëüíî ïîëó÷àåì
îöåíêó ∣∣∣∣∣−

∞∑
n=1

λ 2
nℑ 1(t;un)ϑn(x)

∣∣∣∣∣ =
∣∣∣∣∣∣

∞∑
n=1

l∫
0

∂ 2U(t, y)

∂y 2
ϑn(y) dy ϑn(x)

∣∣∣∣∣∣ ≤

≤ δ3

√√√√√ ∞∑
n=1

 l∫
0

∣∣∣∣∂ 2U(t, y)

∂y 2

∣∣∣∣ ∣∣∣ϑn(y)∣∣∣ dy
 2

≤ δ3

∥∥∥∥∂ 2U(t, x)

∂x 2

∥∥∥∥
L2(Ωl)

<∞.
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A pseudoparabolic type quasilinear integro-di�erential

equation with degenerate kernel and integral condition

c⃝ T. K. Yuldashev3 K. H. Shabadikov4

Abstract. Nonlocal mixed-value problem for a quasinlinear pseudoparabolic type integro-
di�erential equation with degenerate kernel and re�ective �rst argument is considered. The
questions of one-value solvability of such equations are examined. For equations of the third
order the method of degenerate kernel is developed. Fourier method of variables' separation is
used. After some denoting the examined equation is reduced to a system of countable algebraic
equations' systems with complex right-hand side. After simple transformation countable system of
nonlinear integral equations is obtained. One-value solvability of this system is proved by method
of successive approximations combined with method of contractive mappings.

Key Words: nonlocal mixed-value problem, integro-di�erential equation, degenerate kernel,
argument re�ection, one-valued solvability
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