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ITocTpoeHue nepruoanvecKoro pemeHnd ypaBHeHnii
ABN2KEHU A BA3KOI KNAKOCTHI C 3a/JaHHBbIM I'DaJUE€HTOM
TABJICHUS

© M. C. Hepgbuna !, C. 1. MapTbiHOB >

Annoranus. PaccmarpuBaercst npobirieMa TTOCTPOEHNST TEPUOINIECKOTO PEIIEHNsST YPABHEHW Te-
YeHUs BSI3KOU KUIKOCTH B HEOIPAHWYIEHHOM 00IacTH TIPH 33 JaHHOM IPAJINEHTE TABJIEHUS B KJIACCe
KyCOYHO-T/IaAKuX (DYHKIWI JJIsT CKOpOCTH TevueHus. [lomyderHo mpubinkeHHOoe pereHne 3a1a9u.
KuroueBbie cioBa: Ba3Kash KUIKOCTb, MEPUOIAIECKOE PEIIEHNE, KyCOIHO-TIaaKasd (DYHKIMA

1. Bseaenwue

MogenupoBanue Tedenusi BA3KONH KUJIKOCTU B HOPUCTOM CpeJie ABJLIeTCHd OJHONU U3 aKTy-
AJIBHBIX MPOOJIEM MEXaHUKHU YKHJIKOCTH. DTO CBA3AHO KaK C MAaTEeMATHIECKOH CIOXKHOCTHIO Ca-
MOl 33/1a4M, TaK M C YPE3BbIYANHO IMUPOKOH 00JACTHIO BO3MOXKHBIX MPUIOKEHUN Pe3y/ILTaTOB
MojeupoBanusg. Hampumep, B Takux objacTdaX, KaK U3BJedeHHe HeDTH U3 IJIACTa, CO3TAHHE
MOPHUCTHIX MATEPUATIOB C 3aJaHHBIMHA CBOHCTBAMHU, OBITOBBIX U IIPOMBIILIEHHBIX (DUABTPOB JIIsT
OYHCTKH BOJBI U U APYTUX KUAKOcTeil. OHA U3 OCHOBHBIX TIPOOJIEM IPH MOJIE/INPOBAHIE CBA3a-
Ha C YY€TOM THJAPOIANHAMUICCKOTO B3aNMOIEHCTBIAA KUJIKOCTH ¢ YaCTHIAMHA TOPUACTON CpeIbl.
B pa6ote [1] mocTpoeHo nepuomteckoe BCIOLY KOHedHoe perienre ypasHernit CTokca st Gec-
KOHEeYHOU pemeTKu. CKOPOCTD KHJIKOCTH B 9TOM PEIIeHUH MPEJICTABIICTCS B BUJIE MOCTOSHHOM
uin JunHeitHo# dbyHknun KoopaunHat. COOTBETCTBEHHO JaBICHUE NIPEICTABISIETCS B BIIE JTUHEI-
HO# mim nocrosinnoil dbyukuuu. [lepByio 3agady (¢ mOCTOSHHON CKOPOCTHIO B MOTOKE) MOKHO
paccMaTpuBaTh C JIBYX TOYEK 3peHus. e 3ajana CKOpOCTb, TO MOYKHO HAHTH IpaueHT JaB-
JIEHUsI, U, HA00OPOT, 3HAS TPAJTUEHT JABICHUSI, MOKHO HAWTH CKOPOCTh. OTHAKO B 9TOM CJIydae
IIPU PACCMOTPEHHOM B pabore [1| Bujie perenust ¢ HOCTOSTHHON COCTABISIONIEH CKOPOCTH BO3HH-
KaeT 0COOEHHOCTD ITPU MAJIBIX 3HAYCHUSX IapaMeTpa, XapaKTepPU3YIOIIEro PacCTOsTHUE MEXK Iy
qacTuaMu. B pabore [2] cienaHo mpeanosioKeHne, YTO HAJTHIHE ITONH OCOOEHHOCTH CBS3aHO
C BUJIOM peIeHus I/ CKOPOCTH MOTOKA KUJAKOCTH. 10 €CThb B 9TOM CJIydae pelreHue 10J17kK-
HO TIPEJICTABAATHCS HEJIMHEHHBIM TPO(UIEM CKOPOCTH, KOTOPHIH BOJIN3U 9acTHIL, TPUOIUZKEHHO
MOKHO 3aMEHHTDb TeUYeHHEeM € KBaJIPaTUIHON 1o Koopjaunatam dyuknueit. asg sToro ciaydas
OBbLIO HaiifeHO MpUOIMKEeHHOe pelleHHe U IIPOBeJeHbl OIeHKH KoddpuiimeHTa (bUIbTPAINH.
OnHako BOIPOC, KaK MOCTPOUTH HMEPUOIMIECKOE BCIOLY KOHETHOE pelleHHne, COOTBETCTBYIOIIEe
3TOMY CJIYYal0, OCTABAJICH OTKPBITHIM.

B nacrosieii pabore paccMaTpUBaeTCs METOJ TOCTPOCHHS TAKOTO PeIlleHe.

2. IlocraHoBKa 3ajga4n

PaccmaTpuBaeTcs TedeHNe HECXKUMAEMOH YKUIKOCTH € BI3KOCTBIO 7) B HEOTPDAHMYEHHON 00-
JIACTH C 33/IAHHBIM T'PAJIUEHTOM JTaBJIeHus Vg . BeibepeM cucTeMy KOOPIWMHAT TaK, YTO OJTHA U3
oceit, Hampumep, ocb X , OyJIeT HApaBIeHA B TPOTUBOIOIOKHOM HAIPABJICHUAN, Y€M TPATACHT
nasyennsi. CoOTBETCTBEHHO, ocu Y W Z HAIPABJIEHBI MEPIEHIUKYIIPHO TPaaneHTy. Bygem

L FOropekuit rocynapersennsiii yuusepeurer, r. Xanrol-Mancuiick; deryabinams@mail.ru
2 TIpodreccop FOropekoro rocyapcTBEeHHOTO YHUBEPCHTETA, T. XaHTh-Mancniick; martynovsi@mail.ru
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paccMaTpUBaTh IBYMEDHBIR CIydaii, KOraa BCe HCKOMBIE BEJIHYHHBI 3aBHCAT OT JIBYX KOOP-
munar: X w Y. Kak usBecrno [3], umeercst Tounoe pemienue ypasuenuil Hasbe-Crokca st
Cllydad T€YCHUA BA3KOI ZKHNAKOCTH 110 KaHaJlaM Pa3/JIMYHOI'O CeYCHUA. [LJ'IH TeyeHnd K1 JIKOCTHU
MeKAy ABYMA IMJIOCKOCTAMHM BbIpazKeHue AJjid CKOPOCTU uMeeT BHI:

h2 _ y2

2n
371eCh U, — CKOPOCTH Kuaxkoctu Baoib ocu OX ; 2h — paccrosiHue MeKIy NJIOCKOCTSIME, T, Y
— KOODJIMHATHI TOYKH, B KOTOPO# HAXOIUTCSA CKOPOCTH. [IpuBeieHHOE pereHne COOTBETCTBYET
JIAMUHAPHOMY TeYeHHIO KUIKOCTH. MakcuMaabHasd CKOPOCTh B MOIEPEYHOM CeYeHUU MPOMOP-
nuoanbia h? u gocturaerca npu y = 0. C yBesudeHmeM pa3sMepoB IIOIEPEYHOrO CedeHHs
MaKCHMAaJIbHAs CKOPOCTH pacTeT. OIHAKO, HAYNHAL C ONPEJIeICHHOr0 3HATCHUS MAKCUMATHHOM
CKOPOCTH, T€UEHNE, COOTBETCTBYIOINIEE MAHHOMY PEIIeHUI0, He Peanu3yercs B KUIKOCTH. DTO
MOZKHO TMOSICHUTH CJaeaytomuM obpa3om. 13 ypaBHeHUsT HEPA3PBIBHOCTH CJIEIYET, 9TO COCTaB-
JIAIONAd CKOPOCTH YKHUJIKOCTH U, HMeeT MOPAI0K

Uz = — |Vpol (2.1)

h
Uy = Uyp—.

L

3nech L — xapakrepublii Macmrad tedenus mo ocu OX . Ilpm mManbx 3HadeHuax h Be-
JINYWHA, TIONMEPETHON COCTABJISIONICH CKOPOCTH Majia u eif MokHO npeHebpedb. C yBemdeHneM
MOTIEPETHOTO pa3Mepa h pacTeT W MOMepPedHAs COCTABJSIONIAs CKOPOCTH. DTO O3HAYAET, UTO
JTIOJIZKHO DPeAJIM30BBIBATHCS APYyroe Tedenne. COOTBETCTBEHHO W PEIeHNe YPaBHEHU THIPOIU-
HAMUKH JIOJZKHO OBITH He TakuM, Kak (1). B Kiaccuueckoil rupoJ@HAMEUKE YKUJIKOCTH 3ITO
HA3bIBAETCS MEPEXOIOM OT JAMHHAPHOTO TedeHHs K TypOyiaeHTHOMY. COTsIacHO TeOpWH TYp-
OyJIEeHTHOTO TEYEHUsI B YKUJKOCTH MPOUCXOAAT (PJIYKTyalun, KOTOPbIE IIPUBO/ST K HOSIBJICHUIO
nonepevyHoit cocrapygionieil ckopoctu. GaykTyarnun MOryT ObITh KPYHHOMACIITAOHBIE U MeJI-
komactitabubie. [TockobKY 1ebi0 paboThl SABJISETCA MOCTPOEHUE TEePUOIUYECKOTO PelleHus,
MPUTOTHOTO B JaJbHeHIeM /s MOJeTUPOBAHU PUIBTPAIMH KUAIKOCTH, TO OYIeM paccMaTpH-
BaTh TaKWe MACHITAObl TeYeHUs, JIsi KOTOPOTO BO3MOYKHO MCIOJIb30BaTh Mpuban:kenne CTokca

Vu=0, nV?u=Vp. (2.2)

B pa6ore 4] 115t pernenust 910l 331491 0 TEYEHUH KUTKOCTH YePe3 MEPUOJATIECKYIO CUCTEMY
HaCTUI MPEJIATATIOCh PACCMATPUBATH KAHAJIBI TPEYTOJIBHOTO CEUYEHUd, B KOTOPBIX PEATTU3yEeTCs
TedeHne, cooTBeTCTBYOMee perrennio (1) mas mogobubx KaHaao. OIHAKO TaKoe pereHne He
JIAeT HENPEPBIBHOCTU HAITPAZKEHU Ha IPAHUIAX KAHAJI0B. ITOOBI IIOCTPOUTH HCKOMOE pPeIleHue,
pa3obbeM BCIO 00J1aCTh, 3aHUMAEMYIO XKHJIKOCTBIO, Ha MPAMOYTOJIbHbIE YUaCTKH pa3MepaMu 2L
u 2h o ocam X m Y coorBercTBeHHO. BhIGepeM MPOU3BOIBHYIO A9€HKY U IOMECTUM HAYaJI0
KOODJIMHAT B IEHTPe Takoil stueliku. HeoGxoaumo HafiTu Takoe pelnenue ypaBHenuii (2), 4robb B
coceaHux dyeiikax oHO HEepuoJnIeCKu IMoBTOPAJI0CH. TO €CThb COCTaBJIdI0IIue CKOPOCTH JOJIZKHDBI
YAOBJIETBOPSTH YCJAOBUSIM

uzg(x,h) = uz(x,—h), u.(—L,y)=u(L,y),
uy(x, h) = uy(x,—h), u,(—L,y)=u,(L,y).

KpOMe TOro, Ha I'paHUIAX A9eKn AO0JIZKHBIL BBIIIOJIHATHCA YCJIOBHUA HEIIPEPBIBHOCTH HOP-
MaJIbHBIX U KaCaTeJIbHbIX HaHpH}KeHI/Iﬁ

(2.3)

TayMy ly=—h = Uwyny‘y:h ; Oyyny ly=—n = Uyyny‘y:h ) (2.4)
OyaxTy |:c:—L = O—yxna:|x:L ) Oxxlly |:(::—L - Uxxnx|z:[/ = |Vp0| 2L.
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31€eCh Ogy, Ozz, Oyy — KOMIOHEHTHI T€H30pa IIOJHBIX HAIpsKeHHil B skuaxoctd [3]. Ilo-
cresiHee yeaoBue B (2.4) o3Hadaet, 4To BA0JIb ocu OX WMMeeTcs mepena/ JaBJIeHus ¢ 3aJaHHbIM
rpajiueHToMm Vpy .

3. Ob1ee peleHue 3aJa4n JJid IPON3BOJIBHON sS4eiiky

Cucremy ypaBHEHMI (2.2) B OIPOU3BOJBHON dAYeliKe 3alulleM B BHUJIE

n(ﬁ%+y%)—@@:&

Ox? oy? Ox
Pu, 0%,
=0
! ( on* ay2> |
Oou, Ou
5 Sizo (3.1)

DakTHUeCKH 1MoJIaraeM, 4TO TeUEHNE B d4eiike HE MEHsieT 3aIaHHOIO IDAJIMEHTa JIAB/ICHHSL.
Kax m3BeCTHO W3 TMAPOJMHAMUKM, BUXPEBbIE TeYEHHs HE MEHSIOT DACIPEICICHUE JABICHUS
B kuaKocTa. CrieJoBaTeIbHO, TeUeHUe B sS9eiiKe JOJIZKHO ObITh BUXDPEBBIM. Pelenne cucreMo
(3.1) 6ymeM uckarh B BHIE

h2 _y2
ux(x,y) :_|vp0|T+U(xvy)7 uy(x7y) :U}(SL’,y)

st dyakumit v(z,y) u w(zr,y) nomaydaeM ypaBHEHHSI

92 92

8—;2] + B_yg =0,

82w 8%w

52t = 0, (3.2)

ov ow __
v ou_ )

Pemtenne cucremsr (3.2) Gyzem uckaTh B Buje

o(z,y) = P(@)((y), w(x,y)=f(x)p(y).

13 nepBoro ypasuennst cucremsl (3.1) mosydaeM paBeHCTBO

Pu@) 1 dPy) 1

= 0.
da? (z) — dy* ((y)
Tepswiti sapuanm xombunayuy GyHryud.
[Tomaraem, 9T0 HMEEM PABEHCTBA
d? 1 d? 1
dz?  (z) dy* ((y)

Baech k =2mw/\, a A — Hekuii mapaMerp, UMEIONUMH Pa3MEPHOCTh JJINHBL. Perenne ypas-
HeHuil (3.3) umeer B
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() = Acos(kx) + Bsin(kx), ((y) = Cexp(—ky)+ D exp(ky).

13 Tperbero ypaBHeHHsT CHCTEMBI (3.1) TOJYIHM COOTHOIEHUSI

P )+ 12~
Bynem cunrarh,aro
dip(z) __de(y)
0 =@ )= Tdy

NaTerpupys nocjaeHAe COOTHOIIEHNS, TTOJydaeM paBeHCTBA

f(z) = —Akcos(kz) + Bksin(kz), ¢(y) = (Cexp(—ky) — Dexp(ky))/k.

Taxmm 0Opa3oM uMeeM BBIPAXKEHHS /I CKOPOCTH YKHIKOCTH

v(z,y) = (Acos(kx) + Bsin(kx))(C exp(—ky) + D exp(ky)),
w(z,y) = (—Acos(kz) + Bsin(kz))(C exp(—ky) — D exp(ky)).

JIerko mpoBepHUTh, UTO BbIpazkeHue st w(x,y) YIOBIETBOPSET BTOPOMY YDABHEHWIO CH-
cremsl (3.1).

U3 ycoBus HeIpepbIBHOCTH CKOPOCTH U(7,Yy) Ha rpaHunax sveiiku ciemyer, uro B = 0,
D = C'. To ectb noay4daem

v(z,y) = AC cos(kx)(exp(—ky) + exp(ky)),
w(z,y) = —AC cos(kz)(exp(—ky) — exp(ky)).

OJIHAKO, COCTAB/IAONIAs CKOPOCTH W (T, YY) U HOPMAJIbHbBIE HALIPIKEHUSI TypMy; B 9TOM CJIy-
Jae He YIOBJIETBOPAIOT YCJIOBHAM HermpepbiBHOCTH (2.3 1 2.4). [1jist TOro, 9T00bI y0BIETBOPUTD
9TUM YCJOBUSM, PACCMOTPHM €Ille OJUH BapUaHT KOMOMHAIUMH (DYHKIIMIA, OIpeIesIsioNInX pe-
IIIeHIe.

Bmopot sapuanm xombunavuu GyHryud.

[Tonaraem, 9TO B 9TOM C/Iydae UMeeM PaBEHCTBA

dQQ/}(x)L:kQ dQC(iU) 1 — 2

da? () Tdy? ((y)

[ToBTOpSIs BBIYUCIEHNS, TPUBEIEHHBIE BBIIIIE /I TePBOT'0 BApHAHTA, MOJYIUM, 9YTO COCTAB-
JISIOTIHE CKOPOCTU B 3TOM CJIydae UMerT BUJL

v(x,y) = (Aj cos(ky) + By sin(ky))(Ch exp(—kz) + Dy exp(kz)),
w(z,y) = (—A; cos(ky) + By sin(ky))(Cy exp(—kx) — Dy exp(kx)).
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AHAJIOrIYIHO IEPBOMY BAPHAHTY U3 YCJIOBHUS HEIPEPBIBHOCTH CKOPOCTH ¥ (T, Yy) HA TpAHUIAX
sueiiku caenyer, aro By =0, D; = C;. To ectb

v(z,y) = A Cy cos(ky)(exp(—kz) + exp(kz)),
w(z,y) = —A;Cy cos(ky)(exp(—kx) — exp(kx)).

O0benunss pelieHns IBYX PAacCMOTPEHHBIX BapHAHTOB KOMOWHAIMNA (PYHKIU, mMoIydaem
OKOHYATEHHO BBIPAYXKEHUS JIJIST COCTABISIONINX CKOPOCTH

v(x,y) = AC cos(kx)(exp(—ky) + exp(ky)) + A1C, cos(ky)(exp(—kx) + exp(kx)),
w(z,y) = —AC cos(kz)(exp(—ky) — exp(ky)) — A1C cos(ky)(exp(—kz) — exp(kz)).

[ToacraBisist HaiileHHBIE COOTHOIIECHUST B BHIPAYKEHUsT JIJIsl CKOPOCTH w(x,y) W CUUTas, 9TO
kx <<1, ky << 1 (370 BCETIAa MOXKHO CIETaTh COOTBETCTBYIONMUM BHIGOPOM Pa3MEpOB sTueii-
ku L u h) momaydauMm cieayoliee TPUOJNKeHHe ¢ TOYHOCTBIO 10 KBAJAPATOB MAJbIX BEJHYNH
BKJIIOYUTEJIBHO

w(z,y) = —2(AC + A1CY)kykzx.

s Toro, 9TobBl COCTABJIAIONAd CKOPOCTH ObLIa HElPepPhIBHA HA TPAHMIAX SUeHKH I10J1a-
raem, aro A;C; = —AC' . Torpa nociearee yciaosue B (2.4) BBITOTHSIETCS ¢ TOH 2Ke TOYHOCTHIO,
aro u Jyst w(x,y), a u3 nepBoro ycaosus (2.4) mosyunm

1
AC = —— .
€=~ Vo

[Ipoduin cocrapjigonux CKOPOCTH B s4eiike 1moka3anbl Ha puc.l u puc. 2.

Pucywmox 3.1

[Tpoduas ckopocTn v B sUeiiKe
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Pucynox 3.2

[Ipoduis ckopoctn w B suelike

4. Pe3yabTaThl

KaK BUAHO U3 PUCYHKOB, XOTd CKOPOCTH 3aBUCUT OT KOOPDAUHAT HE IO KBaJAPAaTHIHOMY 3a-
KOHY, BOJIN3H NeHTpa d4eiiku ee npoduib 0J1130K K MapaboIndecKoMy, YTO U OBLIO HOJIYYEeHO B
pabote [2|. B cocesnux stuefikax MMeETCsl TAKOE YK€ PACHpeIeIeHIe CKOPOCTH U YIOBIETBOPSIET
YCJIOBHSIM HEIPEPBIBHOCTH CKOPOCTH, KACATEJbHBIX W HOPMAJIbHBIX HANPSKEHNH Ha TPAHMIIE
ssaeek. Takmm 0Opa30M, HEBO3MYIIEHHOE TeYeHHe BSI3KOW YKUIKOCTH IIPeAcTaB/isger coboil me-
puoaunvdeckKoe ABHUZKeHHE C 3aJaHHBIM I'DaJHCeHTOM AaBJICHIA. I/ICHOJIBSyH 9TO pelreHune MOzKHO
paccunTaTb TedeHne YKUJIKOCTH C 33 JaHHBIM I'DAIHNEHTOM JIaBJIeHHS depe3 OECKOHEUHYIO IepH-
OJINYECKYIO PEIIeTKY YACTHIl, IOMENEHHBIX B IIEHTD sS4YeiiKu.

Craemxyer OTMETHTDb, 9YTO IIOJYYEHHBIE BBIPAXKEHUS JIJIsT COCTABJSIONIUX CKOPOCTH TEUCHHUS
KUJIKOCTH cojiepzkar mapamerpel & u h. Bompoc 06 omnpejesiennn cpeHuX 3HAYCHUI ITHX
[apaMeTpoB U MOJIyYEeHUN OCPEIHEHHBIX BBIPAYKEHUN 19 CKOPOCTH TedeHusd TpebyeT najibHeii-
IEr0 PaCCMOTPEHUSI.
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Construction of periodic solutions equations of motion of a
viscous fluid with a predetermined pressure gradient
(© M.S. Deryabina®, S.I. Martynov*

Abstract. The problem of constructing a periodic solution for the equations of viscous flow in
unbounded domain for a given pressure gradient in the class of piecewise smooth functions for the
flow velocity is considered. An approximate solution of the problem is obtained.
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