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Îäíîìåðíàÿ îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ

âÿçêîóïðóãîñòè â îãðàíè÷åííîé îáëàñòè

c⃝ Æ. Ø. Ñàôàðîâ 1

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ îäíîìåðíîå èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîå
âîçíèêàåò â òåîðèè âÿçêîóïðóãîñòè ñ ïëîòíîñòüþ ρ = ρ(x) è êîýôôèöèåíòàìè Ëàìå µ =
µ(x), λ = λ(x) . Çàäà÷à èçó÷àåòñÿ â îãðàíè÷åííîé ïî x îáëàñòè [0, l].Íà÷àëüíûå óñëîâèÿ
ðàâíû íóëþ. Ãðàíè÷íûìè óñëîâèÿìè ÿâëÿþòñÿ ôóíêöèÿ íàïðÿæåíèé íà ëåâîì êîíöå ýòîãî
îòðåçêà â âèäå ñîñðåäîòî÷åííîãî èñòî÷íèêà âîçìóùåíèé, à íà ïðàâîì - íóëü. Äëÿ ïðÿìîé
çàäà÷è èçó÷àåòñÿ îáðàòíàÿ çàäà÷à îá îïðåäåëåíèè ÿäðà, âõîäÿùåãî â èíòåãðàëüíûé ÷ëåí
óðàâíåíèÿ, ïî äîïîëíèòåëüíîé èíôîðìàöèè î ôóíêöèè ñìåùåíèé ïðè x = 0. Îáðàòíàÿ çàäà-
÷à çàìåíÿåòñÿ ýêâèâàëåíòíîé ñèñòåìîé èíòåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
ôóíêöèé. Ê ýòîé ñèñòåìå â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé ñ âåñîâûìè íîðìàìè ïðèìå-
íÿåòñÿ ïðèíöèï ñæàòûõ îòîáðàæåíèé. Äîêàçàíà òåîðåìà ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøè-
ìîñòè è ïîëó÷åíà îöåíêà óñòîé÷èâîñòè ðåøåíèÿ îáðàòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, óðàâíåíèå âÿçêîóïðóãîñòè, ÿäðî èíòåãðàëà, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, äåëüòà-ôóíêöèÿ, ôóíêöèÿ íàïðÿæåíèé

1. Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì îäíîìåðíîå äèôôåðåíöèàëüíîå óðàâíåíèå âÿçêîóïðóãîñòè â îãðàíè÷åííîé
ïî ïåðåìåííîé x îáëàñòè D := {(x, t) : 0 < x < l, t > 0}

ρ(x)
∂2u(x, t)

∂t2
=
∂T (x, t)

∂x
(1.1)

ïðè ñëåäóþùèõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ

u |t<0≡ 0, 0 ≤ x ≤ l, (1.2)

T (x, t) |x=0= δ(t), T (x, t) |x=l= 0, (1.3)

ãäå u(x, t) - ôóíêöèÿ ñìåùåíèé, δ(t) - äåëüòà - ôóíêöèÿ Äèðàêà; T - ôóíêöèÿ íàïðÿæå-
íèé:

T (x, t) = µ(x)
∂u(x, t)

∂x
+

∫ t

0

k(t− τ)µ(x)
∂u(x, τ)

∂x
dτ. (1.4)

Îäíîìåðíàÿ îáðàòíàÿ çàäà÷à î íàõîæäåíèè ÿäðà èç îäíîãî óðàâíåíèÿ âÿçêîóïðóãîñòè
â îãðàíè÷åííîé îáëàñòè ñ ðàñïðåäåëåííûìè èñòî÷íèêàìè âîçìóùåíèé ðàññìîòðåíà â [1].
Ìåòîäîì Ôóðüå çàäà÷à ñâåäåíà ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé âîëüòåððîâñêîãî òèïà
îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé çàâèñÿùèõ îò âðåìåííîé ïåðåìåííîé. Îäíàêî, â ïðè-
ëîæåíèÿõ íàèáîëåå èíòåðåñíûìè ÿâëÿþòñÿ îáðàòíûå çàäà÷è, êîãäà äàííûå ïðÿìîé çàäà÷è
ïðåäñòàâëÿþò ñîáîé ñèíãóëÿðíûå îáîáùåííûå ôóíêöèè. Îäíà èç òàêèõ çàäà÷ èçó÷åíà [2]
ãäå ïðîñòðàíñòâåííóþ îáëàñòü ïðåäñòàâëÿåò ïîëóïðÿìàÿ x > 0. Â ðàáîòå [3] ðàññìîòðåíà
àíàëîãè÷íàÿ çàäà÷à â îãðàíè÷åííîé ïî x îáëàñòè 0 < x < l, ñ ïîñòîÿííûìè êîýôôèöåí-
òàìè Ëàìý è ïîñòîÿííîé ïëîòíîñòüþ. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ áîëåå îáùèé ñëó-
÷àé çàäà÷è â [3] êîãäà ρ, µ, λ ÿâëÿþòñÿ ôóíêöèÿìè ïåðåìåííîé x , óäîâëåòâîðÿþùèìè

1 Ïðîãðàììèñò 1-êàòåãîðèè öåíòðà èíôîðìàöèîííûõ òåõíîëîãèé, Òàøêåíòñêèé óíèâåðñèòåò èíôîðìà-
öèîííûõ òåõíîëîãèé, ã. Òàøêåíò; j.safarov65@mail.ru.
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óñëîâèÿì ρ(x) > 0, µ(x) > 0, λ(x) > 0 , ïðè÷åì ρ′(+0) = µ′(+0) = λ′(+0) = 0. Îáðàò-
íàÿ çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ÿäðà k(t), t > 0, âõîäÿùåãî â (1.1) ïîñðåäñòâîì
ôîðìóëû (1.4), åñëè îòíîñèòåëüíî ðåøåíèÿ çàäà÷è (1.1) - (1.4) èçâåñòíà äîïîëíèòåëüíàÿ
èíôîðìàöèÿ

u(x, t)|x=+0 = f(t), t > 0, (1.5)

f(t) - çàäàííàÿ ôóíêöèÿ. Êàê è â [4, ñ.53-59], çäåñü äëÿ èññëåäîâàíèÿ çàäà÷è ïðèìåíÿ-
åòñÿ ìåòîä õàðàêòåðèñòîê. Òàê êàê ðàññìàòðèâàåòñÿ òîëüêî îäíî óðàâíåíèå (à íå ñèñòåìà
óðàâíåíèé) ôóíêöèÿ λ(x) íå áóäåò âõîäèòü â óðàâíåíèþ [5].

Ââåäåì â ðàññìîòðåíèå íîâóþ ïåðåìåííóþ y ïî ôîðìóëå

y = ψ(x) :=

∫ x

0

dξ

ν(ξ)
, ν(x) :=

√
µ(x)

ρ(x)
.

×åðåç ψ−1(y) îáîçíà÷èì ôóíêöèþ, îáðàòíóþ ê ψ(x).
Îñíîâíûìè ðåçóëüòàòàìè íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùèå òåîðåìû ãëîáàëüíîé

îäíîçíà÷íîé ðàçðåøèìîñòè îáðàòíîé çàäà÷è è óñòîé÷èâîñòè ðåøåíèÿ.

Ò å î ð å ì à 1.1. Ïóñòü f(t) ∈ C3 [0, 2l] è f(+0) = −a.
Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è (1.1)−(1.5) k(t) ∈ C2[0, 2l]

äëÿ ëþáîãî l > 0 , ãäå a = [µ(+0)ρ(+0)]−
1
2

Ïóñòü K(h0) - ìíîæåñòâî ôóíêöèé k(t) ∈ C2[0, 2l] , óäîâëåòâîðÿþùèõ äëÿ t ∈ [0, 2l]
íåðàâåíñòâó ∥k(t)∥C2[0,2l] ≤ h0 ñ ôèêñèðîâàííîé ïîëîæèòåëüíîé ïîñòîÿííîé h0. Ýòà ïî-
ñòîÿííàÿ îïðåäåëåíà â (4.10).

Ò å î ð å ì à 1.2. Ïóñòü k1(t) ∈ K(h0), k
2(t) ∈ K(h0) - ðåøåíèÿ îáðàòíîé çàäà÷è

(1.1) - (1.6) ñ íàáîðîì äàííûõ{
ρ1(ψ−1(y)), µ1(ψ−1(y)), f 1(t)

}
,{

ρ2(ψ−1(y)), µ2(ψ−1(y)), f 2(t)
}
,

ñîîòâåòñòâåííî. Òîãäà íàéäåòñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî C = C(h0, h00, l) , h00 =

max

{
∥ρ1(y)∥C3[0, ψ−1(l)], ∥µ1(y)∥C3[0, ψ−1(l)], ∥f 1(t)∥C2[0, 2l], ∥ρ2(y)∥C3[0,ψ−1(l)],

∥µ2(y)∥C3[0,ψ−1(l)], ∥f 2(t)∥C2[0,2l]

}
, ÷òî ñïðàâåäëèâà îöåíêà óñòîé÷èâîñòè

∥k1(t)− k2(t)∥C2[0,2l] ≤ C

[
∥ρ1 − ρ2∥C3[0,ψ−1(l)] + ∥µ1 − µ2∥C3[0,ψ−1(l)] + ∥f 1 − f 2∥C2[0,2l]

]
. (1.6)

Äîêàçàòåëüñòâà òåîðåì ïðèâîäÿòñÿ â ðàçäåëå 4.

2. Ïðåäâàðèòåëüíûå ïîñòðîåíèÿ

Ïîäñòàâëÿÿ (1.4) â (1.1) ïåðåïèøåì ðàâåíñòâà (1.1)− (1.3) :

ρ(x)
∂2u

∂t2
=

∂

∂x

(
µ(x)

∂u

∂x

)
+

∫ t

0

k(t− τ)
∂

∂x

(
µ(x)

∂u(x, τ)

∂x

)
dτ, (2.1)

u|t<0 ≡ 0, (2.2)
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[
µ(x)

∂u

∂x
+

∫ t

0

k(t− τ)µ(x)
∂u(x, τ)

∂x
dτ

]
x=+0

= δ(t). (2.3)[
µ(x)

∂u

∂x
+

∫ t

0

k(t− τ)µ(x)
∂u(x, τ)

∂x
dτ

]
x=l

= 0. (2.4)

Ïóñòü

v(y, t) :=
u (ψ−1(y), t)

s(y)
, s(y) :=

√
ν(+0)ρ(+0)

ν (ψ−1(y)) ρ (ψ−1(y))
.

Òîãäà îáðàòíàÿ çàäà÷à (2.1)− (2.4) , (1.5) â òåðìèíàõ âíîâü ââåäåííûõ ôóíêöèé è ïåðå-
ìåííîé y ïðèíèìàåò âèä

∂2v

∂t2
=
∂2v

∂y2
+ q(y)v +

∫ t

0

k(t− τ)

(
∂2v(y, τ)

∂y2
+ q(y)v(y, τ)

)
dτ, (2.5)

0 < y < L, t ∈ R.

v|t<0 ≡ 0. (2.6)[
∂v(y, t)

∂y
+

∫ t

0

k(t− τ)
∂v(y, t)

∂y
dτ

]
y=+0

= aδ(t). (2.7)[
∂v(y, t)

∂y
+

∫ t

0

k(t− τ)
∂v(y, t)

∂y
dτ

]
y=L

= 0. (2.8)

v(y, t)|y=+0 = f(t), 0 < y < L, (2.9)

ãäå ââåäåíû îáîçíà÷åíèÿ

q(y) =
s′′(y)

s(y)
− 2

[
s′(y)

s(y)

]2
, L := ψ(l).

Îáîçíà÷èì [
v(y, t) +

∫ t

0

k(t− τ)v(y, τ)dτ

]
exp (−k(0)t/2) = w(y, t).

Òîãäà, êàê íåòðóäíî âèäåòü

v(y, t) = exp (k(0)t/2)w(y, t) +

∫ t

0

r(t− τ) exp (k(0)τ/2)w(y, τ)dτ,

ãäå

r(t) = −k(t)−
∫ t

0

k(t− τ)r(τ)dτ. (2.10)

Îòíîñèòåëüíî íîâûõ ôóíêöèé w(y, t) è r(t) óðàâíåíèÿ (2.5)−(2.9) çàïèñûâàþòüñÿ â âèäå

∂2w

∂t2
=
∂2w

∂y2
+H(y)w −

∫ t

0

h(t− τ)w(y, τ)dτ, 0 < y < L, t ∈ R, (2.11)

w|t<0 ≡ 0, (2.12)

∂w

∂y

∣∣∣∣
y=+0

= aδ(t), (2.13)
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∂w

∂y

∣∣∣∣
y=L

= 0, (2.14)

w|y=+0 = f0(t) +

∫ t

0

k0(t− τ)f0(τ)dτ, (2.15)

ãäå

H(y) := q(y) +
r2(0)

4
− r′(0), h(t) := r′′(t) exp (r(0)t/2) ,

f0(t) := f(t) exp (r(0)t/2) , k0(t) := k(t) exp (r(0)t/2) .

Â (2.11) èñïîëüçîâàíî ðàâåíñòâî k(0) = −r(0) , âûòåêàþùåå èç (2.10).

Ë å ì ì à 2.1. Ïóñòü k(t) ∈ C2[0, ∞). Òîãäà

w(y, t) ≡ 0 (2.16)

äëÿ (y, t) ∈ D1 := {(y, t) : 0 < y < L, 0 < t < y} ,

w(y, t) = −a−
∫ t−y

0

∫ τ
2

0

[
H(ξ)w(ξ, τ − ξ)−

∫ τ−2ξ

0

h(α)w(ξ, τ − ξ − α)dα

]
dξdτ−

−
∫ t

t−y

∫ 2τ−t+y
2

τ−t+y

[
H(ξ)w(ξ, 2τ − t+ x− ξ)−

∫ 2τ−t+y−2ξ

0

h(α)w(ξ, 2τ − t+ y − ξ − α)dα

]
dξdτ,

(2.17)

äëÿ (y, t) ∈ D2 := {(y, t) : 0 < y < L, y < t < 2L− y} .
Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ

(y, t) ∈ D0 :=

{
(y, t) : 0 < y < L, 0 < t <

L

2
−
∣∣∣∣y − L

2

∣∣∣∣} ⊂ D1

ðàâåíñòâî (2.16) ñëåäóåò èç ôîðìóëû Äàëàìáåðà äëÿ ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ
(2.11) ñ íóëåâûìè íà÷àëüíûìè äàííûìè (2.12).

Äàëåå ðàññìîòðèì ïó÷îê õàðàêòåðèñòèê îïåðàòîðà ∂
∂t
+ ∂

∂y
ïðîõîäÿùèé ÷åðåç îòðåçîê

(0, L) îñè y. Îí âûñåêàåò íà ïðàâîé ãðàíèöå îáëàñòè D \D0 îòðåçîê (0, L). Ïðåäñòàâëÿÿ
âîëíîâîé îïåðàòîð â âèäå ïðîèçâåäåíèÿ(

∂

∂t
+

∂

∂y

)(
∂

∂t
− ∂

∂y

)
è èíòåãðèðóÿ ðàâåíñòâî (2.11) âäîëü îòðåçêà ôèêñèðîâàííîé õàðàêòåðèñòèêè ïó÷êà, çà-
êëþ÷åííîãî â D \D0, íàéäåì, èñïîëüçóÿ óñëîâèå (2.12)(

∂

∂t
− ∂

∂y

)
w|y=L =

=

∫ t

t
2

[
H(τ − t+ L)w(τ − t+ L, τ)−

∫ τ

0

h(τ − α)w(τ − t+ L, α)dα

]
dτ, t ∈ (0, L).

Ñ ó÷åòîì ãðàíè÷íîãî óñëîâèÿ (2.14) ïðè y = L, èç ýòîãî ðàâåíñòâà, íàõîäèì

w(L, t) =
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=

∫ t

0

∫ τ

τ
2

[
H(τ1 − τ + L)w(τ1 − τ + L, τ1)−

∫ τ1

0

h(τ1 − α)w(τ1 − τ + L, α)dα

]
dτ1dτ, t ∈ (0, L).

Ïðîèçâåäÿ çàìåíó ïåðåìåííûõ âî âíóòðåííîì èíòåãðàëå τ íà ξ ïî ôîðìóëå τ1−τ+ l = ξ,
ïîñëåäíåå óðàâíåíèå ïåðåïèøåì â âèäå

w(L, t) =

=

∫ t

0

∫ L

L− τ
2

[
H(ξ)w(ξ, τ − L+ ξ)−

∫ τ−L+ξ

0

h(τ − L+ ξ − α)w(ξ, α)dα

]
dξdτ, t ∈ (0, L).

(2.18)
Èíòåãðèðóÿ óðàâíåíèå (2.11) âäîëü õàðàêòåðèñòèêè dy/dt = 1, ïîëó÷àåì(

∂

∂t
− ∂

∂y

)
w(y, t) =

=

∫ x

L+y−t
2

[
H(ξ)w(ξ, ξ + t− y)−

∫ ξ+t−y

0

h(ξ + t− y − α)w(ξ, α)dα

]
dξ, (y, t) ∈ D1\D0.

Äàëåå, èñïîëüçóÿ ôîðìóëó (2.18), íàõîäèì óðàâíåíèå äëÿ w(y, t) â îáëàñòè D1\D0 :

w(y, t) =

=

∫ t+y−L

0

∫ l

L− τ
2

[
H(ξ)w(ξ, τ − L+ ξ)−

∫ τ−L+ξ

0

h(τ − L+ ξ − α)w(ξ, α)dα

]
dξdτ+

+

∫ t

t+y−L

∫ t+y−τ

L+t+y−2τ
2

[
H(ξ)w(ξ, ξ + 2τ − t− y)−

−
∫ ξ+2τ−t−y

0

h(ξ + 2τ − t− y − α)w(ξ, α)dα

]
dξdτ.

Ïðè âûïîëíåíèè óñëîâèè ëåììû, ïîñëåäíåå óðàâíåíèå ÿâëÿåòñÿ îäíîðîäíûì óðàâíåíèåì
âîëüòåððîâñêîãî òèïà ñ íåïðåðûâíûì ÿäðîì. Îòñþäà

w(y, t) ≡ 0, (y, t) ∈ D1\D0

è ôîðìóëà (2.16) óñòàíîâëåíà.
Ðàññìîòðèì îáëàñòü

D2 := {(y, t) : 0 < y < L, y < t < 2L− y} .

Èíòåãðèðóÿ (2.2) âäîëü ñîîòâåòñòâóþùåé õàðàêòåðèñòèêè, íàõîäèì

(
∂

∂t
+

∂

∂y

)
w|y=0 = −

∫ t
2

0

[
H(ξ)w(ξ, t− ξ)−

∫ t−2ξ

0

h(α)w(ξ, t− ξ − α)dα

]
dξ, t ∈ (0, 2L).

Â ñî÷åòàíèè ñ ãðàíè÷íûì óñëîâèåì (2.3) ïðè y = 0 ýòî ðàâåíñòâî ïîçâîëÿåò âû÷èñëèòü
w(y, t) ïðè y = 0 :

w(0, t) = −a−
∫ t

0

∫ τ
2

0

[
H(ξ)w(ξ, τ − ξ)−

∫ τ−2ξ

0

h(α)w(ξ, τ − ξ − α)dα

]
dξdτ, t ∈ (0, 2L).
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Èñïîëüçóÿ ïîñëåäíåå ðàâåíñòâî, ïîëó÷àåì äëÿ w(y, t) èíòåãðàëüíîå óðàâíåíèå (2.17).
Ïåðåõîäÿ â ýòîì óðàâíåíèè ê ïðåäåëó ïðè t→ y + 0, çàìåòèì ïðåæäå âñåãî, ÷òî

w(y, y + 0) = −a, y ∈ (0, L). (2.19)

Ýòî çíà÷èò, ÷òî ðåøåíèå çàäà÷è (2.2) − (2.3) òåðïèò ðàçðûâ ïåðâîãî ðîäà ïðè ïåðåõîäå
÷åðåç õàðàêòåðèñòè÷åñêîé ëèíèè t = y. Ïðè ýòîì ñêà÷îê ôóíêöèè ðàâåí −a. Óðàâíåíèå
(2.17) ÿâëÿåòñÿ â îáëàñòè D2 óðàâíåíèåì âîëüòåððîâñêîãî òèïà. Ïîýòîìó ðåøåíèå åãî
åäèíñòâåííî â êëàññå ôóíêöèé, ïðèíàäëåæàùèõ ïðîñòðàíñòâó C(D2), è ìîæåò áûòü ïî-
ëó÷åíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ñóùåñòâîâàíèå ðåøåíèÿ â ýòîì êëàññå
âûòåêàåò èç ïðèíàäëåæíîñòè k(t) êëàññó C2[0, 2L]. Áîëåå òîãî, íåïîñðåäñòâåííûì äèô-
ôåðåíöèðîâàíèåì óðàâíåíèÿ (2.17) íåòðóäíî óáåäèòüñÿ, ÷òî åãî ðåøåíèå ïðèíàäëåæèò
êëàññó C2(D2).

3. Ñâåäåíèå îáðàòíîé çàäà÷è ê ýêâèâàëåíòíîé ñèñòåìå èíòåãðàëü-
íûõ óðàâíåíèé

Ë å ì ì à 3.1. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû îáðàòíàÿ çàäà÷à (2.11) - (2.15)
äëÿ (y, t) ∈ D2 ýêâèâàëåíòíà çàäà÷å íàõîæäåíèÿ âåêòîð - ôóíêöèé w(y, t), wt(y, t),
wtt(y, t), h(t), k0(t), k

′
0(t), k

′′
0 (t) èç ñèñòåìû, ñîñòàâëåííîé èç ðàâåíñòâà (2.18) è ñëå-

äóþùèõ óðàâíåíèé:

wt(y, t) =
a

2

∫ y

0

H(
t+ y − 2β

2
)dβ−

−
∫ t−y

2

0

[
H(ξ)w(ξ, t− y − ξ)−

∫ t−y−2ξ

0

h(α)w(ξ, t− y − ξ − α)dα

]
dξ−

−
∫ y

0

∫ t+y−2β
2

y−β

[
H(ξ)wt(ξ, t+ y − 2β − ξ) + ah(t+ y − 2β − 2ξ)−

−
∫ t+y−2β−2ξ

0

h(α)wt(ξ, t+ y − 2β − ξ − α)dα

]
dξdβ, (3.1)

wtt(y, t) =
a

4

(
H(

t+ y

2
) +H(

t− y

2
)

)
−

−ay
2
h(t− y)− 1

2

∫ y

0

H(
t+ y − 2β

2
)B(

t+ y − 2β

2
)dβ−

−
∫ t−y

2

0

[
H(ξ)wt(ξ, t− y − ξ) + ah(t− y − 2ξ)−

∫ t−y−2ξ

0

h(α)wt(ξ, t− y − ξ − α)dα

]
dξ−

−
∫ y

0

∫ t+y−2β
2

y−β

[
H(ξ)wtt(ξ, t+ y − 2β − ξ)−B(ξ)h(t+ y − 2β − 2ξ)−

−
∫ t+y−2β−2ξ

0

h(α)wtt(ξ, t+ y − 2β − ξ − α)dα

]
dξdβ, (3.2)

h(t) = H ′(
t

2
)− 1

a
H(

t

2
)B(

t

2
)− 2

a
f ′′′
0 (t)−
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−2

a

[
f ′′(0)− 3

a
[f ′(0)]

2

]
k0(t)−

4

a
f ′(0)k′0(t) + 2k′′0(t)−

2

a

∫ t

0

k0(τ)f
′′′
0 (t− τ)dτ−

−2

a

∫ t
2

0

[
H(ξ)wtt(ξ, t− ξ)− h(t− 2ξ)B(ξ)−

∫ t−2ξ

0

h(α)wtt(ξ, t− ξ − α)dα

]
dξ, (3.3)

k0(t) = −r(0) +
(
r2(0)

2
− r′(0)

)
t+

∫ t

0

(t− τ)k′′0(τ)dτ, (3.4)

k′0(t) =
r2(0)

2
− r′(0) +

∫ t

0

k′′0(τ)dτ, (3.5)

k′′0(t) = −h(t) +
(
r2(0)

4
− r′(0)

)
k0(t)−

∫ t

0

h(t− τ)k0(τ)dτ. (3.6)

Íåèçâåñòíûå ÷èñëà â ýòèõ ðàâåíñòâàõ âûðàæàþòñÿ ÷åðåç çíà÷åíèÿ â íóëå çàäàííîé
ôóíêöèè f(t) è åå ïðîèçâîäíûõ, ïîíèìàåìûå êàê ïðàâûé ïðåäåë, ñëåäóþùèì îáðàçîì:

r(0) = −2

a
f ′(0), r′(0) =

1

2a

[
−f ′′(0) +

2

a
[f ′(0)]

2
+ aq(0)

]
. (3.7)

Äëÿ äîêàçàòåëüñòâà ëåììû çàìåòèì, ÷òî èíòåãðàëüíîå óðàâíåíèå (2.18) âûâåäåíî èç
ñîîòíîøåíèé (2.12) - (2.14). Çàìåíÿÿ âî âíåøíåì èíòåãðàëå ïîñëåäíåãî ñëàãàåìîãî â (2.18)
ïåðåìåííîå èíòåãðèðîâàíèå τ íà β ïî ôîðìóëå t − τ = β è äèôôåðåíöèðóÿ åãî ïî-
ñëåäîâàòåëüíî äâà ðàçà ïî ïåðåìåííîé t, ïîëó÷èì ñîîòâåòñòâåííî óðàâíåíèÿ (3.1), (3.2).
Ïðè ýòîì äëÿ ïîëó÷åíèÿ óðàâíåíèå (3.1) èñïîëüçîâàíî ñîîòíîøåíèå (2.19), à äëÿ (3.2) -
ñîîòíîøåíèå (2.19) è ðàâåíñòâî

wt(y, y) =
a

2

∫ y

0

H(ξ)dξ =: B(y),

âûòåêàþùåå èç (3.1). Äàëåå â óðàâíåíèè (2.18) ïîëîæèì y = 0 è âîñïîëüçóåìñÿ óñëîâèåì
(2.15). Òîãäà, èìååì

f0(t) +

∫ t

0

k0(τ)f0(t− τ)dτ =

= −a−
∫ t

0

∫ τ
2

0

[
H(ξ)w(ξ, τ − ξ)−

∫ τ−2ξ

0

h(α)w(ξ, τ − ξ − α)dα

]
dξdτ, t ∈ (0, 2L).

Îòñþäà, â ÷àñòíîñòè, ñëåäóåò íåîáõîäèìîå óñëîâèå ðàçðåøèìîñòè îáðàòíîé çàäà÷è

f(0) = −a.

Äèôôåðåíöèðóÿ ïðåäûäóùåå èíòåãðàëüíîå óðàâíåíèå, íàõîäèì

f ′
0(t)− ak0(t) +

∫ t

0

k0(τ)f
′
0(t− τ)dτ =

= −
∫ t

2

0

[
H(ξ)w(ξ, t− ξ)−

∫ t−2ξ

0

h(α)w(ξ, t− ξ − α)dα

]
dξ, t ∈ (0, 2L). (3.8)

Ïîëàãàÿ çäåñü t = 0 è èñïîëüçóÿ ðàâåíñòâî r(0) = −k(0), âûòåêàþùåå èç (2.10), ïîëó÷àåì
r(0) = −2f ′(0). Äèôôåðåíöèðóÿ (3.8), èìååì

f ′′
0 (t) + k0(t)f

′
0(0)− ak′0(t) +

∫ t

0

k0(τ)f
′′
0 (t− τ)dτ =
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= aH(
t

2
)−

∫ t
2

0

[
H(ξ)wt(ξ, t− ξ) + ah(t− 2ξ)−

∫ t−2ξ

0

h(α)wt(ξ, t− ξ − α)dα

]
dξ, t ∈ (0, 2L).

(3.9)
Â ýòîì ðàâåíñòâå, òàêæå ïîëàãàÿ t = 0 è ïðîèçâåäÿ ýëåìåíòàðíûå âû÷èñëåíèÿ, âûðà-
çèì r′(0), ÷åðåç èçâåñòíûå ÷èñëà ïî ôîðìóëàì (3.7) . Íåòðóäíî çàìåòèòü, ÷òî óðàâíåíèå
(3.3) ïîëó÷èòñÿ â ðåçóëüòàòå äèôôåðåíöèðîâàíèÿ ðàâåíñòâî (3.9) . Äëÿ çàìûêàíèÿ ñè-
ñòåìû èíòåãðàëüíûõ óðàâíåíèé (2.18) , (3.1) − (3.3) èñïîëüçóþòñÿ î÷åâèäíûå ðàâåíñòâà
(3.4)−(3.6) . Ïðè âûïîëíåíèè óñëîâèé òåîðåìû, ñïðàâåäëèâîñòü îáðàòíûõ ïðåîáðàçîâàíèé
óñòàíàâëèâàåòñÿ îáû÷íûì ïðèåìîì [6].

Òåì ñàìûì ëåììà 2 äîêàçàíà.

4. Äîêàçàòåëüñòâà òåîðåì

Çàïèøåì ñèñòåìó óðàâíåíèé (2.8) è (3.1)− (3.6) â âèäå îïåðàòîðíîãî óðàâíåíèÿ

φ = Aφ (4.1)

ãäå
φ = [φ1(y, t), φ2(y, t), φ3(y, t), φ4(t), φ5(t), φ6(t), φ7(t)] =

[w(y, t), wt(y, t), wtt(y, t)+
ay

2
h(t− y), h(t)+

2

a

[
f ′′(0)− 3

a
[f ′(0)]

2

]
k0(t)+

4

a
f ′(0)k′0(t)−2k′′0(t),

k0(t), k
′
0(t), k

′′
0(t) + h(t)−

(
r2(0)

4
− r′(0)

)
k0(t)

]
− âåêòîðíàÿ ôóíêöèÿ ñ êîìïîíåíòàìè φi, i = 1, 7, à îïåðàòîð A îïðåäåëåí íà ìíîæåñòâå
ôóíêöèé φ ∈ C[D2] è â ñîîòâåòñòâèè ñ ðàâåíñòâàìè (2.8) è (3.1) − (3.6) èìååò âèä
A = (A1, A2, A3, A4, A5, A6, A7) :

A1φ = φ01 −
∫ t−y

0

∫ τ
2

0

[
H(ξ)φ1(ξ, t− ξ)− 1

3

∫ t−2ξ

0

[2φ7(α) + φ4(α) + 3q00φ5(α)−

−4

a
f ′(0)φ6(α)]φ1(ξ, t− ξ − α)dα

]
dξdτ −

∫ t

t−y

∫ 2τ−t+y
2

τ−t+y

[
H(ξ)φ1(ξ, 2τ − t+ y − ξ)−

−1

3

∫ 2τ−t+y−2ξ

0

[2φ7(α)+φ4(α)+3q00φ5(α)−
4

a
f ′(0)φ6(α)]φ1(ξ, 2τ−t+y−ξ−α)dα

]
dξdτ, (4.2)

A2φ = φ02 −
∫ t−y

2

0

[
H(ξ)φ1(ξ, t− y − ξ)−

−1

3

∫ t−y−2ξ

0

[2φ7(α) + φ4(α) + 3q00φ5(α)−
4

a
f ′(0)φ6(α)]φ1(ξ, t− y − ξ − α)dα

]
dξ−

−
∫ y

0

∫ t+y−2β
2

y−β

[
H(ξ)φ2(ξ, t+ y − 2β − ξ)− 1

3
[2φ7(t+ y − 2β − 2ξ) + φ4(t+ y − 2β − 2ξ)+

+3q00φ5(t+y−2β−2ξ)− 4

a
f ′(0)φ6(t+y−2β−2ξ]− 1

3

∫ t+y−2β−2ξ

0

[2φ7(α)+φ4(α)+3q00φ5(α)−

4

a
f ′(0)φ6(α)]φ2(ξ, t+ y − 2β − ξ − α)dα

]
dξdβ, (4.3)
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A3φ = φ03−
∫ t−y

2

0

[
H(ξ)φ2(ξ, t−y−ξ)+

a

3
[2φ7(t−y−2ξ)+φ4(t−y−2ξ)+3q00φ5(t−y−2ξ)−

−4

a
f ′(0)φ6(t− y − 2ξ)]− 1

3

∫ t−y−2ξ

0

[2φ7(α) + φ4(α) + 3q00φ5(α)−

−4

a
f ′(0)φ6(α)]φ2(ξ, t− y − ξ − α)dα

]
dξ −

∫ y

0

∫ t+y−2β
2

y−β

[
H(ξ)φ2(ξ, t+ y − 2β − ξ)−

ay

6
[2φ7(t+ y − 2β − 2ξ) + φ4(t+ y − 2β − 2ξ) + 3q00φ5(t+ y − 2β − 2ξ)−

−4

a
f ′(0)φ6(t+y−2β−2ξ)]− 1

3
B(ξ)[2φ7(t+y−2β−ξ)+φ4(t+y−2β−ξ)+3q00φ5(t+y−2β−ξ)−

−4

a
f ′(0)φ6(t+ y − 2β − ξ)]− 1

3

∫ t+y−2β−2ξ

0

[2φ7(α) + φ4(α) + 3q00φ5(α)−

−4

a
f ′(0)φ6(α)][φ3(ξ, t+ y − 2β − ξ − α) +

aξ

6
[2φ7(t+ y − 2β − 2ξ − α)+

+φ4(t+y−2β−2ξ−α)+3q00φ5(t+y−2β−2ξ−α)−4

a
f ′(0)φ6(t+y−2β−2ξ−α)]dα

]
dξdβ, (4.4)

A4φ = φ04 −
2

a

∫ t

0

φ5(τ)f
′′′
0 (t− τ)dτ + 2

∫ t
2

0

[
[H(ξ)φ3(ξ, t− ξ) +

aξ

6
[2φ7(t− 2ξ) + φ4(t− 2ξ)+

+q00φ5(t− 2ξ)− 4

a
f ′(0)φ6(t− 2ξ)]− B(ξ)

3
[2φ7(α) + φ4(α) + 3q00φ5(α)−

4

a
f ′(0)φ6(α)]−

−1

3

∫ t−2ξ

0

[2φ7(α) + φ4(α) + 3q00φ5(α)−
4

a
f ′(0)φ6(α)][φ3(ξ, t− ξ − α)+

+
aξ

6
[2φ7(t− 2ξ−α)+φ4(t− 2ξ−α)+3q00φ5(t− 2ξ−α)− 4

a
f ′(0)φ6(t− 2ξ−α)]dα

]
dξ, (4.5)

A5φ = φ05 +
1

3

∫ t

0

(t− τ)[φ7(τ)− φ4(τ) + q0φ5(τ) +
4

a
f ′(0)φ6(τ)]dτ, (4.6)

A6φ = φ06 +
1

3

∫ t

0

[φ7(τ)− φ4(τ) + q0φ5(τ) +
4

a
f ′(0)φ6(τ)]dτ, (4.7)

A7φ = φ07 −
1

3

∫ t

0

[2φ7(t− τ) + φ4(t− τ) + q0φ5(t− τ)− 4

a
f ′(0)φ6(t− τ)]φ5(τ)dτ, (4.8)

ãäå ââåäåíî îáîçíà÷åíèå

φ0(y, t) = (φ01, φ02, φ03, φ04, φ05, φ06, φ07) :=[
−a, a

2

∫ y

0

H(
t+ y − 2β

2
)dβ,

a

4

(
H(

t+ y

2
) +H(

t− y

2
)

)
− 1

2

∫ y

0

H(
t+ y − 2β

2
)×

×B(
t+ y − 2β

2
)dβ,H ′(

t

2
)− 1

a
H(

t

2
)B(

t

2
)− 2

a
f ′′′
0 (t),
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−r(0) +
(
r2(0)

2
− r′(0)

)
t,
r2(0)

2
− r′(0), 0

]
.

q0 :=
5

2a
f ′′(0)− 6

a2
[f ′(0)]2 − 1

2
q(0), q00 := − 1

3a
f ′′(0) +

2

a2
[f ′(0)]2 − 1

3
q(0).

Îáîçíà÷èì ÷åðåç Cσ áàíàõîâà ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé, ïîðîæäåííûõ ñåìåé-
ñòâîì âåñîâûõ íîðì

||φ||σ = max{ sup
(y,t)∈D2

|φi(x, t)e−σt|, i = 1, 3, sup
t∈[0,2L]

|φj(t)e−σt|, j = 4, 7}, σ ≥ 0.

Î÷åâèäíî, ÷òî ïðè σ = 0 ýòî ïðîñòðàíñòâî ÿâëÿåòñÿ ïðîñòðàíñòâîì íåïðåðûâíûõ
ôóíêöèé ñ îáû÷íîé íîðìîé. Ýòó íîðìó áóäåì îáîçíà÷àòü äàëåå ∥φ∥. Â ñèëó íåðàâåíñòâà

e−σt∥φ∥ ≤ ∥φ∥σ ≤ ∥φ∥, (4.9)

íîðìû ∥φ∥σ è ∥φ∥ ýêâèâàëåíòíû äëÿ ëþáîãî ôèêñèðîâàííîãî T ∈ (0,∞). ×èñëî σ
áóäåì âûáðàòü ïîçæå. Ïóñòü Qσ(φ0, ∥φ0∥) := {φ : ∥φ−φ0∥ ≤ ∥φ0∥} - øàð ðàäèóñà ∥φ0∥ ñ
öåíòðîì â òî÷êå φ0 íåêîòîðîãî âåñîâîãî ïðîñòðàíñòâà Cσ(σ ≥ 0) , â êîòîðîì

∥φ0∥ = max(∥φ01∥, ∥φ02∥, ∥φ03∥, ∥φ04∥, ∥φ05∥, ∥φ06∥, ∥φ07∥).

Íåòðóäíî çàìåòèòü, ÷òî äëÿ Qσ(φ0, ∥φ0∥) èìååò ìåñòî îöåíêà

∥φ∥σ ≤ ∥φ0∥σ + ∥φ0∥ ≤ 2∥φ0∥.

Ïóñòü φ(x, t) ∈ Qσ(φ0, ∥φ0∥). Ïîêàæåì, ÷òî ïðè ïîäõîäÿùåì âûáîðå σ > 0 îïåðàòîð
A ïåðåâîäèò øàð â øàð, ò.å. Aφ ∈ Qσ(φ0, ∥φ0∥) . Íà ñàìîì äåëå, ñ ïîìîùüþ ðàâåíñòâ
(4.2)− (4.8) ñîñòàâëÿÿ íîðìó ðàçíîñòåé, äëÿ (y, t) ∈ D2 èìååì

∥Aφ− φ∥σ = sup
(x,t)∈D2

|(Aφ− φ)e−σt| ≤ ∥φ0∥
σ

α0,

∥(Aφ1 − Aφ2)1∥σ = sup
(x,t)∈D2

|(Aφ1 − Aφ2)1e
−σt| ≤ ∥φ1 − φ2∥σ

σ
β0

ãäå

α0 := max

(
L

[
3H0+4∥φ0∥(3+3q00+

4

a
|f ′(0)|)L

]
, 2

[
H0

2
+L(H0+1+2q00+

4

3a
|f ′(0)|)(3

4
+9L∥φ0∥)

]
,

2

[
H0(1+

L

4
)+(1+q00+

4

3a
|f ′(0)|)(a

2
+
aL2

8
+
B0L

4
+∥φ0∥(2L+1+

aL

2
(1+q00+

4

3a
|f ′(0)|)))·3L2

]
,

2

[
2

a
F0 + 2H0 + (1 + q00 +

4

3a
|f ′(0)|)(1

2
+B0 + 2∥φ0∥(4 + a(1 + q00 +

4

3a
|f ′(0)|)))L

]
,

2(2a+ aq0 + 4|f ′(0)|) · 2L
3a

,
2(2a+ aq0 + 4|f ′(0)|)

3a
,

2

[
(r(0) + 2r00L)(3a+ 2q0 + 4)

3
+

2

9a2
L2∥φ0∥(3a+ 2q0 + 4)(2a+ q0 + 4)

])
β0 := max

(
L

[
3H0

2
+2∥φ0∥(3+3q00+

4

a
|f ′(0)|)L

]
,

[
H0

2
+L(H0+1+2q00+

4

3a
|f ′(0)|)(3

4
+18L∥φ0∥)

]
,
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[
H0(1+

L

4
)+(1+q00+

4

3a
|f ′(0)|)(a

2
+
aL2

8
+
B0L

4
+2∥φ0∥(2L+1+

aL

2
(1+q00+

4

3a
|f ′(0)|)))·3L2

]
,

[
2

a
F0+2H0+(1+q00+

4

3a
|f ′(0)|)(1

2
+B0+2∥φ0∥(4+a(1+q00+

4

3a
|f ′(0)|)))L

]
,
2L(2a+ aq0 + 4|f ′(0)|)

3a(
2+ 2r0 +4|f ′(0)|

)
,

[
(r(0) + 2r00L)(3a+ 2q0 + 4)

3
+

4

9a2
L2∥φ0∥(3a+2q0 +4)(2a+ q0 +4)

])
.

Êàê ñëåäóåò èç ïðîäåëàííûõ îöåíîê åñëè ÷èñëî σ âûáðàíî èç óñëîâèÿ σ > max(α0, β0),
òî îïåðàòîð A ÿâëÿåòñÿ ñæèìàþùèì íà Qσ(φ0, ∥φ0∥). Òîãäà, ñîãëàñíî ïðèíöèïó Áàíàõà,
óðàâíåíèå (4.1) èìååò è ïðèòîì åäèíñòâåííîå ðåøåíèå â Qσ(φ0, ∥φ0∥) ïðè ëþáîì ôèêñè-
ðîâàííîì T > 0.

Òàê êàê k0(t) = k(t) exp (r(0)t/2) , òî ïî íàéäåííîé ôóíêöèè k0(t) ôóíêöèÿ k(t) íàõî-
äèòñÿ ïî ôîðìóëå

k(t) = k0(t) exp (−r(0)t/2) .

Òåîðåìà 1.1 äîêàçàíà.
Äîêàæåì òåïåðü òåîðåìó 1.2. Òàê êàê óñëîâèÿ òåîðåìû1.1 âûïîëíåíû, òî ðåøåíèå (4.1)

ïðèíàäëåæèò ìíîæåñòâó Qσ(φ0, ∥φ0∥) è ∥φi∥σ ≤ 2∥φ0∥, i = 1, 7. Òàêèì îáðàçîì,

max
t∈[0,2l]

|k(t)| ≤ 2∥φ0∥ exp (|r(0)|l) := h0. (4.10)

Ïóñòü φj, j = 1, 2 - âåêòîð ôóíêöèé, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè (4.1) ñ íàáîðîì

äàííûõ

{
ρj(ψ−1(y)), µj(ψ−1(y)), f j(t)

}
, j = 1, 2, ñîîòâåòñòâåííî, ò.å. ñïðàâåäëèâû óðàâ-

íåíèÿ φj = Aφj äëÿ j = 1, 2. Èçâåñòíûå ôóíêöèè ρj [ψ−1(y)] , µj [ψ−1(y)] , j = 1, 2 â
ñâîáîäíûå ÷ëåíû ýòèõ èíòåãðàëüíûõ óðàâíåíèé âõîäÿò ñîîòâåòñòâóþùèì îáðàçîì ÷åðåç
ñëîæíûå ôóíêöèè Hj(y), qj(y), sj(y), j = 1, 2. Ïåðåõîäÿ â ýòèõ âûðàæåíèÿõ ê ðàçíî-
ñòÿì ρ1− ρ2, µ1−µ2, ïîäîáíî òîìó êàê ýòî ñäåëàíî â êíèãå [7, ñ.95-110], èç ðàññóæäåíèé,
ïðîâåäåííûõ ïðè äîêàçàòåëüñòâå òåîðåìû 1, äëÿ σ ≥ σ∗ ïîëó÷èì îöåíêó∥∥φ1 − φ2

∥∥
σ
≤ C0γ +

σ∗

σ

∥∥φ1 − φ2
∥∥
σ
, (4.11)

ãäå

γ := ∥ρ1 − ρ2∥C3[0,ψ−1(l] + ∥µ1 − µ2∥C3[0,ψ−1(l] + ∥f 1 − f 2∥C2[0,2l]

è ïîñòîÿííàÿ C0 çàâèñèò îò òåõ ïàðàìåòðîâ, ÷òî è C â òåîðåìå 2. Èç íåðàâåíñòâ (4.9) è
(4.11) ñëåäóåò îöåíêà ∥∥k10 − k20

∥∥ ≤ C1γ,

ñ ïîñòîÿííîé σC0/(σ− σ∗). Òîãäà, ðàññìàòðèâàÿ óðàâíåíèå (4.9) äëÿ {k1, k10} , {k2, k20} è
èñïîëüçóÿ (4.11), ïîëó÷èì îöåíêó (1.6).
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The one-dimensional inverse problem for the equation of

viscoelasticity in a bounded domain.

c⃝ J. Sh. Safarov 2

Abstract. One-dimensional integro-di�erential equation, which arises in the theory of
viscoelasticity with density ρ = ρ(x) and Lame coe�cients µ = µ(x), λ = λ(x) is considered.
This problem is studied in a bounded domain with respect to x , exactly on segment [0, l] . The
initial conditions are zero. The boundary conditions are a function of the stress at the left end of
segment [0, l] in the form of a concentrated source of perturbation, and on the right - zero. For the
direct problem we study the inverse problem of determining the kernel belonging to the integral
term of the equation, for supplementary information about the function of the displacement at
x = 0 . The inverse problem is replaced by an equivalent system of integral equations for the
unknown functions. To the system in the space of continuous functions with weighted norms, the
principle of contraction mappings is applied. Theorems global unique solvability and stability of
the solution of the inverse problem are proved.

Key Words: inverse problem, equation of viscoelasticity, the kernel of the integral, integro-
di�erential equation, delta function, stress function
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