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ÓÄÊ 517.9
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ïîðÿäêà ñ îïòèìàëüíîé ñòàáèëèçàöèåé êîíå÷íîãî

ñîñòîÿíèÿ

c⃝ Â. Â. Àôîíèí1, Ñ. Ì. Ìóðþìèí2, À. Â. Ìóñêàòèíüåâ3

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîé ñòàáèëèçàöèè äëÿ íåëèíåéíûõ îáúåêòîâ
óïðàâëåíèÿ 3-ãî ïîðÿäêà, îïèñûâàåìûõ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè. Îïòèìàëüíàÿ ñòàáèëèçàöèÿ ïîíèìàåòñÿ â ñìûñëå ìèíèìèçà-
öèè êâàäðàòè÷íîãî ôóíêöèîíàëà äëÿ ëèíåàðèçîâàííîãî îáúåêòà óïðàâëåíèÿ. Ëèíåàðèçàöèÿ
îñóùåñòâëÿåòñÿ íà êàæäîì øàãå ÷èñëåííîãî èíòåãðèðîâàíèÿ íåëèíåéíîé ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé è ðàññ÷èòûâàåòñÿ ìàòðèöà îïòèìàëüíîãî ðåãóëÿòîðà. Óïðàâëåíèå â âèäå
îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ ïðèêëàäûâàåòñÿ ê íåëèíåéíîìó îáúåêòó íà êàæäîì øàãå ÷èñ-
ëåííîãî èíòåãðèðîâàíèÿ. Ïðèâîäÿòñÿ ðåçóëüòàòû ìîäåëèðîâàíèÿ ñ ïîñòðîåíèåì ïåðåõîäíûõ
ïðîöåññîâ ñèñòåì, çàìêíóòûõ íà îïòèìàëüíûé ðåãóëÿòîð.

Êëþ÷åâûå ñëîâà: îïòèìàëüíàÿ ñòàáèëèçàöèÿ, àôôèííûå ñèñòåìû óïðàâëåíèÿ, ñèñòåìû
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ìàòðèöà îïòèìàëüíîãî ðåãóëÿòîðà, ëèíåéíî-
êâàäðàòè÷íàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, îáðàòíàÿ ñâÿçü, ïåðåõîäíûé ïðîöåññ, ñèñòåìà
Ëîðåíöà

1. Ïîñòàíîâêà çàäà÷è

Çàäà÷à ñòàáèëèçàöèè äèíàìè÷åñêèõ îáúåêòîâ äîñòàòî÷íî àêòóàëüíà. Èçâåñòíû êàê
òåîðåòè÷åñêèå ðåçóëüòàòû ïî ýòîìó âîïðîñó [5], [7], [10], [11], òàê è ÷èñòî ïðèêëàäíûå [9].
Ðàññìîòðåíèå ëèíåéíî-êâàäðàòè÷íîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ îòðàæåíî â ó÷åá-
íûõ ïîñîáèÿõ äëÿ âóçîâ, íàïðèìåð, â [4],[7],[12]. ×èñëåííîå ìîäåëèðîâàíèå çàäà÷ óïðàâëå-
íèÿ îáû÷íî ïðîâîäèòñÿ â ñèñòåìå MATLAB [1], [2], [3], [4], [6]. Ðåçóëüòàòû ìîäåëèðîâàíèÿ
äëÿ äàííîé ñòàòüè ïîëó÷åíû òàêæå ñ ïîìîùüþ MATLAB (âåðñèè R14b).

Çàäà÷à ñòàáèëèçàöèè ðàññìàòðèâàåòñÿ äëÿ òàê íàçûâàåìûõ àôôèííûõ ñèñòåì óïðàâ-
ëåíèÿ, ó êîòîðûõ óïðàâëåíèå âõîäèò â îïèñàíèå îáúåêòà ëèíåéíî [10]. Ìàòåìàòè÷åñêàÿ
ìîäåëü àôôèííîé ñòàöèîíàðíîé ñèñòåìû ñî ñêàëÿðíûì óïðàâëåíèåì ïðåäñòàâëÿåòñÿ â
âèäå

Ðàññìîòðèì ìíîæåñòâî âñåõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

dX(t)

dt
= A(X(t)) +B(X(t))u(t),

ãäå
A(X(t)) =

[
a1(X(t)), a2(X(t)), · · · , an(X(t))

]T
, � âåêòîðíàÿ ôóíêöèÿ ñ ýëåìåíòàìè ai ,

B(X(t)) =
[
b1(X(t)), b2(X(t)), · · · , bn(X(t))

]T
, � âåêòîðíàÿ ôóíêöèÿ ñ ýëåìåíòàìè bi ,

X(t) =
[
x1(t), x2(t), · · · , xn(t)

]T
, � âåêòîð ñîñòîÿíèÿ.

1 Äîöåíò êàôåäðû àâòîìàòèçèðîâàííûõ ñèñòåì îáðàáîòêè èíôîðìàöèè è óïðàâëåíèÿ, Ìîðäîâñêèé ãî-
ñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà, ã. Ñàðàíñê; afoninvv@fet.mrsu.ru

2 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà, ã. Ñàðàíñê; korspa@yandex.ru

3 Äîöåíò êàôåäðû ýëåêòðîíèêè è íàíîýëåêòðîíèêè, Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè
Í. Ï. Îãàðåâà, ã. Ñàðàíñê; muskatav@mail.ru
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Â îáùåì ñëó÷àå ñòàöèîíàðíóþ àôôèííóþ ñèñòåìó ìîæíî çàïèñàòü â ñëåäóþùåì âèäå
[10]:

dx

dt
= A(x) + B(x)u, x ∈ Rn, u ∈ Rm,

ãäå âåêòîðíàÿ ôóíêöèÿ
A(x) =

(
a1(x), a2(x), · · · , an(x)

)T
,

B(x) =
∥∥bij(x)∥∥ � ôóíêöèîíàëüíàÿ ìàòðèöà òèïà n×m ñ ýëåìåíòàìè bij(x) .

Çàäà÷à ñòàáèëèçàöèè îïðåäåëÿåòñÿ êàê ïåðåâîä ñèñòåìû óïðàâëåíèÿ èç çàäàííîãî íà-
÷àëüíîãî ñîñòîÿíèÿ â íóëåâîå ñîñòîÿíèå. Ïðè ýòîì óïðàâëåíèå âûðàæàåòñÿ â âèäå îá-
ðàòíîé ñâÿçè ïî ñîñòîÿíèþ ñèñòåìû. Ïðè ðåøåíèè çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè
óïðàâëåíèå äîëæíî áûòü âûáðàíî òàê, ÷òîáû ïðè ïðîèçâîëüíîì íà÷àëüíîì óñëîâèè
X(0)ìèíèìèçèðîâàòü êâàäðàòè÷íûé ôóíêöèîíàë âèäà

I =

∫ ∞

0

(X(t)TQX(t) + U(t)TRU(t)) → min,

ãäå Q � ïîëîæèòåëüíî-îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà äåéñòâèòåëüíûõ ÷èñåë ðàç-
ìåðà n × n , R � ïîëîæèòåëüíî-îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà äåéñòâèòåëüíûõ
÷èñåë ðàçìåðà m × m , T � ñèìâîë òðàíñïîíèðîâàíèÿ. Íà óïðàâëåíèå îãðàíè÷åíèé íå
íàëîæåíî.

Ðåøåíèå çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè èìååò âèä

U(t) = −R−1BTPX(t),

ãäå P � (n×n ) ñèììåòðè÷åñêàÿ ìàòðèöà, ïîëîæèòåëüíî-îïðåäåëåííîå ðåøåíèå íåëèíåé-
íîãî ìàòðè÷íîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè

PA+ ATP − PBR−1BTP +Q = 0.

Ïðåäïîëàãàåòñÿ, ÷òî âñå ïåðåìåííûå ñîñòîÿíèÿ äîñòóïíû äëÿ èçìåðåíèÿ.
Àâòîðàìè ïðåäëàãàåòñÿ ðåøàòü çàäà÷ó îïòèìàëüíîé ñòàáèëèçàöèè äëÿ íåëèíåéíûõ

îáúåêòîâ â íåñêîëüêî ýòàïîâ. Ñíà÷àëà ïðîâåðÿåòñÿ óïðàâëÿåìîñòü äàííîé íåëèíåéíîé ñè-
ñòåìû [3], ãäå èìååòñÿ ïðîãðàììíûé êîä. Çàòåì îñóùåñòâëÿåòñÿ ëèíåàðèçàöèÿ íåëèíåéíîé
àôôèííîé ñèñòåìû [4], ïðîâåðÿåòñÿ âîçìîæíîñòü óïðàâëåíèÿ ïî ïåðâîìó ïðèáëèæåíèþ.
Â ðàññìàòðèâàåìûõ íèæå ïðèìåðàõ ÷àñòü ïîëþñîâ èëè âñå ïîëþñà ëèíåàðèçîâàííîé ñè-
ñòåìû ëåæàò â ïðàâîé ïîëóïëîñêîñòè êîìïëåêñíîé ïëîñêîñòè êîðíåé. Ïðèâåäåì ýòàïû
ïðåäëàãàåìîãî ïîäõîäà.

1. Ïðîâåðêà íà óïðàâëÿåìîñòü íåëèíåéíîé ñèñòåìû [3].

2. Ëèíåàðèçàöèÿ íåëèíåéíîé ñèñòåìû è ïðîâåðêà âîçìîæíîñòè óïðàâëåíèÿ ïî ïåðâîìó
ïðèáëèæåíèþ [4].

3. Çàäàíèå âåñîâûõ ìàòðèö êâàäðàòè÷íîãî ôóíêöèîíàëà.

4. Èíòåãðèðîâàíèå ñèñòåìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ
îáúåêò óïðàâëåíèÿ [4].

5. Â òåìïå èíòåãðèðîâàíèÿ (íà êàæäîì øàãå) îñóùåñòâëÿòü ëèíåàðèçàöèþ ñèñòåìû
óïðàâëåíèÿ è ðåøàòü çàäà÷ó îïòèìàëüíîé ñòàáèëèçàöèè äëÿ ëèíåàðèçîâàííîé ñè-
ñòåìû � ðàññ÷èòûâàòü ëèíåéíûé îïòèìàëüíûé ðåãóëÿòîð.
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6. Çàìûêàíèå íåëèíåéíîé ñèñòåìû íà ëèíåéíûé îïòèìàëüíûé ðåãóëÿòîð, îïðåäåëÿå-
ìûé íà êàæäîì øàãå èíòåãðèðîâàíèÿ.

7. Ïîñòðîåíèå ïåðåõîäíûõ ïðîöåññîâ â íåëèíåéíîé ñèñòåìå. ×èñëåííî îöåíèâàòü âåêòîð
êîíå÷íîãî ñîñòîÿíèÿ.

2. Ìîäåëèðîâàíèå óïðàâëåíèÿ íåëèíåéíûìè îáúåêòàìè 3-ãî ïî-
ðÿäêà

Ðàññìîòðèì íåñêîëüêî îáúåêòîâ óïðàâëåíèÿ, êîòîðûå âçÿòû èç [8], [10], [11], è ïðè-
ìåíèì ê íèì óêàçàííûé âûøå ïîäõîä äëÿ ðåøåíèÿ çàäà÷è ñòàáèëèçàöèè. Â [10], [11] ðàñ-
ñìàòðèâàþòñÿ àëãîðèòìû ñèíòåçà óïðàâëåíèé, îáåñïå÷èâàþùèõ ñòàáèëèçàöèþ àôôèííûõ
ñèñòåì. Àëãîðèòìû äîñòàòî÷íî ñëîæíû, óïðàâëåíèÿ íåëèíåéíûì îáðàçîì çàâèñÿò îò ïå-
ðåìåííûõ ñîñòîÿíèÿ ñèñòåìû. Â [8] ðåøàþòñÿ çàäà÷è áûñòðîäåéñòâèÿ äëÿ íåëèíåéíûõ
îáúåêòîâ. Äëÿ êàæäîãî ïðèìåðà ïðèâîäÿòñÿ âåñîâûå ìàòðèöû êâàäðàòè÷íîãî ôóíêöèî-
íàëà è íà÷àëüíûå è êîíå÷íûå âåêòîðà ñîñòîÿíèé.

Ïðèìåð 1. Ñèñòåìà Ð¼ññëåðà ñ óïðàâëåíèåì [10]. Îïèñàíèå îáúåêòà óïðàâëåíèÿ èìååò
ñëåäóþùèé âèä:

ẋ1 = −x2 − x3,

ẋ2 = x1 + ax2,

ẋ3 = c+ x3(x1 − b) + u,

ãäå a , b , c � ïîëîæèòåëüíûå ïîñòîÿííûå ïàðàìåòðû.
Çíà÷åíèÿ íà÷àëüíîãî âåêòîðà ñîñòîÿíèÿ:
x1(0) = 6; x2(0) = 7; x3(0) = 8.

Çíà÷åíèÿ êîíå÷íîãî âåêòîðà ñîñòîÿíèÿ:
x1(8) = −0.13913; x2(8) = 0.034098; x3(8) = −0.175265.

Ìàòðèöà Q êâàäðàòè÷íîãî ôóíêöèîíàëà:
234 0 0
0 468 0
0 0 702

Ìàòðèöà R êâàäðàòè÷íîãî ôóíêöèîíàëà: 0.0130 .

Ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå ïîêàçàíû íà ðèñ. 1.

Ïðèìåð 2. Òåïëîâîé îáúåêò [8]. Îáúåêò ñîñòîèò èç àïïàðàòà, îáúåì êîòîðîãî íåîá-
õîäèìî íàãðåòü äî îïðåäåëåííîé òåìïåðàòóðû. Îïèñàíèå îáúåêòà óïðàâëåíèÿ:

ẋ1 = u− x1,

ẋ2 = x1,

ẋ3 = (x2− x22)− x3,

Ïîñëå äîñòèæåíèÿ íåîáõîäèìîé òåìïåðàòóðû íåðåäêî òðåáóåòñÿ åå ñòàáèëèçèðîâàòü.
Çíà÷åíèÿ íà÷àëüíîãî âåêòîðà ñîñòîÿíèÿ:
x1(0) = 2; x2(0) = −3; x3(0) = 4.

Â ðåçóëüòàòå ñòàáèëèçàöèè çíà÷åíèÿ êîíå÷íîãî âåêòîðà ñîñòîÿíèÿ:
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Ðèñ. 1: Ïåðåõîäíîé ïðîöåññ â ñèñòåìå Ð¼ññëåðà ñ óïðàâëåíèåì

x1(10) = 8.3772e− 05; x2(10) = −5.75051e− 05; x3(10) = 9.6394e− 06.

Ìàòðèöà Q êâàäðàòè÷íîãî ôóíêöèîíàëà:
1.3000 0 0

0 2.6000 0
0 0 3.9000

Ìàòðèöà R êâàäðàòè÷íîãî ôóíêöèîíàëà: 0.3000 .

Ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå ïîêàçàíû íà ðèñ. 2.

Ðèñ. 2: Ïåðåõîäíîé ïðîöåññ â ñèñòåìå Ð¼ññëåðà ñ óïðàâëåíèåì

Ïðèìåð 3. Ñèñòåìà Ëîðåíöà ñ îäíèì óïðàâëåíèåì [10], [11]. Îïèñàíèå îáúåêòà óïðàâ-
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ëåíèÿ èìååò ñëåäóþùèé âèä:

ẋ1 = −σx2 + σx2,

ẋ2 = rx1− x2 − x1x3 + u,

ẋ3 = x1 ∗ x2 − bx3,

ãäå σ , b , r � ïîëîæèòåëüíûå ïîñòîÿííûå ïàðàìåòðû.
Êàê è â [10], [11] ïðèìåì ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ:
σ = 10; b = 8

3
; r = 28.

Çíà÷åíèÿ íà÷àëüíîãî âåêòîðà ñîñòîÿíèÿ:
x1(0) = −10; x2(0) = 5; x3(0) = 8.

Â ðåçóëüòàòå ñòàáèëèçàöèè çíà÷åíèÿ êîíå÷íîãî âåêòîðà ñîñòîÿíèÿ:
x1(2) = −0.0003252; x2(2) = −0.000238088; x3(2) = 0.0436865.

Ìàòðèöà Q êâàäðàòè÷íîãî ôóíêöèîíàëà:
1.0000 0.5000 0.3333
0.5000 1.0000 0.6667
0.3333 0.6667 1.0000

Ìàòðèöà R êâàäðàòè÷íîãî ôóíêöèîíàëà: 0.2300 .

Ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå ïîêàçàíû íà ðèñ. 3.

Ðèñ. 3: Ïåðåõîäíîé ïðîöåññ â ñèñòåìå Ð¼ññëåðà ñ óïðàâëåíèåì

Ïðèìåð 4. Ñèñòåìà Ëîðåíöà ñ äâóìÿ óïðàâëåíèÿìè [10]. Îïèñàíèå îáúåêòà óïðàâëå-
íèÿ èìååò ñëåäóþùèé âèä:

ẋ1 = −10(x1 − x2),

ẋ2 = −x1x3 − x2 + u1x1,

ẋ3 = x1x2 − u2x3,

Â [10] ïðèâåäåíî ðåøåíèå ñî ñëåäóþùèìè íà÷àëüíûìè óñëîâèÿìè:
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x1(0) = 3; x2(0) = −4; x3(0) = −1.
Äëÿ ðåøåíèÿ äàííîãî ïðèìåðà èñïîëüçîâàëñÿ ïðèåì ïîëíîé ëèíåàðèçàöèè íà êàæäîì

øàãå èíòåãðèðîâàíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé. Â ðåçóëüòàòå ïåðåõîäíûå
ïðîöåññû ïîëó÷åíû ïðàêòè÷åñêè, êàê è â [10].

Ìàòðèöà Q êâàäðàòè÷íîãî ôóíêöèîíàëà:
1.3000 0 0

0 2.6000 0
0 0 3.9000

Ìàòðèöà R êâàäðàòè÷íîãî ôóíêöèîíàëà:
15 0
0 30

Çíà÷åíèÿ êîíå÷íîãî âåêòîðà ñîñòîÿíèÿ:
x1(5) = 5.74015e− 07;
x2(5) = 7.43603e− 08;
x3(5) = 0.413952.
Ïåðåõîäíûå ïðîöåññû â çàìêíóòîé ñèñòåìå ïîêàçàíû íà ðèñ. 4.

Ðèñ. 4: Ïåðåõîäíîé ïðîöåññ â ñèñòåìå Ð¼ññëåðà ñ óïðàâëåíèåì

3. Çàêëþ÷åíèå

Ïðåäëîæåííûé ïîäõîä îïòèìàëüíîé ñòàáèëèçàöèè íåëèíåéíûõ ñèñòåì íîñèò ýâðèñòè-
÷åñêèé õàðàêòåð. Íî ñ åãî ïîìîùüþ çíà÷èòåëüíî ïðîùå âûïîëíèòü ÷èñëåííîå ìîäåëè-
ðîâàíèå, ïîëó÷åíèå ïåðåõîäíûõ ïðîöåññîâ â çàìêíóòîé ñèñòåìå. Ïðè ýòîì óïðîùàåòñÿ
âîçìîæíàÿ òåõíè÷åñêàÿ ðåàëèçàöèÿ îïòèìàëüíûõ ðåãóëÿòîðîâ, ïîñêîëüêó ñòàáèëèçèðó-
þùåå óïðàâëåíèå ÿâëÿåòñÿ ëèíåéíûì îòíîñèòåëüíî ïåðåìåííûõ ñîñòîÿíèÿ íåëèíåéíîãî
îáúåêòà óïðàâëåíèÿ. Ïðîöåññû ñòàáèëèçàöèè ìîæíî ðåãóëèðîâàòü âåñîâûìè ìàòðèöàìè
êâàäðàòè÷íîãî ôóíêöèîíàëà.
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Modeling of nonlinear control object 3-th order with

optimal stabilization of the �nal state

c⃝ V. V. Afonin4, S. M. Murjumin5, A. V. Muskatinjev6

Abstract. We consider the problem of optimal stabilization of nonlinear control objects 3-th
order, described by ordinary di�erential equations with constant coe�cients. Optimal stabilization
is understood in the sense of minimization of a quadratic functional for the linearized control
object. The linearization is performed at each step of numerical integration of nonlinear system of
di�erential equations and calculated the matrix of the optimal regulator. Management in the form
of state feedback is applied to non-linear object at each step of numerical integration. The results
of simulation with plotting transient systems and the closed-loop optimal controller.

Key Words: optimal stabilization, a�ne control systems, a system of ordinary di�erential
equations, matrix optimal controller, linear-quadratic optimal control problem, feedback, the
transition process, Lorenz system
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